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Abstract

In this thesis we establish four generating relations for the extended Hermite
polynomials.

Among the cases discussed in this thesis are: Hermite polynomials of two
variables and Hermite polynomials with two index and two variables.

All the steps are written, starting with recurrence relations, commutative operator
relations, and we gain some novel generalizations of well-known generating relations
from the expanded form of the groups formed by the operators.

These polynomials are used in a variety of pure and applied mathematics
domains. (Dattoli et al 2003,2004). They are instrumental in describing the quantum
treatment (Kim and Noz 1991) of coupled harmonic oscillation. Through this thesis,
we consider three generalizations: Hermite two index and four variables polynomial,

Hermite polynomial of two index and two variables.
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Chapterl: Introduction

1.1 Statement of The Problem

This thesis work aims to study and derive generating relations
with two index extended Hermite polynomials, and two index and two

variable Hermite polynomials using Weisner's 1955 approach.

1.2 Justification of Problem

Wesnier 1955 presented a method for obtaining generating
functions for a set of functions that satisfy certain commutation
relations (McBride 1971). The Hermite polynomials are among the
functions that satisfy the required commutation relations (Weisner

1959).

Recently, Hermite polynomials show it is closed relation to Lie
group and Lie algebra, especially Weisner's group theoretic method,
come from the applications.

In this regard (Khan et al 2009, 2010) and (Shahwan 2004)
derived many generating relations for the generalized Hermite
polynomials. In this work, we study some of these works in detail and
the same technique for discovering the producing relations for two

index, and two variable Hermite polynomials. (Cesarano, C. 2014).



1.3 Literature Review

In (Dattoli et al. 1993-2000) the authors presented and explored the
extended Hermite polynomial theory. Srivastava (H.S.P. 2001)
defined the Hermite polynomials of multi-index single variable and
obtained generating functions using the series manipulation method.
(Pathan et al 2002-2003) and (Shahwan 2003) established original
generalized Hermite polynomial generating functions H,, ,,(x,y)
introduced by (Dattoli 1993).
Due to the importance of these functions and their applications,
we use (Wesnier’s 1955) method to get original generating relations of
double index and double variable Hermite polynomials, He,, ,(x,y) by

correctly interpreting the indices m and n of the polynomials.



1.4 Theoretical Framework

The most significant definitions and statements of the Lie group and Lie
algebra, special functions, and generating relations are presented in chapter
I (Introduction). In Chapter 2, we go over the Weisner group theoretic
method for creating relations with double indexes polynomial of Hermite
Hyn(x.y,z,w, k) in detail.

We utilize the same strategy in Chapter 3 to obtain some additional
generating relations of double index and double variable Hermite
polynomials, He,, ,(x,y) (Cesarano,C. 2014).

In Chapter 4, we summarize the main new results obtained for

He,, »(x,y), and then show the importance of these results.

1.5 Methods and Procedures

Using the recurrence relations of generalized Hermite polynomials, we
introduce the first order differential operators, called raising, lowering,
and stationary operators, meeting specific commutation connections
demonstrating that these operators form a Lie group (Chon 1961) and
(Miller 1968). The extended form of the group formed by the provided
operators is found. Then we employ a strategy proposed by (Weisner
1955), according to Taylor's series, to get generating relations see

(McBride 1971).



1.6 Background and History

1.6.1 Hermite polynomials

Many special functions in mathematics play an important role in many
physical and statistical applications. These special functions are the
solutions of certain differential equations and integrals. Special
functions are analytic, and most are considered functions of complex
variables. Hermite polynomials are one of the leading and most
important special functions used in many applications, such as
probability, numerical analysis, and physics. The first Hermite
polynomial H, (x) introduced by the French mathematician Charlize

Hermite in 1864, which contains only one variable.

(00) tn
Z Hy(x) — = exp(2xt — t2)
= n!
This function has been developed and modified by many
mathematicians including (Dattoli 1992, 1993, 1995, 1999,200, 2005,
2007)
It is defined using the relation:
[n/2

]
O D™ (2x)nk
Hn(x) = Z k! (n — 2Kk)!

k=0

Where E] =largest integer.



1.6.2 Lie Algebra

The theory of functions of mathematical physics is intimately related
to Lie algebra and Lie group theory. Lie algebra is an algebra that is anti-
commutative and satisfies Jacobi's identity. The commutator product of x
and y is a Lie bracket defined by

[x,y] = xy —yx on associative algebra

In other words: if g is an algebra over a field of real numbers F,
with the product [x, y], then g is a Lie algebra if:

l. [x,x] =0,Vx € g.

2. [x, Iy, zll + 1y, [z, x]] + [z, [x, y]] = 0,

Vx,y, Z€g.

Anti-commutative may be written as [x,y] = —[y, x].
An abelian algebra of Lie is a algebra of Lie with a commutative Lie
bracket, i.e. [x,y] = [y, x]. Hence, the bracket for Lie in abelian Lie

algebra is the identity that equals 0.



1.6.4 Weisner's Group Theoretical Method

There are many methods to derive generating relations of functions,
including Rainsville’s, Truesdell’s, Miller’s, series manipulation, and
Weisner’s methods. Each of these methods suits some function that

satisfies specific circumstances.

The Hermite function is one of those that meet Wiesner's requirements,
which we discuss in our work. Finding generating relations for Bessel
polynomials, generalized Laguerre polynomials, and Gegenbauer
polynomials can also be done using Weisner’s method, as they satisfy

Weisner’s conditions.

Weisner's method obtains generating functions for special functions
starting from their polynomials using Lie group representation theory and
Lie algebras. This method was introduced by the Canadian mathematician
Louis Weisner in 1955.

In this method, we use some partial differential equations besides Lie

algebra.

To illustrate this method, we discuss its main steps through the following

few lines and use it in more detail.



Weisner’s group theoretic method steps:

1. Recurrence Relations:

Finding differential recurrence relations where the function

satisfies.

. First Order (Linear) Differential Operators:
Finding three types of operators which are called:

1. Raising operator (we represent it by J*)

2. Lowering operator (we represent it by J°)

3. Stationary operator (we represent it by J*)

The one-parameter Lie group is produced by every first-order
linear differential operator. We can identify the extended form of
the group formed by the linear differential operator if we know it.

Another way to phrase it is, we will be able to determine the

operator's effect. e°¢ on f(x,y) where,

(€0)? (€ o (cO)F
TR kZO k!

where C is supposed to be an operator.

e =1+cC +




3. Commutative Relations of the Operators
Using the commutator notation, [x,y] = xy — yx to find
the three relations:
1. [P, J]
2. [, 1]

3. [, 7]

The commutator formulas show that the operators J°, J*, and J generate a
Lie group.
4. The Extended Form of Operator Generated Group
Here we need to find e?/” f(x, y) and e" f(x, ),
where f(x, y) is arandom function with b and ¢ are random
constants,
e“flx,y) =ox,y) g(x,y)
eC f(x,y) is the transformed group's extended form generated by

C.



5. Generating Functions
Weisner's method for discovering generating relations, which is

based on Taylor's series in the form of

d
exp [CEF(X)] =F(X+0C)

We consider the following three cases:
1. The effect of both J* and J-together (i.e., b # 0 & ¢ # 0)
2. The effect of J- only (¢ = 0)

3. The effect of J" only (b = 0)

However, throughout our study, since we are dealing with two index
Hermite polynomials, we have six operators where we consider their
effect on the given polynomial that is raising, lowering and stationary

operators will act on m and n, respectively.



Chapter 2: Generating Functions of Two Index

Generalized Hermite Polynomials

2.1 Introduction

The double index generalized Hermite polynomials are
characterized by two different indices, four variables, and one parameter.

The following bilateral generating function defines these
polynomials. (Dattoli, G, 2004):

exp(xt + yu + zt* + wu? + kut)

o o

tmuynt
= Z ZWFHm’n(x,y,z, w, k) (2.1)

m=0n=0
in which the polynomials H,, ,, are expressly supplied by the series

min (m,n)

k'Hp—1(x,2)Hp 1 (v, 0)

= mlnl
Himn(x,y,2, 0, k) = min! ZZ(; UHim-D!'(n—-1D!

Furthermore, these polynomials satisfy the simultaneous partial

differential equations listed below.

9%v 0%v ov
Zzﬁ+kaxay+xa—mv+v—0 (2.2)
and
d%v d0%v ov
2w ——nv+v=_0 (2.3)

dy? * kaxay +y6y

10



2.2 Finding Generating Relations using Weisner’s Method

2.2.1 Recurrence Relations

In this subsection, we derive the relations for pure and differential
recurrence. We differentiate Hermite generating function of two index and
two variables which are considered in (2.1) partially with respect to each

of the variables x,y and t.

Case (1): Differentiate eq. (2.1) with respect to x, we obtain:

t - exp(xt + yu + zt? + wu? + kut)

a ® tm n
= _x( z ﬁmHm,n(x:y; Z; (1), k))
m,n=0
(0e]
tmyn : tmym o "
t o mn (%, 2,0, k) = 1 3y T (XY, 2,0, k)
mn=0 m,n=0

Replace m by m — 1 onthe left side, and multiply and divide by m, we

find that

tm n
Z m(m_1)|n' m 1n(x y’Z w k)

m=1,n=0

tm™my" o

= T 7% Hyn(x,y, 2, 0,k).
mn=0

11



Evaluating coefficients of of t™u™, we obtain the following

differential recurrence relation

aHm,n(x Yz, W, k) = mHm—l,n(xl Y, Z,Q, k) (24)

Case (2): Differentiate eq. (2.1) with respect to y, we get

u - exp(xt + yu + zt? + wu? + kut)

ntm
- Z e Hn(6,Y,2,0,10)

m,n=0

(o]
tm un tm un a
u- EEH’”'"(’C’ Y, z,w, k) = %H@Hm’n(x, v,Z,,k)
mn=0 mmn=0

Replace n by n — 1 on the left-hand side, and we get

o ntm o yn
Z EWWH”"“”(% Y, z,w, k)
mon=1 ' '

=ty 9
= Z ———Hp(x,y,2,w,k)

m! n! dy
mn=0

Evaluating coefficients of t™u'", we get the following differential

recurrence relation

@Hm,n(x Y,Z,w, k) = nHm,n—l(xl Y, Z,Q, k) (25)

12



Case (3): Differentiate eq.(2.1) with respect to t, we get

(x + 2zt + ku) - exp(xt + yu + zt? + wu? + kut)
p y

untm—l

= z mHm’n(x,y, Z, W, k)

mmn=0

uttm
=>x z ——H,(x,y,2,w, k)

n! m!
m,n=0
tm+1un
+ 2z Z —y— Hyn(x,y,z,0,k)
m,n=0
® tm un+1
+k Z por Hyun(x,y,2z,0,k)
mn=0
® tm—l un
= ———H xX,V,Z wk
Z (m —1)! n! mn (%Y )
m,n=0
tm un
=X iy Hypn(x,y,2z,w,k)
m,n=0
(0e]
+2 m_tT W K
Z — - Xy, 2z W,
m@m—1)!n ™" Y
m=1,n=0

nt™ u
+k Z E%mﬂmmﬂ(%y;z:mk)

t"™um
= Z _WHm+1,n(x; Y,z w, k)

13



Now, comparing the coefficients of t"u", we get
XHpn(x,y,2,w, k) + 2zmH,, 4 ,(x,y,2,w, k) +
anmn 1(x,y,z,w, k) = m+1n(x v, z,w,k).

Substitute eq. (2.4) and eq. (2.5) in eq. (2.6), we get
d d
(x + ZZa +k @> Hyn(x,y,2,w,k)

= m+1,n(x; Y,z w, k)

Case (4): Differentiate eq.(2.1) with respect to u, we get

(y + 2wu + kt) - exp(xt + yu + zt? + wu? + kut)

tm un—l
= ﬁ(n — 1)!Hm’n(x, Y, z,w,k)

mn=0

o tmyn
=y Z EmHm’n(x,y,z,w,k)

m,n=0
n+1
+2W z m| m,n(x;y;z;w;k)
m,n=0 n
m+1 n
+k Z — —Hpn(x,y,2,w,k)
mn=0 n
tm un—l

= m(n — 1)!Hm,n(x, Y, z,w,k)
m,n=0

14

(2.6)

2.7)



> pmyn
y Z EHHm,n(x;y;Z;w;k)

mmn=0

nt™ u
+ 2w z EWmHm’n_l(x,y,z, (l),k)

® m tm n

+k Z Emml‘lm_l’n(x, v, Z,w, k)
m=1,n=0
tmun
= Z %mHm,n+1(x;y;Z; w, k)
m=0n=-1

Comparing the coefficients of t™u", we get
YHyun(x,y,2,w, k) + 2wnHy, ,_1(x,y,2,w, k) +
kam—Ln(x; Y, Z,w, k) = Hm,n+1 (X, Y,z Q, k)

Substitute eq. (2.4) and eq. (2.5) in eq. (2.8), we get

0 d
(y + ZW@ + ka) Hyun(,y,z,w, k) = Hyp i1 (x,y,2,w, k)

15

(2.8)

(2.9)



2.2.2 First Order Differential Operators
Let m=p :—p, n=s % and replace them in eq. (2.2) and eq. (2.3),

respectively, we get

) 62u+k 0%u N ou ou 210
“ox? dxdy X ox pap B (2.10)
and

) 62u+k62u N ou  du 211
Way2 d0xdy yay *9s (211)

We find that: f(x,y,z,w,k,p,s) = Hyun(x,y,2z,w,k)p™s™ is a solution
of eq. (2.10) and eq. (2.11), since Hy, ,(x,y,z,w, k) is asolution of
eq. (2.2) and eq. (2.3). Now we use eqs. (2.4), (2.5), (2.7), and (2.9)
to find the first order differential operators {A4;:i = 1,2,3,4,5,6}

fx,y,z,w,k,p,s) = Hyn(x,y,z,w,t)p™s™

Ford, =p :—p, we get:

A [Hm,n (x,y,2,w, k)pmsn] =mHy,,(x,y,z,w, k)p™s™.
d

For A, = Sg, we get

A, [Hm,n (x,y,2,w, k)pms"] =nHp,(x,y,z,w,k)p™s™.

16



)
ax’

For A; =p we get:

A3 [Hm‘n(x, y, Z, W, k)pmsn] — mHm—l,n(xr y’ Z, W, k)p‘m—lsn.

d d
For A, =p [x + 225+ ka],we get
m+1Sm

As[Hn (6,9, 2,0, K)p™S™] = Hypy1,0 (3, 2,0, k)p

1

1 @ .
For A; = s 3y Ve get:

mSn—l

AS [Hm,n (X, V,zZ,w, k)ymsn] = nHm,n—l(xl Y, zZ, W, k)p

: _ d ] _
Finally, for Ag =s [y + ZW@ + ka], we get:

m+1

A6[Hm,n (x, Yz, w, k)pmsn] = Hm,n+1(xi Y, zZ,, k)pms

We have used the recurrence relations to introduce the three types of

operators: Stationary, lowering, and raising operators.

17



2.2.3 Commutative Relations of the Operators

In this subsection, employ the commutator notation [A,B] with
[A,B]f = (AB—BA)f where

f=f v, 2z wk, p,s)=Hyu,(x,y,z,w,k)p™s" .
To find all possible commutation relations between the operators

Case (1): We have:

[A1, A )f = A1Arf — AR A f

() (- (65 5l =

= [A1;A2]f =0

= [AllAZ] == O

Case (2): We have:

[A1, A3lf = A1Asf — AsAf

=) ()l - [ 52 ()] 7
o

_ o°f _1of _ 19 _ _
= PP opox pp axap —P 0x Agf

18



Case (3): We have:

[A1, Aulf = A1Auf — A4Arf
~[(p) @ (x 265+ k)

Pl zegrig) o)l

f

- A e P -y
= P1P\*ap T ““apax  “apay) T\ T4 TGy

0 62 2
—-p [x6_+zzapax+k6y6p]f
( + 2 0 +ka)
—P\* “ox dy /

= [A1, ALlf = Auf

= [A;,A4] = Ay

Case (4): We have:

[A1, As]lf = A1Asf — AsAqf

e Bl =[5 gl =

[Al'AS]f = 0.

Case (5): We have:

[A1, Aglf = A1Asf — A6Arf

19



Case (6): We have:

[A2, A3lf = A Asf — AsALf

=[5 6 5= [ ) ()l =

= [A21A3]f =0

= [Az,As] = 0.

Case (7): We have:

[A2, Aulf = Az Asf — AyAsf
_ [(sais) <p (v 202+ kaiy)ﬂ f

— [p(x+22%+k%) (s%)]f =0

20



Case (8): We have:

[Az, Aslf = AyAsf — AsALf

65 - [5)ea)

—10 0?2 0?2
=s- f+s-s‘1 ! st /

Case (9): We have:

[A2, Aglf = AyAef — AsAsf

- [(3) o+ 2w )] =|(s (r+ 2w +

) (52|

= <+2 a+ka)+ O otk
I\ T AWy T ax) TV as T “Wasay T asax /

6+2 o + k o
*1°\Vas Wasay Jds0x f
= (+2 6+k6> =A
—[sy Way ax]f_ of

21



= [Ay, Aglf = Aof

= [A4,, Ag] = Ae.

Case (10): We have:

[As, Aylf = AzALf — A4Asf
0 0 5}
_ [(p—l &> <p (x + 22—+ ka—y)ﬂ f

lererrg) b Al

= [p~! a+2 62+k o +1
P P\ Fox T “¥axz dyox f

—[p7! i+2 o +k o =
PP\ Xox T “% 552 dyox r=7
= [A31A4]f =f

= [A3,A4] == 1

Case (11): We have:

[A3, As]f = AzAsf — AsAsf

el 2o

= [A31A5]f =0

= [A3,A5] == 0.

22



Case (12): We have:

[A3, Aglf = A3Asf — AsAsf

62 2)(s(r2og i)

Case (13): We have:

[A4, Aslf = AsAsf — AsAsf
b))l

_ [(s-lj_y) (p (v 2024 k;_y))

f=0

23



Case (14): We have:
[As, Aelf = AsAcf — AAsf

= [<p(x+2266—x+k%)> (s <y+ 2w%+kaa—x>>]f
_ [<S<y+ 2W%+k%)> (p <x+ ZZ:—x+k:—y>)

= (+2 6+kx)+2 O o
I A ‘”ay ox Z\”Y ox W@xay dx?

f

+ k a+2 o + k o +1
y(’)y W@yz dyox f

( + 2 a+ka)+2 a+2 o +k62
SV T 25 ay v xay Zaxay dy?

+ k 0 + 2 o + k o +1 =0
Yox T P ox2 dyox f=
= [A41A6]f =0

= [A41 A6] =

Case (15): We have:

[A4s, Aelf = AsAef — AcAsf
- (s 2w g7 (s O+ awig s
) )|f

24



=ss! a+2 62+k o +1
- yay Way2 dydx f

11y 2 4o 62+k62 =
53 yay Wayz dyox r=r

= [As, Aglf = f

= [A4s5,46] = 1.

Thus, we have:

[A1,A2] = 0,[A2,A3] = 0,[A3,44] = 1,[A4,A5] = 0,[45,46] = 1,
[A1, A3] = —A3,[A2,A4] = 0,[A43,45] = 0,[A4,46] = 0,

[A1,As] = Ay, [A2, As] = —A45, [43,46] = O,

[A1,A5] = 0,[A4,, Ag] = A,

[Al’ A6] = O

25



Since the foregoing connections are not isomorphic to any
commutation relations obeyed by a well-known Lie algebra of a local Lie
group, according to Weisner's group theoretic technique, as a result, we
are unable to connect the set of differential operators. {J3,J7,J*} with a
particular Lie algebra, only that these differential operators generate
three-dimensional Lie algebra can be said.

Therefore, the preceding commutation relations show that the set of
operators.

{A;:1 = 1,2,3,4,5,6} make some Lie algebra A.

Next, we can form the differential operators from egs. (2.10) and (2.11).

L, =2 o + k o + 0 0
1= 22542 d0x0y *ox pap
and
L, =2 o + k o + 0 0
2 W6y2 0x0y yay ds

Which can be expressed as
L1 == A3A4 —m — 1
L2 = A5A6 —-—n-— 1

and this can be verified very easily.

26



We have:

AsAy(Hpn (6,7, 2,w, K)p™s™) = Az(Hpy1n(x, ¥, 2, w, K)p™t1s™)
= (m+ DHp,(x,y,z,w,k)p™s™

But

A3A4(Hm,n (x,y,z,w, k)pms")

= (p_li> p(x+ 221+ ki)
0x 0x ady

ok ik
| Ox 0x? 0xdy

(Hm,n (X, Y, zZ,w, k)pmsn)

+ 1] (Hpn(x,y,2,w,K)p™s™)

=>L1 =A3A4_m_1
where m is replaced by p;—p

ok iy ks N d d
dx? dxdy * ox pap

. Ll = 2z

We have
A5A6(Hn,m (x, Y, z,w, k)pmsn) = AS(Hm,n+1(xr Y, zZ,w, k)pmsn+1)
=+ 1DHyu,(x,y,z,w,k)p™s™

= LZ = A5A6 - Tl—l.

27



But

AsA¢(Hmn(x,y,2,w, K)p™s™)

(—16) (v+2 a+ka)
> dy S\ ‘”ay 0x

=s1 a+2 az+k 62+1
=5 ey T ey T ayax f

(Hm,n(x; Y, zZ,w, k)pmsn)

= I + 2 o* +k I
N yay Way2 dy

2
2+ 1

iLZ =A5A6—7’l—1
. 0
where n is replaced by S e

| 2 a2 a2 8
"LZ =2Way2+k

6y6x+y$_sas’

which commutes with {4;:i = 1,2,3,4,5,6}.

That is: [L,, 4;]=0 and [L,, 4;]=0.
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2.2.4 Extended Forms of The Group Generated by Operators

The extended forms of the group formed by will be found here

{A;:i =1,2,3,4,5,6).

Case(1): For A; = p:—p.

Let a, beanyvariable, then

dp B
da;,

dp
j?=fda1

Inp=a; +1nA

p

Applying the initial condition when a; = 0,p(0) = p,
=>Inp,=Ind = p, =4

= Inp =a; +Inp,

“ P =Ppoe™
&
da,
=>dx=0
= x =k.

Applying the initial condition when a; = 0,x(0) = x,
— xO - k

=>x=x0
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Also,

dy dz aw dk ds_O
da,  da;,  da; da,  da;
=YV =Y Z = Z,, w =W, k =k, s =5,
dv

—=0>=>dv=0 sv=k.
da,

Applying the initial condition whena; = 0,v(0) =1=,k=1,v=1

~eMhif(x,y,z,w,k,p,s) = f(xo, Yo, Zo, Wo, ko, Poe®, So) (2.12)

d
Case(2): For A, = S

By using the same calculation as in case(1), we get

~e®M2f(x,y,z,w,k,p,s) = (X0, Y0, Zo, Wo, ko, Po, So€?) (2.13)

: _ 19
Case(3): For A;=p "

Let a; be any variable

dx
das

fdxzfpgldag
a

x=—3+k.
Po

-1

=b

Applying the initial condition when az = 0, x(0) = xy = k = x,
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XxX=—++x
Po °
Also,
dy dz dw dk
P 0’ 7. = 0' -5 =Y - = 0;
das das das das
d ds
o 0, —=0
das das

SY=Yo, Z=2Zy,W=Wo ,k=ky, p=py, S=95

d
and — = 0 =>v =1, then
da3

N—

a
e f(x,y,z,w,k,p,s)=f (xo + p_g'YO;Zo; wo, ko, Po, So
0

Case (4): For A, =p [x + ZZ;—x+ k%]
= A, = px + 2pz— + pk=

Let a, be any variable

ﬂ:ZPZ, d_yzpk

da4, da4

f dx = f Zpozoda4

X = 2poZpas + k.
When using the initial condition a, = 0, x(0) = x,

X = 2D0Zp4 + X
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fdy = f pokoda4.
While the initial condition is being applied a, = 0,y(0) = y,

Y = pokoas + ¥o

dz dw dk dp ds
>—=0, —=0 —=0, —=0 —=
da, da, da, da, da,
Z=Zy; W=W,, k =k, D = Do, S =S5,
dv
da, pxv

dv
7 = po(xo + 2pgzoas)da,

dv 5
j; = j (Poxo + 2p5Zoas)day

2

2 %4
Inv = poxea, + 2zypg > + k.

Applying the initial condition when a, =0, v(0) =1, In(1) =0
Inv = poxoay + zopgai,

v = exp(PoXoas + ZopiaZ). then

et f(x,y,z,w,k,p,s)

= exp(PoXoQs + ZopP5aj)

[ (X0 + 2poZ0Q4, PokoQs + Yo, Zo, Wo, Ko, Do) So)- (2.15)
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: _ 19
Case(5): For A; =s 3y

let as be any variable, then

dy B
das

[or=] 5
y = S as

y=%+k.

0

S—l

Applying the initial condition when as; = 0, y(0) = y,

X =Xo,Z =2y k =kys=Sy,p=Dp9WwW=w,, then

a
et f(x,y,z,w,k,p,s) =f (x0:y0 + S—S,Zo; Wo, ko,po,so)
0

5] d 5] 5]
Case(6): For Ay = s[y+2w5+ka] = sy + 25W$+ska

Let a, be any variable, then

dx_ I
da6_S

= f dx = j Sokoda6

=X = Sok0a6 +k

dy
— =2
da, Y
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fdy=f 2sqwodag

y = 250W0a6 + k
The first condition is being applied when ag = 0 = y(0) = y,

Yy = 25oWoas + Yo

dv _
dag 4

Substitute y = 2sowyae + vy

dv
d_a6 = so(2Zsgwpag + yo)v

v
7 = (ngwoae + so¥o)dag

2

a
Inv = 258w, 76 + so¥oas + k

Applying the initial condition when:
a, =0,v(0)=1;In(1)=0 =2k =0
= Inv = wysiaZ + syyae

el =y = exp(syVoae + weSzaz).

Also
dz dw dk dp ds
— =0, — =0, _—= O, —_— = O, —=0
dag dag da, dag dag

Z=2y, W=Wy, k=ky, p=py, S=53  then
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e%4sf(x,y,z,w, k,p,s)
= exp(SoYoae + Wosgag)

- f(xo + Sokoag, Yo + 250Woas, Zg, W, ko, Po, So)- (2.17)

Therefore, generally speaking, we have the extended forms of the groups
produced by
Ai(i = 1,2,3,4,5,6)
following is:
e if(x,y,z,wk,p,s) = f(x,y,z wk pe™,s),
e f(x,y,z,w,k,p,s) = f(x,y,2,w,k,p,se?),
e f(x,y,z,w, k,p,5) = f (x + %,y,z, w, k,p, s),
e f(x,y,z,w,k,p,s)
= exp(pxa, + zp*a,?) - f(x + 2pza,, pka, + y,z,w, k,p, s),
e®4sf(x,y,z,w, k,p,s) = f (x,y + %,z, w, k,p, s),

e%dsf(x,y,z,w, k,p,s)

= exp(syag + ws?a?) - f(x + skag,y + 2swag, z,w, k, p, 5).
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2.2.5 Generating Functions

From the previous section, we have the extended forms of the groups

produced by A;(i = 1,2,3,4,5,6) from the eqgs.(2.13)-(2.17)

We find the action of these operators as follow:

oottt f(x, y,z,w, k,p,s) = exp(syas + ws’agpxa, +

zp%a?) - f (x + skag + 2pza, + —,y + 2swag + >+

pkay, z,w, k,pe“l,seaz). (2.18)

By putting a; = 0 (i = 1,2,3,4); as = b, ag = ¢ in €q. (2.18) and letting
f(x; }’; Z, W, k, pl S) = Hm,n(x; y' Z, Cl), k)pmsn’

we get:
ecleeb4sH . (x,y,z,w, k)p™s™

= exp(ay,c + wosic?)

“Hipn (xo + SokoC, Vo + 25qwoC

b
+S_»ZO:W0:3’0: ko) Pg*sg. (2.19)
0

But
eC4seP4s(H, . (x, Y, W, k)p s™)

=eP Z k' Hypn (x,y,2,w,k)p™s

(o'e]
c
= ebAszk_ mn+k(x Y, Zz,w, t)p smk
k=0
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o eCsebAs(H - (x,y,2,w,k)p™s™)

= Z Z ——Hpnik1 (0, Y, 2, 0, K)p™ms™ el (2.20)

We get the desired generating function by combining egs. (2.19) and
(2.20).

exp(ayyc + wosic?)

b
-Hpy (xo + sokocC, Yo + 250wocC + S—;Zo,Wo,YO: ko)
0

= z FFH’"'"”_I()C' y,z,w,k)s*t, (2.21)

1=0 k=0
Next, some special cases of the generating relation eq. (2.21) are

interesting.

By putting b =0, s =p =1 ineq. (2.21), we get:

exp(ayoc + woc?) - Hyyn(x0 + koC, yo + 200, 2o, W, Yo, ko)

© Ck
= Z FHm,an(x: Y, Z, W, k)
k=0

Ifwelet ¢ =0, s=p =1 ineq.(2.21), we get the particular case:

Hm,n(xO; Yo + b, Zy, Wy, Yo, kO) = F
=0

Hyn1(x,y,2z,w, k).

In general, we have

Hm,n(x: y+ b,z,w, vy, k)

= FHm,n—l(x' y, Z, (,(), k)- (2'22)
=0
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Further, by putting a; = 0(i = 1,2,5,6); a3 = a, a, =d ineq. (2.18)
and letting
f(x y,Z(Ukp,S)— mn(x y,Z(,l)k)p

we get:

ed44e%43(H, . (x,y,2,w,k)p™s™)
= exp(poxod + zop§d?*)
a
*Hmn (xo + 2pozod + E'J’O

+ pokod, zy, Wy, k0> Pl*sy (2.23)

But
ed4104s (Hm,n (x,y, Z w, k)pmsn)

aAs dkAk mean
=€ Z (Hmn(x Y,2z,w,k)p™s )
k=0

= e z Il Hyikn (%Y, 2, 0, k)pmHesn
k=0

dA4eaA3 (Hpn (v, 2,w, k)p™s™)

e}

ldk
Z Z e Hien (69, 2,0, )pm RS, (2.24)

Combining eqs. (2.23) and (2.24), we get another generating relation in

the form:
exp(poXod + zop§d?)

a
. Hm’n (XO + Zpozod + —

Yo + Pokod, zy, wy, ko)
0

= z z TFHm+k—l,n(xi Y, z,w, k)pk_l' (225)
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By putting a =0, s =p =1 ineq. (2.25), we get the particular case:
eXp(xod + Zodz) ° Hm‘n(xo + ZZOd, yO + kod, Zo, Wo, ko)

= FHm+k,n(x:y; Z,w, k)
k=0

In general, we have,

exp(xd + zd*) - Hy, n(x + 2zd,y + kd, z,w, k)

= Z FHerk’n(x,y,z, w, k). (2.26)
k=0

Also, by putting d =0, s =p =1 in (2.25), we get:

2l
a
Hm,n(xO + a’ yO' ZO' WO' k()) = Z FHm—l,‘n(x) y; Z; (,(), k)
=0

In general,we have,

Hypn(x+a,y,z,w,k)

© 1
a
= z ﬁHm_l’n(x, Y, z,w, k). (2.27)
1=0
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2.3 Some Applications

Numerous applications in mathematical physics, quantum mechanics, and
related fields can be made of the relations discovered for the two-index
Hermite polynomials H,, ,(x,y,z, w, k) using Weisner's group theoretic
approach. Some applications that might be used include:

1. Quantum mechanics: Two-index Hermite polynomials
Hyn(x,y,z, 0, k) are used in the study of quantum systems, such as
multi-particle systems, harmonic oscillators with two degrees of
freedom, and quantum field theory. The relations obtained through
Weisner's group theoretic method can provide insights into the
properties and behavior of these quantum systems, such as energy

spectra, wave functions, and quantum states.

2. Mathematical physics: The obtained relations can be used to understand
physical systems mathematical properties and symmetries involving
two-index Hermite polynomials. For example, they can be used to
derive conservation laws, study the behavior of physical observables,

and analyze the symmetry-breaking patterns in physical systems.
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3. Applied mathematics: The obtained relations can be utilized in applied
mathematics for solving problems involving two-index Hermite
Hyn(x,y, 2, 0, k) polynomials comprise eigenvalue issues, boundary
value problems, and partial differential equations. They can also be used
in the mathematical modeling of physical phenomena that involve two-
variable Hermite polynomials, such as in signal processing, image

analysis, and statistical mechanics.

4. Quantum information theory: Two-index Hermite polynomials
Hyn(x,y,2, 0, k) are used in quantum information theory for studying
quantum entanglement, quantum computation, and quantum
communication. The relations obtained through Weisner's group
theoretic method can provide insights into the properties and
manipulation of quantum information encoded in systems involving

two-variable Hermite polynomials.

5. Symmetry analysis: The obtained relations can be used in the symmetry
analysis of mathematical and physical systems to understand the
underlying symmetries and to classify different solutions based on their
symmetry properties. This can have applications in crystallography,

materials science, and mathematical modeling of physical phenomena.
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Overall, the relations obtained through Weisner's group theoretic method
can be used in a wide variety of mathematical physics applications,
quantum mechanics, applied mathematics, and related fields, providing
insights into the properties, behavior, and symmetries of systems

involving two-index Hermite polynomials.

42



Chapter 3: Generating Relations of Two Index
and Two Variables Hermite Polynomials

3.1 Introduction

This chapter focuses on generating relations for Hermite
polynomials with two indexes and two variables He,,, , utilizing

Weisner's method. Some various properties will be discussed, including
the recurrence relations, first-order differential operators, and generating

functions.

a b

Let M = ( b c) be the associated matrix where a, b, and c are real

X
numbers, and let z = (y)’ h = (fl) so transpose of h is hf = (t w)

be the vectors in the space R?. It follows:

itz e 0 )= w5

= atx + bty + bxu + cuy. (3.1)

@zim=ie w(; )G =3 Wi

1
=5 [at? + 2btu + cu?]. (3.2)
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Hermite polynomials with two indexes and two variables
Hep, n,(x,y) presented by the generating function listed below

(Cesarano, 2014):

htNz—Lnthin NN
e- = 2="= = Z ZﬁmHem’n(x,y) (3.3)

m=0 n=0

These polynomials are used in a variety of pure and applied
mathematics domains (Dattoli et al 2003,2004); they are instrumental
in describing the quantum treatment (Kim and Noz 1991) of coupled
harmonic oscillation.

It is worth noting that the Hermite polynomials have double
indexes and double variables He,, ,(x,y) satisfies the following

recurrence relation.

(0e) [ee] tm n
(ax + by — at — bu) z Z Hemn(x y)
m=0 n=0

x *© tm—lun
= Z Zm — HHem,n(x,y). (3.4)
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Moreover, if we substitute egs. (3.1) and (3.2) in eq. (3.3), we obtain the

following useful generating relation:

tm n

(o] [0 0]
1 u
atx+bty+bxu+cuy—3s[at?+2btu+cu?] _
e 2 = o Hema (6 y) - (3.5)

Eq. (3.5) is the main generating relation which we use in this Chapter.
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3.2 Finding Generating Relations Using Weisner’s Method

3.2.1 Recurrence Relation

We derive the pure and differential recurrence relations in this
subsection. We differentiate Hermite generating function with two index
and two variables defined in eq. (3.5) partially with respect to each of the
variables x,y,u and t as seen below:

Case (1): Taking the partly derivative with respect to x in eq. (3.5) gives

us the following.

atx+bty+cuy—%[at2+2btu+cu2]+bxu

(at + bu)e
- tmu 0
z z m' n' a Hemn(x y)
m=0n=

Next, using eq. (3.5) in the above equation, we get:

® 2 tm+iqyn ® 2 tmyntl
@ z z m! n! o emn(x,y) +b z z Hem,n(x,y)
m=0n=0 m=0n=0
= Z m' n' Ox Hemn(x y)
m=0n=0
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Replace m by m — 1 in the left-hand side's first term and and divide by
m and replace n by n — 1 in the left-hand side's second term and

multiply and divide by # in the above eq. , we get:

tm n

a z 2 n_ em-1n(6:Y) +b z Z — 1 Hemny (03)

m=0n=1 m=1n=0

Comparing the coefficients of t™u", we get

0
aHemm(x' y) = amHem_Ln(n,n) + anem,n_1 (x,y) (3.6)

Case(2): Differentiate (3.5) partially with respect to y, we get

(bt + Cu)eatx+bty+cuy—%[at2+2btu+cu2]+bxu

Z m' n' a em,n(x;y)-
m=0n=0 Y
Using (3.5), we get
X2 tm+1 u™ = n+1
by S ) te Y Y S H, ()
m=0n=0 ' m=0n=0
(00) [ee] n a
B Z Z m! n! dy Hepn (%)
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Replace m by m — 1 in the left-hand side's first term and and divide by
m and replace n by n — 1 in the left-hand side's second term and

multiply and divide by # in the above eq., we get:

= mtmy™ o tMmnu
b D D ot s (o) H € ) D S H ()
m=0n=1 m=1n=0
= ——=—H, (x,y)
m=0 n=0 -0y

Comparing coefficients of t"u", we get

0
2 ey (,9) = binHe,,_, (6,3) + g, _, (x,7) (3.7)

Case(3): Differentiate (3.5) partially with respect to u, we get

((bx + cy) — (bt + cu))eat“bty”“y‘%[“tz+2btu+cu2]+bxu

e}

t™ nunl
Z Z He,, . (x,y).
m=0n= n
° 2 tmun * 2 tm+1un
(bx+cy) ) > o, ) =b ) > o H, ()
m=0n=0 m=0n=0
2 tmun+1 2 tM™ nu™ 1
e ) Y e, ) = Y Y e, (1)
m=0n=0 m=0n=0
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Replace m with m-1 in the second term on the left-hand side of the

following equation and multiply and divide by m, we get by replacing n by

n-1in the third term of the left-hand side and n by n-1 on the right-hand

side.
(bx+c)’) Zm OZn Om' 1:“ em’n(x,y) —
tm
me 12n Omm, n em 1n(x y)
e ™t
_CZZE n! emn 1(x y) = ZZm' n! em,n+1(x'y)-
m=0n=1 m=0n=

Now, contrasting the coefficients of t"™u", we get

Hem,n+1(xr y) = (bx + Cy)Hem,n (x: Y) - bmHem—l,n (xr y) -

CnHem,n—l (x, y) (38)
Case(4): Differentiate eq. (3.5) partially with respect to t, we get

((ax + by) — (at + bu))eatx+bt3’+cuy—%[at2+2btu+cu2]+bxu

=y ).
m=0n=0 ' '
* m+1
(ax+by)z Z Hemn(x y)—az Z Hemn(x y)
m=0n= m=0n=0
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m n+1

mtm—l un
—bz Zm, — (1Y) = Z o, (5Y)

m=0n= m=0n=

Now, replace m with m-1 in the second term on the left-hand side of the
following equation and multiply and divide by m, we infer by replacing n
by n-1 in the third term of the left-hand side and n by n-1 on the right-

hand side that

co 0o

mt™u™
(bx + cy) z z y emn(x y)—a z WﬁHem-l,n(x'y)

m=0n= m=1n=0

IR SNCED
t"™um
= Z Z ﬁmHem+1,n(x’ y)

Now, Comparing the coefficients of t™u", we get

Hem+1,n (x,y)
= (ax + by)Hem,n(x: y) - amHem—l,n (x: y)

- anem,n—l (x» 3’)- (3'9)

If we put eq. (3.9) in eq. (3.6), we get:

aHem,n(x» y) = (ax + by)Hem,n(x» y) - Hem+1,n ()
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d
= [(ax + by) — &] Hem,n(x,y) = Hem+1,n(x: y).

Similarly, if we put eq. (3.8) in eq. (3.7) and simplify, we get:

0
@Hem,n(xr y) = Hem,n+1(x» y) - (bx + Cy)Hem,n (x» 3’)

d
= [(bx + cy) = | Hemn(x,) = Hegmpin (x,7).

Next, multiply eq. (3.6) by b and eq. (3.7) by a, and we get:

d
baHem,n(x:y)

= abmHep,_1 ,(x,y) + b*nHe,, ,_1(x,y)

d
ags He,n(x,y) = abmHep,_1 ,(x,y) + acnHe,, ,_1(x,y).

Subtract eq. (3.13) from eq. (3.12); we find that

5} 0
I:ba — a@:l Hem‘n(x, y) = (bZ - ac)nHem,n—l(x; y)

= —(ac — bz)nHem,n_1(x: y)

0 0
[ba - CL@] Hem,n(xr Y) = _AnHem,n—l(x' y)

0
_ﬁ ba_ a@] Hem,n(x»y) = Hem,n—l(x»y)-
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Similarly, if we multiply eq. (3.6) by ¢ and eq. (3.7) by b, we get:

d
caHem,n(x, y) = acmHep,_1 ,(x,y) + bcnHe,, ,_1(x,y). (3.15)

bo-Hepmn(x,y) = b?mHen _1(x,Y) + benHepy 1(,).  (3.16)

Subtract eq. (3.15) from eq. (3.16), yields

o~ ] Hemn(x,y) = (ac — b2YmHep_1(x,7)

0 0
= [c& —-b ay] Hepn(x,y) = AmHe,_1,(x,y)

1 d
= mA [Ca —b ]Hem,n(x: y) = Hem—l,n(x: y)- (3.17)

a b],

where A = ac — b? and the associative matrix is A = [b c

where a,b, and c are real numbers such that: a,b,c > 0,

A=ac > b?t+ult],|ul < oo.

52



3.2.2 First Order Differential Operator

Using the recurrence relations obtained in the previous section, we can

derive the following operators.
Let f(x,y,p,5) = Hempu(x, y)p™s"

1) For A, = p%, we get:

A1[Hemn(x, y)p™s"] = mHempn(x,y)p™s"
a
2) ForA, = s We get:
AZ[Hem,n(x» Y)Pmsn] = nHep,, (x,y)p™s".
1[0 ]
3) For A; = A [c—— b—y , we get:

mln

Az[Hemn(x,y)p™s"] = mHep_1 (%, y)p
4) For A, =p [(ax + by) — i] we get:
axl’

m+1 n

Ag[Hemn (%, y)p™s™| = Hepyrn(x, Y)P
5) For Ag = ——[ —— a—],we get:
AS[Hem,n(xi y)pmsn] = nHem,n—l(x: y)pmsn 1

6) For Ag =s [(bx +cy) — %], we get:

n+1

Ag [Hem,n (x» y)pmsn] = Hem,n+1 (xr y)pms
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3.2.3 Commutative Relations of the Operators

We employ the commutator notation [A , B] with [A, B]f =

(AB — BA)f where f(x,y,5,p) = Heppn(x,y)p™s™ in order to find all
possible commutation relations between the first order differential
operators

A;, {i=1,2,..,6} mentioned in the previous subsection.
Case (1): [A1,A,]

[A1, Al = A1 A f — AR A f

) (BBl

= [A1;A2]f =0

= [AllAZ] == O

Case (2): [A1,A5]

[A1, Aslf = A1Asf — A3A.f
[l oGl el

B 1] 0%f bazf 1[ 0%f bazf B
_<Z Bpax Bpé‘yD < [ Jdpox 6p6y]>_0

= [A,A3]f =0

= [Al,A3] = 0.
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Case (3): [A4,A4]
[A1, Ay] = A1ALf — ALAf

() (@m=-32)|r=[p (s - 2) o)l

of d%f of % f
— 27 .2 _ 2_J 2 —
(ax + by)p p p 3pdx (ax + by)p p +p 3pdx 0

= [A11A4]f =0
= [4,,A44] = 0.

Case (4): [Aq, As]

[A1, As]f = A1Asf — AsAqf

) bl (b aD el

p[, 0% _ 0% p[bazf_ F ],

Y dpox “apay +E dpox aapay_

= [A1;A5]f =0

= [A]JAS] == 0.
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Case (5): [A1, Ag]

[A1, A6lf = A1Acf — AcArLf
oo -l lecm -l

0% f of d%f
a9y (bx + cy)sp% + sp pdy

— (bx+cy)sp L
= (bx cysp%—sp
ﬁ[‘411‘46]f=0

= [A1,46] = 0.

Case (6): [A,, A3]

[A2, A3lf = A Asf — AsALf

L I

%)

S 2% f 0% f s [ 0%f 0%f |
=|—]c —b —|—|c —b =0
pA| 0dsdx ds dy pA| 0sdx ds dy|
= [A21A3]f =0
= [Az,A3] = O

Case (7): [A,,A,]

[A2, Aglf = A ALf — ALALf

- [(%)p((ax +by) ‘%)]f o (@ + ) _%) (S%ﬂf
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9°f of  9f

dsox (ax + by)psa Tps 0s0x =0

— (ax + by)ps L
= (ax + by)ps o=~ ps

= [A, A4lf =0

= [Az,A4_] = 0

Case (8): [4,, As]

[A2, Aslf = A2 Asf — AsAyf

[ e S [

B bazf d%f + bazf 0%f
B 9sox " ds dy dsox ' ds ay

= [A2;A5]f =0

= [Az,A5] = 0.

Case (9): [A,, Ag]

[A2, Aelf = A2Asf — AsAaf
[(sge)s (@ + =)= [s (@ o -5) ()7

0% f of % f
_ 2 22 _
350y (bx + cy)s 5 + s 350y

0
= (bx + cy)s? 35 s?

= [Ay,46lf =0

= [4,, 4] = 0.
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Case (10): [A3, A4]

[A3, Aslf = AsAsf — A4Asf
- [Galez o @ on-5)ls

- [p (@t o= 5) (gl

Lo 2 (ax + by) — b2 (ax + by) | f —~
A_caxax y ayax y_f A

~ogl)ls

- 92 92

- g2 22
_C oxZ b dy 0x|

L 2 (ax + by) — b2 (ax + by)| £ 4~
A_caxax y ayax y_f A

= [A31A4]f =0

= [A3,A4] = O

Case (11): [A3, A<]
[A3, Aslf = A3Asf — AsAsf

_C ox2 b dy 0x|

~[Gales o5l (-ssbm-ex Il

[(-alez -5 ]) Galea o5} =
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Case (12): [A3, Ag]

[A3, Alf = AsAsf — AsAsf
(Hlez-s2)) ( (6 + ) %)) f
- [(s((bx + cy) —%)) (piA :C%— b% )‘f =0

= [A3,46]f =0

= [43,46] = 0.

Case (13): [A4,, Ac]

[A4, As]f = AsAsf — AsAuf
B d 1 0 d
=|p (ax+by)—ﬁ (_E ba—aﬁ>

(e (om0

f

= [A4,A5] = 0.

Case (14): [A,, Ag]

[A4, Aglf = AyAcf — AsAuf

= p((ax+by) —%)S((bx‘Fc)’) _%>f

— [s ((bx +cy) — %) p ((ax + by) — %)] f
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= [A41A6]f =0

— [A4,A6] = O

Case (15): [As, Ag]

[A5;A6]f = AsA¢f — AgAsf
1 9 9

(-4 lo 2 a2]) (s s e - )] [s (02 + -

oy

57) (~5s b5~ aglf
= [4s,46]f =0

= [A51A6] = 0.

Thus from the previous commutator relations, we find that

[A1,A,] = 0,[A,,A5] =0,[A5,A,] =0,[A,,A5] =0, [45,46] =0,
[A1,A3] = 0,[Az,A4] = 0,[A3,45] = 0,[A4,46] = 0,
[A1,A4] = 0,[A,A5] = 0,[A3,46] = 0,

[A1, As5] = 0,[4;, 4] = 0,

[All A6] = 0.
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According to Weisner’s group theoretic method, we cannot connect
the set of differential operators because the above relations are not
isomorphic to any commutation relations obeyed by a well-known Lie
algebra of a local Lie group. { 4;:i = 1,2,3,4,5,6} with a certain Lie
algebra, we can only conclude that these differential operators generate
three-dimensional Lie algebra.

Therefore, The commutation relations shown above demonstrate that
the set of operators {4;:1 = 1,2,3,4,5,6} make some Lie algebra A.

And from these operators, we can introduce the partial differential
equations satisfied by two index and two variables He,, , (x,y)
Li =434, —m—1,

and this can be verified very easily

A3A4(Hem,n(x: y)pmsn) = A3(Hem+1,n(x: y)pm+1sn)
=(m+ 1)Hm,n(xr y)pTs™.
But

A3A4(Hem,n (x, J’)Pmsn)

[l 2] ol - S]] st
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—1( +b)a b( +b)a 62+b62
AT Y 5y ax Ty dy “ox? 0x0y
+ A] (Hem,n(x, y)pmsn)

$L1=A3A4_m_1,
where m is replaced by p;—p
-L—1(+b)a b( +b)a 62+baz+A
+ Ly =g [clax + by) =~ ax + by 3y Co2 323y

0 1

pap

L, =AsAs —n—1

AsAg(Hepm (6, )p™s™) = As(Hem et (x,y)p™s™*1)
= (n+ DHep,(x,y)p™s™.

But

A5A6(Hem,n (xr y)pmsn)

[l e cfore o= e

02 62
dy? +b 0x0y

1 0 0
= Z[—b(bx + cy)a+ a(bx + cy)@— a

+ A] (Hem,n(x, y)pms”)

ik ik
dy? +b 0x0y

1 0 0
= Z[—b(bx + cy)a+ a(bx + cy)@— a

+ A] (Hemn(x,y)p™s™),
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=L, =A;A¢ —n—1 ,where n isreplaced by S%,

'L—l b(bx + )a+(b+ )a 62+ba2 + A
T2 TG THIXT Y dy aayz d0xdy

g 1

*ds
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3.2.4 Extended Form of the Group Generated by Operators

The extended form of the group created by {A;:i = 1,2,3,4,5,6} is found

in this subsection.

Case (1): For A; = p%

let a, be any variable, we get:

dp_

da, P

dp

p=.[da1

Inp = a; +1nA.

Applying the initial condition when a; = 0,p(0) = p,

Inpy=0+1n4
A = po
Inp =a; +1np,

elnp = eal . elnpo = p()eal

= p = pye®.

64



dx dy ds

da; da, da,
= X = Xy, Y =Yoo S= Sy
dv

—=0=>dv=0>v==k.
da1

Applying the initial condition whena; =0, v(0) =1=, k=1, v=1

= ealAlf(xl VD, S) = f(xo» Yo, poeali SO) (318)

Similarly, proceeding in the same manner as in case (1), we can derive

the following cases:

0
Case (2): For A, = S

let a, beanyvariable, we get:

= e®%2f(x,y,p,s) = f(XoY0, Po» So€??). (3.19)

Case (3): For A3:piA[C%_b%]= cd b a

Let a; be any variable, then

d ds
“L=9 ==y,
da3 da3
P = DPo,S =S
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dx C

das  poh

dx = —d

x—pOA a;
Cc

x—po—Aa3+k.

When a; =0=x(0) =x,=>x, =k

c
Sx=—as+x
o3 0
Similarly, for 4 _ b
daz  poA
b
SV =Vv.——a
Y =Yo Dol 3

= e®B%f(x,y,p,5)

c b
= f(xo +pO_Aa3'y0 _pO_Aa3'pO'SO)'

1,0 9 b o  aad
Case (4): For As = —;[ba—aa] = ‘E&J’Ja

let as be anyvariable, we get:

e f(x,y,p,s)

b a
= f(xo _SO_AGSJ’O +50_Aa5'p0’50>'
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Case (5):For A, =p [(ax + by) — %]

let a, beanyvariable, we get:

d ds
P=0

_ — =0
da, da,

P = Do, S=S5p

dx 1

da,

dx = —poda,
X =—poas t+k

When a, = 0= x(0) = x,
X = —DpoQy + Xy

$x=x0—p0a4

dy 0
— : e
da, Y=Y

o +b
Ta, = Polax + by

dv
- = po(ax + by)da,

Inv =py(ax, + byy)a, + k
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whena, =0,v(0) =1,In1=0,k=0

= v = exp(apoxoas + bpoyoas)

e f(x,y,p,5)

= exp(apoxoas + byoas) - f(Xo — PoQa, Yo, Pos So) (3.22)
0

Case (6): For Ag =s [(bx +cy) — 5]

let a, be anyvariable we get:

e f(x,y,p,s)

= exp(bspxoas + cSoYoas) * f (X0, Yo — S0l Pos So) (3.23)
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3.2.5 Generating Functions

From the egs. (3.18) -(3.23) we find the action of these operators as
follows:

pasAst+azdz+aids £y y 1 <)

= e®sAst Azt tidiexp (bsyxoae + CSoYVoQs) - f (X0, Yo — Sols, Do» So)

b
= eWdatdsdstazataifi exp(bsyxoas + €SoYoas) f( 52 %Yo T

a
S00g + — as, Po, So
S()A

b
— ea3A3+a2A2+a1A1 exp( (x — _AaS) a, + b(yo - SOa6)a4—>
So

b a

'f(xo ———0Q5 — Q4,Y0 — Spls + S A
So

—a S
SOA 5, Po» 0)

b
— ea2A2+a1A1 exp (a <x0 — —as) ay + b(y() - Soa6)a4>

5o
c a
f(xo _ﬁas —ast ol —0a3,Y0 — Solde +S0_Aa5
b
poA — @3, Do So)

b
= exp (a (x — aa5) as + by, — 50a6)a4>

0

C a
flxg——a: —a, + —as,, Splg +—a
f(o 52 5 4T o) 32 Yo — Sole 521 5

b

"5 Aas;poeal,soeaz)- (3.24)
0
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By putting a; =0,i(1 =1,23,4),as = g,a, = h,

and writing f(x,y,s,0) = Hepn(x,y)p™s™ ineq. (3.24), we get:
eM4sed4s(Hep, , (x,y)p™s™)

= e94s (exp(bsxh + csyh)) - f(x,y — sh,p, s)

= exp (bsxh + csyh) -f(x—ig,y—sh+§g,p,s)

b a
= exp(bxh + cyh) - Hep, , (x — A9V sh + Eg) p™Ms™. (3.25)

But
o hk Ak
ehle p94s (Hem’n(x, y)pms”) = e94s Z k' (Hem,n(x, y)pmsn)
k=0
— Rk
= Zk— Hem’n_l_k(x,y)pmsn'l‘k)
N ZZ k! (Hem,n+k—l(x;)’)Pmsn+k_l)- (3.26)

=0 k=0

By combining eq. (3.25) with eq. (3.26), we get the following required

relation:
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b a
. N mea<n
exp(bxh + cyh) - He, (x 5 g,y —sh+ S g) p™s

g'h
S Y e (3.27)

=0 k=0

Now, some special cases of eq. (3.27) are of interest:
1) Putting g =0,p=s=1 ineq.(3.27), we find that
exp(bxh + cyh) - Hep, ,(x,y — h)

= ) o Hemnu (89, (3.28)

b a = g
Hep (x - SO—AQ ¥+ SO—AQ) = Z_!Hem,n—l(x: y). (3.29)

Next, we derive another generating relation.
By putting a; =0,i(1 =1,2,5,6),a; =r,a, =t
and writing f(x,y,s,p) = Hepn(x,y)p™s™ in (3.24), we get:

eldspTAs (Hem,n (x, y)pmsn)

C b
= exp (axt + byt) -f(x +p—Ar —tp,y —p—Ar,p,s)
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b
= exp(axt + byt) - Hemn<x+p—Ar—tp,y—p—Ar>p st

But

ritk

etA4€rA3(Hem,n(x»3’)pmSn) = zz N Kkl Hepyk- ln(x y)p
=0 k=

m+kln

Hence, we have

b
exp(axt + byt) - Hemn<x+p—Ar—ty—p—Ar>p st

rt m+k—1 n
= I_Hem+k ln(x y)p (3.30)

Now, some special cases of eq. (3.30) are of interest:
1) Putting r=0,p=s =1 ineq.(3.30), we get:

exp(axt + byt) - Hep, n(x — t,y)

= ) Hemin (). (3:31)
k=0

2) putting t =0,p=s5=1 ineq.(3.30), we get:

b o
Hemn<x +Ar y——r) = zl—Hem n(x,y). (3.32)

=0
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where A = ac — b? and a, b, and c are positive real numbers.

It is important to note the following interesting special case.

3)letting a=2,b=—t, y=1, andc=m=n =0, ineq.(3.31), we

get the known result (Miller, 1968):

exp(2xt —t?) = ) —H,(x) (3.33)
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3.3 Some Applications

The Hermite polynomials He,,,, ,(x,y) have several applications, some
of them listed below.

1. Quantum mechanics: In quantum mechanics, Hermite polynomials
are used to describe the energy states of simple harmonic oscillators,
which are fundamental to understanding the behavior of atoms and
molecules. To calculate the wave functions of the oscillator in the

presence of a magnetic field, Hey,1x,(x,y) are required.

2. Statistical mechanics: He,, 1k, (x,y) are also frequently employed
in statistical mechanics to characterize particle distribution in a
system. He,ixn(x,y) can be used to derive the probability

distribution function such that the normal distribution N(0,?2).

—x2

R :
wy(x) = - mewz can be described as

oo

_ ="
w0 = ) miznJznte ¥ Do )

m=0

3. Signal processing: Hep,,r,(x,y) can approximate functions and

generate smooth curves or surfaces. Two index and two variables Hermite
polynomials can create basis functions for polynomial approximations of

surfaces with cylindrical symmetry.
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4. Optics: Heyipn(x,y) can also be used in optics to describe light
propagation through an optical system, such as a lens or a mirror. Further,
Hep i n(x,y) canbe used to calculate the intensity distribution of a laser
beam as it propagates through a lens, which has critical applications in laser
physics and optical engineering.

Overall, Hermite polynomials are an extremely versatile and powerful tool
in mathematics and their many applications, such as physics, statistics,

signal processing, and optics.

Overall, Hermite polynomials are essential mathematical tools with
various implications in different fields of science and engineering.

Hermite polynomials, denoted as H, (x,y), are used in statistics and
probability theory to describe the Gaussian distribution, also known as the
normal distribution. These polynomials have applications in physics,
engineering, and finance, where Gaussian distributions are commonly

encountered.

75



Chapter 4: Summary, Conclusion, and
Directions for Future Research

4.1 Summary

In Chapter 1, we reviewed the birth of Weisner's group theoretic method
and its various steps in obtaining generating relations. Also, we reviewed
the development of Hermite polynomials and their extensions (among
numerous ones), together with their diverse applications to various
research areas, particularly quantum mechanics, mathematical physics,
and other branches.

Furthermore, in Chapter 1, we included a historical background,

definitions, and some relations that greatly interest this study.

In Chapter 2, by Weisner's method, recurrence relations for four different
cases, differential operators, commutative relation of differential
operators, and there have been discovered extended forms of the group
produced by operators, from which several generating relations for the
two indexes and four variables Hermite polynomials H,, ,(x,y, z, k)
have been established.

Similarly, in Chapter 3, we used the same procedure as in Chapter 2, and

we obtained several generating relations for two index and two variable
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Hermite polynomials He,, ,(x,y). It is noted that the obtained results

can be considered as generalizations of some known results.

4.2 Conclusion

The process of obtaining generating functions takes place by many
methods. Lie group is considered the current method for obtaining such
generating relations. Weisner (1955) is the first to make considerable
progress in this area, who demonstrates the group-theoretic relevance of
hypergeometric generating functions, Hermite, and Bessel functions.
Weisner's technique is methodically presented by Miller (1980) and
McBride (1971), giving its solid foundation. Miller (1968) takes Weisner's
theory further by linking it to Schrodinger's factorization method, and due

in its definitive form to Infeld and Hull.

Indeed, generating relations has significant implications in several
fields, including mathematics, physics, engineering, and computer
science. These relations serve as a valuable instrument to analyze and
describe intricate systems and processes by breaking them down into
simpler components, exactly the partial differential equation that the

equation defined.
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On the other hand, H,,(x) are a set of orthogonal polynomials named after
Charles Hermite (1864). They are commonly used in physics and
engineering, particularly when examining quantum mechanics and
additionally, when solving partial differential equations, where they
describe a system's energy levels and wave functions. They are also used
to solve partial differential equations, particularly in studying heat transfer
and fluid dynamics. Additionally, Hermite polynomials are used in the
field of finance, specifically in the pricing of options and other financial
derivatives. They are also used in statistics, particularly in the study of

probability distributions.

4.3 Future studies

As directions for further research, that the results in this thesis could lead
naturally to further progress in the theory of Hermite polynomials.
Indeed, a further natural extension of the present investigation would
consist of establishing new applications in physics, engineering,
harmonic oscillators in quantum mechanics,

Furthermore, computer science and discussing the connections with

known families of Hermite polynomials.
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