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ABSTRACT

Exact analytical results are derived for the pulsed driven quantized harmonic oscil-

lator (HO) with arbitrary pulse shape. Specifically, for a sequential sin? — pulse shape,
the transient fluorescent spectrum is obtained in the three cases of initial states of the HO,
namely, the vacuum, number and coherent states. Of special interest, with initial coherent
state the dominant central Lorentzian spectrum is surrounded by weak oscillations. This
is due to the larger number of sequential pulses which get amplified asymmetrically in the
non-resonant case, as a result of balancing and interference processes between the initial
excitation and the strength of the exciting pulse. Further pronounced oscillations is no-
ticed with *hole burning’ structure in the central peak due to non-zero phase of the initial

amplitude of the coherent state.
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CHAPTER 1
INTRODUCTION

1.1 Statement of the Problem

The main work in this thesis concerns an analytical and computational
study, within the framework of quantum theory, of the interaction of a sin-
gle mode quantized harmonic oscillator (HO) with short pulsed-laser field
of various shapes, in the absence of any dissipation processes. Specifically,
we calculate the Fourier transient spectrum of the scattered radiation start-
ing from a quantized Hamiltonian for the combined system (HO + pulsed
driving field). The corresponding Heisenberg operator equations of motion
for the HO variables are solved analytically for arbitrary pulse shape. This
is followed by the calculation of the auto-correlation functions for the HO
operator amplitude variables. The transient spectrum given as the Fourier
transform of the auto-correlation function is calculated for arbitrary initial
state of the HO.

The resulting transient spectrum is examined computationally and dis-
played graphically for various shapes of the pulsed-driving field and system
parameters. Physical interpretation and comparison with earlier results are

provided.

1.2 Background and History

Within the mathematics (Clapham and Nicholson 2009) or physics
(Daintith 2009) scientific vocabulary, the field of quantum mechanics (QM)
is concerned with the study of behavior or structure of microscopic enti-

ties (e.g., atoms, molecules) as well discreteness (quantization) of phys-



ical quantities, such as energy and momentum of both matter and radia-
tion. Max Planck is the sole founder of the concept of energy quantization
in 1900 (Planck 1900). Specifically, the energy of the black body radia-
tion field is not a continuous variable (as in the classical radiation theory),
but has its own discrete values which are proportional to the radiation fre-
quency (w): each value of the energy is an integér multiple of (Aw) , Rigor-
ously, the radiation energy values of a single quantized mode of frequency
(@) are (n+1)hw ; n=0,1,2,.... where /i = L (=1.0545717. .. « 107347s)
is the reduced universal Planck’s constant. The minimum energy value is
( %ha)), called the quantized zero-point energy, compared with minimum
zero energy value within the classical radiation theory.

Each bundle of the radiation energy is called "quanta of radiation” or
simply "photon”. The quantization (or discreteness) of the radiation en-
ergy introduced by Max Planck was dictated by the interpretation of ex-
periments done with black body radiation (Planck 1900), that could not be
explained ,otherwise, through the classical radiation theory.

Following Max Planck quantization concept of the radiation energy,
and in conformity, the discrete nature of atomic energy (and momentum)
was adopted by Albert Einstein (Einstein 1905) to explain the famous photo-
electric effect: radiation (photons) are absorbed / emitted by matter in bun-
dles.

Theoretical study of interaction of radiation and matter has led to one
of the greatest discovery of light sources, namely, the laser as a coherent
collimated source of light in (1960’s) [e.g, (Band 2006)]. Nowadays, the
advanced laser sources as continuous wave (cw) or short-pulsed laser of
femto-second scale play an active and central role in both theoretical and
experimental research in areas such as, non-linear optics, quantum infor-
mation processing and quantum computation.

Study of radiation-matter or radiation-radiation interaction within the



framework of QM reveals information about the resulting scattered radia-
tion and its emitted frequencies, as well the energy change in the original
system due to such interaction.

The proposed topic in the thesis deals with the study of the scattered
radiation due to the interaction of a single mode of the quantized radia-
tion field (modeled as quantized HO) with short-laser pulses of various
shapes. The HO represents in some limiting case, many excited atoms in
a very small volume (A%; A= radiation wavelength ~ 10~5¢m in the optical
range), (Gross and Haroche 1982). Mathematically speaking, all atoms are

assumed to be on the same single site (Dicke 1954).

1.3  Justification of the problem

Spectral study of the scattered radiation is a one way to gain informa-
tion about its frequency distribution, as well to know the response of the
HO with respect to the frequenéy of the driving laser pulse. Availability of
intense short laser pulses (Gibbon 2007) makes it possible to test our ana-
lytical and computational results. The HO as an approximation to the many
atomic excited system, offers a practical technological model, where excit-
ing such a model with short laser pulses (of various shapes) create coherent
superposition states which is a basic concept towards quantum computing
and quantum information networking (Ekert and Zozsa 1996, Zoller et al
2005).

In essence, the scattered radiation due to the proposed interacting
model (HO + pulsed laser) offers a produced light signal with specific spec-

tral distribution that can be used as a carrier signal of information.



1.4 Theoretical Framework

The proposed model for study (quantized HO + pulsed laser field)
is to be investigated within the general framework of quantum mechanics
(QM). The single mode (i.e. frequency) quantized HO has an co-number
of discrete energy levels, while the exciting pulse is treated classically (i.e.
its energy is a continuous variable). The interaction Hamiltonian (i.e. total
energy) description is formulated in terms of the HO quantized amplitude
variables. The adopted analytical formula for the scattered transient spec-
trum ( Eberly and Wodkiewicz 1977) is based on the quantum aspect of the
driven system, namely, HO mode. This is termed as Fourier transform of
the quantum auto-correlation function of the HO amplitude variables.

So, the two quantum aspects of study in the proposed model are:

(1) The quantized (discrete) nature of the energy eigenvalues of the HO.
(i1) The quantum (non-classical) auto-correlation function which relates

emission and absorption of "photons" at time delay intervals.

1.5 Methods and Procedures

Within the mathematical framework of QM, the steps of calculations

towards the model differential equations (DEs) are itemized as follow:

(1) Identify the quantized Hamiltonian (total energy) of the coupled model,

together with the commutator algebra for the HO operator variables.

(1) Accordingly, the Heisenberg differential equations of motion for the

HO operators are derived in the general case of exciting pulse shape.

(ii1) These operator DEs are linear and are solved exactly in the special case

of squared-sine pulse shape.



(iv) Calculations of the transient spectrum will be formulated analytically.

(v) Computational display of the spectrum will be presented for various

system parameters and initial conditions.

(vi) Comparison of results with previous cases of pulse shapes.

1.6 Proposed Chapter Outline

In chapter (2) to follow, entitled (Literature Review), we present brief
review to the pulsed driven systems, namely, of 2-level atom and of HO
systems.

In chapter (3), entitled (Methodology: Quantized Hamiltonian and
Model Equations), we present, through quantum mechanical formulation,
the derivation of the model DEs for the proposed model (HO + pulsed field)
under study. The DEs for the HO variable operators are derived and solved
exactly for arbitrary pulse shape.

In chapter (4), entitled (Results: Squared-Sine Pulse Case), we spe-
cialize the investigation to the case of (classical) squared-sine pulse shape.
Analytical solutions of the DEs and calculations of the transient spectrum
will be derived. Computational results will be displayed for different Sys-

tem parameters. This is followed by conclusion and suggested future work.
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CHAPTER 2
LITERATURE REVIEW

Interest in the current interacting model (HO + pulsed laser), apart

from its fundamental nature, is activated by two main factors:

(1) The calculated theoretical scattered spectrum due to single 2-level dissi-
pative atom interacting with a single mode (CW) laser by Mollow in (1969)
(Mollow 1969) and its experimental verification in (1974) (Schuda, Stroud
and Herscher 1974) in what is known "Mollow spectrum": the spectral
shape consists of triplet Lorentzians in the strong laser case due to the split-

ting of the two atomic energy levels to doublets (pitchfork shape).

(i1) Availability of short laser pulses of various shapes in the laboratories.

(cf (Gibbon 2007)).

For the case of non-dissipative 2-level atom excited by pulsed laser of
various shapes (rectangular, exponential, Gaussian, ...) atomic dynam-
ics has been investigated at large in (Shore 1990). The transient spec-
trum for the same model has been investigated analytically and compu-
tationally in the case of hyperbolic secant (Rzazewski and Florjanczyk
1984, Florjanczyk, Rzazewski and Zakerzewski 1985, Haus, Lewenstein
and Rzazewski 1984) single mode rectangle ( Rodgers and Swain 1991,
Hassan, Joshi and Al-Madhari 2008) and multi-mode rectangular (Joshi
and Hassan 2002) and exponential ( Batarfi 2012) pulse shapes.

Unlike the much work with the 2-level atom, the pulsed driven HO
system has not received much attention regarding the spectrum analysis.
The work in (Joshi and Hassan 2002) studied in addition to the 2-level
atom.case, the scattered spectrum of HO model excited by a multi-mode

(symmetrically displaced on both sides of the HO frequency) rectangular



pulse, where the main results are:

(1) The larger the number of exciting modes is the more prominent oscil-

latory nature of the transient spectrum.

(2) For large (o) number of modes, within a restriction of pulse duration,
the dominant central peak is reduced ("hole burning" effect) with increased

symmetrical side peaks, as the area of the pulse increases.
The pulsed-driven HO system can be viewed in many ways, e.g :

(1) A fundamental example of radiation-radiation interaction where the HO
represents a single mode of the quantized electromagnetic (em) field in a

Fock (number) or coherent state representation.

(11) A limiting case of many excited atoms contained in a very small volume
O(A3); A = 107 cm, is the optical radiation wave length- as mentioned in

section 1.2.

(iii) Recent study shows that nano-biosensors detecting biomolecules are
physically justified to be modeled as a perturbed HO (cf Okamoto et al.
2013, Snyder et al. 2014).

Here, we extend the work in (Joshi and Hassan 2002) by exciting the

HO with the classical sequential squared-sine pulse.
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CHAPTER 3
METHODOLOGY: QUANTIZED
HAMILTONIAN AND MODEL EQUATIONS

In this chapter, we briefly review in section 3.1 the assumptions and
framework of quantum mechanics (QM) in terms of Dirac’s formulation
(Dirac 1981). The specific eigenvalue problem of the quantized harmonic
oscillator (HO) is reviewed in section 3.2 for completeness of presentation
and notations to be used in the following chapter. The interaction Hamil-
tonian model of HO with arbitrary pulse shape together with Heisenberg
equations and its general solution is given in section 3.3 . The expressions
for the transient spectrum in terms of the auto-correlation function is given

1n section 3.4 .

3.1 Quantum Mechanics Framework

As noted in chapter 1, observed experiments with blackbody radiation
does not fit with classical mechanics criteria. Hence, the need to adopt the
quantum mechanical (QM) description of the HO.

The basic assumptions to describe a dynamical system within Dirac’s

framework of QM (Dirac 1981) are the following:-

(1) Observable dynamical variables (like, energy, momentum, coordinate,..)

are represented by Hermitian operators (i.e. Hermitian matrices).

(ii) The state of a dynamical system (the momentum (p) and coordinate
(9)) is represented by state vector: ket vector |p,q > or its adjoint bra vec-

tor < p,q| (i.e. column or row matrix, respectively ).

11



The order of the state vector and the Hermitian operator and the ex-
pressions of their matrix elements depend on the degrees of freedom of the
system and the eigenvalues of the concerned Hermitian operator.

For example, for a system of 2-degrees of freedom:

a
The ket vector |a >= ' and the corresponding bra vector < a| (mirror
az
image of < a|)=(la>)"=[a} a3
where (1) stands for Hermitian conjugate (i.e. complex conjugate of the

transposed of the ket vector |a >).

~ |01 On
If the operator O = , Where the elements O;; are comp-

021 Op

lex numbers in general, then its Hermitian conjugate is given by
* *
Of — |71 Y21
2 Oxn
The operator O is called Hermitian operator if O = O' and as known

any Hermitian matrix has real eigenvalues.

We now summarize the mathematical operations and its concept in

dealing with operators, ket and bra vectors:-

(1) if |a >, |b > are possible state (ket) vectors of a system, then the super-

position state,
lc>=ayla > +aplb > (3.1)

is also a state of the system, where ¢ 5 are complex numbers. The equiv-

alent bra vector to (3.1) is

<c|=o0of <a|+a; <b| (3.2)

12



(2) The inner (direct) product (< c|)(|c >) =< c|c¢ > , called bracket, is
real and positive. If < c[c >= 1 then the state |c > is said to be normalized.
If not, it can be normalized by multiplying it by < c|c > 2N ote, the norm

of |c >is /< clc> > 0andits length is < c|c > .
(3) Two different states |a; >, |ay > are called orthogonal iff the bracket
<ailay >=< apla; >*=0
Note, if |c > in equation (3.1) is normalized where |a >, |b > are or-
thogonal, then |0 |* 4 |0 |2 = 1.

The quantities |0y |2, |0p|? are the probabilities that the system exists

in the states |a >, |b >, respectively.

(4) A linear operator O means an association (or transformation) from

la >— |b >;(as the action of O on |a > generates |b >)
Ola>=|b> (3.3)

(providing the matrix product on the left hand side is allowed).

(5) The outer product of two normalized states |a >, |b > is defined as,
b><al=(la><b|). (3.4)
It is an operator, since operating on arbitrary |c¢ >,

(|b >< al)|c >=<alc > |b >, (3.5)

13



produces the state [b > multiplied by the complex number < a|c >.
The special operator |a >< al is called projection operator, since op-

erating on |a > produces (projects) the same normalized state la >.

(6) The eigenvalue equation for a Hermitian operator O is,
Olay, >= a,|a, > (3.6)

where the real numbers {a,} are the eigenvalues of O associated with the
orthogonal eigenvectors {|a, >}.
If the set {|a, >} is a basic set of eigenvectors (i.e each ket vector

|a, > is not a linear combination of other ket vectors), then,
Ylan ><ay| =1 (3.7)
n

where [ is the identity (Hermitian) operator. Equation (3.7), expresses the
fact that the sum of all projection operators associated with the basic state
vectors is the identity . It is the quantum counter-part of the classical state-
ment that, the sum of probabilities of the system being in all possible states

is equal (1).

(7) Any arbitrary state |M > can be expressed as linear combination of the

complete basic set {|a, >},
M >=Y cyla, > (3.8)
n

where ¢, are complex numbers.

(8) The quantum expectation (average) of operator O in the state la >, is

the bracket,

14



<0 >=<al0la> (3.9)
and it is real if O is Hemitian operator. Also, the bracket expression,
< b|Ola > (3.10)

is called a transformation function from the state (O|a >) to the state b >.

The Quantum Mechanics dynamical behavior in Heisenberg’s picture
[Dirac 1981, Liboff 2003] deals with operators (0) varying with time while
state vectors kept fixed. Heisenberg equation of motion for the operator O

is, ( see Appendix (A) ),

ih— = [0,H] (3.11)
where the commutator,

[0,A] =0H A0 (3.11a)
and H is the total Hamiltonian (energy) operator of the system.

3.2 Quantized Harmonic Oscillator

Our universe is composed of matter and radiation. Radiation is ab-
sorbed and emitted by matter, or equivalently, matter absorbs and emits
radiation. Light, and radiation in general, is a wave in its simplest shape
and 1s represented by a simple harmonic motion or simple harmonic os-
cillator (SHO). The SHO is the simplest, yet basic example of free (i.e.

undamped) periodic motion and plays a central role in the quantum theo-

15



retical description of radiation. This stems from the fact that the energy
of the radiation of the electromagnetic field in free space is equivalent to
that of infinite collection of independent harmonic oscillators (e.g. (Liboff

2003)).

Within the Newtonian classical description of a single harmonic oscil-
lator (HO) of unit mass in one dimension and of frequency (®) the Hamil-

tonian (total energy) is given by (e.g. (Liboff 2003, Scherrer 2006)),
He = 3(p* + %) (3.12)

where p,q are the momentum and coordinate (displacement) dynamical
variables, respectively. The first term in (3.12) represents the kinetic en-
ergy while the second term represents the potential energy (due to a force
proportional to displacement). Classically speaking, the energy H, of the

HO 1s a continuous variable of zero minimum value.

3.2.1 The Hamiltonian

For our review concern, the starting point is the corresponding QM
Hamiltonian of the HO - as opposed to the classical one in equation (3.12),

which has the form (Dirac 1981, Liboff 2003),

A

H=1(p*+ 0?§?) (3.13)

where the momentum and coordinate operators p and ¢ satisfy the

commutation relation (Dirac 1981, Liboff 2003),(see Appendix (B) ),

4, P] = in (3.14)

where 7 is the (reduced) Planck’s constant (see chapter (1)).

16



Note that, both p and § are Hermitian operators,iec. p=p',4=
" and hence A = AT is Hermitian operator.

To solve the eigenvalue problem associated with the quantized har-
monic oscillator (i.e. energy eigenvalues and its corresponding state vec-
tors), it is convenient to introduce the two non-Hermitian operators 4, "

(annihilation and creation operators)(Dirac 1981),

1
d=———=(wg+ip)
V20 (3.15)
/\T— A - A
a = —(Wg—1p).
Ve 24— iP)

Hence we get p, g in the form,
ho
ﬁzi\/j(fﬂ“d) |
3.16
- (3.16)

From equations (3.14),(3.16) the commutator relation for the opera-

tors 4,4’ is
[a,a"1 =1 . (3.17)

The quantized Hamiltonian of the HO, equation (3.13) has then the

form,

—ho(afa+1i) . (3.18)
2

17



Notice, in (3.18) the constant term (%hw) 1s called the zero-point (i.e.

minimum) energy value of the HO (as we show below).

To find the energy eigenvalues and eigenvectors of the quantized HO,

define the Hermitian number operator

N=da'a=NT . (3.19)
Hence, the Hamiltonian (3.18) has the form,

H=ho(N+1) . (3.20)

Thus, finding the eigenvalues and eigenvectors of the operator N lead to the

same (after adding the term % to the eigenvalues) for A.

3.2.2 The Eigenvalue Problem

The energy eigenvalue problem, within the framework of Quantum

Mechanics, is to solve the equation
Nln>=nln> (3.21)

where (n) is the eigenvalue of the Hermitian number operator N with cor-
responding eigenket |z >. In other words, we need to know n and |n >
according to (3.21).

Using the commutator identity for any three operators A, B, C:

~ ~ A

[A,BC) = [A,B]C +B[A,(] (3.22)
and the commutator (3.17), one gets the following commutator relations,

18



[V,a] = —a, [V,a"] = a' (3.23a)
N,8%) = —24%,  [N,a"]=2a" (3.23b)

and in general (using mathematical induction) for positive integer (m),

A

[N,@" = —ma™,  [N,a"]=ma™ . (3.23c)

Now, we proceed to solve the eigenvalue problem (3.21) with (3.23)

(cf (Louisell 1973)).
First, from eq. (3.23a) we have:

Na=a(N—1) (3.24)
Nat =a" (N +1)

Operating both sides of eqs. (3.24) on |n > and use of (3.21) we get

Nin>=aN —-1)n> = (@n—1)an>

A A (3.25)
Natln>=a" (N +1)n>= (n+1)af|n >
Second, from eq. (3.23b) we have,
Na? = a*(N —2)
(3.26)

Nat = a" (N +2)
and upon operating both sides of (3.26) on |n > and use of (3.21) we get,

Na*n> = (n—2)a%n >
o X (3.27)
Na¥|n>=(n+2)a" |n>.

19



From (3.23c) and continuing along the same lines for m > 2, we reach

similar results like (3.25), (3.27), namely ,

N&"n >= (n—m)a™n >

Na""|n>= (n+m)a"" |n>.

(3.28)

Thus from (3.21), if |n > is an eigenstate of (N) with eigenvalue (n),

then by (3.25) (d|n >),(a'|n >) are eigenstates of N with eigenvalues

(n—1),(n+ 1), respectively. As well, by (3.27), (8%|n >), (4"’ |n >) are

eigenstates of N with eigenvalues (n — 2), (n+2), respectively.

Proceeding, using (3.28), we then get two co— set of eigenkets and

eignevalues (differ by 1) of the number operator N as follows,

Table (1)

First set of eigenvalues and eigenkets of the operator N

Eigenkets

n>

aln >

Eigenvalues

n

(n—1)

and

Table (2)

Second set of eigenvalues and eigenkets of the operator N

Eigenkets

n>

alln >

&T2]n>

Eigenvalues

n

(n+1)

(3.29)

(3.30)



Since N is Hermitian operator, then () is real and by assumption the

length of the bracket, (< n|n >) > 0 for non-zero state |n >.

From (3.21), multiplying on the left by < n|, we get
<n|Njn >=< n|ata|n >
= (< nla")(aln >) (3.31)
=n<nln> (3.31a)
Since the right side of (3.31) is the length of the ket vector (d|n >)
which is non-negative. Thus, from (3.31a) , n > 0 and hence the eigenval-
ues of N are real and non-negative.
If n =0, then
al0 >=0 (3.32)
and the norm of the state |0 > is zero.
If n # 0 then the length of d|n > is given by (3.31). By (3.29) if (n) is

not an integer, the eigenvalues will be negative and this leads to contradic-

tion (see after (3.31a)).

Hence, the eigenvalues (n) of (N) are real and positive integers or

zero with no upper bound, as seen from (3.30): n=0,1,2,.....

Thus from (3.20) and (3.21) the energy eigenvalue problem,
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An>=no®+1)n> (3.33)

show that the energy eigenvalues are discrete , hw(n + %), n=0,1,2,...
The eigenstates {|n >} are called the number (or photon) energy states, and
the state |0 > is called the vacuum energy state of eigenvalue %ha), which
1s the minimum value (called quantum zero-point energy) as opposed to
the zero classical minimum value.

The quantized (discrete) energy level diagram (full lines) for the HO is
shown in Figure 3.1 together with the classical continuous energy (dashed

lines).

Energy

;'i‘s

1t

(n+ %)hw

v =1

%l’lw
n = J,_ i
n =10 —ILIL_ Y

Figure 3.1
The quantized energy levels of the HO
E,=(n+3)ho;n=0,1,2,......

3.2.3 Normalization

The length of the state vector (d|n >) is

< nlaa'|n >=<n|(1+a%a)|n >
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=(n+1)<njn>.

Since n > 0, < n|n >> 0 then d'|n ># 0, i.e. not zero vector. From
(3.21) and (3.25) both |n > and d|n > are eigenkets of the operator N. So,
we may write,

an >=Chln—1> (3.34)
with C,, is constant. The length of this equation gives;
<nldtan>= |Gl <n—1n—1>

=n<nn>

and for < n|n >=1 for all (n) we have C,, = /n (up to an arbitrary phase).

So, (3.34) gives

dln >=+/njn—1>, n>0. (3.35)
Similarly, we get
Afln>=vn+ln+1> . (3.36)

The orthonormality and completeness relation for the states {|n >} are,

< nli >= (3.37a)
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Y n><n|=1 (3.37b)
n=0

where 6, is the Kronecker delta symbol,

1 M=Hn
6nﬁ:
0 MFER

The relation (3.35), (3.36) shows the action of the annihilation and cre-
ation operators, (@) and (4"), respectively, on the state |n > is to transform

to lower and higher states [z — 1 > and |n+ 1 >, respectively.

3.2.4 Matrix Representation

The matrix elements of the operators d,4" and H in the |n > states are

given with the use of (3.32), (3.33), (3.35), (3.36) as follows,

<n

4j0 >=0
<dlaln >= /n&;

<dldTn >=vn+18; 541 (3.38)

<A|Hn>=ho(n+73)8,

Since the basic states {|n >}; n=0,1,2,.......... is an co— set then these

operators have sqaure matrix representation of co— order,
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3.2.5 The Coherent State

According to the relations (3.35), (3.36) absorbing or emitting a pho-
ton within the quantum theory changes the basic state [n >— [nF 1 > .

Another state (which is a linear combination of the basic states |n >) is
close to the classical description ( that is no change of state upon absorbing
or emitting a photon) and most suitable to describe ideal laser light quan-

tum mechanically is the coherent state |0 > . Coherency means monochro-
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maticity. In other words, the laser radiation has a single frequency or a
narrow frequency band.
Mathematically, it is defined as an eigenstate of the non-Hermitian an-

nihilation operator 4, (cf (Louisell 1973)),
ala >= ajo > (3.39)

with & 1s complex parameter (in general).

To find |& > in terms of the basic states {|n >};n=0,1,.... we set,

[OC >= Zobn‘n > (3.40)
n=

=Y [n><njo> (3.40a)
n=0

where b,, is constant and in (3.40a) we have uséd the completness relation
(3.37b) for the states |n >.

Thus b, =< n|o >, which is to be determined as follows. Operating with
(@) on (3.40) and use (3.39) we get

ala >= Y, by/nln—1>
n=1

= Y bppivn+1jn> (3.41a)
n=0

= Y abaln> (3.41b)
n=0

Comparing the coefficients of both series, we have the difference equation,

bui1vVn+ 1= aby, (3.42)
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of solution,

by=——=by, =12 ... (3.43)

V!

To get by we assume < oot >= 1.

Hence,

oo a*)’i(a)”
L= b 3 OO
‘ O' n,iiz‘;O a

o0 2n
= |bol* ¥ lod™

n—o n!

n>

where the relation (3.37a) has been used. Thus,
1 = |bo|el*F
which gives,
by = e~310F (3.44)

up to a phase (which can be absorbed in ).

So, by (3.43), (3.44), we have

n
b, = el % (3.45)
n!
2\n
a
and ba>=| <nla> > = g—;"—) ~laf? (3.46)

represents a Poisson distribution with mean |ct|> over the basic number
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states |n >.

Hence, by (3.40), (3.45), the expression for |a > is,
oo an
o0 >= ezlol v —=|n> .
n=0 v n!
Further relations in the |t > — state from (3.39) are:
<ald’ =a* < a
< aldtala >=|al?

< oldla>= o

<aldlla>=a* .

(3.47)

(3.48a)

(3.48b)

(3.48c)

(3.48d)

The relation (3.48b) states that the average photon number in the |0 >

— state is ||? (opposed to (n) in the |n > — state) while the relations

(3.48c,d) show that the HO quantum average amplitudes < 4 >, < 4 > are

non-zero in the | > — state (opposed to zero in the [n > — state).

3.3 Hamiltonian Model and Heisenberg Equations

The Hamiltonian model representing the interaction of a single HO

with a classical pulse is of the following form (Joshi and Hassan 2002) (in

units of 1 = 1),

H = apd’a+Q,f(t)(aTe™ ' + aei@n?)

(3.49)

where @y = HO frequency , @y = oscillating frequency of the pulse en-
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velope, f(¢) = pulse shape function (not operator), €y = strength (Rabi
frequency) of pulse.

The HO operators 4 and ' are the annihilation and creation operators,
respectively, obeying the commutator algebra (3.17),

The first term of the Hamiltonian (3.49) is the unperturbed Hamilto-
nian of the HO (eq (3.18) apart from the constant term %hw, which does
not affect the dynamics) while the rest of terms (in ) represent the in-
teraction Hamiltonian between the HO and the classical pulse. (Derivation
of this interaction Hamiltonian given in (Louisell 1973) and refs therein is
beyond our presentation in this thesis work).

Heisenberg equations of motion (equation (3.11)) for the operators 4
and a' according to the Hamiltonian (3.49) and the commutator algebra

(3.17) are,

4= —iwgd — iQof(1)e '
. 8 . (3.50)
a' =impa’ +iQof (1) ™

The operator solutions of these linear differential equations are easily ob-

tained for arbitrary pulse shape f(¢),

. . z ALl
a(t) = a(0)e ' — iQoe= '™ [ £(te A dt’ (3.51)
0
= eI A(Y) (3.51a)
. . t AL
at(t) = a'(0)e' ™" +iQue'®" [ f(t")e™ dt’ (3.52)
0
= /AT (1) | (3.52a)
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where,
A(t) = a(0) —iQq [ f(r)e " df (3.53)
and A = (wp — ay) is a frequency detuning parameter.
The HO photon number operator #(z) = a'()a(t) is given by,
. . z AL
A(t) = (a7(0)e! " +iQue!™ [ f(1")e!™ dr")
0
. . t = A 4!
(a(0)e™ " — jQoe=i! [ £(e A dt')
0
= a"(0)a(0) + Q3|1(2)|> — iQoa™ (0)I(z) + iQod(0)*(t)  (3.54)

where,

10) = [ f()e" ™ ar' (3.55)
0

The averaged photon number n(r) =< 7i(¢) > of the HO, in an arbi-

trary state | > is then given by,
n(t) =< a'(0)a(0) > +Q3|1(1)|* — iQ(< a%(0) > I(t) — c.c.) (3.56)

where c.c stands for complex conjugate.

The first term in (3.56) represents the initial average photon number of
the HO, while the second term in Q(z) represents the intensity of the (classi-
cal) pulse. The last term in (3.56) represents the change in the photon num-

ber n(t) (i.e. energy) due to the exchange of initial amplitude < 47(0) > of
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the HO with driving pulse.

The averaged photon number n(z), eq. (3.56), takes the following

forms in the three specific initial conditions for the HO,

(a) In the zero (vacuum) number state |0 >,
<a'(0)a(0) >=0, <a'(0)>=0,
and (3.56) reduced to
nolt) = QF1(1)2
(b) In the number state |n > (n#0),
< a'(0)a(0) >=ng, <a'(0)>=0,
and (3.56) reduced to
n(t) = no+ Q310
(c) In the Coherent state | >,

<a’(0)a(0) >=|al?, <a'(0) >=a*,

and (3.56) takes the general form,

na(t) = af? +Qgl(1)]> +2Q0Im(a*I (1)) .
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3.4 Transient Spectrum

Information about the scattered (fluorescent) radiation due to the in-
teraction of the HO with the driving pulse is achieved through the transient
spectrum function which is proportional to the counting rate of the emitted
photons. This is given by (Joshi and Hassan 2002, Eberly and Wodkiewicz |
1977),

t t . N A
S(t,D,T) =2 [ dt; [ dyel-THDP)t-11)o(-T=iD)(t~12) < At (1)A(2,) > (3.58)
0 0

where D = @ — @y is the frequency mismatch between the frequency ()
of the instrument photon detector and the frequency (@) of the HO and
I is the detector’s width (i.e. I'"! is the life-time or time-duration of the
detected photon in the instrument). The function < AT (z )A(tz) > with AT
(and its adjoint) given in (3.53), is the auto-correlation function for the shift -
(creation and annihilation) operators. It represents a measure of quantum
average of correlation between the action of creating a photon (A7 (¢;)) at
time (#;) and annihilation (A(t;)) at time (,). In the language of statistical
mechanics (cf (Reif 2008, Patheria 1996)), the integration of the quantum
expectation value < A'(#)A(t;) > over both times (1), (,) represents a

kind of ensemble average over the single actions at (¢;), () .

From (3.53), (3.55) we have ,

(3.59)
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A

< AT (1))A(rp) >=<a"(0)al0) > +Q21* (1)) I (1)
—iQq < a'(0)I(2p) >

+iQq < al0)* (1) > (3.60)

where /() is given by (3.55).

Inserting (3.60) into (3.58), we have the following form for the spec-

trum,

where,

and

S(t,D,T) = 2Te~ 2 [n(0)]J1 (1) |?
+Q5la(1)]?

—2Q0Im(a(0)J: (£)J(t)] (3.61)

e(l_'—-iD)t —-1
t o
Jo(t) = [eT=DN ("’ (3.62b)
0
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Effect of pulse shape, through 7(¢) in J5(¢), is shown in the last two
terms in (3.61), while the first term is only associated with the initial aver-
age photon number , n(0), of the HO.

Three cases of initial conditions of the HO, to be considered , namely:

(a) The HO is initially in the zero (vacuum) number state |0 >,n(0) =

0,a(0) =0, so (3.61) is reduced to,
So(t,D,T) = 2I'Q2e 21115 (£) % . (3.63a)

(b) The HO is initially in the number state |n > (n # 0),
n(0) = ng,a(0) =0, and (3.61) is reduced to,

Sno(t,D,T) = 2™ (no| 11 (1) 2 + Q3|12 (1)[*) . (3.63b)

(c) The HO is initially in the coherent state | ¢ >,
n(0) = |a|?,a(0) = «, and (3.61) is of the general form,

Sa(t,D,I') = 2Te =" [Ja? |1 (1)
+Qf| (1)
—2QoIm(aJ; (¢)J2(1))] . (3.63¢c)
The general expression (3.57) for the averaged photon number of the
HO and (3.63) for the corresponding transient spectrum are examined an-

alytically and computationally in the following chapter in the special case

of pulse shapes, namely, squared-sine pulse.
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CHAPTER 4
RESULTS: SQUARED-SINE PULSE CASE

4.1 The Pulse Shape

The case of the pulse field of envelope form,
f(t) = sin*(nogt); n=1,2,........ (4.1)
= sin®(nt); T = Wot

represents a pulsed laser field of sequential n-pulse in the period [0,n7]
with (7) is a one pulse duration (see Figure 4.1). Note, in view of the inter-
action terms, f(t)e™*® in eq (3.49), nay is known as the beating frequency
of the oscillating pulse, while @y, as noted below eq (3.4a), is the frequency
of the pulse envelope. In electrical engineering context, this is known as
rectified full-wave or "hum", which allows more electrical current to flow
in one direction than the other (i.e. it converts alternating current, a.c., to

direct current, d.c.).

0.8+

0.6
f(m)

0.4+

Figure 4.1
Plot of f(t) against T in period [0,57]
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With the pulse form (4.1), the integration (3.55) is now given as follows,

t

I(t) = [ f(")e A ar’

0

t

= [sin®*(w,t")e ™" 4t s Wy = Ny

1. Sin(2out)
5(t— A=0
2( 260” ) )
=<
I, +il; ,AF£Q
where, for A £ 0,
sinAt 1 sin(2w, — A)t
L= — = A— —A
=38 gl 2o A ( )

Ih_cosAt—l 1
2A 4

cos(2w, —A)t —1
20, — A

(

and |I(t)?=1>+17.

4.2 Average Photon Number

There are two main cases to examine:

(A —

(4.3a)

—A)) (4.3b)

(4.3¢)

(A) The two cases of averaged photon numbers n(t) with initial condition

‘in the vacuum |0 > and number In > states of eq (3.57 a,b) can be com-
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bined in one form, namely,
n(t) =no+QG1(t)?

where ng=0inthe |0 > — state, ng # 0 in the |n > — state. Define

the scaled quantity for the photon number,

=|I(7)? (4.4)

where Qf = Qo/my is the normalized Rabi frequency and the normal-
ized quantity |I(7)|> = w3|I(2)]?.

In the resonant case (A = 0), Figure 4.2(a), N;(¢) shows a slowly
monotonic growing behavior. This means that at exact resonance, hav-
ing started initially the HO in a fixed |n > — state; n > 0, the interaction
with the pulse causes the HO to shift to higher energy states. This is unlike
the non-resonant case (A # 0, Figure 4.2(b)) where the oscillatory behavior
is a result of the dispersion, i.e. mismatch between the frequency ay of the

HO and that of the pulse envelope (wy).

Note for small |A;| = \%\ = 1 (Figure 4.2(b)) each single pulse has
duration of 277, whereas with larger |A;| = 10 the oscillation increases with

each pulse of duration 7, as that of the original applied pulse (Figure 4.1).
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Ni(7T)

Figure 4.2(a)

Plot of Ni(7) against T for A| =0

(b)
(.8
0.6+
J\‘Tl (T)
0.4+
) j U
(}.I T T T T H
0 n 2n in ix SR
T
Figure 4.2(b)

Plot of Ny (7) against 7 for |[A1| =1
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(B) In the case of initial coherent state |a >, the averaged photon number

neq(t) is given by (3.57¢). Define the scaled quantity,
No(t) = |a? + Q¢ |I(7) > +2Q4Im(a*I(1)). (4.5)

For real a = 1,!26 = 0.1 and resonant case( A = 0, Figure 4.3(a))
Ny (7) resembles that of Figure 4.2(a) in vacuum or number state. In the
non-resonant case and small A; = £1, Figure 4.3(a) Ny (7) shows the os-
cillatory behavior with however different phase that depends on the sign
of A; ( compare Figure 4.3(a) with Figure 4.2(b) ) due to the effect of the
initial amplitude (o).

Increasing A1 = 10 (Figure 4.3(b)) has the effect of increasing the en-
velope oscillations (each pattern of period ) as well the amplitudes of the

beat oscillations. The case of A; = —10, is the inverse of Figure 4.3(b).

1.00-
0.95+4
0.90+

No(r)

0.85-

0.80+

o5

Figure 4.3(a)
Plot of Ng(7) with real ot = 1, = 0.1 and for
A1 = 1(full line),—1 (dotted line).
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(b)

0.995 “
0.990-
0.985-

Nalm) g 9801

ulimin
e A

0.965

o
=

2n in 4 S5n

i

Figure 4.3(b)
As Figure 4.3(a) but for A} = 10

For complex a = |a|e’® (0 < 0 < «) with|ar| = 1,Q( = 0.1, in the
resonant case (A = 0), Figures 4.4(a,b) show the effect of the coherent
phase 6 = 7,7 in both cases Ny () shows monotonic decrease with lesser
rate for @ = £ compared with that for & = Z. In the non-resonant case
(A # 0) the various coherent phase 8 has a pronounced effect: for small
la| =1, 8 = T (Figure 4.4(b)) the oscillation peaks of period 27 has its
peaks and minima skewed. For 8 = % (Figure 4.4(c)) the skewness occurs
only in the peaks structure. With larger |a| = 10, 8 = %, the skewness turns
to pronounced envelope and beating oscillation (Figure 4.4(d)).

The regularity of these oscillations occurs with phase 8 = 0 or 7 (i.e

real o).
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Figure 4.4(a)
Plot OfNa(T),Al = 0’ 9 — %,%

1.004
0.98:
0.96':
{}.94:
{}.92-:

No(7)
0.90

0.88

0.86-

0.84+

0824 "

oy e

Figure 4.4(b)
Plot of Ny () for A; = 1(full line),—1 (dotted line),6 = Z.

42



0.98
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Figure 4.4(c)

As Figure 4.4(b) but for [A;| =1,0 =7

“ﬂ | ﬂ | “ | “ |

Nal(T) 9984

e ————

@.997-: I w " | | ” P “ u

Figure 4.4(d)
As Figure 4.4(c) but for A} = 10
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4.3 Transient Spectrum :

In the general case of the HO in the initial | > — state, the transient

scattered spectrum is given by eq (3.63c), namely,
Sa(t,D,T) = 2Fe~M[|a 2|1 (1)

+Qg 11 (1)

—2QoIm(oJ; (t)J2(1))] (4.6)
with,
e(r——iD)t -1
Ji(1) = =)’
t
Jz(f) _ fe(F—iD)t’ I* (t/)dt’
0
(1 sin(2wyt) _
—z"(f - ‘—2—'(17‘) ,A =0
I'(t) = <
I, —il; ;AF£Q

and /I,,I; are given by (4.3a,b). Hence, J5(¢) is given explicitly for A =
0,A # 0 as follows,

1 1 ' 1
_ . (C—iD)t
J2.a=0(7) 2(T—iD) [(f T iD))e + (T— iD)]
i [ (er-iD-20.) _1
+ o T—iD—2a,) — same, @, — —, | (4.7a)
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and,

7 —j | eT=iD=A)t _ 1  ,T=iD)t _q
aroll) =55 | = i(D-A)  T—iD
—i cT=iD120,-A))t _ 1 (=D} _
+[4(260n—A) I—i(D+2w,—A) T —iD
+same, @p — — ] . (4.7b)

Now,we consider the following three cases of initial state of the HO.

4.3.1 Vacuum State

In this case o, |ct|?> — 0, and the spectrum formula (4.6) reduces to
So(t,D,T) = 2 21Q2| 1, (1) . (4.8)

In general, the analytical expression for the spectrum is too lengthy
to write down. In the special case of resonance (A = 0), the expression is
given in the Appendex (C). A general look at this expression shows that
the spectrum structure comprises Lorentzians, dispersive-line shapes and
their narrowed shapes centered at D = 0,42, with interference terms
and oscillating weight coefficients: cosDt,sinDt, cosD_t, sinD+t with
Dy =D+2w,.

The normalized spectrum So(D) = So(¢,D,I") /max(Sy(¢t,D,T")) which
is independent of the pulse strength g, is plotted against the normalized
detector’s detuning D’ = D/T" for fixed normalized detector’s width IV =
['/ @y and detection time T = apt. For T=m,I" = 0.04, A’ = 0 (resonance

case) the spectrum is symmetric and develops from a single Lorentzian
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at D' = 0 for n = 1 (single pulse), Fig (4.5a), to a Lorentzian with sur-
rounded two small side bands for n = 2 (two pulses), Figure 4.5(b), and to
a Lorentzian surrounded by oscillations and very weak side bands at larger
|D’| ~ 250 with larger number of pulses (n=5), Figure 4.5(c). These os-
cillations are due the larger number of sequential pulses over the period
[0, m]. For larger T = 107;n = 1 (So, 10 sequential pulses in the period
[0, 107]), the spectrum So(D) shows a dominant single peak at D’ = 0 with
ultra-weak side bands at large |D'| ~ 50 (Figure 4.6).

In the off-resonance case A’ = 5, —5, the main peak shifts to the right
(left) (Figure 4.7(a)) with weak asymmetrical side bands and dispersive-
line shapes (Figure 4.7(b)).

1— {a) n
I'"=0.04

T=7
n=]1
AT =0

S(D*

L

50 0 500
Figure 4.5(a)

The normalized spectrum with initial vacuum state Sy(D’) versus the
normalized detector’s detuning parameter D' at exact resonance
(A" =0) and normalized detection time T = 7 for

a single pulse (n =1).
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i ﬁ
I7=0.04

=N
n=2
A’ =0

S (D'

o dN

-500 0 500

D'

Figure 4.5(b)
As Figure 4.5(a) but for two pulses (n = 2)

I''=0.04
T=T .
n=5 $(6)
A'=0 l
$(6) i "
¥ .
-500 ] S
Dl

-500 0 500

Figure 4.5(c)
As Figure 4.5(a) but for (n = 5)
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Figure 4.6
As Figure 4.5(a) but for 7 = 107

A'=0

0 T 7 i

20 0 20

Ed’

Figure 4.7(a)
As Figure 4.5(a) but for 7 = 107 and various A’ = 0,5, -5
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0.003— (b)

=004

1=107

n=1
ArT=5eoes
e —

5,(D")

-100 100

Figure 4.7(b)
The zooming of the spectrum So(D’) in Figure 4.7(a) for the

cases A’ =5,-5

4.3.2 Number State

In this case o — 0, |ct|> — ng and the spectrum formula (4.6) has the

form,

Spy (t,D,T) = 2Te=2T [ng|J1 (2)|? + Q3|2 (1) |?] (4.9)

which has an additive term in np|J1 () |>( to the previous case of eq (4.8))that
comprises the same structure line-shapes as that of the second term in
Qo|J2(¢)|? . The balance between the two terms in (4.9), namely in ng and
Qo, is illustrated in Fig (4.8) in the off-resonance case (A’ # 0) for equal

weights ng = Q) = 1,(Qy = %‘) where the normalized spectrum Sy, (D’)
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is essentially symmetric and the oscillations around the central peak are
relatively prominent. For stronger pulse strength Qf > ng, the spectrum

becomes asymmetric near the tail of the central peak.

n=1

= os nEQEl —
1=10% n=1,0510--
AT =5

S(0")

~20 0 20

Figure 4.8
The normalized spectrum S,,,(D’) with initial number state at
T =107,n = 1,A’ = 5 and for different pair values of

(n0,€27).

4.3.3 Coherent State

In this case, the spectrum is given by the full expression in (4.6), where
the last term represents an inference between the initial amplitude parame-
ter (o) and the normalized pulse strength ().

For fixed parameters I" = 0.04, 7 = 107, n = 1 we notice the follow-

ing structures for the normalized spectrum S (D'):
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(a) For real a, the balance between the pair of parameters (@, ) is
shown at resonance (A’ = 0) in Figure 4.9(a), where Sq(D’) is symmet-
ric with the weak oscillations fade away for j > . The corresponding
results in the non-resonant case (A’ # 0) are shown in Figure 4.9(b,c):
asymmetry with additional smaller peak at D' = A’ = 5 is emerged for
Qg > o (Figure 4.9(b)). The opposite value of A’ = —5 only causes lit-
tle asymmetry in the weak oscillations with Qg > o (Figure 4.9(c)). For
fixed pair values of (Qy, o) with Qg > o, changing the detuning parameter
|A’| causes either shifted symmetrical , (Figure 4.10(a)), or asymmetrical ,
(Figure 4.10(b)), splitting in the main peak that depends on how small the

initial value of the parameter .

31
=004
T=10m

==
e

0=2,0=0.6325

840"

Figure 4.9(a)

The normalized spectrum Sq (D) with initial coherent state
o(a = real) for the same data of Figure 4.6 and

different values of (Qf), o)

51



3..
Ak
Q/D;{M,(x:’l
0 Q/‘/\'\‘ Q\%CL“—“I
—25 25
D r
Figure 4.9(b)

As Figure 4.9(a) but for A’ = 5
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Figure 4.9(c)
As Figure 4.9(a) but for A’ = —5
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Figure 4.10(a)
As Figure 4.9(a) but for ([, o) = (2,0.4) and various A’ = 0,5, -5
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Figure 4.10(b)
As Figure 4.10(a) but with o = 0.6325
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(b) For complex & = |at|e'?, the phase parameter 6 has a pronounced

effect compared with the case of real o(6 = 0) of Figure 4.9. This best
shown in Figure 4.11 for 6 = % and Qj = 5,|a| = 0.6325 and varied val-
ues of |A'| =0,0.1, 2.

At exact resonance (A’ =0) the dominant single peak (for 8 = 0) splits
into two peaks (hole burning) with pronounced oscillations in the spectrum
wings. In the non-resonant case (JA’| # 0), the hole burning structure be-
comes asymmetric with lesser oscillations and washes away with larger

values of |A'| > 1.

3 =004

=10n

n=]
Q=5,|00=0.6325
O=n/2

S4D')

A'=0

-20 0 20
Figure 4.11

As Figure 4.9 but with Qg =5, || = 0.6325,0 = 7
and versus |A’| = 0,0.1 and 2
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4.4 Conclusion and Future Work

The main concern of the study in this thesis is the theoretical study
of quantum mechanical model composed of a single harmonic Oscillator
(HO) coupled to a sequential pulsed field of sin’-shape.

Specifically, the transient emitted spectrum was investigated in the ab-
sence of any dissipation processes. Exact analytical expressions are derived
for the mean photon number of the HO and the transient spectrum with ar-
bitrary detuning for three initial conditions of the HO, namely, vacuum,

number and coherent states. The main results are:

(1) The mean photon number of the HO, with initial vacuum state (or num-
ber state) follow the same pattern of oscillatory behavior as the driving
pulse for large detuning parameter. For the initial coherent state, the mean
photon number of the HO shows increasing envelope oscillations with ir-

regularity and asymmetry due to the phase of the initial coherent state.

(i1) The transient spectrum with initial vacuum state at exact resonance is
symmetric and develops from a single Lorentzian pulse to a single Lorentzian
surrounded by weak oscillations in its tail with larger number of pulses.
With initial number state |ngy >, the balance between the initial excitation
(np) and the strength of the driving pulse is to relatively amplify the oscil-

lations in the wings of the single Lorentzian. For initial coherent state of

phase 6, the spectrum at exact resonance is symmetric for both 6 = 0,7,
with "hole burning’ structure in the Lorentzian peak and pronounced oscil-
lations in the latter case of 8 = Z. The ’hole burning’ structure becomes

asymmetric and washes away for larger detuning parameter.

(iii) In principle, detection of the extra weak peak structure in the spectrum
and its oscillatory pattern due to larger number of sequential pulses is pos-

sible in the light of experiments detecting ultra-weak signals (Vahlbruch
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2008). Also, such ultra-weak spectrum signals are much used in optical

signal processing ( Mabuchi 2011).
Finally, future work of the studied model may include:

(a) Other shapes of pulse-trains (e.g. Chirped Gaussian pulses, Train of
Dirac o-functions,....).

(b) Time-dependent coupling of two quantized harmonic oscillators.
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APPENDIX A
EQUATIONS OF MOTION

There are two basic pictures where the quantum system can be de-

scribed dynamically, namely, Schrédinger and Heisenberg pictures.

(1) Schrodinger’s Picture:

In this picture, the quantum system state vectors are changing with
time, while the operators are fixed.

Along the lines (and assumptions involved) of Dirac (Dirac 1981)
(also see (Louisell 1973)), we outline the derivation of the time-dependent

Schrodinger’s equation of motion as follows.

(a) Let the state ket vector |t > is a particular state of several states of the

system.
(b) Assume the state |z > determines |t >;fp < 7.

(c) The state |t > is generated from the state |ty > via a linear operator 7

(that depends on (¢) and (1)),

|t >=Tlty > (A.1)
(d) Assume the length of the states |t > and |ty > are equal,

<ttt >=<tyltg > . (A.2)

Using (A.1) into (A.2), we have



~>
—0—'4
~
[l
~
~)
—t
Il
[W—

(A.3)
and so T is a unitary operator,
T =(TH"1, 7T = (1)1,

i.e. T is invertible.
The main property of the unitary operator upon transforming from
|t >— |t > is that it preserves the orthogonality and length of the state

vectors.

(e) In the infinitesimal (continuum) limit case, assume the following limit

exists,

—C—i—|t >= lim >~ >

A4
dty =ty t—1y AD
. T—-1
= llm[_no(—‘_‘) lt() >
r—1p
= fl It() > (A.5)
where we have used (A.1).
Denoting the limit operator,
T—1. .
li =T;
imy 4 ( It )

and use Taylor’s expansion to first order in (t —#() (linear approximation)

we have ,

N S

T =14+(t—10)T7 . (A.6)



(f) Using (A.6) into (A.3), we get,
(14 (¢ —1) ) (1+ (1 —10)T1) = 1
(t —to) (T} + Tl)-: 0, toO(t—1).
So, Tf+Ti=0 . (A7)

Hence 77 is a pure imaginary linear operator.

(g) For physical consideration, the limit operator is taken as,
Ty = (in) 1H (1) (A.8)

with 7 is the (reduced) Planck’é constant and H is the total (real) energy

operator of the quantum system.

Thus, (A.5) and (A.8) give,
ns lto >=H(to)|to >
Iin— =
dt() 0 0/1*0

Changing 7y — ¢, |t >— |y(¢) > we have Schrodinger’s equation of
motion for the state |y(z) >,

d A
ihg}“/’(t) >=H|y(t) > . (A.9)

(h) if A is time-independent (conservative system), the formal solution of

(A9) 1s,



y(e) >= e~ 1|y (0) > (A.10)

: : : h10
with the unitary evolution operator e~ H,

(2) Heisenberg’s Equation:

In this picture, the system operators are changing with time while the

state vectors are kept fixed. The quantum average of any operator O(¢) in

the state |y/(r) > is,
< O(t) >=< y(1)|0s| (1) > (A.11)

where O; represents the fixed operator in the Schrodinger picture. Using

(A.10) and its bra equivalent, we get,

< O(t) >=< y(0)|e B Oy 'H |y (0) > (A.12)
=< y(0)[On ()| y(0) > (A.13)

where,
Op(t) = e Ht )i At (A.14)

represents the time-dependent operator in Heisenberg picture. Differenti-

ating (A.14) with respect to (¢) (keeping operator ordering), we get,
A a—17y, A =17, A A 3:=17y, A .2 —1 7y
zh%OH(t) — elh HtOS€—lh HtH_Helh HtOse—zh Ht

= OyH —HOy



= [On(1),H) (A.15)

Note, if the commutator [O(r),H] = 0, then Op is a constant of the

motion.



APPENDIX (B)
THE COMMUTATOR [4, p] = if

The Heisenberg equation of motion, (A.15), can be alternatively achieved
using Bohr’s correspondence principle (Newing and Cunningham 1967).
This principle, as one of the postulates of quantum mechanics, is spelled as
follows.

Within classical mechanics, the equation of motion for a dynamical
variable a(t) (for simplicity of one degree of freedom) in terms of the total
Hamiltonian H = H(q, p) has the form ,

da

— =laH} (B.1)

where,

dadH JdadH

{a,H} = 9q9p 9pog (B.2)

is the classical Poisson bracket.
The transfer from classical mechanics, eq (B.1), to the corresponding

(operator) quantum mechanics, the following replacement is used,

~ N

a—A, H—H

and

A

1 "
{a,H} — ZTF;[A,H] (B.3)

and hence Heisenberg equation of motion (A.15) is obtained.



In general,the classical Poisson bracket for any two variables, u(q,p)

and v(g, p) (for one degree of freedom) is defined as,

Judv Jdudv
If u = g and v = p then (B.4) gives,
{g,p} =1 (B.5)

and hence according to the correspondence principle, (B.3), we have the

commutator relation,

4,p]=in . (B.6)



APPENDIX (C)
ANALYTICAL EXPRESSION OF
EQUATION (4.8)

The explicit analytical expression for the spectrum Sy(z,D,T") with

initial vacuum state, eq (4.8), is given below.

So(t,D,T") = 1T Q3(A2 + A2) (C.1)
with,
I't cos Dt 4 Dt sin Dt
A=
(2 +D?)
1 0 s 2 2
+(_I:Q:DT)2((F —D")e '+ (I'" — D) cos Dt
+2I'Dsin Dt)
+[ ! (D e“F’+FsinD t+D_cosD_t)
40,(T?+D_2) "~ -7 -
+(same, @, — — )], (C.2)

A, — Dtcos Dt —I't sin Dt
T2+ DY)

1

m (2FD€_Ft + 2I'D cos Dt

-+

—(I'> — D?)sinDr)



1

iy :
40,(T2+D_2) (—=Te " "4+T'cosD_t+D_sinD_t)

+]

+(same, 0, — — )], (C.3)

where D_=D-2w, ®,=nay.
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Exact analytical results are derived for the coupled system of nondissipative single mode

quantized harmonic oscillator (HO) and arbitrary pulse shape. Specifically, for a sin?-

pulse shape, the transient fluorescent spectrum is obtained in the general case of initial
coherent state |«) of the HO. The dominant central Lorentzian is surrounded by weak
oscillations due to the larger number of sequential pulses which get amplified asymmetri-
cally in the nonresonant case as a result of balancing and interference processes between
the initial excitation (|o?]) and the strength of the exciting pulse. Further pronounced
oscillations is noticed with “hole burning” structure in the central peak due to nonzero
phase of the initial amplitude («).

. . . . 2 .
Keywords: Quantized harmonic oscillator; sin“-pulse; transient spectrum.

1. Introduction

Quantal investigation of the scattered radiation of coupled systems of radiation-
matter or radiation-radiation reveals information about its emitted frequencies, as
well the energy change in the original (matter or radiation) due to such interaction
(e.g. Refs. 1 and 2). Specifically, short (pico- or femto-second) laser pulses exciting
nondissipative atomic systems has its crucial roles in ultrafast devices or spectro-
scopic applications® and coherent population transfer*® and the recent trend to
manipulate emission and absorption radiation processes to achieve superposition of
atomic coherent state, which is a basic element in quantum information processing
and quantum computation.™® Various shapes of laser pulses coupled to the simplest
nondissipative 2-level atomic system have been theoretically examined in the liter-
ature.?16 On the other hand, the coupling of nondissipative single mode quantised
harmonic oscillator (HO) with multi-mode rectangular laser pulses have been

+ .
*Corresponding author.
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investigated in Ref. 14 within and without rotating wave approximation (RWA),
where fast oscillatory processes are concerned.
The pulsed-driven HO can be viewed in two ways:

(i) A fundamental example of radiation-radiation interaction where the HO rep-
resents a single mode of the quantized em field in a Fock (number) or coherent
state representation. A

(i) A limiting case of many excited atoms contained in a very small volume O(A\?);
X ~ 107 cm, is the optical radiation wavelength.!” Mathematically speaking,
all atoms are assumed to be on the same single site, known as Dicke model.'®
Further, recent study show that nano-biosensors detecting biomolecules are
physically justified to be modeled as a perturbed HO (see e.g. Refs. 19, 20 and
references therein). With this in mind, we study the pulsed-driven (quantized)
HO where the exciting laser pulse is of sin®-shape, i.e., sequential many-pulses.
The main goal is to investigate the dynamics as well the transient scattered
(fluorescent) spectrum.

The paper is presented as follows. In Sec. 2 to follow, we present the Hamil-
tonian model and the formal operator solutions of the corresponding Heisen-
berg equation for the HO variables, and hence the analytical expressions for
the mean photon-number and the transient spectrum, for arbitrary pulse shape.
The explicit calculations and computational results in the case of sin-pulse are
presented with different initial states of the HO for the mean photon number
and the transient spectrum in Secs. 3 and 4, respectively. A summary is given
in Sec. 5.

2. The Model Hamiltonian and General Solutions

The Hamiltonian model representing the interaction of a single quantized (nondis-
sipative) HO with a (classical) laser pulse within the RWA is of the following form?*
(in units of i = 1):

H = wod a+ Qo f(t)(aTe ™t 4 ae™r?), (1)

where wq is the HO frequency, wy, is the oscillating frequency of the pulse envelope,
f(t) is the pulse shape (real) function and )y is the pulse strength (Rabi frequency).

The HO operators @ and a' are the annihilation and creation operators, respec-
tively, obeying the commutator algebra, [a,a'] = 1.

The first term of the Hamiltonian (1) is the unperturbed Hamiltonian of the
HO — apart from the constant term %ﬁw which does not affect the dynamics —
while the rest of terms (in €)y) represent the interaction Hamiltonian between the
HO and the pulse. Heisenberg equations of motion for the operators a and a'
according to the Hamiltonian (1) are of the form,

a = —iwga — Qo f(t)e™ L,
(2)

A iwpa! + Qo f(t)ert.
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2.1. Arbitrary pulse shape

The formal operator solutions of (2) for arbitrary pulse shape f(t) are

where

-t
a(t) = a(0)e” 0t — jQpe Wt /’j(tﬂe‘ugﬂdﬂ

J0
= e "OTA(L), (3a)
al(t) = e™ot At (1), (3b)

~ .t . ’
A(t) = a(0) =i [ f(te B dt, (4)
J0

and A = (wr, — wy) is the frequency detuning parameter.

(1)

(i)

The mean photon number n(t) = (a7 (t)a(t)) of the HO, in an arbitrary state B
is then given by

n(t) = (a"(0)a(0)) + Q2|1()[2 — iQ((aT(0))I(t) — c.c.), (5)

where c.c. stands for complex conjugate, and

I(t) = /O F(e B gy, (6)

The first term in (5) represents the initial mean photon number of the HO,
while the second term in 2 represents the intensity of the (classical) pulse.
The last term in (5) represents the change in the photon number n(t) (i.e.,
energy) due to the exchange of initial amplitude (a7(0)) of the HO with the
driving pulse.

In the general case of initial coherent state |a) for the HO, Eq. (5) takes
the form

ng(t) = |af® + Q317 + 2QIm(a” I(t)). (7)
For initial vacuum state |0), (7) is reduced to
no(t) = Q) (8)
while for initial number state |n,), (7) reduced to
N, (1) = ng + Q2|1(1) 2. 9)

The transient fluorescent spectrum in terms of the auto-correlation function
(af(t1)a(ts)) is given byl4:2!

Wt 1
S(up,r):zr/ dtl/ dtgeTH DIt (SU=iD)(t=t2) 4T (1) A(t,)),  (10)
J0 0

where D = w — wy is the frequency mismatch between the frequency (w) of the
instrument photon detector and the frequency (wg) of the HO and I is the detec-
tor’s width (i.e.. I'™! is the life-time or time-duration of the detected photon
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in the instrument). The function (Af(t;)A(t2)), with AT (and its adjoint) given
in (3), is the auto-correlation function for the shift (creation and annihilation)
operators.

In the general case of initial coherent state |a) for the HO and using (4) and its
adjoint we get the following expression:

(AT (1) A(ta)) = |02 + Q3T (4) I (t2) + iQo(aI* (t1) — a* I(t2)). (11)
Inserting (11) into (10), we have the following form for the spectrum:

Se(t,D,T) =2Te 2" [|a?|J1(1)|? + Q3|12 (t)]* — 2QoIm(ad; (8).J5(2))],  (12)

where
t
Jl — / @(I‘_iD)t/dt/
0
(T'—iD)t 1
e
) E—— 13a
T—iD (13a)
and
¢ o
Jy = / eT=iD)Y 1= (1) gy (13b)
C
For the initial vacuum state |0), (12) reduces to
So(t, D, T) = 2I'02e 27, (1) %, (14)
while for the initial number state |n,), (12) reduces to
Spo(t, D, T) = 2Te ™M (n, |1 (1) 2 + Q2| 12(D)]?). (15)

Effect of the pulse shape is shown through the terms in J5(¢) in the three cases of
Sa(t), So(t), Sn,(t), Egs. (12), (14) and (15), respectively, while the terms in J; (¢)
are associated with the nonzero initial mean photon numbers
cases Su(t), Sn,(t), Egs. (12) and (15), respectively

al?, n, in the two

. 2
2.2. sin“-pulse shape
The case of the pulse field of envelope form
f(t) =sin®(nwot); n=1,2,....

=sin*(n7); T =wot (16)
represents a pulsed laser beamn of beating frequency nw, in the period [0, n7] with
(7) is @ one pulse duration (see Fig. 1). Equivalently, (16) describes a series of
sequential pulses with one pulse lasts from mnm — (m + 1)m; m = 0,1,2,.... In
electrical engineering context, this is known as rectified full-wave or “hum”, which
allows more electrical current to flow in one direction than the other (i.e., it converts
alternating current, a.c., to direct current, d.c.).
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si;‘f(n’:}

, \

1

0 T Sn

Fig. 1. Plot of f() = sin?(n7) against 7 = wot in the period [0,57].

With the pulse form (16), the integration (6) is now given as follows:

/ Ft)e B gt

7
— 22 !
= / sin® (wnt ) AUt D Wy = NWy

0
1 sin(2wy,t)
—{t——2), A=0
— ¢ 2 ( 2y, >

where
sin At 1 [/sin(2w, — A)t N
T oA 4 < 2wy — A (A= _A>>’ (182)
cosAt —1 1 [cos(2w,, — A}t —1
I = oA + 1 5o A — (A — —A)) (18b)
and

|I(t)]* = I? + I?. (18c)

The expressions (7)-(9) for the mean photon number of the HO and for the corre-
sponding transient spectra (12), (14), (15) with (17) and (18) are examined ana-
lytically and computationally in the following two sections in the special case of
squared-sine pulse shape.
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3. Mean Photon Number

There are two main cases to examine:

(A) The two cases of mean photon numbers n,(t),n,, (t) with initial condition in

the vacuum |0) and number |n,) states of Eqgs. (8) and (9), respectively, can
be combined in one form, namely

n(t) =ng + Q3I(t)|?, (19)
where ng = 0 in the |0)-state, n, = n,, # 0 in the |n,)-state. Define the scaled
quantity for the mean photon number
n(t) — ng

07

Ok
max [I(7)|2’

1‘7\JT1 (f) —_

(20)

where €, = 2 /wp is the normalized Rabi frequency and the normalized quan-
tity |1(7)|* = wg|I(t)|? is independent of the pulse strength Q2.

In the resonant case (A = 0), Fig. 2: full line, N;(7) shows a slowly mono-
tonic growing behavior. This means that at exact resonance, having started
initially the HO in a fixed |n)— state; n > 0, the interaction with the pulse
causes the HO to shift to higher energy states. This is unlike the nonresonant
case (A # 0, Fig. 2) dashed and dotted lines, where the oscillatory behavior
is a result of the dispersion, i.e., mismatch between the frequency wq of the
HO and that of the pulse envelope (wy ). Note for small |A;| = [%ﬁ’ =1, each
single pulse has duration of 27w, whereas with larger |A;| = 10 the oscillations
increase with each pulse of duration 7, as that of the original applied pulse
(Fig. 1).

In the case of initial coherent state |a), the mean photon number n, (¢) is given
by (7). The scaled quantity

Na(t) = lo* + QF [1(7)]* + 205 Im(a” (7)) (21)

now depends on the normalized pulse strength parameter (2.

For real a = 1, and resonant case (A = 0), N, (7) resembles that of A =0
in Fig. 2 in vacuum or number state. In the nonresonant case and small A; =
+1, Fig. 3 N, (7) shows the oscillatory behavior with however different phase
that depends on the sign of Ay due to the effect of the initial amplitude («),
Al =1).

Increasing A; = 10 (Fig. 3) has the effect of increasing the envelope oscilla-

(compare Fig. 3 with Fig. 2 for

tions (each pattern of period 7) as well the amplitudes of the beat oscillations.

The case of Ay = —10, is the inverse of that of Ay = 10.

For complex a = |«

e’ with 0 = Z |a|] = 1, N4(7) shows monotonic
decrease in the resonant case (A = 0), while in the nonresonant case |[A;| = 10,
it shows oscillations of weak amplitudes and of period 27 (Fig. 4). With larger
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N.(1)

:
.
:

O.’

Fig. 2. Plot of Ni(r) against 7 for A; = 0 (full line), |A;| = 1 (dashed line), 10 (dotted line).
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Fig. 3. Plot of Na(7) with real o = 1, and for A; = 1 (full line), 1 (dotted line), 10 (dashed
line) with Qf = 1073,
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1”-.

N@

0.998 -

T

Fig. 4. Plot of No(7) for |af = 1, § = Z,A] = 0 (full line), [A]| = 1 (dotted line), with
Q) =1073.

la] = 10 and 6 = Z,|A;| = 10, the weak oscillations in Fig. 4 turn to pro-
nounced envelope and beating oscillations qualitatively similar to that of Fig. 3.
Note that, the regularity of the oscillations occurs with phase § = 0,7 (i.e.,
real o).

4. Transient Spectrum

In the general case of the HO in the initial |a)-state, the transient scattered spec-
trum S, (t, D,T') is given by Eq. (12) with J; 5(¢) given by 13(a) and 13(b), respec-
tively. With the use of (17) into (13b) we have .J5 is explicitly given in the resonant
and nonresonant cases as follows:

i [(G(F—i(D~‘2wn))t —1)

" T — (D — 2un)

— same, (w,, — —wﬂ)} (22a)

8w,

and

—1 (;‘(\F_i(D“A))t —1 e(FviD)t -1
Ja azolt) [

T2A | T-iD_-A)  T-iD

N —q e(F—i(D+2w-,,~A))t 1 e(F-—iD)t -1
12wy —A) \ T —i(D+2w, —A) L —4iD

+ same, (w, — —wy) ] : (22b)

Now, we consider the following three cases of initial state of the HO.

1450052-8



Transient spectrum of sin®-pulsed driven IO

4.1. Vacuum state

In this case a, |a|> — 0, and the spectrum is given by (14). In general, the analytical
expression for the spectrum is too lengthy to write down. A general look at this
expression shows that the spectrum structure comprises Lorentzians, dispersive-line
shapes and their narrowed shapes centered at D = 0, +2w,,n =1,2,... with inter-
ference terms and oscillating weight coefficients: cos Dt, sin Dt, cos D+t, sin D=t;
with Dz = D F 2w,

The normalized spectrum Sy(D) = Sy(t, D,T")/max(Sy(t, D, I')) which is inde-
pendent of the pulse strength €2y, in this case is plotted against the normalized
detector’s detuning D" = D/T" for fixed normalized detector’s width I = T'/wy and
detection time 7 = woyt. For 7 = 7, I = 0.04, A’ = 0 (resonance case) — Fig. 5 -
the spectrum is symmetric and develops from a single Lorentzian at D’ = 0 for n = 1
(single pulse) to a Lorentzian with surrounded two small side bands for n = 2 (two
pulses), and to a Lorentzian surrounded by oscillations and very weak side bands
at larger [D'| > 250 for larger number of pulses (n = 5). These oscillations are due
the larger number of sequential pulses over the period [0, 7].

In the off-resonance case A’ = 5 —5 with 7 = 107, the main peak shifts
to the right (left) with weak asymmetrical side bands and dispersive-line shapes
(Fig. 6).

2.015

21
$(0)
.- (b} n=2
0- {;’1) . F‘l:;
-500 o 500

Fig. 5. The normalized spectrum with initial vacuum state So(D") versus the normalized detec-
tor’s detuning parameter D’ at exact resonance (A’ = 0) and normalized detection time r = =
for different pulses n = 1,2, 5.
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Fig. 6. The zooming of the spectrum So(D’) for the cases A’ =5, —5 and 7 = 107.

4.2. Number state

In this case o — 0,|a> — ng and the spectrum is given by (15), which has an
additive term in ng|J1(t)[? to the previous case of Eq. (14), namely, Q2| J5(t)|2. The
balance between the two terms in (15), namely in ng and €, is best illustrated in
Fig. 7 in the off-resonance case (A’ # 0) for equal weights n, = ¢ 0=1Q = (—;:—)
where the normalized spectrum S,,, (D') is essentially symmetric and the oscillations

around the central peak are relatively prominent. For stronger pulse strength Qf >
ng, the spectrum becomes asymmetric around the right side of the central peak.

4.3. Coherent state

In this case, the spectrum is given by the full expression in (12), where the last
term represents an inference between the initial amplitude parameter () and the
pulse strength ().

For fixed parameters IV = 0.04,7 = 107 and n = 1, we note the following
structures for the normalized spectrum S, (D'):
11
(e]

(a) For real o, the balance between the pair of parameters (a, (2) is best shown
in the nonresonant case (A’ # 0) — (Fig. 8) — where S, (D’) has asymmetry
with additional smaller peak at D' = A’ =5 for Q" > . The opposite value
of A" = =5 only causes lesser asymmictry in the weak oscillations with Q> a.
For fixed pair values of (9, a) with Q” > «, changing the detuning parameter
|A’| we have essentially the same qualitative results with shifted syminetrical or
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Fig. 7. The normalized spectrum S, (D) with initial number state for 7 = 107, n = 1, A’ =5

and for different pair values of (ne, Q).

3 I''=0.04
1=10m
n=1
Ar=5

3.0

Q—i 0=0.6325

Q=0.4,0=2

N
A
.

D!

Fig. 8. The normalized spectrum S, (D’) with initial coherent state o(o = real) and different

values of (o, Q).
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(b)

3,

=0.04

1=10n

n=1

ngﬁ Jo]=0.6325
6=n/2

5407)

O-

20 0 20
!

Fig. 9. As Fig. 8 but with Q) = 3, |a| = 0.6325 and versus |A’| = 0,0.1 and 2.

asymmetrical splitting in the main peak that depends on how small the initial
value of the parameter «.

For complex o = |ale’?, the phase parameter 0 has a pronounced effect com-
pared with the case of real a(f = 0) of Fig. 8. This is best shown in Fig. 9 for

0 =% and Q) =5, |a| = 0.6325 and varied values of |A’| =0,0.1, 2.

At exact resonance (A’ = 0) the dominant single peak (for # = 0) splits into
two peaks (hole burning) with pronounced oscillations in the spectrum wings.
In the nonresonant case (JA’| # 0), the hole burning structure becomes asym-
metric with lesser oscillations and washes away with larger values of |A'| > 1.

5. Summary

The transient scattered spectrum of a single (quantized) HO interacting with a

- .9
pulsed laser beam of sin®

shape have been investigated in the absence of any

dissipation processes. Exact analytical expression are derived for the mean photon

number of the HO and the transient spectrum in the resonant and nonresonant

regimes for three initial conditions of the HO, namely, vacuum, number and coherent
states. The main results are:

(i) The mean photon number of the HO, with initial vacuum state (or number

state) has oscillatory pattern as that of the applied pulse with large detun-
ing parameter. With initial coherent state and increasing detuning, the mean
photon number exhibits increase in the envelope oscillations as well in the
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amplitude of the beat oscillations. The regularity of the oscillations occurs
with initial coherent phase § = 0 or m, but skewness and asymmetry structure
occur for 0 # 0.

The transient spectrum with initial vacuum state at exact resonance is sym-
metric and starts with a single Lorentzian pulse (n = 1) and develops to a
Lorentzian with extra two side bands for two pulses (n = 2) and tends to a
single Lorentzian surrounded by weak oscillations in its tails for larger number
of pulses. Oscillations are due to the larger number of sequential pulses. With
initial number state |n,), the balance between the initial excitation (n,) and
the strength of the applied pulse (£27) is to relatively amplify the oscillations
in the wings of the single Lorentzian with asymmetry noted in the nonresonant
case for Q) > n,. For initial coherent state of phase #, the spectrum at exact
resonance is symmetric for both 6 = 0, 5, with “hole burning” in the Lorentzian
peak and pronounced oscillations in the latter case of 8 = 5. With increased
detuning the hole burning structure becomes asymmetric and washes away.

Finally, we note that detecting such weak extra side peaks and oscillations (with

larger number of sequential pulses) in the scattered spectrum should not pose an
experimental obstacle in the light of experiments detecting ultra-weak signal fields

(e.g. Refs. 25 and 26 and references therein).
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