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ABSTRACT

In this thesis we present a study of growth of spherical soluble gas bubble in
liquid controlled by diffusion by using basic equations that describing the
behaviour of a soluble gas bubble in a liquid. And we find analytical self-similar
solution by transformation of partial differential diffusion equation to ordinary
differential equation. This is possible when RR= constant, where R is the

bubble radius and R is the time derivative of the radius.

Also we find expressions for the bubble growth, the parameter h which control-

ling the radial motion, and curves are presented for parameter h and Co-G
P, Y

[§5]

o

for different values of non-dimensional parameter € = 5
L
Where C is the mass concentration of gas in the liquid, the subscript o and s

refers to the value at remote from the bubble and saturation respectively.
p is the density, the subscript g and L refers to the parameters of gas and liquid.

Structure of stationary shock waves in a liquid with soluble gas bubbles are dis-
cussed by using the equations for a stationary one-dimensional flow. And we
find the solution for shock-wave structure near critical point by investigating the
solution behaviour before the shock wave . To investigate the asymptotic beha-
viour of the solution of system of equations for a one - dimensional stationary
flow of liquid with soluble gas bubbles in the neighbourhood of the initial equi-
librium state, these e\quations need to be linearized with respect to the values of
the parameters at the point 0.
Their solution is sought in the form of an exponential damped as X —

D=Po ( 1+A® expkox ), Re ko <0 (%)
where ® is any parameter (V(x), Px). R, Cr,x)) whereV is the velocity, P is
the pressure, R is the radius and C is the concentration.

After linearization we obtain from system of equations for a one-dimensional

P ——
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stationary flow of liquid with soluble gas bubbles a system of linear homogene-
ous equations in the amplitudes A® .

The condition of the existence of non-trivial solution to this system leads to an
algebraic equation of sixth order with respect to K= k,V, ., where k, is ex-
ponention coefficient and V is the dimensionless wave velocity. It has been
proved that the desired solution exists and is unique. This proves that in the pres-
ence of diffusion there exists unique solution of (), and the required root ex-
ists only if V2, > C2 where v, is the wave velocity and C_ is the sound
speed in bubbly liquid.

The states before (x — + ) and behind the shock wave (x — - ) are equilib-
rium ones, which is why an analysis of the asymptotic behaviour at
X — + is necessary to get away from the critical point, The integral curve is
connecting these two states and determins the structure of the steady shock

wave.
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INTRODUCTION

The study of oscillations of gas bubbles in a liquid and of shock waves in a lig-
uid containing bubbles is of considerable practical interest specifically in regard
to the question of the possible use of bubble screen for damping of shock waves.
In chapter I, we study the growth of soluble gas bubble controlled by diffusion
by using basic equations that describing the behaviour of a soluble gas bubbles
in a liquid. We found analytical self-similar solution by transforming partial dif-
ferential equation to ordinary differential equation. This is possible only when
RR= constant, where R is the radius of the bubble and R is the time derivative
of the radius. This self-similar solution describing the bubble growth. And pre-
sented curves show the relationship between the parameter h controlling the ra-
dial motion and -CA‘;LCA at various ratios of phase densities 8=%— ,where C is the
mass concentration gof gas in the liquid, the subscript o and S refers to the value
at remote from the bubble and saturation respectively. p is the density, the sub-
scripts g and L refers to the parameters of gas and liquid.

In chapter I, we present the structure of stationary shock waves in a liquid with
soluble gas bubbles by using the equations for a stationary one-dimensional
flow. The structure of wave is integral curve connecting two critical points of
the system of differential equations. Also we investigated the solution behavi-
our before the shock wave and proved the existence of steady shock - wave

structure.

v |
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CHAPTERI1

The growth of soluble gas bubbles in a liquid

1.1 Introduction

Dynamics of gas bubbles in liquid has been investigated in many papers (see for
example the book of Leigton 1993), the review (Plesset & Prosperetti 1977,
Feng & Leal 1997). Many papers are divoted to experimantel investigation of
bubble dynamics (see for example Lauterborn & Holzfuss 1990). Dynamics of
soluble gas bubbles was investigated in (Epstein & Plesset 1950, Nagiev' & Kha-
beev 1988).

In this chapter we will study the growth of a spherically symmetric soluble gas
bubble controlled by diffusion.

Diffusion is the process by which matter is transported from one part of system

to another as a result of random molecular motions. (Crank,J.)

The diffusion process is similar to the conduction of heat through a rod. The
conduction of heat take place in response to a temperature gradient, diffusion in
a gas (or in a liquid) takes place in response to a concentration gradient. (J erry et
al 1985).

The mathematical theory of diffusion in isotropic substances is therefore based
on the hypothesis that the rate of transfer of diffusing substance through unit
area of a section is proportional to the concentration gradient measured normal

to the section i. e(Fick’s law).

-]




j=-DaC/dX (1.1.1)

where j is the rate of transfer per unit area of section,C the concentration of dif-
fusion substance, x the space coordinate measured normal to the section, and D
is called the diffusion coefficient. (Crank,J.)

The mass - diffusion processes taking place across the bubble - liquid interface
play a significant role in the behaviour of gas bubbles because they may ulti-
mately determine the presence or absence of bubbles in a liquid. The key to
these processes is furnished by Henry’s Law, which established a connection be-
tween the partial pressure of a gas acting on a liquid surface P, and the equilibri-

um (or saturation) concentration of gas in the liquid which we denote by Cs:
Ce=I" Pg (112)

Here I' is a constant characteristic of the particular gas - liquid combination and

is primarily a function of temperature.

If we consider first a situation in which the ambient pressure is fixed and equal
to Po, then it is clear that unless the gas concentration Cg at the bubble surface
satisfies equation (1.1.2) (where we now interpret Pg as the gas pressure in the
bubble), the bubble will not be in equilibrium, and it will either grow or shrink
according to whether C, > Csor C, < C; (Plesset & Prosperetti 1977)

where C is the mass concentration of gas in the liquid, the subscripts o and S re-

fers to the value at remote from the bubble and saturation respectively.




1.2 Basic Equations

C-Cs=TP, C=Co
’ . Po

liquid

Fig.(1)

We suppose that the process is very slow. If the dynamic inertial effects are ne-
glected, Pg = Po +%’
For large bubbles (R>103 cm) the cappillar effects is very small, so P; = P, .

We consider in this section a spherical bubble located in incompressible liquid
(pL = const.) saturated by a gas. We assume that Cs < C,, so the gas will go in-
side the bubble and the bubble will grow so the radius will increase. P, is the
pressure in the liquid at a large distance from the bubble, it is fixed and Py is the
pressure within the bubble. So the parameters within the bubble become uni-

form and time independent.

It follows from incompressibility of the liquid that the liquid velocity at a dis-
2

tance r from the bubble center is u(r,t)= R o. (Plesset & Prosperetti 1977)

r2
where o is the radial velocity of the liquid at the bubble surface. Within the
frame- work of these assumptions the mathematical formulation for this process
clearly consists of the diffusion equation for the gas in the liquid in the spherical

Euler coordinates (r,t) takes the form:

(5 |—
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0C dC D o0 aC
— ru—=— — (rz—,), r>R (1.2.1)
ot Jar r or

"
where u=§%£,€= 1__p£_

I pL

Where p is the density, the subscripts g and L refers to the parameters of gas and
liquid, C is the concentration of the gas in the liquid, D is the diffusion coeffi-

cient and R is the radius of the bubble.

The boundary conditions at the surface of and remote from the bubble are as

follows:

r=R{):C=C= FPg , 1= 0:C=C, (1.2.2)

Where C; is the saturation concentration and I' is Henry’s coefficient.

The velocity of the bubble surface R and the mass velocity of the gas at that sur-

face v are related by the expressions:

. i aC A

R=v+J ’ j=D — (123)
Pg(R) or | R

. 1

R=w + b,

if v=20




where j is the rate of mass transfer per unit interphase surface.

The problem can be substantially simplified by observing that the bubble - wall
velocities v that are induced by mass diffusion alone are usually quite small.

(Plesset & Prosperetti 1977).

System of equations (1.2.1) - (1.2.3) is describing the behaviour of a soluble gas
bubble in a liquid.




1.3 Growth controlled by diffusion.

Growth is governed by equations (1.2.1), (1.2.2), (1.2.3) we will use the similar
procedure which was used in (Scriven 1959) for the growth of vapour bubble in

superheated liquid.

Here, the solution of diffusion equation depends on r and time because of
R= R(t) sometimes solution of partial differential equation doesnot depend on
two variables separately, but depends on some combination of this independent

variables i.e. depends on one parameter only.

In such case partial differential equation can be transformed to ordinary differen-
tial equation. Such solution called self-similar solution (Barenblatt, 1979). Let
us try to find the self-similar solution to this problem. We will suppose that this

solution depends only on the dimensionless variable m=-L- | j.e. we find a

R(t)
solution of the form C (r,t) = C ( m) Then chain rules
D .1 d g D_d 9m_orpd
or R dn ot dnq ot R dm
introducing the dimensionless concentration C = TP, the equation (1.2.1)
g
may be written in the form:
r p C _€RR’ 1 dC _D 1d(r2dC>
R’ dm i R dnm r’ R dn\ R dny




+R_ ERR\ dC _D d /[rf dC
R’ r dm r dny R® dn

n

RR l—fi_ n3 I' Pg dc - D I‘P_Sl_ 7]2 dC
PL M dm dm
: P dC d 2 dC
RR 1- & . o == = [) = 1.3.1
( P R ) dn dnm ("1 dm ) ( )

From (1.3.1) we can make conclusion that the self similar solution of the type

C(m) exists only if R(t) R(t) = const.

Only in such case partial differential equation can be transformed to ordinary

differential equation.

As follows from

]




: aC
R - J ) J = D —
Pg (R) ar R
Pg(R) Pg ar /R

- R dC D dC
RR=— D I'Pg (—-——) = — I P, ( i > = const.
R 1 dn/ 1

let us introduce the following dimensionless parameters.

i C p
h:RR— FPg (_d.g> 5 8:_g<<1
dm 71

Then equation (1.3.1) became




.

n2(ﬁ+ 2n + hn3+h£g-—h L S
dny’ P
L

dC+ £+hn+-—h-—pg-—h ic=0
p

— -
aC (2 | hm +L(£g__1) d_:o
n noop dn

d26+ (__2_ + hm - h_ (1_8)> (Lj—z() (133)
n 7 dn

Substitute for.dﬁ: P, equation (1.3.3) becomes the first-order differential
d
equation i

~ 2 h
P4 (———+h"q-—-—- (1—8)) P=0 (134)
Ul e

by using integrating factors, we notes that

f( hy +2- B (1-e)

W W )dn— hm? h
¢ ‘eXp<-—1+21m,+—(1-s))
2

n

+ 2lnm +£(1-e)
n

multiplied equation (1.3.4) by exp ( hmz ) , we have




2 2
P dlnm + (1 -e)) P exp (A7, o +2(1-e)) (24
2 m 2 m m

h
hn -— (1-¢)) P=0
"

\
2
[exp (m+21m]+£(1 -e))P] =0
2

Ul

It follows that a solution P is given by

2
exp (hz'fl + 2Inm +£(1 -s))P =%
Yl |

or

hm?

—_ +21nn+2(1 —a))
2 m

dC 1
— exp - [ oy B 1 g
d’ﬂ Cl 2 'q

10




dC 1 2
. & [-h <1L+ I )] (1.3.5)
d’T] C1’Y]2 2

Boundary conditions (1.2.2) assume the form

n=1:C-=

= gzl’n'—’w:ézéw:

I'P I'p

C I'P Co
g g Cs

integrating equation (1.3.5) we get

Mo, 2% AR [_h (_TL (1-s)>] -

1 dnm I

= 1% 1 n 1 . -
c s [ = o3p [-h <1+ (1 w)] dn
1 Ci 1 2 A

mn n

= 1 @© 1 2 -
C°°—1 - f —  exp [-h (14. (1 8) )] d,n

c 1o 2 .

Then the general solution of equation (1.3.5), together with its constants as de-

fined by the boundary conditions are written in the form:

6(']’]) :L fn 1 exp [‘h (12.-{- (_..l_i.).)] d'n + C2
C 1 2 M

11




c - _1 f1°° 1 exn [—h (_*'_2 + Q-S_))] dn  (1.3.6)

2 m

We introduce an independent variable instead of 1

(L _RO . d _ 2 d

n r dm de

Then equation (1.3.6) became
-1
2

1 0 - 1
C =— | T exp [-h E+ (l-E)C)]'< ) d¢
Co-1 1 22 ¢

- fé exp [—h ( Ly (1—8)§>] a  (1.3.7)

2;2

The self-similar solution exists only for the bubble - growth case when
h=0, C>GCs

The self- similar solution does not exists when h <0 because

[_ h ( 1 s (l-e)(:)] became positive when h << Qandat { = 0,
2

exp[- h ( 1 +(1-¢) C) ]w1ll be infinity then we get unlimited integral in
2
(et

From equation (1.3.5) and (1.3.2). Substitute for C: in equation (1.3.5), we get

12}




S )

1
Jo e [-h (—1— + (Le)@)] d

2§2

dC
Substitute for ( dn )1 in equation (1.3.2), we get
h. IPe

(Cw- 1) exp [_h (32_28>]
p 1
: Jy e [-h ( L, (1-e)c)] a

2@2
1 1
hfo exp ['h(
2@2

13

+ (1 -s)g>]dg=r—pg(6w- 1) exp [—h (
Pg

)]




1 Cs(C -
hfo eXP[-h €~ +(1-¢) c)]dc=—(%—l) exp [h( 2'28)]
CZ

8

1 s_oo - s
L ST P gt
£

8

1 - S
nf exp[_h( ! +(1-s)c>]dc=(c° C)exp[_h(g-ze)]
2;2 p 2

8

It follows that the parameter h, controlling the radial motion or R is calculated

from equation

! Co - Cs
h exp (3'28) hfo exp [—h (__1_ +(1-¢) C)]dg—_-(___)
2 27

Py

The bubble growth in accordance with (1.3.2)

RR = Dh
rR IR _pp
dt

integrating both sides, we get
2

R = Dht + Const.

2

R® = 2Dht + A Where A : Const.
R =A + 2Dht

So the bubble growth law is parabolic as shown in Fig.(2)

14




Fig. (2)




The relationship between parameter h which controls the radial motion

(Co - Cs)
P

and

at various ratios of phase densities ¢ = —pg-— 1s depicted in Fig.(3)
p L

16
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2 e=1 0.1 0.01
10
10
10

P /
10 Co- GCs

-2 - 0 & . P,
10 10 10 10 10 g
Fig. (3)
17 /




CHAPTER 11
Shock waves in a liquid with soluble gas bubbles
2.1 Introduction

Shock waves in liquids with bubbles of an insoluble and non-condensable (inert)
gas have been investigated theoretically and experimentally (Batchelor 1969,
Wijngaarden 1970, 1972, Kutateladze et al. 1972, Gel® fand et al. 1973, Noord-
zij 1973, Noordzij & Wijngaarden 1974, Nigmatulin, Khabeev & Shagapov
1974, Gubaidulin, Ivandaev & Nigmatulin 1976, Kuznetsov et al. 1978, Drum-
heller, Kipp & Bedford 1982, Tan & Bankoff 1984).

An analysis has been undertaken (Nigmatulin et al. 1974) that allows for non-
equilibrium effects caused by the inertia and viscosity of the liquid in its radial
motion around the bubbles and by the translational motion of the bubbles rela-
tive to the carrier liquid, as well as by a finite thermal conductivity of the gas
(thermal non-equilibrium).

It is shown that the structure of the steady wave in a gas-liquid mixture with
bubbles of constant mass has an appreciable thickness (for bubbles with a radius
of ~ 1mm this thickness is of the order of 1m), and that for not too viscous lig-
uid the two-velocity inertial and viscous effects due to bubble longitudinal mo-
tion relative to the liquid are hardly noticeable a gainst the back ground of the in-
terphase heat-transfer effects determined by the gas thermal diffusivity.
An investigation of transient waves has revealed the effect of shock-wave en-
hancement, when a shock pulse is divided in to solitary waves the amplitudes of
which may greatly exceed the initial pulse amplitude (Nigmatulin 1982). The ef-
fect results from the previously mentioned local deformation inertia of a bubbly

liquid which can compress even though the Loading has already been removed.

18 [!




This effect depends strongly on the signal duration, volume concentration of the
bubbles and, strange as it may seen, on the properties of the gas.

The propagation of waves in a liquid with vapour bubbles has been investigated
by Trammell (1962), Nakoryakov et al. (1984), Nigmatulin et al. (1982) and Zu-
ong Ngok Hai, Nigmatulin & Khabeev (1982, 1984). In work by Borisov et al.
(1977); Gel’fand et al. (1978) and Borisov et al. (1982) the effect of a strong lo-
cal increase in the intensity of the waves propagation through the mixture was
experimentally observed and it was discovered that waves in these media may
have a peaky structure. Borisov et al. (1977, 1982) showed that the anomalous
growth of pressure in a bubbly vapour-liquid medium during wave propagation
is connected with fragmentation of large bubbles in to numerous small ones and
a rapid condensational collapse of the latter, As a result, the kinetic energy of the
liquid radial motion around the bubbles is transformed in to the energy of com-
pression of the liquid.

Nigmatulin, Khabeev & Nagiev (1979), Zuong Ngok Hai et al. (1982, 1984),
Nigmatulin et al. (1982) proved theoretically that in these media, owing to radi-
al motion around bubbles, the waves may have a peaky structure, and the effect
of a pressure increase in the wave was estimated in terms of the cell model.
Acoustics of liquids with soluble gas bubbles was investigated by Khabeev &
Shagapov (1988). Areview of modern problems connected with shock-wave
propagation in bubbly gas-liquid media is given elsewhere (Nigmatulin 1982,
Gubaidullin et al 1982, Nigmatulin et al 1988).

The processes of the propagation of waves in bubbly liquids are experimentally
investigated in vertical shock tubes (Noordzij 1973, Kuznetsov 1978). Their ge-
neric layout is shown in Fig. (1). The shock tube consists of a high-pressure
chamber (1) (HPch) and an operating part, or a law-pressure chamber (2)
(LPch), which are separated by a diaphragm (3). The gas is pumped in to the
HPch, where a high pressure is built up, and the LPch is filled with liquid to a

[ 191
19|




level slightly lower than the diaphragm, bubbles of a predetermined radius are
dispersed in the liquid so that a mixture resembling a monodisperse system is
produced. The bubble radii R varied in separate experiments within a range 0.2 -
2mm, and their volume concentration g, measured by the rise of the column of
liquid, ranged from 0.01-0.1. Following the diaphragm rupture affected by gas
contained in the HPch, a shock wave which propagates through the bubbly mix-
ture downward is produced in the LPch. The disturbance duration is defined by

the size of HPch, and its pressure in the HPch.

TFTigIlI

The pressure evolution in the mixture is recorded by quick-response pressure in-
dicators installed in several locations throughout the liquid column in the LPch
wall.

The primary property of such shock waves in bubbly liquid (with either gas or
vapour) is that at some conditions they are characterized by an oscillatory struc-
ture associated with the bubble-volume pulsations due to both liquid inertia and
gas elasticity (G. Batchelor (1967), L. Wijngaarden (1972), V. E Nakoryakov et
al. (1983), R. Nigmatulin (1982), Nigmatulin 1990) .

Shock waves propagating in a liquid with soluble gas bubbles were discussed in
this chapter. An investigation of the structure of steady shock waves in a mixture
of a liquid with soluble gas bubbles is presented.

The existence of the steady structure of shock waves is proved.

[20]-




2.2 [Equations for stationary one-dimensional flow

In this section we will consider a particular case of nonsoluble gas bubbles. Fol-
lowing to (Nigmatulin 1990) let us analyse of a stationary wave structure in a
simplified formulation which is of special interest for further studies.

In this case, one assumes that: the carrying liquid is incompressible, there is no
fragmentation and no coalescence of bubbles, there is no capillary effects, the
bubble volumetric concentration is small, and the most important, the gas with
in bubbles is polytropic. In this case, the effective viscosity in the radial - motion
equations is used to take in to a ccount the thermal dissipation during oscilla-
tions. (Nigmatulin 1990).

Wave processes in a bubbly liquid are considered here using continuum - me-
chanics methods under the following basic assumptions:

(1) the distances over which the flow parameters (for example, oscillatory
wavelengths) very significantly are much larger than the distances between the
bubbles, which are themselves much larger than the bubble diameters (i.e the
volume fraction of the vapour phase is small enough, o, < 0.1.)

(i1)  the mixture is locally monodispersed, i.e in each materialvolume all the
bubbles are spherical and of the same radius.

(iii))  Viscosity and thermal conduction are important only in the processes of
interphase interaction and , in particular, in bubble pulsations.

(iV) nucleation, fragmentation, interaction and coagulation of the bubbles are
absent.

(V) the velocities of the macroscopic motion of the phases coincide .

The last assumption allows us to describe bubble volume changes, concentration
distribution around the bubbles in terms of the spherically symmetrical model.
The indicated simplifications lead to a system of equations, these equations may
be written in a stationary wave-related frame system (parameters in which are

time-independent) in the following form.
21]




dx dx pe Rp} )
dv  dp 0 ( R, )3 P, ( R, )“
pV—+—=0—=|— | "—= 2.2.1
dx dx P, R Pg, R ( )

3
P= Phoy, F opgay &= Play o ag T %HRH

d d
Where 4~ <°‘LV> =0, i (pgag) =0 represent the

Continuity equations for liquid and gas respectively,

do _ Pg-P  4peffo 3o’ represent Rayleigh equation,
dx peo RP? 2

po ’
pV—g—z + p =0 represent Euler equation > —= = (—R—‘-’- )
dx dx PE, R

: : d
represent mass conservation equation for gas and - ( nv ) =0
X

represent the equation for the number of bubbles.

The subscripts L, g show that the parameters pertain to liquid and gas, respec-
tively ; while the subscript O denotes that the values of the parameters in the in-
itial state, Pr, P¢ are the true densities of phases, o, og are the volume con-
tents of phases, v is the macroscopic velocity along the x - axis, n is the
number of bubbles in a unit volume of the mixture, o is the radial velocity of the
liquid at the bubble wall, PL , Pg are the average pressures of phases, peff is the
effective viscosity of the liquid, R is the bubble radius. x is the polytropic expo-
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nent of the gas.

The equilibrium parameters before the wave (x — + o), (they must be prede-
termined), are denoted by a subscript 0, and those behind the wave (x — - )

(where equilibrium is also established) by a subscript e. Therefore, the boun-
dary conditions are

X+ x:vVv=v, =-D;, <0, P=Pg=P, , w, =0

ag = ag, , Pg=P% . R =R,
Where D,, is the wave velocity relative to the undisturbed medium
x—»-o0: P=Pg=Pe , =0 (2.2.2)
The system of equations (2 .2 . 1) has the following four first integrals

aV = 010Ve , 0gPRV = agoPEV, , nv=n,V,

(2.2.3)

o]
PL 0q,V,V + P=Plog V. + P,

These integrals enable us to determine the equilibrium parameters behind the
wave based on parameter before the wave

(o) pL(lLO V0

2 P - P
0reVe = 0p,0Vo ,O.geVe< ll))e> =0dgoVo ,Vo - Ve:“z-—o (224)

Let us introduce dimensionless Variables denoted by bars

, R

:UI

V=

R
Ro

;vlw




Then, we obtain the following equation for dimensionless pressure P, behind the
wave, which may be referred to as the shock adiabat of the medium under con-
sideration in coordinates (Nigmatulin 1990).

From (2.2 .4)divide by P, , We obtain

5 PPy Vo
Po-1 ="LTLo = (v, - V) (2.2.6)
PO odoto
Since Voo, = Veope , o +ag =1, we get
Vo - Ve= V,0go [ 1- _Veage]
VoOygo
o VO

; yx e%8e

Since Pe/ =
VoOgo

Hence v, - v, = Voo‘g"[1 ‘FC-I/X]

Substitute for v, - Ve in (2.2.6), we obtain

F.-1=5; [ -E"’X] (D=7, =22 2.27)

Where D, is the dimensionless wave velocity relative to the undisturbed medi-

um.
The minimum value D, = C, of the velocity, which corresponds to the sta-
tionary compression wave ( Pe>>1 ) partially defines the equilibrium, polytropic

for gas , speed of sound in the mixture,

C, = Jx .Co=CadX =| xp, (2.2.8)

0
PL oy, g,

For an isothermal gas ( X = 1) and strong waves ( Pe > >>1 , the pressure be-
hind the wave is independent of the gas polytrope) , we have (Nigmatulin 1990).
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P. = V¢ =Ds (2.2.9)
From the mass conservation equation for liquid, we have

dv doy,

— + V—=0
. dx * dx
From _9%. - _ d% , we get
dx dx
o dv = v dOCg
e = (2.2.10)

and in the dimensionless form it became

dV vV  dog (2.2.11)

dXk oo dx

From(2.2.10)and og=4/31R'n ,we get

dv _V. (m S _d_n) (2.2.12)
dx o dx 3 dx
From v il-+ n Ay =0 and V c =m ,substitute in (2.2.12)
dx dx dx
2
i‘i - 4HR wn - og n 2
dx oL no,  dx
d 3
Then —(—1—‘—/- = %@ , and in the dimensionless form it became
X
dv _ 30,® (2.2.13)
dx R




Hence from(2.2.11)and (2.2.13)

dv v dag

_ 30,® (2.2.14a)
&x o d& R

From integrals (2.2 .3),we obtain

- mV, Vo <R>3

oLg, ng v R,

and in the dimensionless from it became

(2.2.14b)

From oyv = o; Vo and oy + ag =1,we get
V = o, Vo +0gV ,andin the dimensionless form it can be written as
V= o, Vo +0gV
by using (2.2.14b), we have
V= Vo (0, + 0gR) (2.2.14¢)
From integrals (2.2.3),we have
p‘iocLo VoV + P = p‘iaLO ve + P,
divide both sides by P, and after some simplifications, we get
PL=1+ V5 (1-R) (2.2.144)

Upon some elementary transformations, and using (2.2 . 14 ), the system of
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equations (2.2 . 1) may be represented in a form which expresses the parame-
ter gradients in terms of @ and Py = P, - P, ( Nigmatulin 1990)

From (2.2.1),we have

do Pg-PL  4peffy 3@
RV = _ _
dx PP RpP 2

It can be written in the dimensionless form as follows

50 do 5B 4 eff 3 @
e — g - L - -
dx R\|P0 p? 2
dw 1 = 4 1@ 3
Peff
Whe * =
TR T RG
-3X

we have dp, = By OR

dt R dt

. dPg dP g dx dPE
= . =V
Since dt  dx  dt dx

Substitute for dPe in the above equation, we get
dt

dPg  -3XP, dR
dx R dt

\Y

this equation canbe written in the dimensionless form as follows

_ dP;  -3XPgg (2.2.15b)
& R




From Euler equationin (2.2 .1), we have

®
ax = PV dx

After some simplifications and using (2 . 2 . 13 ) Euler equation in dimension-
less form can be written as

dP -3 V&R’
e - (2.2.15¢)

3X

from ( Pe ) — (ﬁ ) , and using R = ﬁ,we obtain
R R,

R = P (2.2.15d)

V=Vo - ——~ =~ Vo (22156)




2.3 Investigation of the solution behaviour before ( up stream ) the shock

wave

Similar as the previous section we will consider nonsoluble gas bubbles.

Points O and e correspond to the equilibrium states before ( x—»+ % ) and be-
hind ( x—>- ) the wave, these are the critical points of the applicable system of
differential equations in the space of physical parameters  ,PL and Pg. We
shall investigate the behaviour of the solution in the neighborhood of the point O
using the linearization approach. To describe the zone of the shock - wave front
where deviations of variables V, R : PL , I_Dg and o from their values in the ini-
tial state0( V=V, ,R= PL=P;=1,5=0 )are sufficiently small, the vari-
able coefficients of -lsg ~Prand & may be assumed as constant quantities defined
by the values of variables in state O.

Then, we obtain a system of linear equations

bl - b — _ — —

o e, 1 5, (Py=F-B)

dx Vg Yy

dl_)gL v. . X V&

— =3 (Vo-—)o

g o) (2.3.1)
q—_P;I;—_-"3V()(I)

dx

The fundamental solutions of this linear system are

= (w) -

o=A expk, (X-X,)

P=1+A" expko (X-%,) (2.3.2)

Py=1+A, expk, (X-X,)

8




Where X, is some point where we fixed thevalue of the parameter and k, is in
general a complex number. Only the real part of these expressions is understood
as a solution of the physical problem. Since the parameter deviation from an
equilibrium state before the wave at x—> + o must approach zero :PeL @ — 0
the real part k, should be negative
Re {ko } <0 (2.3.3)

If the fundamental solutions are substituted in to ( 2. 3. 1) , we obtain the char-
acteristic equation for k, , which specifies the condition for existence of nontriv-

ial solutions of the type ( 2 .3. 2) with nonzero constants A , Al(p) , and Az(p)
K, -4n*K, 3x(Dy Co-1)= 0 (2.3.4)
Where K, = kobo =-ko Vo

In this case, the constants themselves are expressed by linear relations

A©_ Ko VoA2<p> PRCE. L Vs AP (2.3.5)

3X X

The condition ( 2. 3. 3 ) leads to D, > C,. Thus in the medium under discus-
sion, only stationary compression waves ( P, > P, ) are feasible. and the station-

ary rarefaction waves are impossible. Only one root of the characteristic equa-
tion

Dok, = 20% 4 4% 3x (O, C2-1) O, > C, >1) (2.3.6)

may be used as k, , this expression is a real number which is in conformity with
the monotonic profile, or the absence of oscillations before the wave.
( Nigmatulin 1990 ).
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2.4 Finding a solution for shock - wave structure near critical point

We shall outline the procedure for finding a solution of a system of equations
(2.2.1)or(2.2.15) with the boundary conditions (2 . 2. 2 ). This solution
passes through two critical points which relate to the initial and final states be-
fore and behind the shock wave. It describe the structure of this wave. The inte-
gral curves of the system of equations (2.2 .1)or (2.2 .15) allow a dis-
placement a long axis x . Therefore, we shall fix a certain value of the gas
dimensionless pressure with in bubbles Pg > 1 or Az(p) = Pe(%Xy) -1 at x=
Xp. » the quantity Pe (X, ) must be sufficiently close to unity in this case for the
linear solution (2.3 .2 )inthe domain X > X, to be satisfied, the structure is
determined for the entire shock wave in which the medium transits from the

equilibrium state O in to an equilibrium state e . ( Nigmatulin 1990 )
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2.5 Structure of stationary shock waves in a liquid with soluble gas

bubbles

We shall now be concerned with stationary waves in a liquid with soluble gas
bubbles similar to the analysis of such waves in a liquid with vapour bubbles

( Nigmatulin 1990 ) .

Therefore, pressure, temperature, and density with in a bubble are said to be ho-
mogeneous. Thus, all parameters, except for C, depend only on the longitudinal
coordinate X, and the concentration is C = C (x,r) , where r is the distance to the
bubble center, As a result, the system of equations for a one dimensional station-
ary flow of liquid with soluble gas bubbles, similar to (2.2 . 1), assumes the
form.

L ovy=0 . L (avy=0, v-d (4n0R &) = 4R}
dx dx dx

(P=Pi+ Py, Pj=Pjo; (i=L,8) , o +o, =1 , og=43IR"n)
9 oV +P) =0 (2.5.1a)
dx

dR ]
V— =0 =

dx PL
Rv ﬂ-+—3—oo2 +4ltho _ Pg- P -20/R

dx 2 PLR pi

Where 1 is the coefficient of the viscosity of the liquid.
Transfer processes in a two - phase mixture are determined by the distributions
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of microparameters near inhomogeneities.
For an analysis not to be too complicated. One has to make use of models that

could considerably simplify the microprocess equations. A possible model is one
that employs the concept of a cell with a test bubble in it at any point specified
by a vector x. The cell dimensions are determined by the volume fractions of the
phases and equal to Rog™” , the cell center coinciding with the center of the test
bubble. This cell moves with the macroscopic velocity v ( t, x )of the gas phase
at the point considered, The distributions of microparameters outside a cell are
described by the equations for the corresponding microprocesses with the boun-
dary conditions on the test bubble surface.

Consider a spherically symmetric test bubble with its center at a point x , the
microparameters outside the bubble being dependent on time t, the position of
the bubble center x, and the distance r of a microparticle from the center
C=C(t,x,r)

To determine the concentration distribution, we use the diffusion equation

9 0
oC , ,8C 9 _ Do (rz-—-g),l‘>R (2.5.1b)

—t+u — —_— e —
ot or Jx rr or or

The mass transfer rate may be found from the boundary condition on the bubble

surface.

, aC

j=D—
ar IR

Where u (r, t) is the radial velocity of the liquid at any point &
u(r,t)= 1—%3 ® ,  is the radial velocity of the liquid at the bubble surface.

pg =const. , Pg=RgMT,,C|= C = I'Pg, us- Cyvelg +Ug
r=R

i33L
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We ignore both capillarity and viscosity effects, gas mass concentration, and gas

density compared to liquid density, i.e

KL
PIR, Cs

0 ooy, <<, pg/pL<< 1, pg<< p? .where p* =

RP,

We shall introduce dimensionless variables (2.2 .5 ), and also the following

variables
— - i 0
n = —-—I:-- , C = C 5 J = J ,-[-1- s 1 s -59 ::—pl-— (25.2)
R(X) Co Pgo C* I, 1 pi%

The system of equation (2. 5. 1 a) has first integrals which, resulting from sim-
plifications in dimensionless variables, may be written as

d
—(Pv) =0
dX( )

integrate we get
pV = const.
since pV =(p,+ p; )V = const.

and p, < <py

PLV = P, Vo

And in the dimensionless form it is written as

PV = Pro Ve (2.5.38)

After integrating d (nv)= 0, we get
dx

1‘ 34 IL




nv = const. and in the dimensionless form it became
nv =V, (2.5.3b)
integrate Euler equationin (2. 5. 1a) we get

PV’ + P = const.
i.e
2 2
PV +P=PV, + Po
Substitute for Pr= PPoy we get
2

2
piaLV + PL = pgaLo Vo T PO

divide both sides by P, and after some simplification, we obtain

— -2

Wo o5, =Y, (2.5.3¢)
ag, 0g,
Similar as chapter I we use n =L andf_ = _6_ _6_._ : iﬂ_

R(t) otr dtin  adn ot

the diffusion equation became

= (n=1)
on  Rn’ an

(2.5.4)

—_—tV —+ — — m —

0C gC 1 dR( 1 )GC D 8( GC)
_’Y]+
ot X R dt on

le

with the boundary conditions at the bubble surface and remote from the bubble
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by using oG =0 and substituting in ( 2. 5. 4 ), and rewritten in dimensionless
ot

variables, as follows

_ aC

—— 3_ - *
o€ _s(-H & D "’(nz {’S) (n=1) (2.5.42)
ox R o R o\ 9
Where D* = e
R, C,
S C S
=1:C===(
Ul C.
=~
= C==2-1
N= o C.

The differential equations (2.5 .1a) and

dPy _-3XPg dR
dt R dt

rewritten in dimensionless variables, as follows

dx PP
WL PP -2 & (2.5.4b)
dx 2
— dPy _ -3XP._
= = = ®
dx R

The equation of state of gas

H




V=V, (oL, +0g R) (2.5.5)

and we have
(2.5.6)
a6 =I ,I' : const.
dP
The solution of this equation
(2.5.7)

= TP

The stationary - wave structure is defined by boundary conditions before and be-
hind the wave. The initial equilibrium state before the wave is determined by pa-

rameters with subscript 0 .
V:vo ? T)L: ﬁgzl . E_—_l , 6:0 . _R:I (2.5.8)

and the final state e behind the wave in the form of liquid phase is defined by pa-
rameters with subscript e , parameters in this state being found from the finite re-
lations (2.5.3a),(2.5.3b),(2.5.3¢c)and(2.5.5)

Ve =aip Vo, Pe=1+7V, ,C=1 , R.=0 (2.5.9)
In the case of the mixture of incompressible liquid with vapour bubbles, where
Re = 0, this relationship has a form Pe=1+ V7%, which is the same for soluble

gas bubbles.

Note that, from the lasts formula (2.5.5)




<P, (2.5.10)

The system (2.5.4b) simplifies and is reduced to the following equations

v R .5, rv® Plw
dx dx 2 (2.5.11)
PL=1+(P.-1)(1-R) , V= Vo (0g, + ag, R)

From equation (2.5.11), we have

_dR _
V—=0
dx
do do» dR & d®
Since —= — . — = — —
dx dR dx vV d

Let us find the solution of this equation, satisfying the condition ® =0 atR =1

as follows

d <a>+3 &_- (P-1)(1-R)
: J

dR\2/) R R

by using integrating factor
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= d [®& =2 [ ® D D3 R2
S (C) R (L) (P.-1)(1-R) R
dR<2)+ ( ) (P.-1)(1-F)

_ 2R’- R°
= - (Pe-1) +B , where B : const.

6
& 2-R g
—_— = Pe -1 + —
2 (Pe )< 6 ) R
1
0= (Pe 1) ‘6‘+B
p_ Pl
6

~> _ 2-R 7P.-1

= = - (Pe-l)( >+ —

2 6 6R

_ 1 (2-'R”‘)]
(Pe'l)[ 61—{3- 6

, _ 1 (2-R3)]
(P"‘l)[ 3R 3

el
I
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LS PO
3

_ ?e-l R ’
= (R = ) (2.5.12)

substitute (2.5 . 12 ) and the last equation (2.5 . 11 in the first equation
(2.5.4b), we obtain

aLO + ago R3 _ di
——— R=—.
R-3/2 : R3/2 I 3

integrate both sides, we get

Tt 2.5.13
R . R® 3 ( J. )

Here, the constant of integration is chosen such that R = 0 atX = 0 . The ob-
tained solution defines X (ﬁ), which, together with the closed-form expressions
for P_ (R), V (R), and ® (R), determines the structure of the stationary shock -
wave front in a parametric form with respect to R (Nigmatulin 1990).

Reverting to a more general case. described by the system of equations
(2.5.4a)and (2.5 .4b), we shall similar to the approach used in Sec.2.2-
Sec.2.4, investigate the asymptotic behaviour of a solution of this system of
equations in the vicinity of an initial state before the wave. The solution of a lin-
earized system is sought in a form of an exponential of type (2.3 .2 ) decaying

at X—p %, this solution for a function of two variables C (X ,n ) being sought

in the form

C=1+A“" M) expkeX , Re{k, } <0, V,<0 (2.5.14)
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For constants A® | A A ® and A,® | we obtain the following algebraic
equations

Since @= A" exp ko X
R=1+ A®expk,X
V=V,  R=1

Substitute in the first equation (2. 5 . 4b) , we get

Voko A®expkox = A exp koX
ko ToAR= AW (2.5.152)
Since Py=1+ A ®expk X

P=1 +A1(P) exp ko X

From the second equation (2. 5 . 4b) , we get

- = 3
RV ":_'—Pg-PL-"‘(_J.)2
dx 2
— do = =
RV — = Pg-PL

dx

Voko A expkoX = (1+A,PexpkoX)-(1+A PexpkoX)

=

ko VoA exp koX = ( A,®-A®) expk,X
k, V, A= AD-A® (2.5.15b)

Substitute in the last equation (2.5 .5), we get

—
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1+ AP expkoX= 1+ V35(1-(1+A®Rexpk,x))

AI(P)exp koX= Vo (1-(1+3A®expk,%))

AI(P) expkox = V3 (- 3A® exp koX )

AP=-3vA® (2.5.15¢)
From (2.5 . 8) and substitute in the last equation (2 . 5 . 4b) , we get

Voko A, PexpkoX = - 3XA“ exp ko X

S ko Vo A® = 3XAY (2.5.15d)
and for the function Al(c) (m) , a differential equation with pertinent boundary

conditions is obtained as
From (2.5.14) we get

9C - koAl(C)exp koX
0X
(2.5.16)
aC _ dA ©
— =exp kox !
on dn
Substituting (2.5.16)in (2.5 .4a)and using (2.5.8), we get
.o D' d dA ©
ks Tl = — i) ==L (2.5.17a)
n’ dn  dy

when n=1:C=Cs= I'P,
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substitutein (2.5. 14 ), we get
€ =5 1449 expkos
Co

Co_ TP _ P _ 3,

C, TP, P

And Pg = 1 + A" expkoX
Hence 1 + AI(C) expkox=1 + AZ(P) exp kox
p
C P
som=1: A= A" (2.5.17b)

When m—» > :C =C, ,substitutein(2.5.14), we get

G - 1+ Al(C) exp ko X
Co
n—t OO:AI(C) =0 (2.5.17¢)

Solution of this boundary - value problem i.e the equations (2.5 . 17a)
2.5.17b),(2.5.17c¢) is of the form

Where K = \l Ks Vi

© AP

5 (-}
1 - T I-
. exP{m( m)

To satisfy the boundary condition at m —& % , itis required that Re K> 0

The condition of existence of nonzero solutions of system of linear algebraic
equations (2.5.15a),(2.5.15b),(2.5.15¢),(2.5.15d) withre-
spect to A(R) , A" , Al(p) , Az(p) Leads to an algebraic characteristic equation of

the sixth order with respect to K,

[ 43!
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where K :Jko Vo as follows:

i — P P
Since  koVo A=A . A®

- 3XA@

ko Vo

— R _ — ®
k2v2 AR = +3v2 A

Vo A®
KA® __-3xkoVo A + 3V A®

K2

K* = 3xK’ + 3 VK

=(3 Vs - 30K
Hence K° + 3 (x- v2) K =0 (2.5.18)
Two conditions for a characteristic root
Re 4K} > 0 . ke {i,v,} = Re {K} > 0 (2.5.19)
Let us analyze the characteristic root from equation (2.5.18)

K= o o K'+3(x-v3 )=

when K= 0, so we have two roots are zero and doesn’t satisfy the conditions
(2.5.19)

when K'+ 3(X-Vs) =0

K'=3(V:-x) (2.5.20)

K=+ (3 Vi-x) (2.5.21)
Since V, and X are real numbers so ( V% - X)is areal number
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Hence (2.5.21)is areal number.

Note that, because of conditions (2.5.19) , only J3 ( V3 - X) is relevant

K'={3(v:-x)
if v> >X

o

K’ is real number and satisfy Re K° > 0 , and

K=+ {3(v2 - %)

Since Re K >0

K=43(v2-%)

The solution exist and satisfy the conditions (2.5.19)
if v, <X
. K=-M
ie The R.H.S of expression (2.5 .20 ) is not positive

K =+[Mi
Which means that Re K~ = 0 and it doesn’t satisfy the conditions (2.5 . 19)

The solution doesn’t exist.
Hence the required root does exist and is unique, the unique root K is real, posi-
tive number.
The solution exist so the shock wave exist. Their integral curve connect the criti-
cal points.

In this case, the required root exist only at

a5}




vy > X

2
%7:%—>x

Vi > XC2

V(Z) > .__.Z(EL — Cg
p(i(x'Lo %e,
Where C,is the sound speed in the liquid with gas bubbles, v, is the shock
wave velocity.
If the wave has velocity greater than sound speed the steady shock wave exist.

So we proved the existence of the steady shock waves in liquids with soluble gas

bubbles.
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CONCLUSIONS

In chapter I we study the growth of spherical symmetric soluble gas bubble con-
trolled by diffusion , and we find analytical self-similar solution by transforma-
tion of partial differential diffusion equation to ordinary differential equation.

It is possible only when RR= constant.

Where R is the radius of the bubble and R is the time derivative of the radius ,
and conclude that the self - similar solution exists only for the bubble growth
case when h >0, C, > C,, where the parameter h controlling the radial
motion, C, is the concentration of the gas at remote from the bubble and C; is
the saturation concentration. And also we find that the radius is growing propor-
tional to the square root of time , so the bubble growth law is parabolic.

In chapter II we study the structure of stationary shock waves in a liquid with
soluble gas bubbles.

We proved that in the presence of diffusion there exists, unique solution for al-
gebraic characteristic equation of sixth order with respect to K = J-KV_O—
which was obtained from the condition of existence of nontrivial solution for
the system of linear homogeneous equations in the amplitudes A® , where k,
is exponention coefficient and V, is the dimensionless wave velocity. And the
root K is real, positive number.

The solution exists so the shock wave exists. There is integral curve connecting
the critical points.

The required root exists only if v > Cf,

where v, is the wave velocity and C, is the sound speed in the bubbly liquid .

And we conclude that if the wave has velocity greater than sound speed the

steady shock wave exists

-
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NOMENCLATURE

A = constant of integration, dimensionless

B = constant of integration, dimensionless

C = mass concentration of gas in the liquid [M L'3]

(C, =sound speed in the bubbly liquid [LT"]

D = mass diffusivity [LZT'I]

D = wave velocity relative to the undisturbed medium [L “‘]
K = complex number

n = number of bubbles per unit volume [L'ﬂ

P_ =ambient pressure [ML‘IT'Z}

Pg = pressure inside the bubble [ML"T'z]

r  =radial co-ordinate [L]

R =bubble radius |L]

R = time derivative of the radius

Rg = gas constant, dimensionless

t = time co-ordinate [T]

u  =radial velocity of the liquid at any point [LT"]

V  =macroscopic velocity a long the x-axis [LT"]

o =radial velocity of the liquid at the bubble surface [LT'I}
X = polytropic exponent of the gas

= density [M L‘3]

p

p° =true density [M L'ﬂ

€ =1- gi ,dimensionless
L

nm = lr{—(t),dimensionless

o = volume content, dimensionless
pefr = effective viscosity of the liquid [ML'IT"}

B = coefficient of the viscosity of the liquid [ML-IT_l]
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o = surface tension [MT _2]
v = radial velocity of the gas [LT'I]
® =any parameter ( v(x) , p(x) , R(x) , C(r,x))

Subscripts
g =gas.
L =liquid.

0 = value at remote from the bubble.

S = saturation.
0 = values of the parameters in the initial state.

e =values of the parameters behind the wave.

H




REFERENCES

Batchelor, 1969 Compression waves in a suspension of gas bubbles in liquid. In
Fluids Dynamics Transactions, vol.4. (ed. W. Fiszdon, P. Kucharczyk & W. 1.
prosnak), P. 425. Warszawa : PWN.

Barenblatt, G.I. 1979, Similarity, Self-Similarity and Intermediate A symptotics,

Plenum Press, New york, London.

Borisov, A. A, et al 1977 Enhancement of shock Waves in liquids with vapour
bubbles. In Nonlinear wave Processes in Two-Phase Media (ed . S . S . Kutate-
ladze ), PP.67 - 73. Institute of thermal physics, SD of A cademy of Sciences of
the USSR, Novosibirsk.

Borisov, A . A., Gel’fand, B . E . , Nigmatulin, R . I ., Rakhmatulin, KH . A . &
Timofeev. E . I . 1982 Enhancement of shock waves in liquids with bubbles of
vapour and soluble gas. DokL.. Akad. Nauk SSSR 263, 594-598.

Crank,J. The mathematics of diffusion, Oxford at the Clarendom Press.

Drumheller, D.S, Kipp, M . E. & Bedford, A . 1982 Transient wave propagation
in bubbly liquids. J . Fluid Mech. 119, 347 - 365.

Feng, Z.C & Leal , L.G.1997 Nonlinear bubble dynamics. Annu. Rev. Fluid
Mech..29,201 - 43 .

Gel’fand, B.E. ,Gubin, S.A. ,Kogarko, B.S. & kogarko, S.M.1973

50




Investigation of compression waves in a mixture of a liquid and gas bubbles.

DokL. AKad. Nauk SSSR 213, 1043 - 1046.

Gel’fand, B. E., Stepanov, V. V., Timofeev, E. I. & Tsyganov, S. A. 1978 En-
hancement of shock waves in a nonequilibrium system* liquid soluble gas bub-

bles”. DokL. Akad. Nauk SSSR 239,71 - 74.

Gubaidullin, A. A., Ivandaev, A. I. & Nigmatulin, R. I. 1976 Unsteady waves in
a liquid with gas bubbles. DokL. Akad. Nauk SSSR 226,1299 - 1302.

Gubaidullin, A. A., Ivandaev, A. I., Nigmatulin, R. I. & Khabeev, N. S. 1982
Waves in bubbly liquids. Advances in Science and Technology of VINITI ( Itogi
nauki itekhniki VINITI ). Ser. Mechanics of fluid and gases, vol. 17, PP. 160 -
249. Moscow.

Jerry B. Marion and William F. Hornyak. 1985 General physics with Bioscience

Essays. Second edition.

Khabeev N. S., and Shagapov V. sh. 1988 Gas solubility effects associated with
the propagation of small perturbations in bubbly mixtures. Fluid Dynamics.

No4.

Kutateladze, S. S. Burdukov, A. P., Kuznetson, V. V., Nakoryakov, V. E, Poku-
saev, B. G. & Shreiber, . R. 1972 Structure of weak shock waves in a gas - lig-
uid medium. DokL. Akad. Nauk SSSR, 207, 313 - 315.

Kuznetsov, V. V., Nakoryakov, V. E., Pokusaev, B. G. & Shreiber, I. R. 1978
Propagation of perturbations in a gas - liquid mixture. J. Fluid Mech. 85, 85 - 96.

51 Ll




Lauterborn & Holzfuss. 1991. A coustic chaos. International Journal of Bifurca-

tion and Chaos, Vol. 1, No. 1. 13- 26

Leighton, T. G. 1993. Acoustic bubble. Academic Press.

Nakoryakov, V. E., Pokusaer, B. G., pribaturin, N. A & Shreiber, I. R. 1984

Shock waves in boiling liquids. Intl Commum. Heat Mass Transfer 11, 55 - 62.

Nagiev, F. B., and Khabeev. N.S, 1985 Dynamics of soluble gas bubbles.
Fluid Dynamics. No. 6.

Nigmatulin, R. I., Khabeev, N. S. & Shagapov, V. SH. 1974 Shock waves in a
liquid with gas bubbles. DokL.. Akad. Nauk SSSR 214, 779 - 782.

Nigmatulin, R. I., Khabeev, N. S. & Nagiev, F. B. 1979 Fragmentation and col-
lapse of vapour bubbles and enhancement of shock waves in a liquid with Va-
pour bubbles. In Gas and Wave Dynamics, 3, ( ed. Kh. A. Rakhmatulin), PP.
124 - 129. Moscow State University.

Nigmatulin, R. I. 1982 Mathematical modelling of bubbly liquid motion and hy-
drodynamical effects in wave propagation phenomena. Appl. Sci. Res. 38, 267 -

289.

Nigmatulin, R. I, Khabeev, N. S, and Zuong NgokHai. 1988 Waves in liquids
with vapour bubbles. Fluid Mech. vol. 186.

Nigmatulin, R. I. 1990 Dynamics of multiphase media. Hemisphere. Washing-
ton D.C.

~

]I 52




Noordzij, L. 1973 Shock waves in bubbly liquid mixtures. In Proc. [IUTAM
Symp. on Nonsteady Flow of Water at High Speeds (ed. L. I.Sedov & G. Yu.
Stepanov) , PP. 364 - 374. Moscow : Nauka.

Noordzij, L. & Wijngaarden, L. Van 1974 Relaxation effects, caused by relative
motion, on shock waves in gas - bubble liquid mixtures. J . Fluid Mech. 66,

115 - 143.

Plesset, M. and Prosperetti, A. 1977 Bubble dynamics and cavitation Ann. Rev.
Fluid Mech. No. 9, 145 - 185

Scriven, I. E. 1959 On the dynamics of phase growth. Chem. Eng. Sci vol. 10.

TAN, M. J. & Bankoff, S. G. 1984 Propagation of pressure waves in bubbly
mixtures. Phys. Fluids 27, 1362 - 1369.

Trammell, G. T. 1962 Sound waves in water containing vapour bubbles. J. Appl.

Phys. 33, 1662 - 1670.

Wijngaarden, 1970 On the structure of shock waves in liquid - bubble mixtures.

AppL. Sci. Res. 22, 366 - 381.

Wijngaarden, 1972 One - dimensional flow of liquids containing small gas bub-

bles. Ann. Rev. Fluid Mech. 4, 369 - 396.

Zuong Ngok Hai, Nigmatulin, R. I & Khabeev, N. S. 1982 Structure of shock
waves in a liquid with vapour bubbles. Fluid Dynamics. No 2, 109 - 118.

53




-

Zuong Ngok Hai, Nigmatulin, R. I. & Khabeev, N. S. 1984 Unsteady waves in a
liquid with vapour bubbles. Fluid Dynamics. No 5, 117 - 125.

2]




uﬁ.&-‘.ﬂ
dyfio jLe cileldd po Jilaw b dostal! oilsgdf

SValall pladiinls (il 08 Llie 29,8 L5le Lelid ¢ lamh e 5L Lasil 31 da,bY) oie _tals
Oe Ldad 31301 LAl Jall slay o5 a8 Lol 8 LI 5L Lelis dplus a3 Ll
2l =RR Losie (oo Ty Dale LA e alas I L5all LLll eyulall Bt
Y T bl 5 Ll . onpll Lol L) s G 2 R Leladll Jbs iumi a R
i 4ol JISa] I BLAYL (LK) d,hs Caailf 4, a1 o0 pSat AT h sty detaan
HC P /P ot G E gaadUl plaall ik, o ) CP_C_ s halall g st
LBl o Barmy Ll o 5,01 80 ) a5m 8 5 O Ml Sl ¥ il 3 30801 55 TS
Al e Sladly 5L Gralall I g T 5 @ LIl s lly ¢ GESI L p . 30 e sl
plasinls dlis Lite 5l wlelid e going Sl 3 880l Losliall el ! Ly Liibie Laut a3
Lol LI Ga 0310 Loslall Lokl Ll Jall slog] iy amall gsla] Gasill 5 itanll oY alall
Lasbeall Zasll Jud Jall elslos anis el
SIS lelid poe il Siiis 3303 aadl Luslad ¥ sladf Laskia Jal oLl sl eaily
el 5 O bl e llall ol Luilly Tabad (455 o s ¥ alall sigd ¢ Y1 515391 Ul L pms
LI 8 ygunll e 568,
b= Do (1+AD expkoX ),Re ko < 0 ()

Ghall Lloall alasf wayy C 58,300 of R Ll Cioas §f P i al) jva;cﬂnkmg,.agiﬂ{bj
Sl S8ine 380l axdl Lulal o ¥uladl Loshie o deilaill Lhall o¥alal) e Lashia o Joans
Loon dobas ] Guss Loghiill sl Jitea 1 Ja ygayl el ol ] 13 5l lelis
Cooll e 2 Vo ool Jalall a Ky 5 K = JK) V) 0 il bt Lo oy
- (%) Uslaall HLEDYI L] sy Ya L2 o) a3 iy Lusa Ul

b sl s 0 O 5Tl des 0V, s 2 > C2 e Lk gym e ciplll i,
Las 90 — (I 35 X Losie Loaleall Zasll Cilig00 + I g5 Loic X U IVIE{EN | PR =i [ B W]
ey ool bdill jolal (g0 00 4 ) g5 X Loie o, lall oLl QsSs ligly o3y Glla
Sl Lasbeall da sl Loy suagy Gltal) oGla Ly Jol<3l)

B

55

ey




