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ABSTRACT

In this thesis, two types of second order elliptic partial differential equations

will be studied. The first type is the following equation

0%u 0%u 0%u

for a function u of Sobolev class W?(Q2). Here A,B and C are measurable

functions on Q with A > 0,C >0 and AC — B2 >0 a.e.

. . . . : (A+C)?
Our main result will be that u is of class C*(2) provided that Ao —5 &

locally integrable on (2.
The second equation we will study is the non-homogeneous p-harmonic
equation

div |Vul|P~2 Vu = div f

1 1
for a function v € WYP(R™), where f € WH9(R") with > + = = 1. Our main
q

result is the following:



THEOREM. Letu be a non-homogeneous p-harmonic function on R™ of class

WLP(R™), where 1 < p < 2. If g(z) = IVU((L‘)IE;_Q Vu(z), then
g € WH(R™, ™)
and the following uniform estimate holds

2=-p
| DgllLa < Clp,n) |flfa™ I DfllLa.

Among other applications, this theorem will be used to establish higher

integrability of Vu.
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CHAPTER I

INTRODUCTION

1.1 Notation.
We begin by reviewing the notation we shall employ. In this dissertation, Q
will stand for an open set in Euclidean space R", for some n. The standard
inner product on ®™ will be denoted by (-,-). If u: & — R™ is a function on

Q, the support of u is defined by

spt u = QN {z: u(x) # 0},

where the closure of a set S C R” is denoted by S. If S C Q, S is compact and
also S C Q, we shall say that S is compactly contained in Q and write S CC .
C(---) will denote various constants, depending upon the listed parameters,
which are not necessarily the same at the various occurrences.

The symbol
B(z,r)={y:|lz -yl <r}
denotes the open ball with center  and radius r. A closed ball will be denoted
by

B(z,r)={y: |z -yl <r}
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Here |- | is the standard norm on R™. Also, we shall employ the same notation
| - | for the Lebesgue measure, since no confusion will arise. When clarity
requires it, we shall write | - |x to indicate the dimension of the measure. If A
and B are two measurable sets with A C B, we say that A has full measure
(in B) if |A| = |B].

The partial derivatives of a function f with respect to a variable z will

be denoted by —g—iﬁ or f;. Also, we will make use of the familiar complex

differentiation operators

and
o _1(o _,90
0z 2\0z oy’
If a = (ay,...,a,) is an n-tuple of non-negative integers, « is called a multi-

indez and we define |a| = 3. ; ;. Higher order derivatives are denoted by

glel

Do = .
8z ... 0ze"

1.2 Function Spaces.
Throughout this work, standard function spaces will be employed. In this
section, we will discuss those spaces and list some facts about them for later

use.



Let m be a non-negative integer, the space of m-times continuously differ-

entiable functions is
Cc™(Q) = {u:u:Q — R, D* is continuous for all o, |a| < m}.

We also define

ce@Q) = ) c™(®).

m=1

Now let £k =0,1,...,00 and set
ck(Q) =Cc*( Q)N {u:sptucc Q}.

Let 0 < 8 < 1. A function u :  — R™ is said to be Hélder continuous with
exponent [ if
lu(z) — u(y)| < Clz —yl°
for some constant C and for all z,y € Q. The space of all Holder continuous
functions with exponent 3 will be denoted by CA(Q). For functions that possess

some differentiability we define
Cllcf(Q) ={u:ueCl(R) and Vu e CP(D) for all compact D C Q}.

The familiar Lebesgue spaces will be denoted, as usual, by L?(?). The
norm on LP(Q) will be denoted by || - [|p,0- If Q is the entire space R", we shall

suppress 2 and write || - ||,. The local Lebesgue spaces are

L () = {u:ueLP(Q) for all Q' CC Q}.
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We denote by LP(€2, R™) the space of vector-valued functions whose coordinate

functions belong to L?(f2). The norm on L?(Q,R") is
”u"LP(Q,FR") = Z ”Ui"p,Q-
1=1

If Q is a bounded set with positive measure and u € L!(Q), we shall denote

the average integral of u over Q2 by

fu—i/u
Q 12| Jo

Now we want to define Sobolev spaces. Before we do that, we need to discuss
the notion of weak derivatives. Let u € L}, (22). For a given multi-index «, a

function v € L}, () is called the o' weak derivative of u if

[ ¢v= (1! [ upeg

for all test functions ¢ € C§°(2). We write v = D*u. Clearly, D*u is uniquely
determined up to a set of Lebesgue measure zero. For notational convenience

we write D%u = u.

DEFINITION 1.1. For p > 1 and k a non-negative integer, we define the
Sobolev space
WEP(Q) = {u: D*u € LP(Q), |a| < k}.

4



The space W*P(Q) is equipped with a norm

lullpk0 = (/Q Z ID"u(x)Ide)

|| <k

which is clearly equivalent to

S ID%ullpa.

lal<k
Furthermore, we set

WEP(Q,R™) = {f = (f1, far - --» fm) : i EWFP(Q),i=1,...,m}.

It is well-known that W*P(Q) is a Banach space. The space WEP(Q) is
defined to be the closure of C§°(f2) relative to the above norm. Local Sobolev

spaces are defined as
WEP(Q) = {u: u e WFP(Q), for all Q' CC Q}.

We record the following theorems on Sobolev spaces for future use.

THEOREM 1.2 (MEYERS-SERRIN). The space
C>®(Q) N W*P(Q)

is dense in WRP(Q).



THEOREM 1.3 (SOBOLEV’S IMBEDDING THEOREM). The space Wm™P(Q)

is continuously imbedded in LI(Q) for 1 <p<q <

. Wh the
" — mp enp<gqius

imbedding is actually a compact operator.

THEOREM 1.4 (SOBOLEV-POINCARE’S INEQUALITY). For each1 <s<n

there exists a constant A(n,s) such that

ns -
n—s 8

flf(y)—fs(x,r)lﬂﬂ_?dy <rA(n,s) fIVf(y)I”dy
B(z,r) B(z,r)

for all B(z,r) C ®", f € W (B(z,r)). Here fpa,n = Ff(y)dy.

’

1.3 Mappings with Integrable Distortion.
In this section we assume that Q C R™ is a domain, that is, open and connected.
We shall consider mappings f = (fi,f2,---> fr) : @ — R™ of Sobolev class
W};Z(Q,%"). Its total differential Df(z) : R* — R™ is identified with the

n x n—matrix D f(z) = [g;vfi] . The Jacobian J(z, f) = det Df(z) is assumed
. J

to be nonnegative a.e., in other words f preserves orientation.
DEFINITION 1.5. A mapping f € WIIO’Z(Q, R") is said to have finite distor-
tion if

|Df(z)|” < n%K(2)J(z, ) ae

where the function K satisfies 1 < K(z) < oo for almost every T € Q.
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Here | D f(z)| denotes the Hilbert-Schmidt norm of the total differential
Df(x) : R* — R™. It follows from the assumption that Df(z) vanishes when-

ever J(z, f) does. The distortion quotient at the point z € Q is defined by

DI@ |

K(:E,f) = n%J(x f) =z

If J(z, f) =0 we put K(z, f) = 1. Therefore, K(-, f) is defined almost every-
where in Q.

A mapping f € WIIO’Z(Q, R™) is said to be M-quasiregular, 1 < M < oo, if
IKC, Hllooe < M. In addition, if f is a homeomorphism, f is said to be M-
quasiconformal. Further, if K(-, f) € LY _(Q), then f is said to be of integrable

distortion .

A well-known result in the theory of quasiregular mappings states that a

non-constant quasiregular mapping is open and discrete. For the proofs of
these results, we refer the reader to [19]. In two dimensions this fact has been

established by Bojarski [6]. He proved Stoilow’s type factorization
f=¢oh™

with A : ' — Q a homeomorphism and ¢ : ' — R? a holomorphic function.
Recently, Iwaniec and Sverdk [15] proved that this factorization remains

valid for 2-dimensional mappings with integrable distortion. Therefore, such

mappings are also open and discrete. Here is a precise formulation of their

result.



THEOREM 1.6 (IWANIEC-SVERAK). Let Q be a bounded domain in the
complez plane and let f € WL2(Q,C) be a mapping whose distortion quo-
tient K = K(-,f) is integrable on Q. Then there ezists a homeomorphism

h e Wh2(S, Q) and a holomorphic function ¢ € WL2(Q/,C) such that
f=¢o h1.

Moreover,

/ |\ Dh(w)|? do(w) < / K(2) do(2)
Q Q

and

[we@prd = [I5i@l e
Q/ Q

1.4 What is Ahead.

In Chapter II we will study solutions to the equation

0*u 0*u 0%u

2(2). To do so, we will introduce the so called complex gradient

C

where u € W,
of u, f = uz —iuy € W,lc;z (Q,C). By utilizing the theory of mappings with
integrable distortion, we will show that f is continuous, open, and discrete. The
continuity of f immediately implies that u is of class C1(€). The discreteness
of f will be used to prove the following unique continuation result

8



THEOREM. If E C § with Hausdorff dimension greater than 1 and if

u|E=0. Then u =0 on Q.

Our next goal is to find an estimate of the modulus of continuity of f. The
result obtained has nothing to do with the solution u on the part of f. Here

is a precise statement

TuEOREM. Let f = (f1,..-,fm) : 2 C R — R™ be a continuous open map

of class W™(Q,R™). Then

2
&
3

- b S Vi n T
|f(a) — F(B)I m 2 IV fillLr (B(z,2R))

for all a,b € B(z, R) , where B(z,2R) C 2.

The discussion of the above result and its prerequisites is carried out in
Chapter IIL

The study of the non-homogeneous p-harmonic equation
div|VulP~2 Vu = div f

's the content of Chapter IV. We will prove that for 1 < p < 2, qu|1%g Vu
is of class WL2(R", ®") and its total differential satisfies a uniform estimate
by means of f. These results show immediately that the only p-harmonic
function (that is, f = 0) of class WHP(R™) is the zero function. Another
application yields higher integrability of Vu. A third application shows that

in three dimensions, u is Holder continuous.

9



CHAPTER 11

NON-UNIFORMLY ELLIPTIC EQUATIONS

2.1 Introduction.

We are concerned with equations of the following type

2

8%u 8%u 8%y
A(a:,y)a—x3+23(sc,y)—6;5§+0(m,y)a—y5=0 (2.1)

where u is a function of Sobolev class Wz2 Oz (Q). Throughout this chapter, we
shall assume that  C R? is a domain, that is, open and connected. Here A, B,
and C are measurable functions on Q. The non-uniform ellipticity of equation

(2.1) means that the quadratic form A(z,y)€?+2B(z,y) ¢+ C(z,y)¢? is

positive definite at almost every point (z,y) € Q, that is,

(1) A(z,y) > 0and C(x,y) >0
(2) A(z,y)C(z,y) — B*(z,9) > 0.

Let us begin with a brief historical account. The study of the second order
equations with smooth coefficients goes back to Poincaré, Fredholm, Hilbert
and many others. At the beginning of these devolopments the solutions were
found by using integral representations of fundamental solutions via Green’s
function. Also, the so-called parametrix method was applied by Hilbert and

10



his school to solve some boundary value problems. The equations with Holder
continuous coefficients were systematically investigated by Schauder in the
1930’s by using his fixed point method. We will not enter into this extremely
rich literature. In this chapter we emphasize the case when the coefficients
are only measurable. The first significant result in this direction is due to
Alexandrov who studied such equations in connection with the Monge-Ampere
Equation. In two dimensions the methods of complex functions proved most
efficient, see the work of Bers and Nirenberg [4] and [5]. They assumed that
the equation is uniformly elliptic which means that there are positive constants
M and e such that

(1) e< Az,y) <M and e < C(z,y) <M

(2) A(z,y)C(z,y) — B*(z,y) > €.
Our goal is to examine equation (2.1) under weaker assumptions. In order to

formulate these assumptions, we introduce the so called distortion function

A +Ceyl
K@Y = 374 0@y - B@w] 22)

In terms of the coefficient matrix

u-[5 o)

we may express K by



where A1 = Ai(x,y) and dg = Az (z,y) are the eigenvalues of M . Note that

2
K= %— (ﬂ - %) +1. Thus K(z,y) = 1 ae. and equality occurs if and

only if \i(z,y) = A2(z,y) which means that M is a multiple of the identity
matrix, that is, A(z,y) =C (z,y) and B(z,y) =0. At such points our equation

reduces to the Laplace equation

It is in that sense that K measures how far our equation is from the Laplacian.

Our basic assumption will be that

K € L (9). (2.3)

2.2 The Complex Gradient.
In our study of PDEs in two variables, it will be convenient to use complex

numbers. We shall write z = T + iy and recall the familiar Cauchy-Riemann

operators

Let u € Wfof () be a solution of equation (2.1). The complex gradient of u is

12



defined by

_ ou
f(2) =uz —iluy = 2—6-;.

Obviously, this is a complex function of Sobolev class Wlloz (©Q,C). In accor-

dance with Section 1.3 we can now state the following:

DEFINITION 2.1. A mapping F = (¢,9) of Sobolev class W,lc;z (Q,R?) is

said to be of finite distortion if

IDF(2)|” < 2K(2) det DF(2) a.e. (2.4)

where 1 < K(z) < o0 a.e. If, moreover, there exists such a K with K €

LL (Q), then F is said to be of integrable distortion.

The smallest K(z) for which (2.4) holds will be called the distortion of F
at the point z. Here DF stands for the differential of F
¢ ¢ ]
DF = vl.
[ %

Its Hilbert-Schmidt norm is defined by

IDF|? = 62 + &% +¥% + ¥}

By Hadamard’s inequality we always have

9 det DF(z) < |DF(2)I?

13



and equality occurs if and only if DF(2) is a matrix of similarity transforma-
tion, that is, a multiple of an orthogonal matrix. Therefore, the case K (2)=1
is very special. Complex functions whose distortion equals one everywhere are

holomorphic.

2.3 Study of Equation (2.1) via Mappings with Integrable Distor-

tion.

Let u be a solution of equation (2.1) and let f = Uz — Uy be its complex
gradient. We have |D f 2= u, + uzy + 2u3y and det Df = uﬁy — UgzzlUyy- WE
will prove that f has integrable distortion. This will be achieved by showing

that K(-, f) is dominated by the function K at (2.2).

THEOREM 2.2. Let u be a solution of equation (2.1 ) with complex gradient

f=1uz — tUy- Then f 1is of integrable distortion and

_ A2(2)+C*(9) +2B°()
K(zf) <K& = 36106 - Bl

(2.5)

Moreover, inequality (2.5) is sharp.

ProoF. For the purpose of this proof, we omit the dependence of functions
on the variable 2. Consider the following two cases:

Case I: B = 0. Therefore, uyy = —%Um- The inequality 2AC < A + C?

14



implies that

AC(A? + C?)ul, + 2AC3u2, < AC(A® + Cul, + (A% + c?)Cil,,

AC [(A* + CHu2, + 2C%ul,] < (A% + C?) (ACuz, + Cil,),

A? 5 2 . AZ+C (A o 2
—us, + U +2uxy§—710——(6um+u1y).

Hence

A%+ C?
ul, + ul, +2ul, < yYe (ul, — Uszlyy) -

Case IT: B # 0. We have

1 2
0< 157 [(A? - AC + 9B?) ug, — (C? — AC + 2B%) uyy)

Aty + Cugy \
=(A+C*+ 2B?%) K—’i—%—l@-> - umuyy}

Au,. +Cu 2
— (AC - B?) {uix +ud, +2 (#) ]

= (A2 +C? +2B?%) (uzy U lyy) — (AC - B?) (uix + U@Q/y + 2uiy .

Therefore,

A2+ C?+2B% o
u

2 2 2
Usg + Uyy + 2uz, < AC — B? Ty umuyy) .

In either case we conclude with (2.5). The sharpness of this estimate will be

established through the subsequent example. |

15



Let us remark that these elegant arguments were found as a result of a far

reaching refinements of our first lengthy calculation based on minimization of

some nonlinear expressions.

EXAMPLE 2.3.

(1) Let © be the first quadrant of ®?, @ = {(z,y) : T > 0,y >0} Consider

the following scalar functions on £}

=y,B=0, C(z,y)=2 and u(a:,y)=a:3—y3.

A(z,y)
Clearly, Auzz + 2By + Cuyy = 0.
. z? +y° IDf (z, ) z* + 9
In this case, K(z,¥) = 22y and 5 dct Df (@) = "oz where
f=uz— P Uy Therefore,
$2 + y2 m2 + y2
< < =
22y < K(zf) <K@y = —55
and K(z, f) = K(x,y) in this case.
The next example deals with the case B # 0.
(2) Let @ = R2, A(z,y) =2, B(@,9) = C(z,y) =1 and

u(z,y) = 72 + 4y? — 6zy. As above, one easily finds that K(z,f) = K(z,y)-

is sharp. The following example

The above examples show that inequality (2-5)

shows that a strict inequality may occur.

R2.A=2B=0,C=3 and u(z,y) = 3z° +4zY — 2y2. One
13

. 21
easily sees that K(z,f)= 50 whereas K(z,9) = 13-

(3) Let @ =

16



COROLLARY 2.4. The complex gradient f = u, — iu, satisfies the Beltrami

equation

== u(2)f-.

Ellipticity of this equation is expressed by the inequality

V(A-C)2+4B?
<
< ——7%7¢c

<1 ae.

PROOF. It is a simple matter to see that u,, = fz+ %(fz + f.), that

Uyy = fz— 2(f. + f.) and that ugy = %(?z_" fz). Thus

ugz + uzy + 2ugy =2 (lle2 + If'z'l2) )

and

uiy - uxxuyy = Ifz|2 - lf7|2'

Theorem (2.1) implies

2(If:7 + 1£1) < 2K (117~ 15=1°)

Therefore,

(A—-C)? + 4B?

k-1 :
(A+C)

< ¥ fAg

| = If:? =

17



So we have

S V(A—C)?2+4B2

This completes the proof. W

We now recall Theorem 1.6 which establishes Stoilow’s type factorization of

mappings with integrable distortion. It asserts among other things:

COROLLARY 2.5. The complex gradient of a solution of equation (2.1) is

open and discrete.

It is worth mentioning that in Theorem 1.6 {2 was assumed to be bounded.
This assumption is not needed in Corollary 2.5 since openness and discreteness
are local properties.

We see from the Stoilow factorization that f(z) = F (h=!(z)), where F
is holomorphic and h is a homeomorphism. In particular, f is continuous.

Consequently, we have the following regularity result

COROLLARY 2.6. Every solution of equation (2.1) is of class C1(Q) and its

gradient is differentiable a.e.

The second assertion follows from Theorem 2.7 which is due to Gehring and
Lehto [2]. Before stating this theorem, let us note that the gradient of the
solution of equation (2.1) is a mapping of class Wl{.’f (22, R?) and, therefore, has
finite partial derivatives a.e.

18



THEOREM 2.7(GEHRING-LEHTO). Let O C C be open and let g : O — C
be an open mapping with finite partial derivatives a.e. Then g is differentiable

a.e. in O.

2.4 Unique Continuation Property.

One important feature of the complex gradient of a solution to equation (2.1)
is that it has isolated zeros. It is well-known that if two Sobolev functions
coincide on a set of positive measure, so do their partial derivatives. Therefore,
if two solutions of equation (2.1) agree on a set E C Q with |E| > 0, they must
be equal on . This holds because their complex gradients would agree on a

set with a limit point.

The assumption |E| > 0 can be relaxed substantially. It suffices to assume
that £ has Hausdorff dimension greater than one. Before we go any further,
we need some preparation. We will be interested in sequences in R2 that

approache their limits in a certain direction.

A half-line issuing from a point a € ®? and passing through another point

b will be denoted by ab. The direction E, denoted by dir(c?))), is defined to

b
be the point E——Z—I in the unit sphere SI.

19



DEFINITION 2.8. Let a € ®2? and s € S'. A sequence {a,} in R with
an # a is said to s-converge to a or to approzimate a in the s-direction if and

only if the following two conditions hold:
(1) lim a, =a

(2) lim dir(aan) =s .
Now we recall the definition of Hausdorff measure and dimension.
DEFINITION 2.9. Let A C ®™ and 0 < s < 00. Define

H(A) = I}ﬁ)l inf{Z(diamC’j)s tAC U Cj,diamC; < 5}.

j=1 =1

We call H*® the s-dimensional Hausdorff measure on R". The Hausdorff di-

mension of a set A C R™ is defined to be

dim A = inf{s : H*(A) = 0}.

Note the following elementary but useful fact. Suppose f : ® — R? is

Lipschitz with Lipschitz constant M. Then for any set A C ®
H! (f(4)) < MH!(A). (2.6)

The following theorem is adapted from Saks [20], Lemma 3.1. The proof
provided there is rather short and many details are missing. Here we will
give a detailed argument.

20



THEOREM 2.10. Let R be a planar set and § € S* a fized direction, and
let P be the set of points of R that cannot be approrimated in @-direction by
points in R. Then P is a countable union of sets each of which has finite

1-dimensional Hausdorff measure. In particular dim P < 1.

PROOF. By changing the coordinate system, if necessary, we may assume

that = (0,1). Define for n € N

1
Po={@y) € P: (@) € Rlz—al< 1 ly—y S%imply b—y < nla—z|}.

We claim that P = ) P,. Let p = (a, y) € P. Since the isolated points of R
n=1

obviously belong to P, for sufficiently large n, we may assume that pis a limit

point of R. Suppose that p ¢ P, for all n. Choose a sequence Pr = (Tm, Ym)

1
in R of distinct terms converging to p. Then for every n € N, lpm — p| < —~

1 1
provided m is sufficiently large. This implies |Tm — x| < - and |ym —y| < e
Since p € P, we must have n |Tm — Z| < Ym — . Consequently,

n* (@m — 2)° + (Tm — €)% < (Tm — )2 + (ym — y)?

or

(Tm — x)? < 1
(Tm — )2+ (Ym ~9)2  n2+1

(wm — x)Q
@m = 2)2 + (ym — y)?

This simply means that — 0. Now we observe that

21



(Ym — y)2 (Trm — -'17)2

=1- 1. Therefore,
(Tm — )2 + (ym — )2 (@m —2)2+ (ym — )2 ereiore
— 0 and — 1 since
V(@m — )2 + (Ym — 9)? V(@m = 2)2+ (Ym — y)2

Ym —Yy > 0. In other words, p can be approximated in (0,1)-direction by points

(o o]
in R. This is a contradiction. Therefore, P ¢ |J P,, the other inclusion being

n=1
evident.

In what follows it will be convenient to break each P, into subsets of small

oo 1
diameter. Precisely we write P, = U Pn i with diam P, < — Now if
k=1

1 . . .
(zl,yl)7($2ay2) € Pn,k, then l(xl,yl) - ($2ay2)l < ; which lmphes that

1 1
- d - ~. Th
|1 —x2| < ~ and |y; —ys| < - us

ly1 — 32| < nlzy — (2.7)

by the definition of P,.

Next, let @, be the orthogonal projection of P, j onto the r-axis. The
latter inequality shows that under this projection each point in Qp % corre-
sponds to a unique point in P, . Therefore, we may define the inverse map
frk © Qnik — R2. Another application of (2.7) shows that fnk is Lip-
schitz. Indeed, given z;,z, € Qn,k there exist unique y; and y, so that
fak(z1) = (z1,y1) while fur(z2) = (22,52). Thus |far(z1) — far(ze)| <
|Z1 — 22| + ly1 — y2| < (n+ 1)|z1 — 2| as desired. Consequently, each set P,

22



has finite 1-dimensional Hausdorff measure by (2.6). As a mater of fact we

have

n+1

H (Pak) = H' (fak(Qnr)) < (n+ DH (Qni) £ ——

Observing that P = |J P,k completes the proof. M
n,k€N

COROLLARY 2.11. Let E C R? be a set of Hausdorff dimension greater
than 1. Then we can find a subset F C E of dimension also greater than 1
with the following property. For every point a € F there are two sequences
{an} and {a.} in E each of distinct terms such that {a.} approzimates a in

(1,0)-direction while {al,} approzimates a in (0,1)-direction.

PROOF. First apply the above theorem for 8 = (0,1), to obtain a set P
with dim P < 1 such that every point in E — P can be approximated in
(0,1)-direction by points in E. Next apply the above theorem once more with
8 = (1,0) to obtain a set Q with dimQ < 1 such that every point in E—P —Q
can be approximated in (1,0)-direction by points in E. The assertion now

follows by letting F=E — (PUQ). R
We are now in a position to state and prove the main result of this section.

THEOREM 2.12 (UNIQUE CONTINUATION THEOREM). If E C Q with
dimE > 1 and if u is a solution of equation (2.1) with u|E= 0. Thenu=0

on (.
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REMARK 2.13. Recall that solutions of (2.1) are continuous. Precisely, this
means that u has a continuous representative. In the following proof we will
be dealing with this continuous function. The heart of the matter in Theorem
2.12 is the case when |E| = 0. This makes the continuity of u essential because

it cannot be redefined on FE.

PROOF OF THEOREM 2.12. Let F be as in Corollary 2.11. Fix a € F and
let T and T be the unit vectors issuing from a with directions (1,0) and (0,1),
respectively. Furthermore, let {z,} be a sequence of distinct terms in E that

(1,0)-converges to a. Note that u(z,) = u(a) = 0. By using Taylor’s expansion

u(z) — u(a) = Vu(a) - (z — a) + o(|z — a|),

we have
o Wen) —u@) _ o @n=a) | offan —al
|zn — al ZTn — al |z — al
Letting n go to infinity, we obtain
Vu(a) -T1 =0.

In much the same way, we find that Vu(a)-T; = 0. Thus Vu(a) = 0. Therefore,
Vu ] r= 0 and, of course, the same is true for its complex gradient. F is
uncountable and thus has a limit point in . So Vu = 0 and u is constant in

Q. But we know that ul g= 0, consequently u = 0, as desired. W

An immediate consequence of Theorem 2.12 is the following
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COROLLARY 2.14. If two solutions of equation (2.1 ) agree on a set of Haus-

dorff dimension greater than one, then they are equal.

Let us remark that the assumption that dimE > 1 is by no means necessary.

For example, E could be the topological comb space.
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CHAPTER III

MODULUS OF CONTINUITY

3.1 Introduction.
In this chapter we want to estimate the modulus of continuity of the complex
gradient of a solution of equation (2.1). It turns out that for our results we
only need to exploit the continuity and the openness of the complex gradient of
the solution of equation (2.1). We also need the fact that the complex gradient
belongs to the Sobolev class W12(£) .

It is perhaps more interesting to note that our arguments remain valid in
arbitrary dimension, say n, once the mappings in question are continuous,
open, and belong to the Sobolev class W'™(Q). Therefore, we present these

results in higher dimensions.

3.2 Measure Theoretic Results.
In this section we will prove some measure theoretic results. They will be used
to give an estimate of the modulus of continuity of continuous open mappings
of class WI™(2), where Q is an open set in R*. We will make use of well-
known facts from integration theory such as the Fubini Theorem and results
on modes of convergence.
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Throughout this section we fix £o € " and R > 0. In addition, we set
B = B(zo, R) and S, = S(zo,r), where r is some positive number. In what
follows we use the notation do(z) for the (n — 1)-dimensional area element
on S,.

Our first result is the following

PROPOSITION 3.1. If P C B has full measure, that is |P| = |B|. Then for

almost everyr, 0 < r < R, we have |[PN Sr|n—1 = |Sr|n-1.

PROOF. Let E, =S5, — P, 0 <r < Rand E = UE, = B— P. Hence

|E| = 0. By Fubini’s theorem, we have

o=/BxE<x>dx=/OR/erﬂx)da(x)dr.

Therefore, [g Xg(z)do(z) = O for almost every r € (0,R). On the other
hand [g Xz(z)do(z) = |[EN Srln—1 = |Er|n—1. Consequently, |Er|n—1 =0 for

almost every r. This is precisely what the proposition asserts. W

"PROPOSITION 3.2. Let {¢;} be a sequence converging in LP(B) to ¢ €
L?(B), for some 1 < p < co. Then {$;} has a subsequence that converges to

¢ in LP(S,) for almost every r € (0, R).

ProoOF. We have

fim [ 16,(0) - d(@)F dz =0
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This is the same as

R
lim /0 /5 165() ~ 9P do() dr =0. (3.1)

J—o0

Letting ¥;(r) = [5_|¢i(z) — ¢(z)P do(z), equation (3.1) states that
i(r) — 0 in L'(0,R) as j — oo.

Therefore, {1/;} has a subsequence {1;, } that converges to 0 a.e. on (0, R).

This means that for almost every r € (0, R) we have
sim [ 163(0) = 6@)P dota) =0,

completing the proof. W

An immediate inference from Propositions 3.1 and 3.2 is the following

COROLLARY 3.3. Suppose that the sequence {h;} converges to h in
WLP(B). Then there is a subsequence {hj.,} such that for almost every

r'e (0,R), each of the following holds as s — 00 :

(1) hj,, — h in LP(S;)
(2) Vhj,, = Vhin L?(S,,R")
(3) hj,, = h ae inSr

(4) Vhj,, = Vh ae. in S;.
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PROOF. By definition of the norm in WP (B) we know that h; converges to
h in LP(B) and that Vh; converges to Vhin L?(B,R"™). Applying Proposition
3.2, we obtain a subsequence hj, and a set A; C (0, R) with full measure such
that hj, converges to h in L?(S,) for every r € Ax. Applying Proposition 3.2
once more to the sequence Vh;, , we obtain a subsequence Vh;,, and a set Ay C
(0, R) with full measure such that Vh;,  converges to Vh in L” (S,,R™) for all
r € Ay. Evidently A; N Ag has full measure in (0, R). Thus the subsequence
{hj.,} satisfies (1) and (2). For simplicity of notation, we denote the last
subsequence obtained by h;. Now h; converges to h in L?(B) and thus has
a subsequence hj, that converges pointwise to h on a set P C B with full
measure. Proposition 3.1 shows that there exists a set As C (0, R) with full
measure such that |PNSr|ln—1 = |8y |n—1 for every r € Ajs. This means that hj,,
converges to h a.e. on Sr for every T € As. Now repeat the above argument
for the sequence Vhj, to obtain a set Aq C (0, R) with full measure and a
subsequence Vh;,  that converges to Vh aeon S, for every r € Ag. It is

clear that hj, satisfies (1)-(4). ®

Our next prerequisite is concerned with Sobolev’s inequality on spheres,
also referred to as the Gehring Oscillation Lemma. The interested reader is

referred to {13].

LEMMA 3.4. Leth € C1(B) andp € (n—1,00). Then there exists a constant

A(n, p) such that for every T € (0, R) and for every a,b € S, we have
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Ih(@) — h(B)| < rA(, ) (ﬁIVh(y)l” da(y)) "

In the following theorem, we will prove that certain Sobolev functions on a
ball are actually continuous when restricted to almost every sphere within the

ball.

THEOREM 3.5. Suppose that h € WLP(B), where n—1 < p < 0. Then

h € C(Sr) for almost every T € (0, R).

PROOF. Choose a sequence {h;} in wlp(B) N C>(B) with h; — h in
WLP(B) as j — oo. By Corollary 3.3, there is a subsequence {hj, } such that,
j

for almost every r € (0, R), the following are true as k — o0 :
(1) hjo —h i L7(S))
(2) Vhj, — Vhin LP(S, R")
(3) hj, — ha.e in Sr.

_ Now fix such r € (0,R) and a point b € S, for which klim hj. (b) = h(b),

and let € > 0 be given. Choose N large enough so that
€
| (0) — s, (D) < 5

and

C!Sr|%
IVhs = VhillLes.2) < 5740 )
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for all k,s > N .

By Lemma 3.4, we have

rA(n,
((hs, — hy,)(@) — (s, — B3, )B)] < l—él—ﬁnvmk — Vhy, (s mm)

for all @ € S, , whenever k,s 2 N.
Thus

rA(n, p)

1

|hi (@) — By, (@) < 1(hs — ha ) BN +

|Vhj, — Vhi, (s, mm) <€

for all k,s > N and for every a € Sr.

This simply means that {h;,} is a Cauchy sequence in C(Sy) with respect to
the sup norm. Thus {h;,} converges uniformly on S, to a function g € C(S-) .
Consequently, h = g a.e. in S.. This is precisely what is meant by writing

heC(S,). N

Now we are in a position to considerably weaken the assumptions in

Lemma 3.4. Our goal is to relax the assumption that h is ct.

THEOREM 3.6. Let h€ WHP(B),n—1<p< 0. Then, for almost every

r € (0, R), we have

h € C(Sr)

and

rA(n,p)

19,7

|h(a) — R(b)| <

| VhllLes,,=)

31



for every a,b € Sr.

PRroOF. The first assertion is the content of Theorem 3.5. To prove the
second assertion, let {h;} be a sequence in C>(B) N WHP(B) converging to h
in WhP(B). After passing to subsequences, if needed, Corollary 3.3, Lemma

3.4, and Theorem 3.5 yield the following :

A(n, .
(1) 1hs(@) = hs®)] < “oBL Th; s, m) for all

|S. 1>
(2) hj — h uniformly on Sy as j — o0
(3) Vh; converges to Vh in LP(S,,R™)
for almost every r € (0, R) and for every a, b e S,. The result now follows by
letting j go to oo in (1) and using (2) and (3). W

3.3 Modulus of Continuity.
In the next lemma we will prove a maximum principle for continuous open

mappings.

LEMMA 3.7. Let g: Q — R be a continuous open mapping. If B(c,m) C Q,

then there exist a,b € 0B(c,r) such that
l9(2) — 9()| < lg(a) — 9(®)]
for all z,y € Ble,T) .
PROOF. Let z € B(c,T), so g(z) belongs to the open set g(B(c, 7)) . There-

fore there exists an € > 0 such that (9(2) — €,9(2) +€) C g(B(c,r)). This
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means that z is neither a maximum nor a minimum of g on B(c,r). There-
fore, both the maximum and the minimum occur on 8B(c, ), say at the points
b and a respectively. Thus g (B(c,r)) = [g(a), g(b)], and hence |g(z) —g(¥)| <
lg(a) — g(b)| for all 2,y € B(c,r). 1

In the remaining part of this section, B stands for an open ball of radius r

centered at an arbitrary point of ™.

LEMMA 3.8. Let @ C R™ be open and let h € win(Q) NC(Q) be an open

mapping. Then

C(n)
2R

{108 a3

|h(a) — h(b)| < IVR|lLr(Bor,R™) (3.2)

for all a,b € Br with Bop C Q, where the constant C(n) depends on the

dimension only.

PRrOOF. Fix some positive number R with Bor C  and let a,b € Bg. Set
§=3la—bland c= %(a + b). Consider the spheres S(c,t), where § <t < R.
It is evident that S(c,t) C Bar for all such t. The previous lemma implies

that, for every t € [6, R] , there are z(t) and y(t) in S(c,t) with
|h(a) — h(b)] < |h(z()) — h(y@))]-

By Theorem 3.6, we have

tA(n
< A0 G hlncsien .o

|h(z(t)) — Ayl < m
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for almost every t € [6, R]. Thus

(@)~ hO)" < g @) [ 1A
S(e,t)

or

%lh(a) — h(b)|" < C'(n) f VA",
S(e,t)

n—1 An
where C’'(n) = E—‘—S(%-tg—T)- Note that |S(c,t)| = Wn—1t" 1.

Integrating the above inequality with respect to t on [6, R] and using Fubini’s

theorem we arrive at

Ih(a) - h(BI"log % < C'(n) [ wrr <o / VR,
.A(c,&,R) Bar

Here A(c, 6, R) stands for the annulus {z € R": 6 < |z —c| < R}. Therefore,

h(@) = hO)| € e |Vl (Bon )

=]

n

where C(n) = {/C'(n) . B

Note that mappings in Wb (Q) need not be continuous, for example h(z) =

1
log log \—w_l in the unit ball. On the other hand inequality (3.2) alone implies
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continuity of h. It is therefore tempting to try to dispense with continuity in
the assumptions of Lemma 3.8. Unfortunately this is not possible, at least by
the method of our proof. We observe that continuity of h was used only to
invoke Lemma 3.7. Part of the conclusion of this lemma is that the function
g is bounded on closed disks. The following example demonstrates that mere

openness of g is not sufficient for Lemma 3.7.

EXAMPLE 3.9. Let ¢: C— C be defined by

1
ez, forz#0
¢(2) = { 1, for z = 0.

Let O C C be open. If 0 € O then ¢(0) = C — {0} is open, and if 0 ¢ O
then ¢(O) is again open since ¢ is holomorphic on C — {0}. Thus ¢ is an open
mapping. Let g(z) = Re(¢(z)). Clearly g is open. However, it is not bounded

on closed disks. In fact, g (B(0, r)) = R for every r > 0.

Finally, we are in a position to state and prove the main result of this

chapter.

THEOREM 3.10. Let f = (f1,--- ,fm) : @ — R™ be an open map of class

Whn(Q, ®™) NC(Q,R™) . Then

F(@) — FO) < ——ZL S IV Al (Ban s
t/log o=y i=1

for alla,b € Bg , with Bap C .
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PROOF. By using the previous lemma, we have

—~_ Cn)

IHOE (b)|-2|f,(a> OIS \/_?;||Vfinmm,mm).

Thus

C(n
( ) ZHVf-. |lL»(Byr,3m)- W

|f(a) - fB) £ ——==
2/log Ia bI el
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CHAPTER 1V

THE p-HARMONIC EQUATION

4.1 Introduction and Statement of the Main Result.

Consider the homogeneous p-harmonic equation
div|VulP~2 Vu =0 (4.1)

where u € WHP(Q),1 < p < 00. Equation (4.1) is understood in a weak sense
(a precise definition follows). We say that u is a p-harmonic function on Q.

Interest in the regularity problems for p-harmonic functions arises from sev-
eral considerations. One particular compelling connection is with a problem of
Gehring and Reich [10] concerning the degree of summability of the derivative
of a quasiconformal mapping, recently solved by Astala [3].

Note that 2-harmonic functions are real analytic since they are harmonic in
‘the usual sense. When p # 2, equation (4.1) is non-linear and it degenerates
at the zeros of the gradient of u. Consequently, the smoothness of p-harmonic
functions with p # 2 cannot be deduced from theorems on weak solutions of
elliptic equations of divergence type.

However, Ural'tseva [22] and Uhlenback [21] proved independently that p-
harmonic functions with 2 < p < oo aré in the class Cllo’z'. In fact, they proved
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this result for solutions of a class of non-linear degenerate elliptic systems, the
p-harmonic equation being one of them. Evans [8] provided a simpler and
shorter proof for the p-harmonic equation, but again only for 2 < p < oc.
This result was extended by Lewis [17] to the full range 1 < p < oco. It is
worth mentioning that the case 1 < p < 2 can be reduced to p > 2 by Hodge
duality argument, see [14].

In this chapter, we want to study non-homogeneous p-harmonic functions.

They are weak solutions of the non-homogeneous p-harmonic equation

div|Vu|P~2 Vu = div f (4.2)

where f € WH9(Q, R"), = + — = 1. Here is the precise formulation

=
Q|-

DEFINITION 4.1. A function u € W'P(Q),1 < p < oo, is called non-
homogeneous p-harmonic on  if and only if it solves (4.2) in the weak sense,

that is,
/ (IVu(@)P~2Vu(z), Vé(z)) dz = / (@), V@) de  (4.3)
Q Q

for every test function ¢ € C§°(2).

Note that by approximation, (4.3) also holds for every test function ¢ €
WEP(Q). Since WyP(R™) = WHP(R™), an interesting estimate can be obtained

in the case Q = R™ by letting ¢ = u. Namely,

/m IV = /m (f, V) < /3e F119] < [ Fllagen sim) [ Vel sem.sim)
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Thus
IVullLs gn,mmy < 151 g2y (4.4)
Our goal is to prove the following theorem and use it to obtain higher integra-
bility of Vu.
THEOREM 4.2. Let u be a non-homogeneous p-harmonic function on R™ of

class WYP(R™), where 1 < p < 2. If g(z) = |Vu(z)|*T Vu(z), then
g e WH(R™, R

and the following uniform estimate holds

2-p

I DgllL2(mn moxny < C(p,n) | fllamn seny 1D S la(sn gnxn). (4.5)

The proof of the above theorem will be given in Section 4.3. Observe that
Theorem 4.2 implies a Liouville type theorem, that is, if u is a p-harmonic
function of class W1P(R™) then u = 0 a.e. This holds because in such case
we would have Dg = 0 a.e. and thus g is constant. But g € L2(R™). Hence
g = 0 a.e. This shows that |Vu| = 0 a.e. which implies that u is constant.
However, u € LP(R™). Therefore, u =0 a.e.

Now we state a standard result that characterizes Sobolev functions in terms

of boundedness of their difference quotients.

THEOREM 4.3. If F € WHP(R™), 1 < p < oo, then

/ |F(z + h) — F(z)|Pdz < |h[P / IVF(z)|P dz (4.6)
Rn Rn
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for every h € R™. Conversely, if a function F in LP(R™) verifies the uniform

bound

/m (@ + ) - F@)|P dz < 7 [hl?

for every h € R™, then F € WHP(R™) and we have
”VF"LP(mn,mn) <C.

In the sequel we shall use this theorem for R™ or R™*™ valued functions,

the results remain true but the constants involved in this theorem will change.

4.2 Auxiliary Results.
In this section, we prove two algebraic inequalities regarding vectors in ™.
These inequalities are needed for the proof of Theorem 4.2. Also, we will prove
an imbedding theorem of Sobolev functions.

Let p > 1. Consider the function a(z) defined on [0, 1] by
(x—_(f)—%z;,,l_)-:_—ﬁ, for0<z<1

2

T(h’ for x = 1.

a(z) =

By elementary considerations, one sees that lim a(z) = 4—(1;%). Therefore,

r—1—

our function is continuous on [0, 1] and hence bounded, say by K, > 1.

Our first inequality is the following

LEMMA 4.4. Let A B € R™ — {0}. Then

|A|*T° A - |B|*T B|* < K, (|AP2A - |B|P"2B, A— B).

40



PROOF. By the above discussion, we know that
(¥ -1)2<K,(z-1)(@Pt-1), for0<z<l. (4.7)

Note that the result is immediate whenever |A| = | B|. After interchanging |A|

and |B| if necessary we may assume, without loss of generality, that |B| >

|A|
A . = — .
|A] > 0. Let = |B|<1

Substituting x in (4.7) yields
2

AF NT_ o (1AL (At
(IBH— V) =% \m ) BT !

(141% - 1B1%)" < K, (141 - 1B) (4P~ - |BIP~)

|AIP + |BIP - 2|A|%|B|f < K, (|AIP + |BIP - |A||BI"~! — |A]P71|B]).

Some elementary algebraic manipulations give
|AI1B (K,|AlP~2 + K| BIP=2 - 214 %%* | B|*T* )
< (Kp— 1) (JAP + |BP).
Observe that

K |AP~? + K,|BIP~? — 2|A|*T"|B|*T

—2 —2 2
— (|A|%— — |B|‘%—) + (K, —1) (JAP~2+|BP?) > 0.
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The Cauchy-Schwarz Inequality implies that

(4, B) (K| AP~ + K| BIP~2 — 214" |B| 3" )
< |AI|BI (Kl AP~ + K, BI~? - 21417 |B| ")

< (Kp — 1) (|APP +|BJP).

By rearranging the last inequality, we arrive at
AP+ |BIP — 2 (4, B) |A"T" |B|*T"

< K, (|AlP + |BP — |AP"% (A, B) — |B|P"? (A, B)) .
This is the same as
|A|*7*A - |B|*> - 2B|* < K, (JA]P"2A - |B|P"*B,A - B),

completing the proof. W

In the proof of our next inequality, we will make use of the following obser-

vation. Define b(z) as follows

(z7-1)?

P
Z. for z = 1.

(1:—1)2(1:—{»-1)7’_2, for0<z<1
b(z) =
P

z—1—

Again, it is easy to see that lim b(z) = %;. Let Cp = Jmax b(z). Note that

Cp2>1.
Our next inequality is
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LEMMA 4.5. Forall A,B € R*—{0} and 1 < p < 2, the following inequality

holds

|A— B2 (JAl + |B)"* < G, | |A|*T A - |B|*T B|’.

PROOF. It is evident that the inequality holds whenever |A| = |B|. There-

fore, we may assume that |B| > |A| > 0. The above discussion shows that, for

0 <z <1, wecan write
(z2 =224+ 1)(z + 1)P2 < Cp(a? — 22% +1)

or

(2 +1)(z+ 1)P72 - Cp(zP 4+ 1) < 2z(z + 1)P~2 — 2C, =%,

A
Set z = % in the above inequality to obtain

(:352 “) (Ilg: “) B! (|'§',:+1)

—2 P
gzlﬁl_'("‘” +1) _ac, AL

|B| \|B] Bl
Multiplying by —|B|? yields

2C,|A|2|B|% - 2|A||B| (|A| + |B|)P
< C, (AP + |BIP) - (JA? + |BJ?) (|Al + |B)P™>

or

2|411B| (CplAI™*|BI"5" — (141 + |BI)*™?)

< Cp (|AP + |BIP) — (|AP + [BJ?) (|A| + |B|)* 2.
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As in the previous lemma, we want to replace |A||B| by (A, B) via the Cauchy-

Schwarz Inequality. To do so, we first need to ensure that
C,lAI"T" |BI*T" — (14| +1B)*~* 2 0. (4.9)

For this purpose we begin with an obvious inequality

1,1 1
|A|Z|B|z < 5 (Al +1B]).

Hence

14152 <

< 5= (141 +1B)*™”

—_ 1 -2 —2
(141 + |Bl)"~* < 5= 1417 1B

As Cp > o4, (4.9) follows .

Replacing |A||B| by (A, B) in (4.8), we obtain
2 (4, B) (CylAI"7*|BI*7* - (4] + |B)""?)

< Cp(IAP +|BP) - (| + |BI) (|4l +B)P ™.

After an obvious rearrangement this inequality takes the form
(147 +|BI?) (1Al +B)P~* — 2 (4, B) (|A| + |B|)P

< G, (14l +BI” - 2 (4, B) |4|"7*|B|*7*)
which is none other than
(141 + |B)P~* |4 - B]? < G,||4|*"* 4 - BT B[".
This completes the proof. W
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LEMMA 4.6. Suppose that u € Wl (R™) with Vu € L*(R*,R"),1 < s < n.

Then there exist constants ¢ and A(n, s) such that

u—c € L= (R")

and

lu —cll 2o < A(n, s) [[VllLs (om,2ny.-

PROOF. Define ¢y = fu,k=1,2,... . For j < k we have
By

n—s

|B;| ek — ¢j| = (/ |ex — le";%>
B;

7

S(/ |c1c—ulﬁ) +(/ Iu—CjI"":’)
B; B,

S(/ le—UIT‘%> -l-(/ |U—le;%)
By B,

Poincaré’s inequality shows that the last expression is no larger than

Aln, s) (/Bk ]Vuls)% + A(n, s) (/B |vu|s>%

7

ns

which is in turn no larger than

A(n, s) |Vl

Ls(mn,mn) .
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Therefore,

A(n, s) | Vu|lLs wn gm)

.n—s8
s

ck—cjl <

Thus lim ¢ = c exists and
k—o00

A, 5) [ Vu||Lewn,5m)

jT

lc —c;| <

Consequently,

n—s

([ w=a) ™ < ([ w-al) 7 +la-din=
By Bk (4.10)

< A(n,s) (/B |Vu|’) + A(n, s) [VullLe e~ 57y
k

< A(n, s) [|[Vul|Ls (wn,%n)-

Now we let k go to oo and use the Monotone Convergence Theorem. This

completes the proof. W

Let us remark that, in general, the constant ¢ cannot be dispensed with.
One can see this by considering any non-zero constant function u. However,
the constant ¢ may be dispensed with under additional assumptions on the
decay of u at co. We shall encounter such a situation in the proof of Corollary
4.7.
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4.3 The Proof of Theorem 4.2.
Having disposed of the above preliminaries we are now in a position to prove

Theorem 4.2.

PROOF OF THEOREM 4.2. Recall the equation
div |Vu|P~? Vu = div f
which simply means that

/ (V@) P2 Vu(z), Vé(z)) dz = / (f(z),Vo(@) dz  (411)
R R

for every test function ¢ € WHP(R™). Fix an arbitrary A € R" and apply

(4.11) to ¢(xz — h). By changing variable z into z + h we obtain

/ (IVu(z + B)P~2Vu(z + h), Vo(z)) do
mﬂ

- A (fla+h), V() dz. (412)

By subtracting (4.11) from (4.12), side by side, we arrive at

/m" <|Vu(:r + B)IP72Vu(z + k) — |Vu(z)|P"2Vu(z), Vé(z)) dr

= [ @+ k) - 1(@), Vo(o)) do.
It is natural to test this integral identity with ¢(x) = u(xz + h) — u(z) .

/ {|Vu(z + R)P~2Vu(z + h) — |Vu(z)|P~2Vu(z), Vu(z + k) — Vu(z)) dx
R

_ /w (@ +h) ~ f(@), Vula + h) - Vu(z)) d. (413)
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Now Lemma 4.4 yields

lg(z + h) — g(x)/?

= | [Vu(z + )| Vu(z + h) — [Vu(z)| T Vu(z)|’

< K, {|Vu(z + R)IP"2Vu(z + h) — |Vu(z) P2 Vu(z), Vu(z + k) — Vu(z)).

Upon integration, we use (4.13) and the Cauchy-Schwarz Inequality to obtain

/ l9(z + k) — g(z)|* dz < Kp/ [f(@ +h) = f(2)] [Vu(z + h) — Vu(z)| dz
R R

—K, [ Vu(e +h) = Vu(@)| (Vu(a + B)] + [Vu(@))

x (IVu(z + B)| + [Vu(@)]) = |f( + h) — £(z)| da.

Holder’s inequality shows that the right hand side is no larger than

Ky

' [ Avern Vu(z)[? dx] :
s (|Vu(z + h)| + |Vu(z)|)*™?

2-p

F /m (IVu@ + )|+ | Vu(@)])? dx] 7 (4.14)

q

T IRCE f(x)l"dx]

Note that the constraint 1 < p < 2 is needed in (4.14). Here in the first

integral, the indeterminate quotient % may occur, and as a convention, we set

it to 0 in this case.
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The first factor in (4.14) is no larger than

VG, | [ loe+ 1) - glo)fda

by Lemma 4.5. Consequently,
| lo+ - g@lds

1
2

< VG, | [ lota+ h) - g(a)fas]

2-p
Pl

<[ (vut+ml+ vu@)? as]

q

x /3:z If(x+h)—f(x)|"dr]

Notice that

2-p
]

[ (V@ + B)| + |Vu(z)|)” dz

< [(/w |Vu(z + h)lpdx)% + </mn IVu(m)Ipd:c) %]

2—p
=2 2

2-p
2

2-p
“V"‘“Li(mn,mn)-

Therefore, we have the following estimate of the L2 norm of g(z+ h)—g(z)

2-pr
2p

[ s+ - s@Pa] <D [ vur]

. [A If(m+h)-—f(:v)l"dm]%,
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where we have denoted by D(p) = 22_§2Kp,/ Cp. The first integral above is

finite, because Vu € L?(R™). Dividing both sides by |h| yields

(ot +0) - g o)

[

q

< D) IVl T vy 47 ([ 154 1) = S0 dz)

Invoking Theorem 4.3, we have

|~

([ e+ m =) < ([ pr@pas)

Therefore,

q

1

7 2-p
7 ([ 106+ 1) 0@ i) " < D) 194155 1D Sy

for every h € R". Now we invoke Theorem 4.3 again to conclude that g €

WL2(R™ R™) and satisfies the inequality

2_—2
1 DgllL2 (gn g xmy < C(py1) VUl 7 n my DS llLa(en,senxny-
Applying Estimate (4.4) we arrive at

2
[ DgllLz (sem , enxny < C(p,n) ||f“1§,’«;_f?¢n,mn) | D fllLa(mn gmxn)-

This completes the proof. W

50



4.4 Regularity.
In this section we derive some implications of Theorem 4.2 by using Sobolev

Imbedding Theorems.
COROLLARY 4.7. Letu € WYP(R™), n > 2, 1 < p < 2, satisfy the equation

div |Vu|P~2 Vu = div f,

1 1
where f € WDHI(R™,R"), » +E = 1. Then Vu € L*(R™,R") for all
p<s< np and
n—2
IVullierm gy < C0,1) 1F 18755 sy IDF [ sem semcmy (4.15)
where § = n_ 2.
p s

PROOF. Since WH(R™,R") C L"(R™,R") for every 2 < r < n2n2’ we
find that |g| = |Vu|? € L"(R™) for every such an r. Hence |Vu| € L*(%"),

for every s € [p, %} . In order to prove inequality (4.15) we need a precise

estimate in Lemma 4.6. Accordingly, there exists a constant a such that
I9 = all 27 o gy < C) 1Dl gimeny (4.16)

We claim that @ = 0. To see this consider a ball Bgr. Hélder’s inequality
implies

1 n-2

2 2n
([ 9=a?)" <i2al ([ lo-al?) " < RO@IDglusamsmer)
Br Br
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Therefore,

|Br|Ha| = ( /L |a|2)%
<(f Jo-er) = (/o)

< RC(n)|| DgllLz e, wmxny + 1g]lL2mn sy

Thus

al < C(n) ||D9||L2(eren Roxm) C(n) [lgllL2(wn, ®)
- R T 7 R%

Letting R go to oo yields a = 0.

Now inequality (4.16) reads as

[ 9ul™ < 0w DG o

< Cln,p) || T D

L2(§R",§R") ”'Df“Lq(mn §Rnxn)

by Theorem 4.2. This is the same as

7_% 2
”VUHL_%(SI" Rn) — C(n, p) ”f”]":qp(gzln Rn) “‘Df”]’}:q(mn,g{nxﬂ)'

On the other hand we have [|Vu| s~ gy < || f[I1, Lq(w gny Dy (4.4). Now we

52



np

interpolate to obtain an L®—estimate of the gradient of u, for p < s < 3
n —

1-3+32 :
IVl an) < IVulldon iy IValZ2E

<C(n,p) IFISDA-3+88) | 2620 (3 780) |y £(232)

La(R",R") Le(R", %) 2 (R, R X")

=C(n, D)1 f &z zm oy I DF I L (om o xmy

where 6§ = -g— — -Z— This completes the proof. W

An interesting C*— regularity result follows from (4.15) when the dimension

equals 3.

COROLLARY 4.8. Under the assumptions of Corollary 4.7, if n = 3, then

1
u € C*(R3) with a = 7 Moreover, we have the following uniform bound
[u@) — u()| < Cle —yl4, for allz,y € R,

_(__Ly 2
where C = C(p) |flI£amn ) 1D Fllfasen genxny-

PROOF. Let us recall the well-known inequality, see [13], which holds in

arbitrary dimension n,

[u(z) —u(y)l < < va —y'7% [[Vulpe m,m) , for s> n.
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Substitute s = 3p and n = 3 to obtain

[u(2) ~u(®)| < == lo = yl7 [ Vullesrn s

= 6q1z ~ 4|7 | Vullzsr (g )
< CW) IFIZ502 gy IDF W gy |7 — 3%,
completing the proof. W
COROLLARY 4.9. Under the assumptions of Corollary 4.7, if 1 < p < 2 and

n > 4, then

2
I = cll zpey, < C@) IFIZ002 gy IDF Wt gy

n—<i—p

where ¢ is a constant.

ProoF. By (4.15), with s = nnp2, we have

2
IVl 22, g ey < OB I FIZ sy DS I gy

Notice that —— < —2 < n. Applying Lemma 4.6 with nnp

in pl
5 <> 21npaceof

s we obtain
Jucll sz, < O, 1) 190l _gs, .

n—<i—p

R")
2
< C,m) IFIZ gy 1D W gy

as claimed. W
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REMARK 4.10. One would expect something interesting in the case " p 5 =
n. However, because of the constraint 1 < p < 2, this happens only whenn =4

and p = 2. In this case we are reduced to Laplace equation, the theory of which

is well known and therefore uninteresting to us.
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