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iv 

 
Abstract 

 
 

In this thesis we establish four generating relations for the extended Hermite 

polynomials. 

Among the cases discussed in this thesis are: Hermite polynomials of two 

variables and Hermite polynomials with two index and two variables. 

All the steps are written, starting with recurrence relations, commutative operator 

relations, and we gain some novel generalizations of well-known generating relations 

from the expanded form of the groups formed by the operators. 
These polynomials are used in a variety of pure and applied mathematics 

domains. (Dattoli et al 2003,2004). They are instrumental in describing the quantum 

treatment (Kim and Noz 1991) of coupled harmonic oscillation. Through this thesis, 

we consider three generalizations: Hermite two index and four variables polynomial, 

Hermite polynomial of two index and two variables. 
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Chapter1: Introduction 
 

1.1 Statement of The Problem 

This thesis work aims to study and derive generating relations 

with two index extended Hermite polynomials, and two index and two 

variable Hermite polynomials using Weisner's 1955 approach. 

1.2 Justification of Problem 

Wesnier 1955 presented a method for obtaining generating 

functions for a set of functions that satisfy certain commutation 

relations (McBride 1971). The Hermite polynomials are among the 

functions that satisfy the required commutation relations (Weisner 

1959). 

     Recently, Hermite polynomials show it is closed relation to Lie  

group and Lie algebra, especially Weisner's group theoretic method, 

come from the applications. 

In this regard (Khan et al 2009, 2010) and (Shahwan 2004) 

derived many generating relations for the generalized Hermite 

polynomials. In this work, we study some of these works in detail and 

the same technique for discovering the producing relations for two 

index, and two variable Hermite polynomials. (Cesarano, C. 2014). 
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1.3 Literature Review  

In (Dattoli et al. 1993-2000) the authors presented and explored the 

extended Hermite polynomial theory. Srivastava (H.S.P. 2001) 

defined the Hermite polynomials of multi-index single variable and 

obtained generating functions using the series manipulation method. 

(Pathan et al 2002-2003) and (Shahwan 2003) established original 

generalized Hermite polynomial generating functions 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦) 

introduced by (Dattoli 1993). 

        Due to the importance of these functions and their applications, 

we use (Wesnier’s 1955) method to get original generating relations of 

double index and double variable Hermite polynomials, 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦) by 

correctly interpreting the indices m and n of the polynomials. 
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1.4 Theoretical Framework  

The most significant definitions and statements of the Lie group and Lie 

algebra, special functions, and generating relations are presented in chapter 

1 (Introduction).  In Chapter 2, we go over the Weisner group theoretic 

method for creating relations with double indexes polynomial of Hermite 

𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥.𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘) in detail.   

We utilize the same strategy in Chapter 3 to obtain some additional 

generating relations of double index and double variable Hermite 

polynomials, 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦) (Cesarano,C. 2014). 

In Chapter 4, we summarize the main new results obtained for 

𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦), and then show the importance of these results. 

 

1.5 Methods and Procedures  

Using the recurrence relations of generalized Hermite polynomials, we 

introduce the first order differential operators, called raising, lowering, 

and stationary operators, meeting specific commutation connections 

demonstrating that these operators form a Lie group (Chon 1961) and 

(Miller 1968). The extended form of the group formed by the provided 

operators is found. Then we employ a strategy proposed by (Weisner 

1955), according to Taylor's series, to get generating relations see 

(McBride 1971). 
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1.6 Background and History 

1.6.1 Hermite polynomials 

Many special functions in mathematics play an important role in many 

physical and statistical applications. These special functions are the 

solutions of certain differential equations and integrals. Special 

functions are analytic, and most are considered functions of complex 

variables. Hermite polynomials are one of the leading and most 

important special functions used in many applications, such as 

probability, numerical analysis, and physics. The first Hermite 

polynomial 𝐻𝐻𝑛𝑛(𝑥𝑥) introduced by the French mathematician Charlize 

Hermite in 1864, which contains only one variable.  

�𝐻𝐻𝑛𝑛(𝑥𝑥)
𝑡𝑡𝑛𝑛

𝑛𝑛! = exp(2𝑥𝑥𝑥𝑥 − 𝑡𝑡2)   
∞

𝑛𝑛=0

 

This function has been developed and modified by many 

mathematicians including (Dattoli 1992, 1993, 1995, 1999,200, 2005, 

2007) 

It is defined using the relation: 

𝐻𝐻𝑛𝑛(𝑥𝑥) = �
(−1)𝑛𝑛𝑛𝑛!  (2𝑥𝑥)𝑛𝑛−2𝑘𝑘

𝑘𝑘! (𝑛𝑛 − 2𝑘𝑘)!

[𝑛𝑛/2]

𝑘𝑘=0

 

Where �𝑛𝑛
2
� =largest integer. 
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1.6.2 Lie Algebra   

 

The theory of functions of mathematical physics is intimately related 

to Lie algebra and Lie group theory. Lie algebra is an algebra that is anti-

commutative and satisfies Jacobi's identity. The commutator product of 𝑥𝑥  

and 𝑦𝑦 is a Lie bracket defined by   

 [𝑥𝑥 ,𝑦𝑦] = 𝑥𝑥𝑥𝑥 − 𝑦𝑦𝑦𝑦  on associative algebra 

  

In other words: if 𝑔𝑔 is an algebra over a field of real numbers 𝐹𝐹, 

with the product [𝑥𝑥 , 𝑦𝑦], then 𝑔𝑔 is a Lie algebra if:  

1. [𝑥𝑥 , 𝑥𝑥] = 0,∀𝑥𝑥 ∈ 𝑔𝑔. 

2. [𝑥𝑥 , [𝑦𝑦 , 𝑧𝑧]] + [𝑦𝑦 , [𝑧𝑧 , 𝑥𝑥]] + [𝑧𝑧 , [𝑥𝑥 , 𝑦𝑦]] = 0, 

            ∀𝑥𝑥 , 𝑦𝑦 , 𝑧𝑧 ∈ 𝑔𝑔. 

Anti-commutative may be written as [𝑥𝑥 ,𝑦𝑦] = −[𝑦𝑦 , 𝑥𝑥]. 

An abelian algebra of Lie is a algebra of Lie with a commutative Lie 

bracket, i.e. [𝑥𝑥 ,𝑦𝑦] = [𝑦𝑦 , 𝑥𝑥]. Hence, the bracket for Lie in abelian Lie 

algebra is the identity that equals 0. 

  



6 
 

1.6.4 Weisner's Group Theoretical Method 

There are many methods to derive generating relations of functions, 

including Rainsville’s, Truesdell’s, Miller’s, series manipulation, and 

Weisner’s methods. Each of these methods suits some function that 

satisfies specific circumstances.  

 

The Hermite function is one of those that meet Wiesner's requirements, 

which we discuss in our work. Finding generating relations for Bessel 

polynomials, generalized Laguerre polynomials, and Gegenbauer 

polynomials can also be done using Weisner’s method, as they satisfy 

Weisner’s conditions. 

 

Weisner's method obtains generating functions for special functions 

starting from their polynomials using Lie group representation theory and 

Lie algebras. This method was introduced by the Canadian mathematician 

Louis Weisner in 1955. 

In this method, we use some partial differential equations besides Lie 

algebra. 

 

To illustrate this method, we discuss its main steps through the following 

few lines and use it in more detail. 
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Weisner’s group theoretic method steps: 

 

1. Recurrence Relations: 

Finding differential recurrence relations where the function 

satisfies. 

 

2. First Order (Linear) Differential Operators: 

Finding three types of operators which are called: 

1. Raising operator (we represent it by J+) 

2. Lowering operator (we represent it by J-) 

3. Stationary operator (we represent it by J3) 

The one-parameter Lie group is produced by every first-order 

linear differential operator. We can identify the extended form of 

the group formed by the linear differential operator if we know it.  

Another way to phrase it is, we will be able to determine the 

operator's effect. 𝑒𝑒𝑐𝑐𝑐𝑐  on 𝑓𝑓(𝑥𝑥,𝑦𝑦) where, 

𝑒𝑒𝑐𝑐𝑐𝑐 ≡ 1 + 𝑐𝑐𝑐𝑐 +
(𝑐𝑐𝑐𝑐)2

2! +
(𝑐𝑐𝑐𝑐)3

3! + ⋯  ≡  �
(𝑐𝑐𝑐𝑐)𝑘𝑘

𝑘𝑘!

∞

𝑘𝑘=0

 

      where C is supposed to be an operator.  
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3. Commutative Relations of the Operators  

Using the commutator notation, [𝑥𝑥 ,𝑦𝑦] = 𝑥𝑥𝑥𝑥 − 𝑦𝑦𝑦𝑦 to find 

the three relations: 

1. [J3, J-]  

2. [J3, J+]  

3. [J+, J-]  

The commutator formulas show that the operators J3, J+, and J- generate a 

Lie group. 

4.  The Extended Form of Operator Generated Group  

Here we need to find 𝑒𝑒𝑏𝑏𝐽𝐽−  𝑓𝑓(𝑥𝑥 , 𝑦𝑦) and 𝑒𝑒𝑐𝑐𝐽𝐽+  𝑓𝑓(𝑥𝑥 , 𝑦𝑦), 

where 𝑓𝑓(𝑥𝑥 , 𝑦𝑦) is a random function with 𝑏𝑏  and 𝑐𝑐 are random 

constants, 

𝑒𝑒𝑐𝑐𝑐𝑐𝑓𝑓(𝑥𝑥 ,𝑦𝑦) = 𝜑𝜑(𝑥𝑥 ,𝑦𝑦) 𝑔𝑔(𝑥𝑥, 𝑦𝑦) 

𝑒𝑒𝑐𝑐𝑐𝑐𝑓𝑓(𝑥𝑥,𝑦𝑦) is the transformed group's extended form generated by 

𝐶𝐶. 
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5. Generating Functions  

Weisner's method for discovering generating relations, which is 

based on Taylor's series in the form of  

exp  �𝑐𝑐
𝑑𝑑
𝑑𝑑𝑑𝑑 𝐹𝐹

(𝑋𝑋)� = 𝐹𝐹(𝑋𝑋 + 𝐶𝐶) 

 

We consider the following three cases: 

1. The effect of both J+ and J- together (i.e., 𝑏𝑏 ≠ 0 & 𝑐𝑐 ≠ 0) 

2. The effect of J- only ( 𝑐𝑐 = 0) 

3. The effect of J+ only (𝑏𝑏 = 0 ) 

However, throughout our study, since we are dealing with two index 

Hermite polynomials, we have six operators where we consider their 

effect on the given polynomial that is raising, lowering and stationary 

operators will act on m and n, respectively. 
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Chapter 2: Generating Functions of Two Index 

Generalized Hermite Polynomials  

2.1 Introduction 

The double index generalized Hermite polynomials are 

characterized by two different indices, four variables, and one parameter. 

The following bilateral generating function defines these 

polynomials. (Dattoli, G, 2004):  

exp(𝑥𝑥𝑥𝑥 + 𝑦𝑦𝑦𝑦 + 𝑧𝑧𝑡𝑡2 + 𝜔𝜔𝑢𝑢2 + 𝑘𝑘𝑘𝑘𝑘𝑘)

= � �
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)
∞

𝑛𝑛=0

∞

𝑚𝑚=0

                                     (2.1) 

in which the polynomials 𝐻𝐻𝑚𝑚,𝑛𝑛 are expressly supplied by the series   

𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘) = 𝑚𝑚!𝑛𝑛!  �
𝑘𝑘𝑙𝑙𝐻𝐻𝑚𝑚−1(𝑥𝑥 , 𝑧𝑧)𝐻𝐻𝑛𝑛−1(𝑦𝑦 ,𝜔𝜔)

𝑙𝑙! (𝑚𝑚− 𝑙𝑙)! (𝑛𝑛 − 𝑙𝑙)!

min (𝑚𝑚,𝑛𝑛)

𝑙𝑙=0

. 

Furthermore, these polynomials satisfy the simultaneous partial 

differential equations listed below. 

2𝑧𝑧 𝜕𝜕
2𝑣𝑣

𝜕𝜕𝑥𝑥2
+ 𝑘𝑘 𝜕𝜕2𝑣𝑣

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
+ 𝑥𝑥 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
− 𝑚𝑚𝑚𝑚 + 𝑣𝑣 = 0                                                      (2.2)     

 and 

2𝑤𝑤
𝜕𝜕2𝑣𝑣
𝜕𝜕𝑦𝑦2 + 𝑘𝑘

𝜕𝜕2𝑣𝑣
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑛𝑛𝑛𝑛 + 𝑣𝑣 = 0                                                 (2.3) 
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2.2 Finding Generating Relations using Weisner’s Method 

2.2.1 Recurrence Relations 

In this subsection, we derive the relations for pure and differential 

recurrence. We differentiate Hermite generating function of two index and 

two variables which are considered in (2.1) partially with respect to each 

of the variables 𝑥𝑥,𝑦𝑦 and 𝑡𝑡. 

 

Case (1): Differentiate eq. (2.1) with respect to 𝑥𝑥, we obtain: 

𝑡𝑡 ⋅ exp(𝑥𝑥𝑥𝑥 + 𝑦𝑦𝑦𝑦 + 𝑧𝑧𝑡𝑡2 + 𝜔𝜔𝑢𝑢2 + 𝑘𝑘𝑘𝑘𝑘𝑘)

=
𝜕𝜕
𝜕𝜕𝜕𝜕 ( �

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)
∞

𝑚𝑚,𝑛𝑛=0

) 

𝑡𝑡 ⋅ �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘) = �
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛!
𝜕𝜕
𝜕𝜕𝜕𝜕 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)

∞

𝑚𝑚,𝑛𝑛=0

 

 

Replace 𝑚𝑚 by 𝑚𝑚 − 1 on the left side, and multiply and divide by 𝑚𝑚, we 

find that  

�
𝑚𝑚𝑡𝑡𝑚𝑚𝑢𝑢𝑛𝑛

𝑚𝑚(𝑚𝑚− 1)!𝑛𝑛!𝐻𝐻𝑚𝑚−1,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘)
∞

𝑚𝑚=1,𝑛𝑛=0

= �
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛!
𝜕𝜕
𝜕𝜕𝜕𝜕 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)

∞

𝑚𝑚,𝑛𝑛=0

. 
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Evaluating coefficients of of 𝑡𝑡𝑚𝑚𝑢𝑢𝑛𝑛 , we obtain the following 

differential recurrence relation 

𝜕𝜕
𝜕𝜕𝜕𝜕 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥 ,𝑦𝑦 , 𝑧𝑧 ,𝑤𝑤, 𝑘𝑘) = 𝑚𝑚𝑚𝑚𝑚𝑚−1,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)                                  (2.4) 

 

Case (2): Differentiate eq. (2.1) with respect to 𝑦𝑦, we get 

𝑢𝑢 ⋅ exp(𝑥𝑥𝑥𝑥 + 𝑦𝑦𝑦𝑦 + 𝑧𝑧𝑡𝑡2 + 𝜔𝜔𝑢𝑢2 + 𝑘𝑘𝑘𝑘𝑘𝑘)

=
𝜕𝜕
𝜕𝜕𝜕𝜕 ( �

𝑢𝑢𝑛𝑛𝑡𝑡𝑚𝑚

𝑛𝑛!𝑚𝑚! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘)
∞

𝑚𝑚,𝑛𝑛=0

) 

𝑢𝑢 ⋅ �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘) = �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛!
𝜕𝜕
𝜕𝜕𝜕𝜕𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘) 

Replace 𝑛𝑛 by 𝑛𝑛 − 1 on the left-hand side, and we get  

�
∞

𝑚𝑚0,𝑛𝑛=1

𝑛𝑛
𝑛𝑛
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

(𝑛𝑛 − 1)!𝐻𝐻𝑚𝑚,𝑛𝑛−1(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)

= �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛!
𝜕𝜕
𝜕𝜕𝜕𝜕𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘) 

Evaluating coefficients of 𝑡𝑡𝑚𝑚𝑢𝑢𝑛𝑛, we get the following differential 

recurrence relation  

   

𝜕𝜕
𝜕𝜕𝜕𝜕𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥 ,𝑦𝑦 , 𝑧𝑧 ,𝜔𝜔,𝑘𝑘) = 𝑛𝑛𝑛𝑛𝑚𝑚,𝑛𝑛−1(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)                                   (2.5) 
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Case (3): Differentiate eq.(2.1) with respect to 𝑡𝑡, we get 

(𝑥𝑥 + 2𝑧𝑧𝑧𝑧 + 𝑘𝑘𝑘𝑘) ⋅ exp(𝑥𝑥𝑥𝑥 + 𝑦𝑦𝑦𝑦 + 𝑧𝑧𝑡𝑡2 + 𝑤𝑤𝑢𝑢2 + 𝑘𝑘𝑘𝑘𝑘𝑘)

= �
𝑢𝑢𝑛𝑛𝑡𝑡𝑚𝑚−1

𝑛𝑛! (𝑚𝑚− 1)!𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)
∞

𝑚𝑚,𝑛𝑛=0

 

⇒ 𝑥𝑥 �
∞

𝑚𝑚,𝑛𝑛=0

𝑢𝑢𝑛𝑛

𝑛𝑛!
𝑡𝑡𝑚𝑚

𝑚𝑚!𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)

+ 2𝑧𝑧 �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚+1𝑢𝑢𝑛𝑛

𝑚𝑚!𝑛𝑛! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘) 

+𝑘𝑘 �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛+1

𝑛𝑛! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)

= �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚−1

(𝑚𝑚− 1)!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘) 

 

⇒ 𝑥𝑥 �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)

+ 2𝑧𝑧 �
∞

𝑚𝑚=1,𝑛𝑛=0

𝑚𝑚
𝑚𝑚

𝑡𝑡𝑚𝑚

(𝑚𝑚− 1)!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑚𝑚−1,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)

+ 𝑘𝑘 �
∞

𝑚𝑚=0,𝑛𝑛=1

𝑛𝑛
𝑛𝑛
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

(𝑛𝑛 − 1)!𝐻𝐻𝑚𝑚,𝑛𝑛−1(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)

= �
∞

𝑚𝑚=1,𝑛𝑛=0

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑚𝑚+1,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘). 
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Now, comparing the coefficients of 𝑡𝑡𝑚𝑚𝑢𝑢𝑛𝑛, we get 

𝑥𝑥𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘) + 2𝑧𝑧𝑧𝑧𝐻𝐻𝑚𝑚−1,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘) +

𝑘𝑘𝑘𝑘𝐻𝐻𝑚𝑚,𝑛𝑛−1(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘) = 𝐻𝐻𝑚𝑚+1,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘).                                      (2.6)   

Substitute eq. (2.4) and eq. (2.5) in eq. (2.6), we get  

    �𝑥𝑥 + 2𝑧𝑧
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕�𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, z,𝜔𝜔,𝑘𝑘)

= 𝐻𝐻𝑚𝑚+1,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘)                                                           (2.7) 

 

Case (4): Differentiate eq.(2.1) with respect to 𝑢𝑢, we get  

(𝑦𝑦 + 2𝑤𝑤𝑤𝑤 + 𝑘𝑘𝑘𝑘) ⋅ exp(𝑥𝑥𝑥𝑥 + 𝑦𝑦𝑦𝑦 + 𝑧𝑧𝑡𝑡2 + 𝑤𝑤𝑢𝑢2 + 𝑘𝑘𝑘𝑘𝑘𝑘)

= �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛−1

(𝑛𝑛 − 1)!𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘) 

⇒ 𝑦𝑦 �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)

+ 2𝑤𝑤 �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛+1

𝑛𝑛! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘) 

+𝑘𝑘 �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚+1

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)

= �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛−1

(𝑛𝑛 − 1)!𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘) 
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𝑦𝑦 �
∞

𝑚𝑚,𝑛𝑛=0

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘)

+ 2𝑤𝑤 �
∞

𝑚𝑚=0,𝑛𝑛=1

𝑛𝑛
𝑛𝑛
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

(𝑛𝑛 − 1)!𝐻𝐻𝑚𝑚,𝑛𝑛−1(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘) 

+𝑘𝑘 �
∞

𝑚𝑚=1,𝑛𝑛=0

𝑚𝑚
𝑚𝑚

𝑡𝑡𝑚𝑚

(𝑚𝑚− 1)!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑚𝑚−1,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘)

= �
∞

𝑚𝑚=0,𝑛𝑛=−1

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑚𝑚,𝑛𝑛+1(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘) 

Comparing the coefficients of 𝑡𝑡𝑚𝑚𝑢𝑢𝑛𝑛, we get 

𝑦𝑦𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘) + 2𝑤𝑤𝑤𝑤𝐻𝐻𝑚𝑚,𝑛𝑛−1(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘) +

𝑘𝑘𝑘𝑘𝐻𝐻𝑚𝑚−1,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘) = 𝐻𝐻𝑚𝑚,𝑛𝑛+1(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)                                     (2.8)      

Substitute eq. (2.4) and eq. (2.5) in eq. (2.8), we get  

�𝑦𝑦 + 2𝑤𝑤
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕�𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘) = 𝐻𝐻𝑚𝑚,𝑛𝑛+1(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)         (2.9) 
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2.2.2 First Order Differential Operators  

Let 𝑚𝑚 = 𝑝𝑝 𝜕𝜕
𝜕𝜕𝜕𝜕

,𝑛𝑛 = 𝑠𝑠 𝜕𝜕
𝜕𝜕𝜕𝜕

 and replace them in eq. (2.2) and eq. (2.3), 

respectively, we get  

2𝑧𝑧
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥2 + 𝑘𝑘

𝜕𝜕2𝑢𝑢
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 𝑥𝑥

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑝𝑝

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 0                                                      (2.10) 

and 

2𝑤𝑤
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2 + 𝑘𝑘

𝜕𝜕2𝑢𝑢
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑠𝑠

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 0                                                     (2.11) 

 

We find that: 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘, 𝑝𝑝, 𝑠𝑠) = 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛 is a solution 

of eq. (2.10) and eq. (2.11), since 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘)  is a solution of 

eq. (2.2) and eq. (2.3). Now we use eqs.  (2.4), (2.5), (2.7), and (2.9) 

to find the first order differential operators {𝐴𝐴𝑖𝑖: 𝑖𝑖 = 1,2,3,4,5,6} 

𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘, 𝑝𝑝, 𝑠𝑠) = 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑡𝑡)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛. 

 

For 𝐴𝐴1 = 𝑝𝑝 𝜕𝜕
𝜕𝜕𝑝𝑝

, we get: 

 𝐴𝐴1�𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝑚𝑚𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛. 

For 𝐴𝐴2 = 𝑆𝑆 𝜕𝜕
𝜕𝜕𝜕𝜕

, we get 

𝐴𝐴2�𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝑛𝑛𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛. 
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For 𝐴𝐴3 = 𝑝𝑝−1 𝜕𝜕
𝜕𝜕𝜕𝜕

, we get: 

 𝐴𝐴3�𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝑚𝑚𝐻𝐻𝑚𝑚−1,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘)𝑝𝑝𝑚𝑚−1𝑠𝑠𝑛𝑛. 

 

For 𝐴𝐴4 = 𝑝𝑝 �𝑥𝑥 + 2𝑧𝑧 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑘𝑘 𝜕𝜕
𝜕𝜕𝜕𝜕
�, we get 

𝐴𝐴4�𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝐻𝐻𝑚𝑚+1,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)𝑝𝑝𝑚𝑚+1𝑆𝑆𝑚𝑚 

 

For 𝐴𝐴5 = 𝑠𝑠−1 𝜕𝜕
𝜕𝜕𝜕𝜕

, we get: 

𝐴𝐴5�𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)𝛾𝛾𝑚𝑚𝑠𝑠𝑛𝑛� = 𝑛𝑛𝐻𝐻𝑚𝑚,𝑛𝑛−1(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛−1 

 

Finally, for 𝐴𝐴6 = 𝑠𝑠 �𝑦𝑦 + 2𝑤𝑤 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑘𝑘 𝜕𝜕
𝜕𝜕𝜕𝜕
�, we get: 

  𝐴𝐴6�𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝐻𝐻𝑚𝑚,𝑛𝑛+1(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑚𝑚+1. 

 

We have used the recurrence relations to introduce the three types of 

operators: Stationary, lowering, and raising operators.  
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2.2.3 Commutative Relations of the Operators  

 

In this subsection, employ the commutator notation [A,B] with 

[A , B]𝑓𝑓 =  (AB− BA)𝑓𝑓 where 

 𝑓𝑓 = 𝑓𝑓(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑤𝑤,𝑘𝑘, 𝑝𝑝, 𝑠𝑠) = 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛 . 

To find all possible commutation relations between the operators  

Case (1): We have: 

   [𝐴𝐴1,𝐴𝐴2]𝑓𝑓 = 𝐴𝐴1𝐴𝐴2𝑓𝑓 − 𝐴𝐴2𝐴𝐴1𝑓𝑓 

= ��𝑝𝑝
𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑠𝑠

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 − ��𝑠𝑠

𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑟𝑟

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 = 0 

⇒ [𝐴𝐴1,𝐴𝐴2]𝑓𝑓 = 0 

⇒ [𝐴𝐴1,𝐴𝐴2] = 0. 

 

Case (2): We have: 

 [𝐴𝐴1,𝐴𝐴3]𝑓𝑓 = 𝐴𝐴1𝐴𝐴3𝑓𝑓 − 𝐴𝐴3𝐴𝐴1𝑓𝑓 

= ��𝑝𝑝
𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑝𝑝

−1 𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 − ��𝑝𝑝−1

𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑝𝑝

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 

= 𝑝𝑝 ⋅ �𝑝𝑝−1 ⋅
𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 −

1
𝑝𝑝2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�� − �𝑝𝑝−1𝑝𝑝 ⋅

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝑝𝑝� 

= 𝑝𝑝𝑝𝑝−1 𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

− 1
𝑝𝑝
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
− 𝑝𝑝−1𝑝𝑝 𝜕𝜕2𝑓𝑓

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
= −𝑝𝑝−1 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
= −𝐴𝐴3𝑓𝑓  

⇒ [𝐴𝐴1,𝐴𝐴3]𝑓𝑓 = −𝐴𝐴3𝑓𝑓 

⇒ [𝐴𝐴1,𝐴𝐴3] = −𝐴𝐴3. 
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Case (3): We have: 

[𝐴𝐴1,𝐴𝐴4]𝑓𝑓 = 𝐴𝐴1𝐴𝐴4𝑓𝑓 − 𝐴𝐴4𝐴𝐴1𝑓𝑓   

= ��𝑝𝑝
𝜕𝜕
𝜕𝜕𝜕𝜕� (𝑝𝑝 �𝑥𝑥 + 2𝑧𝑧

∂
𝜕𝜕𝜕𝜕 + 𝑘𝑘

∂
𝜕𝜕𝜕𝜕�)� 𝑓𝑓

− �𝑝𝑝 �𝑥𝑥 + 2𝑧𝑧
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑝𝑝

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 

= �𝑝𝑝 �𝑝𝑝 �𝑥𝑥
𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑧𝑧

𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕�
+ �𝑥𝑥 + 2𝑧𝑧

𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕��� 𝑓𝑓

− 𝑝𝑝2 �𝑥𝑥
𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑧𝑧

𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕�
𝑓𝑓 

= 𝑝𝑝 �𝑥𝑥 + 2𝑧𝑧
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕� 𝑓𝑓 

⇒ [𝐴𝐴1,𝐴𝐴4]𝑓𝑓 = 𝐴𝐴4𝑓𝑓 

⇒ [𝐴𝐴1,𝐴𝐴4] = 𝐴𝐴4. 

 

Case (4): We have: 

  [𝐴𝐴1,𝐴𝐴5]𝑓𝑓 = 𝐴𝐴1𝐴𝐴5𝑓𝑓 − 𝐴𝐴5𝐴𝐴1𝑓𝑓 

= ��𝑝𝑝
𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑠𝑠

−1 𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 − ��𝑠𝑠−1

𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑝𝑝

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 = 0 

∴ [𝐴𝐴1,𝐴𝐴5]𝑓𝑓 = 0. 

 

Case (5): We have: 

 [𝐴𝐴1,𝐴𝐴6]𝑓𝑓 = 𝐴𝐴1𝐴𝐴6𝑓𝑓 − 𝐴𝐴6𝐴𝐴1𝑓𝑓 
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= �𝑝𝑝
𝜕𝜕
𝜕𝜕𝜕𝜕��𝑠𝑠 �𝑦𝑦 + 2𝜔𝜔

𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕��𝑓𝑓

− �𝑆𝑆 �𝑦𝑦 + 2𝜔𝜔
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕�� �𝑝𝑝

𝜕𝜕
𝜕𝜕𝑝𝑝� 𝑓𝑓 = 0 

⇒ [𝐴𝐴1,𝐴𝐴6]𝑓𝑓 = 0 

⇒ [𝐴𝐴1,𝐴𝐴6] = 0. 

 

Case (6): We have: 

[𝐴𝐴2,𝐴𝐴3]𝑓𝑓 = 𝐴𝐴2𝐴𝐴3𝑓𝑓 − 𝐴𝐴3𝐴𝐴2𝑓𝑓 

= ��𝑠𝑠
𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑝𝑝

−1 𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 − ��𝑝𝑝−1

𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑠𝑠

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 = 0 

⇒ [𝐴𝐴2,𝐴𝐴3]𝑓𝑓 = 0 

⇒ [𝐴𝐴2,𝐴𝐴3] = 0. 

 

Case (7): We have: 

[𝐴𝐴2,𝐴𝐴4]𝑓𝑓 = 𝐴𝐴2𝐴𝐴4𝑓𝑓 − 𝐴𝐴4𝐴𝐴2𝑓𝑓 

= ��𝑠𝑠
𝜕𝜕
𝜕𝜕𝜕𝜕��𝑃𝑃 �𝑥𝑥 + 2𝑧𝑧

𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕��� 𝑓𝑓

− �𝑝𝑝 �𝑥𝑥 + 2𝑧𝑧
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑠𝑠

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 = 0 

⇒ [𝐴𝐴2,𝐴𝐴4]𝑓𝑓 = 0 

⇒ [𝐴𝐴2,𝐴𝐴4] = 0. 
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Case (8): We have: 

[𝐴𝐴2,𝐴𝐴5]𝑓𝑓 = 𝐴𝐴2𝐴𝐴5𝑓𝑓 − 𝐴𝐴5𝐴𝐴2𝑓𝑓 

= ��𝑠𝑠
𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑠𝑠

−1 𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 − ��𝑠𝑠−1

𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑠𝑠

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 

= 𝑠𝑠 ⋅
−1
𝑠𝑠2

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑠𝑠 ⋅ 𝑠𝑠−1

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 − 𝑠𝑠−1 ⋅ 𝑠𝑠

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 

=
−1
𝑠𝑠
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −𝐴𝐴5𝑓𝑓 

⇒ [𝐴𝐴2,𝐴𝐴5]𝑓𝑓 = −𝐴𝐴5𝑓𝑓 

⇒ [𝐴𝐴2,𝐴𝐴5] = −𝐴𝐴5. 

 

Case (9): We have: 

  [𝐴𝐴2,𝐴𝐴6]𝑓𝑓 = 𝐴𝐴2𝐴𝐴6𝑓𝑓 − 𝐴𝐴6𝐴𝐴2𝑓𝑓 

= ��𝑠𝑠 𝜕𝜕
𝜕𝜕𝜕𝜕
� �𝑠𝑠(𝑦𝑦 + 2𝑤𝑤 𝜕𝜕

𝜕𝜕𝜕𝜕
+ 𝑘𝑘 𝜕𝜕

𝜕𝜕𝜕𝜕
)�� 𝑓𝑓 − ��𝑠𝑠 �𝑦𝑦 + 2𝑤𝑤 𝜕𝜕

𝜕𝜕𝜕𝜕
+

𝑘𝑘 𝜕𝜕
𝜕𝜕𝜕𝜕
�� �𝑠𝑠 𝜕𝜕

𝜕𝜕𝜕𝜕
�� 𝑓𝑓   

= 𝑠𝑠 ��𝑦𝑦 + 2𝑤𝑤
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕� + 𝑠𝑠 �𝑦𝑦

𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑤𝑤

𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕��
𝑓𝑓

− 𝑠𝑠 �𝑠𝑠 �𝑦𝑦
𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑤𝑤

𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕��
𝑓𝑓 

= �𝑠𝑠 �𝑦𝑦 + 2𝑤𝑤
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 = 𝐴𝐴6𝑓𝑓 
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⇒ [𝐴𝐴2,𝐴𝐴6]𝑓𝑓 = 𝐴𝐴6𝑓𝑓  

⇒ [𝐴𝐴2,𝐴𝐴6] = 𝐴𝐴6. 

 

Case (10): We have: 

[𝐴𝐴3,𝐴𝐴4]𝑓𝑓 = 𝐴𝐴3𝐴𝐴4𝑓𝑓 − 𝐴𝐴4𝐴𝐴3𝑓𝑓 

= ��𝑝𝑝−1
𝜕𝜕
𝜕𝜕𝜕𝜕��𝑝𝑝 �𝑥𝑥 + 2𝑧𝑧

𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕��� 𝑓𝑓

− �𝑝𝑝 �𝑥𝑥 + 2𝑧𝑧
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑝𝑝

−1 𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 

= �𝑝𝑝−1𝑝𝑝 �𝑥𝑥
𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑧𝑧

𝜕𝜕2

𝜕𝜕𝑥𝑥2 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 1�� 𝑓𝑓

− �𝑝𝑝−1𝑝𝑝 �𝑥𝑥
𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑧𝑧

𝜕𝜕2

𝜕𝜕𝑥𝑥2 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕��
𝑓𝑓 = 𝑓𝑓 

⇒ [𝐴𝐴3,𝐴𝐴4]𝑓𝑓 = 𝑓𝑓 

⇒ [𝐴𝐴3,𝐴𝐴4] = 1. 

 

Case (11): We have: 

  [𝐴𝐴3,𝐴𝐴5]𝑓𝑓 = 𝐴𝐴3𝐴𝐴5𝑓𝑓 − 𝐴𝐴5𝐴𝐴3𝑓𝑓 

= ��𝑝𝑝−1
𝜕𝜕
𝜕𝜕𝜕𝜕� �s−1

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 − ��𝑠𝑠−1

𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑝𝑝

−1 𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 = 0 

⇒ [𝐴𝐴3,𝐴𝐴5]𝑓𝑓 = 0 

⇒ [𝐴𝐴3,𝐴𝐴5] = 0. 
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Case (12): We have: 

[𝐴𝐴3,𝐴𝐴6]𝑓𝑓 = 𝐴𝐴3𝐴𝐴6𝑓𝑓 − 𝐴𝐴6𝐴𝐴3𝑓𝑓 

= ��𝑝𝑝−1
𝜕𝜕
𝜕𝜕𝜕𝜕��𝑠𝑠 �𝑦𝑦 + 2𝜔𝜔

𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕��� 𝑓𝑓

− ��𝑠𝑠 �𝑦𝑦 + 2𝜔𝜔
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕�� �𝑝𝑝

−1 𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 = 0 

⇒ [𝐴𝐴3,𝐴𝐴6]𝑓𝑓 = 0 

⇒ [𝐴𝐴3,𝐴𝐴6] = 0. 

 

Case (13): We have: 

 [𝐴𝐴4,𝐴𝐴5]𝑓𝑓 = 𝐴𝐴4𝐴𝐴5𝑓𝑓 − 𝐴𝐴5𝐴𝐴4𝑓𝑓 

= �𝑝𝑝 �𝑥𝑥 + 2𝑧𝑧
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑠𝑠

−1 𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓

− ��s−1
𝜕𝜕
𝜕𝜕𝜕𝜕��𝑝𝑝 �𝑥𝑥 + 2𝑧𝑧

𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕��� 𝑓𝑓 = 0 

⇒ [𝐴𝐴4,𝐴𝐴5]𝑓𝑓 = 0 

⇒ [𝐴𝐴4,𝐴𝐴5] = 0. 
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Case (14): We have: 

[𝐴𝐴4,𝐴𝐴6]𝑓𝑓 = 𝐴𝐴4𝐴𝐴6𝑓𝑓 − 𝐴𝐴6𝐴𝐴4𝑓𝑓 

= ��𝑝𝑝 �𝑥𝑥 + 2𝑧𝑧
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕���𝑠𝑠 �𝑦𝑦 + 2𝜔𝜔

𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕��� 𝑓𝑓

− ��𝑠𝑠 �𝑦𝑦 + 2𝑤𝑤
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕���𝑝𝑝 �𝑥𝑥 + 2𝑧𝑧

𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕��� 𝑓𝑓 

= 𝑝𝑝𝑝𝑝 �𝑥𝑥 �𝑦𝑦 + 2𝜔𝜔
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝑥𝑥
𝜕𝜕𝜕𝜕� + 2𝑧𝑧 �𝑦𝑦

𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑤𝑤

𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 𝑘𝑘
∂2

𝜕𝜕𝑥𝑥2�

+ 𝑘𝑘 �𝑦𝑦
𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑤𝑤

𝜕𝜕2

𝜕𝜕𝑦𝑦2 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 1��𝑓𝑓  

− 𝑠𝑠𝑠𝑠 �𝑦𝑦 �𝑥𝑥 + 2𝑧𝑧
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕� + 2𝑤𝑤�𝑥𝑥

𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑧𝑧

𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝑦𝑦2�

+ 𝑘𝑘 �𝑥𝑥
𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑧𝑧

𝜕𝜕2

𝜕𝜕𝑥𝑥2 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 1�� 𝑓𝑓 = 0 

⇒ [𝐴𝐴4,𝐴𝐴6]𝑓𝑓 = 0 

⇒ [𝐴𝐴4,𝐴𝐴6] = 0. 

 

Case (15): We have: 

[𝐴𝐴5,𝐴𝐴6]𝑓𝑓 = 𝐴𝐴5𝐴𝐴6𝑓𝑓 − 𝐴𝐴6𝐴𝐴5𝑓𝑓 

 

= ��𝑠𝑠−1 𝜕𝜕
𝜕𝜕𝜕𝜕
� �𝑠𝑠 �𝑦𝑦 + 2𝑤𝑤 𝜕𝜕

𝜕𝜕𝜕𝜕
+ 𝑘𝑘 𝜕𝜕

𝜕𝜕𝜕𝜕
��� 𝑓𝑓 − ��𝑠𝑠 �𝑦𝑦 + 2𝑤𝑤 𝜕𝜕

𝜕𝜕𝜕𝜕
+

𝑘𝑘 𝜕𝜕
𝜕𝜕𝜕𝜕
�� �𝑠𝑠−1 𝜕𝜕

𝜕𝜕𝜕𝜕
�� 𝑓𝑓  
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= 𝑠𝑠s−1 ��𝑦𝑦
𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑤𝑤

𝜕𝜕2

𝜕𝜕𝑦𝑦2 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 1�� 𝑓𝑓

− 𝑠𝑠s−1 �𝑦𝑦
𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑤𝑤

𝜕𝜕2

𝜕𝜕𝑦𝑦2 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕�
𝑓𝑓 = 𝑓𝑓 

⇒ [𝐴𝐴5,𝐴𝐴6]𝑓𝑓 = 𝑓𝑓 

⇒ [𝐴𝐴5,𝐴𝐴6] = 1. 

 

Thus, we have: 

[𝐴𝐴1,𝐴𝐴2] = 0, [𝐴𝐴2,𝐴𝐴3] = 0, [𝐴𝐴3,𝐴𝐴4] = 1, [𝐴𝐴4,𝐴𝐴5] = 0, [𝐴𝐴5,𝐴𝐴6] = 1, 

[𝐴𝐴1,𝐴𝐴3] = −𝐴𝐴3, [𝐴𝐴2,𝐴𝐴4] = 0, [𝐴𝐴3,𝐴𝐴5] = 0, [𝐴𝐴4,𝐴𝐴6] = 0, 

[𝐴𝐴1,𝐴𝐴4] = 𝐴𝐴4, [𝐴𝐴2,𝐴𝐴5] = −𝐴𝐴5, [𝐴𝐴3,𝐴𝐴6] = 0, 

[𝐴𝐴1,𝐴𝐴5] = 0, [𝐴𝐴2,𝐴𝐴6] = 𝐴𝐴6,  

[𝐴𝐴1,𝐴𝐴6] = 0. 
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Since the foregoing connections are not isomorphic to any 

commutation relations obeyed by a well-known Lie algebra of a local Lie 

group, according to Weisner's group theoretic technique, as a result, we 

are unable to connect the set of differential operators. { 𝐽𝐽3, 𝐽𝐽−, 𝐽𝐽+} with a 

particular Lie algebra, only that these differential operators generate 

three-dimensional Lie algebra can be said. 

Therefore, the preceding commutation relations show that the set of 

operators.  

{𝐴𝐴𝑖𝑖: 𝑖𝑖 = 1,2,3,4,5,6} make some Lie algebra 𝜆𝜆. 

 

Next, we can form the differential operators from eqs. (2.10) and (2.11).  

L1 = 2𝑧𝑧
𝜕𝜕2

𝜕𝜕𝑥𝑥2 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 𝑥𝑥
𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑝𝑝

𝜕𝜕
𝜕𝜕𝜕𝜕  

and 

L2 = 2𝑤𝑤
𝜕𝜕2

𝜕𝜕𝑦𝑦2 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 𝑦𝑦
𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑠𝑠

𝜕𝜕
𝜕𝜕𝜕𝜕  

Which can be expressed as  

𝐿𝐿1 = 𝐴𝐴3𝐴𝐴4 − 𝑚𝑚 − 1 

𝐿𝐿2 = 𝐴𝐴5𝐴𝐴6 − 𝑛𝑛 − 1 

and this can be verified very easily. 
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We have: 

𝐴𝐴3𝐴𝐴4�𝐻𝐻𝑚𝑚,n(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, k)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝐴𝐴3�𝐻𝐻𝑚𝑚+1,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)𝑝𝑝𝑚𝑚+1𝑠𝑠𝑛𝑛� 

= (𝑚𝑚 + 1)𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛. 

But 

𝐴𝐴3𝐴𝐴4�𝐻𝐻𝑚𝑚,n(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, k)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 

= ��𝑝𝑝−1
𝜕𝜕
𝜕𝜕𝜕𝜕��𝑝𝑝 �𝑥𝑥 + 2𝑧𝑧

𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕��� �𝐻𝐻𝑚𝑚,n(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, k)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 

= �𝑥𝑥
𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑧𝑧

𝜕𝜕2

𝜕𝜕𝑥𝑥2 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 1� �𝐻𝐻𝑚𝑚,n(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤, k)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 

 

⇒ 𝐿𝐿1 = 𝐴𝐴3𝐴𝐴4 − 𝑚𝑚 − 1  

where m is replaced by 𝑝𝑝 𝜕𝜕
𝜕𝜕𝜕𝜕

 

∴  L1 = 2𝑧𝑧
𝜕𝜕2

𝜕𝜕𝑥𝑥2 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 𝑥𝑥
𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑝𝑝

𝜕𝜕
𝜕𝜕𝜕𝜕 

We have 

𝐴𝐴5𝐴𝐴6�𝐻𝐻𝑛𝑛,𝑚𝑚(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝐴𝐴5�𝐻𝐻𝑚𝑚,𝑛𝑛+1(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛+1� 

= (𝑛𝑛 + 1)𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛 

⇒ 𝐿𝐿2 = 𝐴𝐴5𝐴𝐴6 − 𝑛𝑛-1. 
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But 

𝐴𝐴5𝐴𝐴6�𝐻𝐻𝑚𝑚,n(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, k)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 

= ��s−1
𝜕𝜕
𝜕𝜕𝜕𝜕��𝑠𝑠 �𝑦𝑦 + 2𝜔𝜔

𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘

𝜕𝜕
𝜕𝜕𝜕𝜕��� �𝐻𝐻𝑚𝑚,n(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, k)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 

= 𝑠𝑠−1 ⋅ 𝑠𝑠 �𝑦𝑦
𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑤𝑤

𝜕𝜕2

𝜕𝜕𝑦𝑦2 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 1� 𝑓𝑓 

= �𝑦𝑦
𝜕𝜕
𝜕𝜕𝜕𝜕 + 2𝑤𝑤

𝜕𝜕2

𝜕𝜕𝑦𝑦2 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 1� 𝑓𝑓 

 

⇒ 𝐿𝐿2 = 𝐴𝐴5𝐴𝐴6 − 𝑛𝑛 − 1  

where 𝑛𝑛 is replaced by 𝑠𝑠 𝜕𝜕
𝜕𝜕𝜕𝜕

. 

∴ 𝐿𝐿2 = 2𝑤𝑤
𝜕𝜕2

𝜕𝜕𝑦𝑦2 + 𝑘𝑘
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + 𝑦𝑦
𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑠𝑠

𝜕𝜕
𝜕𝜕𝜕𝜕, 

 

which commutes with {𝐴𝐴𝑖𝑖: 𝑖𝑖 = 1,2,3,4,5,6}. 

That is: [L1, 𝐴𝐴𝑖𝑖]=0 and [L2, 𝐴𝐴𝑖𝑖]=0. 
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2.2.4 Extended Forms of The Group Generated by Operators  

The extended forms of the group formed by will be found here 

{𝐴𝐴𝑖𝑖: 𝑖𝑖 = 1,2,3,4,5,6}.  

 

Case(1): For 𝐴𝐴1 = 𝑝𝑝 𝜕𝜕
𝜕𝜕𝑝𝑝

 . 

Let  𝑎𝑎1 be any variable, then  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎1

= 𝑝𝑝 

�
𝑑𝑑𝑑𝑑
𝑝𝑝 = �𝑑𝑑𝑎𝑎1 

ln𝑝𝑝 = 𝑎𝑎1 + ln𝐴𝐴 

Applying the initial condition when 𝑎𝑎1 = 0,𝑝𝑝(0) = 𝑝𝑝0 

⇒ ln 𝑝𝑝0 = ln𝐴𝐴  ⇒  𝑝𝑝0 = 𝐴𝐴   

⇒ ln 𝑝𝑝 = 𝑎𝑎1 + ln𝑝𝑝0 

∴ 𝑝𝑝 = 𝑝𝑝0𝑒𝑒𝑎𝑎1 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎1

= 0 

⇒ 𝑑𝑑𝑑𝑑 = 0     

⇒ 𝑥𝑥 = 𝑘𝑘. 

Applying the initial condition when 𝑎𝑎1 = 0, 𝑥𝑥(0) = 𝑥𝑥0 

⇒ 𝑥𝑥0 = 𝑘𝑘 

⇒ 𝑥𝑥 = 𝑥𝑥0 
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Also, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎1

= 0,    
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎1

= 0,    
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎1

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎1

= 0,    
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎1

= 0                

 

⇒ y = 𝑦𝑦0, 𝑧𝑧 = 𝑧𝑧0, 𝑤𝑤 = 𝑤𝑤0, 𝑘𝑘 = 𝑘𝑘0, 𝑠𝑠 = 𝑠𝑠0 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎1

= 0 ⇒ 𝑑𝑑𝑑𝑑 = 0 ⇒ 𝑣𝑣 = 𝑘𝑘.  

Applying the initial condition when 𝑎𝑎1 = 0,𝑣𝑣(0) = 1 ⇒,𝑘𝑘 = 1,𝑣𝑣 = 1 

∴ 𝑒𝑒𝑎𝑎1𝐴𝐴1𝑓𝑓(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘,𝑝𝑝, 𝑠𝑠) = 𝑓𝑓(𝑥𝑥0,𝑦𝑦0, 𝑧𝑧0,𝑤𝑤0,𝑘𝑘0,𝑝𝑝0𝑒𝑒𝑎𝑎1 , 𝑠𝑠0)             (2.12) 

 

Case(2): For 𝐴𝐴2 = 𝑠𝑠 𝜕𝜕
𝜕𝜕𝜕𝜕

.    

By using the same calculation as in case(1), we get 

∴ 𝑒𝑒𝑎𝑎2𝐴𝐴2𝑓𝑓(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘,𝑝𝑝, 𝑠𝑠) = 𝑓𝑓(𝑥𝑥0,𝑦𝑦0, 𝑧𝑧0,𝑤𝑤0,𝑘𝑘0,𝑝𝑝0, 𝑠𝑠0𝑒𝑒𝑎𝑎2)           (2.13) 

  

Case(3): For 𝐴𝐴3 = 𝑝𝑝−1 𝜕𝜕
𝜕𝜕𝜕𝜕

. 

Let 𝑎𝑎3 be any variable 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎3

= 𝑝𝑝−1 

� 𝑑𝑑𝑑𝑑 = � 𝑝𝑝0−1𝑑𝑑𝑎𝑎3

𝑥𝑥 =
𝑎𝑎3
𝑝𝑝0

+ 𝑘𝑘.
 

Applying the initial condition when 𝑎𝑎3 = 0, 𝑥𝑥(0) = 𝑥𝑥0 ⇒ 𝑘𝑘 = 𝑥𝑥0 
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𝑥𝑥 =
𝑎𝑎3
𝑝𝑝0

+ 𝑥𝑥0 

Also, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎3

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎3

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎3

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎3

= 0, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎3

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎3

= 0 

 

⇒ 𝑦𝑦 = 𝑦𝑦0 ,   𝑧𝑧 = 𝑧𝑧0 ,𝑤𝑤 = 𝑤𝑤0  ,𝑘𝑘 = 𝑘𝑘0 ,   𝑝𝑝 = 𝑝𝑝0 ,   𝑆𝑆 = 𝑆𝑆0 

and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎3

= 0 ⇒ 𝜐𝜐 = 1,  then 

𝑒𝑒𝑎𝑎3𝐴𝐴3𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧, w,𝑘𝑘, 𝑝𝑝, 𝑠𝑠) = 𝑓𝑓 �𝑥𝑥0 +
𝑎𝑎3
𝑝𝑝0

, 𝑦𝑦0, 𝑧𝑧0,𝜔𝜔0,𝑘𝑘0,𝑝𝑝0, 𝑠𝑠0�           (2.14) 

 

Case (4): For 𝐴𝐴4 = 𝑝𝑝 �𝑥𝑥 + 2𝑧𝑧 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑘𝑘 𝜕𝜕
𝜕𝜕𝜕𝜕
� 

⇒ 𝐴𝐴4 = 𝑝𝑝𝑝𝑝 + 2𝑝𝑝𝑝𝑝 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑝𝑝𝑝𝑝 𝜕𝜕
𝜕𝜕𝜕𝜕

. 

Let 𝑎𝑎4 be any variable 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= 2𝑝𝑝𝑝𝑝, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= 𝑝𝑝𝑝𝑝 

� 𝑑𝑑𝑑𝑑 = � 2𝑝𝑝0𝑧𝑧0𝑑𝑑𝑎𝑎4 

𝑥𝑥 = 2𝑝𝑝0𝑧𝑧0𝑎𝑎4 + 𝑘𝑘. 

When using the initial condition 𝑎𝑎4 = 0, 𝑥𝑥(0) = 𝑥𝑥0 

  𝑥𝑥 = 2𝑝𝑝0𝑧𝑧0𝑎𝑎4 + 𝑥𝑥0 
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∫ 𝑑𝑑𝑑𝑑 = ∫ 𝑝𝑝0𝑘𝑘0𝑑𝑑𝑎𝑎4. 

While the initial condition is being applied  𝑎𝑎4 = 0,𝑦𝑦(0) = 𝑦𝑦0 

𝑦𝑦 = 𝑝𝑝0𝑘𝑘0𝑎𝑎4 + 𝑦𝑦0 

⇒
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= 0 

𝑧𝑧 = 𝑧𝑧0    𝑤𝑤 = 𝑤𝑤0, 𝑘𝑘 = 𝑘𝑘0, 𝑝𝑝 = 𝑝𝑝0, 𝑠𝑠 = 𝑠𝑠0 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= 𝑝𝑝𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑
𝜐𝜐 = 𝑝𝑝0(𝑥𝑥0 + 2𝑝𝑝0𝑧𝑧0𝑎𝑎4)𝑑𝑑𝑎𝑎4 

�
𝑑𝑑𝑑𝑑
𝜐𝜐 = � (𝑝𝑝0𝑥𝑥0 + 2𝑝𝑝02𝑧𝑧0𝑎𝑎4)𝑑𝑑𝑎𝑎4 

ln𝑣𝑣 = 𝑝𝑝0𝑥𝑥0𝑎𝑎4 + 2𝑧𝑧0𝑝𝑝02
𝑎𝑎42

2 + 𝑘𝑘. 

Applying the initial condition when 𝑎𝑎4 = 0, 𝜐𝜐(0) = 1, ln(1) = 0 

ln𝑣𝑣 = 𝑝𝑝0𝑥𝑥0𝑎𝑎4 + 𝑧𝑧0𝑝𝑝02𝑎𝑎42, 

𝜐𝜐 = exp(𝑝𝑝0𝑥𝑥0𝑎𝑎4 + 𝑧𝑧0𝑝𝑝02𝑎𝑎42). then 

𝑒𝑒𝑎𝑎4𝐴𝐴4𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘, 𝑝𝑝, 𝑠𝑠) 

= exp(𝑝𝑝0𝑥𝑥0𝑎𝑎4 + 𝑧𝑧0𝑝𝑝02𝑎𝑎42)

⋅ 𝑓𝑓(𝑥𝑥0 + 2𝑝𝑝0𝑧𝑧0𝑎𝑎4,𝑝𝑝0𝑘𝑘0𝑎𝑎4 + 𝑦𝑦0, 𝑧𝑧0,𝜔𝜔0,𝑘𝑘0,𝑝𝑝0, 𝑠𝑠0).       (2.15) 
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Case(5): For 𝐴𝐴5 = s−1 𝜕𝜕
𝜕𝜕𝜕𝜕

 

let 𝑎𝑎5 be any variable, then  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎5

= 𝑠𝑠−1 

� 𝑑𝑑𝑑𝑑 = �
1
𝑠𝑠0
𝑑𝑑𝑎𝑎5 

𝑦𝑦 = 𝑎𝑎5
𝑠𝑠0

+ 𝑘𝑘. 

Applying the initial condition when 𝑎𝑎5 = 0, 𝑦𝑦(0) = 𝑦𝑦0 

⇒ 𝑦𝑦0 = 𝑘𝑘

𝑦𝑦 = 𝑦𝑦0 +
𝑎𝑎5
𝑠𝑠0

 

𝑥𝑥 = 𝑥𝑥0, 𝑧𝑧 = 𝑧𝑧0,𝑘𝑘 = 𝑘𝑘0, 𝑠𝑠 = 𝑠𝑠0, 𝑝𝑝 = 𝑝𝑝0,𝑤𝑤 = 𝑤𝑤0, then 

𝑒𝑒𝑎𝑎5𝐴𝐴5𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘, 𝑝𝑝, 𝑠𝑠) = 𝑓𝑓 �𝑥𝑥0,𝑦𝑦0 +
𝑎𝑎5
𝑠𝑠0

, 𝑧𝑧0,𝜔𝜔0,𝑘𝑘0,𝑝𝑝0, 𝑠𝑠0�           (2.16) 

 

Case(6): For  𝐴𝐴6 = 𝑠𝑠 �𝑦𝑦 + 2𝜔𝜔 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑘𝑘 𝜕𝜕
𝜕𝜕𝜕𝜕
� = 𝑠𝑠𝑠𝑠 + 2𝑠𝑠𝑠𝑠 𝜕𝜕

𝜕𝜕𝜕𝜕
+ 𝑠𝑠𝑠𝑠 𝜕𝜕

𝜕𝜕𝜕𝜕
  

Let 𝑎𝑎6 be any variable, then 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎6

= 𝑠𝑠𝑠𝑠 

⇒ � 𝑑𝑑𝑑𝑑 = � 𝑠𝑠0𝑘𝑘0𝑑𝑑𝑑𝑑6 

⇒ 𝑥𝑥 = 𝑠𝑠0𝑘𝑘0𝑎𝑎6 + 𝑘𝑘      

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎6

= 2𝑠𝑠𝑠𝑠 
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� 𝑑𝑑𝑑𝑑 = � 2𝑠𝑠0𝜔𝜔0𝑑𝑑𝑎𝑎6 

𝑦𝑦 = 2𝑠𝑠0𝑤𝑤0𝑎𝑎6 + 𝑘𝑘 

The first condition is being applied when 𝑎𝑎6 = 0 ⇒ y(0) = 𝑦𝑦0 

𝑦𝑦 = 2𝑠𝑠0𝑤𝑤0𝑎𝑎6 + 𝑦𝑦0 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎6

= 𝑠𝑠𝑠𝑠 

Substitute 𝑦𝑦 = 2𝑠𝑠0𝑤𝑤0𝑎𝑎6 + 𝑦𝑦0 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎6

= 𝑠𝑠0(2𝑠𝑠0𝑤𝑤0𝑎𝑎6 + 𝑦𝑦0)𝑣𝑣 

𝑑𝑑𝑑𝑑
𝜐𝜐 = (2𝑠𝑠02𝜔𝜔0𝑎𝑎6 + 𝑠𝑠0𝑦𝑦0)𝑑𝑑𝑎𝑎6 

ln𝑣𝑣 = 2𝑠𝑠02𝜔𝜔0
𝑎𝑎62

2 + 𝑠𝑠0𝑦𝑦0𝑎𝑎6 + 𝑘𝑘 

Applying the initial condition when: 

𝑎𝑎6 = 0,𝑣𝑣(0) = 1; ln(1) = 0 ⇒ 𝑘𝑘 = 0  

⇒ ln𝜐𝜐 = 𝜔𝜔0𝑠𝑠02𝑎𝑎62 + 𝑠𝑠0𝑦𝑦0𝑎𝑎6 

𝑒𝑒ln𝜐𝜐 = 𝜐𝜐 = 𝑒𝑒𝑥𝑥𝑥𝑥(𝑠𝑠0𝑦𝑦0𝑎𝑎6 + 𝜔𝜔0𝑠𝑠02𝑎𝑎62). 

Also 

⇒
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎6

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎6

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎6

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎6

= 0 

𝑧𝑧 = 𝑧𝑧0, 𝑤𝑤 = 𝑤𝑤0, 𝑘𝑘 = 𝑘𝑘0, 𝑝𝑝 = 𝑝𝑝0,   𝑠𝑠 = 𝑠𝑠0,   then 
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𝑒𝑒𝑎𝑎6𝐴𝐴6𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘,𝑝𝑝, 𝑠𝑠) 

= exp(𝑠𝑠0𝑦𝑦0𝑎𝑎6 + 𝑤𝑤0𝑠𝑠02𝑎𝑎62)

⋅ 𝑓𝑓(𝑥𝑥0 + 𝑠𝑠0𝑘𝑘0𝑎𝑎6,𝑦𝑦0 + 2𝑠𝑠0𝑤𝑤0𝑎𝑎6, 𝑧𝑧0,𝑤𝑤0, 𝑘𝑘0,𝑝𝑝0, 𝑠𝑠0).       (2.17) 

 

Therefore, generally speaking, we have the extended forms of the groups 

produced by 

𝐴𝐴i(𝑖𝑖 = 1,2,3,4,5,6) 

following is: 

𝑒𝑒𝑎𝑎1,𝐴𝐴1𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘, 𝑝𝑝, 𝑠𝑠) = 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘,𝑝𝑝𝑒𝑒𝑎𝑎1 , 𝑠𝑠), 

𝑒𝑒𝑎𝑎2𝐴𝐴2𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘, 𝑝𝑝, 𝑠𝑠) = 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘,𝑝𝑝, 𝑠𝑠𝑒𝑒𝑎𝑎2), 

𝑒𝑒𝑎𝑎3𝐴𝐴3𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘,𝑝𝑝, 𝑠𝑠) = 𝑓𝑓 �𝑥𝑥 + 𝑎𝑎3
𝑝𝑝

,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘, 𝑝𝑝, 𝑠𝑠�, 

𝑒𝑒𝑎𝑎4𝐴𝐴4𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘, 𝑝𝑝, 𝑠𝑠) 

= exp(𝑝𝑝𝑝𝑝𝑎𝑎4 + z𝑝𝑝2𝑎𝑎42) ⋅ 𝑓𝑓(𝑥𝑥 + 2𝑝𝑝𝑝𝑝𝑎𝑎4,𝑝𝑝𝑝𝑝𝑎𝑎4 + 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘, 𝑝𝑝, 𝑠𝑠), 

𝑒𝑒𝑎𝑎5𝐴𝐴5𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘,𝑝𝑝, 𝑠𝑠) = 𝑓𝑓 �𝑥𝑥, 𝑦𝑦 + 𝑎𝑎5
s

, 𝑧𝑧,𝑤𝑤, 𝑘𝑘, 𝑝𝑝, 𝑠𝑠�, 

𝑒𝑒𝑎𝑎6𝐴𝐴6𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘,𝑝𝑝, 𝑠𝑠) 

= exp(𝑠𝑠𝑠𝑠𝑎𝑎6 + w𝑠𝑠2𝑎𝑎62) ⋅ 𝑓𝑓(𝑥𝑥 + 𝑠𝑠𝑠𝑠𝑎𝑎6, y + 2sw𝑎𝑎6, 𝑧𝑧,𝑤𝑤,𝑘𝑘,𝑝𝑝, 𝑠𝑠). 
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2.2.5 Generating Functions 
 

From the previous section, we have the extended forms of the groups 

produced by 𝐴𝐴i(𝑖𝑖 = 1,2,3,4,5,6) from  the eqs.(2.13)-(2.17) 

 

We find the action of these operators as follow: 

 

𝑒𝑒𝑎𝑎6𝐴𝐴6+⋯+𝑎𝑎2𝐴𝐴2+𝑎𝑎1𝐴𝐴1𝑓𝑓(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘,𝑝𝑝, 𝑠𝑠) =  𝑒𝑒𝑥𝑥𝑥𝑥(𝑠𝑠𝑠𝑠𝑎𝑎6 + 𝑤𝑤𝑠𝑠2𝑎𝑎62𝑝𝑝𝑝𝑝𝑎𝑎4 +

𝑧𝑧𝑝𝑝2𝑎𝑎42) ⋅ 𝑓𝑓 �𝑥𝑥 + 𝑠𝑠𝑠𝑠𝑎𝑎6 + 2𝑝𝑝𝑝𝑝𝑎𝑎4 + 𝑎𝑎3
𝑝𝑝

, 𝑦𝑦 + 2𝑠𝑠𝑠𝑠𝑎𝑎6 + 𝑎𝑎5
𝑠𝑠

+

𝑝𝑝𝑝𝑝𝑎𝑎4, 𝑧𝑧,𝑤𝑤,𝑘𝑘,𝑝𝑝𝑒𝑒𝑎𝑎1, 𝑠𝑠𝑒𝑒𝑎𝑎2�.                                         (2.18) 

 

By putting 𝑎𝑎𝑖𝑖 = 0 (𝑖𝑖 = 1,2,3,4);  𝑎𝑎5 = 𝑏𝑏,  𝑎𝑎6 = 𝑐𝑐 in eq. (2.18) and letting  

𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘,𝑝𝑝, 𝑠𝑠) = 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛, 

 

we get: 

𝑒𝑒𝑐𝑐𝐴𝐴6𝑒𝑒b𝐴𝐴5𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛 

= exp(𝑎𝑎𝑦𝑦0𝑐𝑐 + 𝜔𝜔0𝑠𝑠02𝑐𝑐2)  

⋅ 𝐻𝐻𝑚𝑚,𝑛𝑛 �𝑥𝑥0 + 𝑠𝑠0𝑘𝑘0𝑐𝑐, 𝑦𝑦0 + 2𝑠𝑠0𝜔𝜔0𝑐𝑐

+
𝑏𝑏
𝑠𝑠0

, 𝑧𝑧0,𝑤𝑤0,𝑦𝑦0,𝑘𝑘0�𝑃𝑃0𝑚𝑚𝑠𝑠0.
𝑛𝑛    (2.19) 

But  
𝑒𝑒𝑐𝑐𝐴𝐴6𝑒𝑒b𝐴𝐴5(𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛)

= 𝑒𝑒b𝐴𝐴5 �
𝑐𝑐𝑘𝑘𝐴𝐴6𝑘𝑘

𝑘𝑘! 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛
∞

𝑘𝑘=0

 

= 𝑒𝑒b𝐴𝐴5 �
𝑐𝑐𝑘𝑘

𝑘𝑘! 𝐻𝐻𝑚𝑚,𝑛𝑛+𝑘𝑘(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑡𝑡)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛+𝑘𝑘
∞

𝑘𝑘=0
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∴ 𝑒𝑒𝑐𝑐𝐴𝐴6𝑒𝑒b𝐴𝐴5�𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛�

= ��
𝑏𝑏𝑙𝑙

𝑙𝑙!
𝑐𝑐𝑘𝑘

𝑘𝑘! 𝐻𝐻𝑚𝑚,𝑛𝑛+𝑘𝑘−𝑙𝑙(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛+𝑘𝑘−𝑙𝑙
∞

𝑘𝑘=0

∞

𝑙𝑙=0

.                          (2.20)  

 

 We get the desired generating function by combining eqs. (2.19) and 

(2.20). 

 

exp(𝑎𝑎𝑦𝑦0𝑐𝑐 + 𝜔𝜔0𝑠𝑠02𝑐𝑐2)  

⋅ 𝐻𝐻𝑚𝑚,𝑛𝑛 �𝑥𝑥0 + 𝑠𝑠0𝑘𝑘0𝑐𝑐,𝑦𝑦0 + 2𝑠𝑠0𝜔𝜔0𝑐𝑐 +
𝑏𝑏
𝑠𝑠0

, 𝑧𝑧0,𝑤𝑤0,𝑦𝑦0, 𝑘𝑘0�

= ��
𝑏𝑏𝑙𝑙

𝑙𝑙!
𝑐𝑐𝑘𝑘

𝑘𝑘! 𝐻𝐻𝑚𝑚,𝑛𝑛+𝑘𝑘−𝑙𝑙(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)𝑠𝑠𝑘𝑘−𝑙𝑙
∞

𝑘𝑘=0

∞

𝑙𝑙=0

.                                     (2.21) 

Next, some special cases of the generating relation eq. (2.21) are 

interesting. 

 
By putting 𝑏𝑏 = 0, 𝑠𝑠 = 𝑝𝑝 = 1 in eq. (2.21), we get:   
 
 
exp(𝑎𝑎𝑦𝑦0𝑐𝑐 + 𝜔𝜔0𝑐𝑐2)  ⋅ 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥0 + 𝑘𝑘0𝑐𝑐,𝑦𝑦0 + 2𝜔𝜔0𝑐𝑐, 𝑧𝑧0,𝑤𝑤0, 𝑦𝑦0,𝑘𝑘0)

= �
𝑐𝑐𝑘𝑘

𝑘𝑘! 𝐻𝐻𝑚𝑚,𝑛𝑛+𝑘𝑘(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)
∞

𝑘𝑘=0

. 

 
If we let  𝑐𝑐 = 0, 𝑠𝑠 = 𝑝𝑝 = 1 in eq. (2.21), we get the particular case: 
 

𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥0,𝑦𝑦0 + 𝑏𝑏, 𝑧𝑧0,𝑤𝑤0,𝑦𝑦0,𝑘𝑘0) = �
𝑏𝑏𝑙𝑙

𝑙𝑙! 𝐻𝐻𝑚𝑚,𝑛𝑛−𝑙𝑙(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘).
∞

𝑙𝑙=0

 

In general, we have 

 
𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦 + 𝑏𝑏, 𝑧𝑧,𝑤𝑤,𝑦𝑦,𝑘𝑘)

= �
𝑏𝑏𝑙𝑙

𝑙𝑙! 𝐻𝐻𝑚𝑚,𝑛𝑛−𝑙𝑙(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)
∞

𝑙𝑙=0

.                                   (2.22) 
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Further, by putting 𝑎𝑎𝑖𝑖 = 0(𝑖𝑖 = 1,2,5,6); 𝑎𝑎3 = 𝑎𝑎,  𝑎𝑎4 = 𝑑𝑑  in eq. (2.18)   

and letting  

𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘,𝑝𝑝, 𝑠𝑠) = 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛, 

 

we get: 

𝑒𝑒d𝐴𝐴4𝑒𝑒𝑎𝑎𝐴𝐴3�𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 
= exp(𝑝𝑝0𝑥𝑥0𝑑𝑑 + 𝑧𝑧0𝑝𝑝02𝑑𝑑2)  

⋅ 𝐻𝐻𝑚𝑚,𝑛𝑛 �𝑥𝑥0 + 2𝑝𝑝0𝑧𝑧0𝑑𝑑 +
𝑎𝑎
𝑝𝑝0

,𝑦𝑦0

+ 𝑝𝑝0𝑘𝑘0𝑑𝑑, 𝑧𝑧0,𝑤𝑤0,𝑘𝑘0�𝑃𝑃0𝑚𝑚𝑠𝑠0𝑛𝑛                                                 (2.23) 
 
But 
 

𝑒𝑒d𝐴𝐴4𝑒𝑒𝑎𝑎𝐴𝐴3�𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛�

= 𝑒𝑒𝑎𝑎𝐴𝐴3 �
∞

𝑘𝑘=0

𝑑𝑑𝑘𝑘𝐴𝐴4𝑘𝑘

𝑘𝑘! �𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 

= 𝑒𝑒𝑎𝑎𝐴𝐴3 �
∞

𝑘𝑘=0

𝑑𝑑𝑘𝑘

𝑘𝑘! 𝐻𝐻𝑚𝑚+𝑘𝑘,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)𝑝𝑝𝑚𝑚+𝑘𝑘𝑠𝑠𝑛𝑛 

 
𝑒𝑒d𝐴𝐴4𝑒𝑒𝑎𝑎𝐴𝐴3�𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛�

= �
∞

𝑙𝑙=0

�
∞

𝑘𝑘=0

𝑎𝑎𝑙𝑙

𝑙𝑙!
𝑑𝑑𝑘𝑘

𝑘𝑘! 𝐻𝐻𝑚𝑚+𝑘𝑘−𝑙𝑙,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)𝑝𝑝𝑚𝑚+𝑘𝑘−𝑙𝑙𝑠𝑠𝑛𝑛.                               (2.24) 

 
Combining eqs. (2.23) and (2.24), we get another generating relation in 

the form: 

exp(𝑝𝑝0𝑥𝑥0𝑑𝑑 + 𝑧𝑧0𝑝𝑝02𝑑𝑑2)  

⋅ 𝐻𝐻𝑚𝑚,𝑛𝑛 �𝑥𝑥0 + 2𝑝𝑝0𝑧𝑧0𝑑𝑑 +
𝑎𝑎
𝑝𝑝0

,𝑦𝑦0 + 𝑝𝑝0𝑘𝑘0𝑑𝑑, 𝑧𝑧0,𝑤𝑤0,𝑘𝑘0� 

= �
∞

𝑙𝑙=0

�
∞

𝑘𝑘=0

𝑎𝑎𝑙𝑙

𝑙𝑙!
𝑑𝑑𝑘𝑘

𝑘𝑘! 𝐻𝐻𝑚𝑚+𝑘𝑘−𝑙𝑙,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘)𝑝𝑝𝑘𝑘−𝑙𝑙 .                                            (2.25) 

  



39 
 

By putting 𝑎𝑎 = 0, 𝑠𝑠 = 𝑝𝑝 = 1 in eq. (2.25), we get the particular case: 

 
exp(𝑥𝑥0𝑑𝑑 + 𝑧𝑧0𝑑𝑑2)  ⋅ 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥0 + 2𝑧𝑧0𝑑𝑑,𝑦𝑦0 + 𝑘𝑘0𝑑𝑑, 𝑧𝑧0,𝑤𝑤0, 𝑘𝑘0)

= �
∞

𝑘𝑘=0

𝑑𝑑𝑘𝑘

𝑘𝑘! 𝐻𝐻𝑚𝑚+𝑘𝑘,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘). 

 

 

In general, we have, 

𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥𝑑𝑑 + 𝑧𝑧𝑑𝑑2)  ⋅ 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥 + 2𝑧𝑧𝑑𝑑, 𝑦𝑦 + 𝑘𝑘𝑑𝑑, 𝑧𝑧,𝑤𝑤, 𝑘𝑘)

= �
∞

𝑘𝑘=0

𝑑𝑑𝑘𝑘

𝑘𝑘! 𝐻𝐻𝑚𝑚+𝑘𝑘,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘).                                                                 (2.26) 

 

Also, by putting 𝑑𝑑 = 0, 𝑠𝑠 = 𝑝𝑝 = 1 in (2.25), we get: 

𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥0 + a, 𝑦𝑦0, 𝑧𝑧0,𝑤𝑤0, 𝑘𝑘0) = �
∞

𝑙𝑙=0

𝑎𝑎𝑙𝑙

𝑙𝑙! 𝐻𝐻𝑚𝑚−𝑙𝑙,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘) 

 

In general,we have, 

𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥 + 𝑎𝑎,𝑦𝑦, 𝑧𝑧,𝑤𝑤, 𝑘𝑘)

= �
∞

𝑙𝑙=0

𝑎𝑎𝑙𝑙

𝑙𝑙! 𝐻𝐻𝑚𝑚−𝑙𝑙,𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝜔𝜔, 𝑘𝑘).                                            (2.27) 
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2.3 Some Applications 

 

Numerous applications in mathematical physics, quantum mechanics, and 

related fields can be made of the relations discovered for the two-index 

Hermite polynomials 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘) using Weisner's group theoretic 

approach. Some applications that might be used include: 

1. Quantum mechanics: Two-index Hermite polynomials 

𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘) are used in the study of quantum systems, such as 

multi-particle systems, harmonic oscillators with two degrees of 

freedom, and quantum field theory. The relations obtained through 

Weisner's group theoretic method can provide insights into the 

properties and behavior of these quantum systems, such as energy 

spectra, wave functions, and quantum states. 

 

2. Mathematical physics: The obtained relations can be used to understand 

physical systems mathematical properties and symmetries involving 

two-index Hermite polynomials. For example, they can be used to 

derive conservation laws, study the behavior of physical observables, 

and analyze the symmetry-breaking patterns in physical systems. 
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3. Applied mathematics: The obtained relations can be utilized in applied 

mathematics for solving problems involving two-index Hermite 

𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘) polynomials comprise eigenvalue issues, boundary 

value problems, and partial differential equations. They can also be used 

in the mathematical modeling of physical phenomena that involve two-

variable Hermite polynomials, such as in signal processing, image 

analysis, and statistical mechanics. 

 

4. Quantum information theory: Two-index Hermite polynomials  

𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝜔𝜔,𝑘𝑘) are used in quantum information theory for studying 

quantum entanglement, quantum computation, and quantum 

communication. The relations obtained through Weisner's group 

theoretic method can provide insights into the properties and 

manipulation of quantum information encoded in systems involving 

two-variable Hermite polynomials. 

 

5. Symmetry analysis: The obtained relations can be used in the symmetry 

analysis of mathematical and physical systems to understand the 

underlying symmetries and to classify different solutions based on their 

symmetry properties. This can have applications in crystallography, 

materials science, and mathematical modeling of physical phenomena. 
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Overall, the relations obtained through Weisner's group theoretic method 

can be used in a wide variety of mathematical physics applications, 

quantum mechanics, applied mathematics, and related fields, providing 

insights into the properties, behavior, and symmetries of systems 

involving two-index Hermite polynomials. 
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Chapter 3: Generating Relations of Two Index 
and Two Variables Hermite Polynomials 
 

3.1 Introduction 
 

This chapter focuses on generating relations for Hermite 

polynomials with two indexes and two variables 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛 , utilizing 

Weisner's method. Some various properties will be discussed, including 

the recurrence relations, first-order differential operators, and generating 

functions.  

Let 𝑀̂𝑀 = �𝑎𝑎 𝑏𝑏
𝑏𝑏 𝑐𝑐� be the associated matrix where a, b, and c are real 

numbers, and let  𝑧𝑧 = �
𝑥𝑥
𝑦𝑦�, ℎ = �𝑡𝑡𝑢𝑢� so transpose of ℎ is ℎ𝑡𝑡 = (𝑡𝑡 𝑢𝑢)  

be the vectors in the space ℝ2. It follows:  

(1) ℎ𝑡𝑡𝑀̂𝑀𝑧𝑧 = (𝑡𝑡 𝑢𝑢) �𝑎𝑎 𝑏𝑏
𝑏𝑏 𝑐𝑐� �

𝑥𝑥
𝑦𝑦� = (𝑡𝑡 𝑢𝑢) �

𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏
𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐� 

= 𝑎𝑎𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏𝑏𝑏 + 𝑏𝑏𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐𝑐𝑐.                                                                       (3.1) 

(2) 1
2
ℎ𝑡𝑡𝑀̂𝑀ℎ = 1

2
(𝑡𝑡 𝑢𝑢) �𝑎𝑎 𝑏𝑏

𝑏𝑏 𝑐𝑐� �
𝑡𝑡
𝑢𝑢� = 1

2
(𝑡𝑡 𝑢𝑢) �𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏

𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐� 

=
1
2

[𝑎𝑎𝑡𝑡2 + 2𝑏𝑏𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑢𝑢2].                                                                              (3.2) 
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Hermite polynomials with two indexes and two variables 

𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)   presented by the generating function listed below 

(Cesarano, 2014): 

𝑒𝑒ℎ
𝑡𝑡𝑀̂𝑀𝑧𝑧−12ℎ

𝑡𝑡𝑀̂𝑀ℎ  = �  �
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)
∞

𝑛𝑛=0

∞

𝑚𝑚=0

                                           (3.3) 

These polynomials are used in a variety of pure and applied 

mathematics domains (Dattoli et al 2003,2004); they are instrumental 

in describing the quantum treatment (Kim and Noz 1991) of coupled 

harmonic oscillation. 

It is worth noting that the Hermite polynomials have double 

indexes and double variables 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)  satisfies the following 

recurrence relation. 

(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 − 𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏) �  �
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)
∞

𝑛𝑛=0

∞

𝑚𝑚=0

= �  �𝑚𝑚
𝑡𝑡𝑚𝑚−1

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦).
∞

𝑛𝑛=0

∞

𝑚𝑚=0

                             (3.4) 
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Moreover, if we substitute eqs. (3.1) and (3.2) in eq. (3.3), we obtain the 

following useful generating relation: 

 

𝑒𝑒𝑎𝑎𝑎𝑎𝑎𝑎+𝑏𝑏𝑏𝑏𝑏𝑏+𝑏𝑏𝑏𝑏𝑏𝑏+𝑐𝑐𝑐𝑐𝑐𝑐−
1
2[𝑎𝑎𝑡𝑡2+2𝑏𝑏𝑏𝑏𝑏𝑏+𝑐𝑐𝑢𝑢2] = �  �

𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)
∞

𝑛𝑛=0

∞

𝑚𝑚=0

     (3.5) 

Eq. (3.5) is the main generating relation which we use in this Chapter. 
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3.2 Finding Generating Relations Using Weisner’s Method 

 

3.2.1 Recurrence Relation 
We derive the pure and differential recurrence relations in this 

subsection. We differentiate Hermite generating function with two index 

and two variables defined in eq. (3.5) partially with respect to each of the 

variables 𝑥𝑥, 𝑦𝑦,𝑢𝑢 and 𝑡𝑡 as seen below: 

Case (1): Taking the partly derivative with respect to 𝑥𝑥 in eq. (3.5) gives 

us the following. 

(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)𝑒𝑒𝑎𝑎𝑎𝑎𝑎𝑎+𝑏𝑏𝑏𝑏𝑏𝑏+𝑐𝑐𝑐𝑐𝑐𝑐−
1
2[𝑎𝑎𝑡𝑡2+2𝑏𝑏𝑏𝑏𝑏𝑏+𝑐𝑐𝑢𝑢2]+𝑏𝑏𝑏𝑏𝑏𝑏

= � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛!
∂
∂𝑥𝑥 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)

∞

𝑛𝑛=0

.
∞

𝑚𝑚=0

 

Next, using eq. (3.5) in the above equation, we get:  

𝑎𝑎 � �  
𝑡𝑡𝑚𝑚+1

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)
∞

𝑛𝑛=0

 
∞

𝑚𝑚=0

+ 𝑏𝑏 � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛+1

𝑛𝑛! 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)
∞

𝑛𝑛=0

 
∞

𝑚𝑚=0

= � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛!
∂
∂𝑥𝑥 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)

∞

𝑛𝑛=0

.
∞

𝑚𝑚=0
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Replace m by 𝑚𝑚− 1 in the left-hand side's first term and and divide by 

m and replace 𝑛𝑛 by 𝑛𝑛 − 1 in the left-hand side's second term and 

multiply and divide by n in the above eq. , we get: 

𝑎𝑎 � �  
𝑚𝑚𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚−1,𝑛𝑛
(𝑥𝑥, 𝑦𝑦)

∞

𝑛𝑛=1

 
∞

𝑚𝑚=0

+ 𝑏𝑏 � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑛𝑛𝑛𝑛𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛−1
(𝑥𝑥,𝑦𝑦)

∞

𝑛𝑛=0

 
∞

𝑚𝑚=1

 

= � � 
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛!
∂
∂𝑥𝑥𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛

(𝑥𝑥,𝑦𝑦)
∞

𝑛𝑛=0

.
∞

𝑚𝑚=0

 

Comparing the coefficients of 𝑡𝑡𝑚𝑚𝑢𝑢𝑛𝑛, we get  

𝜕𝜕
𝜕𝜕𝜕𝜕
𝐻𝐻𝑒𝑒𝑚𝑚𝑚𝑚

(𝑥𝑥, 𝑦𝑦) = 𝑎𝑎𝑎𝑎𝐻𝐻𝑒𝑒𝑚𝑚−1,𝑛𝑛(𝑛𝑛,𝑛𝑛) + 𝑏𝑏𝑏𝑏𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛−1
(𝑥𝑥,𝑦𝑦)                               (3.6)             

 

Case(2): Differentiate (3.5) partially with respect to 𝑦𝑦, we get  

(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)𝑒𝑒𝑎𝑎𝑎𝑎𝑎𝑎+𝑏𝑏𝑏𝑏𝑏𝑏+𝑐𝑐𝑐𝑐𝑐𝑐−
1
2[𝑎𝑎𝑡𝑡2+2𝑏𝑏𝑏𝑏𝑏𝑏+𝑐𝑐𝑢𝑢2]+𝑏𝑏𝑏𝑏𝑏𝑏

= � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛!
∂
∂𝑦𝑦𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛

(𝑥𝑥, 𝑦𝑦).
∞

𝑛𝑛=0

 
∞

𝑚𝑚=0

 

Using (3.5), we get  

𝑏𝑏 � �  
𝑡𝑡𝑚𝑚+1

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛
(𝑥𝑥, 𝑦𝑦)

∞

𝑛𝑛=0

 
∞

𝑚𝑚=0

+ 𝑐𝑐 � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛+1

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛
(𝑥𝑥, 𝑦𝑦)

∞

𝑛𝑛=0

 
∞

𝑚𝑚=0

 

= � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛!
∂
∂𝑦𝑦𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛

(𝑥𝑥, 𝑦𝑦)
∞

𝑛𝑛=0

.
∞

𝑚𝑚=0
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Replace m by 𝑚𝑚− 1 in the left-hand side's first term and and divide by 

m and replace 𝑛𝑛 by 𝑛𝑛 − 1 in the left-hand side's second term and 

multiply and divide by n in the above eq., we get:  

𝑏𝑏 � �  
𝑚𝑚𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚−1,𝑛𝑛
(𝑥𝑥,𝑦𝑦)

∞

𝑛𝑛=1

 
∞

𝑚𝑚=0

+ 𝑐𝑐 � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑛𝑛𝑛𝑛𝑛𝑛

𝑛𝑛! 𝐻𝐻 𝑚𝑚,𝑛𝑛−1
(𝑥𝑥, 𝑦𝑦)

∞

𝑛𝑛=0

 
∞

𝑚𝑚=1

 

= � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛!
∂
∂𝑦𝑦𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛

(𝑥𝑥,𝑦𝑦)
∞

𝑛𝑛=0

.
∞

𝑚𝑚=0

 

Comparing coefficients of 𝑡𝑡𝑚𝑚𝑢𝑢𝑛𝑛, we get  

𝜕𝜕
𝜕𝜕𝜕𝜕
𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛

(𝑥𝑥, 𝑦𝑦) = 𝑏𝑏𝑏𝑏𝐻𝐻𝑒𝑒𝑚𝑚−1,𝑛𝑛
(𝑥𝑥, 𝑦𝑦) + 𝑐𝑐𝑐𝑐𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛−1

(𝑥𝑥, 𝑦𝑦)                            (3.7)          

Case(3): Differentiate (3.5) partially with respect to 𝑢𝑢, we get  

((𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) − (𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐))𝑒𝑒𝑎𝑎𝑎𝑎𝑎𝑎+𝑏𝑏𝑏𝑏𝑏𝑏+𝑐𝑐𝑐𝑐𝑐𝑐−
1
2[𝑎𝑎𝑡𝑡2+2𝑏𝑏𝑏𝑏𝑏𝑏+𝑐𝑐𝑢𝑢2]+𝑏𝑏𝑏𝑏𝑏𝑏

= � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑛𝑛𝑢𝑢𝑛𝑛−1

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛
(𝑥𝑥,𝑦𝑦)

∞

𝑛𝑛=0

.
∞

𝑚𝑚=0

 

(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) � � 
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛
(𝑥𝑥,𝑦𝑦)

∞

𝑛𝑛=0

∞

𝑚𝑚=0

− 𝑏𝑏 � �  
𝑡𝑡𝑚𝑚+1

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛
(𝑥𝑥,𝑦𝑦)

∞

𝑛𝑛=0

 
∞

𝑚𝑚=0

 

−𝑐𝑐 � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛+1

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛
(𝑥𝑥, 𝑦𝑦)

∞

𝑛𝑛=0

 
∞

𝑚𝑚=0

= � � 
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑛𝑛𝑢𝑢𝑛𝑛−1

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛
(𝑥𝑥, 𝑦𝑦)

∞

𝑛𝑛=0

 
∞

𝑚𝑚=0
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Replace m with m-1 in the second term on the left-hand side of the 

following equation and multiply and divide by m, we get by replacing n by 

n-1 in the third term of the left-hand side and n by n-1 on the right-hand 

side. 

 (𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)∑ ∑  𝑡𝑡
𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛!
𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛

(𝑥𝑥,𝑦𝑦)∞
𝑛𝑛=0

∞
𝑚𝑚=0 −

𝑏𝑏∑ ∑  𝑚𝑚𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛!
𝐻𝐻𝑒𝑒𝑚𝑚−1,𝑛𝑛

(𝑥𝑥,𝑦𝑦)∞
𝑛𝑛=0  ∞

𝑚𝑚=1  

−𝑐𝑐 � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑛𝑛𝑛𝑛𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛−1
(𝑥𝑥,𝑦𝑦)

∞

𝑛𝑛=1

∞

𝑚𝑚=0

= � � 
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛+1
(𝑥𝑥,𝑦𝑦)

∞

𝑛𝑛=0

.
∞

𝑚𝑚=0

 

Now, contrasting the coefficients of 𝑡𝑡𝑚𝑚𝑢𝑢𝑛𝑛, we get 

𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛+1(𝑥𝑥,𝑦𝑦) = (𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛 (𝑥𝑥, 𝑦𝑦) − 𝑏𝑏𝑏𝑏𝑏𝑏𝑒𝑒𝑚𝑚−1,𝑛𝑛 (𝑥𝑥, 𝑦𝑦) −

𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑚𝑚,𝑛𝑛−1 (𝑥𝑥, 𝑦𝑦)                                                                                                  (3.8)                      

 

Case(4): Differentiate eq. (3.5) partially with respect to 𝑡𝑡, we get  

((𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) − (𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏))𝑒𝑒𝑎𝑎𝑎𝑎𝑎𝑎+𝑏𝑏𝑏𝑏𝑏𝑏+𝑐𝑐𝑐𝑐𝑐𝑐−
1
2[𝑎𝑎𝑡𝑡2+2𝑏𝑏𝑏𝑏𝑏𝑏+𝑐𝑐𝑢𝑢2]+𝑏𝑏𝑏𝑏𝑏𝑏

= � �  
𝑚𝑚𝑡𝑡𝑚𝑚−1

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛
(𝑥𝑥,𝑦𝑦)

∞

𝑛𝑛=0

.
∞

𝑚𝑚=0

 

(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) � �
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)
∞

𝑛𝑛=0

∞

𝑚𝑚=0

− 𝑎𝑎 � �
𝑡𝑡𝑚𝑚+1

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)
∞

𝑛𝑛=0

∞

𝑚𝑚=0
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−𝑏𝑏 � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛+1

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛
(𝑥𝑥,𝑦𝑦)

∞

𝑛𝑛=0

 
∞

𝑚𝑚=0

= � �  
𝑚𝑚𝑡𝑡𝑚𝑚−1

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛
(𝑥𝑥,𝑦𝑦)

∞

𝑛𝑛=0

 
∞

𝑚𝑚=0

 

Now, replace m with m-1 in the second term on the left-hand side of the 

following equation and multiply and divide by m, we infer by replacing n 

by n-1 in the third term of the left-hand side and n by n-1 on the right-

hand side that  

(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛
(𝑥𝑥, 𝑦𝑦)

∞

𝑛𝑛=0

∞

𝑚𝑚=0

− 𝑎𝑎 � �  
𝑚𝑚𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚−1,𝑛𝑛
(𝑥𝑥,𝑦𝑦)

∞

𝑛𝑛=0

 
∞

𝑚𝑚=1

− 𝑏𝑏 � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑛𝑛𝑛𝑛𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛−1
(𝑥𝑥,𝑦𝑦)

∞

𝑛𝑛=1

 
∞

𝑚𝑚=0

= � �  
𝑡𝑡𝑚𝑚

𝑚𝑚!
𝑢𝑢𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑒𝑒𝑚𝑚+1,𝑛𝑛
(𝑥𝑥, 𝑦𝑦).

∞

𝑛𝑛=0

 
∞

𝑚𝑚=−1

 

Now, Comparing the coefficients of 𝑡𝑡𝑚𝑚𝑢𝑢𝑛𝑛, we get 

𝐻𝐻𝑒𝑒𝑚𝑚+1,𝑛𝑛 (𝑥𝑥,𝑦𝑦) 

= (𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦) − 𝑎𝑎𝑎𝑎𝐻𝐻𝐻𝐻𝑚𝑚−1,𝑛𝑛 (𝑥𝑥,𝑦𝑦)  

− 𝑏𝑏𝑏𝑏𝑏𝑏𝑒𝑒𝑚𝑚,𝑛𝑛−1 (𝑥𝑥,𝑦𝑦).                                                              (3.9) 

 

If we put eq. (3.9) in eq. (3.6), we get: 

∂
∂𝑥𝑥 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛

(𝑥𝑥, 𝑦𝑦) = (𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦) −𝐻𝐻𝑒𝑒𝑚𝑚+1,𝑛𝑛 (𝑥𝑥,𝑦𝑦)  
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⇒ �(a𝑥𝑥 + 𝑏𝑏𝑏𝑏) − ∂
∂𝑥𝑥
�𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦) = 𝐻𝐻𝐻𝐻𝑚𝑚+1,𝑛𝑛(𝑥𝑥, 𝑦𝑦).                                 (3.10)           

 

Similarly, if we put eq. (3.8) in eq. (3.7) and simplify, we get: 

∂
∂𝑦𝑦𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦) = 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛+1(𝑥𝑥,𝑦𝑦) − (𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛 (𝑥𝑥,𝑦𝑦) 

⇒ �(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) − ∂
∂𝑦𝑦
�𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦) = 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛+1(𝑥𝑥,𝑦𝑦).                             (3.11)              

Next, multiply eq. (3.6) by 𝑏𝑏 and eq. (3.7) by 𝑎𝑎, and we get: 

𝑏𝑏
∂
∂𝑥𝑥 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)

= 𝑎𝑎𝑎𝑎𝑎𝑎𝐻𝐻𝐻𝐻𝑚𝑚−1,𝑛𝑛(𝑥𝑥, 𝑦𝑦) + 𝑏𝑏2n𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛−1(𝑥𝑥, 𝑦𝑦)                   (3.12) 

𝑎𝑎 ∂
∂𝑦𝑦
𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦) = 𝑎𝑎𝑎𝑎𝑎𝑎𝐻𝐻𝐻𝐻𝑚𝑚−1,𝑛𝑛(𝑥𝑥, 𝑦𝑦) + a𝑐𝑐𝑐𝑐𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛−1(𝑥𝑥,𝑦𝑦).          (3.13)  

Subtract eq. (3.13) from eq. (3.12); we find that 

�𝑏𝑏
∂
∂𝑥𝑥 − 𝑎𝑎

∂
∂𝑦𝑦�𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦) = (𝑏𝑏2 − 𝑎𝑎𝑎𝑎)𝑛𝑛𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛−1(𝑥𝑥, 𝑦𝑦)

= −(𝑎𝑎𝑎𝑎 − 𝑏𝑏2)𝑛𝑛𝑛𝑛𝑒𝑒𝑚𝑚,𝑛𝑛−1(𝑥𝑥,𝑦𝑦) 

�𝑏𝑏
∂
∂𝑥𝑥 − 𝑎𝑎

∂
∂𝑦𝑦�𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦) =  −Δ𝑛𝑛𝑛𝑛𝑒𝑒𝑚𝑚,𝑛𝑛−1(𝑥𝑥, 𝑦𝑦) 

−
1
𝑛𝑛∆  �𝑏𝑏

𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑎𝑎

𝜕𝜕
𝜕𝜕𝜕𝜕�𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦) = 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛−1(𝑥𝑥,𝑦𝑦).                             (3.14) 
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Similarly, if we multiply eq. (3.6) by 𝑐𝑐 and eq. (3.7) by 𝑏𝑏, we get: 

𝑐𝑐 𝜕𝜕
𝜕𝜕𝜕𝜕
𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦) = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑒𝑒𝑚𝑚−1,𝑛𝑛(𝑥𝑥,𝑦𝑦) + 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑒𝑒𝑚𝑚,𝑛𝑛−1(𝑥𝑥,𝑦𝑦).           (3.15)   

b ∂
∂𝑦𝑦
𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦) = 𝑏𝑏2m𝐻𝐻𝑒𝑒𝑚𝑚−1,𝑛𝑛(𝑥𝑥,𝑦𝑦) + b𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑚𝑚,𝑛𝑛−1(𝑥𝑥,𝑦𝑦).          (3.16) 

Subtract eq. (3.15) from eq. (3.16), yields 

�𝑐𝑐
∂
∂𝑥𝑥 − 𝑏𝑏

∂
∂𝑦𝑦�𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦) = (𝑎𝑎𝑎𝑎 − 𝑏𝑏2)𝑚𝑚𝐻𝐻𝐻𝐻𝑚𝑚−1,𝑛𝑛(𝑥𝑥,𝑦𝑦) 

⇒ �𝑐𝑐
∂
∂𝑥𝑥 − 𝑏𝑏

∂
∂𝑦𝑦�𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦) =  Δ𝑚𝑚𝐻𝐻𝐻𝐻𝑚𝑚−1,𝑛𝑛(𝑥𝑥, 𝑦𝑦) 

⇒
1
𝑚𝑚∆  �𝑐𝑐

𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑏𝑏

𝜕𝜕
𝜕𝜕𝜕𝜕�𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦) =  𝐻𝐻𝐻𝐻𝑚𝑚−1,𝑛𝑛(𝑥𝑥, 𝑦𝑦).                          (3.17) 

where Δ = 𝑎𝑎𝑎𝑎 − 𝑏𝑏2 and the associative matrix is 𝐴𝐴 = �𝑎𝑎 𝑏𝑏
𝑏𝑏 𝑐𝑐�,  

where a,b, and c are real numbers such that: 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 > 0, 

 Δ = 𝑎𝑎𝑎𝑎 > 𝑏𝑏2, 𝑡𝑡 ≠ 𝑢𝑢, |𝑡𝑡|, |𝑢𝑢| < ∞. 
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3.2.2 First Order Differential Operator 

Using the recurrence relations obtained in the previous section, we can 

derive the following operators.  

Let 𝑓𝑓(x,𝑦𝑦, 𝑝𝑝, 𝑠𝑠) = 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛. 

1) For 𝐴𝐴1 = 𝑝𝑝 ∂
∂𝑝𝑝

, we get:   

𝐴𝐴1�𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝑚𝑚𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠n. 

2) For 𝐴𝐴2 = s ∂
∂𝑠𝑠

, we get: 

𝐴𝐴2�𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝑛𝑛𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠n. 

3) For 𝐴𝐴3 = 1
𝑝𝑝Δ
�𝑐𝑐 ∂

∂𝑥𝑥
− 𝑏𝑏 ∂

∂𝑦𝑦
�, we get: 

𝐴𝐴3�𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝑚𝑚𝐻𝐻𝐻𝐻𝑚𝑚−1,𝑛𝑛(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚−1𝑠𝑠n. 

4) For 𝐴𝐴4 = 𝑝𝑝 �(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) − ∂
∂𝑥𝑥
�, we get: 

𝐴𝐴4�𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝐻𝐻𝐻𝐻𝑚𝑚+1,𝑛𝑛(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚+1𝑠𝑠n. 

5) For 𝐴𝐴5 = − 1
sΔ
�𝑏𝑏 ∂

∂𝑥𝑥
− a ∂

∂𝑦𝑦
�, we get: 

𝐴𝐴5�𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝑛𝑛𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛−1(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠n−1. 

6) For 𝐴𝐴6 = s �(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) − ∂
∂𝑦𝑦
�, we get: 

𝐴𝐴6�𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛+1(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠n+1. 
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3.2.3 Commutative Relations of the Operators  

 

We employ the commutator notation [A , B] with [A , B]𝑓𝑓 =

 (AB− BA)𝑓𝑓 where 𝑓𝑓(𝑥𝑥, 𝑦𝑦, 𝑠𝑠, 𝑝𝑝) = 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛 in order to find all 

possible commutation relations between the first order differential 

operators 

 𝐴𝐴i, {i = 1,2, . . ,6}  mentioned in the previous subsection.  

Case (1): [𝐴𝐴1,𝐴𝐴2] 

[𝐴𝐴1,𝐴𝐴2]𝑓𝑓 = 𝐴𝐴1𝐴𝐴2𝑓𝑓 − 𝐴𝐴2𝐴𝐴1𝑓𝑓 

= ��𝑝𝑝
𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑠𝑠

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 − ��𝑠𝑠

𝜕𝜕
𝜕𝜕𝜕𝜕� �𝑟𝑟

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 = 0 

⇒ [𝐴𝐴1,𝐴𝐴2]𝑓𝑓 = 0 

⇒ [𝐴𝐴1,𝐴𝐴2] = 0. 

 

Case (2): [𝐴𝐴1,𝐴𝐴3] 

 [𝐴𝐴1,𝐴𝐴3]𝑓𝑓 = 𝐴𝐴1𝐴𝐴3𝑓𝑓 − 𝐴𝐴3𝐴𝐴1𝑓𝑓 

= ��𝑝𝑝
𝜕𝜕
𝜕𝜕𝜕𝜕� �

1
𝑝𝑝Δ �𝑐𝑐

∂
∂𝑥𝑥 − 𝑏𝑏

∂
∂𝑦𝑦��� 𝑓𝑓 − ��

1
𝑝𝑝Δ �𝑐𝑐

∂
∂𝑥𝑥 − 𝑏𝑏

∂
∂𝑦𝑦�� �𝑝𝑝

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 

= �
1
Δ �𝑐𝑐

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 − 𝑏𝑏

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕 ∂𝑦𝑦�� − �

1
Δ �𝑐𝑐

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 − 𝑏𝑏

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕 ∂𝑦𝑦�� = 0 

⇒ [𝐴𝐴1,𝐴𝐴3]𝑓𝑓 = 0 

⇒ [𝐴𝐴1,𝐴𝐴3] = 0. 
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Case (3): [𝐴𝐴1,𝐴𝐴4] 

[𝐴𝐴1,𝐴𝐴4] = 𝐴𝐴1𝐴𝐴4𝑓𝑓 − 𝐴𝐴4𝐴𝐴1𝑓𝑓 

��𝑝𝑝
𝜕𝜕
𝜕𝜕𝜕𝜕� 𝑝𝑝�

(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) −
∂
∂𝑥𝑥�� 𝑓𝑓 − �𝑝𝑝 �(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) −

∂
∂𝑥𝑥� �𝑝𝑝

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 

= (𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)𝑝𝑝2
𝜕𝜕𝑓𝑓
𝜕𝜕𝜕𝜕 − 𝑝𝑝2

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 −

(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)𝑝𝑝2
𝜕𝜕𝑓𝑓
𝜕𝜕𝜕𝜕 + 𝑝𝑝2

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 = 0 

⇒ [𝐴𝐴1,𝐴𝐴4]𝑓𝑓 = 0 

⇒ [𝐴𝐴1,𝐴𝐴4] = 0. 

Case (4): [𝐴𝐴1,𝐴𝐴5] 

  [𝐴𝐴1,𝐴𝐴5]𝑓𝑓 = 𝐴𝐴1𝐴𝐴5𝑓𝑓 − 𝐴𝐴5𝐴𝐴1𝑓𝑓 

= ��𝑝𝑝
𝜕𝜕
𝜕𝜕𝜕𝜕� �−

1
𝑠𝑠Δ �𝑏𝑏

∂
∂𝑥𝑥 − 𝑎𝑎

∂
∂𝑦𝑦��� 𝑓𝑓 − ��−

1
𝑠𝑠Δ �𝑏𝑏

∂
∂𝑥𝑥 − a

∂
∂𝑦𝑦�� �𝑝𝑝

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 

= −
𝑝𝑝
𝑠𝑠Δ �𝑏𝑏

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 − 𝑎𝑎

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕 ∂𝑦𝑦� +

𝑝𝑝
𝑠𝑠Δ �𝑏𝑏

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 − 𝑎𝑎

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕 ∂𝑦𝑦� = 0 

⇒ [𝐴𝐴1,𝐴𝐴5]𝑓𝑓 = 0 

⇒ [𝐴𝐴1,𝐴𝐴5] = 0. 
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Case (5): [𝐴𝐴1,𝐴𝐴6] 

 [𝐴𝐴1,𝐴𝐴6]𝑓𝑓 = 𝐴𝐴1𝐴𝐴6𝑓𝑓 − 𝐴𝐴6𝐴𝐴1𝑓𝑓 

= ��𝑝𝑝
𝜕𝜕
𝜕𝜕𝜕𝜕� 𝑠𝑠 �(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) −

∂
∂𝑦𝑦�� 𝑓𝑓 − �𝑠𝑠 �(𝑏𝑏𝑏𝑏 + 𝑏𝑏𝑏𝑏) −

∂
∂𝑦𝑦� �𝑝𝑝

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 

= (𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)𝑠𝑠𝑝𝑝
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑠𝑠𝑠𝑠

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 −

(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)𝑠𝑠𝑝𝑝
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑠𝑠𝑠𝑠

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 = 0 

⇒ [𝐴𝐴1,𝐴𝐴6]𝑓𝑓 = 0   

⇒ [𝐴𝐴1,𝐴𝐴6] = 0. 

 

Case (6): [𝐴𝐴2,𝐴𝐴3] 

[𝐴𝐴2,𝐴𝐴3]𝑓𝑓 = 𝐴𝐴2𝐴𝐴3𝑓𝑓 − 𝐴𝐴3𝐴𝐴2𝑓𝑓 

= ��𝑠𝑠
𝜕𝜕
𝜕𝜕𝜕𝜕� �

1
𝑝𝑝𝑝𝑝 �

𝑐𝑐
∂
∂𝑥𝑥 − 𝑏𝑏

∂
∂𝑦𝑦��� 𝑝𝑝 − ��

1
𝑝𝑝Δ �

𝑐𝑐
∂
∂𝑥𝑥 − 𝑏𝑏

∂
∂𝑦𝑦�� �𝑠𝑠

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 

= �
𝑠𝑠
𝑝𝑝Δ �𝑐𝑐

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 − 𝑏𝑏

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕 ∂𝑦𝑦�� − �

𝑠𝑠
𝑝𝑝Δ �

𝑐𝑐
𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 − 𝑏𝑏

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕 ∂𝑦𝑦�� = 0 

⇒ [𝐴𝐴2,𝐴𝐴3]𝑓𝑓 = 0 

⇒ [𝐴𝐴2,𝐴𝐴3] = 0. 

 
Case (7): [𝐴𝐴2,𝐴𝐴4] 

[𝐴𝐴2,𝐴𝐴4]𝑓𝑓 = 𝐴𝐴2𝐴𝐴4𝑓𝑓 − 𝐴𝐴4𝐴𝐴2𝑓𝑓 

= ��𝑠𝑠
𝜕𝜕
𝜕𝜕𝜕𝜕� 𝑝𝑝 �(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) −

∂
∂𝑥𝑥�� 𝑓𝑓 − �𝑝𝑝 �(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) −

∂
∂𝑥𝑥� �𝑠𝑠

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 
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= (𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)𝑝𝑝𝑠𝑠
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑝𝑝𝑝𝑝

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 −

(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)𝑝𝑝𝑠𝑠
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑝𝑝𝑝𝑝

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 = 0 

⇒ [𝐴𝐴2,𝐴𝐴4]𝑓𝑓 = 0 

⇒ [𝐴𝐴2,𝐴𝐴4] = 0. 

 

Case (8): [𝐴𝐴2,𝐴𝐴5] 

[𝐴𝐴2,𝐴𝐴5]𝑓𝑓 = 𝐴𝐴2𝐴𝐴5𝑓𝑓 − 𝐴𝐴5𝐴𝐴2𝑓𝑓 

= ��𝑠𝑠
𝜕𝜕
𝜕𝜕𝜕𝜕� �−

1
𝑠𝑠Δ �𝑏𝑏

∂
∂𝑥𝑥 − 𝑎𝑎

∂
∂𝑦𝑦��� 𝑓𝑓 − ��−

1
𝑠𝑠Δ �𝑏𝑏

∂
∂𝑥𝑥 − a

∂
∂𝑦𝑦�� �𝑠𝑠

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 

= −
1
Δ �𝑏𝑏

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 − 𝑎𝑎

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕 ∂𝑦𝑦� +

1
Δ �𝑏𝑏

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 − 𝑎𝑎

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕 ∂𝑦𝑦� = 0 

⇒ [𝐴𝐴2,𝐴𝐴5]𝑓𝑓 = 0 

⇒ [𝐴𝐴2,𝐴𝐴5] = 0. 

 

Case (9): [𝐴𝐴2,𝐴𝐴6] 

  [𝐴𝐴2,𝐴𝐴6]𝑓𝑓 = 𝐴𝐴2𝐴𝐴6𝑓𝑓 − 𝐴𝐴6𝐴𝐴2𝑓𝑓 

= ��𝑠𝑠
𝜕𝜕
𝜕𝜕𝜕𝜕� 𝑠𝑠 �(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) −

∂
∂𝑦𝑦�� 𝑓𝑓 − �𝑠𝑠 �(𝑏𝑏𝑏𝑏 + 𝑏𝑏𝑏𝑏) −

∂
∂𝑦𝑦� �𝑠𝑠

𝜕𝜕
𝜕𝜕𝜕𝜕�� 𝑓𝑓 

= (𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)𝑠𝑠2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑠𝑠2

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 −

(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)𝑠𝑠2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑠𝑠2

𝜕𝜕2𝑓𝑓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 = 0 

⇒ [𝐴𝐴2,𝐴𝐴6]𝑓𝑓 = 0 

⇒ [𝐴𝐴2,𝐴𝐴6] = 0. 
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Case (10): [𝐴𝐴3,𝐴𝐴4]  

[𝐴𝐴3,𝐴𝐴4]𝑓𝑓 = 𝐴𝐴3𝐴𝐴4𝑓𝑓 − 𝐴𝐴4𝐴𝐴3𝑓𝑓 

= ��
1
𝑝𝑝Δ �

𝑐𝑐
∂
∂𝑥𝑥 − 𝑏𝑏

∂
∂𝑦𝑦�� 𝑝𝑝 �(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) −

∂
∂𝑥𝑥�� 𝑓𝑓

− �𝑝𝑝 �(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) −
∂
∂𝑥𝑥� �

1
𝑝𝑝Δ �𝑐𝑐

∂
∂𝑥𝑥 − 𝑏𝑏

∂
∂𝑦𝑦��� 𝑓𝑓 

=
1
Δ �𝑐𝑐

∂
∂𝑥𝑥

(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) − 𝑏𝑏
∂
∂𝑦𝑦

(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)� 𝑓𝑓 −
1
Δ �𝑐𝑐

∂2

∂𝑥𝑥2 − 𝑏𝑏
∂2

∂𝑦𝑦 ∂𝑥𝑥�
𝑓𝑓 − 

1
Δ �𝑐𝑐

∂
∂𝑥𝑥

(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) − 𝑏𝑏
∂
∂𝑦𝑦

(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)� 𝑓𝑓 +
1
Δ �𝑐𝑐

∂2

∂𝑥𝑥2 − 𝑏𝑏
∂2

∂𝑦𝑦 ∂𝑥𝑥�
𝑓𝑓 = 0 

⇒ [𝐴𝐴3,𝐴𝐴4]𝑓𝑓 = 0 

⇒ [𝐴𝐴3,𝐴𝐴4] = 0. 

 

Case (11): [𝐴𝐴3,𝐴𝐴5]  

  [𝐴𝐴3,𝐴𝐴5]𝑓𝑓 = 𝐴𝐴3𝐴𝐴5𝑓𝑓 − 𝐴𝐴5𝐴𝐴3𝑓𝑓 

= ��
1
𝑝𝑝Δ �

𝑐𝑐
∂
∂𝑥𝑥 − 𝑏𝑏

∂
∂𝑦𝑦�� �−

1
𝑠𝑠Δ �𝑏𝑏

∂
∂𝑥𝑥 − 𝑎𝑎

∂
∂𝑦𝑦��� 𝑓𝑓

− ��−
1
𝑠𝑠Δ �𝑏𝑏

∂
∂𝑥𝑥 − a

∂
∂𝑦𝑦�� �

1
𝑝𝑝Δ �𝑐𝑐

∂
∂𝑥𝑥 − 𝑏𝑏

∂
∂𝑦𝑦��� 𝑓𝑓 = 0 

⇒ [𝐴𝐴3,𝐴𝐴5]𝑓𝑓 = 0 

⇒ [𝐴𝐴3,𝐴𝐴5] = 0. 
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Case (12): [𝐴𝐴3,𝐴𝐴5] 

[𝐴𝐴3,𝐴𝐴6]𝑓𝑓 = 𝐴𝐴3𝐴𝐴6𝑓𝑓 − 𝐴𝐴6𝐴𝐴3𝑓𝑓 

��
1
𝑝𝑝Δ �𝑐𝑐

∂
∂𝑥𝑥 − 𝑏𝑏

∂
∂𝑦𝑦�� �𝑠𝑠 �(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) −

∂
∂𝑦𝑦��� 𝑓𝑓

− ��𝑠𝑠 �(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) −
∂
∂𝑦𝑦�� �

1
𝑝𝑝Δ �𝑐𝑐

∂
∂𝑥𝑥 − 𝑏𝑏

∂
∂𝑦𝑦��� 𝑓𝑓 = 0 

⇒ [𝐴𝐴3,𝐴𝐴6]𝑓𝑓 = 0 

⇒ [𝐴𝐴3,𝐴𝐴6] = 0. 

 

Case (13): [𝐴𝐴4,𝐴𝐴5]  

 [𝐴𝐴4,𝐴𝐴5]𝑓𝑓 = 𝐴𝐴4𝐴𝐴5𝑓𝑓 − 𝐴𝐴5𝐴𝐴4𝑓𝑓 

= �𝑝𝑝 �(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) −
∂
∂𝑥𝑥��−

1
𝑠𝑠Δ �𝑏𝑏

∂
∂𝑥𝑥 − 𝑎𝑎

∂
∂𝑦𝑦��� 𝑓𝑓

− ��−
1
𝑠𝑠Δ �𝑏𝑏

∂
∂𝑥𝑥 − 𝑎𝑎

∂
∂𝑦𝑦�� 𝑝𝑝 �(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) −

∂
∂𝑥𝑥�� 𝑓𝑓 = 0 

⇒ [𝐴𝐴4,𝐴𝐴5] = 0. 

 

Case (14): [𝐴𝐴4,𝐴𝐴6] 

[𝐴𝐴4,𝐴𝐴6]𝑓𝑓 = 𝐴𝐴4𝐴𝐴6𝑓𝑓 − 𝐴𝐴6𝐴𝐴4𝑓𝑓 

= 𝑝𝑝 �(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) −
∂
∂𝑥𝑥� 𝑠𝑠 �(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) −

∂
∂𝑦𝑦� 𝑓𝑓

− �𝑠𝑠 �(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) −
∂
∂𝑦𝑦�𝑝𝑝 �(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) −

∂
∂𝑥𝑥�� 𝑓𝑓 
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⇒ [𝐴𝐴4,𝐴𝐴6]𝑓𝑓 = 0 

⇒ [𝐴𝐴4,𝐴𝐴6] = 0. 

 

Case (15): [𝐴𝐴5,𝐴𝐴6] 

[𝐴𝐴5,𝐴𝐴6]𝑓𝑓 = 𝐴𝐴5𝐴𝐴6𝑓𝑓 − 𝐴𝐴6𝐴𝐴5𝑓𝑓 

= ��− 1
𝑠𝑠Δ
�𝑏𝑏 ∂

∂𝑥𝑥
− 𝑎𝑎 ∂

∂𝑦𝑦
�� �s(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) − ∂

∂𝑦𝑦
�� 𝑓𝑓 − �𝑠𝑠 �(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) −

∂
∂𝑦𝑦
� �− 1

𝑠𝑠Δ
�𝑏𝑏 ∂

∂𝑥𝑥
− 𝑎𝑎 ∂

∂𝑦𝑦
��� 𝑓𝑓  

⇒ [𝐴𝐴5,𝐴𝐴6]𝑓𝑓 = 0 

⇒ [𝐴𝐴5,𝐴𝐴6] = 0. 

 

Thus from the previous commutator relations, we find that 
 
[𝐴𝐴1,𝐴𝐴2] = 0, [𝐴𝐴2,𝐴𝐴3] = 0, [𝐴𝐴3,𝐴𝐴4] = 0, [𝐴𝐴4,𝐴𝐴5] = 0, [𝐴𝐴5,𝐴𝐴6] = 0, 

[𝐴𝐴1,𝐴𝐴3] = 0, [𝐴𝐴2,𝐴𝐴4] = 0, [𝐴𝐴3,𝐴𝐴5] = 0, [𝐴𝐴4,𝐴𝐴6] = 0,, 

[𝐴𝐴1,𝐴𝐴4] = 0, [𝐴𝐴2,𝐴𝐴5] = 0, [𝐴𝐴3,𝐴𝐴6] = 0,, 

[𝐴𝐴1,𝐴𝐴5] = 0, [𝐴𝐴2,𝐴𝐴6] = 0, 

[𝐴𝐴1,𝐴𝐴6] = 0.  
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According to Weisner’s group theoretic method, we cannot connect 

the set of differential operators because the above relations are not 

isomorphic to any commutation relations obeyed by a well-known Lie 

algebra of a local Lie group. { 𝐴𝐴i: 𝑖𝑖 = 1,2,3,4,5,6}  with a certain Lie 

algebra, we can only conclude that these differential operators generate 

three-dimensional Lie algebra.  

Therefore, The commutation relations shown above demonstrate that 

the set of operators {𝐴𝐴𝑖𝑖: 𝑖𝑖 = 1,2,3,4,5,6} make some Lie algebra 𝜆𝜆. 

And from these operators, we can introduce the partial differential 

equations satisfied by two index and two variables 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦) 

𝐿𝐿1 = 𝐴𝐴3𝐴𝐴4 − 𝑚𝑚 − 1, 

and this can be verified very easily 

 

𝐴𝐴3𝐴𝐴4�𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝐴𝐴3�𝐻𝐻𝐻𝐻𝑚𝑚+1,𝑛𝑛(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚+1𝑠𝑠𝑛𝑛� 

                  = (𝑚𝑚 + 1)𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛. 

But 

𝐴𝐴3𝐴𝐴4�𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 

= ��
1
𝑝𝑝Δ �𝑐𝑐

∂
∂𝑥𝑥 − 𝑏𝑏

∂
∂𝑦𝑦�� �𝑝𝑝 �(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) −

∂
∂𝑥𝑥��� �𝐻𝐻𝐻𝐻𝑚𝑚,n(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 
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=
1
Δ �𝑐𝑐

(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)
𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑏𝑏(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)

𝜕𝜕
𝜕𝜕𝜕𝜕

− c
𝜕𝜕2

𝜕𝜕𝑥𝑥2 + 𝑏𝑏
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ Δ� �𝐻𝐻𝐻𝐻𝑚𝑚,n(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 

⇒ 𝐿𝐿1 = 𝐴𝐴3𝐴𝐴4 − 𝑚𝑚 − 1, 

where m is replaced by 𝑝𝑝 𝜕𝜕
𝜕𝜕𝜕𝜕

 

∴  L1 =
1
Δ �𝑐𝑐

(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)
𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑏𝑏(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)

𝜕𝜕
𝜕𝜕𝜕𝜕 − c

𝜕𝜕2

𝜕𝜕𝑥𝑥2 + 𝑏𝑏
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + Δ�

− 𝑝𝑝
𝜕𝜕
𝜕𝜕𝜕𝜕 − 1 

𝐿𝐿2 = 𝐴𝐴5𝐴𝐴6 − 𝑛𝑛 − 1 

𝐴𝐴5𝐴𝐴6�𝐻𝐻𝐻𝐻𝑛𝑛,𝑚𝑚(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝐴𝐴5�𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛+1(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛+1� 

        = (𝑛𝑛 + 1)𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛. 

But 

𝐴𝐴5𝐴𝐴6�𝐻𝐻𝐻𝐻𝑚𝑚,n(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 

= ��
1

sΔ �−𝑏𝑏
∂
∂𝑥𝑥 + 𝑎𝑎

∂
∂𝑦𝑦�� �s �(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) −

∂
∂𝑦𝑦��� �𝐻𝐻𝐻𝐻𝑚𝑚,n(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 

=
1
Δ
�−𝑏𝑏(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)

𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑎𝑎(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)
𝜕𝜕
𝜕𝜕𝜕𝜕

− 𝑎𝑎
𝜕𝜕2

𝜕𝜕𝑦𝑦2
+ 𝑏𝑏

𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ Δ� �𝐻𝐻𝐻𝐻𝑚𝑚,n(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 

=
1
Δ
�−𝑏𝑏(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)

𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑎𝑎(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)
𝜕𝜕
𝜕𝜕𝜕𝜕

− 𝑎𝑎
𝜕𝜕2

𝜕𝜕𝑦𝑦2
+ 𝑏𝑏

𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ Δ� �𝐻𝐻𝐻𝐻𝑚𝑚,n(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛�, 



63 
 

 

⇒ 𝐿𝐿2 = 𝐴𝐴5𝐴𝐴6 − 𝑛𝑛 − 1 , where 𝑛𝑛 is replaced by 𝑠𝑠 𝜕𝜕
𝜕𝜕𝜕𝜕

, 

∴ 𝐿𝐿2 =
1
Δ �−𝑏𝑏

(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑎𝑎(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)

𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑎𝑎

𝜕𝜕2

𝜕𝜕𝑦𝑦2 + 𝑏𝑏
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 + Δ�

− 𝑠𝑠
𝜕𝜕
𝜕𝜕𝜕𝜕 − 1 
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3.2.4 Extended Form of the Group Generated by Operators  

 

The extended form of the group created by {𝐴𝐴𝑖𝑖: 𝑖𝑖 = 1,2,3,4,5,6} is found 

in this subsection. 

Case (1): For 𝐴𝐴1 = 𝑝𝑝 ∂
∂𝑝𝑝

 

let 𝑎𝑎1 be any variable, we get: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎1

= 𝑝𝑝 

�  
𝑑𝑑𝑑𝑑
𝑝𝑝 = �  𝑑𝑑𝑎𝑎1 

ln𝑝𝑝 = 𝑎𝑎1 + ln𝐴𝐴. 

Applying the initial condition when 𝑎𝑎1 = 0,𝑝𝑝(0) = 𝑝𝑝0 

ln𝑝𝑝0 = 0 + ln𝐴𝐴 

𝐴𝐴 = 𝑝𝑝0 

ln𝑝𝑝 = 𝑎𝑎1 + ln𝑝𝑝0 

𝑒𝑒lnp = 𝑒𝑒𝑎𝑎1 ⋅ 𝑒𝑒ln𝑝𝑝0 = 𝑝𝑝0𝑒𝑒𝑎𝑎1 

⇒ 𝑝𝑝 = 𝑝𝑝0𝑒𝑒𝑎𝑎1. 
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𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎1

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎1

= 0,
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎1

= 0 

⇒  𝑥𝑥 = 𝑥𝑥0, 𝑦𝑦 = 𝑦𝑦0,   s = 𝑠𝑠0 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎1

= 0 ⇒ 𝑑𝑑𝑑𝑑 = 0 ⇒ 𝑣𝑣 = 𝑘𝑘. 

Applying the initial condition when 𝑎𝑎1 = 0, 𝑣𝑣(0) = 1 ⇒, 𝑘𝑘 = 1, 𝑣𝑣 = 1 

⇒ 𝑒𝑒𝑎𝑎1𝐴𝐴1𝑓𝑓(𝑥𝑥, 𝑦𝑦,𝑝𝑝, 𝑠𝑠) = 𝑓𝑓(𝑥𝑥0,  𝑦𝑦0,  𝑝𝑝0𝑒𝑒𝑎𝑎1 , 𝑠𝑠0)                 (3.18) 

Similarly, proceeding in the same manner as in case (1), we can derive 

the following cases: 

Case (2): For 𝐴𝐴2 = s ∂
∂s

  

let 𝑎𝑎2 be any variable, we get: 

⇒ 𝑒𝑒𝑎𝑎2𝐴𝐴2𝑓𝑓(x,𝑦𝑦,𝑝𝑝, 𝑠𝑠) = 𝑓𝑓(𝑥𝑥0𝑦𝑦0,𝑝𝑝0, 𝑠𝑠0𝑒𝑒𝑎𝑎2).                   (3.19) 

 

Case (3): For 𝐴𝐴3 = 1
𝑝𝑝Δ
�𝑐𝑐 ∂

∂𝑥𝑥
− 𝑏𝑏 ∂

∂𝑦𝑦
� = 𝑐𝑐

𝑝𝑝Δ
∂
∂𝑥𝑥
− 𝑏𝑏

𝑝𝑝Δ
∂
∂𝑦𝑦

. 

Let 𝑎𝑎3 be any variable, then  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎3

= 0,    𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎3

= 0, 

𝑝𝑝 = 𝑝𝑝0, s = 𝑠𝑠0 
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𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎3

=
𝑐𝑐
𝑝𝑝0Δ

       

𝑑𝑑𝑑𝑑 =
𝑐𝑐
𝑝𝑝0Δ

𝑑𝑑𝑑𝑑3 

𝑥𝑥 = 𝑐𝑐
𝑝𝑝0Δ

𝑎𝑎3 + 𝑘𝑘. 

When 𝑎𝑎3 = 0 ⇒ 𝑥𝑥(0) = 𝑥𝑥0 ⇒ 𝑥𝑥0 = 𝑘𝑘 

⇒ 𝑥𝑥 =
𝑐𝑐
𝑝𝑝0Δ

𝑎𝑎3 + 𝑥𝑥0 

Similarly, for 𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎3

= −𝑏𝑏
𝑝𝑝0Δ

 

⇒ 𝑦𝑦 = 𝑦𝑦0 −
𝑏𝑏
𝑝𝑝0Δ

𝑎𝑎3 

⇒ 𝑒𝑒𝑎𝑎3𝐴𝐴3𝑓𝑓(𝑥𝑥, 𝑦𝑦,𝑝𝑝, 𝑠𝑠)

= 𝑓𝑓 �𝑥𝑥0 +
𝑐𝑐
𝑝𝑝0𝛥𝛥

𝑎𝑎3,𝑦𝑦0 −
𝑏𝑏
𝑝𝑝0𝛥𝛥

𝑎𝑎3,𝑝𝑝0, 𝑠𝑠0� .                          (3.20) 

Case (4): For 𝐴𝐴5 = − 1
𝑠𝑠Δ
�𝑏𝑏 ∂

∂𝑥𝑥
− a ∂

∂𝑦𝑦
� = − 𝑏𝑏

𝑠𝑠Δ
∂
∂𝑥𝑥

+ 𝑎𝑎
𝑠𝑠Δ

∂
∂𝑦𝑦

 

let 𝑎𝑎5 be any variable, we get: 

𝑒𝑒𝑎𝑎5𝐴𝐴5𝑓𝑓(𝑥𝑥,𝑦𝑦,𝑝𝑝, 𝑠𝑠)

= 𝑓𝑓 �𝑥𝑥0 −
𝑏𝑏
𝑠𝑠0𝛥𝛥

𝑎𝑎5, 𝑦𝑦0 +
𝑎𝑎
𝑠𝑠0𝛥𝛥

𝑎𝑎5,𝑝𝑝0, 𝑠𝑠0� .                           (3.21) 
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Case (5): For  𝐴𝐴4 = 𝑝𝑝 �(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) − ∂
∂𝑥𝑥
� 

let 𝑎𝑎4 be any variable, we get: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= 0     
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= 0 

 𝑝𝑝 = 𝑝𝑝0, s = 𝑠𝑠0 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= −1 

𝑑𝑑𝑑𝑑 = −𝑝𝑝0𝑑𝑑𝑎𝑎4 

𝑥𝑥 = −𝑝𝑝0𝑎𝑎4 + 𝑘𝑘 

When 𝑎𝑎4 = 0 ⇒ 𝑥𝑥(0) = 𝑥𝑥0 

𝑥𝑥 = −𝑝𝑝0𝑎𝑎4 + 𝑥𝑥0 

⇒ 𝑥𝑥 = 𝑥𝑥0 − 𝑝𝑝0𝑎𝑎4 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= 0 ⇒ 𝑦𝑦 = 𝑦𝑦0 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑎𝑎4

= 𝑝𝑝0(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)𝑣𝑣 

 
𝑑𝑑𝑑𝑑
𝑣𝑣 = 𝑝𝑝0(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)𝑑𝑑𝑎𝑎4 

ln𝑣𝑣 = 𝑝𝑝0(𝑎𝑎𝑥𝑥0 + b𝑦𝑦0)𝑎𝑎4 + 𝑘𝑘 
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when 𝑎𝑎4 = 0,𝑣𝑣(0) = 1, ln 1 = 0 ,𝑘𝑘 = 0 

∴ 𝑣𝑣 = exp(𝑎𝑎𝑝𝑝0𝑥𝑥0𝑎𝑎4 + 𝑏𝑏𝑝𝑝0𝑦𝑦0𝑎𝑎4) 

𝑒𝑒𝑎𝑎4𝐴𝐴4𝑓𝑓(𝑥𝑥,𝑦𝑦,𝑝𝑝, 𝑠𝑠) 

= exp(𝑎𝑎𝑝𝑝0𝑥𝑥0𝑎𝑎4 + 𝑏𝑏𝑦𝑦0𝑎𝑎4) ⋅ 𝑓𝑓(𝑥𝑥0 − 𝑝𝑝0𝑎𝑎4,𝑦𝑦0,𝑝𝑝0, 𝑠𝑠0)                           (3.22) 

Case (6): For 𝐴𝐴6 = 𝑠𝑠 �(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) − ∂
∂𝑦𝑦
� 

let 𝑎𝑎4 be any variable we get: 

𝑒𝑒𝑎𝑎6𝐴𝐴6𝑓𝑓(𝑥𝑥,𝑦𝑦,𝑝𝑝, 𝑠𝑠) 

= exp(𝑏𝑏𝑠𝑠0𝑥𝑥0𝑎𝑎6 + 𝑐𝑐𝑠𝑠0𝑦𝑦0𝑎𝑎6) ⋅ 𝑓𝑓(𝑥𝑥0,𝑦𝑦0 − 𝑠𝑠0𝑎𝑎6,𝑝𝑝0, 𝑠𝑠0)                        (3.23)  
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3.2.5 Generating Functions 
 

From the eqs. (3.18) -(3.23) we find the action of these operators as 

follows: 

𝑒𝑒𝑎𝑎6𝐴𝐴6+⋯+𝑎𝑎2𝐴𝐴2+𝑎𝑎1𝐴𝐴1𝑓𝑓(𝑥𝑥, 𝑦𝑦,𝑝𝑝, 𝑠𝑠) 

= 𝑒𝑒𝑎𝑎5𝐴𝐴5+⋯+𝑎𝑎2𝐴𝐴2+𝑎𝑎1𝐴𝐴1exp (𝑏𝑏𝑠𝑠0𝑥𝑥0𝑎𝑎6 + 𝑐𝑐𝑠𝑠0𝑦𝑦0𝑎𝑎6) ⋅ 𝑓𝑓(𝑥𝑥0,𝑦𝑦0 − 𝑠𝑠0𝑎𝑎6,𝑝𝑝0, 𝑠𝑠0) 

= 𝑒𝑒𝑎𝑎4𝐴𝐴4+𝑎𝑎3𝐴𝐴3+𝑎𝑎2𝐴𝐴2+𝑎𝑎1𝐴𝐴1 exp(𝑏𝑏𝑠𝑠0𝑥𝑥0𝑎𝑎6 + 𝑐𝑐𝑠𝑠0𝑦𝑦0𝑎𝑎6) ⋅ 𝑓𝑓 �𝑥𝑥0 −
𝑏𝑏
𝑠𝑠0𝛥𝛥

𝑎𝑎5,𝑦𝑦0 −

𝑠𝑠0𝑎𝑎6 + 𝑎𝑎
𝑠𝑠0𝛥𝛥

𝑎𝑎5,𝑝𝑝0, 𝑠𝑠0�                                          

= 𝑒𝑒𝑎𝑎3𝐴𝐴3+𝑎𝑎2𝐴𝐴2+𝑎𝑎1𝐴𝐴1 exp �𝑎𝑎 �𝑥𝑥 −
𝑏𝑏
𝑠𝑠0𝛥𝛥

𝑎𝑎5� 𝑎𝑎4 + 𝑏𝑏(𝑦𝑦0 − 𝑠𝑠0𝑎𝑎6)𝑎𝑎4�

⋅ 𝑓𝑓 �𝑥𝑥0 −
𝑏𝑏
𝑠𝑠0𝛥𝛥

𝑎𝑎5 − 𝑎𝑎4,𝑦𝑦0 − 𝑠𝑠0𝑎𝑎6 +
𝑎𝑎
𝑠𝑠0𝛥𝛥

𝑎𝑎5, 𝑝𝑝0, 𝑠𝑠0� 

= 𝑒𝑒𝑎𝑎2𝐴𝐴2+𝑎𝑎1𝐴𝐴1 exp �𝑎𝑎 �𝑥𝑥0 −
𝑏𝑏
𝑠𝑠0𝛥𝛥

𝑎𝑎5� 𝑎𝑎4 + 𝑏𝑏(𝑦𝑦0 − 𝑠𝑠0𝑎𝑎6)𝑎𝑎4�

⋅ 𝑓𝑓 �𝑥𝑥0 −
𝑏𝑏
𝑠𝑠0𝛥𝛥

𝑎𝑎5 − 𝑎𝑎4 +
𝑐𝑐
𝑝𝑝0𝛥𝛥

𝑎𝑎3, 𝑦𝑦0 − 𝑠𝑠0𝑎𝑎6 +
𝑎𝑎
𝑠𝑠0𝛥𝛥

𝑎𝑎5

−
𝑏𝑏
𝑝𝑝0Δ

𝑎𝑎3, 𝑝𝑝0, 𝑠𝑠0� 

= exp �𝑎𝑎 �𝑥𝑥 −
𝑏𝑏
𝑠𝑠0𝛥𝛥

𝑎𝑎5� 𝑎𝑎4 + 𝑏𝑏(𝑦𝑦0 − 𝑠𝑠0𝑎𝑎6)𝑎𝑎4�

⋅ 𝑓𝑓 �𝑥𝑥0 −
𝑏𝑏
𝑠𝑠0𝛥𝛥

𝑎𝑎5 − 𝑎𝑎4 +
𝑐𝑐
𝑝𝑝0𝛥𝛥

𝑎𝑎3, 𝑦𝑦0 − 𝑠𝑠0𝑎𝑎6 +
𝑎𝑎
𝑠𝑠0𝛥𝛥

𝑎𝑎5

−
𝑏𝑏
𝑝𝑝0Δ

𝑎𝑎3, 𝑝𝑝0𝑒𝑒𝑎𝑎1 , 𝑠𝑠0𝑒𝑒𝑎𝑎2� .                                                     (3.24) 



70 
 

By putting  𝑎𝑎𝑖𝑖 = 0, 𝑖𝑖(1 = 1,2,3,4) ,𝑎𝑎5 = 𝑔𝑔,𝑎𝑎6 = ℎ,  

and writing 𝑓𝑓(𝑥𝑥, 𝑦𝑦, 𝑠𝑠, 𝑝𝑝) = 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛   in eq. (3.24), we get: 

𝑒𝑒ℎ𝐴𝐴6𝑒𝑒𝑔𝑔𝐴𝐴5�𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 

= 𝑒𝑒𝑔𝑔𝐴𝐴5(exp(𝑏𝑏𝑏𝑏𝑏𝑏ℎ + 𝑐𝑐𝑐𝑐𝑐𝑐ℎ)) ⋅ 𝑓𝑓(𝑥𝑥, 𝑦𝑦 − sℎ,𝑝𝑝, 𝑠𝑠) 

= exp (𝑏𝑏𝑏𝑏𝑏𝑏ℎ + 𝑐𝑐𝑐𝑐𝑐𝑐ℎ) ⋅ 𝑓𝑓 �𝑥𝑥 − 𝑏𝑏
sΔ
𝑔𝑔, 𝑦𝑦 − sℎ + 𝑎𝑎

sΔ
𝑔𝑔, 𝑝𝑝, 𝑠𝑠�  

= exp(𝑏𝑏𝑏𝑏ℎ + 𝑐𝑐𝑐𝑐ℎ) ⋅ 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛 �𝑥𝑥 −
𝑏𝑏
𝑠𝑠Δ𝑔𝑔, 𝑦𝑦 − sℎ +

𝑎𝑎
sΔ𝑔𝑔�𝑝𝑝

𝑚𝑚𝑠𝑠𝑛𝑛.         (3.25) 

But  

𝑒𝑒ℎ𝐴𝐴6𝑒𝑒𝑔𝑔𝐴𝐴5�𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = 𝑒𝑒𝑔𝑔𝐴𝐴5 �
ℎ𝑘𝑘𝐴𝐴6𝑘𝑘

𝑘𝑘! �H𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛�
∞

𝑘𝑘=0

 

= 𝑒𝑒𝑔𝑔�
ℎ𝑘𝑘

𝑘𝑘! �
H𝑒𝑒𝑚𝑚,𝑛𝑛+𝑘𝑘(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛+𝑘𝑘�

∞

𝑘𝑘=0

= ��
𝑔𝑔𝑙𝑙ℎ𝑘𝑘

𝑙𝑙!𝑘𝑘! �
H𝑒𝑒𝑚𝑚,𝑛𝑛+𝑘𝑘−𝑙𝑙(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛+𝑘𝑘−𝑙𝑙�

∞

𝑘𝑘=0

∞

𝑙𝑙=0

.                                          (3.26) 

By combining eq. (3.25) with eq. (3.26), we get the following required 

relation: 
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exp(𝑏𝑏𝑏𝑏ℎ + 𝑐𝑐𝑐𝑐ℎ) ⋅ 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛 �𝑥𝑥 −
𝑏𝑏
𝑠𝑠Δ𝑔𝑔, 𝑦𝑦 − sℎ +

𝑎𝑎
sΔ𝑔𝑔�𝑝𝑝

𝑚𝑚𝑠𝑠𝑛𝑛

= ��
𝑔𝑔𝑙𝑙ℎ𝑘𝑘

𝑙𝑙!𝑘𝑘! H𝑒𝑒𝑚𝑚,𝑛𝑛+𝑘𝑘−𝑙𝑙(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛+𝑘𝑘−𝑙𝑙
∞

𝑘𝑘=0

∞

𝑙𝑙=0

.                                             (3.27) 

Now, some special cases of eq. (3.27) are of interest: 

1)  Putting 𝑔𝑔 = 0, p = 𝑠𝑠 = 1 in eq. (3.27), we find that 

exp(𝑏𝑏𝑏𝑏ℎ + 𝑐𝑐𝑐𝑐ℎ) ⋅ 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦 − ℎ)

= �
ℎ𝑘𝑘

𝑘𝑘! H𝑒𝑒𝑚𝑚,𝑛𝑛+𝑘𝑘(𝑥𝑥, 𝑦𝑦)
∞

𝑘𝑘=0

.                                                     (3.28) 

2) Putting ℎ = 0, p = 𝑠𝑠 = 1 in eq. (3.27), we obtain 

𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛 �𝑥𝑥 −
𝑏𝑏
𝑠𝑠0Δ

𝑔𝑔, 𝑦𝑦 +
𝑎𝑎
𝑠𝑠0Δ

𝑔𝑔� = �
𝑔𝑔𝑙𝑙

𝑙𝑙! H𝑒𝑒𝑚𝑚,𝑛𝑛−𝑙𝑙(𝑥𝑥, 𝑦𝑦)
∞

𝑙𝑙=0

.                     (3.29) 

Next, we derive another generating relation.  

By putting  𝑎𝑎𝑖𝑖 = 0, 𝑖𝑖(1 = 1,2,5,6) ,𝑎𝑎3 = r, 𝑎𝑎4 = 𝑡𝑡 

and writing 𝑓𝑓(𝑥𝑥, 𝑦𝑦, 𝑠𝑠, 𝑝𝑝) = 𝐻𝐻𝑒𝑒𝑚𝑚,𝑛𝑛(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛  in (3.24), we get:  

𝑒𝑒𝑡𝑡𝐴𝐴4𝑒𝑒𝑟𝑟𝐴𝐴3�𝐻𝐻𝐻𝐻m,n(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� 

= exp (𝑎𝑎x𝑡𝑡 + 𝑏𝑏𝑏𝑏𝑏𝑏) ⋅ 𝑓𝑓 �𝑥𝑥 +
𝑐𝑐

pΔ 𝑟𝑟 − 𝑡𝑡𝑡𝑡,𝑦𝑦 −
𝑏𝑏

pΔ 𝑟𝑟,𝑝𝑝, 𝑠𝑠� 
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= exp(𝑎𝑎x𝑡𝑡 + 𝑏𝑏𝑏𝑏𝑏𝑏) ⋅ 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛 �𝑥𝑥 +
𝑐𝑐

pΔ𝑟𝑟 − 𝑡𝑡𝑡𝑡,𝑦𝑦 −
𝑏𝑏

pΔ 𝑟𝑟�𝑝𝑝
𝑚𝑚𝑠𝑠𝑛𝑛 

But 

𝑒𝑒𝑡𝑡𝐴𝐴4𝑒𝑒𝑟𝑟𝐴𝐴3�𝐻𝐻𝐻𝐻m,n(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚𝑠𝑠𝑛𝑛� = ��
𝑟𝑟𝑙𝑙𝑡𝑡𝑘𝑘

𝑙𝑙!𝑘𝑘! H𝑒𝑒𝑚𝑚+𝑘𝑘−𝑙𝑙,𝑛𝑛(𝑥𝑥,𝑦𝑦)𝑝𝑝𝑚𝑚+𝑘𝑘−𝑙𝑙𝑠𝑠𝑛𝑛.
∞

𝑘𝑘=0

∞

𝑙𝑙=0

 

Hence, we have 

exp(𝑎𝑎x𝑡𝑡 + 𝑏𝑏𝑏𝑏𝑏𝑏) ⋅ 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛 �𝑥𝑥 +
𝑐𝑐

pΔ 𝑟𝑟 − 𝑡𝑡,𝑦𝑦 −
𝑏𝑏

pΔ 𝑟𝑟�𝑝𝑝
𝑚𝑚𝑠𝑠𝑛𝑛

= ��
𝑟𝑟𝑙𝑙𝑡𝑡𝑘𝑘

𝑙𝑙! 𝑘𝑘! H𝑒𝑒𝑚𝑚+𝑘𝑘−𝑙𝑙,𝑛𝑛(𝑥𝑥, 𝑦𝑦)𝑝𝑝𝑚𝑚+𝑘𝑘−𝑙𝑙𝑠𝑠𝑛𝑛.
∞

𝑘𝑘=0

∞

𝑙𝑙=0

                     (3.30) 

 

Now, some special cases of eq. (3.30) are of interest: 

1) Putting 𝑟𝑟 = 0, p = 𝑠𝑠 = 1 in eq. (3.30), we get: 

exp(𝑎𝑎x𝑡𝑡 + 𝑏𝑏𝑏𝑏𝑏𝑏) ⋅ 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥 − 𝑡𝑡, 𝑦𝑦)

= �
𝑡𝑡𝑘𝑘

𝑘𝑘! H𝑒𝑒𝑚𝑚+𝑘𝑘,𝑛𝑛(𝑥𝑥, 𝑦𝑦).
∞

𝑘𝑘=0

                                                     (3.31)  

2) putting 𝑡𝑡 = 0, p = 𝑠𝑠 = 1 in eq. (3.30), we get: 

𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛 �𝑥𝑥 +
𝑐𝑐
Δ 𝑟𝑟,𝑦𝑦 −

𝑏𝑏
Δ 𝑟𝑟� = �

𝑟𝑟𝑙𝑙

𝑙𝑙! H𝑒𝑒𝑚𝑚−𝑙𝑙,𝑛𝑛(𝑥𝑥, 𝑦𝑦)
∞

𝑙𝑙=0

.                               (3.32) 
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 where Δ = 𝑎𝑎𝑎𝑎 − 𝑏𝑏2 and a, b, and c are positive real numbers. 

It is important to note the following interesting special case.  

3) letting a = 2, b = −t, y = 1, and c = m = n = 0, in eq. (3.31), we 

get the known result (Miller, 1968): 

exp(2x𝑡𝑡 − 𝑡𝑡2) = �
𝑡𝑡𝑘𝑘

𝑘𝑘!𝐻𝐻𝑘𝑘(𝑥𝑥)
∞

𝑘𝑘=0

                                                                (3.33) 
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3.3 Some Applications 

The Hermite polynomials H𝑒𝑒𝑚𝑚+𝑘𝑘,𝑛𝑛(𝑥𝑥, 𝑦𝑦) have several applications, some 

of them listed below. 

1. Quantum mechanics: In quantum mechanics, Hermite polynomials 

are used to describe the energy states of simple harmonic oscillators, 

which are fundamental to understanding the behavior of atoms and 

molecules. To calculate the wave functions of the oscillator in the 

presence of a magnetic field, H𝑒𝑒𝑚𝑚+𝑘𝑘,𝑛𝑛(𝑥𝑥,𝑦𝑦) are required. 

 

2. Statistical mechanics: H𝑒𝑒𝑚𝑚+𝑘𝑘,𝑛𝑛(𝑥𝑥,𝑦𝑦) are also frequently employed 

in statistical mechanics to characterize particle distribution in a 

system. H𝑒𝑒𝑚𝑚+𝑘𝑘,𝑛𝑛(𝑥𝑥,𝑦𝑦)  can be used to derive the probability 

distribution function such that the normal distribution 𝑁𝑁(0,𝜎𝜎2). 

𝑤𝑤𝜎𝜎(𝑥𝑥) = 1
𝜎𝜎√2𝜋𝜋

𝑒𝑒
−𝑥𝑥2

2𝜎𝜎2   can be described as  

𝑤𝑤𝜎𝜎(𝑥𝑥) = �
(−1)𝑚𝑚

𝑚𝑚! 2𝑚𝑚�2𝜋𝜋(𝜎𝜎2 + 1)2𝑚𝑚+1
 𝐻𝐻2𝑛𝑛 (𝑥𝑥)

∞

𝑚𝑚=0

 

3. Signal processing: H𝑒𝑒𝑚𝑚+𝑘𝑘,𝑛𝑛(𝑥𝑥,𝑦𝑦)  can approximate functions and 

generate smooth curves or surfaces. Two index and two variables Hermite 

polynomials can create basis functions for polynomial approximations of 

surfaces with cylindrical symmetry.  
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4. Optics: H𝑒𝑒𝑚𝑚+𝑘𝑘,𝑛𝑛(𝑥𝑥, 𝑦𝑦)  can also be used in optics to describe light 

propagation through an optical system, such as a lens or a mirror. Further, 

H𝑒𝑒𝑚𝑚+𝑘𝑘,𝑛𝑛(𝑥𝑥,𝑦𝑦) can be used to calculate the intensity distribution of a laser 

beam as it propagates through a lens, which has critical applications in laser 

physics and optical engineering.  

Overall, Hermite polynomials are an extremely versatile and powerful tool 

in mathematics and their many applications, such as physics, statistics, 

signal processing, and optics. 

 

Overall, Hermite polynomials are essential mathematical tools with 

various implications in different fields of science and engineering. 

Hermite polynomials, denoted as 𝐻𝐻𝑛𝑛(𝑥𝑥,𝑦𝑦),  are used in statistics and 

probability theory to describe the Gaussian distribution, also known as the 

normal distribution. These polynomials have applications in physics, 

engineering, and finance, where Gaussian distributions are commonly 

encountered. 
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Chapter 4: Summary, Conclusion, and 
Directions for Future Research 
 

4.1 Summary 

 
In Chapter 1, we reviewed the birth of Weisner's group theoretic method 

and its various steps in obtaining generating relations. Also, we reviewed 

the development of Hermite polynomials and their extensions (among 

numerous ones), together with their diverse applications to various 

research areas, particularly quantum mechanics, mathematical physics, 

and other branches.  

Furthermore, in Chapter 1, we included a historical background, 

definitions, and some relations that greatly interest this study.  

 

In Chapter 2, by Weisner's method, recurrence relations for four different 

cases, differential operators, commutative relation of differential 

operators, and there have been discovered extended forms of the group 

produced by operators, from which several generating relations for the 

two indexes and four variables Hermite polynomials 𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦, 𝑧𝑧,𝑘𝑘) 

have been established. 

Similarly, in Chapter 3, we used the same procedure as in Chapter 2, and 

we obtained several generating relations for two index and two variable 
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Hermite polynomials 𝐻𝐻𝐻𝐻𝑚𝑚,𝑛𝑛(𝑥𝑥,𝑦𝑦). It is noted that the obtained results 

can be considered as generalizations of some known results. 

 

4.2 Conclusion 

 
The process of obtaining generating functions takes place by many 

methods. Lie group is considered the current method for obtaining such 

generating relations. Weisner (1955) is the first to make considerable 

progress in this area, who demonstrates the group-theoretic relevance of 

hypergeometric generating functions, Hermite, and Bessel functions. 

Weisner's technique is methodically presented by Miller (1980) and 

McBride (1971), giving its solid foundation. Miller (1968) takes Weisner's 

theory further by linking it to Schrodinger's factorization method, and due 

in its definitive form to Infeld and Hull.  

  

   Indeed, generating relations has significant implications in several 

fields, including mathematics, physics, engineering, and computer 

science. These relations serve as a valuable instrument to analyze and 

describe intricate systems and processes by breaking them down into 

simpler components, exactly the partial differential equation that the 

equation defined.  
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On the other hand, 𝐻𝐻𝑛𝑛(𝑥𝑥) are a set of orthogonal polynomials named after 

Charles Hermite (1864). They are commonly used in physics and 

engineering, particularly when examining quantum mechanics and 

additionally, when solving partial differential equations, where they 

describe a system's energy levels and wave functions. They are also used 

to solve partial differential equations, particularly in studying heat transfer 

and fluid dynamics. Additionally, Hermite polynomials are used in the 

field of finance, specifically in the pricing of options and other financial 

derivatives. They are also used in statistics, particularly in the study of 

probability distributions. 

 

4.3 Future studies  

 
As directions for further research, that the results in this thesis could lead 

naturally to further progress in the theory of Hermite polynomials. 

Indeed, a further natural extension of the present investigation would 

consist of establishing new applications in physics, engineering, 

harmonic oscillators in quantum mechanics, 

Furthermore, computer science and discussing the connections with 

known families of Hermite polynomials. 
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 ملخص 
 

 
متعددة الحدود   متغیرات وثنائ�ة الدراسة ��ف�ة تولید العلاقات ثنائ�ة المؤشر    في هذه الرسالة تمت 

 و�زنر. من خلال نهج المرت�طة بدالة هیرمایت 

 
یت  اتولید العلاقات بین مؤشر�ن متعددي الحدود هیرم  ة؛رساله التشمل الحالات التي نناقشها في هذ 

 .یت المتغیرةاتولید علاقات بین مؤشر�ن واثنین من متعددات حدود هیرم، المعممة

 

بنهج و�زنر بدءًا من إ�جاد العلاقات التكرار�ة ثم  تم توض�ح �افة الخطوات بتفاصیلها المرت�طة  

الحصول على العلاقات المؤثرة والعلاقات الت�ادل�ة بینهم، إضافة إلى الص�غة الممتدة للمجموعات 

الناتجة من هذه العلاقات المؤثرة، لننتهي �الحصول على علاقات مولدة جدیدة والتي هي تعم�م  

 لعلاقات أساس�ة معروفة سا�قاً.




