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SUMMARY

Let G be a finite abelian group. Let Ap,oon A A be subset of G; then

j2 g

the product Apoo A -A_, is defined to be the set of all elements ap...oa ..

-a,, with a EA, for 1<i<n. Al A; ... A, may contain the same
element many times. ‘If Al A LA , contains each element only once and
if every element of G is in A, ... A, ...An‘, then write A, ... A, -..A =G and
call this a factorization of G. A subset A of G is said to be periodic if there
exists a nonidentity element g of G such that gA = A. A group G is said to have
the Hajos n-property if in every factbrization Ay A;...A =G, at least one
of the factors is periodic. In this thesis, a study of finite p-groups with
respect to the Hajos n-property is carried out. It is shown that a finite p-
gro'up does not have the Hajos n-property, if P 2 5, except when G is cyclic
The cases of 2 and 3-groups do not show a similar pattern, and is more
sporadic. However, some partial results are obtained. For example, it is
shown that any group of type (Za, 2) has the Hajés n-property, for all n,
while groups of type (23, 22) does not. Groups of order 34 do not have the

Hajos 2-property. However, they have the Hajos 3-property.
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CHAPTER ONE

Introduction :

In what follows, we wﬂl be dealing with finite abelian groups. The problem
we want to pursue is related to the following question: Given such a group G,

suppose we factorize G into subsets:

G=Ay... AlAn

( where A, are not necessarily subgroups ) in such a way that the product
Apoo AL A, is direct and gives G. In this case, we say that G has a

factorization G = Ap- A A, More precisely,

G=A1...Ai...An ................... (1)

and every element g of G has a unique representation of the form

g=2ay...3;...a,, where a; € A for 1 <i<n. What can we then say about

the sets A;? The origin of this question comes from a conjecture made in 1896

by H. Minkowski about space filling lattice-like cube systems [1]. In 1938, G.
Hajos [4] reformulated this geometric problem into a question about
factorizing a finite abelian group. Three years later, Hajos [5] himself proved
his reformulation of Minkowski's conjecture in a paper which extended over
40 journal pages. The result is the following:

If G is a finite abelian group such that G = Al A A, isa

factorization of G and each of the factors is a cyclic subset ( see 2.1 for the




definition of a cyclic subset ), then at least one of the factors must be a
subgroup of G. In 1949. L. Rédei [12] improved and shortened the proof of
Hajos' Theorem. However, Rédei was not satisfied with his proof, because it
still contained ideas outside group theory, as did Hajos' original proof; for
example, both proofs use results on zero-divisors in the integral group ring
ZG. Rédei eventually managed to avoid the use of results on group rings in his
proof given in [13]. ﬁaj()s' Theorem continued getting attention, and many
different proofs were given. Although the majority of these later proofs were
less natural and even sometimes more complicated, they brought certain
gains - improvements to some of the older notions, the introduction of some
new ideas and some useful general techniques. The latter include the idea of
replaceable factors, simulated sets and the use of character theory. Also,
during the process, Hajos' Theorem was generalized. For example, Rédei [11]
proved in a Theorem that if the factors in (1) have prime cardinality, and the
factorization is normalized, ( see 2.3 for the definition of a normalized
factorization), then at least one of the factors must be a subgroup of G. The
idea of replaceable factors and zero-divisors also proved to be Very useful
for further investigations. In 1949, Hajos [6] was interested in the question
of whether his result is a consequence of the following assertion :

If G= AB is a factorization of the finite group G, then at least one of the
factors must be periodic (see 2.4 for the definition). However, it turns out '
that the above assertion is in general false- there are groups G with
factorization G=AB, where neither A nor B is periodic. As an example,

consider the group G = <x> x <y>x <z >, where Ix| = lyl=1zl=5.




Let A=<x>Uz <y>U z2 <y>U23<y>U z4 <y>» and B={e, xy, x2y2, x3y4, x4

y3 }. Then, one can check either directly, or using Lemma 2.13, in Chapter
Two, that AB = G is a factorization of G, and that neither A nor B is periodic.
We therefore, say that a finite abelian group G has the Hajos 2-property if
whenever G is factorized as G = AB, thén either A or B is periodic. Over a 15
year period (1949 -19é4 ), Hajos, Rédei, De Bruijn and Sands gave a list of
groups with the Hajos 2-property. In 1964, Sands [18] posed the problem of
which finite cyclic grbups satisfy the Hajos n-property, ( see 2.5 for the
definition ). In [18] Sands solved this problem for finite cyclic groups,
except one case which was left unsolved and was called the undecided case: the
summary of what he did is as follows:

Let G be a cyclic group, with IGl =p 0‘11 ... D :5 and suppose G is factorized

as G=Aq... Aj.. AL Let m=ay +...+ag. Then:
(1) ¥ 2<n <m- 2, then G does not have the Hajos n-property.
(2) Ifn=m, then G has the Hajos n-property .

( We observe that this case is just Rédei's Theorem )
(3) Ifn=m- 1, then, the case was unsolved, and called an undecided case.
In fact, case (3) was 30 years later solved in [1]. In this work, we shall be
interested in the question of which non-cyclic p-groups satisfy the Hajos n-
property for n> 2. However, for the sake of completeness, and also in order
to show a flavor of the different techniques that are used in this field, we
include in the next chapter, the case of cyclic groups of order p®, which is a

special case of the more general results obtained by A. D. Sands [9], for cyclic

groups.




CHAPTER TWO

We begin this chapter with some definitions that are commonly used when

dealing with factorization of finite abelian groups.

2.1 Definition [22]
For any element g in a group G and for any natural number n not exceeding
Igl, the order of g, we define the cyclic subset determined by g and n to be

{g;n}i={gl: 0<i<n}.

2.2 Definition [22]

Let G be a group and A, a subset of G with IAl> 3. Then A is said to be a
simulated subset if there is a subgroup H of G such that :

(i) 1Al =IHl and

(ii) 1A N Hiz |AI- 1.

We call H a corresponding subgroup of A.

2.3 Definition [22]

Let G be a group, n a natural number and A; subsets of G, for 1 <i<n. If G=
Aq...A,. Then we say that Aq...Ap is a factorization of G if every element
g of G has a unique representation of the form g = a;. . . a,, wherea; €A,
If in addition each A1 also contains the identity element e of G, then we say

that A1 A An =G isa normalized factorization of G.




2.4 Definition [17]

Let G be a group, and A, a subset of G. We say that A is a periodic subset of G if
there is a non-identity element g in G such that gA=A. We call such an
element g a period for A.

REMARK:

We should note that if A is a factor in a normalized factorization of a group G,

and A is periodic, then its period must be an element of A.

2.5 Definition [18]
A group G is said to have the Hajos n-property if, whenever G = Al AL

A, is a factorization of G, then-at least one of the factors A, is periodic.

NOTE:

In the proof of the following Proposition, we.will use these facts: [7]
(a) If <I>n(x) denotes the nth cyclotomic polynomial, then
deg <I>n( X)=¢(n), where ¢ is the Euler's o-function.
(b) Ifpisa prime, then @50 = (1+x+.. L1,
n-1

(c) <I>pn(X)=<I>p(xp ) .

(d) The cyclotomic polynomial <I>n(x) is irreducible over Q the field of

rational numbers.

2.6 Theorem

Let G be a cyclic group of order p®, where p is prime, and o, a natural
number. Then G has the Hajos n-property for alin, where 1 < n < «.

Proof :




Suppose that Ap oA - A, = G is a factorization of G. We may assume that

this factorization is normalized. For, if it is not normalized, we can normalize

it as follows : ‘
Since A; is not empty for each i, 1<i < n, there is an element a; € A,.

Multiplying G by a = al'l cen an'l-, we get that:

(@A) @A) =aG =G (2)

Itis clear that (2) is a normalized factorization of G. Also if Al is
periodic, then so is a{lAi, and conversely. Now G is cyclic, say G = <g>, for
some g, and there exist positive integers a( i, j), wherel <i<n,

and 1< j<s;, such that:
Ay=te, g2bD . galls)

----------------------------------------------

----------------------------------------------

AL -fe g2@D L ga(nsy )y
Now consider the following polynomials associated with G and Al, cen, Ai e e,
An :

G(X) =(1+x+ ..+ xP 1

(1+ Xa(l’l)+ e Xa(l’sl))

Al(X)




----------------------------------------------------

--------------------------------------------------------------------------

Ap (x) = (1+ xam b o o xa(n’sn))

Then it is easy to see that we have the following polynomial congruence
relation:

G (%) = Aj(X) ...A, (x) mod (x p%_ ).

Next look at the p*- th cyclotomic polynomial;

a-1 a-1 a-1
<Dpa(x)=(1+xp x0T, k()P

' a
Note that @ o (x) divides x P - 1, but:

(61 a_
xP . 1o(x-1)(1s x4..0 xP*1

).
It follows that cbpa (x) also divides G(x).

a
Since G (x) = Ay(x)...A (x) mod (xP - 1), we get that:

d)pa (x) divides Al(x) ... An(x), and since (I)pol (x) 1is irreducible over Q

there is somei, 1< i<n, such that cha (x) divides A1 (x).

Claim

1

a -—
Ay is periodic with gp as a period .




Proof of claim
Since cppa (x) divides A1 (x), we getthat:

Ai x)=a po (x) B (x) for some non-zero polynomial B(x) € Q[x] .

First we observe that:

0< deg]%(x) = degAi(x) - deg qvpa (x)
a -1
< P -1-(p-1p
-1
- _1_-p",p
a-1
= P -1
o -
Thatis, O < degB(x) < P - 1.

Now, suppose B (x) =b0+ blx + b2x2+ oot bmxm.

Multiplying : B (x) ‘Dpa (x) =
a-1

(bg + b1x+b2x2+...+ b X ) (14+xP

=(bO+ blx + b2X2+...+ bmxm) +

- -1
+ pr +...+X(.p-1) pa )



-1 " -1 . -1
(box(p'l)pol +b11xx(p1)pOl +b2x2x(p1)pa +...
+b X (P-D P% 7). ’
-(1‘1 k

i jp 1p® 1
Suppose x x =X X , where O0< i,k<m, and O0< j,1 <p- 1.

Therefore, we must have i + jp® 1=k 4 1p® 1, from which it follows that
(i-k) = (1-j)p* 1. Now, recall that

a-1 . a-1
m < P - 1. Hemce, li-k|l< P . So that we must have 1 - j = 0.

Consequently, 1=j, and also i = k. Therefore, the nonzero terms of B (x)

occur among the nonzero terms of A1 (x),

-1 -1
Now xP” A (x) = xP* @ (x) B (x)

- @0 (0 B (x) = A (0 mod (xP*_ 1),

-1
Finally, using the original correspondence, we get that gpa Aj=A . So A
-1

is periodic with period gpol 0
NOTE :

We say that a group G is of type (poll,...,pOli ,...,D°8), if G is the direct
product of cyclic groups of orders pOL1 e pol i e, pO‘S .




2.7 Groups of type ( pa, PB)

We next want to consider groups of type ( Da, DK ), where a > 1, R>1, and as
before p is a prime and for the rest of this chapter, p > 5. We first record
some facts that we shall need.

(a) Rédei's Theorem : [20]

In any normalized fac.:torization of a finite abelian group by subsets of prime
cardinality, at least one of the factors is a subgroup.

(b) We will also need some results from character theory for finite abelian
groups. However, since we shall not need the theory in its full generality,
and for the sake of completeness we shall develop here the ideas that we need :
We begin by defining a character for a cyclic group, and then extend the
result to any finite abelian group, using The Fundamental Theorem of Finite
Abelian Groups (FTOFAG).

Solet G = <x> be a cyclic group of order n, and recall that a complex number &
is a primitive nth root of unity if En =1 and if gm # 1 whenever m <n. A
character of G is a homomorphism y : G — C, where C is the field of complex
numbers, defined by y ( xr) = gr , where £ is a primitive n-th root of unity.
In fact, we should observe that once we specify x (x), then y is defined for all
the elements of G. The principal character is the homomorphism taking the
constant value 1. It is immediate that the group G =< x >, where Ixl = n, will
have exactly n characters, and the set S = fx i :1<1i<n}, becomes a group
under pointwise multiplication. Next, if G is the direct product of two cyclic

groups, say G = <x>x <y >, then using the above observation, it follows that

10




any character x of G arises as a homomorphism y : G — C, given by x(xiyj) =
zp(xi) n(yi), where y and n are characters of the groups < x > and < y >
respectively.  Finally, using The Fundamental Theorem of Finite Abelian
Groups (FTOFAG), we can extend this notion to any finite abelian group. Now,
since we have as many characters for :;1 group as that of its order, it follows

that the character tablé of a group

G={81,82,-...,8p} oforder n isan nxn matrix, say :
(g x( 8) %, &n)

M = %! 8y -l 8 C ol ) | 3)
%, 81) %, ( 82) c o %o ( 8n)

Let us agree that % denotes the principal character and g1 = e, the identity

element of G,

2.8 Lemma [15]

The columns of the matrix M above are orthogonal.
Next, we need the following Definitions and Lemma .

2.9 Definition [15]
If x isa character and A, a subset of G, then x(A) denotes :

> x(a)
acA

11




2.10 Definition [15]
Let A be a subset of a group G, then the set of all characters of G for which

x(A) =0, is called the annihilator of A and is denoted by :

Ann (A) = {x: x(A)=0}.

Using the fact that the columns of the matrix in (3) are orthogonal, we get

the following

2.11 Lemma [15]
Let A and B be subsets of a group G and suppose that for each charactery of G,

x (A) = % (B), then A = B.

Now, suppose AB = G is a factorization of G. Then it follows that for any

character y of G, we have y (G) =y (AB). For the print:ipal character, this is
equivalent to the equation IGI=|AllBI, while for the other characters, we get

that % (A) x(B) =0.
2.12 Corollary [15]
Suppose that A and B are subsets of G, such that x(G) =x(AB) for all characters

x of G, then it follows that G = AB is a factorization of G.

We now have the following general result, which we record as a Lemma, for

easy reference.

12




2.13 Lemma [15]
If IGl= AL IA L. IA,l, and each non-principal character of G is in

Ann (Al)U...UAnn (Al-)u...UAnn (An), thenG=A1...Ai...An is a

factorization of G.

We are now ready to ’continue investigating groups of type (Pa, PB). Please
recall that for the time being, we are assuming that the prime p > 5. Observe
thatif o =8 =1, then G has the Haj6s 1 and 2-property, by Rédei's Theorem (a)
above. So consider the case where either o > 1 orf> 1. We first look at the
case a = 2and R = 1. Thatis G is of type (pz, p) . The following Theorem is

essentially due to De Bruijn, [3].

2.14 Proposition

If G is of type (pz, p), then G does not have the Hajos 2-property.

Proof :

We show that in this case G does not have the Haj6s 2-property by exhibiting a
factorization AB of G, in which neither of the factors is periodic. Say G = <x>
x <y>, where Ix| = p2 and lyl = p.

Let A =<xP >U X<y>U x2 <y>U ..U xp_1<y> and

B={e, (xPy), (Py)2.., (xPy)P-3 xP(P-2)yp-1,P(p-1)yp-2;

Remark:

Please note that for us to be able to swap the last two elements in B, it should

13




contain at least three elements, namely p > 3. Butwhenp =3, then B={e

x‘?’y2 , x6y} = <x3y2>. So B is a subgroup, hence periodic. Therefore, to

ensure a chance for non-periodicity of B ( as we shall see ), we need p > 5.

We will now use Lemma 2.13, making case-by-case inspection to show that AB

=G isa factorization of G. Now the possible orders of x(x) are 1, p, and pz,

while the possible orders of x (y) are 1 and p only. So we have 6 different

cases to consider. The following table summarizes the 6 possible cases :

| CaL_“ Order of y(x) " Orderof x(y)
o
:LL |
.
s | _ P’ ] 1
6 JI pz J P

Case (1) :x(x) =1landx(y) = 1 : this is straightforward since in this case, y is

=

the principal character, and so IGl = |Al IBI.
Case (2) :x(x) =1 and x(y) =&, where &is a primitive p-th root of unity.

x(B) = 1+ & +§2+ T S

Case(3): «x(x) =t andy (y) =1, wherek isa primitive p-th root of unity :

14




2
x(A)= p+ pt + PE + p§3+ ...+ PDE

_ 2 3 -1
=p(l+& +8 +& +...+’§p )
= 0.
Case (4) : x(x) =g and x{y) = , where £ and A are primitive p-th roots of unity :

.+ Ap-l -

X(B)=1+7»+Az+ 0.

Case (S) :x(x) =pand x(y) = 1, where p is a primitive pz-th roots of unity :
x(B) =1+ pP ¢ p2p ot p(p-l)p - 0, since o¥ is a

primitive p-th root of unity.

Case (6) : x(x) =pand x(y) =&, where p is a primitive pz-th root of unity, and

g is a primitive p-th root of unity.

Note that in this case x(<y>)=0, andy (<xp Q) = 0. Consequently, we get that

x(A) =0. Therefore, by Lemma 2.13, AB = G is a factorization of G. It now

only remains to show that neither A nor B is periodic.

A _is not periodic :

Suppose A is periodic. So there is an element a = e in A that is a period for A.
But then all the non-identity powers of a are also periods for A. Now lal = p
or pz. It is impossible to have lal = p2, because then A has to be a subgroup,
since A has p2 elements. So we may assume that lal = p. This is also
impossible. For if lal = p, then a must be an element of the subgroup < xp >,
This is because all the other elements of A have order p2. But note that <x* > y

is not contained in A. Therefore A is not periodic.

15




B is not periodic :

Suppose B is periodic. So there is an element b = e in B such that bB = B. But
then all the non-identity powers of b are also periods for B. Now Ibl = p2 or
p. To have Ibl = p2 is impossible, since fhen we would have two many
elements. So we may assume that Ibl= p. Then B must be a subgroup. ButB is

clearly not a subgroup. For instance, ( xP y ) is in B, however, (xp y )p— 1 =

’Xp(p—l)yp- i not in B. 0

Before discussing the general case for o and R, we need to state the following

Lemma and then a Theorem on the factorization by periodic subsets.

2.15 Lemma [20]
Let G be a group, and { g;n} the cyclic subset determined by gand n. If
n =rs, where 1<r, s<n, then {g;n} can be factorized as fg;ni={g;r}

{gl;s}.

2.16 Theorem [24]:

Let G be a finite abelian group such that G has factorization G = AD. Suppose A
=Ap.. AL A, 1is a factorization of the subset A and assume further that A is

periodic. If for eachi, 1 < i <n, either:
(i) 1A= p; is a prime and there is at most one prime divisor of I< A; > which is

smaller than pi, or

16




(ii) A1 is a simulated subset.

Then one of the factors A, is a subgroup of G.

2.17 Theorem

If G is of type of type (pa , PB), where 1 <a <R, and R > 2, then G does not
have the Hajos n-propérty for 2<n< a+R-1.

Proof :

Say G =<x>x <y>,wheré Ix| = pa and lyl = pB, where 1 <a <R, and R > 2.
Using Lemma 2.15, we can write <x> as: |

<X>=
i a- 2 1

2 a -
{x;p}{xp;p}{xp ;p}-..{xp;p}-.-{xp i p}{xP ; D}

i- 1
= AQAz- A AL ) A, where A =X’ ;p} and 1< i<a.

Similarly, we can write <y > as:

<y>=

2 j §
{y;p}{yp;p} {yp ;p}-..{yp ;p}.--iyp

-2 B-1 :
;p}{yp ;p}

=B1 Bz...Bj ...Bﬁ_l'

Therefore :
G= A]. Az...Ai...Aa_l A(X Bl Bz...B- ...B

=A1A2...Ai...A(x_1 Ble...B] ...Bﬁ_

17




a-1 B- 2
=A1A2...Ai...Aa_1 Ble...Bj...Bﬁ_2<xp ><yp >

=A1A2...Ai...A0.—1‘ Ble... BJ ...Bﬁ_zH

p*-1 pbp-2 .
where H=< x Y > 1isasubgroup of type (p, p°).
Now by Proposition 2.14, H itself can be factorized as H = EF, where |El= p, IFl =
pz, with neither E nor F periodic. Hence :
G=A1 A2...Ai ...Ad"_ 1 B]. B2...Bj...
Clearly if n=1orn=a+ R, then G has the Hajos n-property.
Now observe that none of the factors in () is periodic, We use Theorem 2.16,
to show that G does not have the Hajos n-property for any n, where 2 < n <
@+ R-1.
Ifn=a+B-1,then G does not have the Hajoés n-property, since none of the
factors in (1) is periodic.
Forn<a + R -1, the result follows from Theorem 2.16 above by regrouping the

factors appropriately :

forexample: if n=oa + R - 2, let A=A1 Az, and

D=A3...Ai...Aa_1 Ble...BJ ...BB

If we assume that A is periodic, then the Theorem says that either A1 or A2

_EF

must be a subgroup of G, which is obviously not the case. By repeating the

same argument for any n, 2< n <a+R-1 the result follows. 0

18




Now, we plan to generalize the result in Proposition 2.17 to groups of type ( poll

s L 0, D). As before, we ‘begin with some specific cases. The

following Theorem is also in its essence, " due to De Bruijn, [3].

2.18 Proposition

IfGisof type (p,p, p), then G does not have the Hajos 2-property.
Proof :

We exhibit a factorization AB of G, in which none of the factors is periodic.
Say G=<x>x <y>x <z>, andlet:

A=<x> U z<y>U 22 <y>U ...Uzp-1<y>,and

B-{e, (xy), (xy)’ ..., (xy)P3, P2 Pl p1p2,

Now, the possible orders of x(x), x(¥), and x(z) are 1, and p. So in total we
have the 8 cases to consider. The following table summarizes the 8 possible

cases.

19
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Case I Order of x(x) , Order of ( Order of ¥(z)
l 1 " 1 1

1 | P
3 __,L j’ P J“I

.|
.l :jl;] :

" ~IL

8 P D

9]

In the following each of €,n, and pisa primitive p-th root of unity.

Case (1): this is straightforward since in this case, x is the principal
character, and so |Gl = Al IBI.

Case (2):

let x (x) =%, then x(A) = p+ pp+ pp2+...+p P L

=p(l+p + p2+...+pp-1)
=0.
Case (3):

Let x(y)=n, theny(B) =(1 + n + n% +...4 m

20




Case (4):

Let x(y)=n, thenX(B)=(1+T) +n2 + ... +np_1)=0_

Case (5):
Let x(y) =7, then x(B)=(14+n +n2+ ce np—l )=0.

Case(6):
Let x(x) =%, and x(z) =p, then

2
x(B)=(1+5g+ ¢ + ...+ E )=0.

Case (7):

Let X(X) =&, and X(Y) =7, then

2 -1
x(A)=(1+§+§ +...+§p ) +
2 -1
p(1 +n+n+...+7|p )
=0+ 0 =0.

Case (8):
let x(x) =&, x(y) =n, and x(z) =p, then,

2
x(A)= (1+ &+ + ...+ E )

2 -1
+p (1 +m+m +...+ np )

2 2 p-1
+p (1 +m + 9 +...4 7
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Since IGl = 1Al IBl = p. p2=p3, Lemma 2.13 implies that AB = G is a factorization

of G. We now need to'show that neither A nor B is periodic.

A is not periodic :
If A were periodic, then a period of A must be an element of A, since A
contains the identity. It is obvious that none of the elements of A can be a

period for A.

B is not periodic :
If B were periodic, then it would follow that B must be a subgroup. Clearly, B
is not a subgroup. For example, xy is in B, but ( x y )p -1 =xP - 1 yp -1 is not

in B. , 1

Before we proceed to the next Proposition, we state the following Definition

and a subsequent Lemma.
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2.19 Definition [14]
Let H be a subgroup of G, then a (right) transversal of H in G ( or a complete
set of (right) coset representatives modulo H ) is a subset T of G consisting of

one element from each right coset of H in G.

2.20 Lemma [14]
Let H be a subgroup of a group G and T a subset of G. . Then T is a right
transversal to H in G if and only if HT is a factorization of G.

We shall also need the following

2. 21 Lemma [22]

Let A be a simulated subset of the finite abelian group G, and let H be a

corresponding subgroup of G. If A is periodic, then A = H.

2. 22 Proposition :

If G is of type (p,p,...,p), Say an s - tuple, where s > 3, then G does not

have the Hajos n-property for 2 < n < s- 1.
Proof :

Note that the case s = 3, was taken care of in Proposition 2.17, so we shall

assume that s>4. SayG = <X]>x <Xp>x ... x <Xg>. First factorize G in the

following way :
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G=H x K,whereH = < X] >x <X >x <x3 >, and

K=<x4>x <xg>x ...x < Xg >. Now by Proposition 2.17, H can be

factorized as H = AB, where neither A nor B is periodic. Next we factorize K

into simulated’ subsets as follows

K {e,x4,x42, ,x%’z,quxl}
fe, X5 X&, ...,x B2 x Pt xq3

-2 .
fe, xg x 5y, x P70 x Blyyy

=51 S, S3 "-Si-"st’
where S; ={e, x; 2 D2 Pl 3 1<i<tandt=s- 3
ere i = e,xl+3,xi+3, ...,X1+3 ’Xl+3 X135, <1< an =8~ 5.
Hence G = AB 81 SZ S3 Si St

=HT, whereH=AB, and T=5; S S3 ...5; ... ;.

Observe that K is a right transversal of H in G. Furthermore, we make the

following

Claim T is a right transversal of H in G.
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Proof :

WriteK={k1,k2,...,kr}andT={t1,t2,...,tr } , where ti=kihi.
Say ¢ = 4 (mod H) fori=j. So kihj= k]- hj (mod H), which means that Kkj
-1 _ : i ki lhhl - khpel el
h; (~kj hj) = h for some h in H. Hence k; k] h; hJ = kj hy hJ kJ = h.
This means that k; kj'l €H. Therefore we must have K; = kj (mod H), and this

contradicts the fact that K is a right transversal of H in G. Hence the proof of
the claim. Finally by Lemma 2.19, HT is a factorization of G. Clearly if n = 1

orn = s, then G has the Hajos n-property. Now we note that none of the

factorsin G = A B S1 S5, S3 .5 ... St is periodic. For, neither A nor B is

periodic by Proposition 2.17, and none of the S; can be periodic by Lemma

2.21, ( since clearly none of them is a subgroup ). Now, the fact that G does
not have the Haj6s n-property for 2 < n < s- 1, is a consequence of Theorem

2.16. 0

Finally, we have the most general result in the next Theorem.

2.23 Theorem

If G is of type (pml,pmz,...,poti ,...,pas), where s > 3, then G does not

have the Haj6s n-property for 2 < n < ]+ 0+ +ag-l.
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Proof :

*j

I_etG=<x1>x <K2>x. .. x <Xj>x ...x <X¢>, where Ix;l =p

,and1<i < s,

Write each <Xj> as <xj >=

: N p-l p%iZ, p% 1
‘{Xi7p}{xi ’p}{xl ’p}"-{x i 7p}'"{x i 7p}{x i 7p}
a4 i-1
= n {Xpll ,p}=A1’],
j=1

where of course, 1< i < s, and 1< j faj.

Thus we can write G as

G = Al, 1 Al, 2 .o Al, 0-1_1 Az’ 1 AZ, 2...A2’ 0’2_1... AS, lAS, 2 con Al, as_l H. .. (i),

a--1 aH-1 a.-1 a.-1
where H = <xpl1 > x <xp22 >..0 0% .. X <xpi1 > .x <X Pss > 1is a

subgroup of type (p, p, ..., p). Now note that by Proposition 2.22, H can be
factorized into non-periodic subsets, and the rest of the factors in (1) are

clearly non-periodic subsets. Clearly for n = 1 or s, G has the Hajos n-

property. The fact that G does not have the Hajos n-property for 2 < n < ay

+ a2 +...+ag- 1, follows from Theorem 2.16. 0
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CHAPTER THREE

Introduction :

In Chapter two, we assumed throughout that p > 5, except when G was cyclic.
Now we will try to remedy that situation by filling the gap in the cases of p = 3

and p = 2. That is we will study groups of type :

B, 3% 3% 3OS e (1)
and groups of type :
(2%, 2%2 2% 2y (2)

This chapter is divided into three sections. It will contain results about the
groups in case (1). Results about the groups in case (2) are the contents of the
next chapter. So, in this chapter, we will study 3-groups with respect to the
Hajos n-property.  Observe that in the cyclic case, G will have the Hajoés n-
property for all relevant n, by Theorem 2.6. Similarly if G is of type (3, 3),
then Rédei's Theorem gives us a similar result. Another easy case is when G '
isof type(3,3,3) or (32, 3). In this case, we also claim that G has the Hajos
n-property forn=1, 2 and 3. Of course whenn=1orn = 3, G clearly has the

Hajés n-property. Hence, we only need detail the case when n = 2.
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Note that in this case, one of the factors must have order 3. So assume G is
factorized as G = AB, and assume IAl = 3. LetA = fe, u, v}, whereu=eand
vV =e,
ThenG=AB={e, u, V}B=BU UB U VBuueeoeereeeerreemeeeoeesoeesons (3)
Multiplying both sides of equation (3) by u results in :

G= UG = UAB = UB U 128 U WV (4)
Comparing equations (3) and (4), we get that :

Bu vB= uZB U UVBaeeeeeeeerteeie et e eeesseses esas (5)

We claim that: vBN wB=0.
Suppose this is not the case. Then thereisan x €vB N uvB. So x = vby = uvb,

for some bl and b2 in B. But from the factorization G = AB, this means that u =

e. And this contradicts our assumption that u = e. The preceding argument
implies that B=uvB and vB = uZB. Hence, either Bis periodic, or uv = e and
V= uz, in which case A is periodic. So the first nontrivial case of 3-groups
occurs when IG| = 34. Thus, we start the next section with a study of groups of

order 34.
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Case ||| Order of x(x) ll Order of x(y) Il x(A) x(B)

1 1 . .

2 1 3 0 h
3 1 9. 0 u
4 3 1 0

5 3 3 0
L6 3 9 0
7 9 1 l 0
o
8 9 3 0
ol o I o Jo]o

(*) : All the other cases are straightforward, except this case, for which we
include an explanation: Suppose yx(x) = & and x(y) = n , where &t and n are
primitive 9-th roots of unity.

Then :

x(A)=1+8 +82 + &5 +ehs S U S 1
=(1+§3 + §6)+§ (1+ §3+g6)+ 52(1_'_%3“3 N 56716)

= §2(1+§3n3 + §6n6)-
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§1. In this section, we make some constructions which show that groups of
order 34 do not have the Hajoés 2-property, except of course when G is cyclic,
which by Theorem 2.6, has the Hajos n-property for n = 1, 2, 3, and 4.
Altogether, there are 5 non-isomorphic groups of order 34 to deal with. Since
the cyclic case is taken care of, there rémain four cases as follows : These are

groups of type (3%, 3),(3% 3%, (3% 3,3). and (3, 3.3,3).

3.1.1 Proposition

If G is of type (33, 3), then G does not have the Hajos 2-property.

Proof :

We show that in this case G does not have the Hajés 2-property by exhibiting a
factorization AB of G, in which neither of the factors is periodic. Say G =<x>
x <y >, where Ixl= 3° = 27 and lyi= 3. ‘

Let A=< x9y >UX <x9y> U x2<x9y2> and

B=< x9> U x3 <y>U x6<y>
Now the possible orders of x(x) are 1, 3, 9 and 27, and the possible orders of
x(y)are 1 and 3 only. So we have 8 different cases to consider. We use
Lemma 2.13 to show that AB = G is a factorization of G. The following table

summarizes all the cases :
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Case ” Order of x(x) Order of x(y) x(A) x(B) |

1
2
] :
4
5
6

N

It only remains to show that neither A nor B is periodic.

A is not periodic :

First note that if g is a period for A, then any non-identity power of g is also a
period for A. Now the elements of G all have order a multiple of 3. So the only
candidates for a period are elements of order 3. We check elements of A of
order 3 for periodicity. Clearly the only elements of order 3 in A are x9y and
x18 y, and none of these is a period for A :

(x9y)(x2) =(x11y) € A and
(x38y) (2)=(x0y) & a.
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x(B)=1+n +n2 +n3 +n4 +n6+ n7 +§6n5+53n8

3 63)

=(1+034m®) in (1403 4n6)in2(14063,6, £ 6,

=n 21+ 835, g% 3).
Now £ and vy are both primitive 9-th roots of unity. Hence:

n=t8%5% 5 e7or &8,
Straightforward calculations show that in the cases n =g, 15.4 or §7, we get that
x(A) = 0, while in the remaining cases, x(B) =0. Now it only remains to show

that neither A nor B is periodic.

A is not periodic:
The only candidates for a period of A are x3 and x6, and none of them is a
period for B:
| X3)( X5y3) =(x8y3) ¢ A and
(®) (3% —(x%y%) ¢ A,

B is not periodic;

The only candidates for a period of B are y3 and y6, and none of them is a

period for B:
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(y3) ( x6y5) ¢ B and

(y%) (x3y®) ¢ B 0

3.1.3 Proposition

If G is of type '(32, 3 , 3), then G does not have the Hajoés 2-property.
Proof :

SayG=<x>x <y>x <z>, Where IxI = 9, and lyl= Izl = 3.

LetA = <x3> UXx<y>U x2<y> and

B =<x3y> U z<xf7’y2> U 22<x3y>.
Now the possible orders of yx(x) are 1, 3, 9, while the possible orders of x(y)
and x(z) are 1 and 3 only. So altogether we have 12 different cases to

consider. The following table summarizes all of these cases.
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Case ||| Order of x(x) ||| Order of x(y) [|| Order of y(z) x(A) | %(B)
1 1 . —
2 1 | 0
3 1 J{ 0
4 1 0
5 3 0
6 3 0 “
7 3 0
sl :
ol o | 0
10 JF 9 " 0
11 9 Q**
12 9 Q**

(** ) : All the other cases are straightforward, except these cases, for which
we use a similar argument as in Proposition 3.1.2.

It only remains to show that neither A nor B is periodic.
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A is not periodic:

The only candidates for a period of A are x3 and x6, and none of them is a
period for A :
3 4
(x")(xy) =(x'y)¢ A and

(x6)(xy) =(x7y)¢A.

B is not periodic:

In this case, each non-identity elements of B is a candidate for a period of B.

However, none of them is a period :

(x3y)(y) = (x3y2) & B, '(x6yz)(y) = (x6y22) & B,

(x®%2) (y)= (x°) e B, (Sy2?)(y) =(5y22%) ¢ B,
(z2)(y) = (yz) &B, (°y222)(y) = (*2% ¢ B,
(%y22)(y)=(2) ¢ B. D

3.1.4 Proposition:

If G isof type (3, 3, 3, 3), then G does not have the Hajos 2-property.
Proof :

Say G=<x>x <y>x <u>x <v>, where Ixl = lyl= lul= Iv| = 3.

LetA=(<x, y>\{ xzy, xzyz})u § xzyv, x2y2v2} and

B=(<u, v>\{ uzv, uzvz}) U yuzvz, yzuzv}.
Now, the possible orders of x (x) are 1 and 3, only.

Similarly for x(y), x(u), x(v). So altogether there are 16 different cases to
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consider. Let (X)) =a,

x(Y) =8
x(u) = v,
x(v) = 3,
where a, 8,y, andd are primitive 3rc‘1 roots of unity.

Then: x(A) =‘a256 +-0125262—a25 —QZBZ

=a2f5 (6 + BBZ -1 -8 ).

2
Byl plyZe —y2s - 4252

yzé (o + ﬁz—l - d).

x(B)

Now: Ifg =1, we get x(B) = 0. This takes care of 8 cases.
If 5=1, weget x(A) =0. This takes care of 4 more cases.
Otherwise B =1 ands = 1, then either ﬁ=60rﬁ=62.
If p=56, then x(A) =0. This takes care of 4 cases.
If g =62, then x (B)=0. This takes care of even 4 more

cases.

The following table summarizes all of these cases.
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Case || Order of x(x) Jif Order of x(y) " Order of x(u) || Order of x(v) Jlx(A) {ll x(B)
1 1 1 1
2 1 ’q 1 3 0|
3 1 o i o |
4 1 0
5 1 0
6|l Tq 0
7 1 0
9 3 0 0
ol s | 0
11 3 0 0
12 3 0
13 3 0
14 3 3 1 3 0

_E_H 3 3 3 1 0

16 3 3 3 3 0 " |

We next check that neither A nor B is periodic.

A is not periodic:

All the non-identity elements of A are candidates for a period of A. However,
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none of them is a period :

(x)(xy) =x*ye& A, (y) (XD =x?y ¢ A, (x2) (y)=xly ¢ A,

(xy)(xy) =x*y? ¢ A, (y*)(2)=x2y? ¢ A,

(xy2)(x) = X2y2¢ A, (yv) (Lyv) =xy’v2 e A,

2 2

and (xzy VZ)(xzy vz) =XyVvV & A.

B is not periodic:

All the non-identity elements of B are candidates for a period of B. However,
none of them is a period :

(u)(uv)=v’veB,(v)(u)=ulv ¢ B, (ud)(v)=uly ¢ B,

2

(uv)(uv)=u’v? ¢ B (v2)(ul)- u’v2 e B,

2

(u vz)(u) =u2v2$ B, (yuzv)(yuzv) =uy vzeE B, and

2 2

(yzu vz)(yzu v2)= uyv & B. . 0
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§2. In this section, we show that groups of order 34 have the Hajo6s 3-
property. In what follows, we will need the following.
In some instances, we will make the use of the group ring ZG. To a subset A

of G, we assign an element A = Yy a. Asa consequence, we extend group
a€eA

characters to ring homomorphisms from ZG to the set of complex numbers C.

Also, we define Ann ( A )={y :x ( A y=0}.
3.2.1 Definition [11]

If A and A' are subsets of finite abelian group G such that for every subset B of
G, whenever AB = G is a factorization of G, then A'B = G is also a féctorization

of G, we say that A is replaceable by A'.

3.2.2 Lemma [1]

The simulated subset A = {e, g, gz, cee, gr'2 , gr'1 u}, wherer >2, of a finite
abelian group is replaceable by :
A ={e, g,gZ’.“’gr-Z,gr-l ul i

for each i.

3.2.3 Theorem [15]

Let G be a group, A , a subset of G, H and K subgroups of G. Then:
Ann (H) N Ann (K) C Ann(A) < there exist subsets S1 and 82 of G such that

A=HS; v KS,, where the union is disjoint and the products ( HS,) and

40




3.2.4 Lemma [20]
Let A be a subset of a finite abelian p-group such that IAl= p, and e A. Let k

be relatively prime to p. Then A is replacéable by A', where A' = {e , gk ,

_1)k
g2k ., g(P-Dky

gee

for any g € A-{e}.

3.2.5 Proposition

If G isof type (3, 3, 3, 3), then G has the Hajos 3-property.

Proof :

The proof will consist of several steps. Suppose G is factorized as G = ABC,
where IAl = 9, and IBl = ICl= 3. We show tha_lt one of the factors A, B, or C must
be periodic. Suppose that none of the factors is periodic. | It is immediate that
B and C must be simulated subsets of G. Say B = {e , x, xzb} s »and C=f{ey,
yzc}. By Lemma 3.2.2, we can replace B and C in the factorization ABC = G by
<x>and <y>, respectively, to getthe factorizationG = A <x> <y >. Itis clear
thatxand y are independent elements of G. Furthermore, by Lemma 2.20,
A isaright transversal of K=<x,y>in G. We augment the set {x, y} to {x,
y, u, v} to geta set of generators for G.

‘Then, A will consist of the following elements :

2
e koo v ko1 v© ko2
ukjo uv ki1 1.1V2 ki2
uzkzo uzv k21 uzv2 koo

where Kije K, and koo=e.

From G=ABC, weget:

41




G= A (e +X+XbD)C oo (1)

After replacement, we get :

Subtracting (1) from f(2), we get :
0=A (£-xb)C

So: 0= A (e-b)C

Treating C in a similar fashion, we get :

A (e -Db)(e+ y 4 Y2C) e (3)

o
Il

A (e -b)(e+t Y +Y2 ) (4)

o
I

Subtracting (3) from (4), we get:

o
I

A (e-b)(y*-y2c)

So: 0

I
>
-
(¢°]
|
o
A
¢
|
(@]
S’
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Claim :
Ann(<b>) N Ann(<c>) C Ann (A)
Proof of claim :
Suppose that X is a character of G with X€Ann (<b>)NAnn(<c>).

Applying X to equation (5) , we get that :
0=%CA) (1-%(B))(1-%(c))

Now if X ¢ Ann (A), then X ( A) =0. Hence either X (b) = 1 or X(c) = 1.

Suppose X(b) =1. Then X(<b>)=X(e+b+ b2)
~%(e) +X(b) +%(b)*
- 1+ 1+ 12

=3 = 0.

Hence X & Ann( <b > ). Similarly if X (¢) = 1, then we would conclude that

X & Ann(< c > ). So in either case, we will have a |

contradiction. Thus the claim is proved.

Therefore by Theorem 3.2.3, there exist subsets U and V of G such that:
TA SU D> U V Q> riiiciirteeenreeneeesssseessessssssssssssens (6)

where the union is disjoint and the products (U<b>) and (V <c¢ > ) are direct.

To show that one of the factors A, B or C is periodic, we will have to

distinguish several cases according to x,y, b, c.
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() b, ceK=<x,y>:

In this case, it is clear that BC = K is a factorization of K. And since IBl= ICI = 3,

Rédei's Theorem gives that either B or C is periodic.

(I)) x, v, b,andc are independent :

In this case, we may as,éume b and c to be u and v respectively. Thus, B = {e
X, xzu} and C={e,y,y2v}, andso: -
A=U<u> U V<v>

Now, if either U= orV =y, then A is periodic. Suppose U = @&, and V = Q.
Now, e€A. SoeithereeU oreeV. We may assume that e € U, since the
roles of u and v are symmetric. Then e<u>-= uovO koo <u> C A.

It follows that: koo=kio=kyp=e....cciiiiiiii... e (™

Let ui vj kij €EV<v>. Now, observe that ui vj kjj <v>C A, from which it
follows kip = ki1 = ki2 . But from (*) above, we already have kg = e.
Therefore kjo = ki1 =kj2 =e. Hence, ui vj kj; <v> = ui vO Kio<v> = ui ee
<v>=ui <v>. This implies that ui €V <v>. But ui € U <u>. And this
contradicts the factthat U<v>NV<v>=0. Hence, V=¢. Therefore in this

case A is periodic.

(Il x , v, and b _are independent & c€ <x, v, b>:

Since x, y, and b are independent elements, we may assume b to be u in the
set of generators {x, y, u, vl. Hence, c =x*yP u', for some integers o, §,

and y, where O<a, B,y <2.
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Now B={e,x, x,zu} and C={e, vy, yzxayB u'}. We further split this into

cases according to a, B andy as follows:

In thiscase, C={e,y, yz}. SoCisa subgroup, and hence periodic.

2, a=8=0.y =0:

Inthiscase, C={e,y ,_yqu }. By Lemma 3.2.2, we may assume y =1

Therefore, C=§ e,y,,yzu }, and A =U<u>UV<u>. So, A is periodic.

3. a =0, 0.y =0:

In thiscase, C={e,y, y2y6 }.  This is impossible.

4. o =0.8 =0, vy =0:

In thiscase, C={e,y, yzy‘3 u' 3. We may assume B =1. Therefore, C={e, |
y,u }. Suppose teU. The productt<u> BC
isdirect, and t<u>BC=t<u,x>C. Thiscannotbe, since u' €C, and u' €<

u,Xx>.

S. o =0, =0,y =0:

In thiscase, C={e,y, yzx“ }. Wemay assume o = 1. Therefore
C=ile,y, yzx }. Suppose V = @. So there is an element teV. Now, t<x>V
C A. The product t < x >B is direct, since the product ABC is direct. But we

have, x € <x> and x€B. Thus, we get a contradiction.
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6. a #0.B=0,y =0:

In this case, C={e,y, y2 x”" u'}. We may assume that y =1. Hence, C={fe,y
, yzxau}, andA=U<u>UV <x%u>. '

Obviously, if either U or V = @, then A is periodic, and we are done.
Otherwise both U and V are non-empty. " We show that this cannot happen. In
fact, we show that V = @ . Say there is an element uivj kj; €V, for somej, O <

j<2.

Computing ABC, we will see that ABC will contain uivj Kjj <x%u>BC. Let us

detail <x®u> B; Direct computations give:

<x%u>B={e, x%u, X2 uz} fe, x, xzu}=

e x% u T

X x(1+1 u x2a+1 u2
2 a+2 2 . 200+2

X u X u X

Recall that the possible values for a are 0,1 and 2 only. Butwe are assuming
that a = O, which means that either a =10ora =2. We show that these values

for a are impossible by observing the following:

The presence of x2u and x® *1 u, gives that o = 1, while the presence of

x2 u and x%u gives that a = 2. Therefore, we conclude that V must be empty,

and hence A is periodic.

7. a =0 .B=0, y=0:
2

In thiscase, C=f{e,y, y xayﬁ}. We may assume p=1.
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Therefore, C={e,y, x* ] Suppose U = &. So there is an element t € U. Now,
t<u>UCA. The product t <u>BC isdirect. Itisclear that <u>BC=<u,x>C.

This is a contradiction, since x%€ <u,x> and x*€ C

8. a0 .8=0., y =0O:

Here again, we may assﬁme that p=1. Therefore, C={e,y,x" u'}. Say t € U.
Now, t<u>U C A. The product t < u >BC is direct. It is clear that <u > BC =

<u,x>C. Thisisa contradiction, since x* u’ € <u,x> and x*u' eC. 0

3.2.6 Proposition :

If G is of type (33 ,3 ), then G has the Hajés 3-property.

Proof :

Suppose G is factorized as G = ABC, where IAl= 9, and IBl = ICl = 3. We show that
one of the factors A, B or C is periodic. ~The proof, as in the previous
Proposition, will consist of several steps and different

cases, as follows :

(1) First of all, we observe that, we may assume that B is either cyclic or
simulated :

If there is an element b € B\{ e } with Ibl = 3, then by Lemma 3.2.3, we can

2}. On the other hand, if each element of B is of order 3,

replace Bby {e,b, b
then B is of the form {e, b, bzu}. Similarly, we may assume that C is either
cyclic or simulated. Hence :

B=fe, b, b3 orB={e, b, blu}
2

C= {e, c, cz}orC={e, c, Cvi
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(2) We distinguish three cases, as follows:

B C
1 cyclic cyclic
11 simulated | simulated

simulated

111 cyclic

Case (I) Both B and C are cyclic:

Assume that both B and C are cyclic. So B={e, b, bz}, and C= {e, c, c2

} .
Say G=<x>x<y>, where IxI=27, and lyl=3. Now, if Ibl = 3, or lcl =3, then
we are done. Therefore, we assume that Ibl > 9, andlicl>9. Letb=x" yfi and
c=x'y® , where O<a ,y<26, and 0<8 ,  <2. Now,

2}.

We use a similar argument, as in the previous Proposition, using characters to

G=ABC=Afe,b,b%l{e,c,c

get the following equations:

First, we have: G = ABC = A {€, D, B2} Cooerereoosoooeeeoeeoseeseeesssssesseeeo (1)
If we multiply both sides of this equation by b, we get:

G=AD,b7, D7} Curretccrccrte e see e (2)

Now from (1), we get:
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G = A (€44 D2Y) O oo (3)

and from (2), we get:

— 2

G o= A (Dt B2 b3) T C e (4)

Subtracting (4) from (3), we get:

Treating C in a similar way, we get the following equations:

G = A (€= b)Y (€ +Ct €Y e (6)

N P o N I A7)

Subtracting (7) from (6), we get:

Y e (8)

Now, an argument similar to that used in Theorem 3.2.5, will show that

A=U<b3> U V<c3

Since, b3 =x>¢

>, for some subsets U and V of G.

and c3=x3y, wegetthatA=U<x3O‘> UVexs.

Consider the lattice of subgroups of <x >.

It looks as follows:
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<X >

<e>
Hence, either < X% e o s or <xN s <%
In the first case, xsa is a period for A, while in the latter case x3Y is a period

for A. Therefore, in this case, A is periodic.

Case (II) Both B and C are simulated:

Assume that both B and C are simulated. So B={e,b, bzu},

and C={e,c, czv}, where bl = Icl = 3. Now, if either u = e, orv =e, then we

are done. So, we assume that lul =lvl = 3. Note that the elements of G of order

3 (along with the identity element e ) form a unique subgroup K = < x9 ,y> of
2

G. Now, K={e,b, b"u} fe, c, czv} is a factorization of K. Rédei's Theorem

gives that one of the factors B or C is periodic.

Case (IH) B is cyclic and C is simulated:

Assume that B is cyclic, and C is simulated.

2

So, thatB ={e, b, b"},and C={e, c, czv}. Therefore:
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G=Afe,b, b2} {e,c, BV (9)

Next, we derive the equation,

0= A (€-b3) (€-V) coeooeeseeeeeseesessesssrn (10)

as follows:

G=A {e,b,bz} C, gives:

—— — 2 —

G= A {e+b+b"} O P O (11)

2

G=Af{b,b ,b3} C, gives:

G=A (bt b24bZ} Coo (12)

Subtracting (12) from (11), gives:

0= A (€-D) oo (13)
We also, have:

G = A (e-b3)(es 4 Y (14)
and:

— — 3 2

G = A (€-D7)(€+C+ CV) trmmmeemeereereeseesresnn (15)

Finally, subtracting (15) from (14), gives:

0=A (€ -b) (VY o (16)
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This implies that, 0= A (e-b>)(e-v), which is equation (10).
From this, it follows that there are subsets U and V of G such that A = U <b3 >U

V <v>. Now, ifeither UorV is empty, we get that A is periodic, and we are

done. So assume that both U and V are nonempty. If |bl = 27, then, | bsl =9,

3\> I>9. Hence, in this case, V is empty. Thus, we may assume

thatbl = 9. Then, < bS> =<x'>.

andso [lU< b

If v € <x9 >, then <v>= <x9>, and then we get that A is periodic. Thus, we

may assume that v & <x9 >. We now recall that since both B and C are

simulated, by Lemma 3.2.2, we also have the factorization:

2 2}.

G=Afe, b,b%}{e,c,c

We compute, A {e, c, c2} :
2 9
Afe,c,cl=A<c>=(U<x">UV<v>)<c>

= U<x9><c> U V<v><c>,
Since the product AB < ¢ > is direct, so are the products < x9> <c> and <v><c>,

and they must both equal to the subgroup K of G. Now, observe that the set

{x9 , vV} also generates the subgroup K. There are two choices for c. Namely,
9v 2. So,

18 VZV}

or (b) C={e, x9v2 , xlsv vi.

. 9
eitherc=x"vorc=x

either (a) C=fe,xWv,x
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If U= &, then thereisanelementsinU. So s < x9 > C isapartof ABC. We

compute < x9 > C, in both cases :

Case(a) :
<x9> C= {e, x9 x18} fe , x9v , x18}. This is impossible, since we have
18 9 18

X € <x >and x € C also.

Case (b) :

< x9> C = {e,x9 s x18} fe, X9V2, x18 v?‘}

x9, X18 , x9v2, x18 V2 , VZ’ X18 V2 v2 9,2

= {e, , V,XvT}.

This too, is obviously impossible. 0

3.2.7 Proposition:

2, 32), then G has the Hajos 3-property.

If G is of type (3
Proof:

Suppose G is factorized as G = ABC, where IAl = 9, and IBl= Cl= 3. We show that
one of the factors A, B or C is periodic. LetG = <x> x <y >, where Ixl=lyl=9. We
may assume that B is either cyclic, or simulated. Namely, either B={e, b, .
b2}, wherelbl=9,orB={e,b, bzu}, where Ibl = jul = 3. Similarly, C is either

cyclic, or simulated. So either C = {e, c, cz}, wherelcl=9, or C={e,c, czv i,

where Icl = vl = 3. We tabulate all the possibilities for B and C below :
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| :

I " cyclic cyclic
[

I1 simulated || simulated
- I11 cyclic simulated

Case (I) Both B and C are cvclic:

Assume that both B and C arecyclic. So B={e,b, b2}, and C={e, c, cz}.
Now, if Ibl=3, or Icl =3, then we are done. So, we assume that Ibl = icl = 9.
Let K = <b>. Now, if ce K, then BC = K is a factorization of K and so by
Rédei's Theorem, we get that either B or C is a subgroup, and hence periodic.
Therefore, we may assume c ¢ K, which implies that the elements b and ¢ are
independent. We may choose x and y to be b and ¢ respectively. SoB = {e , x,
x%}, andC = fe,y, y4}.

Claim

The factorization G = A {e, x, xz} fe, v, yz}, implies that:
either AC <x3, y> or A C <x, y3>.

Proof of claim

Let a;, a€A. Consider aa, = x¥ yB. Suppose 3 does not divide o and 3

does not divide p. Now aj.e.e=a;=a, x“ y‘3 .

But we also have the factorization G = A {e, x*, xza} fe, yﬁ , yzﬁ} of G. Hence,

we must have x* = e and yﬁ = e. Therefore, 9 divides a and 9 divides g, from
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which it follows that 3 divides a and 3 dividesp. Therefore, the assumption _
that 3 does not divide both o and p leads to a contradiction. Consequently, we
conclude that we must have either 3 divides a or 3 divides g . Now if it
happens that 3 divides a for each a € A, then AC <x3, y >. Similarly, if 3
divides g for each a€A, then A C <x, y3 >. Thus, we may assume that there

are elements :

a, =x*1 y B1 € A, where 3 divides ag, and 3 does not divide Bi-
a,=x*2y P2 A, where 3 does not divide a,, and 3 divides §,.

But, then 3 does not divide ay - a, and 3 does not divide 1 - B, . Now, observe

that a; a il =x"1 722 yﬁ1 " P2 And this is a contradiction as was shown
before. This ends the proof of the claim. Next, let M = < x3 , ¥>, and let
N=<x, y3 >,

Now, if A C <x3, y>=M, then clearly Afe,y, yz} is a factorization of M,
because, fe, y, y2} C M, and | Afe,y, y2} =M =27.

From this, we obtain the equation:

0]

1]
>
®

I

«

which in turn, implies that A is periodic, with period y3.

3

Similarly, if A C <x, y” > =N, then we obtain the equation:

which gives that A is periodic with period x°.
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Case (II) Both B and C are simulated:
Assume that both B and C are simulated. So B={e, b, bzu}, and C={e,c,

czv}, where Ibl = Icl = lul = Ivl= 3. The elements of order 3, ( along with the

identity, of course ) form a unique subg_roup, say L. Infact, L =< x3 , y3 >,

Now, BC=L isa factoszation of L, and hence by Rédei's Theorem, we get that

either B or C is periodic.

Case (III) B is cyclic and C is simulated:
2

Assume that B is cyclic and C is simulated. SoB={e, b, b“}, and C={e, c,

czv}.

From the factorization G = ABC, ‘we obtain the equation:

0= A (e-b2)(e-v)m.. oo eeeeeeseeee oo (21)

from which it follows that:

A=U<b3>UV<v> ......................................................... (22)

Now, if v e <b3 >, then < b3 > =<v>,and so A is periodic with period v.

3

Therefore, we may assume that b~ and v are independent elements of the

subgroup L = <x3 , y3 > . Now, since C is simulated, we also have the

factorization G = Afe, b, b2} fe,c, cz}.
We compute:

3

A{e,c,c2}=(U<b > U Vcv>)<c>
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=U <b3> <c>UV<v><ce >(23)

Equation (23) gives that both < b3> <c>and <v><c> mustbel. Socis

independent from b3 andv. We have two choices for c. Namely, b3v and
b3v2. Thus:
‘either (a) C=fe, bv,b%2v} ={e, by, b0
3.2.6 3.2.6 2

or (b) C={e, b’v5,bvv} =fe, b’v5, b v}
Note thatif U = &, then we are done. So assume that U = @&, then
there is an element t € U. We compute t < b3> C, in each case:
Case (a) :

t<b3

3 3

>C=tfe,b>, b% e, bdv, b%
In tﬁis case, the presence of b6 (twice) gives us a contradiction.

Case (b) :

t<b3>C=t{e,b3

,b% e, b3VE, O3

3 .6

ctie b3, B8 b3v2 pO2 (2 p8,2 (2 3.2

,bve b vT  vT b ve, v, b vl
In this case, again we also have a contradiction, since b3v is represented

twice. 0

3.2.8 Proposition
If G is of type (32, 3, 3), then G has the Hajos 3-property.
Proof:

Suppose G is factorized as G = ABC, where |Al =9, and [BI=IC| = 3.
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We show that one of the factors A, VB or C is periodic. Let G=<x>x <y>x <z>,
where Ixl = 9, and Iyl =lzl = 3. We may assume that B is either cyclic, or
simulated. Namely, either B=fe, b, b%}, where Ibl =9, or B=fe, b, b2ul,
where [bl = lul = 3. Similarly, C is either cyclic, or simulated. So either C =
fe,c,c?, whereld =9, or C=fe,c,c?v}, whereld = Ivi=3. We tabulate all

the possibilities for B and C below :

" B C
1 cyclic || cyclic

11 simulated " simulated
IT1 cyclic " simulated

Case (I) Both B and C are cyclic:
Assume that both B and C are cyclic. So B={e, b, b2} ,andC={e, c, cz}. We

may assume Ibl =Ici=9. Let b=x“ yfi Al andc=x6 yE xg, where O <a, & < 8,
and 0<B,y ,e, E <2. Now from

the factorization G = ABC = {e, b, b2} fe,c, cz}, we get the equation:

0=A (e-b3) (e o (24)

Hence, from (24), we obtain:

A=U<b>UV<> (25)
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3a 3 .38

Observe that b3 =x"" and c” =x
Next we consider the lattice of subgroups of the group < x >.
It looks as follows:

<X>

3 3

It is clear that < x3 >=2b3 >=<c” >, and hence A is periodic with period x".

Case (II) Both B and C are simulated:
Assﬁme that both B and C are simulated. Hence, B={e,b, bzu}
and C=fe,c,cv}, where bl = Icl = lul = v = 3. Now, since
G =Afe,b, b2 }fe,c, c2}=A<b> <c>=A<b, c > is also a factorization of G,
we find that b and c are independent elements. If it happens that u,v € <b,
¢>, then BC = <b, ¢ > is a factorization of BC, and since IBl = IC| = 3, Rédei's
Theorem gives that either B or C is périodic. So in this case we are done.
Therefore, we assume that b, ¢ and u are independent elements and
v=b"cPu’, where O<a ,p,y <2. NowB=fe,b,b2u} and C=fe,c, c2
b* Py’ 1 and so:

A=U<u> UV<bacﬁuY D eeteeertennaeeeaesratsannstearenatannnannnnnanns (26)

We further divide this into subcases as follows:
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a=pf =y =0:

2

In this case, C={e,c,c”}. So C isa subgroup, and hence periqdic.

a=0.=0,y =0:

2 b%}, and we may assume that a =1.

In this case, C={e,c,c
NowA=U<u>UV <b% >. In this case, V =, for suppose not. Then there
must exist an element, say t € V. But note that since t < b > B is part of the
factorization ABC, we get that t < b > B C ABC, from which we get a

contradiction, because then, b €<b>, andbe B.

az 0. =0,y = 0O:

2 b%u}, and therefore, A =

We fnay assume that y =1. Hence, C={e,c, ¢
U<u> U V<b®us>. Now, if either Uor V=g, we of course, get that A is
periodic, and we are done. Otherwise both U and V are both non-empty. We
show that this cannot happen. In fact, we show that V = @. If this is not the
case, then there is an element t €V. Now observe that t<b® u>B is a part of
ABC. We compute <b“ u> B. Computations give:

<b%us>B=fe,b%u, %% ud fe,b,b%u}=

e b* u p2® 42
b b(x+1 u b2a+1 u2
bZu p2+2 2 b

Recall that the possible values for a are 0,1 and 2 only. But we are assuming

that o = O, this means that either a=10ra =2.
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We show that these values for a are impossible by observing the following :
The presence of b2 u and b% y, gives that a = 2. Therefore, the only
remaining possibility is that a = 1. But this last value is ruled out by the

presence of b%**1y and b**2y.

a=0.B=*0.y =0:

2 b%c uY}. and therefore

Here again, we may assume thatp=1. So C={e, c, ¢
A=U%u> UV< b® CB u' >. We show that in this case, U =g. For, suppose
not. Then, there is an element t€U. Notethatt<u> B is a part of ABC. We
compute <u> BC. Easy computations give:

<u>BC=<b,u>{e,é,czbach}

=<b,u>{e,c,b%u'}

But this is a contradiction, since we have, b* u' € <b,u> andb* u' eC also.

Case (III) B is cyclic and C is simulated:

Assume that B is cyclic and C is simulated.

Therefore, B={e, b, bz} and C=f{e,cc, czv}. An argument analogous to that
in the previous cases, gives us the equation :

A=U<b3>UV<v> ............................................................... (27)

3 3

If ve<b >, then <v>= <b3 > and so A is periodic in this case with period b”.

Therefore, we assume that v and b3 are independent elements. Suppose

3

U = . Say, teU. The product t <b”> C is direct since it is part of the product
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3 3i

ABC. Now, ifce <b” >, thenc=b" for some i, 1 <i< 2. This is a

contradiction, since c € <b3 >,and c€C. Thus, we may assume that c & <b3 >,
We consider two cases according to whether v € <b3 ,C>o0rve <b3 ,e>, Ifv
e <bd 3o Now, if B =0, then A is periodic with period b,
Otherwise, = 0. We may assume thatp=1. So, C={e,c, c2b3ac} = fe,c,
b3a}. Sayte U, thent< b3 > C is direct since it is part of the product ABC. This

leads to contradiction, -since b>® € <b> >, and b3

that b3, c and v are pairwise independent. From the factorization G = ABC,

it follows that:

,C>, then v=>b

€ C. Thus, we may assume

and so AC is periodic with period b3. Therefore, V <v > C is periodic with
period b3. Observe that : '

2
<v>C=<v>{e, c,c v}
2
=<v>e U<vV>(C U <v>cv
2
=<v>fe, c, ¢}
=<V><C>
=<V, C>.
3 . .
letteV. Now, < b™>C V<v,c>. Now, V<v,c> is a union of cosets modulo
<V, c> and the elements of < b3>are incongruent modulo <v, ¢>. Therefore,

27=|<b3><v, c>1<IV<v,c>=9|VI Thus, IVI>3. And this contradicts

our assumption that U is also not empty. 0
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§3. In this section, we prove a Theorem which generalizes the results in
Theorems 3.2.5 - 3.2.8, about groups of order 34 to groups of order p4 , wWhere

p is any prime. cf. [21].

3.3.1 Lemma [1]
Let G = ABC be a factorization of the finite abelian group G, where the factors

B and C are one of the following :

B={erb’b27--'7br_l}7 C={e, Cyczy-"ycs_l}r
B ={e,b,b2,...,br‘2',br‘111}, C={e,c,c2,...,cs'2,cs‘lv},
B =fe, b,b%...,b0 " 1} C=fe,c,cd ..., 52, S Ly

Then, there exist subsets U, V of G such that A can be represented in the
following forms respectively :
A=U<b'> U V<>, A=U<u>UV<v> A=U<bl >UV <v>. where the

unions are disjoint and the products are direct.

3.3.2 Lemma [1]

The simulated subset A = {e, g, gz, cen, gr'2 , gr'1 u} , where r>2 of a finite

abelian group is replaceable by :

A =fe, g, g%,..., gL, gu, g*1, . gLy,
foreach i, 1 < i< r- 1.
3.3.3 Lemma [1]
Let G be a finite abelian group and let A =fe, g, g',..., g1 } be a cyclic

subset of G. Then A is replaceable by :

A= fe, gt g4 .. g (T D iy
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for each i, where i is relatively prime to r.

3.3.4 Theorem

Let p be a prime, and G an a.belian group of order p4. Let G = ABC be a
factorization of G, where, IAl = pz, Bl =ICl = p. Furthermore, assume that the
factors B and C are cycIic or simulated. Then one of A, B or C is periodic.
Proof :

First of all, we note that G can be one of the following types :

1. (p*).

2. (p3,p).
3. (% p%).
4. (p4p,p).

5. (p,p,pP,D).

We further, distinguish each of the cases in 1 - 5, as follows :
(a) B,C are both cyclic.
(b) B, C are both simulated.

(c) B iscyclicand C is simulated.

Casel: G isof type ( p4).

This case is settled by Theorem 2.6.

Case2: G isof type (p3,p).

[etG=<x> x <y>, wherelxl=p3andly|=p.
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(a) Both B and C are cyclic.
In this case B = fe,b,b% ..., bP" 1} and

C = {e,c,cz,...,cp' 1}.
If bp =e, Oor cp = e, then we are done. So we may assume that Ibl > pz, and
icl > p2. Now, by Lemma 3.3.1, there exist subsets U,V of G such that A =
U<bp> U V<bp>. Letb=x" y‘3 andc=x‘Yy6. Then, bp=xpa and cp =pr,.
Also, the subgroups of < xP > forma chain. Hence, < & 2>C P 5 n<xP’s=

2
<bp> ﬁ<cp p

>. Thus, x is a period of A.
(b) Both B and C are simulated.
In this case B =f{e,b,b?,...,bP~ 2 P~ 1y} and
| C={e,c,c2,...,cp'2,cp"lv},
Here, Ibl =icl =p.
Now, if either u=e or v = e, we are done. So, we may assume that lul > p,
and vl > p. By Lemma 3.2.2, we may assume that lul = Ivl = p. The elements
of G of order p generate the subgroup K = < xP : , y> of order pz. Also, K = BC

is a factorization of K. Hence, by Rédei's Theorem, one of the factor B or C is

a subgroup of K.

(c) Bis cyclic and C is simulated.
In this case B = fe,b,b%,...,bP" 1}, and

C ={e,c,c2,..-.,cp‘2,cp‘ 1v},

2

Here, we may assume that Ibl > p“ and Ici=Ivl=p. By Lemma 3.3.1, A =
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U<bp> U V <v>, for some subsets U, V of G. Now, if either U=@orV =g,
then we are done. So, we may assume that U * @ and V = 2. Furthermore,
if bl = p3, then Ul < bp> |> p2, and hence V = @. So, we assume that Ibi =
pz. Therefore, < bP> = < xP 2>. )

If v e<xpz>, then v 5xp2, and so A is periodic.

If v $<xp2 >, then replace C by <c> in the factorization G = ABC. So now, G
has the factorization G = AB < ¢ >.

Consider A<c>:

A<c>= (U<xpz>U Vivs> )y<c> =U<xpz><c>u V<v><c>,

The product AB <c > is direct, so the products < xp2 ><c>and <v><c> must
also be direct. Furthermore, <sz>'< c>=K=<v><c>. Notethat xpz and v
genérate K. Now, by Lemma 3.3.2, we can replace ¢ in C by ci for each i, 1
< 1 < p- 1. Now, there are p - 1 choices for c. Namely, xp2 vi, 1<i <
p- 1. Now:

C=fe, PPyl (P22 (p2) P2 (p2) PP P2 (il

b

Now, forj, 1<j<p-2, the congruence (j+ 1)i= 1 (modp) is solvable.

So, there exists an integer j such that ji=(p-1)i+1(modp). LetteU.

2
The product t < s C is direct, since it is part of ABC.

2
Computing, < xp > C, we see that the sets
<xP >x]pv]1=<xp st and

PPV P2 @Di+1__ p2 (pli+l
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2
are parts of <x p > C, and they contain the same elements. This contradicts

the factorization.

Case3: G isof type (pz, p2 ).

Let G=<x> x <y>, wherelxl=ly|=p2.

(a) Both B and C are cyclic.
In this case B = fe,b,b% ..., b~ 1}, and
C = {e,c,cz,...,cp‘ L

If bP =e, or cp = e, then we are done. So we may assume that
Ibl=p?, andIcl = p2. Let L=<bs>.
If c €L, then L=BC is a factorization of L, and so by Rédei's Theorem, one of
the factor B or C is a subgroup of L.
SO, we may assume that c ¢ L. We may choose x ,Ytobe b, crespectively. So,
B = {e,x,xz,...,xp’ 1}, andC = {e,y,yz,...,yp‘ 1}.
We show that if G = ABC is a normalized factorization of G, then,

eitherAC<xp,y> OrAC<x,yp> ............................................. (*)
We show ( * ), as follows :
Suppose a and a' €A. let a'a 1 x%y B,
If p does notdivide a and p does not divide B, then from a' = a x~ yB , we get
a contradiction to the factorization G = A B' C' of G, where :

B = fe,x* ,x%% ... x(P-Day 44
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C' = {e ,‘xB , x2B e ,x(p'l)B }.
Note that this replacement is possible, by Lemma 3.3.3.

P € A, then the previous argument with a' = e, gives us that

If we leta = X y
either p divides a or p divides g .

Now, if p divides o for each a €A, then A c<xP ,Y >,

Simﬂarly, ifp divides' B for each a €A, then AcC<x, yp >,

Thus, we may assume that there exist a = qut3 €A, a'=x" ‘y B’ € A, such
that: pdivides o , p does not divide g,

and : p does not divide a , P dividés B

But then p does not divide a'- a, '~ B.

Hence, a'a 1_ x ¢ -a y B-p’ , and this is a contradiction.

Now, let M=<xp,y>, and N=<x , yp>.

I AC <xp, y >=M, then M= AC is a factorization of M, and SO,

A (e-yP) -0,

Hence, A is periodic with period yp .

A C <x,yp>=N, then N = AB is a factorization of N, and so,
' A (e—xp) =0.

Hence, A is periodic with period xP.

(b) Both B and C are simulated.

In this case B ={e,b,b2,...,bp"2,bp‘ lu}, and
C ={e,c,c2,...,cp‘2,cp_ 1v},

Here, Ibl = Icl = p, and we may assume |ul = lvi = p, The elements of G of order o)
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generate the subgroup K = < xp , yp > of order p2. Now, K =BCis a factorization

of K. Hence, by Rédei's Theorem, one of the factor B and C is a subgroup of K.

(c) Bis cyclic and C is simulated.
In this case B = {e,b,bz,...,bp‘ L and

C‘={e,c,’c2,...,cp"2,cp' 1\'/},
Here, we may assume that bl > pz, aﬁd Icl = vl = p. By Lemma 3.3.1, A =
U<bp> U V<v>, for some subset U, V of G. Now, if either U=@or V = g,
then we are done. So,‘:‘ we may assume that U = @and V = @.  Furthermore, if
v E <bp > then<v >= <bp >, and so Ais periodic. Thus, we may assume that
\% ¢<bp >. Now, bp , V generate K= < xp s yp >. In the factorization G = ABC,
repiace Cby <c> to get the factorization G = AB<c>. We compute A<c>:
A<c>=(U<bp>U V<v>)<c>= U<bp><c>U V<v><co>,
Now, both < bp ><c>and <v > <c> must be direct and equal to K. Note that
bp , V generateK = <x p’ y p >. Using Lemma 3.3.2, c can be replaced in C by
ci foreach i, 1<i < p- 1. Now, there are p - 1 choices for c. Namely, bp

vl, 1<i< p- 1. Then:

C=fe ,bpvi,bZDVZi’-.”,x(p-Z) p,(p-2) i’b(p-l) p (pl)i+ 1}.

Now, for j, 1<j<p-2, the congruence (j+1)i= 1(modp) is solvable.
So, there exists an integer j such that ji = (p- 1)i+1(modp).

lett € U. The product t <bP>cC is direct, since it is part of ABC.

Computing, < bp > C, We see that the sets
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<bP> b]p V= <bp>'vji and
<pPs>pPD P (PDi+l_ . p  (p-1)i +‘1

are parts of < bp > C, and they contain the same elements. And this

contradicts the factorization.

Case4: G isoftype (p% p,p).

Let G=<x> x <y>x <z>, wherelx|=p2,ly|=lzl=p.

(a) Both B and C are ¢vclic.

In this case B = {e,b,b%,...,bP" 1}, and

C = {e,c,cz,...,cp" 1}.

2 2

Heré, we may assume that Ibl = p©, and Icl = p®. Using Lemma 3.3.1, we get
that A=U <bp> U V<cp >, for some subset U, V of G. Now, if either U=g
orV=g, then we are done. So, we may assume that U= @ and V = @. |

Let b = x* yB z' andc= xa y'6 . Now, bp =xpol and cp =xp6 . The subgroups
of < x> forma chain. So < xp > = <bp>= <cp>. Thus, A is periodic with

period xp .

(b) Both B and C are simulated.
In this case B =f{e,b,b?,...,bP~ 2 bP~ 1y} and
C ={e,c,c2,...,cp_2,cp" 1v},
Here, Ibl=Icl=p, and by Lemma 3.2.2, we may assume lul = p,

and Ivl=p. Replacing B, Cby <b>, <c> in the factorization
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G =ABC, wehave G=A<b><c>. Thus, the product<b > <c>isdirect. If u , V
€<b,c>, then BC=<b,c>, isa factorization, and so by Rédei's Theorem, we
are done. Weassuméthat u¢<b,c> and v €<b,c,u>. So, v = b" cﬁ u' .
Then, ,

B =fe,b,b%...,bP~ 2 pP-1y;

C=fe,c,c?...,cP~2 P-1p2 B ¥y ang

A=U<u> U v<b®c ﬁuY >
We aésume that U= @ and V = @&, since otherwise, we are done.
Assume p=0. If y =0, then o =0. By Lemma 3.2.2, we may assume that o« =
1. Let te V. The productt <b> B is direct since, the product ABC is direct.
On the other hand, be <b> and b'€ B. This is a contradiction. If y = O,
theﬁ by Lemma 3.2.2, again, we may assume that y =1. Now, if a =0, then
A is periodic with period u. So, assume thata = 0. Lette V. The product
t<b”® u> B isdirect. The elements b{P- 1) @+ Pl oo b, b ...  bP- 2 belong
to <b% u> B. Therefore, (p-1)a +p-1 is
notcongruentto 0,1,2,...,p-2(modp). Hence (p-1)a + p-1=p-1
(mod p). Thus, « =0. Butwe know this is not the case. Secondly, assume §
7: 0. By Lemma 3.2.2, ‘we may assume thatp =1. Now, C ={e,c, cz, ..., cP- 2
,ba n }. LetteU. The product t<u> BC is direct. Clearly, <u>BC=<b,u>

C. But this is a contradiction, since R TA= <b,u> and b* u' ecC.

() Bis cyclic and C is simulated.
In this case B = fe,b,b?, ..., bP- 1}
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C ={e,c,c2,...,cp'2,cp‘1v},

2 and Icl=vi=p. Bylemma3.3.1, A=U<bP> U

We may assume that |bl = p
V <v>, for some subset U, Vof G. Now, if eitherU=gZorV = &, then we are
done. So, we may assume that U = & andV = @. Let t € U. The product
t <bp > C is direct, /since it is part of the product ABC. Furthermore, if
C e<bp >, then ¢ = bpi, for some i, where 1 < i < p- 1. This is cannot
vhappen, since ¢ e<bP >, ce C. Thus, we may assume that c ¢ <bP >. We
distinguish two cases as follows : v € <bP ,C>O0rv ¢ <bP , C>

Suppose v e<bp , C>,"so thatv = bpa c6 .

If g =0, then A is periodic with period bP.

If 8 = 0, then by Lemma 3.2.2, we may assume g =1. Now,
C='{e,c,c2,...,cp'2,cp’ 1pPe o {e,c,cz,...,cp'z,bpa}.

Let te U The product t < bp > C is direct, since it is part of the product ABC.

But bp Ye <bp >, and bp e C, leads to a contradiction. Consider the case when

v & <bp , ¢>. From the factorization G = ABC, we get:

AC (e-bP) =o0.
and so AC is periodic with period bP. Consequently, V <v > C is periodic with
bp. ( Observe that <v>C=<c,v >). LetteV. Now, <bp> C V<v,c>, and
V <v,c> isa union of cosets modulo < v , ¢ >, and the elements of < bp > are
incongruent modulo <v, ¢ >, it follows thatp3 =I<bp> <v,c>I<iV<v,c>1=

2
p VI Thus, IVI>p , and so we get the contradiction that U = &.
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Case5: G isoftype (p,p,p,p).
In this case, each non-identity element of G if of order p. Hence, a cyclic
subset of G is a subgroup of G. Thus, the only case we should consider is when
both B and C are simulated.
B and C are simulated.
In this case B ={fe,b,b?,..., bP- 2 vP- 143 and

C ={e,c,c2,...,cp'2,cp' 1v},
Here, Ibl =Icl = p, and .by Lemma 3.2.2, we may assume lul = p, and vl = p.
Replacing B, Cby <b>, <c > in the factorization G = ABC, we get
G=A<b><c>. This gives us that, the product <b> <c> is direct. - So, the
group <b,c,u,v>is of type

(p,p),(p,P,Pp), Or (pP,p,p,p).

<b,c,u,v> is of type (p, p) :
In this case, u,v €<b,c>. Furthermore, BC = <b, ¢ > is a factorization and

so by Rédei's Theorem, we are done.

<b,c,u,v> is of type (p,p,p ):
In this case, we may assume u € <b,c>, andve <b,c,u>.
Hence, v = bacﬁuy. So,
B =fe,b,b%...,bP-2 pP- 1y
C={e,c,c2,...,cp"2,cp‘1bacﬁuY},and

A=U<u> U V<b® cﬁuY >,
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We may assume that U= @& and V = @, since otherwise, we are done.

Assume first that B = 0. Now, ify =0, then a = 0, and by Lemma 3.2.2, we
may assume that o = 1. Lett€ V. The product t <b > B is direct since, the
product ABC is direct. On the other hand, be <b>and be B. This is a
contradiction.

If y = O, then by Lemma 3.2.2, again, we may assume thaty =1.

Now, if a =0, then A is periodic with périod u. So, assume thata= 0. Lett
€V. The product t <b®u>B is direct. The elements b(P- 1) @ + Pl o b, b2
...,bP" 2 belong to <b* u>B.

Therefore, (p-1)a +p-1 is not congruentto 0,1,2, .. .»P-2(modp),
and hence (p-1)a + p-1 = p- 1 (modp). Thus, a = 0. And this
contradicts our assumption about a . Now, assume g = 0. By Lemma 3.2.2, we
may assume thatp = 1. Now, C =fe,c,c?,...,cP-2 p® v'}. let teU. The
product t <u > BC is direct. Clearly, <u>BC=<b, u>C. But thisis a

o .» . a
contradiction, since b" u' e <b,u> and b’ u' ec.

<b,c,u,v>is oftype(p,p,p,p):
From the factorization G = A <b> < ¢ >, it follows that A is a complete set of coset

representatives modulo <b, c>. Hence,
A= uleaij;Os i,j<p-1, aije<b,c> }

We may assume that e € A, so that ay, = e We also have

A=U<u> U V<u>.
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Suppose U= ZandV = @. Note that the roles of u and v are symmetric.  So,
we may assume thate € U. Then <u> C A. This implies that a,=¢e for each

)

i, 0 <i < p -1. Let ulv’aij EV <v>. Now, ulvaij<v> C A. This gives

that the aij 's are equal for each j,where 0 < j < p-1. But a,=e for

0
; . ] i j i i
each i. Thus aij = e, for each j. Therefore, u v Jaij <v>=u <v>, Hence, u

€V <v>, for eachi. However, u € U<u>. And thisis a contradiction since U

<u>and V<v> aredisjoint. This completes the proof. 0
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CHAPTER FOUR

In the previous Chaﬁter, we considered some 3-groups with respect to the
Hajos-property. Even though some important results were obtained, the
ﬁicture is far from complete, of course, by contrast with the situation in
Chapter two. ‘ In this Chapter, we study some 2-groups with respect to the
Hajés—property.

In the literature, groups which have the Hajos 2-property are called ' good '
groups, and those wﬂich do not are called ' bad ' groups. For example, in
Theorem 7, [17], A. Sands pursuing a problem set forth by de Bruijn shows
that groups of type (2%, 2) »are ' good ' groups, while groups of type
(2%,2,2), where « >4 are' bad". We begin our study of 2-groups with

the following Theorem which will prove very useful in the sequel.

4.1 Theorem
Let G be a group of type (2% ,2, ... , 2), where the factors of order 2 occur, say

‘s times, and suppose G is factorized as :
G=BA,...A. ...A

1 i n
where IAll =.= IAnI = 2. Then at least one of the factors is periodic.
Proof :
LletG=Hx K, whereH= <h>,with Ihl = 2%, and K=<ky,ky,oon kyyenn, ko>,

where Ikil =2 for1<i<s. Choose a character y of Gwhich is faithful on H.

Let x(h) = p, where p is a primitive 2%-th root of unity. Clearly y is not
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principal on G. Hence x(G)=0. Thus, we get:

x(B) x(Al)...x(Ai)...x(An)=0 .................... (1)

Now, for each i, Ai = fe, ai}, where:
aj

Ri1

kK

.=e, a.=h k
al ’al

2... S

where 0 <o, <2% and 0< By <2 Sox(A)=1+x(a) for eachi.

From (1), we get that:

either (a) x(Ai) =0, for some i.

or (b) x(B)=0.
Consider case (a) : In this case, we have, 0=1+ X(ai)‘ So O0=1+p “ (=1),

from which it follows that p 1= « 1. Now, ifp 1o +1, then 2% divides a; . But

0 < o -1 N 2aj .
<oy < 2 . Hence, (xi=0. While, ifp “=-1, thenp = +1, which

implies that divides 2% divides 2ai , which in turn implies that 2¢ -1 divides a; .
Hence either o = O or a; =2¢ '1. So in either case, we get that Iail divides 2,

and since a = e, it follows that Iail = 2. Therefore, Ai is a subgroup of G, and

so it is periodic.

a-1

(b) Letx(B) =0. We show that in this case B is periodic with period h2
a-1

To show this, letg = h2 » and observe the following equivalent statements:
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Bg=B < B (g-e) =0, inZG.
< x (B (g-e))=0 vy.
Now, x is EITHER: (1) faithful on H.
OR : (2) not faithful on H.

In case (1), we have %(B) =0, by assumption. Hence:

x( B (g-e)=x( B )x(g-e))=0.

In case (2), we have Ker (x) = {e}. Now, notice that Igl = 2. He'nce, <g>C
Ker (x). Therefore, x(g) = 1, and so x( g-e) =0. Asaconsequence, we get
thatx( B )x(g- e))=0. i
The following two results are clear.

4.2 Theorem

Let G be a group of type (2%,2,...,2), andletn = a + s, where s is the
number of times the cyclic factors of order 2 occurs. Then G has the Hajos n-
property. |

Proof :

This is a straight-forward application of Rédei's Theorem: 0

4.3 Theorem
Let G be a group of type ( 2“,2,...,2), and let n =0 + s, wheres is the
number of times the cyclic factors of order 2 occurs. Then G has the Hajos ( n

- 1)-property.
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Proof :

This follows from Theorem 4.1. 0

We now, recall that in [17], A. Sands, shows that groups of type (2%, 2) are'
good 'groups. Thatis, groups of this type have the Ha}és 2 - property. For

reference, we include-it as

4.4 Theorem [17]

If G is a group of type (2%, 2) , then G has the Hajos 2 - property.

We now, try to exploit the situation in the above Theorem, by making it a
stafting point for our studies of 2-groups with respect to the Hajos n-

property.

4.5 Theorem

Let G be a group of type ( 23 , 2), then G has the Hajos n- property, for all
relevant n ;namely for n=1, 2 , 3, 4,

Proof :

The case n = 1 is trivial.

The case n = 2 follows from Theorem 4.4.

The case n = 3 follows from Theorem 4.1.

The case n = 4 follows from Rédei's Theorem. 0
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4.6 Theorem

Let G be a group of type ( 24 , 2), then G has the Hajos n- property, for éll
relevantn ;namely for n=1,2,3,4,5. |

Proof : |

The case n = 1 is trivial.

The case n = 2 follows ;from Theorem 4.4.

The case n = 4 follows from Theorem 4.1. |

The case n =5 follows from Rédei's Theorem.

So we only need detail the cases n = 3.

Suppose G is factorized as G = ABC.

We observe that if |Al = 8, and IBl = ICl = 2, then by Theorem 4.1, we get that
one of the factors is periodic. Suppose |Al= 4, [Bl=4, ICl=2. Then G= A(BC), is
also a factorization of G. Hence, by Theorem 4.4, either A or BC is periodic.
Now, if A is periodic, then there is nothing to do. So we may and shall assume
that BC is periodic. Let g= e, be a period for BC. Then we get:

R S T B (2)
Observe that C = {e, c}. Now, if it happens that Icl= 2, then, Cis a subgroup,
and hence C is periodic, and again, we are done. So we may assume that
Icl = 2. Hence, c2¢ e.

Now, we rewrite equation (2) as:

B (€4C)(€-8) =0 o (3)

Multiplying equation (3) by ( e-c ), we obtain the following equation :
B(e-?)(€-8)=0uunanan e (4)
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Therefore, by Theorem 3.2.4, we get that there exist subsets X and Y of G such
that : |

B=X<c2>u Y B> i e (5)
Next, we consider the factorization G = B(AC). Again, by Theorem 4.4, we get
that either B or AC is periodic. Again, if B is periodic, there is nothing to do.
So we may and shall aséume that AC is periodic. Leth = e be a period for AC.

From this, we get the equation :

Again, a similar argument as before, gives us the equation :
A (e-c?)(e-h)=0......... PR (7)
And as before, Theorem 3.2.4, implies that there exist subsets U and V of G
such that :
A=U<c®>UV<h>. oo ... TR (8)
Putting , (5) and (8) together, we obtain the equation :

2

G=[X<c2> UY<g>] [U<c™>UV<h>] {e, c}.... (9

Now, if both X = @ and U = &, then we must have cz €A and c2 € B. But this

is a contradiction to the factorization of G as G = ABC. Soeither X=0 or U = &,

But then, we get that either A or B is periodic. 0
1]

The situation in the previous two Theorems is not a coincidence. In fact, we

have the following
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4.7 Theorem

Let G be a group of type ( 2¢ , 2), then G has the Hajos n- propérty, for all
relevant n.

Proof:

Suppose G = <a,b>, wherelal=2% and Ibl = 2. We may assume o > 2. Letm =

24 1. Say G = Ay - Aj - - - Ay is a factorization of G. Then, for any

‘character x of G, %(G) = 0, implies that X(Ai) =0, for some i, 1<i < n.
Consider x, , x, of G such that:

x@=p,x,b)=1,

x,(@=p,x,(b)=-1

Here, p is a primitive 2% -th root of unity.

We consider two cases :

(1) Xl(Al) =0, and XZ(A1)=O-
(2) x,(A}) =0, and X, (A))=0.

We will show that case ( 1) implies that A, is periodic, while, in case ( 2),
either A, or A, is periodic.

Consider case (1) :

We observe that x €Ann (<a">) ey fe,a™}=0, & 14y (a™) =0, = »( a)

=-1, « x(a) =p. Hence, in this case :
Ann ( <am>) C Ann ( A1 ), and so by Theorem 3.2.3, A1=<am> S, for some
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subset S of G. Hence, in this case A, is periodic with period a™.

Consider case ( 2) :

In this case, we show that:
Ann(<a">) N Ann (a™b) C Ann ( A, ), and

Ann(<a>) NAnn (b) C Ann (A, ).

We have xeAnn(<ar-h>)nAnn(<amb>) ex (2 =-1=x(a™b), = x(a)
=p, and x (b) = 1. |

Similarly, x €Ann(<a">) NAnn(<b>) ey (a)=-1=y (b), » x(a) =
p, and x(b)=- 1. | |

Therefore, by Theorem 3.2.3 :
A =<am>X U <amb> Y and

A2 =<am> UuU <b>V
for some subset X, Y, U,V of G.
Since, A A, is direct, it follows that either X or U must be empty.
If X is empty, then A, 1is periodic with period amb, while if U is empty, then

A, is periodic with period b. ‘ 0

4.8 Theorem

Let G be a group of type (22 , 22

), then G has the Haj6s n- property, for all
relevant n ; namely for n=1,2, 3, 4.

Proof :

The case n = 1 is trivial.

The case n = 2 follows from Theorem 8 in [15].
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The case n =4 follows from Rédei's Theorem.
So, we only need detail the case n = 3:
Suppose G = ABC is a factorization of G. Then IAl= 4, and IBl =ICl = 2. Now, G =
A(BC) is also a factorization of G. Hencg, by Theorem 8 in [15], again we get
that either A or BC is periodic. If A is periodic, we are done. So assume that BC
is periodic. Say g = eis a period of BC. We may assume that Ig| = 2.
LetB = {e, b}, and C={e.,c}. ’I‘henBC;{e,b,c,bc}.
Now, if g=b, thenB ié a subgroup, and hence B is periodic.
While if g =c, then C is a subgroup, and hence C is periodic.
Finally, if g = bc, then we get that :
Either (1) b%c=b and bc? =, both of which imply that bc = e.
' This impossible.
Or (2) bzc =c¢ and bc2 = b, from which follows that B and C are subgroups

of G. ]

4.9 Theorem

Let G be a group of type (23 » 2, 2), then G has the Hajos n- property, for all
relevant n ; namely for n=1,2,3,4,5.

Proof :

The case n = 1 is trivial.

The case n =2 follows from Theorem 6, in [17].

The case n =4 follows from Theorem 4.1.

The case n =5 follows from Rédei's Theorem.
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Therefore, only the case n = 3, needs elaboration. Here are the details.
Suppose G is factorized as G = ABC.
We observe that if 1Al = 8, and IBl = IC| = 2, then by Theorem 4;1, we get that
one of the factors is periodic. | '
Suppose, Al =4 and IB| = 4, and IC| = 2.‘ An argument, similar to that used in
the proof of Theorem 4.6, will lead to the equation :

B=X<c2>UY<g> ........ e (*)
where cz;e e, and g2=e.
Now, if either X= g or Y = @, then we get that B is periodic. Suppose not.
Now, we observe that IB] = 4, Ikg>l=2, and| <c2 > | > 2. Therefore, the only
possibility is that IX] = [Y] = 1, and c4= €. Butthen, BC=x{e, cz} fe,cl uy
fe, g} {e, c}. Now note that g is a period of y {e, g} fe, c}. But g is also a

period of BC. Therefore, g 1is a period of x {e , c2} {e , c}. Now, the only

candidates for such a period are ¢ , c2 , c3 . But g is a period of order 2.

Hence, g = cz. Therefore ( *) implies that B is periodic with period cz. 0

4.10 Theorem

Let G be a group of type (22 »2,2,2), then G has the Hajos n- property, for
allrelevantn;namely for n=1,2,3 ,4,5.

Proof :

The case n =1 is trivial.

The case n = 2 follows from Theorem 6, in [17].

The case n = 4 follows from Theorem 4.1.
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The case n =5 follows from Rédei's Theorem.

The case n =3 can be handled exactly as in the previous Theorem. 0

Continuing our investigations, we now attempt to generalize some of the

).

o

results to groups of type (2(lll seeey 20 L., 298
We start with the following :
4.11 Theorem
Let G' be a group of type (22, 22 » 2), then G does not have the Hajoés 3-
property.
Proof :
LetG=<x, y, z>, where Ixl = lyl= 4 and IzI= 2.
LetA={e, xz, xyz, x3y2, z, yzz, xzyz, x2y3z}

B={e, x} ‘

C=tle, y}
We will show that G = ABC is a factorization of G with none of A , BorC
periodic. Now, the possible orders of x(x) are 1,2 ,and 4 only. Similarly,
with that of x(y) . While the possible orders of x(z) are 1 and 2 only. So
altogether there are 18 different cases to consider.
Let x(x) =a,

x(y) =8,

x(z) =v.
Then :
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x(A) =1+ az+aﬁz+a3ﬁ2 +y +ﬁ2Y + GZBY +a2ﬁ37 ,
x(B) =1l+a,
x(C) =1+8.
Inserting the appropriate values of a » Band y into these equations, one can
show that in each case, at least one of xkA), x(B) or x(C) is zero. The following

table summarizes all of these cases.

Order of y(x Order of () Il Order of x(z

LLEFTTTTE
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14 4 1

16 4 2

17 4 4

.

By Lemma 2.13, we get that G = ABC is a factorization of G. Hence, it only
remains to show that none of A, Bor C is periodic. It is obvious that neithér
B nor C is periodic. To show that A is not periodic, we argue as follows: If A
were periodic, then there would exist a nonidentity element a in A, .which
serves as a period for A. But then all the nonidentity powers ai of a are also
periods for A. Observe that if lal =4, then Iazl = 2. So we may assume that the
order of any period of A is 2. And since e € A, we only need check the
elements of A for periodicity. But x2 and z are the only elements of A of order
2, and itis easy to see that none of them is a period for A. Hence, we conclude

that A is not periodic. ]

4.12 Theorem

Let G be a group of type (23, 2‘2

), then G does not have the Hajos 3-property.
Proof :
LetG =<x,y>, where x| = 8, and lyl= 4.

Let A={e, x4, xzyz, x6y2, X, xsy, xy2 , x5y3}
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B={e, x2}

C={e,yi
We will show that G = ABC is a factorization of G with none of A, B or C periodic.
Now, the possible orders of x(x)are 1,2, 4 and 8 only. While the possible
orders of x(y) arel, 2 and 4 only. So ‘altogether there are 12 different cases
to consider. |
Let x(x) =a,

x(y) =B.
Then x(A) =1+ a4+ 92ﬁ2+a6f32 +a +asﬂ +aﬂz+a5ﬂ3,
x(B) =1+ o,
X(C) =1+.

Inserting the appropriate values of a , and p into these equations, one can
show that in each case, at least one of y(A) , x(B) or x(C) is zero. The

following table summarizes all of these cases.

| Case J|| Order of x(x Order of
1 1 1
2 1 2

I 3 1 4
4 2 1
A [
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6 2 4 0
7 4 1 0
8 4 2 ol o
9 4 4 0
10 g 1- 0

|1 8 2 0 0
12 .8 4 0 |

By Lemma 2.13, we get that G = ABC is a factorization of G. Hence, it only
remains to show that none of A, Bor C is periodic. It is obvious that neither
B nor C is periodic. To show that A is not periodic, we argue as follows: If A
were periodic, then there would exist a nonidentity element a in A, which
serves as a period for A. But then all the nonidentity powers ai of a are also
periods for A. We may assume that the order of any period of Ais 2. And
since e €A, we only need check the elements of A for periodicity. But x2 is

the only elements of A .of order 2, and it is easy to see that it is not a period for

A. Hence, we conclude that A is not periodic. o

4.13 Theorem
Let G be a group of type (23, 2, 2, 2), then G does not have the Hajos 3-

property.
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Proof :
Let G=<x, y, u, v>, where Ixl = §, Iyl = lul =lvl= 2.
Let A= {e, x4, xzy,' x6y, X, Xy , xsu , xsuy}
B={e, u, v, uvy}
C={e, xz}
We will show that G = ABC is a factorization of G with none of A, Bor C periodic.
Now, the possible orders o_f x(x) are 1,2 ,4 and 8, while the possible orders of
x(y) ,' x(u) and x(v) are 1 and 2 only. So altogether there are 32 different
cases to consider.
Let x(x) =a, x(y) =B, x (W) =y, x (v)-=5.
Then :
w(A) =1+a%+a?p +a®% varap s+ oSy +ap y,
x(B) =1+y +8 +By b, ”
%(C) =14+ oZ.
Inserting the appropriate values of a, B .y, and o into these equations, one

can show that in each case, at least one of x(A), x(B) or x (C) is zero.

The following table summarizes all of these cases.

Case Order of x(x) Order of x(y) Order of x(u) Order of x(v) x(B) ) Z(C)
1 1 1 1
2 1 1 1 0
-~1 —
3 1 1 2 T"
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By 'Lernma 2.13, we get that G = ABC is a factorization of G. Hence, it only
remains to show that none of A, Bor C is periodic. It is obvious that neither
B nor C is periodic. To show that A is not periodic, wé argue as before: So we
may assume that the order of a period of A is 2. And since e € A , we only need
check the elements of A for periodicity. But x4 is the only elemehts of A of
order 2, and itis easy to see that itis not a period for A. Hence, we conclude

that A is not periodic. ' ]

4.14 Theorem

Let G be a group of type (22

, 2,2, 2, 2), then G does not have the Hajos 3-
property.

Proof :
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LetG=<x,y, u, v, w>, where Ix| = 8, Iyl = lul =lvl=Iwl = 2.
Let A={e, xz, Xy, x3y, W, YW , xzuw, xzuyw}
B={e, u, v, uyv}
C={e, xj}

Then G = ABC is a factorization of G with none of A , Bor C periodic. 0

4.15 Theorem
Letheagroupoftypé (2, 2,2,2,2, 2, 2), thenG does not have the
Hajos 3-property.
Proof :
LetG=<x,y,u,v,w, z, t>, where Ixl = lyl = lul =lvl = Wl = =lz] = |t = 2.
LetA={e, x, yv, xyv, t, tv, tw, txwv}

B={e,y, u, xyu}

C={e,w, z, wzv}

Then G = ABC is a factorization of G with none of A , Bor C periodic. 0
Next, we will need the following two Lemmas.

4.16 Lemma [16]
If A and B are non-periodic subsets of a group G and if A is contained in a
subgroup H of G such that the product HB is direct, then the set AB is also

non-periodic.
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4.17 Lemma [16]

If Hisa proper subgroup of a group G, then G has a factorization of the form
G = HB, with B non-periodic, except when H is a subgroup of index 2 in an
elementary abelian 2-group.

Using the above two lemmas, we obtain we get the following

4.18 Theorem' ' |
Let H be a proper subgroup of a finite abeﬁan group G. If H does not have the
Hajos n-property, then G itself does not have the Hajos n and (n+1) -property.

Proof : ‘

Since H does not have the Haj6s n-property, it has a factorization of the form
H= A1 A2 cee Ai cen An, where none of the Ai is periodic. Now by Lemma 4.17,

G has a factorization of the form G = HAn+1’ with An+l non-periodic, so that :

G=A1A2...Ai...A A

n° n+l
with none of the factors periodic. From this it follows G does not have the '

Hajés (n+1)-property. Now, we write G as :
G=A1 Az'”Ai"'B

where B = An An+1’ and since Lemma 4.16 implies that B is non-periodic, we

conclude that G does not have the Hajos n-property. 0

Putting all this together, we get this next Theorem.
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4.19 Theorem

Let G be a group of type of type (Zal, Zaz,- 2a3,..., 24 yee ey 27,

where s > 3, a, > 3, o, 2 2, and ay2 1. Then G does not have the Hajos 3 and

as

4-property.
Proof:

2

G has a subgroup H of type (22, 27, 2), which by Theorem 4.1 1, does not have

the Hajos 3-property. The result now follows from Theorem 4.18. 1
For the next Theorem,: we need the following two results.

4.20 Lemma [17]

Let G be a group, and suppose G is factorized as G = AB, where |A| = 4, and two

elements of A have a common square. Then either A or B is periodic.

4.21 Theorem [15]
Let G be a finite abelian non-cyclic p-group. If a direct product of subsets of

G of prime order is periodic, then one of the subsets is a subgroup of G.

Algebraic Form Of Keller's Conjecture [6]

Let G be a finite abelian group, and suppose G has a factorization of the form
G=BA1 An, where:

2 i
Ai={e,ai,ai yeeesd .}

Then :
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4.22 Theorem [10 & 23]
If G is a group of type (p“, pﬁ ,D,... ,‘p), then G satisfies Keller's conjecture.

4.23 Theorem’
Let G be a group of type ( 22 , 22 , 2). Suppose G is factorized as :
G=ABCD

where |Al = 4, and IBI'= ICl =ID| = 2. Then one of the factors is peﬁodic.
Proof :
letG=<x, vy, z S, where Ixl = lyl =4, and lzl= 2. Now we can write G as:

| G=Afe,blfe,c}{e,d]
Now, ifone of b, c, or d has order 2, then we are done, since then one of B,

C or D is a subgroup of G, and hence periodic. So we may assume that Ibl = [cl

ldl = 4. But then, by Theorem 4.22, we obtain :

2 2 2

AN 10 b2 2 4% o

2 2

Say, b e AA™ 1. That is, b2 =uv 1 , where u,veA. Hence, u2 =Vv~. Now,
by Lemma 4.20, either A or BCD is periodic. If A is periodic, we are done.
So assume BCD is periodic. In this case, Theorem 4.21 implies that one of the
factors B, Cor D isa subgroup of G, which cannot happen unless one of b, c,

or d is of order 2. But this contradicts our assumption that none of them is of

order 2. Hence, in either case, we get that one of the factors is periodic. 0
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The previous Theorem can be generalized as follows.

4.24 Theorem

Let G be a group of type (22 , 22 ,2,...,2). SupposeG is factorized as :
G=BAj... Al...A

where Bl = 4, . and IAII =lAl=.. . = IA, )l = 2. Then one of the factors is

periodic.

Proof :

Exactly similar to the proof of Theorem 4.23. 0
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CHAPTER FIVE

Epilogue:

Factorization of abelian groups is interconnected with many other areas of
mathematics, ‘'such as combinatorics, geometry and number theory, [18]. In
the introduction to this work, we specifically meﬁtioned Minkowski's
conjecture, and its reformulation into Group Theory by G. Hajés. Hence, 1
found it appropriate to include in this last chapter some of those ideas
involved, and finally state the conjecture in both of its forms. To do that, we

need the following.

5.1 Definition [20]

' n
A set of points L is a lattice in R if it is a group under vector addition and

each of its points is the center of a ball that contains no other points of L.
n
The most famous lattice is Z , where Z is the set of integers. It is called the

standard lattice.

5.2 Definition [20]
Tiling a space, whatever its dimension, means filling the entire space by

cubes, without any overlapping.

5.3 Definition [20]

A lattice tiling is a tiling for which the centers of the cubes form a regular,
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grid-like lattice of points, like the locations of carbon atoms in a crystal of

diamond.

Now, we can state the:

Geometric Form of Mihkowski's conjecture [20]

In a lattice tiling of an n-dimensional spéce by unit cubes, there must be é
pair of cubes which share a complete (n - 1)-dimensional face.

In 1930, Ott-Henrich Keller conjectured that :

No matter what the dimension d, if you tile a d-dimensional space with d-

dimensional "cubes" of equal size, then you wind up with cubes that have an

entire (d - 1)-dimensional "side" in common. We observe that Keller was just

generalizing the above conjecture of Minkowski. In 1940, Oskar Perron

showed that Keller's conjecture was true up to dimension 6, but beyond that |
the conjecture lay unresolved for about fifty years. Recently, Logarias and

Shor have found an explicit counterexample to Keller's conjecture in a 10-

dimensional space.

In 1938, G. Hajos reformulated Minkowski's conjecture into finite abelian

groups, as follows :

Algebraic Form of Minkowski's conjecture [20]

In any factorization of a finite abelian group by cyclic subsets, at least one of

the factors is a subgroup.
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Three years later, Hajos proved the algebraic form of Minkowski's conjecture,

hence showing that the original conjecture for lattice-tiling is true in all

dimensions.
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