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Our study focused on the effect of geometry change on the thermal stability of heat-
producing regions wherein the heat source depends linearly on temperature. Thermal
stability was studied in selected rectangular and cylindrical geometries. We defined
thermal instability or thermal explosion by an infinite maximum temperature, which in
turn translates into our inability to find a steady solution.

To understand the effect of geometry change on the thermal stability of the
examples considered, calculations are provided using the techniques of domain
perturbation. In solving several introductory problems, we found that thin heat-producing
regions are thermally more stable than thick heat-producing regions. By considering
thermal stability in an elliptical region we found that such regions are thermally more
stable than companion circular regions of the same area and thereby showing that the
thermal stability depends strongly on the geometry.

We studied the effect of boundary-condition change on the thermal stability where

heat is transferred only by conduction. We found that for two-point boundary value
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problem the system is always more thermally stable for isothermal-isothermal boundary
conditions than for isothermal-adiabatic and isothermal-perfectly conducting boundary
conditions. We also studied the effect of change in the heat-transfer mode as a little
forced convection is added to a problem of a heat-generating annular region at constant-
wall temperature. We found that due to convection this problem always becomes stable
thus the thermal stability of this problem depends strongly on the heat-transfer mode.

As the theme of our study is on geometric effect on thermal stability we considered
the effect of geometry change on fluid-flow problems in which the heat source arises
from viscous dissipation. Here too we found that the heat-transfer rate depends on the
geometry implying that the thermal stability must depend on geometry as well.

We also studied the effect of geometry chaﬁge in a porous media with heat
generation and natural convection. We found that an adverse temperature gradient can
induce natural convection and that the occurrence of convection depends strongly on the

shape of the geometry.
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CHAPTER 1
INTRODUCTION

Our study focused on the effect of the shapes of heat-producing regions on their
thermal stability. Heat-producing regions wherein the heat generation is a positive
function of the temperature are encountered in a variety of chemical engineering
applications. One example is in the operation of chemical reactors with exothermic
reactions. The thermal stability of these regions becomes an issue when the rate of heat
production exceeds the rate of its removal (a condition known as thermal runaway' or
ignition).

Now it has been well established that thermal runaway of different materials is
dependent on the shape of the region, its size, the ambient temperature, and the physical
properties of the material and the surroundings. In other words, for any given geometry,
there is a critical size above which the heat dissipated to the surroundings cannot keep up
with the heat generated inside the material.

1.1 Literature Review

Thermal runaway phenomena have been studied extensively, most notably by
Semenov (1959), Frank-Kamenetskii (1969), Zeldovich ef al. (1985) and Gray and Scott
(1994) in connection with thermal explosions; and by Bilous and Amundson (1955-
1956), Barkelew (1959), Perlmutter (1972) and Fogler and Crynes (1985) in relation to

reactor stability. Several studies were done by Biesenberger and Sebastian (1975-1983) in

! It is also known as thermal explosion.



the field of polymerization reactions; and by numerous others in the area of combustion
and flames (Biesenberger and Sebastian 1983).

To show why this problem continues to be of interest and what sorts of problems
we intended to investigate, we first discuss a simple problem to show how the geometry
change can affect the thermal stability. Then we introduce the problems of interest and
their physics.

Letus consider an annular region of a heat-producing substance where the inner
wall and the outer wall are held at fixed teﬁperatures (Figure 1-1A). A typical
undergraduate student would know how to calculate the heat transported, in the case
where there is no heat production in the annular region, and the inner and the outer walls
are held at different temperatures. Now if the inner cylinder is displaced by an amount &
as shown in Figure 1-1B, it is clear at once that the heat-transfer rate can change only at
order £2. Tt is less obvious, but no less true, that the heat-transfer rate increases. Chapter
2 gives the detailed solution for such a case.

Now return to the heat generation problem, and imagine that the annular region
produces heat, such that the rate of heat production is a positive function of the local
temperature; and further imagine that the walls are held at the same fixed temperature.
The heat released in the material may be produced in a variety of ways’, but must be an
increasing function of the temperatﬁre of the material. To keep this system stable, the
heat generated must be removed from the system at the rate at which it is produced.
Assume that this heat is removed by conduction to the outer wall, which serve as a heat

sink. To conduct the heat away, the temperature of the material must rise above

2 The heat can be produced via exothermic reaction, viscous heating, laser pulse, electron beam, etc.
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Figure 1-1. Annulus with heat-producing material. A) On-center. B) Off-center.

that of the sink. The more distant a point of the material is from the boundary, the higher
its temperature must rise; but the higher the rise, the stronger the source, creating positive

feedback that might rule out a steady solution.



One issue is whether the heat produced can leave quickly enough, or whether
thermal instability might set in. In particular it becomes questionable whether the thermal
stability is advanced or retarded for the case of a distorted annulus, when compared to a
symmetric annular region. We might initially ask two questions: the first is of research
interest and the second is of technological interest. First, why should the delay of the
thermal stability be in doubt? Second, for what sort of problems would this geometry be
of interest? To ariswer the first question, accept for now the fact that a shift in the annulus
causes the heat-transfer rate by conduction to increase as azimuthal gradients can now
come into action.® But also remember that the shifted inner cylinder creates both a large
and a small heat-producing region. The large region determines the fate of the thermal
stability; and if the azimuthal temperature gradients from this region cannot meet the
demand that heat must be removed fast enough, then thermal instability will set in, and
this instability will be manifested by a temperature surge. Only a calculation can tell
whether the rate of heat production in the distorted annular compartment will be higher
than the enhanced heat-transfer rate, or the other way around. This calculation is
presented in Chapter 4. To motivate the calculation, a simple problem is taken up
initially. Through the working of this simple problem, we can learn which methods and
techniques are needed to be able to solve the proposed, more complicated problem. This
simple problem is given in Chapter 3. Now let us answer the second question by

demonstrating some applications to this research.

} Chapter 2 demonstrates this fact for a model problem.



1.2 Applications of Thermal Explosion and Thermal Stability Phenomena

There are many applications where thermal explosion analysis and thermal stability
studies are important, and where annular geometries are encountered. One of the common
applications is polymer manufacturing.“’5 An interesting phenomenon known as
hydrodynamic thermal explosion occurs. This phenomenon is important in the flows of
polymer melts. It can be illustrated by considering an established flow of polymer melt in
an infinite tube. Assume that the thermal resistance of the tube walls is low, so that the
walls are maintained at a constant temperature equal to that of the surrounding medium.
For manufacturing purposes the polymer must be at a certain temperature range in which
it can flow without losing its main structural properties (Figure 1-2A). If, at certain
conditions, the viscous heat® arising from the polymer flow increases at a higher rate than
that dissipated to the surroundings through the tube walls, then the temperature begins to
rise, and the material starts to soften and decompose. Under such conditions, the desired
flows of polymer melts become impossible in a pipe (Zeldovich et al. 1985). This
situation is fully analogous to thermal explosion. To dissipate the heat fast enough to the
surroundings, the polymer flow reactor might typically be in the form of a shell and tube

heat exchanger (Figure 1-2B). The geometry of the equipment undoubtedly affects the

thermal stability of the process.

* Polymerization reactions are typically strongly exothermic. Moreover, polymers are typically poor
thermal conductors.

3 Polymer manufacturing is one of the fastest growing industries worldwide. According to a recent study, it
is expected that US demand of six leading thermoplastic polymers alone (polypropylene, polyethylene,
PVC, polystyrene, LDPE and HDPE) will exceed 15 billion pounds by the year 2006 (Weizer,W., 2002,
Plastic Film to 2006, Freedonia Industrial Studies, Study # 1588, The Freedonia Group, Inc., Ohio.). Global
demand is already higher than 100 billion pounds (Tirrel, M., Galvan, R. and Laurence, R.L., 1987,
Polymerization Reactors, In: Chemical Reaction and Reactor Engineering, Editor: Carberry, J.J. and
Varma, A., Marcel Dekker, Inc., New York.).

¢ The frictional heat due to shear between adjacent fluid layers.



Typically, the interaction between viscous heating and flow is of importance in a
number of applications involving flow of materials with temperature-dependent

properties. These include lubrication, food processing, and polymer processing (Caridis

etal. 1997).

Viscous heat released Viscous heat released

rt A £
|:\:{>Polymer melt

————
/ r‘;ll:(> Polymer melt

ooy ooy

Viscous heat released Viscous heat released
A B

\  e—————

Polymer melt

b I

Figure 1-2. Polymer manufacturing example. A) Without cooling rod. B) With cooling
rod.

In addition to the above applications, the thermal runaway phenomenon is one of
the main issues considered in the design of industrial equipment (e.g., in the design of
heat exchangers and reactors). To build safe industrial plants, designers must consider all
the factors that might lead to thermal explosions, (the shape of the region, its size, theA
ambient temperature, the physical properties of the material and the surroundings, etc.).

Aside from the earlier examples, the thermal runaway phenomenon plays an
important role in dam construction. We know that dams require gigantic blocks of
concrete that are linked together. We also know that concrete reacts exothermically with
water for long periods of time. Thus, based on the volume of the concrete used in dam

construction, it could take tens of decades for the concrete to cool and properly cure



without engineering intervention. To overcome this problem and to maintain the thermal
stability of the dam, dam builders dissipate the heat generated by the concrete by
imbedding an extremely long one-inch steel pipe through the interconnecting concrete
blocks to circulate cold water.

The thermal stability features of the problems discussed above are known for
several regular geometries (e.g., planar and cylindrical geometries), and for several kinds
of heat generation. In our study, the case in which heat-generation function depends
linearly on temperature shows interesting results for a simple problem; then, more
practical problems and conditions are investigated. A case in which heat-generation
function depends linearly on temperature is a good model for problems with viscous fluid
flows. In these problems, the fluidity (which is the reciprocal of the viscosity) depends
linearly on the temperature of the fluid over a fair temperature range. The effect of
geometry change on thermal stability for such problems is discussed in Chapter S.

Before going to the next chapter, let us give an idea about the consequences of
thermal runaway and show some of its effects. Thermal runaway can cause huge
industrial, economic, and environmentai damage. The physical consequences of thermal
runaway, which are the reasons behind many industrial and environmental disasters, can
be summarized as follows (Gustin 1991):

o An increase of the rate of the chemical reactions.
. The occurrence of unwanted exothermic reactions that are not obtained in normal
process conditions. Usually these reactions are decomposition reactions of the

reaction mixture.

° A pressure increase that often causes the reactor vessel to burst due to two
phenomena:

- An increase of the reaction-mixture vapor pressure due to the temperature rise.
- The production of noncondensable decomposition gases.



Now let us give a catastrophic example caused by thermal runaway reactions. This
example (the worst disaster in Texas history) occurred in 1947, when a French ship
exploded at the docks in Texas City. The storage tanks of the French vessel were filled
with ammonium nitrate, a fertilizer. For some reason, the temperature of ammonium
nitrate began to rise, and then it started to react and produce heat. Because of the large
dimensions of the storage tanks, the rate of heat removal could not meet the rate at which
it was being prodﬁced. Because of this, a thermal runaway reaction took place, and an
explosion occurred. This thermal explosion led to about 600 tragic fatalities, and
destroyed the entire dock area, along with the nearby buildings and facilities. From this
example, we can see how the size of a heat-producing region can affect its thermal
stability.

There are many more examples of effect of the geometry of the heat-producing
region becoming a possible reason for thermal explosion to occur. One example is a
chemical incident that occurred in Seveso, Italy, in 1976, at a Union Carbide factory. In
this é.ccident, the thermal runaway led to an immediate contamination of some 10 square
miles of land and vegetation. More than 200,000 people had to be evacuated from their
homes and were treated for dioxin poisoning, and as many as 42000 people needed
medical follow-up for more than 20 years (Caridis et al. 1997). Another example is the
famous incident that occurred at a Union Carbide chemical plant in Bhopal, India in
1984. This disaster was particularly notable as a thermal runaway process, as it led to
more than 3000 tragic fatalities (Mcintosh et al. 2001). The last example is another

chemical accident at a Sandoz warehouse in Basel, Switzerland, in 1986. In this accident,



thermal runaway caused massive pollution of the Rhine, and the death of more than a half

million fish (Caridis ef al. 1997).

From these real examples, one can see how dangerous the effects of thermal -

runaway could be, and also why it is still important to study this phenomenon.



CHAPTER 2
HEAT TRANSFER IN AN ANNULUS WITH NO HEAT PRODUCTION

In this chapter we show how to solve an auxiliary problem (i.e., heat transfer in a
distorted annulus without heat generation). This simple problem is used to motivate us,
and prove that thérmal stability could be affected by changes in geometry. In this

problem, the total heat-transfer rate, Q, is calculated in an annular region when there is

no heat production, and the inner and the outer walls are held at different temperatures
(Figure 2-1). The total heat-transfer rate is calculated for a perfectly centered annulus,

and for a distorted annulus. Results from each of the cases are compared and a conclusion
is drawn.

Before the calculations for this simple problem are presented and discussed, let us
examine what might be going on from a picture argument. Such an argument might help
in predicting conclusions and verifying calculations. Figure 2-1A shows two concentric
cylinders at different surface temperatures. The surface temperature of the inner cylinder,
Ty, , is greater than that of the outer cylinder, 7. Let us assume that the heat is
transferred only by conduction through the annular region, and further assume that no
heat is generated in the annular region. Based on how the problem is defined, it is
obvious that no heat can accumulate in the annular region. Therefore, the total heat

transferred to the surroundings must be equal to the total heat released into the annular

region by the hot inner cylinder.

10
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Heat transfer by
conduction

Figure 2-1. Annulus without heat-producing material. A) Centered. B) Distorted.

Begin with the case of a perfectly centered annulus (Figure 2-1A). The heat
released into the annular region will be conducted equally in the radial direction via the
radial temperature gradient (i.e., the temperature gradient in the » direction), see F igure

2-2A. For the distorted annulus (Figure 2-1B), the shifting of the inner cylinder creates
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both a thick and a thin region. Therefore, the heat released into the annular region cannot
be conducted equally in the radial direction, as in this case the radial temperature gradient
is not evenly distributed around the inner cylinder. In this case the radial temperature
gradient for the thin region will be higher than it is for the thick region. This is because,
by shifting the inner cylinder to the right (Figure 2-1B), the distance between the rod wall
and the pipe wall to the right of the rod will become shorter; and since the temperatures at
the two walls are .lheld fixed, the temperature gradient increases.

By the same measure, we can show that for the thick region, the temperature
gradient decreases. As a result of this, the heat-transfer rate by conduction across the thin
region ought to be higher than that for the thick region. And as we know, to conduct
away the heat released into the annular region, the temperature at any point in this region
must rise above that of the outer wall. The further a point in the region is from the outer

wall, the higher its temperature must rise. From this we understand that, at any point at a

fixed distance from the center of the inner wall, R, (where R, < R< kKR, ), the
temperature in the thick region will be higher than that in the thin region (Figure 2-3).
From the second law of thermodynamics, we know thét heat flows from high to low
temperature. Based on this fact, the heat in the higher-temperature region (i.e., the thick
region), will start to conduct in the azimuthal direction toward the lower-temperature
region (i.e., the thin region), see Figure 2-2B. Thus, the heat-transfer rate by conduction
will increase as the azimuthal gradients come into action. From this, we can conclude that
the total heat-transfer rate for a distorted annulus is greater than that for a perfectly

centered one. To verify this conclusion, the total heat-transfer rate is calculated for each

of the two cases (shown next).
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Heat transfer by conduction on & -direction

Heat transfer by
conduction

A B

Figure 2-2. Heat dissipation in a perfectly centered annulus and in a distorted annulus (0
heat generation in the annular region). A) Centered. B) Distorted.

T, temperature contour | T, temperature contour

T temperature contour

~ ="

Note that T, T, and T,
: are the same in (a) and ;
T, (®)and T, > T, > T,. T T

3 3

Figure 2-3. Temperature distribution in a perfectly centered annulus and in a distorted
annulus (no heat generation in the annular region). A) Centered. B) Distorted.
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Calculating the total heat-transfer rate. This section demonstrates the calculation
of the total heat-transfer rate Q for the case of a perfectly centered annulus, and for the
case of a distorted annulus. Then we compare the total heat-transfer rate O obtained from
each of the two cases, to show the difference.

Let us start with the left part of Figure 2-1. For this geometry, the total heat-transfer

rate O per unit length is obtained as
0= j dAfi -G 2.1)
where ¢ is the heat flux and # is the unit outward normal to the surface of the inner or

the outer cylinder. Hence, because of radial symmetry, it is, (at the inner wall)

0 =-27kR,, ar.
2

2.2)
r=R,

where R, is the radius of the inner cylinder, and T is the temperature field.

To use Equation (2.2) the temperature in the annular region must be found. It is the

solution to
0=kV°T = k[li(rﬁﬂ (2.3)
rdr\ dr
satisfying the boundary conditions
T(r=R,)=T, 2.4)
and
T(r=xR,)=T, (2.5)

where x >1. Solving this problem, the temperature in the annular region is obtained as

_(TH—TC) (&)
T——_—ln(/c) In| = |+T,, (2.6)
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and the rate of heat transfer at the outer wall or the inner wall of the symmetric geometry

is obtained as

_ (TH — TC)
0= 27z'k————1n(K) >0 2.7
Moreover,
ar _ (Tz-T)1
dr In(x) r @8
d’T _(T,-T.)1
darr ln(K) r (2.9)
and
IT_ pTn=Te) L (2.10)

dar’ ln(K) r’
These derivatives will be useful later on.
Now let us obtain the heat-transfer rate at the inner wall for the perturbed case,
where the inner cylinder is displaced from the center of annulus by a distance £ (Figure

2-1B). In this case, the outer wall presents no problem,; it is the inner wall whose surface

is displaced. Let this surface be denoted as
r=R(8,¢) (2.11)
Then, if X'and Y denote the Cartesian coordinates of the points (R,8) on the surface of
the inner cylinder, there obtains
[X-e] +72=R? (2.12)
where X and Y are given in terms of R and 8 by

X =Rcosf (2.13)

and
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Y =Rsiné (2.14)
whereupon R, as a function of 8 and &, must satisfy
R*-2eRcos@=R. - ¢ (2.15)

Then, to obtain the total heat-transfer rate Q for this case, we need to know how to
deal with this irregular’ geometry (Figure 2-1B). Because this geometry is not synnnétric,
this leads us to the domain perturbation method>® which can give a good approximation
to the solution. T;) use this method, we must assume that the inner cylinder is shifted
slightly from the center of the annulus (i.e., £ is small). Then, the basic strategy is to
obtain a solution valid at £ =0 and then to add corrections terms for the small
displacement. Appendix A gives detailed explanation for this method.

Therefore, the distorted annulus problem will be solved for a reference case that is
the case where € = 0, which is the symmetric case (Figure 2-1A). The distorted annulus
problem is then solved by perturbing the dependent variables in this problem about the
reference state.

Note that the reference case is the symmetric case that we solved earlier and the

total heat-transfer rate Q for this case is given by Equation (2.7), namely by

0= 2relTa=Te) |
Inx

! By the word irregular, we do not mean to imply not smooth; but instead, not convenient.

2 A method used in calculations in both classical physics and quantum mechanics, in which the system is
divided into a part that is exactly calculable and a small term, which prevents the whole system from being
exactly calculable. The technique of perturbation theory enables the effects of the small terms to be
calculated by infinite series (which is in general an asymptotic series). ‘

? For further information about this method see Morse, P.M. and Feshbach, H., 1953, Methods of
Theoretical Physics, McGraw-Hill, New York, or essay 2 in Johns, L.E. and Narayanan, R., 2002,
Interfacial Instability, Springer, New York.
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Then, to perturb the solution of this problem about the reference state we must expand R

and 7', in powers of £ and obtain problems in Q,,0,,0,,... on the reference domain.

Therefore, the expansion4 of R, which denote the surface of the inner wall, can be

written in the form
R=RD+£R1+%£2R2+... (2.16)
where
R,=R, (2.17)
and where R, and R, can be found by substituting Equation (2.16) into Equation (2.15),
and expanding R* to the second order in &, which gives
(R +28R,R +&°R} + &R R, +...)~ (2R, +26°R, + .)cosd, =R2—&* (2.18)

From this we obtain at order &'

R =5ﬁz—=cos9 , ate=0 (2.19)
1 d8 [
and at order &2
2 =2
R2=jglf=—m;9° , ate=0 (2.20)

(4

while the surface of the outer wall does not change, which means
r=xR, (2.21)

and the temperature expansion in the domain, by using the rule given in Appendix A, will

be

* The expansions will be taken to the second order of & i. e, &°.
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T(R,0)=T,(R,.0,)+&T,(R,.6,) +%ng2 (R,,6,)+.. (2.22)

It is important to mention that the solution of the reference case will be denoted by
affixing a subscript zero to its variables while the subscripts one and two will denote the
expansions to first and second order of ¢, respectively. Thus, the temperature in the
annular region and the total heat-transfer rate for the symmetric case given by Equations

(2.6) and (2.7), respectively, can now be written as

— (TH _TC) Rm
T, —-——————ln(K) In _"o + T (2.23)
and
_ (TH "Tc)
0, = 27zk———————-—ln (K) >0 (2.24)

Now, the total heat-transfer rate Q for the perturbed case is again determined via
Equation (2.1), which is
Q= [adi-g
Remember that for this case the calculation to obtain the total heat-transfer rate will be

made at the inner wall.’ As a result of this, the heat flux, t}‘, and the unit outward normal,

7, will have to take another form where the effect of the azimuthal angle is accounted

for. The heat flux will become

.0 .10
§=—kVT =—k|i —+i,——|T 2.25
1 [Z'ar IGREQ} (2.2

* In fact this calculation can be carried out at either the inner or the outer wall. The results obtained at any
of the two cases are the same. But it is obvious that the calculation at the outer wall, the unperturbed wall,
will be easier than it is at the inner wall, as for the outer wall case we do not have to redefine the unit

outward normal which is, in this case, simply defined as 71 = ;r . However, in this document we chose to
work with the more complicated case to learn how the calculations and the expansion will go.
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and since the unit outward normal is given by

S
v/l
where
f= r—-R(@,e)

and f =0 defines the surface of the inner cylinder. Therefore,

vf=i-i, X
r
where
OR(6
o 2R(0)
o6
and where at the surface Vf becomes
- R
Vf=i -i,—
f r ] R
Thus,
RY
Vil=,1+| —
-1+ %
Therefore, the unit outward normal is
- R
r 9 R

and where dA is given by

dA=-R™+R*d6

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

2.31)

(2.32)

(2.33)
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By substituting the values from Equations (2.25), (2.32) and (2.33) into Equation

(2.1), the total heat-transfer rate per unit length is turn to be

e ’.’R'
= "l [-oT - 10T
=k [VR?+R* ——R_. '——+i———]d9 2.34
0 I == "o R (2.34)
1+(—)
R

Equation (2.34) can be simplified and written in the following form

oT R 0T
_—/{ [rR=— ~- 0~ j—%de} (2.35)

whereupon substituting the expansion for the temperature at » = R (6’,8) , which gives

T(R,e>=n<ko,eo>+s(n(k 0)+R(@) 2 )]

, T,(R,, 0)+2R(9) 1(R 6,) - (2.36)
L T
+R2(0)

(R )+ R, (9)

+
into Equation (2.35) using Equation (2.16), we can write Q in an expanded form. To

simplify this step we will workout the first term on the right-hand side of Equation (2.35)

then we will workout the second term. The first term will turn out to be

2z 2z 2
J'R—alcm: I(Ro +&R +lg2R2 +) 9, 4o 9L +R 9 ];"
o or ; 2 or, or, or

o

2 3 2
112190 +2R, 0 7211 X 7;" +R, 9 ];" +...d6,
2 or, or’ ' or or

o

(2.37)

o

and to the second order of ¢ it is
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2z 2
jR = 460= jR °d9+ [IR °de, + jk 6T1d90+_|'RDRaT°d9:l
o 7"0 0 arg
2
{ j R 2 qg 4 ‘”j A
. (2.38)
+ jRRzaT do, + jRR 771019 + jzk ‘d@
; r or? or,
2
+ J'ZRza]:’dG jR "de}
; o or,
The second term will give
, L E
“ROT , [SR‘Jr?R”'") oT, &*(ar, o°T,
= de= - gL+ | =242R—7L |4+ . 1dg (2.39)
s ROO £ 26, 2|06, or,90,
RD+3R1+?R2+...
and to the second order of ¢ itis
2z ’ R
jﬂ or j HG )[ }d@ (2.40)
IR 0" (R,)
Then Q is just the difference between Equations (2.38) and (2.40), and it is
2z 2
——ij % g, + ( k) aTlareoJr [R.R, L gg,
aro 7’0 0 a
O, o
r 2z 2 27 3 7
2d9 j 2R0Rl-a—7;ideo+ f RoRza—];’—deo
or ; ' or
2 . (2.41)
+lgz(—k) + jRoRzaT"dB + jzR aTldaoJr j2R2aT do,
2 or’? or, ; o
. f oT, R} o1, a6,
I 2 or, R, 86 |

v~

O,

or O can be written as
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0=0, +¢&0, +—;-‘£:2Q2 +... (2.42)

where O, is the total heat-transfer rate for the symmetric case (i.e., the reference case that
we solved earlier), and O, and Q, are the corrections terms because of the displacement
of the inner cylinder.

Now, to solve for O we must first solve for T, 7; and 7, from the heat-conduction

equation where the effect of the azimuthal angle is accounted for. This is

2 R(6 R
O:kV2T=k li(r_é_)_'__l_z-a_z T , ( a8)<r<’f in (2.43)
ror\ or) r-o6 0<0<2x

To achieve this, let us substitute the domain temperature expansion, which is given by

Equation (2.22) into the domain equation (i.e., Equation (2.43)). This gives

2
0=k~ 2 [, 2], L -{7;+511+ng7’2} (2.44)
r,or,\ "or,) r 06 2
and on requiring the coefficient of each power of & to vanish, Equation (2.44) leads to

the following set of linear differential equations. First at order £°, which is the symmetric

case, the domain equation is

P
EHJ; (2.45)

where

T,(r, =xkR,)=T, (2.46)

and

T,(r,=R,)=Ty, (2.47)
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This is the reference case which was solved earlier and T, was given by Equation (2.23),

namely

T = (TH——TC)IH(&J +T,
In(x) 7,

For order &', the domain equation is

where
T,(r,=xR,)=0 (2.49)
and
T(r,=R,)=-R, ‘;Zrl _ 2.50)
o In=g,
For order &, the domain equation is
%A;[;}L@HT @s)
where
I,(r,=xR,)=0 (2.52)
and
T,(r,=R,)=-2R ‘;—73 - R ‘er} . —R, % -~ (2.53)
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To explain where Equations (2.50) and (2.53) come from®, notice that the expansion of

T atr=R (9,8) , is given by Equation (2.36), namely by

T(R,B)=I;(Ro,90)+a(Tl(Ro,00)+Rl (eo)%(xp)]

T,(R,.6,) +2R, (ﬁ)dT‘

2

(R.-6,)
()+R(9) (R)

+—¢&

a’T,
+R12 (90) erO

0o

and that 7' (R,6) must vanish for all values of .

Now, because of the form of R,, the solution to the T, problem (i.e., Equation

(2.48)), can be written as

1= [Alro +£1—J00590 (2.54)
rO
where 4, and B, must satisfy
AKR, + B o - (2.55)
K in
and
4R, T R (2.56)
R, dr ek

By solving Equations (2.55) and (2.56) for 4, and B,, T, is found to be

2
T, =cos6,—| Lo KR |dL, (2.57)
(" =1)| R, r, |dr,

o

=Ry,

and by this, there obtains

 Note that the perturbed boundary conditions at the inner wall are no longer isothermal because they try to
simulate isothermal by putting a condition other than isothermal on the reference case.



25

2
1
d—];-(r;7=Rm)=cos¢90 (K i ) a, (2.58)
dr, R, (x*-1) dr,| _ _
in K:‘Rin
2
K
d'T (r,=R,)=cos8, —2E‘Z a1, (2.59)
e "< -1) dr |y, |
and
dT, . dT.
—(r,=R_)=sinf —= 2.60
d@a (ro m) sm 0 dro . ( )

which are needed in the 7, problem.

To solve the T, problem (i.e., Equation (2.51)), first substitute Equations (2.8),

(2.9) and (2.58) into Equation (2.53) then expand the right-hand side of Equation (2.53)

in terms of the functions’ 1, cos 8,,cos26, . Doing this Equation (2.53) reduces to

T, (r, =Rin)=?(%:T)[2+(K2+1)c05290:|d:§’ (2.61)

o

=R,

Then, from Equations (2.52) and (2.61), the solution to the 7, problem can be

written as
2 Bz
T, =4,+B,In(r,)+| 4,7 +—=% |cos26, (2.62)
rD
where 4, and B, must satisfy
4,+B,In(xR,)=0 (2.63)

and

7 Substitute for cos? 8, = % +%cos 20, and for sin® g, = % —-1—cos 26,.
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A+ B n(R) = (;3_1) < 264)
and where 4, and B, must satisfy
AK’RL + 2R2 =0 (2.65)
and
AR} +— (K2 i 1) dT"I (2.66)

R, R, (Kz—l) dr, n=Rn

By solving Equations (2.63) and (2.64) for 4, and B, , and Equations (2.65) and

(2.66) for 4, and B,, T, is found to be

— 2 KRin Ri" (K2 +1) K4 roz dI::
5= _[Rin (K2 —l)ln(lc) ln( r, )+ (K2 —1)(1{4 —1) (_”07— R} )Coszgo\l—‘;’r—o- r=R, @en
and
dr, 2 2R, (K +1) (* r dT,
dr: = {Rm (Kz —1)1n(1()r0 + (Kz _1)(K4 _1) [ 2R ]00526’0}%@_& (2.68)

The aim now is to obtain the total heat-transfer rate for this case, which is defined

earlier by Equation (2.41), that is
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2z 2
—ij T 4o, +&(~k) j R%eqg + jRoa—Tl-deo+ [E:8:3 aT"dH
X o, ;o or, or’
50 ) O

TR o4 de 2}21@%

o

2z 3 ]
do, + _[RDRZ LEIY7)
6r

1 o°T, 7 2 O°T,
+=e (k)| + jRR 9L 46, + jzk % g6, + + [2R?=22d0,
2 6 or, 5 or’

O 3

A, aTl Lo,

+ jR °d9 jz

Qz
In this equation, O, is the total heat-transfer rate for the reference case (i.e., the
symmetric case), which is given by Equation (2.24) as

(e 1) B

Q, is the coefficient of the first perturbation term (i.e., £'), found as

o) =—k[—— ]5—0059 (I = T )d9

R, In(x)
27 2
+ coseo("2 +1)dTo de, (2.69)
5 Kk —=1)dr, nek,
2z _
+ IcosBo( z TC)dHO—-}
0 Rin ln(K)
and since
2z
[cos6,d6 =sin6,[;" =0 (2.70)
0

we can see that

Q=0 (2.71)
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This means (), appearing in Equation (2.41) has no effect on the total Q. This is an
expected result because we know intuitively that it should make no difference in the
answer of this problem if the inner rod is shifted to the right (i.e., £ > 0), or to the left
(i.e., € <0). Then the only possibility by which we can get the same answer, regardless
of the sign of £, is ‘for 0, to be zero. By the same account, we expect all the odd Q’s to
be zero (i.e., O, =0, 0O, =0,...). Hence to learn the effect of a displacement we must go
to second order. ing.

The value of O, which is the coefficient of the second perturbation term (i.e., %),
is equal to

0, -k—Tl) 4 2.72)

R (x* =1)(In(x))

Note that the value of Q, is always positive, since x can only be greater than one.

Based on these results, and since ¢, O, and O, are positive quantities, we can
: i 1 .
observe that the total heat-transfer rate O for the dlstoﬁed annulus (O =0, + 5 £'Q,)is

greater than that of the perfectly centered one by an amount equal to £°Q, / 2.
Now, to get an idea about how much the total heat-transfer rate Q is affected by

perturbing the inner rod, we need to substitute numerical values into Equation (2.24),

namely

=27 (TH—TC)
0, =2mk=r

and Equation (2.42), which can be written as
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4 (T, -T;)

R’ (K'z - 1) (ln(ic))2

Then a comparison between the values obtained from each of these two equations can be

0=2mkL=Te) 1z
In(x) 2

made.

Several numerical values are examined for different values of ¢, T, w» 1o and x at
which R, is taken to be equal to 1. From this we find that the total heat-transfer rate for
the distorted an'nl‘llus, O ernrbea » 18 greater than that of the perfectly centered one, QO

centered *

The results obtained from two of these calculations at which 7, =100 and T, =10 are

illustrated in Table 2-1 and Table 2-2.

Table 2-1. Comparison of values Q,.,,.., and Q,,..,.;., for several values of x and at

£=0.1.
P chnrered / k Qperturbed / k _QM P chntered / k Q perturbed / k _QM

(T) (T) chnzered (T ) (T ) chntered
1.5 1394.66 1422.18 1.01900 6 315.60 315.65 1.00016
2 815.820 819.750 1.00500 7 290.60 290.63 1.00011
3 514.720 515.310 1.00100 8 271.94 271.96 1.00007
4 407.910 408.110 1.00048 9 257.36 257.38 1.00005
5 351.350 351.450 1.00026 10 245.58 245.60 1.00004

Table 2-2. Comparison of values Q... and Q,,,,.,., for several values of x and at

£=02.
c chntered / k Qperturbed / k Qperrurbed p chnrered / k Q perturbed / k Qpenurbed

( T ) ( T ) chntered ( T ) ( T ) chntered
1.5 1394.66 1504.73 1.0790 6 315.60 315.81 1.0006
2 815.820 831.520 1.0190 7 290.60 290.73 1.0004
3 514.720 517.070 1.0046 8 271.94 272.02 1.0003
4 407.910 408.700 1.0019 9 257.36 257.42 1.0002
5 351.350 351.720 1.0010 10 245.58 245.63 1.0001
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From the tabulated results we see that, as x increases the values of the total heat-
transfer rate in both the perfectly centered and the distorted annulus case decrease and
become closer to each other. From this we understand that thick regions are poor heat
conductors and they are less sensitive to small perturbation. Beside this, we can notice
that as the displacement, £ , increases the total heat-transfer rate increases. This happens
because by increasing & the heat-transfer rate by conduction across the thin region
increases and coﬁsequently the azimuthal gradient increases.

From the above we can conclude that, when the inner cylinder is perturbed as

shown in (Figure 2-1B) it is clear that the heat-transfer rate can change only at order &*
and that the total heat-transfer rate increases. Therefore, the distorted annulus can tolerate
more heat generation because it appears to be a better heat conductor than the perfectly
centered one. Observe that this result is similar to the one expected from the picture
argument.

Finally, it is important to state that, the same results and conclusions can be
obtained if the calculation to obtain the total heat-transfer rate is carried out at the outer

‘wall or even if the outer wall is displaced instead of the inner wall.



CHAPTER 3
THERMAL STABILITY IN A PLANAR GEOMETRY WITH HEAT BEING
PRODUCED WITHIN THE DOMAIN

In this chapter we use a simple problem of a planar geometry to get an
understanding of the tools required to accomplish our objective. Then what might be
learned from this simple problem can be applied to the problems of this dissertation that
are, of course, more complicated.

Now, before the calculations are presented and discussed, one might like to know
what is going on from a physical point of view. .To achieve this, consider Figure 3-1. It
depicts a heat-producing material confined in the space between two parallel plane walls

a distance 2L apart. Somewhere inside the heat producing material is a layer of non-heat

producing material; its thermal conductivity is denoted k€, a variable whose value can

range from zero to infinity and its thickness is 2. Heat is lost to the boundaries, which
are held at a fixed temperature denoted 7, . The thermal conductivity of the material in

the space is denoted by &, and & denotes the distance by which the central layer is
shifted from the center of the geometry. The heat source will be taken to depend linearly
on the temperature of the heat-generating material and it will be of interest to predict the
maximum temperature in the heat-producing region as a function of the parameters of the
problem. A thermal explosion will be identified by an infinite maximum temperature

which in turn translates into our inability to find a steady solution.
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Figure 3-1. Planar geometry of with the heat-producing material.

Let us say that we are interested in knowing how the conditions for thermal
explosion change as the position of the central layer is shifted and its thermal
conductivity changes.

Now the heat released in the material in the space between the two parallel walls
can be removed by conduction to the plane walls only if the temperature of the material is
higher than that of the walls. To conduct the heat away, the more distant a point of the
material is from the boundary the higher its temperature must rise. Knowing this, let us
change the walls temperatures and poéitions until the heat generated in the material
becomes greater than that conducted through the walls at which point thermal instability

may occur.



33

Now, before the calculations for this simple problem are presented and discussed,
let us try to predict what is happening at various positions and conditions of the central
layer, such as those depicted in Figure 3-2B, C and D. Our prediction will be based on the
solution of the easiest sub-case of the planar problem where no central layer exists
between the two parallel walls, as depicted in Figure 3-2A. The solution of this heat

transfer problem is presented in the following.

On-center Off-center Off-center
No central layer For any k¢ For k=0 For k¢ — o
-B+e P+e B+e B+e

1 -B 1 B | f ' f
| ] ] [}
] [} | 1
I 1 ) ]
] [} 1 1
1 1 1 ]
i 1 ) ]
] ] ) 1
] ) ]
1 ] ] H
] ] 1
! ] [} []

i 1 ]
] 1 ] ]
1 3 ] ]
) H 1 ]
] ] ] ]
I ] t ]
] 1 ] I
1 ] ] \ ]
] ] 1 ]
1 ! ] ]
] 1 | ]
i ! ] ]
] 1 1 ]
] ] 1 ]
] 1] 1 1
] 1 1 ]
] ] 1 ]
1 1 ] [}

-L L L L L L L -L ! L
x=0 x=0 x=0 x=0
A B C D

Figure 3-2. Geometries of the cases for which the prediction is made. A) No solid layer.
B) Solid layer On-center. C) Adiabatic solid layer. D) Perfectly conductive
solid layer.

The temperature rise in this problem, referring to Figure 3-3 for a definition of the

variables, can be described by the thermal energy equation

oT | &°T
C —~=k—+O(T 3.1
pC, o P o(T) (3.1)

where p and C, denote the density and the heat capacity of the heat-producing material,
respectively. They are assumed to be constant through this work. T is the temperature

field and Q (T) denotes the rate at which heat is produced in the material per unit
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volume, assumed to be a linear function in 7' . The equation is subject to two boundary

conditions viz.,

max

>y
>y

LHS

oT . &°T
— C —=k%
¢ Py o T o

+0(T) =

L
x=0
Figure 3-3. Planar geometry when no central layer exists.
T(x=-L)=T, . (3.2)
and
T(x=L)=T, (3.3)

Let O(T') be a linear function of T' (i.e., Q(T)=Q, +OQ,(T —T,)) and set
T =T ~T,. Based on Equation (3.1) 7 must satisfy

or | 8T .
C —=k——+ 1+8T 34
p v at axz QO( ) ( )

where
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)
0,

which is the sensitivity of the heat generation to temperature. Equation (3.4) can be

written in partly scaled form by defining 7=7 T" and t=7 ¢, where T = é and where

= EIS—“LZ . Then the equation to be solved is

* 2 *
la;t: =?.a§_+52(1+1"), —L<x<L (3.5)
(24

where

a=—kt and 62=S—Q°

pC, k
The value of &° indicates the strength of the heat source and the linear function
(1+T") indicates how fast it increases as 7" increases.
For simplicity in nomenclature, let us replace the scaled time ¢ and the scaled

temperature T~ in Equation (3.5) by ¢ and T , respectively, (i.e., drop the *’s). Then the

steady state temperature rise must satisfy

‘;Z+52(1+T)=0 (3.6)
where
T(x=-L)=0 (3.7
and
T(x=L)=0 (3.8)

The input variables of this problem are L, k and §°. The input variables L and k&

are held fixed. The only output variable, at steady state, is therefore 7" . It depends on x.
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Equation (3.6) is a linear, non-homogenous, second order ODE that can be solved
to give
T =Acosdx+Bsindx—-1, —L<x<L (3.9)

Now apply the two boundary conditions to find the constants j and B. This will give

AcosS8L—-BsinSL-1=0, x=-L (3.10)
and

AcosdL+Bsin6L-1=0, x=1L (3.11)
whence T for this sub-case of the planar problem can be written as

_coséx
cosoL

1 (3.12)

For this case, the temperature profile between the two walls is depicted in Figure 3-4.
The aim of this calculation is to predict the critical value of & (i.e., the value of &
beyond which no solution exists i.e., where the output variable 7 is not defined). From
Equation (3.12) one can see that 7" is not defined when the denominator of the first term
on the right-hand side vanishes (i.e., when cosdL = 0), where § is the only possible
input variable and its value can be freely set. The critical values of § at which T' ceases

to exist are termed &

critical *

From Equation (3.12) the critical value of & is found to be

5 T

L =— 3.13
critical 2L ( )

Now, based on the calculations done for case A, let us predict how the critical

points get shifted for the cases shown in Figure’s 3-2B, C and D.

Y cosSL =0 for 5L = mr/ 2, where n=13,5..., &__ will be the first of these values encountered in every
& from zero.
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For case B the central layer is located in the center of the geometry and this case is

symmetric. Because of this symmetry we can say that no heat is conducted through the

central layer and therefore the value of £¢ would have no effect. The temperature in the
central layer will be uniform and it will be the highest temperature existing between the
outside walls. By comparing this case with case A we can see that the only effect of
having a central layer is to change the thickness of the heat-generating region. In other
words, in case A the thickness is (L —0) while in case B it is(L — #) . From this the
critical point is expected to be

6 _ T
critical 2 ( L _ '3)

(3.14)

The critical value of & in case B is greater than it is in case A. This might mean
that, case B can stand a bigger S and/or smaller ¥ and/or larger L than case A. This
happens because of the fact that the thickness of the heat-generating region in case B is
less than it is in case A. And consequently, case B has less quantity of the heat-generating
material. From this we can conclude that thin regions of heat-generating material are
thermally more stable than thick regions.

Now let us return to our job of making predictions based on case A. Going on to

case C the central layer is shifted a distance & from the center of the geometry but no

heat transfer is permitted through this layer as it is assumed that £ = 0. This leads to two
completely independent heat-generating regions as no heat can be conducted through the
insulated layer. The temperature in each region is at its maximum at its adiabatic surface
and each region acts like a case A problem at twice its thickness. Hence, the thickness of

the thicker side determines the critical value of & . In case A the thickness is (L —0)
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while in case C two different distances must be taken into account, (L — S +¢) for the
thick region and (L — S — ¢) for the thin region, which represent the left and the right

side, respectively. The predicted critical point would then be expected to be the lower of

T
S . m——— 3.15
critical 2(L_,B+€) ( )
and

5 _ T
critical 2(L _ ,B _ 8)

(3.16)
Equation (3.15) must be controlling because its prediction is the lower one.

Finally, in case D the central layer is shifted a distance ¢ from the center of the
geometry but now the heat-generating regions remain in perfect contact as k© — o .

Based on this, one can deal with this case as if no layer exists between the two parallel

walls. Then the values of &£ will have no effect on the results and only £ must be

considered. The temperature profile would then be similar to that of case A except that
the central layer will cut this curve into two pieces, separating the two pieces by the
thickness of the layer, 2. Across the central layer the temperature is uniform. By
comparing this case with case A we can see that the effect is to change the distance from
the geometric center to the walls. The distance in this case, case D, is (L — ) . From this
the expected critical point would be thought to be

T

L A — 3.17
critica 2(L—-ﬂ) ( )

The predicted critical points for cases B, C and D will be shown to be correct from

the calculations given in the following section.
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3.1 The Parallel Plane Wall Problem
This problem is depicted in Figure 3-1 and described in full earlier. The

temperature rise 7' at the left-hand side must satisfy

oT , 0T

C,—=k—+0(T 3.18
P, o =koa o) (3.18)
at the right-hand side it must satisfy
oT 8T
C,—=k—+0(T 3.19
PO o = k5o o) (3.19)

and in the central layer it must satisfy

C 2C
p°Ce 5; — 2 ai; (3.20)

where Q0 (T) denotes the rate at which heat is produced in the material per unit volume. It

is positive and it increases as T increases. Some notation is illustrated in Figure 3-5.

The boundary conditions are

T(x=-L)=T, (3.21)
T(x=—B+8)=T (x=-f+¢) (3.22)
T(x=L)=T, (3.23)

and
T(x=pB+&)=T (x=pf+¢) (3.24)

with two more conditions at the interface, namely

C
kL el x=—f+¢ (3.25)
dx dx

and



41

dT dT*
k—=k¢ at x=f+¢ (3.26)
dx
The initial condition is
T = f(x) (3.27)
T=T T=T
|
H I i T
LHS : I i RHS
: : \
dT k€ dr¢ N
—_— — —— H 4 H
& k & : I ’
H . ¢
H | ¥
T~ \E_EE
A & k d
| | |
pCCCaT =kcazrc : TC=19
v 3 6x2\;\ l t
H t
{ | i
R
t | '
H . H
; |
] T ]! ; bl o’T :B
T 8 N I T
C =k +O(T : C,—=k=——+0O(T
PC.— e Q(); : E PC,— e o)
v
| Lo |
x=-L x=—ﬁ+3l x=f+¢ x=1

x=0
Figure 3-5. Planar geometry with the domain equations.

Again, let Q(T') be a linear function of T (ie,Q(T)=0,+0,(T-T,))and

againset T =T — T, . Next rewrite Equations (3.18), (3.19) and (3.20) in partly scaled

form by defining 7=T 7" and t=7 ¢, where T =% and where 7=£§"—L2 . Then the

equations to be satisfied are

*

lor _oT

S +8°(1+T"), —-L<x<-B+¢ (3.28)
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* 2 *
li:aT +8%°(+T"), B+e<x<lL (3.29)
o Ot o
and
'C m2peC
alca; =66i2 , —B+e<x<f+e (3.30)
where
_ o
a=t e KL 52=S% and =2
pC, p C, o,

As before the value of §° indicates the strength of the heat source and the linear
function (1+7") indicates how fast it increases as 7" increases. Again, for simplicity in

notation, drop the *’s.
The input variables for this problem are L, 3, ¢, k, k° and §°. All the input

variables are held fixed except 6. The only output variable, at steady state, is therefore

T . It depends on x.

By looking at Equations (3.28), (3.29) and (3.30) one can see that we are fortunate
as they can be solved at steady state conditions. The steady state solutions to these

equations are derived in the following section.
3.2 Observations on the Steady State Solutions

From Equations (3.28), (3.29) and (3.30) the steady state temperature rise 7,

steady
must satisfy

2

T
—dx”;"dywz(lwm@):o, —-L<x<-fB+¢ (3.31)

da’T.
—d;’;"dy + 821+ Ty) =0, B+e<x<L (3.32)
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and

d’Te

steady __

B =0, ~fre<x<fre (3.33)

where at the boundaries and at the surfaces separating the regions we must have

Tous(x=-L)=0 (3.34)
Toeaty(x=—B+8) =T, (x=-f+¢) (3.35)
T eaay(x=L)=0 (3.36)
and
Tﬂeaay(x=ﬂ+8):Tsiady(x=ﬂ+€) (337)
as well as
dT dT<
2 = €y =_Bte (3.38)
dx dx
and
dT dre
S S fC ey = Big (3.39)
dx dx

Equations (3.31) and (3.32) are linear, non-homogenous, second order ODEs which can

be solved easily to give
Tyeeay = ACOSOx + Bsindx -1, —~L<x<-f+¢ (3.40)

and
Tgensy =Cc0sSx+Dsindx~1, f+e<x<L (3.41)

Equation (3.33) is a linear, homogenous, second order ODE that can be solved to give

Towy=E+Fx, —f+e<x<f+¢ (3.42)
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Now we substitute these results into the six boundary conditions to determine
4, B, C, D, E and F . This will give
AcosdL-BsinSL-1=0, x=-~L (3.43)
Acosé(f-¢e)-Bsind(f-e)-1-E+FB-Fe=0, x=—f+¢ (3.44)
Ccos6L+Dsin6L-1=0, x=1 (3.45)
Ccosé(B+e)+Dsind(f+e)-1-E~-FB-Fe=0, x=f+¢ (3.46)

c

A§sin6(ﬁ——8)+B5cos5(ﬁ—s)—k7F=0 , x=—f+¢ 3.47)

and

c
—C5sin5(ﬁ+g)+D5cos§(,B+s)—k7F=0 , x=p+¢ (3.48)

Then, solve Equations (3.43) and (3.47) to find the constants 4 and B in terms of F

and solve Equations (3.45) and (3.48) to find the constants C and D in terms of F . The

results are
kC
ScosS(B—¢)+—FsinSL
A= k (3.49)
Scosé(L—p+¢)
k¢ :
— Fcos6L—8sind (B -¢)
B=-*k (3.50)
Scoss(L—p+¢)
kC
Scosé(B+e)——FsinSL
_ k (3.51)
Scoss(L-pB—¢)
and
kC
—FcosSL+6sind(f+¢)
D=-k (3.52)

Scoss(L—-pf—-¢)
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Next, substitute 4 and B given by Equations (3.49) and (3.50) into Equation (3.44)

which gives

C
! +k—Ftan5(L—,B+£)—-1—E+Fﬁ—F£=0 (3.53)
coso(L-pP+¢) ok

and substitute C and D given by Equations (3.51) and (3.52) into Equation (3.46) which

gives

1 K )
ool Bo) onl @dl-p-e)-l-E-Ff-Fe=0 (3.54)

Then, to find F in terms of L, B, £ and k¢ / k , subtract Equation (3.53) from Equation

(3.54), whence

F\:5—;[tan5(L—,B+s) +tand(L - B —g)]+2/3]
(3.55)

1 1
B [cos&(L -p—-¢) - coso(L-p+ e)}
To find the critical value of & as a function of L, 3, ¢ and k°© / k we seek values
of & where the solution does not exist (i.e., where F' is not defined). From Equation
(3.55) we see that F is not defined at one of the following two conditions. The first
condition is when the term multiplying it on the left-hand side vanishes. And the second
condition is when the term on the right-hand side of Equation (3.55) goes to infinity.

When the first condition is considered, the critical value of § must satisfy
kC
[?;—k—[tand(L—ﬁ+8)+tan5(L—ﬁ—£)]+2,B}=0 (3.56)

Now Equation (3.56) can be arranged as

256k
kC

[tanS(L— B +&)+tanS(L - —¢)]=~ (3.57)
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and the critical value of § can be found by substituting numerical values into this
equation and then the left hand and the right hand sides of this equation need to be drawn
as graphs vs. & . The points of intersection are the possible critical values of & .

Therefore, several numerical values of L, 8, &, k and i are examined.” Then,

to find the cﬁtical value of &, let us begin by plotting the left-hand side of Equation
(3.57) vs. 6. This is made to see how the graph of the left-hand side will look like and to
study the effect of change in £ on its shape. Thus, the left-hand side is drawn for two
different values of & and the results are depicted in Figures 3-6 and 3-7.

From these two figures we can note that, as ¢ increases the left-hand side term will
form the usual tangent curve. Also we see that, as the value of ¢ increases the tangent
curve becomes less sharper.

Finally, both the left-hand side and the right-hand side of Equation (3.57) are
considered and drawn as graphs vs. § for two different values of & as depicted in Figure
3-8 and Figure 3-9. The points of intersection are the possible critical values of J at the

selected valuesof L, 3, &, k and k.

From Figure 3-8 and Figure 3-9 we can note that, as J increases the left-hand side
term of Equation (3.57) will form the usual tangent curve while the right-hand side of the
equation will decrease linearly with & . Moreover, by changing the values of X and ¢ a

very important conclusion can be drawn. It is this: as k€ increases &

critica

, increases and

2 The values of k¥ and £° used in this work and in these calculations cover a wide range of materials. The
values of k used cover various types of materials such as solid metals, nonmetallic solids, nonmetallic

liquids and liquid metals while the values of k° used include solid metals and nonmetallic solids. The
approximate ranges for the thermal conductivity of various classes of materials can be found in Deen,
W.M., 1998, Analysis of Transport Phenomena, Oxford University Press, New York. The numerical values

for the thermal conductivity of various materials can be found in the CRC Handbook of Chemistry and
Physics, CRC Press, 70% Ed., Boca Raton, Florida.
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as ¢ increases &,,,, decreases. This might happen because of the fact that, as &“

increases more heat from the thick region can be conducted through the central layer
toward the thin region and this can increase the thermal stability of the system. On the
other hand, as ¢ increases the thick region becomes thicker and, therefore, it will
generate more heat and, for such a case, the thermal stability of the system decreases.
When the second condition is considered (i.e., when the term on the right-hand side

of Equation (3.55) goes to infinity), the critical value of & must satisfy

[cosS(L—,B+a)—c055(L—ﬂ—5)}_9Oo (3.58)

cosd(L—pB—&)cosS(L— L +¢€)
This mean that, either cosd(L — f—€) =0 or cosé(L — S +¢)=0. Therefore, two

critical points can be found. The critical point would then be expected to be the lower of

T
P T P — 3.59
critical 2(L _ ﬁ + 8) ( )
and
id (3.60)

Ocrteal =% 7 7>
(L-B-¢)
Equation (3.59) must be controlling because it is the lower one.
Now, two different limits of k€ can be investigated. First let X be zero. This
means that no heat can transfer through the central layer and this will result in the
formation of two completely independent heat-generating regions, one to the left of the

insulator and the other to its right. Equation (3.55) will then turn into

FzL{ 1 - ! } (3.61)
231 cosd(L—pP—-¢€) cosd(L—-pP+¢)

which can be rearranged as
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1 cos5(L—,B+g)—cos6(L—,B—g)}
_2/3 cosd(L—pP—-€)cosd(L—- L +¢)

(3.62)
Then, to find &,,,,,, the denominator on the right-hand side of Equation (3.62) must
vanish, which means that

cosd(L—p—¢g)cosd(L-L+€)=0 (3.63)

must hold, and based on this two critical points can be found. They are

s
F S P — 3.64
critical 2(L _ ﬁ + 8) ( )
and
i (3.65)

O e = ——————
critical 2([;-,6-8)
These are the results predicted earlier. Equation (3.64) must be controlling because it

gives the smaller critical value of & .

Now let k© be infinitely large. Again, the critical value of § corresponds to not
being able to find F', and for this to be the case the term multiplying F in Equation (3.55)

must vanish (i.e., Equation (3.56)),

{Z—;[tané(L—ﬁ+£)+tan5(L -—,B—e)]+2ﬂ}= 0

must hold. This can be rearranged as

285k

[tans(L~ B +e)+tanS(L~ B —¢)]=~ i

(3.66)

where the right-hand side goes to zero as k© — oo (provided & does not go to infinity).

This leads to

tanS(L— B +¢)+tanS(L— f—&) =0 (3.67)
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and by using the addition formula for the tangent function® we can see that Equation
(3.67) turns out to be

tan28(L - B)[1-tanS(L - B —¢)tand(L—- B +£)]=0 (3.68)
Then by using Equation (3.67), Equation (3.68) becomes

tan28(L — B)[ 1+ tan® S(L - B+5) |=0 (3.69)

and since only the first term can vanish, the critical point can be found by setting

tan26(L — B) equal zero. It is

w
O . o =—————
critical 2 ( L— ﬂ)

(3.70)
This result is depicted in Figure 3-10. It is the result obtained earlier by our
prediction process.
It is important to point out that, our search for the critical value of § as a function
of L, 3, ¢ and k¢ / k for this problem is based on the condition that F', which is given

by Equation (3.55), is not defined. But this cannot hold for the symmetric case (i.e.,

£=0), as in this case we found that T,

=F and F =0. Since F =0, then Equation
(3.55) cannot be used to find the critical point. Therefore, to solve the case where the
central layer is symmetrically placed we must reapply the six boundary conditions given

by Equations (3.34) to (3.39) into Equations (3.40), (3.41) and (3.42) taking into account

that F =0.

* The addition formula is,

tan A+ tan B

tan(A+ B) =
1F¥tan Atan B
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Thus, we rework the problem using Equations (3.40) to (3.48) where F =0 and

Tsfeady =E and we get

AcoséL—-BsindL-1=0, x=-L (3.71)
Acoséff—Bsinf-1-E=0, x=-p (3.72)
Ccos6L+DsindL-1=0,x=1L (3.73)
Absinép+BScossf=0, x=- (3.74)
Ccoséf+Dsinéf—-1-E=0, x=, (3.75)

and
~C8sindf+DScosdf =0, x=p (3.76)

Then, solve Equations (3.71) and (3.74) to find the constants 4 and B and solve
Equations (3.73) and (3.76) to find the constants C and D . From this we find that 4A=C
and B =-D . Therefore, Equations (3.72) and (3.75) are linearly dependent and the
constant E can be found from any one of them.

Then, by substituting the values of 4, B, C, D and E into Equations (3.40), (3.41) -

and (3.42) the base solution can be obtained. It is

_ _cosé(x+p) . _
Tsteady - COSé(L—ﬁ) 1 B L<x< ﬂ (377)
_cosé(x—-p)
steady — COSé(L—ﬁ) 1 > ﬂ <x<L (3-78)
and
T;(r:eadyz———l————la _ﬂ<x<ﬂ (3.79)
coso(L— )
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Based on this the critical value of & (i.e., the value of § where the output variable

T,..4y €0€s to infinity), can be found. This happens when the denominator of the first

term on the right-hand side of Equations (3.77), (3.78) and (3.79) vanishes (i.e., when
cosd(L - ) =0), and the critical point is then given as

s =T
critical 2 ( L _ IB)

(3.80)
This agrees with our earlier prediction.
‘We can summarize what we have done thus far in the case of the parallel plane wall

problem. At first a simple case with no central layer was worked out and plausibility

arguments were advanced from which &, , could be predicted when changes in

geometry and thermal conductivity were made. These predictions were then verified by
formal methods. What we learnt is that even for these simple problems the manipulations
that determine the critical points are not ordinarily simple. The problem becomes even
more complicated if by introducing the displacement of the central region temperature
variation in another dimension is created. This is precisely what occurs in the case of the
distorted annulus (i.e., a pipe containing a central rod), problem as we shall see in the
next chapter.

Now one way used to deal with harder problems is to change the geometry slightly
and to use domain perturbation methods. This approach could then be tested on the
simple problem given above before it is used on a more complicated problem. However it

turns out that, when 6 =6, it is very difficult to apply the perturbation technique

directly to the simple equations. To explain the reason behind this let us consider the

symmetric problem as our reference state which, as we know, has its own &

critical *

Then to
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find &, for the perturbed problem, where the central layer is slightly offset, we must

expand about the solution of the reference state but that might have already blown up.

This happens when &, of the perturbed geometry is greater than it is for the reference

state and it means that, we are trying to expand around a case that does not exist. On
account of this, we cannot see the effect of the perturbation on the thermal stability of the
problem. On the other hand, if the solution of the reference state does not blown up (i.e.,

S, Of the perturbed geometry is less than it is of the symmetric one), then the

perturbation terms, the correction terms that account for the displacement, in the
expansion must blow up* and hence the perturbation series makes no sense, as the
correction terms must be smaller than the solution of the reference state. Because of this
we cannot see the effect of the perturbation on the thermal stability of the problem. Based
on these two observations we can see that no conclusion can be drawn from applying the
domain perturbation method directly to the equations of the simple problem and that
might be due to the fact that the unboundedness or nonexistence of solutions is being
used to test for the critical conditions.
Because of the difficulties associated with applying a domain perturbation method

“directly to the equations themselves in order to find out under what conditions a variable
becomes infinitely large, another approach is taken. Note that these problems are linear
no matter the geometry and if they are treated as initial value problems then for &
beyond its critical value an arbitrary initial condition should become unbounded. What
this means is that if the problems were solved by eigenfunction expansion an eigenvalue

would be positive. The critical value of & should then correspond to the greatest

 Remember that the critical value of & is identified by infinite maximum temperature.
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eigenvalue just becoming zero and no singularity would have to be dealt with. Thus, the

way to proceed is to set up the eigenvalue problem and solve it for a simple reference

case, say with the layer at the center. The eigenvalue problem with a displaced layer is

then solved by perturbing the solution to this problem about the reference state. This

provides a way to get a solution as no “infinities” ought to be encountered. The

eigenvalue method is illustrated in the following section, however it is not carried out to

reproduce all our earlier results. It is applied here to the layer free case and the symmetric

case. Its use in non-symmetric cases will be presented in the next chapter when the rod

and pipe problem is taken up.

3.3 The Eigenvalue Problem

To get the eigenvalue problem first define 7" = T'(x,t) — T, (x) . Then substitute

T=T+T

make use of the Equations (3.31), (3.32) and (3.33) for T,,,,, to get

’ 21
l%Tt_=6672’ +8°T", —L<x<-B+¢
a x
] 2
_1_687; =85x]; +8°T', B+e<x<L
o
and
1C 2C

where at the boundaries and at the surfaces separating the regions we must have
T'(x=-L)=0
T'(x=-P+&)=T (x=-B+¢)

T'(x=L)=0

eady into the unsteady equations (i.e., Equations (3.28), (3.29) and (3.30)), and

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)
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and
T'(x=B+8)=T"(x=LF+¢) (3.87)
as well as
k£=kcﬂi,x=—ﬂ+g (3.88)
dx dx
and
ar’ dr’c
k = =k ol x=f+¢ (3.89)

Keep in mind that for simplicity in notation the scaled temperatures 7~ and T
and the scaled time ¢ appearing in Equations (3.28), (3.29) and (3.30) has been replaced
by T, T¢ and ¢, respectively.

Now to get the eigenvalue problem let us apply the separation of variables method
into Equations (3.81), (3.82) and (3.83). But before doing so let us make it clear that 7’

and T’ are the same variable but it is defined over different regions and that « is
function of x, as its value changes from one region to another. To use the separation of

variable method, let us define 7’ and T'C as
T'=e*"y, —L<x<-f+¢

T'=e*y, P+e<x<l

and
2
TC=e*y, ~B+e<x<fB+e

where ¢ is the growth rate at which the temperatures in the three regions grow. Then,

let us substitute these definitions back into Equations (3.81), (3.82) and (3.83) to obtain



2 2
lexl’zy+(52+—l—}//=0, —L<x<-fB+¢ (3.90)
o
2 2
df+p¥+iqw=o, B+e<x<L (3.91)
dx a
and
2. C 2
%£}+§Ewc=o,_ﬁ+g<x<ﬁ+g | (3.92)

where —A” is the growth rate constant, the eigenvalue, and where i is the

eigenfunction. The critical value of &, &,,,,, is reached when the growth rate constant,

—A?, becoming zero. However, These equations can be written in a simpler form by

defining
2
o’ = [52 +£—J (3.93)
a
and
2
A’ = (%J (3.94)
a
Then, the eigenvalue equations become
d’y
2 +oy =0, —L<x<-fB+¢ (3.95)
d2l// 2 L
o +o0y =0, f+e<x< (3.96)
and
dZWC

7£r+AwF=o,—ﬁ+g<x<ﬁ+g (3.97)
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where o’ is an output that describes the strength of the thermal diffusion. It is always

positive and it can be redefined as

o’ = (52 +i2] = (52 +“—CA2] (3.98)

The boundary conditions are

w(x=-L)=0 (3.99)
v(x=-B+&)=y° (x=-f+¢) (3.100)
w(x=L)=0 (3.101)
and
w(x=B+¢g)=y (x=+¢) (3.102)
as well as |
%ch_zkcd;/xc x=—fte (3.103)
and
dy _gedy®
ek xo s (3.104)

Equations (3.95), (3.96) and (3.97) are linear, homogenous, second order ODEs

which can be solved to give
w=Acosox+Bsinox, —L<x<-f+¢ (3.105)

w=Ccosox+Dsinox, f+e<x<L (3.106)

and

w© =EcosAx+ FsinAx, —B+e<x<f+e (3.107)
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Now to find the constants 4, B, C, D, E and F' substitute these expressions into

the six boundary conditions to obtain

AcosocL—-BsinocL=0, x=-L (3.108)
Acoso(p—€)—Bsino(f —¢) . (3.109)
—EcosA(f-e)+ FsinA(f-€)=0, x=-f+¢
CcosoL+DsincL=0, x=L (3.110)
Ccoso(fB+¢&)+Dsino (B +¢) G111
' —EcosA(B+&)-FsinA(f+&)=0, x=8+¢ '
Aosino(f —€)+ Bocoso(f—¢) 3112
—k[EASinA(B—¢g)+ FAcosA(B—-¢)]=0, x=—-fB+¢ (3.112)
and
—Cosino(f+&)+ Docoso(f+¢) 3113
—k[-EAsinA(S+&)+ FAcosA(B+¢)]=0, x=,8+g( 113)
Various cases can be worked out and they are illustrated in the following sub-
sections.

3.3.1 Case 1: The Planar Problem with No Central Layer
This is the case of no non-heat generating layer and it is the simplest of the cases.

The eigenvalue problem for this case can be written as

2
‘zlx‘{ngu:o . —L<x<L (3.114)

This equation is a linear, homogeneous, second order ODE which can be solved to
give
w=Acosox+ Bsinox, —L<x<L (3.115)

where y must satisfy
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w(x=-L)=0 (3.116)
and
w(x=L)=0 (3.117)
whence
AcosocL—-BsincL=0, x=-L (3.118)
and
AcosoL+BsincL=0, x=L (3.119)

Equations (3.118) and (3.119) can be written in matrix form as

cosocl sincl || A 0
. = (3.120)
cosocl -—sinolL || B 0
To find a solution other than 4 =0 and B =0, the determinant of the above matrix

must vanish, which means

—2cosoLsincL=0 (3.121)
In other words we must have’
—sin20L =0 (3.122)
and hence
c="2  1n=01,23,.. (3.123)
2L
If n=1 then
T
ol = 3.124
ln=1 2L ( )

and Equation (3.120) turns out to be

’ From the double-angle formula (i.e., sin2A4 =2sin Acos 4 ).
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B _IJE}:m (3.125)

Whereupon 4 can be anything while B must vanish and the eigenfunction v, is

cosLo],_,.Nowas o” = 5" +(4’/ar) we have for the growth constant

2 2_2
_’l_z_’zzz + 82 (3.126)
o
and our solution takes the form
T'=Awe ™ + dye™ + Aye™ +... (3.127)

As we stated earlier, the critical value of & (i.e., J,_,,,), is reached when the

growth constant, —A’, is equal to zero. Thus, from Equation (3.126) and at » =1 we find

5 T

critical = 5L (3.128)

This is the result found from the steady state calculations for the same problem solved at

the beginning of this chapter. From Equation (3.126) one can see that the eigenvalue,

—A?, depends on &7 and Figure 3-11 gives a clear idea on how they are related.
To understand Figure 3-11, let us take an arbitrary disturbance and expand it as the

sum of the eigenfunctions y,,¥,,¥,,....\,, where each of these eigenfunctions is

multiplied by the growth rate e, as given by Equation (3.127). Then, referring to the
points marked in Figure 3-11, at point 1 the eigenvalues, —4°, for v,,y,,,,...,, are
negative. Therefore, at point 1 the whole problem is thermally stable since all the growth
rates will die. At point 2 the eigenvalue for the y, part only is positive then the growth
rate for y;, will grow while the growth rates for v, ,y,,...,iz, will die. Therefore, at point

2 the problem is thermally unstable. However, consider the two points located on the
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n=1 line. On this line we see that, points 3 and 4 are stable points as they are located in
the region where the eigenvalues are negative. But point 3 is thermally more stable than

point 4 because point 4 is much closer to the critical point, &

critical ®

than point 3 and its
growth rate will die slower.
Based on our understanding of Figure 3-11 and from Equation (3.93) which can be

rewritten as

2
Y S (3.129)
a

we can conclude that anything that lowers the grom constant, —A°, makes the system
more stable (i.e., allows greater values of §°), and since the critical value of § is at
—2* =0, then bigger values of 5 corresponds to bigger ¢ which means higher thermal
diffusion.
3.3.2 Case 2: The Planar Problem with Central Layer at £ =0

This is the case when the non heat-generating layer is centered between the parallel
plane walls. Now substitute the solution to the domain equations (i.e., Equations (3.105)
to (3.107)), into the six boundary conditions taking into consideration that £ =0

whereupon Equations (3.108) to (3.113) turn out to be

AcosoL—-BsincL=0, x=-L (3.130)
Acosoff — Bsinoff—EcosAB+FsinAf =0, x=-0 (3.131)
CcosocL+ DsincL=0, x=L (3.132)
Ccosof+ Dsinoff —EcosAf —FsinAf =0, x=p4 (3.133)

Ao sinof} + BO'coso;B—k[EAsinA,B + FACOSA,B] =0, x=-p (3.134)

and
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—Cosinof + Docosoff —k[-EAsinAB+ FAcosAB]=0, x=4  (3.135)
Then, solve Equations (3.130) and (3.134) to find the constants 4 and B in terms of £

and F and solve Equations (3.132) and (3.135) to find the constants C and D in terms

of E and F . The results are

e kAsinocL[EsinAB — F cos AS)

(3.136)
ocoso(L—- p)
_ i - A
B kAcoscL[EsinAf — FcosAp] (3.137)
ocosa(L—f)
. . A
C___kAsmaL[EsmAﬁ+FCOS Al (3.138)
ocoso(L—- L)
and
i A
D=kAcosaL[EsmA,B+FCOS Al (3.139)
ocoso(L—-p)
Then substitute 4 and B into Equation (3.131) and C and D into Equation (3.133) to
get
© kAsinABsino(L- ) _cosAB
ocoso(L~-B)
. (3.140)
_F kAcosABsino(L—-f) —sinAB |=0
ccoso(L—p3)
and
E kAsinABsino(L-f) —cosAS
ccoso(L-f3)
. (3.141)
o F kAcosA,Bsmo-(L—ﬂ)+SinA/3 =0
ocoso(L-p)

Equations (3.140) and (3.141) can be written in matrix form as



G o | B 10 3.142
a, ay||F| |0 (3-142)

where
4 = [kA sinABsino(L - f) _COSA’B]
ocoso(L - f)
a, = _{kAcosA,BsinO'(L -5 —sinAﬁ:I
ocosa(Ll—-/f3)
o =[kz\sinAﬂsina(L-ﬁ) _CosAﬁ]
ocoso(L-f)
and
o, ={kAcosAﬂsin0'(L—ﬂ) +SinA4
ocoso(L—- /1)

To find a solution other than £ =0 and F =0 the determinant of the matrix given

in Equation (3.142) must vanish, which means

o KASMALSING(LP) _ o5\ | KACOSAISINOU=P) | (5 143,
ocoso(L— /) ocoso(L—f)
Equation (3.143) can be simplified and written as

kAtan Af =ocoso(L - f) (3.144)

Now on putting —4* = 0 into Equation (3.144), to get the critical value of & , We

find that
5critical Cos 5critical (L - ﬂ) = 0 (3 145)
and hence

nw
O iy =———— , n=13,5... 3.146
critical 2( I — ,B) h ( )
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Then based on Equation (3.93) which can be written in this case as

2 2_2
N S A = - (3.147)
ETY)
we find
2 2
L (3.148)
4(L-pB)
and the critical value of & (ie., &,,.,), at n=1 will be
2
2 T
critical — (3149)
ritical 4 (L _ ﬂ)Z
which means
T
S . =—— 3.150
critical 2 ( L _ ﬁ) ( )
which is what we expected from our prediction process and from our steady state
calculations. From Equation (3.93) which can be written as
2 2.2
A nm 52 (3.151)

a  a(-p)
we can see that —~A° depends on &7 and Figure 3-12 gives a clear idea on how they are
related. Note that the explanation given earlier on Figure 3-11 can still be used to
understand what is going on in Figure 3-12.

Again, from Figure 3-12 and Equation (3.93) we can conclude that as the growth
constant, -4, decreases the system becomes thermally more stable (i.e., allows bigger

values of 6”), and since J,,,,, is determined at ~A% =0 then bigger values of &

[s14

corresponds to bigger values of ¢* which means stronger thermal diffusion.
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Now, from Equations (3.126) and (3.151) we notice that, as » increases the growth

rate, —A*, decreases and consequently the thermal stability of the system increases. This
can be seen in Figure 3-11 and Figure 3-12. That is the higher » terms are more stable

than the lower »n terms (i.e., n =2 is more stable than » =1). This happens because of

that, as n increases the strength of the thermal diffusion, o, increases. This can be
explained in another way that is the higher the value of »n the more wiggly the
eigenfunctions will be, because the eigenfunctions are defined in terms of cosox and
sinox . And as we know, the wigglier the eigenfunctions are the stronger the diffusion
and the stronger the diffusion the more stable the system will be. Therefore, the value of
o’ can be used as an indication of the stability of the system (i.e., the higher the value of
o’ is, the more stable the system must be).

From all of the above it is clear that the algebraic manipulations which are involved
in trying to get the critical points from the planar geometry either by way of a direct
calculation or via the eigenvalue problem solution are not very complicated but that will
no longer be the case in a cylindrical geometry. And this task will get even more difficult
for the proposed problem of ignition in a distorted annular geometry.

In Appendix B we draw a chart through which one can easily follow up the ways
and the methods used in this chapter to solve the planar problem.

From this chapter we can conclude the following:

1.  Thin heat-producing regions are thermally more stable than thick heat-
producing regions.

2. Itishard to perturb about the solution of a problem which has a critical point
defined when T — . Now if perturbations are not necessary as they are not
in this chapter then that is not a problem. But if perturbations are required as
in harder problems, another method needs to be found, as it is hard to perturb
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about infinity. Recall these problems are linear, we can get around this
difficulty by going to the eigenvalue problem.

3. For the problems considered in this work, the value of the diffusion strength,

o, can be used as an indication on the stability of the system. That is: as the
diffusion strength increases the thermal stability of the system increases.

The work so far goes as follows; in chapter 1 the reasons for studying and working
on this problem were discussed along with its physics; in chapter 2 we gave an example
of how a geometry change could be expected to affect the thermal stability of a heat-
producing region and in this chapter the simple planar problem made it clear that the
calculations for a more complicated problems must involve a perturbation scheme. In the
next chapter the solution to the problem of the thermal stability of a heat-generating

annular region will be taken up to see the effect of the central rod being displaced.



CHAPTER 4
THERMAL STABILITY OF A HEAT-GENERATING ANNULAR REGION

This chapter presents the solution of the problem of the thermal stability of a heat-
generating annular region, for which the mathematical methods and tools learned from
Chapter 2 and Chapter 3 are applied.

This problem is solved under the assumption that heat is being transferred only by
conduction; the calculations are done for three different boundary conditions for the inner
wall while the boundary condition at the outer wall is held fixed (i.e., it is isothermal).
These boundary conditions are: |

1. Isothermal inner wall

2. Adiabatic inner wall

3. Perfectly conducting inner wall

This is to show how the thermal stability of this problem can be affected by
changing the boundary conditions. The results obtained from the three cases are
compared and a conclusion is drawn. The heat transfer assumption is then modified as a
little forced convection is added. The reason behind this is to study the effect of each of
these two heat-transfer modes (i.e., heat transfer by conduction and by both conduction
and convection, on the thermal stability of this problem).

Now by working a simple introductory problem, details can be made clear that
otherwise might be obscure in a more complicated problem. This simple problem is to
study the thermal stability of a perturbed circular disk (i.e., an ellipse), and its solution is

illustrated in the following section.

73
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4.1 Thermal Stability of a Perturbed Circular Disk

Let us begin by describing the physics of this problem. To do this, consider Figure
4-1A. Tt depicts a heat producing material shaped in the form of a circular disk with a
radius R . Hezit is lost to the surroundings through the boundary of the disk which is
held at a fixed temperature denoted T,,. The thermal conductivity of the material in the
disk is k. The heat source will be taken to depend linearly on the temperature of the heat-
generating materi.al.

Now let us perturb this circular disk into the shape of an ellipse holding the area of
the disk fixed. Figure 4-1B illustrates the effect of such a perturbation on the shape of the
disk. In this figure, @ and b are the major axis and the minor axis of the ellipse,
respectively, and £ indicates the amount by which the radius of the circle is changed
(i.e., a=R,, +¢&). Then the question arises, does the deformation in the shape of the disk
enhance its thermal stability or not? In other words, how high can the strength of the heat
source be (i.e., how high can we go with §), without losing the thermal stability of the
system? Before the answer to this question is presented let us try to guess it. For a fixed
area, the circumference of an ellipse is longer than that of a circle. Based on this we can
guess that, the elliptical disk is thermally more stable than the circular disk. To see if this
is so the critical value of &7 for the two shapes needs to be determined. This will be done
in the following section.

The calculation of the critical value of delta. To begin let us consider the

perturbed disk illustrated in Figure 4-1B. The temperature rise in this problem can be

described by the thermal energy equation
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Heat transfer by
conduction

Heat transfer by
- conduction

r=R(t9,8)

S|

Figure 4-1. Geometry of the auxiliary problem before and after the perturbation. A) The

unperturbed geometry (The circular disk). B) The perturbed geometry (The
elliptical disk).

ofr [1a( or\ 1T
C, k| =2 LT or 4.1
iy {r@r(rﬁr) r2892:| o) &-D

where p and C, denote the constant density and the heat capacity of the heat-producing

material, respectively, T is the temperature field and O (T) denotes the rate at which



76

heat is produced in the material per unit area. The temperature is subject to two boundary

conditions viz.,

T(r=R)=T, 4.2)

and
T'(r =0) is finite (4.3)
Let O(T') be a linear function of T (i.e., Q(T) = 0,+0,(T-T,)) and set

T=T-T - Based on Equation (4.1) T must satisfy

or 1o( ar\ 18T .
C—=k|—| r=|+=""—|+0 (1+ST 4.4
PC— [ri (r 8r} > agz] 0,( ) “4.4)

where S =0, /0, which is the sensitivity of the heat generation to temperature. Then
rewrite Equation (4.4) in partly scaled form by defining 7 =7 T and t =7 ¢’ , Where
T =1/S and where T = pC,#* [k . Then the equation to be solved is

1T 16, a7, 187

. S E S S Y eI 45
cor ral e e T (+5)
where
a= g 57 =25
pC, k

The value of 67 indicates the strength of the heat source and the linear function
(1+7T") indicates how fast it increases as T increases.
By dropping the * ’s Equation (4.5) will become

10T 10, 0T, 18T .,
—— e (P + =+ 521+ T 4.6
o ot rar(r ar) r* 06? ( ) (4.6)

where
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T(r=R)=0 4.7)
and
T(r=0) is finite (4.8)
and the steady-scaled temperature rise must satisfy

1o, 07T, 1asz
0= T 555+ 8 (14 Ty 4.9)

The input variables of this problem are R, k, &€ and 5. The input variables

R,.> k and & are held fixed. The only output variable, at steady state, is therefore T

steady *

It depends on » and 4.

Based on what we learned from Chapter 2 and Chapter 3, this problem can be
solved by the domain perturbation method.! Since we want to determine the critical value
of 8% which is defined when T — o , the method cannot be applied directly to the
domain equations. Instead we must introduce the corresponding eigenvalue problem and
solve it for a reference case, the circular disk. The eigenvalue problem for the elliptic disk
is then solved by perturbing the equations about the reference state.

Now, to get the eigenvalue problem define T’ = T'(r,6,1) - T,..(r60). Then

steady

substitute T =7"+T,,,, into the unsteady equation (i.e., Equation (4.6)), and make use

of the Equation (4.9) for T,,,,, to get

l@T' 13 aT') 1 8*T"
a ot ror  or 2802

+8°T (4.10)

where

! Appendix A gives a detailed explanation on how to carry out a domain perturbation.
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T'(r=R)=0 4.11)
and
T'(r =0) is finite (4.12)
To get the eigenvalue problem let us apply the separation of variables method to
Equation (4.10). To do this, define 7" as
T'(r,0,t) =v(r,0)y ()
and substitute this, into Equation (4.10) to get two differential equations, one in ¢ and one

in 7 and & . They are

=0 4.13
oA (4.13)
and
2 2
12@5”@9))%5 A0 1 52+ o0y =0 (4.14)
ror or r° 06 o

Equation (4.13) can be solved to give
y(@) = Ce™** (4.15)
where C is the integration constant, e™*" is the growth rate and —A is the separation
constant or the growth rate constant. Equation (4.14) is what we are looking for. It is the

eigenvalue problem that describes the temperature rise in the ellipse. Let us rewrite this

equation in a simpler form by defining

ct= 52+/?'—2 —/1—2=cf>‘2—0“2
) «a

then it becomes

18,00, 18
or 2

¥ Or r* 06*

+o’v=0 (4.16)
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which is same as
Vio+olv=0 4.17)
where o is the eigenvalue and v is the eigenfunction that is subject to two boundary
conditions viz.,
v(r=R)=0 (4.18)
and |
v(r =0) is finite (4.19)
Based on what we learned in Chapter 3, anything thé.t lowers the growth constant, —12,
makes the system more stable (i.e., allows greater values of 5%), and what lowers —1? is
o , the eigenvalue or the strength of the diffusion, and since the critical value of &7 is

reached when -1’ =0, then larger values of &% corresponds to larger values o> which
means higher diffusion rates. Thus, the effect of perturbing the circular disk on its
thermal stability can be shown via the change in the value of o
Now to solve this problem the elliptical disk (i.e., the perturbed shape), needs to be
defined. To do this, let its boundary be denoted as
r=R(6,¢) _ (4.20)

Now, the area of a circular disk is given by

Acircle =7 Rjut (42 1)
while the area of an ellipse is
Aellipse = ”ab (422)

But, the area of the disk is to be held fixed for all the cases, thus

7R = rmab (4.23)

out



80
while

a=R,+e=R (1 +Eg_) (4.24)

out

Then by substituting Equation (4.24) into Equation (4.23) we can find 4 in terms of R,

and ¢, thatis

2

pe—Roe R (4.25)

‘Rout +& 1+ ._‘f"_

Rout

Therefore, b can be written as
g &
b=R |1-—— 4. 4.26

- Rout Rjut ( )

In addition to this, we know that any point on an ellipse must satisfy

2 2
%Hb’_z =1 (4.27)

where X and Y denote the Cartesian coordinates of the points (R,#) on an ellipse and
in this case they are given in terms of R and @ by
X =Rcosé (4.28)
and
Y =Rsind (4.29)
Then substitute the values of X and Y into Equation (4.27). This leads to

2 2 2 2
R cozs 6 R s;;l 6’=1 (4.30)
a

and multiply this equation by a’? to get

R’ [bz cos’ 8 +a’ sin’ 9] =a’h* = R!, (4.31)
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Then, substitute the values of @ and 5 given by Equations (4.24) and (4.26),

respectively, into Equation (4.31). As a result of this, R, must satisfy

2 2
R*|| R, - tor || oS0+ R,, L+ sin’@ |=R!, (4.32)
out out out

which can be expanded and arranged as

2 ' 2
(RR ] lil+]§—g(sin26’—cos2 9)+;2 (1+2cos2 9)+...}=1 (4.33)

out out out
Equation (4.33) defines the perimeter of the perturbed disk as R = R (6,¢).

Now we must solve our eigenvalue problem by perturbing Equation (4.17) about
the reference domain (i.e., the circular disk). To do this, let us assume that & is small and
expand R, v and ¢ in powers of ¢ to obtain problems in U,,U;,0,,... on the reference

domain by using the domain perturbation method presented in Appendix A. Then the
expansion of R can be written in the form

2

R=R +&R, +%R2 o (4.34)

where
R =R, (4.35)

and R, and R, can be found by the substituting Equation (4.34) into Equation (4.33), and

expanding (R/R,, )2 , Which gives

2 2
+2R——+R SRR, E . 1,2 (sin® 8~ cos?6) +
Rout Rout Rout L Rout

(4.36)

822 (1 +2cos? 6’) +J =1

out
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From this we obtain at order &'

dR
R ="Z(c=0)=cos20 4.37
1 d8 (8 ) cos o . ( )

and at order £*

d°R —l+écos490 —c0s26,
(6=0)=—2—2
de’ R

0

R, = (4.38)

The expansion of v on the domain, by using the rule given in Appendix A, can be
written as

2
£
u=uo+£ul+—2—uz+.., (4.39)
and the expansion of ¢ can be written as

2
o’ =6 +&0? +%—0'22 o (4.40)

The problems to be solved are: At order £°, which is the reference problem on the

circular disk, the domain equation is

Vi, +0’v,=0 (4.41)
where v, must satisfy
0,(r, =R,) =0 (4.42)
and
v, (7, = 0) is finite (4.43)

For order &', the domain equation is, again on the circular disk,
2 2 2
Vo, +o,v+0,0,=0 (4.44)

where v, must satisfy
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do

v(r,=R,)=—-R —= (4.45)
T,
0 1r=Roy
and
v (r, = 0) is finite (4.46)
For order &, the domain equation is
1 2 l 2 2 1 2 '
EV uz+50'002+0'101+50'200 =0 4.47)
where v, must satisfy
2
S b I - I X (4.48)
0 Ir,=R, o To=Rout o 1o=Rous
and
v, (r, = 0) is finite (4.49)

To explain where Equations (4.45) and (4.48) come from?, notice: the expansion of v at

r=R(0,¢), is given by

v(R,0) =, + g(ul + Rf;—“:} +%2(02 +2R, ‘;“1 +R ‘Z"o +R, %% ] o
and v(R,0) must vanish for all values of ¢.

As we mentioned earlier, the effect of perturbing the circular disk on its thermal
stability can be seen from the change in the value of ¢. Then to study the change in the

value of &%, we must find the values of o2, o and o?. These values can be found from
o 1 2

the solutions of Equations (4.41), (4.44) and (4.47), respectively.

% Note that the perturbed boundary conditions are no longer v = 0 because they try to simulate the original
condition v =0 on the ellipse by putting a condition other than v = 0 on the circle.
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Let us start with the v, equation, which represents the reference state. By solving

this equation the value of ¢ can be found. To do so, let us write v, as the product of

two factors, viz.,

0,(7,,6,) =R(r,)3(6,)

and then substitute this into Equation (4.41). This will then give two ordinary differential

equations one in €, and one in 7, . They are

d’H

7 +M* =0

and

ar? dr

o o

2 2
d9{+;1_dﬁ+(az_ﬁ/fz_)q{=0

where M? is the separation constant.

The solution to the first equation is

H = ;IcosMeo +BsinM6’0

(4.50)

(451

(4.52)

where 4 and B are arbitrary constants. For this case the range of € is 0<6, <27 ;and

in this situation no boundary conditions are prescribed at 6, except the requirement that

the temperature and hence the eigenfunction should be periodic in 6, with period 27 .

This condition requires M to be an integer, that is M =0,1,2,3,.... This means the

solution for Equation (4.52) correspond first to M =0 thento M =1 and so on.

The solution to the second equation is

R = AJ,(r,0,)+BY,(r,0,)

(4.53)
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where J,,(r,0,) and Y, (r,0,) are Bessel functions® of order M of the first and the
second kind, respectively. The constants 4, B and o, remain to be determined. To do
this we turn to the boundary conditions for this equation viz.,

R(,=R,,)=0 (4.54)
while

R (r, = 0) must be finite (4.55)

The second boundary condition tells us that B must be zero and, therefore, 4 can take

any value except zero. Then, the solution of Bessel’s equation reduces to
R =A4J,(r0,) (4.56)
and the allowable values of o, are the roots of J,,(r,c,) =0, where M =0,1,2,3,.... To
cach M there are many values of o, . The lowest one is the smallest root corresponding
to M =0. This is the value of o, of interest it determines the critical value of &2.
The corresponding eigenfunction is
v,=A4J, (rOO'O) (4.57)

Two derivatives of this eigenfunction® will be needed later. They are

It is important to mention that, the ¥ ' (&) functions become infinite as & becomes zero. More information

on Bessel’s differential equation and Bessel functions and their propertles can be found in McLachlan,
N.W., 1955, Bessel Functions for Engineers, Oxford University Press, 2" Ed., Oxford. and in Watson,
G.N,, 1995, A Treatise on the Theory of Bessel Functions, Cambridge Umversny Press, 2™ Ed., New York.

* Formulas for the derivatives of Bessel functions are (Mickley, H.S., Sherwood, T.K. and Reed, C.E.,
1957, Applied Mathematics in Chemical Engineering, McGraw-Hill, 2’Jd Ed., New York.),

d az, (ax)- £ Z (ax)
—[z,(ax)] = x L Z=JY
& -aZ (ax)+ ﬁZ ,(ax)
x

p+l
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‘;‘:o = A[-0,J,(,6,)] (4.58)

o

and

d’v,
dar?

[

= —O'OAI:—O'OJZ(}’OO'O)+—1—JI (rDO'D):I (4.59)
r

o

The next step is to find the values of o] and o7 . By obtaining these values we can

determine o defined earlier as

2
£

o’ =0’ +e07 +—0 +...
2

and draw a conclusion about how the perturbation affects the thermal stability of the
system.
Now, to find 0'12 we must solve the first order problem
Vo, +clv +olv, =0

where v, satisfies

and
v,(r, =0) is finite
Before solving for v, let us prove that o} =0. To do this, multiply Equation (4.44)
by v, , which gives
| v, V0, + oo, + o0l = (4.60)

and multiply Equation (4.41) by v,, to get
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vV, + oo, =0 (4.61)
Then, subtract Equation (4.61) from Equation (4.60), to obtain
v,Vo, v, V0, + o =0 (4.62)
Equation (4.62) can be written in a simpler form using the following relationship
AV’B=V-(4AVB)-VA-VB
to get
V-(0,V0)-V-(u,Vv,)+ 0702 =0 (4.63)
Now let us integrate Equation (4.63) over the reference domain to get,

[[(v-(0,v0,)-V-(0,90,)+ o702 )da =0 (4.64)

area

and then by use of the divergence theorem’, Equation (4.64) can be written, first as

I (7i-(0,V0)-7-(,VD,))ds + H(ofuf)d/l =0 (4.65)

perimeter area

and then, using ds=d@ R and dA=d@rdr , as

0~ “out oo "0’
Roy 27 2z )
- [ [(otv?)db,r,dr, = R, [(vi- Vo) -(vii-Vv,))d8, (4.66)
0 0 0

where 7 is the unit outward normal to the circle viz.,
=i . (4.67)

Equation (4.66) reduces

out

Then, because v, =0 and v, = -R,(dv,/dr,) at r, =R

to

* The divergence theorem can be expressed as

[[(v-a)aa= [ (7-4)as

perimeter
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Ry 27 2
j j *)do,r,dr, =R, j R (dr ] . do, (4.68)

ut

Now, (dv,/dr,

. is independent of &, and R, is given by R, =co0s26, hence

Equation (4.68) becomes

R, 2rx dU 2 2z
”al v2)d6,r.dr, = Rm( ] [cos26,d6,=0 (4.69)
dr, R, 0
whence
Ry 2r
[ [(ctv2)aé,dr, =0 (4.70)
0 0

Because v; is not zero, o; must be zero. From this we can conclude that o has no

effect on o . This is the expected result. Indeed if we resolve this problem by taking a

to be the minor axis and writing @ = R , + £ where & is now negative then we obtain
again ¢ =0 +£07 but it would appear that o is increased in the first case, decreased
in the second. But the two problems are the same and to get the same answer o7 must be

zero. Likewise we expect that o7,07,... to be zero. Hence to learn the effect of a
deformation we must go to second order in & . But we will need v, and to do this we

must go on and determine v, by setting o7 =0 and solving

o’v,  10ov, 1 8%,
V0, +o’v Lt ——Lt———Li5% =0 4.71
1 ’ 1 a”02 r’O aro r02 02 ( )
where v, must satisfy
dv
Ul (7"0 = Rour) = _Rl 2
dr

0 r=Ryy,
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and
v (r, = 0) is finite
The first thing to observe is that the v, problem is not an eigenvalue problem, since
o’ is known, and it is not homogenous. Its general solution is the sum of a homogeneous

solution, v, where —R, (dv,/dr,)

2 is set to zero and a particular solution,
Yo =Nout

v,,.. . - The homogeneous part, which can be obtained by the method used to solve the
v, problem, is
=CJ,(r,0,)=Cv, (4.72)

1 fomo
and because R, is a multiple of cos26, we can get a particular solution in the form
v, =f(r)cos26, 4.73)
Now, by substituting Equation (4.73) into Equation (4.71) and solving for f (ro) ,a
particular solution to the v; problem can be written as

_ J,(r,o,) dv,

v, = cos26, 4.74)
Fermder J2(Routo-o) d’:) ty =Rt
Then v, takes the form
b, = CJ(ro,)——L20%) 0| g (4.75)
JZ(RoutGo) dro 1y =Rout
and we will need, at the next order
dul =C d]o (rDO'O) _ 1 djz(roo'o) dUo 005260 (476)
dro dr o JZ (Routo-o) dro dl" ] |r =R,

Now, to find o7 we turn to the second order problem which, with o} =0, is
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Vv, +o’v, +0olv, =0 (4.77)
where
dv d*v dv,
UZ(ro :Rout) =_2R1—1— _Rlzgz_o _R2 dr
o bR, %o 1R 0 by~
and

0, (7, = 0) is finite
Now we can find o without solving for v, . To do this, first multiply Equation
(4.77) by v,, which gives
v, Vv, + o200, + o =0 (4.78)
then multiply Equation (4.41) by v,, to get
v, V0, +c’v,, =0 4.79)
Now subtract Equation (4.79) from Equation (4.78), to obtain
v,V’v, v,V + o’ =0 | (4.80)
or
V-(0,V0,)-V:(0,Vv,) + o0} =0 (4.81)

Then integrate this over the domain and use the divergence equation to get

Ry 27 2z
- | [(a302)db,rdr, =R, [((v7-V0,)-(v,i-V,))d6, (4.82)
0 0

0

The first term on the right-hand side of Equation (4.82) vanishes because v, =0 at

r, = R,, whence using the condition satisfied by v, at r, = R , we get

t
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0 0
) (4.83)
mdj 2R, dv, dv, deu dv, R dv, a6,
; tdr, dr, dr} dr, dr, .
and on using
! + 3 cos48 —cos26
2 -5 ‘~N (/] - 0
d g" - Lay, , R =cos20,, R, = 2
dr, [ R, dr, poR R,
and
dv, =Ca’JD(rDO' ) —c0s20, 1
dr, dar, *L(R,0,) dr, dr, -y
Equation (4.83) becomes
R, 27
out d]‘
I j o} =-R J. 2Cco0s26, ( G”) 4v,
dr, dro
4 cos?28, dJ,(rc,)(dv,\ _cos’26, ( dv, i (4.84)
J2 (Routo-o) dro dro Rout dl’;) '
1 +§cos490 ~c0826, ( 4, Y
+—2 2 2 do,
R ar,
To=Rous
and on carrying out the integration the right-hand side of this equation becomes
2
d 2 [O-o‘]l (Routao) 5 J2 (Routo-o)J
RHS = 27| 22 ou +1 (4.85)
dr 4 JZ (Rout O-o)
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where the term in C disappear, while on using J, (R

out

0,) =0 the left-hand side® turns to

be

2 2
LHS = 270> 5—-2- av, (4.86)
20, \ dr, ook,

whence

2
R \oJ(R c)—-—J,(R o
, 20_3 out( o l( out o) Rom 2( out O)J
O'z-——RZ

out

+1 (4.87)
JZ(Row‘O_o)

Now, by using the formula7
ax
Z,(ax)= —2';[ZP+I(CZX) + Zp_l(ax)] ,Z=JY
we can write
Routo-o
J(R,0,)= ——TJZ (R,.:0,) \ (4.88)

because J, (R,,0,) =0, then Equation (4.87) reduces to

1‘;‘3 ((o.R,0)" -2 (4.89)

out

2 _
o, =

¢ Done by using the following formula (Spiegel, M.R. and Liu, J., 1998, Mathematical Handbook of
Formulas and Tables, McGraw-Hill, 2™ Ed., New York.),

¢
& 2 dz 2 2 2 ) :
|2 (@xyxax = | = { : (ozx)} " 5—(1 —%){zp(ax)} L Z=JY
: 207 | ax 2 a'x

4

7 From Spiegel, M.R. and Liu, J., 1998, Mathematical Handbook of Formulas and Tables, McGraw-Hill,
2" Ed., New York.
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This equation can be written in fully scaled form by defining &, = R_,o, and

out~ o

6, = R%,0,, then it becomes

out
A2 a2( a2
6;=62(62-2) (4.90)
The value of &,, the smallest root of J_ (&,) =0, is roughly equal to 2.4, hence the
sign of &7 remains always positive. Therefore, o) is always positive.

Now o, the smallest eigenvalue for the perturbed disk, is given in terms of o,

the smallest eigenvalue for the disk it self, as

82
o’ =o*j+—2—0'22+... 4.91)

The critical value of &° is always the smallest value of o, hence &

critical

fora

perturbed disk is always greater than &>

i TOT @ circular disk. Based on this we can
conclude that, an elliptical disk is thermally more stable than a circular disk of the same
area. This set the background for the problems to come.
4.2 Thermal Stability of a Heat-Generating Annular Region
This section presents a study of heat generation in the region between a rod and a
pipe (i.e., in an annular region). We are interesting in the effect of moving the rod off-

center. In fact heat exchangers are often build in concentric cylinder form and the

question that might arises is: do we need to be careful to get the alignment right? To

answer this question the critical value of 6 for the on-center case and for the off-center
case must be determined. That is our aim in this chapter. We will organize our work

along the lines of Chapter 2, Chapter 3 and the previous section, section 4.1.
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Now, let us begin by describing the physics of this problem. Consider Figure 4-2. It
depicts a heat-producing material confined in the space between two concentric cylinders.

The surface temperature of the pipe is T, . The conditions at the surface of the rod remain
to be specified. Inside the rod no heat is being generated. The thermal conductivity of the

material of the rod is denoted £©, a variable whose value can range from zero to infinity.
The thermal conductivity of the material between the rod and the pipe is denoted % , and
£ denotes the disﬁnce by which the rod is shifted from the center of the geometry. The
heat source will be taken to depend linearly on the temperature of the heat-generating
material. It will be of interest to study the effect on the thermal stability of this geometry
as the rod is shifted and its therfnal conductivity changes. In other words, we are
interested in knowing, for different boundary conditions at the inner wall, if the thermal

stability is advanced as the rod is moved off-center.

H

:
i

S

Heat generation

Heat transfer by
conduction

Figure 4-2. Displaced solid rod inside a pipe. A) On-center. B) Off-center.
4.2.1 The Mathematical Problem of Heat Transfer by Conduction

Now, as we learned in Chapter 2, where the rod and the pipe were at different

temperatures, a shift in the rod causes the heat-transfer rate by conduction to increase.
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But now the shifted rod also creates both a thick and a thin heat-producing region. It is
the thick region that would appear to determine the fate of the thermal stability and if the
azimuthal temperature gradients from this region cannot conduct heat fast enough then
thermal instability will set in earlier in the off-center case. Only a calculation can tell
whether the rate of heat production in the distofted annular compartment will be higher
than the enhanced heat-transfer rate or the other way around. This problem will be solved
for three different boundary conditions at the inner wall.

Now, let us begin with the right part of Figure 4-2. For this geometry the
temperature rise with respect to the pipe wall, referring to Figure 4-2B for a definition of

the variables, can be described in partly scaled form by

2 R(8,e)<r<R
LOL_10,00) 10T soqery, (RO <r<Ru (0,
adt ror or° roo 0<6<2m
Our aim is to find &2, where &2,,,, corresponds to an unbounded temperature.

When the rod is on-center we can do this by solving the steady form of Equation (4.92)

but this would not lead us to a result for the off-center rod by direct domain perturbation.

Hence we turn to the eigenvalue problem and deduce 87, as the value of 5> when

-A*=0.
Then, by following the steps given in section 4.1, the eigenvalue problem is found

to be
Vio+cv=0 (4.93)
where again 6 = 6% + 1%/a and where for an isothermal outer wall v must satisfy

v(r=R,)=0 (4.94)
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Now we are going to consider a variety of conditions at the inner wall (i.e., isothermal),

adiabatic and perfectly conducting rod. In these cases v must satisfy

v(r=R(6.£))=0 (4.95)

or
i-Vo(r=R(6,£))=0 (4.96)

or
v(r=R(6,¢))=0° (4.97)

where v° remains to be defined. In no case do we need a heat conduction equation for

the rod.

For this problem (i.e., Figure 4-2B), the outer wall (i.e., the pipe wall), presents no
problem; it is the inner wall (i.e., the rod wall), whose surface is displaced. For such a
case, the surface of the rod is given by r = R (6?, a) where R is expanded as®

2

R=R +&R + %—Rz o (4.98)
where

sin® @,
R

o

R,=R,, R =cosf, and R, =—

Again, the solution of the reference case, the on-center case, will be denoted by
affixing a subscript zero to its variables while the subscripts one and two will denote
terms in the expansion to first and second order.

Let 7 denote the outward normal to the rod. Then 7 is given by

¥ For details on the expansions of R and # see Chapter 2.
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and it can be expanded as

n=n,+¢n, +7ﬁ2+... (4.100)

where, using the expansion of R, see Appendix D, we obtain

. = _ =sing, 4= ~sin’ 6,
n,=1,, =1, an nz__l’_Z}QZ_
in in

The expansion of # is needed in the expansion of 7#.Vv . The expansion of Vv at the

surface of the rod is

Vu(R,0)=Vu, + s(Vul +R dquoj

r
, ° , (4.101)
+Z | vo,+2R AL +R? d Vzu" +R, Vo, |,
2 dr, dr, dr,
Hence the expansion of 7#7.Vv at r = R(0,¢) is given by
nVv=—i-Vu, —i-s(Vul +Rliv——ui]
dr,
2 2
7 vu, 2 TV, 24 V0 p AV, (4.102)
2 dr, dr, dr,
. . 2 202
&, sin@, Vo, ¢, sing, -EEVl)l iR dVUOJ s_l: sin 290 Vo, ..

which reduces to
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2
n.Vu L -& a—ql—+coséo 0 02" +sind, ov,
or, or, or; 00,
2 2 3 2.2 2
£ %+200590 0 l;‘ +cos’ 0, 9 U;’ _sm 6,0 L;" (4.103)
2\ or, or, or, R, or

n

+2

R 06, R:  060r, 2R. or

o

sing, du, _, sind,cos6, &v, _sin’f, auo]_

Therefore, in the next three sections where heat is lost by conduction the perturbed

problems are obtained at various orders. At order £°, the domain equation is

Vv, +0’v,=0 (4.104)
where
0,(r, = R,,) =0 (4.105)
For order &' we have
Vo, +olu +olv, =0 (4.106)
where
v, =R,)=0 (4.107)
For order £” we have
lv2u2 + lo—j-uz +olo + lafuo =0 (4.108)
2 2 2
where
v, (r,=R,,)=0 (4.109)

In all these problems o7 will be zero and in the first and the second cases the proof is

just like the perturbed disk problem and it will not be given.
We are now ready to solve some problems. Our first one would be the case where

the rod wall is at a fixed temperature and it is presented in the following.
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4.2.1.1 Isothermal inner wall

In this case, the case of constant temperature walls, the heat generated in the
annular region is removed by conduction to the walls, which serve as heat sinks. As
depicted in Figure 4-3 A, this case has two heat sinks, an inner sink and an outer sink,
and, therefore, the maximum temperature is expected to be located somewhere away
from the walls’. When the inner rod is perturbed, as depicted in Figure 4-3A, there will
be two factors by which the thermal stability of this problem can be affected. They are

the wider region to the left of the rod, which reduces the thermal stability as it produces

Tnner heat sink ; ge exp.ected location for Heat transfer by conduction on & -direction
- the maximum temperature
(Rod wall)

Heat-producing
material

Heat transfer by
conduction

: Outer heat sink ;
A (Pipe wall) B

Figure 4-3. Heat transfer between a rod and a pipe both at fixed temperatures. A) On-
center. B) Off-center.

more heat, and the 8 -diffusion, which enhances the thermal stability because it can carry

heat from the thick to the thin region and, therefore, to the nearby sinks.

® In this case whether the maximum temperature is closer to the inner wall or outer wall cannot be guessed
and the reason for this is discussed in Appendix C.
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Now for this case the boundary condition'® at the inner wall is given by v=0 at

r=R (9, .9) . Hence we have at order &°

v,(r,=R,)=0 (4.110)
At order £' we have

o7, =R,.,,)=—Rlid2"— (4.111)

o -,
At order £° we have
dv, d’v dv
v,(r,=R,))=-2R — - R12 drzo -R, dro (4.112)
0 Ir,=R, ¢ =R, 0 Ir,=R,

Atorder £° the eigenfunctions are products of
Acos M6, + Bsin M6,
and
4J,(r0,)+ BY,(r,0,)
where M =0,1,2,.... The eigenvalues are roots of
T Ros Yoy (B, Ty (R, )y (Ryy,) =0 (4.113)
The most dangerous perturbation corresponds to the eigenfunction having the least
eigenvalue, this is the smallest root of the above equation when M = 0. It depends on
R,./R, . Then, for M =0, the foregoing equation can be scaled by defining &, = R, o,

and written as

Jo(%&om(c‘w—J(,(&o)n(%&,) -0 4.114)

m n

1 Note that the perturbed boundary conditions are no longer isothermal because they try to simulate
isothermal by putting a condition other than isothermal on the reference domain.
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and the smallest values of &,’s at different values of R /R, are presented in Table 4-1.

Table 4-1. Values of &, at various R

out

/R,, for isothermal case.

Rout/Rin 6-0
5 0.763
10 0.331
15 0.210
The eigenfunction is found as
0, = C[~¥,(R,u0,)7,(1,6,) + Y,(1,0)], (R3] (4.115)

where C is a constant that can have any value except zero. This equation can be written

in fully scaled form, that is

b, = c[-yo(%w 6).(26.)+Y.(F6.)J, (% &0)} (4.116)

n n

where 7, =r, /R, and therefore

20, — | -, Ben g,) Dolle0)  A100)  (Bos 5 (4117
dr, R, dar, dr, R,

This eigenfunction will simplify our calculation because at M = 0 there is only one
eigenfunction for each eigenvalue but when M is not equal to zero there are two
eigenfunctions for each eigenvalue and when we perturb the domain the case M =0 will
still give one eigenfunction for each eigenvalue while the other case, M not equal to

zero, will give two eigenvalues each with one eigenfunction and this would make our

calculations more complicated.

Again the critical value of 5 corresponds to ~A*> =0 and hence &7

critical ®

where

5= R. &, is given by 6* and one can note from Table 4-1 that thick heat-producing
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regions are thermally less stable than thin heat-producing regions. This result is expected
as it agrees with what we learned from the planar problem discussed in Chapter 3.
Now we have the eigenfunctions in the reference state and the corresponding

eigenvalues. These must be corrected as the rod is moved off-center and so we turn to the

calculation of o7 and o which will allows us to estimate the effect of the displacement

on ¢’ via
2
2 2 2, € 2
0" =0, +&0, +—0, +...
2

Now, o7 =0. This result is due to the symmetry of the problem. Because it should
make no difference in the answer whether the rod is shifted to the right (i.e., £>0), or to
the left (i.e., € <0). Hence to learn the effect of a displacement we must go to second

order of . But there we will need v, which can be determined using

Vv, +02v,=0 (4.118)
where v, must satisfy

v (7, =R,,)=0

and

dv
v(r, = R,)=—R dro

0 =R,

Notice that the v, problem is not an eigenvalue problem since o’ is known and its

general solution is the sum of a homogeneous solution where —R, (dv,/dr,) __, lssetto
zero and a particular solution. The homogeneous part is just
e, = Cl Yo (R0, (5,0,) + X, (1,0, (R,u0,)] = C, (4.119)
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and, because R, is a multiple of cosd,, we can get a particular solution in the form

v, . =f(r)cosb, (4.120)
Now, by substituting Equation (4.120) into Equation (4.118) and solving for

/(7). a particular solution to the v, problem can be written as

o = €086, [C1(7,0,) + C Y, (7,0,)] 4.121)

where the constants C, and C, can be determined by using the boundary conditions.

Doing this we have

b, = Co, +cos8), |~ KauTN1(1,0,) ~1h(5,0,)/\ Rou,) AV, (4.122)
_Yl (‘Routo-a )Jl (Rino-o) + Yl(‘Rino'o)Jl (Routo-o) dro r,=R,
and dv, /dr, , needed later, is given by
4 _ 9% 4 o500, %% (4.123)
dr, dr, ar,| _
° ° In=R,,
where
Ry 282 G0 5 g )
o = dr, dr,
U RO (R,0,) + (R, 0,)1 (Ryu,)

and where the subscript / stands for the word isothermal. Notice that the homogeneous
part of the v, will have no effect on the value of &> because it will enter the calculation
multiplied by cosé, which when integrated over 0,27 will vanishes. So, we drop this

term henceforth.

At the second order of £ the problem is

Vv, +olv, + o, =0 (4.124)
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where
uz(ro =R )=0
and
72
UZ(rozRin)=_2Rl%l— _Rlz% —‘RZ%%
°ln=Ry, "o I, %o =g,

Now we can get o without determining v, . To do this multiply Equation (4.124)
by v,, multiply Equation (4.104) by v, and subtract the second from the first to obtain
V-(v,V0,)=V-(,Vv,) + 030l =0 (4.125)

Then, integrate Equation (4.125) over the reference domain and then use the divergence

theorem, to get

[ (A-(yv,)-7-(0,V0,))ds+ [[(o302)dd=0 (4.126)

perimeter area

Because the perimeter consist of two circles, an inner circle at , = R, with

ds =d6,R, and outer circle at r, = R, with ds =d6 R ,,and because d4d =dO rdr

out o0~ Tout > o002
Equation (4.126) can be arranged as

ST oV’ d@orod;;,:z”Rm i-(v,Vu,)-7n-(v,Vv,))do,
Rn 0 0

bR (4.127)

2r
+ [R, (i (0,V0,) =ii-(1,V0,))d6,
0

=R,

. and v, vanishes at 7, = R,

in?

Now v, and v, vanishat r, =R hence only the last term

on the right-hand side survives, whence
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Raut 2 .
j I (azzuj)deorodro =
R, 0
. i d o P (4.128)
R, [|2R STy g2 Z e Eho g g | £ do,
; dr, dr, dr, dr, dr,
r=F,
where R, and R, are given by
1a2
R =cosf,, R, = _sm’6,
'RO
Now, to simplify this equation, we use
2
au,) - 14y (4.129)
@ lpn, R,

and Equation (4.123), at r, = R, , without the homogeneous part, viz.,

in?

dv dv
—  =cosb,m,| d"
o~ 4t
d’; L= ro =Ry,

to get

2 T
2 2R, ;| _. cos’6,—1)d0, (4.130)
|ro Rin :
=R, 0

This is our equation for o7 . It has been obtained without solving for v,. On

evaluating the integral of the left-hand side!! we obtain

o 22 dv, R (dv,Y
[ [vidordr,=x [ J ——f;-( } (4.131)
R, 0 , )pry Co\ W ), g,

" Done by using the following formula (Spiegel, M.R. and Liu, J., 1998, Mathematical Handbook of
Formulas and Tables, McGraw-Hill, 2™ Ed., New York.),

& 2 7 2 2 2 , &
JZ;(ax)xdx=I:x—z{d ’(ax)} +f-(1— ‘fzj{zp(ax)}jl  Z=JY
p 2" | dx 2 a’x

3
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which is positive and, on evaluating the integral of the right-hand side, we obtain

2

dv
2y, , R —1)( d;]
of—{ 2 75=Re (4.132)

Rz(du] Rz(d ]2 }
out U
%\, )y, @, )yen,

is

In scaled form this is
d 2
A U
2a,|, -1 o
%)
67 = L= (4.133)
2 2 2
R.| 1(ady, _ 1 (dy,
Rin 6-3 df‘; ;-va Aj d;;) £ =1
D_R,-,, o

where &; = R}o; and where

dar, dr, dr

n 0 m

dv, { (W) dI,(23,)  dY,(56,) (W)J

and

R dJ(;3,) _dY(78,)

Y out 6. J out "
P 1( Rin 0) d’iz dro ( m )
D= R~ - ) .
_Yl( R(::t O-O)Jl(o-o)-i-yl(o-o)‘]l( Rai:t O-o)

Notice that &, , like 67, depends only on R, /R, .
Now the sign of &2 depends only on the sign of the factor ((?)II; _, — 1) because the

signs of all the other components of Equation (4.133) are known, they are positive.

Unfortunately, we have been unable to determine the sign of (c?)IIF _, — 1) without a

calculation. But the calculations show that it is always negative, hence &, must be

negative.
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Because 62, , =6 and because

critical

A2 A2
o o

82
A=y 32+ (4.134)

tells us what happens on displacing the rod. The displacement decreases the value of 67,
and hence the system becomes less stable. It appears that the & -diffusion cannot offset
the effect of the wider region to the left of the shifted rod. Based on this we can conclude
that, at constant walls temperatures, a symmetric annular region is thermally more stable
than a distorted one. Now we turn to the adiabatic rod.

4.2.1.2 Adiabatic inner wall

In this case, the surface of the rod wall is now adiabatic (i.e., k¢ = 0), and the
surface of the pipe is still isothermal. The heat generated in the annular region is removed
by conduction to the outer wall which serves as the only heat sink, as depicted in Figure
4-4A, and, therefore, the maximum temperature is expected to move inward and located
near the rod wall. Again, when the inner rod is perturbed, as depicted in Figure 4-4B, the
thermal stability of this problem can be affected by two factors. They are the wider region
to the left of the rod and the @ -diffusion. Notice that in this case fhe larger region might
now become more important because the maximum temperature moves inward while the
6 -diffusion can now carry heat only to the pipe wall.

Because the surface of the rod wall is an insulator, the surface variable # comes
into play and it changes as the rod is displaced. Hence it needs to be expanded in powers
of £ to turn the adiabatic condition on the current domain into the corresponding
condition on the reference domain (the symmetric annular region). The expansion of 7,

the unit outward normal to the annular region, in powers of ¢ is given in Appendix D.
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Heat transfer by conduction on & -direction
. The expected location of

Insulated wall the Maximum temperature

(Rod wall)

Heat-producing
material

Heat transfer by
conduction

i Heat sink ‘
A (Pipe wall) B

Figure 4-4. Heat transfer between an adiabatic rod and a pipe at fixed temperature. A)
On-center. B) Off-center.

Now for this case the boundary condition'? at the inner wall is givenby n-Vo =0

at r = R(6,¢). Hence we have at order &°

‘jl“f’ (r,=R)=0 (4.135)
7‘0 .
At order &!
2
W —Ry=-R 2% _sng OV (4.136)
o in 1 2 [
or or 06
o o =g, oI,

At order £°

12 Note that the perturbed boundary conditions are no longer adiabatic because they try to simulate
adiabatic by putting a condition other than adiabatic on the reference domain.
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2 3
Lo, =Ry =28 0% R T%
"o o |r=R, aro =R,
’ ’ , _ (4.137)
ov, siné ov,
& or’ TR 88
% Ir=R, in =Ry,

Atorder £° the base eigenvalues o are determiried. Then, picking out one of
these, its corrections becauée of displacement of the rod are determined. The first order
problem produces o} and the second order problem produces o7 . The plan is the same
as earlier, only the boundary condition at the rod is different.

Atorder &° the eigenfunctions are products of

ZcosMBO + Bsin M6,
and
4J,(r,0,)+BY,,(r,0,)

where M =0,1,2,.... The eigenvalues are roots of

ay, (ro al, (ro
JM(RoutO'D)—Mzig—"L) —-——M(%—"Z Y, (R, ,0,)=0 (4.138)
o =Ry, o =Ry,

Again, the most dangerous perturbation corresponds to the eigenfunction having
the least eigenvalue (the smallest root of the above equation when M =0). It depends on

R,./R, . Then, for M =0, the foregoing equation can be scaled and written as

J (Rout 6.0) dYo (?0‘0)
R dr,

_dJ,(76,)
7,

= o

RO

Y(—6,)=0 4.139
(723,) (4.139)

=1 in

o

in

and the smallest values of &, ’s at different values of R , /R, are presented in Table 4-2.
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Table 4-2. Values of &, at various R, /R, for adiabatic case.

Raut / Rin 6-0 = Rino-o
5 0.514
10 0.245
15 0.162

The eigenfunction is found as
v, =C[-Y,(R,0,)J],(r,0,)+ Y,(r,0,)J,(R,.0,)] (4.140)

where C is an uﬁdetermined constant. In fully scaled form this equation becomes

v, =C{—i@(—fg—"’&o).n(ﬁ,&»+K,<ac‘ro>fo(%ﬁ&,,>] @141
and therefore
s - | v, Bon 5,y Holcb0) , G5 5 Ko 5 (4.142)
d’::r Rin dro dro Rin

A

Again, 82, corresponds to —4% =0 and hence 52

critica

, is given by 67 and one can

notice from Table 4-2 that thick heat-producing regions are thermaliy less stable than thin

heat-producing regions.
Now to correct the values of o for the displacement of the rod we pick one out,

here the most dangerous one at M =0, and find &7 and o7 so that

2
€

o’=0’+eol +—0l +...
2

Now, o} =0. This result is due to the symmetry of the problem. Hence to learn the
effect of a displacement we must go to second order of ¢ . But there we will need v,
which can be determined by using

Vo +0’v, =0 (4.143)
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where
v (=R, )=0 (4.144)
and
2
dv, (r, =R, )= —lei% (4.145)
dr, dr; pek

Notice that in (dv,/dr,) at r, = R, , which is defined earlier by Equation (4.136), the
term siné, (8v,/06,) vanishes and this is because v, at M =0 is independent on 6, .

Also, notice that the v; problem is not an eigenvalue problem since & is known and its

general solution is the sum of a homogeneous solution where —R, (d v,/ droz) ® is set
to zero and a particular solution. The homogeneous part is
1 Homogencous = C [_Yo (Routo-o)']o(’:zo-o ) + Yo (rz)o-o )Jo (Rouro-o )] = Cua (4 1 46)

and, because R, is a multiple of cosé, , we can get a particular solution in the form

= f(r,)cosé, (4.147)

1Parlix:ulnr

Now, by substituting Equation (4.147) into Equation (4.143) and solving for

f(7,), a particular solution to the v; problem can be written as

=cos6,[CJ,(r,0,) + CYi(r,0,)] (4.148)

lParn'cular

where the constants C, and C, can be determined by using Equations (4.144) and (4.145)

. Doing this we have

2
v, =Co, +cos,0, % (4.149)

2
° rD =Rlﬂ

where
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r -
o YR, 0)J(ro,)=-Y(ro ), (R, 0,)
=
dJ, dY
—Y (Rout o) 6(11:0-) ;: ) Jl(Routo-o)
o ° I‘o=}.?’-’, ’;7=Rin J

and where the subscript 4 stands for the word adiabatic. As we explained earlier, the
homogeneous part of the v, will have no effect on the value of o, because it will enter
the calculation multiplied by cos#d, which when integrated over 0,27 will vanish. So, we
drop this term from now on.

At the order £° the problem is

Vv, +0lv, +olv, =0 , (4.150)
where
L7, = R,,,) =0
and
o ° ln=R, o lp=R, ° ln=R, n fo=Ryn

Now we can find o, without also find v, . To do this, multiply Equation (4.150) by
v, , multiply Equation (4.104) by v, and subtract the second from the first to obtain
V-(0,V0,)-V-(0,V0,) + o302 =0 (4.151)

Then, integrate Equation (4.151) over the reference domain and make use of the

divergence theorem to get
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=R

~ (4.152)
+ [R, (7 (0,Vv,)-7i-(v,9,))d8,

Yo =Ry

Now v, and v, vanish along the pipe wall while 7.Vv, = —(dv, /dr,)

is zero along

=Ry,
the rod wall. This eliminates three terms on the right-hand side of this equation including
the terms in which v, appears. This is important because we do not know v, at r. =R,
Then since (dv,/dr,) is specified on terms of v, and v, on the inner wall we get the

equation for o7, namely

Rouz 2z

o3 j j (uf)d&orodro =
- ’ , ; ) , (4.153)
R,v,| j(—le 9 _g0Y% p Y, ,sind a”l} do,
v o o o R o),
To simplify this result we use the fact that v, satisfies
2
d O 1Y | 52, g (4.154)
dr;, r, dr,
and hence also
dv, 1d» 1dv ,dv
2y 28l A% 200, 4.155
ar, r, drl rrdr, °dr, ( )
Now, at r, = R, , v, must also satisfy (dv,/dr,)=0 whereupon we have
dzl)o _ 2
dr2 —o-o Uo r,=R, (4156)
o ’B=Rln

and
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3 2
iz? _ 1d Y, :Laj,)of:& (4.157)
7; a=Rin ro dro ’;J=Rm Rin
Turning to v,, on the right-hand side of Equation (4.153) we have
O R, . (4.158)
¢ =Ry,
and we can make use of the fact that v, satisfies
o 100 +iazu1 +olv,=0 (4.159)
or roor, rrog: " °! '
to get 8°v,/or at r,=R, via
- 'y, 1 > 1 %, )
) R e TR o], Tk, (160

Hence, we need (8v,/06,) in Equation (4.153) and (6201 / 61902) in Equation (4.160) both

evaluated at 7, = R,,. But v, at , = R, is given by

2
v, =cosb, a)A| -z, Lilrljo ~0, o’ U,|, _p COS 6, (4.161)
0 rD=an

and by using this we find

oy, B 5 .

26 - Y4 =R, o,0, r=R, SmHO (4162)

Olr,=R,

and

o’y ,

067 |  ~ her, % ol -s, 086, (4.163)

and hence
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d*v 1 1
1 2 2
=——0’V cosl ——w o ul
2 o “ol,=R, ° R TAly=R, "o Tl
dr, - R, R,
4
+ @yl _p Oo 0, ook

cosé,

_p COs6,

(4.164)

Now all the 6, dependence in our equation for o7 is explicit and we can carry out the

integration over 6, to get

RDII[
2 2 _ 2 4
0, J’Uorodro - Rin v, r=R 0, 0,
R_ o in

L= Rin

in

(4.165)

This is our equation for o and it has been obtained without solving for v,.On

evaluating the integral of the left-hand side we obtain
Ry 2 2 2
j Uozrodro :{R#ué(ﬂ} _&n-(uo)fﬂii :|
R"" A 20—0 dro ’;7=Rour 2 ’ ’

which is positive. Then o7 can be written as

2
2 _2 Rin Uo

=R,
o, =

- R* (dv ? 2 |
oG

out

4
R, O-o a)A

r,=R,

and in fully scaled form it becomes

2 Ad A
. —2v, 5100 Dyl;
o, =
2 2
[Rout] ].2 (dUoJ _( )2
A A 0 0=1
Rm o drg '27:%"[ "

where

dlfo — C _Yo(Rout G".O) d]o(?o-o) + dy:)(}z)o.o) Jo(Rout é‘.o)
dr, R, dar, dar, R,

and

|

(4.166)

(4.167)

(4.168)
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R, . . A R, ~
CEAEARARAYCS
(?)A = in — — in
_)71(&6-0) djl(’?\)o-o) + d‘Y](’E)O-o) Jl(&é\_a)
Rin dl" [ r=1 dro r=1 'Rin

Notice that &3, like 67, depends only on R, /R, .
Now the sign of &2 depends only on the sign of @ AI; _, because the signs of all

other components of Equation (4.133) are known, they are positive. Unfortunately, we

have been unable to determine the sign of & Al; _, Without a calculation. But the

calculations show it must be positive, hence &2 must be negative.

Again, because 52, , = 6? and because

cri

A2 A2
o-—o

52
Ly 52+ ... (4.169)

tells us what happens on displacing the rod. The displacement decreases the value of &2,
and hence the system becomes less stable. It appears that the & -diff;lsion cannot offset
the effect of the wider region to the left of the shifted rod. Based on this we can conclude
that, at adiabatic inner wall, a symmetric annular region is thermally more stable than a
distorted one. Therefore, the perturbation in this case decreases the thermal stability of
the annular region.

To study the difference between the previous problem, the constant temperatures
walls, and this problein, the adiabatic inner wall, a comparison between the results
obtained from each of these two probléms is required. This comparison will be made and
presented at the end of this section along with the results obtained from the next problem

(i.e., the perfectly conducting inner wall). Now let us turn to the perfectly conducting rod.
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4.2.1.3 Perfectly conducting rod

In this case, the rod is now perfectly conducting (i.e., k€ — o ). The heat generated
in the annular region is removed by conduction to the outer wall, which serves as the only
heat sink. On the on-centered case, as depicted in Figure 4-5A, the maximum temperature

will be at the inner wall just as in the adiabatic case, hence it has the same &

Ci

vinca AS the
adiabatic case; smaller than the isothermal case. We saw this earlier in the planar
problem. In the off-centered case, depicted in Figure 4-5B, the thermal stability of this
problem can be affected by three factors. They are the wider region to the left of the rod,
the & -conduction and the heat conduction through the rod. The third factor can enhance
the thermal stability as it can carry heat directly to the thin region. It is only via

calculation we can see the roles of these factors and learn how perturbing the perfectly

conducting rod can affect the thermal stability of this problem.

. The expected location of Heat transfer by conducti 0 -directi
Perfectly conducting | the Maximum temperature eat transfer by conduction on @ -direction

(Rod wall)

Heat-producing
material

\ Heat transfer by

: conduction

\/\ | Heat transfer by
conduction

: Outer heat sink through the rod
A (Pipe wall)

Figure 4-5. Heat transfer between a perfectly conducting rod and a pipe at fixed
temperature. A) On-center. B) Off-center.
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Because £ — oo, the boundary condition at the rod wall needs to be explained.

Once that is done the eigenvalue problem on the annular domain can be solved to obtain
the values of o and o . This eigenvalue problem is a little different from those in

sections 4.2.1.1 and 4.2.1.2 and so some explanation by wéy of simpler problem is in
order. This is given in Appendix E. In this simpler problem we study heat loss from a
well-mixed tank by conduction through an attached rod and try to see the roles of the tank
and the rod in deténnixﬁng the rate at which temperature perturbation dies out.

Let us write the boundary condition that the temperature would have to satisfy. It is

o

| ﬁ-gds=n1e;pccf%, atr=R (4.170)

in
perimeter

where T¢ denotes the uniform temperature of the rod, which is equalto T at r =R

g=-kVT, p° denotes the density of the material of the rod, C° denotes its heat
capacity and 7 is the unit outward normal to the surface of the rod. \

Now expressing the integral on the left-hand side of Equation (4.170) presents a
difficulty when the rod is off—center. It is not easy to decide the element of arc length, ds,
on the surface of the rod in terms of coordinate from the center of the pipe. This
illustrated in Figure 4-6. In fact even the range of @ depends on & . To retain the same
physics but in a little simpler form let us center our coordinates system on the center of
the rod whereupon it appears as though the pipe has been displaced, as depicted in Figure
4-7.

Now, in scaled form Equation (4.170) is
2} oT

or

CcC c
do="P Cyadl”

(4.171)
R, R,pCx dt

0 Ry
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A B

Figure 4-6. Displaced rod with a fixed pipe. A) On-center. B) Off-center.

Figure 4-7. Displaced pipe with a fixed rod. A) On-center. B) Off-center.

2
" we have

2
do = (——i—jnu
R, @

and hence writing T = ve™*

or

2]£ ov (4.172)

Rf’l
0

where
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_mpCla
R,PC,
and this is the boundary condition at the rod wall, now not displaced.

The eigenvalue problem then is

2
Vuo+oiv= V20+[52 +/1—Ju=0

a
where now
u(r =R(6,€))=0 , on the pipe wall (4.173)
and
*ov A?
I— do = ——J170| , ontherodwall - (4.174)
5 orls a B

Notice that v at r = R, is independent of @ but its value remains to be discovered.
This problem looks a little different than the isothermal and the adiabatic problems
which involved only o = 6% + 4*/r . Here we have A%/a in one boundary condition.
Now, to obtain ¢ let us work our problem on the distorted annulus illustrated in

Figure 4-7B. In this case the rod wall, presents no problem; it is the pipe wall, whose

surface is displaced. For such a case, the surface of the pipe can be defined as
R*—2gRcos@=R2 —¢° (4.175)

out

where R is a function of @ and & and where now R =R_, .

Then, we must solve our eigenvalue problem on the displaced domain by solving a

sequence of problems on the reference, symmetric, domain. To determine these problems

we expand R and o7 in powers of & and obtain problems in U,,U;,0,,... on the
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reference domain by the usual methods. Write going to second order, the expansion of R

becomes
82
R=Ro+eR1+3-R2+... (4.176)
where
sin’ @
R,=R,, R =cosb, R,=- 2
Rout

This is much like before.

Now we might hold 6 fixed and perturb A% or we might even hold A? fixed and
perturb 5°. We can find the 1%°s for any 6° when the pipe is on-center and we are most
interested in the value of §° when A% =0. This is 82 vical -

We begin by not declaring the input and allowing both 6% and A2 to change as the

pipe is displaced. The problems are, on the reference domain: At order £°

2
Vi, + (53 + /1_0) v,=0 (4.177)
a
where v, must satisfy
O, (7, =R, )=0 (4.178)
and
2z 2
Iau" dé = (—i’—juo 2 (4.179)
0 al‘o R, @ "
At order &'

2 2 A 2 A
Vio+| 6, +—=> v+ 6+ |u, =0 (4.180)
o
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where v, must satisfy

v(r,=R,)=—-R, ‘Z{”o (4.181)
7;) 7o =Rous
and
27 2 2
jgﬂ a9, = -2 ol +n —’1—0)01! (4.182)
; aro Rin o Rin o4 Rin
At order &°
2 2 2
V202+(5j+'?’—"}u2+2(5f+i]ul+(5§+£]vo=0 (4.183)
o o a
where v, must satisfy
2
UZ (ro = Roux) = —2R1 ﬂ - R12 d l;f) - 'R2 év_o (4184)
% =R, d’:’ To=Rout dro 1o=Roue

and

27
ov,

0 ]

2 2 2
db =n A u[ +2n A Ul +7 s Uzl (4.185)
a ) 'R o | R, o R,

First we are going to try and hold A” fixed and equal to zero whence &7 is 52

critical

Ri’l

and we are going to see if we can find out the effect of shifting the pipe on &2, .
Perturb 6% and hold -1 =0. The problems to be solved are: At order £°
Viu, + 68, =0 (4.186)
where v, must satisfy

v,(r,=R_)=0 (4.187)

and
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2z

| %l 46, =0
0 o IR,

At order &'

2 2 2,0
Vo +d,u,+6/v,=0

where v, must satisfy

dv
Ul (ro = Raur) = _Rl dro
0 ir,=R,,
and
ool yg 2o
At order &2

2 2 2 2
Vv, + 6,0, +28;v,+ 6,0, =0

where v, must satisfy

2
V,(r,=R,)= 2R ﬂ —R12 %
0 Ir,=Ry, o To=Row
and
2z
| %% 4p =0
5 Or, R,

Atorder £° the eigenfunctions take the form

[4J,,(,8,) + BY,,(r,5,)] cos M6,

and

[4J,,(r,8,)+ BY,,(r,5,)]sin M#,

(4.188)

(4.189)

(4.190)

(4.191)

(4.192)

(4.193)

(4.194)

(4.195)

(4.196)
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where M =0,1,2,... and where 4, B and 0, must be determined by the boundary

conditionsat 7, =R, and ,=R_,.

We see already that we have a problem run into a technical difficulty, not at

M =0,butat M =1,2,... the problem is underspecified. So let us focus our attention on
the case M = 0. Then at order £° our problem is just the adiabatic problem and 30 is just

what we found earlier.

However, the constants 4 and B are not independent, but one can be found in

term of the other. Doing this we write our eigenfunction as
0, = C[-F,(Rou8)o(1,6,) + X,(1,8,)),(Rou,)] (4.197)

where C is an undetermined constant. This equation can be written in fully scaled form,

that is

v, = C[—m—’;’—m&m@i) - 1;(@&)4(?;”’ ci)} (4.198)

in in

and therefore

4v, :c{-nﬁé)d}o( :5.) dY(r5)J( ) (4.199)

dF R, & df }

o o D‘l

Our next job is to correct & for the displacement of the pipe. Then we will have

5 =6

52
critical 602 + 8512 + 3_622 +
Now, we turn to order &' and prove &; is zero. To do this, multiply Equation (4.189) by

v, , multiply Equation (4.186) and subtract the second from the first to get

V-(u,V0,)=V-(0,V0,)+ 802 =0 (4.200)
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Now integrate Equation (4.200) over the reference domain and use the divergence
theorem to get
Rout 2z

- | [(s202)d6,r,ar, =2TRM (- (v,V0,) ~7i-(V,))d8,
0

R, 0

o Fou (4.201)

2z
+ [R, (7 (0,V0) -7+ (1,V0,))d8,
0

% =Rin

where 7 is the unit outward normal to the annular region, as shown in Figure 4-7B.

Each of the four term on the right-hand side is zero because v, is zero at 7, = R

out >
v, is multiple of cos@, at 7, =R, v, and v, are constant at 7, = R,, and the integral of
both (dv,/2r,) and (Bv,/ér,) over 0,27 is zero at r, = R,, . Hence &2 =0 and v, must
be found by solving

Vi, +82,=0 (4.202)

where v, is subject to the following two boundary conditions

v(r,=R,)=-R 4, (4.203)
dr
o ’;7=Rout
and
2z 51)
j = 46, =0 (4.204)
5 or, R

Now notice that the v, problem is not an eigenvalue problem since & is known, so

too —R, (dv,/dr,) where

, hence v,
ut

=y, +,
-Homogeneous Particular

=R,

=C [—Yo (R,u8,)J,(1,6,) + X, (r,8,)J,(R,..6,)] = Cv, (4.205)

1 Homogeneous

and, because R, is a multiple of cos@,, we can get a particular solution in the form
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v, =f(r)cosb, (4.206)
whence
o, ... =cos8,[CJ,(1,8,)+C,Y(1,5,)] (4.207)
and
v, = Cv, +c0s6,[CJ,(1,8,) + CY(r.8,)] (4.208)

where the constants C, and C, must be determined.

Now v, satisfies the boundary éonditions and hence we would hope to determine
C, and C, using the two conditions on v, . But the condition at the rod is satisfied for all
C, and C, hence only the relation between C, and C, can be established using the

condition at the pipe. Doing so, v, will turn out to be

v = Cuo + _Ni58,) dv,
Ji(R,.0,) dr,

[

+ C2 l:__ Yl(Rout5o)
r,=R,

J(ro)+Y.(rd 7 4.209
Jl(Rou,5o) l(ro o) 1(}:7 o)j”cos o ( )

and dv, /dr, , needed later, is given by

djl (7;50)
Uy _¢dv | d,  dv, +C,@, |cosd, (4.210)
dro dro Jl (‘Rout 50 ) df’;) r=R,
where
—I’l (Routga) djl (,;50) + d),lc(irogo ) Jl (Rout50)
a_)P — (o] ]
']l (Rouléo)

unless C, disappears, we are not going to be able to find o . But let us see.

Again, the homogeneous part will play no role and we drop it henceforth.
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The problem for order &7 is

Vv, + 870, + 820, =0 (4.211)
2
V,(r,=R,)= ~2R, @1‘ Rz 6; 2 - R, % (4.212)
> byah %o ek, o R
and
2z
[ %% 46 =0 (4.213)
0 a’;) R,

Now to get &7 without determining v, multiply Equation (4.211) by v, , multiply
Equation (4.186) by v, and subtract the second from the first to get
V-(0,Y0,)=V-(v,Vv,)+ 8202 =0 (4.214)

Now integrate Equation (4.214) over the reference domain and use the divergence
theorem to obtain

Rou 27 z
- | 2j (8702)d6,r,dr, = 2] R, (i-(v,Y0,) 7 (0,V0,))d6,
R, O 0

o~ (4.215)

27z .
+ IRM (7i-(v,Vv,) -7 -(0,Vv,))de,
0

=R,

Then, because v, vanishesat r, =R ,, v, and v, are constant at r, =R, and because

27 27
j (dv,/ar, )]&" dé, =0 and J. (dv, /dr, )[R dé, =0, Equation (4.215) reduces to
0 0

Ror27r

52 j juzdﬁrdr R, qu|

de, 4.216
- L (4216)

where v, is satisfied at R

0

.« » therefore
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) S (4.217)
—Rm% | (2131 d +R? ‘; ol 4R, ‘;”0 ]d@o
o lrery 0 aey %o lp=ro o lr=g,
Now, using
2
v, __1dv (4.218)
dro To=Rous Rou dr" 1,=Roy
and Equation (4.210), at », = R , , without the homogeneous part, viz.,
[ (3 ]
dr,
v, =|- o =Rou +C, @ woR, cosd,
dr, = Royy Ni(Ro8,)  dr, "o=Ro o
the formula for &; reduces to
aJi(r6,)
dr, dv Y dv do Y
(@] ()
u Yo Jy- To by - o ), -
522 - out 7= Rour 7o =Rout o= Rout (4219)

lef
2
J- v rdr,

R,
But we do not know C, . Thus, the perturbation that we had loved does not work.
There are two ways by which we can solve this problem without facing this
difficulty. The first way is to solve the problem holding §? fixed and perturb — A* / a,
which now becomes our eigenvalue, and we must check for its sign as the rod is shifted.

For this case we can choose & based on our expectation that the critical value of 82 in

the reference case is equal to that for the adiabatic problem. The second way is to solve

the problem holding —A?/« fixed, at a value other than zero, and perturb 62 and see if
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its value increases or decreases as the rod is shifted. These two ways are illustrated in the

following.

Perturb —4°/a and hold &7 fixed. In this case the problems to be solved are: At

order &°

2
Vo, +(52 + 2 Ju =0
o

—
%

where v, must satisfy

L,(r,=R,,)=0

and
2z 2
J‘an dgo zn(_l_")vo&
0 a’;) R, a

At order &'

12 2
Vo, + 8%, + 2, +iuo =0

a o
where v, must satisfy
dv,
Ul(’;; out d
r 7o=R .
and
2z 2
ov A
I3, %= ”(‘é‘)”" ’“”(70)“"
0 o lg,
At order &°

Vo, + 6%, + "u +2—-u1 121)0:0
o o

(4.220)

4.221)

(4.222)

(4.223)

(4.224)

(4.225)

(4.226)
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where v, must satisfy

2
) (ro = Rout) = _2R1 dUl - R12 jdd_uzo_ Rz C;UD (4227)
7; =Ry ’:) 1o=Royy 7’;) r,=R,,
and
2z 2 2 2
ov, 3 A A A
OJ EaR do, = n(—;}z, r, t27 (—;Jull&n + 77(—}—)02]&" (4.228)
Again, at order £° the eigenfunctions take the form
[4J,,(r,0,) + BY,,(7,5,)]cos M8, (4.229)
and
[47,,(r,0,) + BY,,(r,0,)]sin M6, (4.230)

where M =0,1,2,... and where 4, B and o, must be determined by the boundary

conditions at v, =R, and r, = R

out *

To find 4 and B we turn to Equations (4.221) and (4.222) and obtain

AJ,, (R

out

o,)+BY, (R, 0,)=0 (4.231)

and

2r ]
J'[A——LM (7,,) + B———dYM (7,,) cosM6 db, =

dr dr
0 S I (4232)
2
n(_ A [47,,(R,0,)+ BY,,(R,0,)]cos M6,
o

where the integral on the left-hand side is given by

dYM (’;:O_o)
dr,

+B

[A d‘]M (7’00'0)
Ry

2r
. ] [eosm0,46, (4.233)
»
0 R, 0
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and this is zero unless M = 0. Hence for all M other than zero no heat will be conducted
into the rod and because of this the temperature of the rod remains fixed. Consequently
the problem is just the problem for constant temperature walls (i.e., isothermal walls).

For M =0 things are little different and this case is our focus. Hence at M =0 we

haveat r, =R ,

AT (R,,0,)+BY,(R,.0,)=0 (4.234)
andatr, =R
A1) pdl (o) (A [AJ (R,0,)+BY,(R,0,)] (4235)
dr, N dr, R, 27

and these two equations can be written as

J,(R,,0,) Y (R,.0,) A To
Hols0)) 1 [’PJJ (R,o,) el) 1 (”)Y(Rma» [BHJ 4259
dr, x 27 dr, R, 27T\ Q&

To get a solution other than 4 =0 and B =0 the determinant of this matrix must vanish,

which means

2
T (R0 0 1 (2 |y g o)
dr, AN
" (4.237)
2
~Y,(R,,0 )[M + [’1 jJ(Rmao)}o
dar 277\
° Rfﬂ
But we know that
2
ol = (52 +—°—j (4.238)
a

then, we can write
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12
2 =g’ - 57 (4.239)
(04

Therefore, by substituting this into Equation (4.237) we get

Jo(Routo-o)IiM +i(o-3 - 52)K(Rmo-o)}
7ok 2r
’ (4.240)
_Y(R,0,)| Hol00) +2 (02 ~6%)J,(R,0,) |=0
dr, e 27
and in fully scaled form
R, .| dY (£6) T (x2 22 .
J (Zou o\'0~o + -0°1Y
’ (4.241)

- yo(_‘&u&o) djo(”:oo.o)
R dar,

n

+%(6—j—32)J0(6'0)}=0

7=l
where 77 =7/R, . This is the equation determining the allowable values of &, for the
reference domain where 7 is given and where the critical value of & is expected to be
equal to the critical value of & in the reference case for the adiabatic inner wall problem

=52

critical
P

(ie., é?rmml A), where the subscripts P and A4 stand for the terms perfectly
conducting and adiabatic, respectively.

Solving Equation (4.241) determines the values of &, for any given values of

R,./R, , 8% and # . But because we are interested in obtaining 52,,,,, we are going to

c

set 62 to be equal to 42

critical

. which is expected to be equal to 33 x The value of

ritical

é‘-z

critical

. for any given value of R /R, can be obtained from section 4.2.1.2.
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To check if this expectation is correct, let us choose a value for R ,/R, and obtain

the corresponding value of 8>

critical

from the previous section. Then, let us set values for
A

52 such that it is slightly higher than &2

critical

v equal to 52

critical

) and slightly lower than

52

critical

) and see how the eigenvalues, — ﬂf / o , behave. To do this, substitute the chosen

value of 7 into Equation (4.241) with a selected value for 77 and with the previously

selected R ,./R,, . Some results are presented in Table 4-3.

From our calculation, see Table 4-3, we found that for the case 62 > 62

critical

the
A

first eigenvalue , —(102 / a)l , is positive while the remaining eigenvalues, —(102 / a)2

>

—(/102 / a)3 ,-.. are all negative. From this we can conclude that the selected value of 87 is

greater than &2

critical

. and, hence, the system is unstable at this value of &2.

Table 4-3. Values of &>

critical

,at n=2x and R ,/R, =5.

5’\2 > 3czn'tical 32 = 5Ac2rirical é‘:z < gczriticaI
A A : A
52 0.270 0.264 0.260
-(%/a) | 3.74x107 0 -4.2x107
—(/102/“)2 -0.875 -0.880 -0.885
_(,102/0,)3 -2.700 -2.710 -2.720

In the case where 6% = &2

critical

,» we found that the first eigenvalue, — (2.02 / a)l , is

zero while all the other eigenvalues are negative. From this we can conclude that 62 is
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82 _ &
equal to 5critica1 P - gcritical

., and, consequently, &2

critical

and, therefore, our expectation is
A
correct.

Moreover, in the case % < 2

critical

, e found that all the eigenvalues are negative

which indicates that the selected value of 52 is less than &2

critical

and, hence, the system
P

is stable for all values of &> equal to or less than the selected &°.

— S 2
- 5critica1

Now, because &2

critical p

in the symmetric case and because we know that
A

the critical value of & is reached when -4} =0 (ie, 6} = 52 = gfmw,), then the value of

77 will not affect the first value of G,, 6'01 , and, consequently, it will not affect the first

value of —(/102 / a)l . This is because, as we can see in Equation (4.241), 7 is multiplied

by (6‘3 -5 2) which is in this case equal to zero and, therefore, Equation (4.241) reduces

to
J, o 5 ) ALGS)| (76, ACT R, (4242)
R, a, |, R

which is similar to Equation (4.139) obtained from the adiabatic inner wall problem.

However, solving Equation (4.241) determines the values of &, for any given

value of R, /R, , 8 and 7. But because & is set to be equal to &2

critical »

2y )
5 5critica[

critical

= o then the value of &, can be affected by two factors, they are

R,./R, and 7. To study the effect of each of these two factors on the value of G, the

calculation will be done as follows: First we will fix 77 and determine the values of G, at
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various values of R, /R, ,then we will fix R, /R, and determine the values of &, at

various values of 7. The results obtained for the two cases are illustrated in Tables 4-4

and 4-5.

Table 4-4. Values of 6, at 7j =27 and various R /R, .

Rout/Rin &o
5 0.514
10 0.245
15 0.162

Table 4-5. Lowest values of &, at R ,/R, =5 and various 7#.

A

n G|, G,l,
0.1z 0.514 1.99
27 0.514 1.72
107 0.514 1.59

From Table 4-4 we can notice that thick heat-producing regions are thermally less

stable than thin heat-producing regions. This result agrees with our earlier calculations.

From Table 4-5, we can see that the value of 77 will not affect the first value of &,
6'01 , which is the value of interest, and, consequently, it will not affect the first value of
- (/"Lo2 / a)l as we explained earlier.
However, the constants 4 and B are not independent, but one can be found in
term of the other. Doing this we write our eigenfunction as
v, =C[-Y,(R,,0,)/,(1,0,) +¥,(1,0,)] (R,,0,)] (4.243)

where C is an undetermined constant. This equation can be written in fully scaled form,

that is

v, = C[%(%&»Jo(ﬁ,&mn(r:,&om(%&o)} (4.244)
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and therefore

dv, =c[- R dJ (£6,) +dYo(?0'o)

R
Y out o o~ o J out = 4245
7 A A G a»} (4.245)

n o o n

Having the value of 6, the values of — A2 /a can be determined via

Our next job is to correct — A’ / a for the displacement of the pipe. Then we will

104 a o4 2\ o

Now, to find — A/ / a we must solve Equation (4.223), which is

have o as

212 12

Vo, + Lo, + 8%, + 2 v,=0
a a

where v, must satisfy

dv,
ar.

o

v(r,=R,)=-R

I =Ry
and

2‘7’59&

0 %

2 /12
d6, = n(—%jvol& +77(—-§)01|&"

To obtain — 4] / & let us multiply Equation (4.223) by v, and Equation (4.220) by v, and

Rin

subtract the second from the first to obtain

2
V- (0,90,) =V (V0,) + 2?0 (4.246)
(94
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Now integrate Equation (4.246) over the reference domain and use the divergence
theorem to get

Rout 2z

- f J ( ]dﬁondro=?RM(ﬁ-(uowl)—ﬁ-(ulwo))dea

%=R

3 e (4.247)
+ ij (7-(v,Vu)-7i-(vVy,))ds,
(V]

1o=Rin
where 7 is the unit outward normal to the annular region, as shown in Figure 4-7B.
Now the first integral in the right-hand side of Equation (4.247) is zero due to

v,(r,=R,,)=0 and because v|(r, = R,,) is a multiple of cos@, and when integrated

out
over 0,27 it vanishes. Hence we need to pay attention only to the second integral, hence

this equation becomes

Ry 27 2z
5 _ ﬁ dv,
( ) J. _[u dordr, Rmuo[ J Lok, Jdro
By using Equations (4.222) and (4.225), Equation (4.248) becomes

( ]rf quzde rdr, + R nv’ }: 0 , (4.249)

d6,~R, v do, (4.248)

% =Rin

r,=R,

Because v is neither zero nor negative and 77 cannot be negative, then — A’ / o must be
zero. Again, this is an expected result and it happened because of the symmetry of the
annulus. Hence to learn the effect of a displacement we must go to second order of ¢ .
But there we will need v, which can be determined by solving

2

Vi, + 60, ﬁL%’u1 =0 (4.250)

which can be written as

Vo +0’v, =0 (4.251)



138

where
v, =R,)=-R av, (4.252)
Iy
0 lr,=R,u
and
o A2
[= d6,=1 ——O'JUIR (4.253)
3 6’; R'_" a in

Notice that the v; problem is not an eigenvalue problem since o’ is known and its

general solution is the sum of a homogeneous solution where —R, (dv,/dr,) - is set to
zero and a particular solution. The homogeneous part is
e = CLToBa0 )T, (1,0,) 4T, (10,0, (Ro0,)] = Co,  (4.254)

and, because R, is a multiple of cos@,, we can get a particular solution in the form

Oy = 1 (1) 0086, ‘ (4.255)
Now, by substituting Equation (4.255) into Equation (4.251) and solving for

f (ro) , a particular solution to the v; problem can be written as

Vparticutar =Cos 90 [CIJI (rao-o) + CzYl (roao)] (4256)
and
v, =Co, +c0s6,[CJ,(r,0,) + CY,(1,0,)] (4.257)

where the constants C, and C, can be determined by using Equations (4.252) and (4.253)

- Doing this, v, will turn out to be

v, =Cu +cosd 1(R,0,)11(1,0,) = 11(1,0,)/, (R, 0, ) dv, (4.258)
L L% (R0, (R,.0,) + Y(R,u0,)],(R,0,) | dr,

out out

1o =Rou
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and dv,/dr, , needed later, is given by

Oy _ % | o500, 9% (4.259)
dr, dr, dr,

° 0 Ir=Rou

where

d]l(roo-o) _ del (’:Jo-o)
dr dr

— o [2]

@, =
" H(R,0,)(R,,0,) + KR

out out

%(R,0,)

n- o

Ji(R,0,)

O-o )Jl (Rin O-o )

Again, the homogeneous part will play no role and we drop it henceforth.

The problem at order £ is

2 2
Vi, + 6%, +/1—"u2 +&-uo =0 (4.260)
o (04
2
v,(r,=R_)=-2R v _ R % ~R, ‘;“0 (4.261)
o ':)=Rouf ro ’Z=err lro ra=Rour
and
2z 2 2
| ) g =pl - |n] 4n-Z v,| (4.262)
) or, % a Ri a Ry,

Now to get — A} / « without determining v, multiply Equation (4.260) by v, , multiply
Equation (4.220) by v, and subtract the second from the first to obtain
A
V-(u,V0,)-V-(v,Vu,)+20 =0 (4.263)
o

Now integrate Equation (4.263) over the reference domain and use the divergence

theorem to get
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Ry 27 ( 42 2z
-] (ﬁz)ﬁ}d@rgdn, = [Rou (7 (0,9 0,) = - (0,90,))d6,
a 0

R, 0

2 oo (4.264)
+ [R, (7 (0,V0,)~7-(,V0,))d6,
0 ro=Ry
Then, because v, vanishes at r, = R, , Equation (4.264) becomes
Rwr 27
( )Huzderdr = Rou,_f . d de,
‘ r,
. o Fou (4.265)
—R J‘ - dl)z - duo d@g
0 dr, =Ry o T, %o=Ry

and because duv,/dr, is independent of 8, and v,(r, = R,) and v,(r, =R, ) are fixed and

by using Equations (4.222), (4.261) and (4.262), Equation (4.264) reduces to

Ryt 2 27 2,
j juzderdr -r, % [ Py S R L
d’; r,=R,, 0 df; =R, d’; r,=R,
o t (3 ut ) t (4-266)
2
+R, av, d6,+ '17 nR, uo
dr:) .y =Ry,
Now, using
2
d % o 1y (4.267)
dr, To=Roue Rou dr, To=Rout

and using Equation (4.259), at », = R, , without the homogeneous part, viz.,

dy, dv,
';7 =Roul
dr:) To=Roy dro To=Rou

the formula for — 27 /o reduces to
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2 2z
X (Cj;r)" j I(ZRW, |, 508”6, ~ l)d@a
AN -Rof (4.268)
“ 2z _[z) r,dr, + R U’

n 0

Notice that the denominator of this equation is always positive.

On evaluating the integrals in the numerator and the denominator we obtain

2
’ (Rout wPl - 1) dUD
2'22 o =Rout d}‘a R
-2 = 2= ou (4.269)
@ R, (dv i R (dv,Y R’
=) el e (ke
20'0 ar, L or 20, \ dr, nek 2 L n 27 R

and in fully scaled form it becomes

- i (4.270)
“URY 1 (dv Y 1 (do} 1 5
out 5 lfo - "fo o UZ + (l)l)j
R, ) 206, \ dr, s Rou 20, \ dr, - 2 %, 27 -
° R, ° °

where

dlfo — C __Y'O(Rout 6.0) d‘]o(’:oo-o) + dYo (’:oo-o) Ja(Raut 6.0)

d’:) Rin d’:) dro Rin
and

aJ\(7,6,) dY(#é,)

Y (6 J
a") — T out 1( D) dfo d ( )
d R Y( o J Rout a out J
R 1 O-o) I(R O-o)+yvl(R O-o) l(o-o)

Notice that — A2 / & depends on 7, , whose value can range from one to R, /R, ,

and on 77, whose value can range from zero to infinity.
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Now the sign of —/1;2 / a depends only on the sign of the factor (a‘)},l‘ o l)
o =Rout[Rin

because the signs of all the other components of Equation (4.270) are known, they are

positive. As in the previous two problems, we have been unable to determine the sign of

(@,

(d

o 1) without a calculation. But the calculations show that it is negative and,
=Rout [Rin

consequently, the sign of ~ A2 /& must be negative.
Thus far all the components of the eigenvalue, — A / « , are obtained (i.e., — /102 / a,

~ A Joc and — A} /ar). The next step is to determine the value of —A%/a for the distorted

annulus, which is defined as

A [_i) ; (_ij +_(ﬁ) -
lo o o 2 «
and then compare its value with that at the reference state (i.e., — /102/ a ). To do this, let us
keep in mind that, — A, / o and is a negative quantity, £ is a positive quantity and
— A’ [ is zero. Then we can notice that the eigenvalue, —A?/& , for the distorted annulus

is less than it is for the reference state. Whereupon & is assumed to be fixed, then this

can only mean that the growth constant, —A?, of the distorted annulus is lower than the

growth constant of the reference state. And we know that, as the growth constant

decreases the thermal stability of the system increases. And because in this case 62 is
hold fixed, then the increase in the thermal stability will be due to an increase in the
thermal diffusion. Therefore, we can say that the effects of the 8 -diffusion and the heat

conduction through the rod overcome the effect of the wider region to the right of the rod.
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Based on this we can conclude that, at perfectly conducting inner wall, a distorted

annular region is thermally more stable than a symmetric one. Therefore, the perturbation

in this case increases the thermal stability of the annular region.

Now, to check our calculation, let us solve this problem by using the second

method (i.e., holding —A° / « fixed at a value other than zero and perturb 62), and see if

we can recover the same conclusion.

Perturb 6° and hold — A/« fixed at a value other than zero. In this case the

problems to be solved are: At order £° the domain equation is

where v, must satisfy

and

At order &!

where v, must satisfy

and

2
Vi, + (502 +—/1~Juo =0
a

o
UO(rO = Rout) = 0

2
dé = (—Z—J v,
Ry @

o

2]560

Ry

0 o

2

Vo, + (502 +i-j v, +68v,=0
o

dv,

v =R,)=-R

RD ut

(4.271)

(4.272)

(4.273)

(4.274)

(4.275)
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2
dé, = 77(—“/1—)01
R, @

2]’ ov,

R_’.
0o 9%, g

At order &2

2

Vi, + ((502 + %]Uz +28%0, + 80, =0

where v, must satisfy

0,(r, = R,,)=-2R, f;r’l _R % ~R, ‘2’:0
0 Ry ¢ IR, 0 1R,

and

2r 2

ERAEE

Again, at order ¢° the eigenfunctions take the form
[4J,,(r,0,) + BY,,(r,0,)]|cos M),

and

AJ,(r,0,)+ BY, (r.c,)|sin MO
M\ '0o™0 M\0o~0o [

(4.276)

(4.277)

(4.278)

(4.279)

(4.280)

(4.281)

where M =0,1,2,... and where 4, B and o, must be determined by the boundary

conditions at 7, = R, and r, = R

out *

Tofind 4 and B we turn to Equations (4.272) and (4.273) and obtain

AT, (R

out

o,)+BY, (R

out

c,)=0

and

(4.282)
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;{ M2 AT A5 VR

d d
0 v o (4.283)
2
77(-—2'_ [AJ (Rmo-a)-*-BY (R O')]COSMH
(04

where the integral on the left-hand side is given by

2z
y dJ,, (r,o, B dy,(r,0,) J‘ cos M6,d6, (4.284)
d’; lRm d’:‘z R, 0

and this is zero unless M = 0. Again, for all M other than zero no heat will be

conducted into the rod and because of this the temperature of the rod cannot changes. As

a result of this the problem becomes just like the problem of constant temperatures walls.
For M =0 things are little different and this case is our focus. Hence at M =0 we

have at r, = R

out

4J (R,,0,)+BY (R, 0,)=0 \ (4.285)
andat r, = R,
2
4Z00) | pdt (o)l (A [47,(R,0,)+ BY,(R,5,)] (4.286)
dr, N dr, R 2T\ @

and these two equations can be written as

J(Rout ) Y(Routo') A 0
o) | (2 dar,no)| | n (A H H<4.287>
o) o e XS & &n+2”[ajm,,,ao> 0

To get a solution other than 4 =0 and B =0 this determinant must vanish, which means
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o

JO (RDHIO-O ) {%
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n
2

Rin

-7, (Rout o){

dJ (r.0,)
dr,

+—[}“2jY(R,,, o)}
T\

L
27

Ri’l

(‘2]-! (R, o} 0

(4.288)

Now, to determine &7 which indicates the strength of the heat source for the symmetric

annulus, we first must decide about the value of —A° / « that we are going to use. One-

way to do this is to use Table 4-3 where the value of & is known (i.e., & 52

52

critical 4

)s

and choose a value of —A’/a other than zero. Then, in this calculation 30 is just § and

whereupon o is given by

then, we can write

2,2
ol =8+
(04
212
o, =0} +—
(04

Therefore, by substituting this into Equation (4.288) we get

2
J,(R,,4[0, + i)
(04
2
—Y (Rout + é_)
(04

and in fully scaled form

A2 ]
dy (r,,|62 +2-) 2 7
a | — |V, 52+ =)
dr, 2z
Rin .
d]o(ro 52+——) 2 2
AR T SN F I
dr, 27\ « (o4
R,

(4.289)

(4.290)

(4.291)
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A 2 y;(]:o 60 +~T\—) A 2 2
IR 52 2y Y28 . A ol AN
R, o ar, 2r\
- o 1 (4292)
_ _
A 2 d]li(;o 502+ A) oy 2 2
—YO(& 53+’AE) _ +L i J( 53+’1—A) =0
R, a dr, 27\ a
i ]

This is the equation determining the allowable values of 5:, for the reference domain
where —A%/& is known. Notice that 5; dependson R /R, , —A*/& and on 7.
Solving Equation (4.292) determines the values of 30 for any given values of

R../R, . —2*/& and 7). But because — A%/d is held fixed the value of 5, can be
affected by two factors; they are R , /R, and 73. The effects of these two factors on the
stability of this problem were discussed in full earlier. Therefore, solving Equation

(4.292) determines the values of 30 for any given value of R ,/R,, and 7. For the case

where R, /R, =5 and 7 =27 the first value of 30 is equal to 0.514 which is the one
obtained from the previous calculation.

However, the constants 4 and B are not independent, and one can be found in

term of the other. Doing this we write our eigenfunction as
v, =C[-Y,(R,,0)],(r,0,)+ Y, (r,0,)J,(R,0,)] (4.293)

where C is an undetermined constant. This equation can be written in fully scaled form,

that is

v, =C{—m%&ovo@&o)+I;<é@)@<%o‘z)} (4294)

n n
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Our next job is to correct &. for the displacement of the pipe. Then & 2 will be
5 =82 + &b} +—1—g2é)‘22 +..
2

Now, to find 6 we must solve Equation (4.274), which is

2

Vo, + (502 + l—) v, +6v,=0
o

where
dv
0, = Ru) = =R =2
70 R
and
2z 2
oV A
j‘@TI de, = 77(—-;]01‘&"
0 o IR,

To obtain &} let us multiply Equation (4.274) by v,, multiply Equation (4.271) by )
and subtract the second from the first to obtain
V-(u,V0,)=-V-(1,Vv,)+ 82 =0 (4.295)

Now integrate Equation (4.295) over the reference domain and use the divergence
theorem to get

Raul 2

- j j(5fug)deorodro=2fkm (ii-(v,Vv,) -7 (1, Vv,))de,
R, 0 0

oo (4.296)

2z .
+ j.Rl.n (72-(v,Vu)—7-(vVy,))ds,

0

7;:=Rin
where 7 is the unit outward normal to the annular region, as shown in Figure 4-8B.
Now the first integral in the right-hand side of Equation (4.296) is zero because

v, =0 at r, =R, and because v, at r, = R ,, which is given by Equation (4.275), is a
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multiple of cos8, and when integrated over 0,27 it vanishes. Hence we must pay

attention only to the second integral. Because at the rod wall, at

fixed, then Equation (4.296) reduces to

Roul 27

I IUZdB rdr, =

m 0

0 Ir,=R,

=R,

. jd’)l do,-R,

v, and v, are

in?

2z

dv,
n JT de, (4.297)

AN

By using Equations (4.273) and (4.276), Equation (4.297) becomes

Ry 27
52 H 240 r.dr, =

(4.298)

Because v” is not zero, then 512 must be zero which is an expected result and again it

happened due to the symmetry of the annulus. And again to learn the effect of a

displacement we must go to second order of & . But there we will need v, which can be

determined by solving

which can be written as

where

and

Voo +| 6, +— v, =0
a

2 2.
Vv +o,0,=0

Ul(r; = Rout) = —Rl

/12
dBO = 77(—';)01‘&"
R'i’l

(4.299)

(4.300)
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Notice that the v, problem is not an eigenvalue problem since o7 is known and its

general solution is the sum of a homogeneous solution where —R, (dv, /dr, ) . _, lssetto
zero and a particular solution. The homogeneous part is
v, =Cl[-Y,(R,.0,),(,0,) + Y, (1,0,)J,(R0,)] = Co, (4.301)

and, because R, is a multiple of cosé,, we can get a particular solution in the form

v, = f(r)cosé, (4.302)
Now, by substituting Equation (4.302) into Equation (4.300) and solving for

f(r,), a particular solution to the v, problem can be written as

Ulp,,ﬁm,a, =COos 90 [Cl‘]l(roo-o) + CZYYI (roo-o)] (4303)
and
v, = Cv, +cosb,[C J,(r,0,) +C,Y (1,0,)] . (4.304)

where the constants C, and C, can be determined by using Equations (4.275) and (4.276)

. Doing this, v, will turn out to be

v, = Cl)o +COS 60 Yl(Rino'o)Jl (roao) -—Yl(I';JO'O)J](RmO'O) duo (4305)
—Yl (Rino-a)‘]l (Rauto'o) + le (Routo-o )‘]1 (Rino-o) dro n=R,,
and dv,/dr, , required later, is given by
0 _ 6% o500, %% (4.306)
dr, dr, dr, -

where
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a7 v
Y (er[ 0) l;’:O-O) - ];:‘i) ) J (Rln 0)
P Tr (R0 (R0 )+ V(R0 N (R0

Notice that these two equations are similar to Equations (4.258) and (4.259) obtained

from the previous method. As shown previously, the homogeneous solution of the v, will
play no role on the value of §; and we drop it from now on.

At order £” the problem is

2
Vo, + (53 + %) v, + 6.0, =0 (4.307)
2
70 R %o IR, o IR
and
2 2
ov A
ja_rz do, = '7[_;)”2‘&
0 o |R

Now we can get &, without determining v, multiply Equation (4.307) by v, , multiply
Equation (4.271) by v, and subtract the second from the first to obtain
V-(v,V0,)=V-(v,Vu,)+ 0. =0 (4.308)

Now integrate Equation (4.308) over the reference domain and use the divergence
theorem to get

Ry 21
_ j' J 52 2 dHrdr — 'fRaut(ﬁ.(UDVUz)—ﬁ-(DZVUO))dQO

b (4.309)

2z
+ [R, (7 (v,Y0,) =7 (v,V0,))d6,

0

=R,
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Then, because v, vanishes at 7, = which is important as we do not know (dv, /dr,)

our b4

at r, =R, , Equation (4.309) becomes

2&.,,271' R 2z dv
5 ”u d6,r dr. = ""'oj then ] a6,
=L . (4.310)
Dl g6 -R, [odl, . % do,
o =g, 0 o lr=r,

and because dv,/dr, is independent of §, and v, and v, are fixed at r, = R, , then

in?>

Equation (4.310) will be
Rout 27 2z 2
5 | Ivfdé’ondnﬁ&mﬂ | 2r % _pdl
P dr dr ar’ |
in % Ir,=R,, 0 2 1r,=R,,; % ln=R,,
(4.311)
2z 2z
~R, ‘;Uo ]d@ +R,0,, . j il a9 -R, o, o | ‘;“0 de,
o lhero "5 AN, 0 Yoy,
and by using Equations (4.278), (4.279) and (4.273), Equation (4.311) reduces to
Ry 27 2
52 j juzdardr -g, %% [l 2R =2 v,
o lpor, dr, Lok,
T N (4.312)
2
e ol Yo
dro o =Rout ro Rout
Now, using
2
do) __ldy (4.313)
dr; R R,, dr, .-

du, dv
= c0s, @p|, . y :
’:) =Rau[ ’:7 =Rou

we get



Roy 27 v 2 o
g a{ Joider z( dr:) [(1-2Ry 5], co6,)as, @314

and hence the formula for &7 reduces to

dr,
52 = Ry 27
[ Joide,rar,
R, 0

2 n
(du" j 2_‘. (1 -2R , @, I’L=R.m cos’ Bo)dé?o
o=Fou (4.315)

Notice that the denominator of this equation is always positive.

On evaluating the integrals in the numerator and the denominator we obtain

? 5 Re (4.316)

Rjut dUo ’ Rli dUo 2 Rli 2
o - -y
202 dr, 20\ dr, ) r 2

5 =

T =Rpu1

and in fully scaled form it becomes

. ](duo Jz
1-a, ~
;0=M dro "_Roul
a2 Rin r,';"Ri }
6, = < , (4.317)
2 2 2
ot 1 (dv, 1 (dv, 1
- —-—=U
in 26—3 dfa 7 _&'ﬂ_ 2 Aj d; £ =1 2 £=1
Ch R.‘n = o

where

(38  dTG6,) ) Rus s
dr, dr, R,

dr n 0

o

dUo — C[_}fo(Rout 6.0)
R

and
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djl (;‘:)6-0) _ d‘Yl (’%6-0)

Y, (6 J(6

&, = Rou O @
"R N - Ryt anyon
Ra | F(8)(F26) +1(T26,)0,(6,)

Notice that &7 depends on 7,, whose value can range from one to R /R, .

Now the sign of &, depends only on the sign of the factor (1 - a3p|_

) because
o =Raut/ Rin

the signs of all the other components of Equation (4.317) are known, they are positive.

We have been unable to determine the sign of this factor without a calculation. But the

calculations show that it is positive and, hence, the sign of §; must be positive.

Thus far all the components of, 87, are obtained (i.e., 52, 57 and &7). The next

o

step is to determine the value of §° for the distorted annulus, which is defined as
82
5% =6 +¢6} +?522 +...

and then compare its value with that at the reference state (i.e., §). To do this, let us

keep in mind that, 57 and &; and & are positive quantities and &} is zero. Then 5? for

the distorted annulus is greater than it is for the reference state. This means that the
distorted annulus can tolerate higher heat generation than the symmetric annulus. This is
because the effects of the 8 -conduction and the heat conduction through the rod
overcome the effect of the wider region to the right of the rod.

Based on this we can conclude that, for a perfectly conducting inner wall, a
distorted annular region is thermally more stable than a symmetric one. Therefore, the

perturbation in this case increases the thermal stability of the annular region. Notice that
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this result agrees with what we obtained earlier by using the first method (i.e., perturb

—A*/ec and hold &2 fixed).

Now, the main problem of this chapter (i.e., thermal stability in a distorted annular
geometry with heat being produced within the domain), is solved for the three different
inner boundary conditions (i.e., isothermal, adiabatic and perfectly conducting inner
wall). The calculations are made under the assumption that heat is being transferred only
by conduction. Tﬁe solutions of each of these three different boundary conditions are
demonstrated in the sub-sections 4.2.1.1, 4.2.1.2 and 4.2.1.3. Our job now is to show how
the boundary conditions changes can affect the thermal stability of this problem. To

achieve this, let us compare the results obtained from the three problems solved earlier.

And let us begin by comparing the values of 6 obtained at the reference states, é2.To
do this, let us plot the values of &’ obtained from each of the three problems vs.
R,./R,, . This is depicted in Figure 4-8.

In Figure 4-8 we can see that, the curves of the adiabatic and the perfectly

conducting inner wall lies exactly on each other' (i.e., &> LT &> . ). And because of this
the critical value of & for the two cases must be the same € 2 eal L= éA'_fmica, , ). From this

we learn that, the thermal stability of a symmetric annulus with adiabatic inner wall is
equal to the thermal stability of a symmetric annulus with perfectly conducting inner
wall. This result agrees with our earlier work in the planar problem, which is presented

and discussed in Chapter 3, where we found that, in the symmetric case, the critical value

of 6 for the adiabatic and the perfectly conducting central layer are the same. Also in

" The reason for this and its prove were presented and discussed earlier in section 4.2.1.3.
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Figure 4-8, we see that the curve of the isothermal inner wall case lies at a higher level

than the other two cases. This means that the isothermal inner wall case has bigger values

of 62 than those for the adiabatic and perfectly conducting inner walls (i.e., the
isothermal inner wall has the lowest growth rate constant), and, thus, its critical value of

5 must be the largest. This leads us to conclude that in the reference state the isothermal
inner wall case is" thermally more stable than the other two cases as it can tolerate more
heat generation. This is because in this case both the inner wall and the outer wall serve
as heat sinks and then the heat generated can be conducted away from the annular region

through the two walls while in the other two cases only the outer wall, which is

isothermal, will serve as heat sink. But notice that, 6'3 has high values at small values of

R,./R, while as the value of R ,/R,, increases the value of &7 decreases and the
distance between the isothermal curve and the other two curves becomes shorter until,
eventually, all the curves lies on each other. This happens because as R /R, increases
the thickness of heat-producing region increases, but we know that thick heat-producing
regions are bad conductor and, therefore, they are thermally less étable than thin heat-
producing regions.

Now, to see how the displacement affects the thermal stability of these problems,

let us compare the results obtained from the distorted annulus. In this case we will begin

by comparing the values of the correction factors, 62 / &2, then the values of 62 obtained

from each case. To do this, let us plot the values of 67/67 obtained from each of the

three problems vs. R /R, . This is depicted in Figure 4-9.

out
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From Figure 4-9 we can observe that, the curve of the perfectly conducting inner
wall is positive, 62 /62 > 0, but its values are nearly zero. This is because in the distorted
annulus, as we explained earlier, the heat generated in the domain will be conducted in

both the radial and the azimuthal directions but for this case the heat will also diffuse

through the perfectly conducting rod and this diffusion plays an important role on the
sign and the magnitude of 2 /67 . This is because the rod will act as a short-circuit,
where heat can diffuse through towards the thin region on the right-hand side of the rod
which improves the thermal stability of the system as it helps the & -diffusion to
overcome the effect of the thick region and because of this the sign of 67 /&2 will be
positive. On the other hand, this inher rod will act as heat storage, which will store the
diffused heat and then release it back into the region as the domain temperature decreases
and this back release of the heat reduces the values of 67 /&7 . This agrees with what we
learned from the well-mixed tank problem, which is presented in Appendix E. However,
because of the small values of &2/6?, which are almost zero, we can conclude that, in
the case of a perfectly conducting inner wall, the rod displacemeht will have a very small

effect on the thermal stability of the annulus and, consequently, we can say that

&j'P =g’ L . This conclusion agrees with our previous work in the planar problem

discussed in Chapter 3. That is: the location of the perfectly conducting central layer does
not affect the critical value of § and, consequently, it does not affect the thermal stability
of the system.

Moreover, we can see that the curves of the isothermal inner wall and the adiabatic

inner wall boundary conditions are located on the negative side of the graph because



160

67 /62 < 0. Therefore, for these two cases the displacement will lower the speed of the

diffusion and, consequently, the growth constant, —A?, will increase, and because of this

the critical value of 5 will decrease. Then, these two systems will become thermally less

stabile. But notice that the curve of the isothermal inner wall is located at lower level than

the adiabatic inner wall curve (i.e., 62 /6?

<6362

P ), which means that thermal

diffusion for the case with adiabatic inner wall is higher than it is for the case with
isothermal inner wall. This indicates that the adiabatic case is trying to stabilize faster
than the isothermal case. To explain this let us recall that in the isothermal case there are
two heat sinks, the inner and the outer walls, while in the adiabatic case only the pipe
wall will serve as heat sink. Then, the heat generated in the two cases cannot be the same.
The heat generated in the adiabatic case must be higher than the heat generated in the
isothermal case. And the higher the heat generated the higher the temperature, but the
higher the temperature the stronger the temperature gradient and, therefore, the higher the

tendency for the heat to get out. Thus, the thermal diffusion in the adiabatic case becomes

stronger than it is in the isothermal case. Also notice that the values of 62 /67 are large
in magnitudes at small values of R ,/R, but as the value of R /R, increases the value

of 67 /67 decreases in magnitude and the difference between the isothermal curve and
the adiabatic curve becomes less until, ultimately, the two curves lies on each other. This
happens because as R , /R, increases the thickness of heat-producing region increases,
and hence thick regions are less sensitive to small perturbation than thin regions.

Now to compare the values of 62 let us plot & obtained from each of the three

problems vs. R, /R, . This is depicted in Figure 4-10.
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In Figure 4-10 we observe that, the curve of the isothermal inner wall case lies at a
higher level than the other two cases. Therefore, the case with isothermal inner wall is
thermally more stable than the other two cases even if the displacement decreases its
thermal stability and even if its tendency to loss heat is less than that for the adiabatic
case, as we learned earlier from Figure 4-9. This is because of the existence of the two

heat sinks. Also observe that the curve of the adiabatic inner wall and the curve of the

perfectly conducting inner wall lie on each other (ie., 6° IA = &ZIP ). And because of this

52
critical

the critical value of & for the two cases must be the same (e, 33

ritical

L P). From

our computation we found that this is always true except for the case with very small

R../R, where the annulus begin to behave like two parallel plane walls. In such a case
we found that the values of & , becomes less than the values of 6° b This result agrees

with our previous work in the planar problem discussed in Chapter 3. That is: when the

central layer is displaced, the critical value of 67 for the case of perfectly conducting
central layer does not change while it decreases for the case of adiabatic central layer.

In the next section, the effect of heat being transferred by both conduction and
convection on the thermal stability of a distorted annulus with heat being produced within

the domain is studied and solved.

4.2.2 Mathematical Problem in the Case of Heat Transfer by both Conduction and
Convection

This section presents a study of the effect of perturbing the inner cylinder on the
thermal stability of an annulus in which heat is being produced within the domain (i.e., in
the annular region, and carried to the walls by both conduction and convection). In this

section we add to one of the problems solved earlier a radial flow outward from the rod to
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the pipe or inward from the pipe to the rod. To do this, let us consider the problem with
isothermal inner wall and let us imagine that the annulus is filled with a porous catalyst
that produces heat. To cool this catalyst down we are going to allow fluid to flow either
outward or inward by controlling the pressure at the inner and the outer walls. This
problem with outward flow is depicted in Figure 4-11. In this simple model the fluid flow
can be described via Darcy’s law where the velocity of the fluid, ¥, is proportional to the
pressure gradient,. VP, viz.,

7=-togp

M

where k), is the permeability of the porous medium and x is the viscosity of the fluid.

In this case, the case of constant temperature walls, the heat generated in the
annular region is removed by convection due to the radial flow and by conduction to the
walls, which serve as heat sinks. As depicted in Figure 4-11A, this case has two heat
sinks, an inner sink and an outer sink, and, therefore, the maximum temperature is
expected to be located somewhere in the middle. Moreover, the thermal stability of the
system is expected to increase due to the radial flow. This is because the fluid flows,
regardless of its direction, will push the maximum temperature closer to one of the two
heat sinks and this will strength the temperature gradient and, consequently, the rate of
the heat loss will increase. But when the inner rod is perturbed, as depicted in Figure 4-
11B, the factors which control the thermal stability of this problem will increase. They

are the wider region to the left of the rod, which reduces the thermal stability as it

produces
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Inner heat sink at

Heat transfer by conduction on @ -direction
(p=r)

Heat-producing
material

Outer heat sink at i
(=7
A B
P High pressure P": Low pressure

Eﬁ@' Direction of fluid flows due to the pressure difference.
C—>: Direction of heat conduction due to temperature difference.

Figure 4-11. Heat transfer by conduction and convection between a rod and a pipe both at
fixed temperature. A) On-center. B) Off-center.
more heat, the & -diffusion, which enhances the thermal stability because it can carry heat
from the thick region to the thin region and, therefore, to the nearby sinks and the radial
flow, which increases the thermal stability as it pushes the maximum temperature closer
to one of the two heat sinks. Beside this notice that, in this case the radial flow is not
equally spread in the region because the radial pressure gradient is not evenly distributed
around the inner cylinder. In this case the radial pressure gradient for the thin region will
be higher than it is for the thick region. This is because by shifting the inner cylinder to

the right, as depicted in Figure 4-11B, the distance between the rod wall and the pipe wall
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to the right of the rod will become shorter and since the pressure at the two walls is held
fixed then the pressure gradient increases. And on the same measure, we can show that
for the thick region the pressure gradient decreases. As a result of this, the radial velocity
across the thin region ought to be higher than that for the thick region. Thus, the
displacement slows the response of the radial flow in the thick region (i.e., the radial flow
in the thick region will not be able to push the maximum temperature close enough to one
of the two heat sinks), and this will decrease the thermal stability. Also we know that, in
order for the fluid to flow through the region from the rod wall to the pipe wall, as in this
case, the pressure at any point in this region must rise above that of the outer wall. And
the more distance a point in the region is from the outer wall the higher its pressure must
rise. From this we understand that, at any point at a fixed distance from the center of the
rod, the pressure in the thick region will be higher than that in the thin region. But we
know that the fluid will flow from high-pressure region to low-pressure region. Based on
this, the fluid in the thick region will start to flow in the azimuthal direction toward the
thin region. Figure 4-11B depicts such a case. Consequently, the radial velocity across the
thick region will become weaker and this will slow the response bf the radial flow in the
thick region, but in the same time the total volumetric flow rate will increase as the
azimuthal pressure gradients can come into action and, therefore, the rate of the heat loss
will increase and this will enhance the thermal stability of the system. From this we can
conclude that the total volumetric flow rate for a distorted annulus is greater than that for
a perfectly centered one. This conclusion will be verified during this work.

As usual, we will begin with a simpler problem in order to get some guidance. This

simpler problem is the case of parallel plane walls and it is presented in the following.
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Heat transfer by conduction and convection from a heat—produéing material
confined between two, parallel, plane walls. To study this problem, let us consider the
simplest planar problem discussed in Chapter 3, where no central layer exists between the
two parallel walls, and let us assume that the confided space between the two walls is
filled with a porous catalyst that produces heat. To cool this catalyst down we must let
some fluid flow through the porous medium by controlling the pressure at the two walls.
Again, Darcy’s law can be used to describe the fluid flow in this model. This problem is

depicted in Figure 4-12.

Heat sink at ! Heat sink at

P=p

or . oT o°T
C,|—+V,— |=k +O(T
P ”[at *ax} o2 o)
i
Heat-generating material

!
|
g
!
!
{

P" : High pressure P": Low pressure

=% Direction of fluid flows due to the pressure difference.
—>: Direction of heat conduction due to temperature difference.

Figure 4-12. Planar geometry when no central layer exists.

Notice that in this problem the two walls are held at constant temperatures (i.e.,

isothermal walls), then, in the absence of flow, the maximum temperature is expected to
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be in the center of the region, at x = 0. But in the presence of flow the maximum
temperature will be either to the left or to the right depending on the direction of the flow
and hence, the direction of the flow will not affect the thermal stability of this problem.
This is because in either case (i.e., the right to left flow or the left to right flow), the flow
will push the maximum temperature closer to one of the two isothermal walls, which
serve as heat sinks, and, therefore, the system becomes thermally more stabile. But if one
of these two walls, let us say the right-hand wall, is adiabatic then the maximum
temperatﬁre is expected to be on this wall and, therefore, the direction of the flow will
affect the thermal stability. This is because if the fluid flows from right to left then the
flow will push the maximum temperature towards the isothermal wall which will enhance
the thermal stability. But if the fluid flows from left to right then the flow will bring more
heat to the adiabatic wall and then the thermal stability will decrease.

Let us begin by writing the domain equation for this problem. The temperature rise

must satisfy the thermal energy equation

oT «_ oT o*T
C|—+V. —|=k +O(T 4318
p {at f éx} e o) ( )

where T is the temperature field, ¥, is the velocity of the fluid flows in the x direction
and where Q(T) denotes the rate at which heat is produced in the material per unit

volume, assumed to be linear function in T . The temperature is subject to two boundary

conditions viz.,
T(x=-L)=T, (4.319)
and

T(x=L)=T, (4.320)
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Let O(T') be a linear function of T’ (i.e., Q(T)=0Q, +Q,(T -T,)) and set

T =T -T,. Based on Equation (4.318) 7 must satisfy

or or T :
C|—+V —|=k—+ 1+ST 4321
pv[at ax} = Q,(1+57) : (4.321)
where

)
Q,

Then rewriting Equation (4.321) in scaled form by defining 7 =T T~, V.=V, V.,
x=Xx and t=7 ', where T =1/S,V,=k/pC,L, =L and T = pC,I% [k , we get

*

o' _&T" _.0oT

= -V, o +8°A+TY, -1<x <1 (4.322)
X
where
62 - QOSL2
k

Again, the value of §° indicates the strength of the heat source and (1+7")

indicates how fast it increases as 7" increases.

On dropping the *’s Equation (4.322) will be

2
L _0T y o 2304T), ~1<x<I (4.323)
ot Ox Ox _

and at steady state the temperature rise must satisfy

d’T dT,
d:;“"y -V, ;’;"dy +8*(1+T,

)=0 (4.324)

eady

where

];teady(x = —1) = 0 (4.325)
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and

T e (x=1)=0

(4.326)

From now on we will drop the subscripts steady and x from Equation (4.324) and

its boundary conditions.

To solve Equation (4.324) we must define its homogeneous and particular

solutions. A particular solution can easily be determined viz.,

and the homogeneous solution can be found by solving

2
d {—-Vd—T+52T=O
&> dx

Trying a solution of the form e™ the values of m must satisfy
m* —Vm+8> =0

hence there are two values of m , denoted m, and m, where

_ V+V?-46°

m
! 2
and
V—\V?*-4657
m2 =
2

(4.327)

(4.328)

(4.329)

(4.330)

(4.331)

Now our job is to find &, (i.e., § at which no solution exist), and it appears that three

cases present themselves, depending on whether V> — 457 is positive, zero or negative.

These three cases are presehted and discussed in the following.

Case I: Set V> —45% > 0, then m, and m, are real and distinct, and we write the

solution to Equation (4.324) in the form
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T=Ade™ +Be™ -1, -1<x<1 (4.332)
To find 4 and B substitute this formula for 7 into Equations (4.325) and (4.326)
to get
Ae™™ +Be™™ ~-1=0, x=-1 (4.333)
and
Ae™ +Be™ -1=0 , x=1 (4.334)

which can be written in matrix form as

e |l 4] |1
¢ ¢ = (4.335)
e™ ™ || B] |1
To find &, the determinant of the matrix in Equation (4.335) must vanish. But this

determinant does not vanish unless m, = m, , which cannot be true because in this case

the roots must be real and distinct. As a result of this we can find 4 and B uniquely and
then & cannot be critical. Therefore, this case is rejected because it can give no ¢ that is
critical.
Case IL: If V> — 45 =0, then m, and m, are equal and the solution to Equation
(4.324)is
T =A4e™ +Bxe™ -1, —-1l<x<l1 (4.336)
Again A and B must be chosen so that T satisfies Equations (4.325) and (4.326) viz.,
Ae™ —Be™ -1=0, x=-1 (4.337)
and
Ae™ +Be™ -1=0 , x=1 (4.338)

or as



171

™ e 14| |1
¢ ¢ - (4.339)
em ™ ||B] |1
It is clear that this determinant cannot be zero; it is equal to 2 . Because of this the values

of 4 and B can be obtained uniquely and, therefore, § cannot be critical. Again, this

case is rejected.
From the prior two cases we can see that, the roots m, and m, cannot be real.
Therefore, they must be complex conjugate numbers.

Case IIL: If VV? —45% <0, then m, and m, are complex conjugates and we write

the solution as
T = 4e™ cos(Im-x) + Be™ sin(Im-x) -1, —-1<x<1 (4.340)
where m is the real part of m; and Im is its imaginary part viz.,

v
m=—
2

(4.341)

and

Im = %W (4.342)

To find the constants 4 and B, turn to the boundary conditions (i.e., Equations

(4.325) and (4.326)), whereupon 4 and B must satisfy

_r / 2 __y2 _r / 2 _ 12
Ae 2cos[—lw—z—LJ—Be 2sin[%}—l=0, x=-1 (4.343)

and

Ae? cos + Be?sin ~1=0, x=1 (4.344)

2 2

which can be written in the form
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e %cos

14
e? cos

=
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|4

—e 2sin

2

14

e?

(5

Jas?-v?

2

|

(4.345)

—
ST N
—

Now to find the critical value of &§, the determinant of the above matrix must vanish.

Hence &

e TS satisfy

452 -2

2

cri
cos [

or

or

.

2

Jas? -2

2

g

RN

J45* ~v?

bl

2

)

sin(/46> -7} =0

whereupon the critical value of & must be found among

2_2
nm
52 L

critical —

V2
4

Notice that the lowest & _.

n=0,1,2,3,..

J4_(522T?/7 ] —0 (4.346)
(4.347)
(4.348)
(4.349)

e OCCUIS at 7 =0 but this is not allowed because when n =0

we get V2 —46% =0 while in this case (i.e., Case IIT), we set V> —46> < 0. Hence, the

lowest 6., willbe at n=1. Then, at n=1

VZ

2

critical =
4

2
T

+.__
4

(4.350)
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Now in Chapter 3, where only heat transfer by conduction is considered, we

found'*

72'2

5c2ritical = T (435 1)
and so we can write

2
critical

V2

conduction 4

62

critical

(4.352)

convection

hence

2
critical

2
critical

(4.353)

convection conduction

Then when both conduction and convection heat-transfer modes are considered the
critical value of & increases and, therefore, the system becomes more stable as it can
tolerate more heat generation. Thus, our system is stabilized by convection. This result
agrees with our earlier expectation.

Now, let us return to the main problem of this section (i.e., the effect of conduction
and convection on the thermal stability of a distorted annular region). As we decided
earlier we are going to consider the case with isothermal inner wall. Notice that without
convection this problem was solved in section 4.2.1.1 and now we add in convection.

Let us begin with the right-hand side of Figure 4-11. In this problem the
temperature rise can be described by the thermal energy equation

oC, %7;— =kV’T - pCV VT +Q(T) (4.354)

" Written in completely scaled form.
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where T is the temperature field, ¥ is the velocity vector and where O (T) denotes the

rate at which heat is produced in the material per unit volume, assumed to be linear

function in T . The temperature is subject to two boundary conditions viz.,
T(r=R,)=T, (4.355)

and
T(r=R(6,5))=T (4.356)

and as we mentioned earlier, the fluid flow will be described via Darcy’s law viz.,

.k
V=——2VPp (4.357)
y7i

where VP is the pressure gradient, k, is the permeability of the porous medium and
is the viscosity of the fluid. The pressure is subject to two boundary conditions viz.,

P(r=R,)=P* (4.358)
and

P(r=R(6,5))=P" (4.359)

Before going any further, it is important to mention that for this problem we choose

to work with the completely scaled equations from the beginning.

Let O(T') be a linear function of 7' (i.e., Q(T)=0,+Q,(T —-T,)) and set
T =T -T,, whence T must satisfy

pC, %{; =kV’T - pCV VT +Q,(1+ST) (4.360)

where

)
QO
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which is the sensitivity of the heat generation to temperature. And on dividing by £ we

get

pC

Ll vt - 22791 + (1457

k or

*

Then rewrite this equation in scaled form by defining T=T T*, t=7 ¢, r=7 r’,

V=V V" and V=V V' where T=1/S, 7 =pC,R./k,F=R,,V =k/p

where V=1/R. . Then we get

*

‘Z: =V V' VT + 652 (1 + T*)
where
62 _ QOSRIi
k

(4.361)

C R and

(4.362)

Moreover, the flow equation (i.e., Equation (4.357)), can be written in scaled form

by defining P = P P* where P =ku/k,pC, . Then we get

V'=-v'pP
On dropping the *’s Equations (4.362) and (4.363) will become

%:vzz’—ﬁvnaz(lw)

and

V=-VP
Then, by substituting Equation (4.365) into Equation (4.364) we get

%]i— =V*T+VPVT +5*(1+7)

whence the steady state temperature rise must satisfy

(4.363)

(4.364)

(4.365)

(4.366)
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0=VT, 0 + VPVT, 0 + 5 (14 T, (4.367)

The input variables of this problem are VP, & and &°. All the input variables are

held fixed except 6. The only output variable, at steady state, is therefore T,

steady - 1t

dependson r and 4.

Based on what we learned earlier in section 4.1 and section 4.2.1 and in Chapters 2
and 3, this problem can be solved by the domain perturbation method. But since we want
to determine the critical value of §° which is defined when T —> o0, the domain
perturbation method cannot be applied directly to the domain equations. Instead we must
introduce the corresponding eigenvalue problem and solve it for a reference case, the
symmetric annular region (i.e., Figure 4-11A). The eigenvalue problem of the distorted
annulus geometry is then solved by perturbing the equations about the reference state.

Then, by following the steps given in section 4.1, the eigenvalue problem is found

to be
Vu+VPVv+civ=0 (4.368)
where o° =87 + A2,
v(r=R,)=0 (4.369)
and
v(r=R(6,¢))=0 (4.370)

However, similar to what we learned in the previous sections, anything that lowers —A°
makes the system more stable (i.e., allows greater values of §°), and what lowers —1* is
o, the measure of the diffusion strength, and since the critical value of 6 is reached

when —A% =0, then larger values of 6 corresponds to larger values of ¢° which means
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higher thermal-diffusion rates. Thus, the effect of perturbing the inner cylinder on the
thermal stability of the annulus can be seen from the change in the value of o’.

Now, for this problem (i.e., Figure 4-11B), the pipe wall presents no problem; it is
the rod wall whose surface is displaced. For such a case, the surface of the rod is given by
r=R(0,¢) where R is expanded as

2

R=R, +eR, +52—R2+... | (4.371)
where
R, =1, R =cosf, and R, =-sin’6,
Again, the solution of the reference case will be denoted by affixing a subscript
zero to its variables while the subscripts one and two will denote the factors in the

expansion to first and second order of &, respectively.

The expansion of 7, see Appendix D, can be written as

2
7i=7i +eh, +%h’2 o (4.372)

where

2
T - ra - — sin 90
i, n =i,sin@, and n, =—i, 5

n

o =

The expansions of v and P on the domain, by using the rule given in Appendix A,

can be written as

v=v,+&y +—82—u2 +... (4.373)

and
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2

P=P+cP +%-P2 t.. (4.374)

and the expansions of v and P at r = R(6,¢), are given by

dv,\ & dv d’v, dv,
u(R,Q):uo+e{ul+R1 ~ ]+7(02+2Rl drl +R} = +R, a )4— (4.375)

o 7] o

and

2
P(R,0)£E,+S(E+R] dg}‘i[g 2R R
ar, )" 2 d

T

2
dk +R, dPo}+... (4.376)

dr? dr.

(/] o

The expansion of ¥ is
V=V +el+—V,+.. (4.377)

The expansion of the eigenvalue, o, will be

2

o’ =0’ +¢eo0} +%o~22 +... (4.378)

which is same as
2
2 _(¢2 2\ _ (2 2 2 2\, € (o 2
o’ =(s +,1)_(5a+/10)+g(51+,11)+2(52+3,z)+... (4.379)
The equations to be solved with their boundary conditions'” are: First at order &°
Vv, +VP Vo, +c’v,=0 (4.380)
where

L, (7, =R,,)=0 (4.381)

and

1 Note that the perturbed boundary conditions are no longer isothermal because they try to simulate
isothermal by putting a condition other than isothermal on the reference domain.



L, (r,=1)=0 (4.382)
For order &'
V20, + VP, Vv, + VBV, + 6’0, + 0670, =0 (4.383)
where
v(r,=R_)=0 (4.384)
and
v(r,=1)=-R, ‘;‘2’ - (4.385)

For order &2

%Vzuz +%VPO.VUZ +VB.Vy, +?12-VPz.Vua +—;—0'§uz + o}y, +%O'221)0 =0 (4.386)

where
v, =R,)=0 (4.387)
and
dv. d*v dv
v,(r, =1)==2R =1 _R*Z o _pZl 4.388
2(0 ) 1 do r=1 1 droz r=1 ’ dro r=1 ( )

To explain where Equations (4.385) and (4.388) come from, notice that the expansion of

v at r=R(6,¢), is given by Equation (4.375), namely by

2 2
U(R’9)=Uo+8(01 +R dU"J+g—[uz 2RI g2 g du"j+...

2 dr dr? 2 dr

o o o o

and that v(R, &) must vanish for all values of .

Now, in order to solve these problems we must first solve for VP,, VP, and VP,.

This calculation is presented in Appendix F. From this calculation we obtain
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P¥ - pt
P = p? —(—-—)ln(ro) (4.389)
In(R,,)
Moreover,
Pf_pt
dF, = —( )l (4.390)
ar,  In(R,) r,
and
2 PH __PL
a°F, _ ( )—1— (4.391)

d}  In(R,)
These derivatives will be useful later on. However, by setting C = (PH - P* ) / In(R,,)

Equations (4.390) and (4.391) can be rewritten as

ap, __(P"-P)

1
dr, W(R,) r,

¢ (4.392)
7,

and

&p_(PP-P)1 _c
d’:nz - ln(Rout) roz —r.o2

(4.393)

where the magnitude of C and its sign determine the strength of the flow and its
direction, respectively. In this problem, positive values of C will stand for outward flow
(i.e., from the rod to the pipe), while negative values of C will stand for inward flow
(i.e., from the pipe to the rod). Also we obtain

2
P, =cos6, > I v, - Rou |4,
(R —1) r )dr

out

(4.394)

and by this, there obtains



2
d—P1-=cosé’D > 1+&’2"—‘ ar, (4.395)
dl‘o ( out l) r dro r=l
and
2
A sing |, R | L (4.396)
de, ( 3”,—1) r, )drn|

P, is found to be

__ 2 R, 1 J iP
i (R:u,—l)ln(Rm)m[ 7, J+(R2 —1)2( roé" ro)coszeo drg‘ | (4.397)

out =

and by this, there obtains

4
df, _ - 2 P . Rv;fwo c0s26, dr, (4.398)
dro (Raut _1)]'n(Rout)ro (Rjut—l) ro ro ,2’=1
and
4
ar _ 2 : ﬁgﬂ-—rj sin26), ak, (4.399)
df, | (R -1)\ 7 dr, |

These derivatives will be useful later on.

Now, given that P, P, and P, are obtained then the energy problems (i.e.,
Equations (4.380), (4.383) and (4.386)), can be solved but before doing that let us try to
verify our previous conclusion on the total volumetric flow rate for this problem that is:
the total volumetric flow rate for a distorted annulus is greater than that for a perfectly

centered one. To achieve this, we must determine the velocity at each order of £ (i.e.,
170,171 and V, ), which can be done by perturbing Equation (4.365). From this we find that

for order £°, which is the reference case



7=y, =% _vp
o dr

For order &',

-VP,

oo P
V=iV, +il, =— ( 5’P+’6'8 J 1

or, r, 00,
and from Equations (4.395) and (4.396) we find

OP,

— 1

1
V =——L=— g —— |14 (o
n a;.;) CcOS O(RZ _1)[ r2 Jdr

out

and

out

2
For order &,

V=iV, +iy, =- P, b ok =-VP,
or, r, a6,

o

and on using Equations (4.398) and (4.399) we obtain

4

_OP, 2 2

A oS P 1)2(%"' )26'

out

and

(4.400)

(4.401)

(4.402)

(4.403)

(4.404)

(4.405)

(4.406)

(4.407)
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Now, the total volumetric flow rate, O, , per unit length across the boundaries,
which is given by
Q, = [dan-V (4.408)
can be obtained. It is important to notice that ¥, =0 at the boundary. Hence, because of

radial symmetry O, becomes

2z
0, =R,, [V,d6 (4.409)
which can be written as
2z 82
0, =R, J[V rel + 7, +...jd¢90 (4.410)
or
82
Qf=Qfa+an1+—2—Qf2+... (4.411)

where O is the total volumetric flow rate for the symmetric case and where O , and
Q. are the corrections terms because of the displacement of the inner cylinder. From this

the total volumetric flow rate for the reference case, Q, , is found to be

p¥ - pt
d@o =27T(—]7R—-)—)>0 (4412)
“ DL LKy

n=R,

Qfo = Routz]EVrD

0 P which is the coefficient of the first perturbation term (i.e., gl ), found as

2z

Qfl =R, JVrI

o

2r
2Ll oosg,d6, =0 4.413)

7;:1 [4]

%=Rou 46, =~ (ij - 1) dr,

whence
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0,=0 (4.414)
This means that O, which appears in Equation (4.411) has no effect on the total O -

This is an expected result due to the symmetry of the annulus. Hence, to see the effect of
the displacement of the inner rod on the volumetric flow rate we must go to the second

order of £.
The value of O, which is the coefficient of the second perturbation term (i.e., £°),
is equal to

2r 2 ‘
0, =R [V, =_I e Rt o520, |%2| a9, (4415)

0 r—R,,,,, out ) ( out) ( ) ’ dro r,=1

whereupon integrating this equation we obtain

Q, = Ar(P7 - P) >0 (4.416)

(Re~1)(n(R,.,))’

Observe that the value of Q /. 1s always positive because R,,, can only be greater
than one. In addition to this, notice that this calculation of Q  is similar to the calculation
of the total heat-transfer rate done earlier in Chapter 2.

However, since ¢, O, and Q s, are positive quantities and O, is zero, we can
observe that the total volumetric flow rate, Q ., for the distorted annulus is greater than it

is for the perfectly centered one. This result agrees with what we expected from the
picture argument.

Now let us solve the energy problems at each order of £ (i.e., Equations (4.380),

(4.383) and (4.386)).
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Begin with the problem at order £° (i.e., Equation (4.380)), namely

Vv, +VP.Vu, +0clv,=0

where
0, (7, =R,,)=0
v,(r,=1)=0
and
vP .V, =1 L (Z 6”0J=%% (4.417)
or, or, or, or,

because in the reference state (i.e., the symmetric case), there is no variation of P or v

in the @ -direction. Then, by using Equation (4.392) we get

VP vy, =-£9% (4.418)
7, O,
and hence Equation (4.380) becomes
2 1—- 2
oy, ,(1-C) v, , 100, o2, g (4.419)

or} r, or, r 06

o

So long as v, does not depend on &, , this problem has solutions of the form

R(r,)cos MG, (4.420)
and

R (r,)sin M6, (4.421)
where M must be one of 0,1,2,... in order to satisfy periodicity and where ® must

satisfy

d’®, ag.
1, (1-C) ==+ (702 -M*)® =0 (4.422)

o o

2
ro
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where ® is subject to two boundary conditions viz.,
R(r, = R,)=0 (4.423)
and
R(r,=1)=0 (4.424)

To solve Equation (4.422) we can view it as a special case of the generalized form

of the Bessel’s equation'®, which means

d> .
xz—dx—f+x(a+2bx’)%yx—

A (4.425)
+|:c+dx23 -b(1-a-F)x’ +b2x2;]y=0

whose solution is given by

y= xa)/ 2e—(bxi/;) ¢z, [@ x‘] +e,Z_, (ﬂ xs} (4.426)
s

N

where

p=i [1_—2) —c (4.427)

and where Z, denotes a Bessel function whose kind depends on the value of Jd / s If
Jd / s isreal and p is not zero or an integer, Z, denotes J,, Z_, denotes J_,;if p is

zero or an integer, Z, denotes J,, Z_, denotes ¥, . If Jd / s is imaginary and p is not

zero or an integer, Z . denotes [ i Z ’ denotes I_ o if p is zero or an integer, Z ,

1% A clear explanation on how to use this generalized form is given in Mickley, H.S., Sherwood, T.K. and
Reed, C.E., 1957, Applied Mathematics in Chemical Engineering, McGraw-Hill, 2" Ed., New York.
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denotes 1 o Z_ , denotes K e where [ » and X , are the modified Bessel functions of
order p of the first and second kind, respectively.

A comparison of Equation (4.422) and Equation (4.425) reveals that, when 7 =1,

b=0 and s =1 the generalized form reduces to

dzy
et

X

ax%+[c+dx2]y=0 (4.428)

and hence the two equations match if @ =(1-C), c=—-M" and d = 5. Let us focus on

the case M =0. Then

_ ey ¢
p= (2] > (4.429)

and we begin with C > 0, corresponding to outflow. Then, to write a solution for this
problem let us pick the case where p is zero or integer. Based on this, C must be an

even integer. Therefore, the solution of Equation (4.422) will be

C
R = ra(f) [AJE(O’JO) + BYQ(O'orO)] (4.430)

2

Therefore, the eigenfunctions will take the form

=
ro(z)[AJc (o'aro)+BYC(aar;,):|cosM90 (4.431)
2 2
and
B
r 2 AJ . (o,r)+ BY.(o,r,) [sin M6, (4.432)
2 2

But as v, is independent of 8 , Equation (4.419) reduces to

o’v, N (1-C) ov,

clv,=0 (4.433)

3 +
or r or

o ] o
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and the eigenfunction takes the form

<
v, = ro(Z) \:AJQ(O'OI‘O) + BYg(aoro)i\ (4.434)

where 4, B and o, must be determined. To do this, apply the boundary conditions

given by Equations (4.381) and (4.382) to get

AJ.(R,,0,)+BY.(R,0,)=0 (4.435)
2 B
and
AJ.(c,)+BY.(c,)=0 (4.436)
3 2

Equations (4.435) and (4.436) can be written in matrix form as

Jg (UOROHI) Y_g (O-oRout) A 0
’ ? [ } = [ ] (4.437)
Je@) (o) |B] [0

2
To find a solution other than 4 =0 and B =0 the determinant of the this matrix must

vanish, which means

Jo(o,R, )Y (0,) =T (0,) (0,R,,)=0 (4.438)
< < < <

2 2 2

and the roots of this equation determine the values of o, for any given value of R, and
C . Notice that ¢ depends only on R, and C.
To determine the values of o, using Equation (4.438), let us first hold R, fixed

and play with C to see how the strength of the radial flow and, therefore, the strength of
the convection heat-transfer mode affects the thermal stability. This calculation is

presented in Table 4-6 for C > 0, outward flow, and for C <0, inward flow. Then, let us
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hold C fixed and change R_, to see how the thickness of the region affects the results.
This calculation is presented in Table 4-7.

Table 4-6. Values of o, at R , =5 and various values of C’s.

C>0 o, C<0 o,
0 0.763 0 0.763
2 0.847 -2 0.847
4 1.044 -4 1.044

Table 4-7. Values of &, at C =2 and various values of R,,, .

Rout O-O

5 0.847
10 0.39%4
15 0.259

Now, from Table 4-6 we observe that at C =0 (i.e., when there is no flow), we
recover the conduction problem of constant temperature walls and that the value of o, is
just that given in Table 4-1 for the same value of R,,,. Then observe that for any given
value of C the value of o, is the same regardless of the sign of C. This is due to the
symmetry of the annulus. Because at any given value of 7,, 1<7, <R ,, the ratio of the

total heat generated to the total heat lost must always be the same. From this we can

conclude that in the symmetric case the values of o, are independent of the direction of

the flow and, therefore, the thermal stability of this problem is independent of the

direction of the flow.
Again the critical value of 5* corresponds to —4> =0 and hence &, is given by

o? and one can note from Table 4-6 that in the symmetric case the radial flow, regardless

of its direction, will increase the thermal stability of this system. And from table 4-7 one
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can notice that thick heat-producing regions are thermally less stable than thin heat-
producing regions.
However, the constants 4 and B which appear in Equation (4.434) are not

independent and then one can be found in term of the other. Doing this we can write

~

C
oy =B [—Yg(aovg(aon,) + Yg<o-oro>J£(ao>} (4439)

2 2 2

where B is a constant that can have any value except zero. From this we can get

, ) ¢, .
dv, =B gro(z ){—YC (o) (on)+Y (o)) (0,)
dr, 2 3 2 2 7
4.440
Al We(or) (o) (3:440)
+ -, 2 +—2 J.(o
ro %(O-o) d}‘o d}‘; %( o)
and therefore
d d‘]C (O-aro) dYC (O-oro)
v = = : =
°l  =B|-Y, 2 +—2 J (o 4.441
a,| _ §(°'°) dr. dr. el 2 (4441)
° r,=1 =1

This derivative will be useful later on.

Now we have the eigenfunctions in the reference state and the corresponding
eigenvalues. These must be corrected as the rod is moved off-center and so we turn to the
calculation of ¢ and o7 which will allows us to estimate the effect of the displacement
on o’ via

2
£
o’ =0’ +¢0] +—2—0'§+...

Again, we focus our attention to the most dangerous case, M =0, and determine the

corrections to the eigenvalues corresponding to the axisymmetry eigenfunctions.
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Now, to find o} we must solve Equation (4.383), which is

V0, + VP, Vv, +VB.Vu, +c’v +0iv, =0

where
Ul(ro = ‘Rout) = O
and
dv
v(r,=1)=-R dro

o lr=1

and where v, is driven by dv, /dr, and where

P,V =i %o |7 90 b 00 OF, 00 (4.442)
or, or, r 06 ) or or A
and
VP -Vu, = };%4_’_9% . ;;61)0 =£ﬂ (4.443)
or, r 00, or, or, dr,

Then by using Equations (4.392) and (4.395) we can write these two equations in the

following form

VP Vo, =S8 (4.444)
r, or,
and
dv
VP, -Vv, =-Cb(r,) r 2.cos6, (4.445)
where

2
R—) (4.446)

Hence, Equation (4.383) becomes
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2 1—C 2 .
ali‘+( )aul+—176[)21+0'501+0'1200—Cb(r0)du"
or; r, or, r 06 dr,

o o o [ o

cos@ =0 (4.447)

where the general solution of v, can take the following form

v, = f,+ f,cosb, (4.448)
Then, by substituting Equation (4.448) into Equation (4.447) and into its boundary
conditions (i.e., Equations (4.384) and (4.385)), we get two ordinary differential

equations one in £, and one in f;, they are

&, (1-0) g,

a0 . +olf,+oiv,=0 (4.449)
where f, must satisfy
f,(r,=R,,)=0 (4.450)
and
fo(r,=1)=0 (4.451)
and
£§L+Q:i)—dfi+(aj—l2]ﬁ—cz;(ro)d”° =0 (4.452)
dr; r, dr, v, dr,
where f, must satisfy
fi(r,=R,)=0 (4.453)
and
fi(r,=1)=- ‘;’:0 (4.454)

o lp=t
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Notice that o7 appears only in the f, equation (i.e., Equation (4.449)), therefore to
determine o we must use Equation (4.449). To begin, let us rewrite Equations (4.449)

and (4.433) in self-adjoint form."” To do this, multiply Equation (4.449) by the function

ro(l"c) , which gives

o(l_C)a;j +(1-C)r, ) a{o +orf +0'2r(1 W, =0 (4.455)
ro 1,

which can be written as

d (00 Yo |4 521091 4 520Ny =0 (4.456)
dr dr

o

and multiply Equation (4.433) by the function ro(l_c) , to get

AR v, £ (1-c)nt9 4V | 52,00, =0 (4.457)
dr? A
which is just
A f,008% ]|, 200, 9 (4.458)
dr, dr,

Then, multiply Equation (4.456) by v, , which gives

uo—c-i—— ro(l—c) A +0'2r(1 Cz)fo+0'1 IC) 2=0 (4.459)
dr ar

7] o

and multiply Equation (4.458) by f,, to get

Jz:zd’ (n‘l‘c’ &L a2r o, = (4.460)

17 The method to do this is explained in Weinberger, H.F., 1995, A First Course in Partial Differential
Equations, Dover Publications, Inc., New York.
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Then, subtract Equation (4.460) from Equation (4.459), to obtain

o), hodu)
dr, dr, dar dr,

o o

AT (4.461)

Now integrate Equation (4.461) over the reference domain, which gives

Rovl
d (1-C) ) 9, (i-c) @y, dv, (1~ c) 2
dr,=-o " d) 4.462
;[ Yo dr ( "o ] -[ Jo ( dr "- o )

4 o 1

Then, by applying the integration by part on the left-hand side of Equation (4.462) we
obtain

Rout

;3
r 0oy, o
dr,

o

Roye
:—0‘12 [ r¢2ar, (4.463)

1

(I—C )
f dr

1

Now the left-hand side of Equation (4.463) is zero because of v,(r, =R ,,) =0,

v,(r,=1)=0, f,(r,=R,,) =0 and f,(r, =1)=0, hence Equation (4.463) reduces to

Rous
of [0 Wldr, =0 (4.464)

1
Because v is not zero, o7 must be zero and there is no effect on the stability of our
problem at order £. This is an expected result due to the symmetry of the annulus. Hence
to learn the effect of a displacement we must go to second order of ¢. But there we will
need v, and we must go on and determine v, by setting o =0. Thus, the v, problem

will reduce to

1-C g
+ )aU‘+—12—aU§+Govl—Cb(n, a,
ar r, or, r 006, dr,

o

=0 (4.465)

which is not an eigenvalue problem since o is known. Based on this, the f, problem

(i.e., Equation (4.449)), reduces to



where f, must satisfy

and

The solution to this problem is
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Lf;wﬂ‘—ifiwj £,=0 (4.466)
dr, r, dr,
fo(r,=Rp)=0
£, =1)=0
—Yg(GO)J%(UJo) + Y%(GOFD)JQ(GO)} (4.467)

sl

where B is an undetermined constant that can have any value except zero.

The next step now is to find £, by solving Equation (4.452) which can be written

as

ar?

o

where f| must satisfy

ﬁ+@g—i+(dj —:7)]’1 =Cb(r,)

o

dv,
ar

ol =1

fi(r,=1)=~

dv,
dr

o

(4.468)

Now, by defining f, = f’l + ]A‘1 the f, problem can be divided into two simpler

problems, they are



if;+~(1;c—)d—f}lﬁ{aj —iz] f =0 | (4.469)
dr; r, dr, 7
where ji must satisfy
fi(r,=R,)=0 (4.470)
and
filr,=1)= -‘;’: - (4.471)
and
fé”l_—g)g}l +(0'02 —izj 7 =Cb(r,) % (4.472)
dr, r, dr, A dr,
where j‘l must satisfy
. (r, =R,) =0 (4.473)
and
}1 (r,=1)=0 (4.474)

The solution of these two problem (i.e., Equations (4.469) and (4.472)), can be

obtained by the same method used to solve the v, problem. Based on this, a solution to

the f‘l problem can be written as

C

fi= ro(fj [CJ (0,)+C_,(a,n)] (4.475)

where

(4.476)
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which cannot be zero or integer because we have decided to set C to be an even integer,

and where the constants C; and C, can be determined by using Equations (4.470) and

(4.471). Doing this, fA1 will turn out to be

C
7 - ro(;j [J_p(oaRm)Jp(aoro) ~J (0,R,)J_, (o) |dv,

(4.477)
—J_P(O'ORW,)JP(O'O)+Jp(croRm)J_p(0'o) dr, -
and therefore
dh _[ € (5] Tp @R, (00) = T (O R (1) |
dro 2 ° —J—p(o-oRout)Jp(o-o)+Jp(o-oR0ut)J—p(o-o) i
dJ (o.r) dJ_,(o,r,) ] (4.478)
J R p\“o'0o _J— R p\“o'o .
(%) -P(Go out) dl‘o p(o-o out) dl"o dl)o|
’ ~-J_, (o, R, ,(c,)+J (c0,R,)J]_,(o,) dr, el
and
i daJ daJ
, T o R TEIN  (o p ) F)
i r, ~
/7% I PO L v || 4% (4 479)
dro r,=1 2 _J—p(o-oRaut)Jp(o-o) + Jp(o-oRout)J—p (o-o) r,=1

These derivatives will become useful later on.

In the case of the ]}1 problem (i.é. , Equation (4.472)), notice that the general

solution is the sum of a homogeneous solution, J}lmmmm , where Cb(r,)(dv,/dr,) is set

to zero and a particular solution, f; . The homogeneous part is

5 c
Frpes = "0(2) (e (o) +ed (o)) (4.480)

and then the particular solution will be
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s [ (o) + oy (0.1)]

where

and

and where w is the Wronskian of J (o,7,) and J_,(o,r,) , which means

w=r, {J( o)~ Jon)

0 (]

whence

dr

/]

To

-J_(o,1)

7 [J,,(aoro)——————dz‘f‘f’(”"r") ()
"

dr?
which will be useful later on.
The Wronskian, w, of this problem can be written as

a
G

d]_p( ) ( OrD)

7 dW C-1 - ( ) d] (o-oro)
el ’{J,,wo R) LT T (0 T |

(4.481)

(4.482)

(4.483)

(4.484)

(4.485)

(4.486)

where a is a constant that can have any value except zero. To prove Equation (4.486) is

true, let us consider the f, problem, which is
lomogeneous
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»

d’ L(1=0) d,

1 Homogeneous

Homogeneous 2 ]- A
= =0 4.487
ar’ n &, {G" 7 ) e 45D

where the homogeneous solution is given by Equation (4.480). Then, write Equation

(4.487) in a self-adjoin form by multiplying it by ’_0(1-c) ,to get

>»

A
A

ro(l—C) fi

- =0 (4.488)

Homogeneous

y 2
ro(l—c) d Zon;gmu + ra(l—c) (1 - C) dfl H;og:mus + (o_z _L]
rO rO r:)

Now set i = ") therefore, y' = (dy/dr,)=(1-C)r,™ and hence Equation

(4.488) becomes
&}, @, 1) 3
W d;n;m + W, H(;:gew * (O.Z - ?j l//_fi Homogeneous = 0 (4-489)

Next, substitute the homogeneous solution into this equation. To do this, substitute

A c
flﬁmgmm = ra(sz ,(o,r,) into Equation (4.489), to get

d’ [ro(%)f p(Goro)) d [ro[%jf ,,(G,fo)]

+
ar? T dr,

o

3y
7 + o, - lwr,J,(o,,)=0  (4.490)

o

A [
and substitute ]A‘IHWW = ro(Z)J_p(aoro) into Equation (4.489), to get

ous

C
d’ [n(ﬂﬁp(o—on)} d(ro(%)J_pworo))

+
dr? v dr

o o

( z 1} 5) _
v + o, == |wr, " J_(o,,)=0 (4.491)

2
ro

C

Then, multiply Equation (4.490) by rO(E)J _,(o,1,) , to obtain
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c

)

'H//"’o(

c d’ [ro(z)J (0,
wro(f)J_p(aoro)

2
ar,

c) d (Q(ijJ » (o‘oro)]
2I_p(or,) =

o

+ (0'3 —:—2] pr,oJ (o) (,r)=0

o

<
and multiply Equation (4.491) by ro(ZJJ ,(o,7,) , which will become

C

E)J.p(aan,)}

[

c ' d? [ro(
wo(?)J L(.,n) p

’
Ty, ar
(]

+ (Uj —-LZ]l//rach (Gor;)J_p(O'Oro)

o

Then, subtract Equation (4.493) from Equation (4.492), to get

c d? (ro(
5 J_, (o5

c d [ro(?jJ o )}
[5)4, (.7,)

vr,

where

C C
E)J,,(o-or,»] d’ (ro(f)J_,,(aomJ
dr? —J5(000) dr’
C C
% ,,(fm)} d {r,,(ﬂ‘f_p(aon)}
- Jp (O-oro) dr

€y
=£(—§—1)r0(5 ij(O'oro)

+ Cro( 2 2 -
dr, dr,

S dl(on)  [5)d,00)

(4.492)

(4.493)

(4.494)

(4.495)
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¢ 2
= (%—ljr,,(z_ e

dr? 2 (4.496)
+ Cra[%_l) dJ-P (o.%,) + ro(%] dz‘]—p (20'07‘ >)
dr, dr,
C
d[n,(fjJ,J(aora)j .
_ Ero(TI)J (o) + r( L2ACAA) (U"r ) (4.497)
dr, 2
and
C
d( ( )J.p(aofa)J c
_¢, &, (O'r)+r( ) V-0 (4.498)
dr, 2 dr,
Thus, Equation (4.494) becomes
w[cfo(c‘l) [" o) TR g oy B JO)}
P o P er
[J_ (o) Lel0) (GJQMD - (4.499)
i dr! i dr;
_l//!roc [J_ (O_Oro) d (JP(O.Or")) -J (o.oro) d (J"P (O-"ro))]
i dr, i dr,

From Equations (4.484) and (4.485) we can observe that Equation (4.499) can be written

as
yw' =-y'w (4.500)
or
w_ ¥ (4.501)
Wy

which is just
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(n(w)) =~(In(v)) (4.502)
by integrating Equation (4.502) we get |
In(w)=-In(y)+a (4.503)

Then, take the exponential of this equation, which is

") = g lnWha (4.504)
and from this we obtain
a a
W=—= 4.505
W r;(l__c) ( )

Hence, Equations (4.482) and (4.483) will become

C% , vdv, (-5
=——|b(r,)—2r' *'J d 4.506
h alj (r,) a e, (4.506)
and
C dv (1—C)
=—|b opt 2] d 4.507
h= g ) Gon s (4.507)
where
aJ_,(o,1,) aJ,(o,1,)
a=ro[‘]p(o-ora)——'2ro—_‘]—p(o-oro)_p‘;;—

Therefore, the solution to the JA‘] problem (Equation (4.472)), will turn out to be
e
fi =7;) 2 elJp(o-oro)-*-eZJ—p(o-on))

C o do, (5
==J,(0,%) ljb(ro)g;—ro[ Z)J_p(aoro)dro (4.508)

o

, <
+%J_p (o,r,) I_‘.b (ro)%"—ro(l Zij(aoro )dro}

o
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where the constants e, and e, can be determined by using Equations (4.473) and (4.474).

Doing this, fl will turn out to be

PG S CAYACAALRACAYRCAA NN
L T (0 ,(0,R) + T, (0, (O,R,,,)

C Fer dv, (‘-E)
—J (o, R b ers 2J d
{a $(ORw) [B(r) Gon o),

o

C Roul
~—=J_p(O,Ro) [a(r)
1

C
‘2"0 r(,(1 Z)Jp(aot;)dro} (4.509)
7,

C f dv, (1—2]
-=J,0,) ljb(r")—dro re 2J_(o,n)dr,
C | dv, (%)
+=J b(r)=—=2r\ *'J (o,r)dr
a -p(o-oro)i[ (o) dr, To p( o) 0}
Hence, the solution to the v, problem (i.e., Equation (4.465)), will be

v, = f, + f,cosb, =fo+(jq +jf,)coseo (4.510)

and from this we can get

oo %o |9 o, (4.511)
aro a’:) arD aro
and
28 ——(Ji+4,)sine (4.512)
aeo 1 1 (/]

which are going to be useful later on.

From our previous work we know that the £, part of the solution of the v, problem

will have no effect on the value of o because it will appear as a multiple of cosé, and
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when integrated over 0,27 it must vanish. This is important because we do not know the

constant B . Therefore, the f, part can be dropped from the calculation of o7 .

Now, to find 0'22 we must solve Equation (4.386), which is

%Vzuz +—;—VR,.VUZ +VB.Vy, +%VPZ.VUO +%ofuz + o7y, +%0'221)0 =0

where v, is subject to the two boundary conditions given by Equations (4.387) and
(4.388), and they are

UZ(ro = Rout) = 0

and

vy (r, =1) =—2R 9%

]

_, %%
dr,

ol =1

d2
~RI—* d2

r=1 %o

r,=1
From the earlier work we know that &7 = 0. Then, to simplify this problem, let us

expand the following terms

VP .o, =7 % |7 9% 5o 0% |_ OF, 00, (4.513)
"or, r 06,) or or
VPV, =|1 167 oF, 801 zg 801 =%8u,+_1?81"1 ov, (4.514)
or, r 006, or, or, or, r, 06,00,
and
v, vo,=[1 28 05 ) (720, )_ OB v, (4.515)
67‘0 A 890 " or, or, or,

Then by using Equation (4.392) we can write Equation (4.513) as

VP -V, =-C9% (4.516)
v, or,

and by using Equations (4.392), (4.395) and (4.396), Equation (4.514) becomes
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VP, -Vu, =-Cb(r,) 66:1 cosé, +Cd(ro)—2%sin90 (4.517)
where
b(r)——l— 14 Rar (4.518)
’ _( jut-l) ’:72 .
and
1 (1 R 4.519
d(ro)-"-(Rz ) e (4:319)

and by using Equations (4.392) and (4.398) we can write Equation (4.515) as
0

VP, -V, =~[Ce(r,)+Cf (r,)c0s26, ] a"o (4.520)
ro
where
e(r,)= 2 (4.521)
’ (Rjut _1)111(Rout) o
and
2 R!
7(r)= ( ar g ] (4.522)
( ) (ij—l)Z r03

Hence, by substituting Equations (4.516), (4.517) and (4.520) into Equation (4.386) we
obtain

2 _ 2
00, , (1-C) 2v, 100 —2Cb(ro)%coséo
.

oy 1, o, 106 A
ou; . ov,
+ 2Cd(ro)%sm 6, —Ce(r,) 5 (4.523)
6!)0 2 2
-Cf(r,) 5 c0s26, +o’v, + oiv, =0

o

where the general solution of v, can take the following form
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v, =g, +gcosb, +g,cos20, (4.524)
Then, by substituting Equations (4.524) and (4.448) into Equation (4.523) and into
its boundary conditions (i.e., Equations (4.387) and (4.388)), we get the following set of

problems'®: First for g, the problem is

d’g, (1-C)dg, d  d >, 5
— +( - )df +a§go—Cb(r;)[d—rl+d—J§]—Cd(n,)(ﬁ+f,)

o o o

0 ° (4.525)
~Ce(r,)==+0o50,=0
rO
where
go(ro = 'Rout) = 0 (4526)
and
E A ( c] v
r=1)=-| 2 +50 +1-= 0 4.527
& === % T, 2 ), (4527)
o= 1=l o=
For g, the problem is
dzgl (1 "_C) dgl 2 1 '
+ + ——]o. =0 4.528
droz ro d}"o o-o rOZ gl ( )
where
gl(ro = Rout) = 0 (4529)
and
g,(r,=1)=0 (4.530)

For g,, the problem is

18 Note that the £, solution of the v, problem is dropped from this calculation as it vanishes due to the
reasons explained earlier.
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2 _ A A
d g2+(1 C) dg2+(0.02__§2_)g2_Cb(r0)(gﬁ_+d_f1)
r I’D

d 2
G ’ i (4.531)
+2Cd(ro)(fl+J}l)sin90—Cf(n,)Lfiu° =0
ro

where

&(r,=R,)=0 (4.532)
and
&l & | cav
=D =—| LYy 4+ —_——0 4.533
&, =1 dr, . dr, 2 dr,| ( )
L= r=1 B=

Notice that o appears only in the g, problem (i.e., Equation (4.525)), therefore to
obtain o we must use Equation (4.525). To begin, let us rewrite Equation (4.525) in

self-adjoint form by multiplying it by the function ro(l_c) , which gives

X A PN
POLL (1), 08 52,00 t0p() D1 D
dr, dr, dr, dr,

(o] o

J (4.534)
- Cro(l_c)d (ro) ( j}l + /}1) - CroU—C)e (ro)% + af;;(l‘c)uo =0

o

which can be written as

d_ro_ dr, dr, dr,

o

Lo —‘ig—ojwzrf-@g,,—Cro<1-c>b<ro>[-‘if’—l—+—””—1]
(4.535)
—Cr" 9 (r,) ( fi+ fl) ~Cr1(r) %:—0 +02r N =0

o

Then, multiply Equation (4.535) by v,, which gives
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o, L[ 0B )| 52,00, o _cr (), | Doy Do
dr. dr, dr.

(2]

(4.536)

-0 9a () (4 )~ 0o e, e 402,z =0
I

o

and multiply Equation (4.458) by g,, to get

g, | 0080 || 52,000 1, — 0 (4.537)
d dr.

o 4

Then, subtract Equation (4.537) from Equation (4.536), to obtain

o sod8) g Lot ntey, [ii]
" " " G o %o (4.538)

2,,(1-0), 2

o

+Cr 9 (r,)v, (]A’l + qu +Cr 9 e(r,

Now integrate Equation (4.538) over the reference domain, which gives

Roue
(1-0) 98, | 4 1-c) v, |, _
o {28 o~ T g5 o=

1 o

Rour Ryt N A
j’ Cro(l-c)b(ro)uo (fif_i + _dJ_fl_} dro + j Cro(l—C)d (ro)uo (fi + fl)dro (4.539)
1 1

dr, dr,

Rour
+ IC (-C), (r JO‘ ro(l ) 2dr
1 1

Then, by using the integration by part on the left-hand side of Equation (4.539) we obtain

Rout Rout Rt
7 0=0) g _ = J‘ Cro(l"c)b(ro)u {dfl + fl ]dr
1

Dol dar

o

(1‘C) dUo
oo T
1 o

dr. dr

1

(4.540)
jaz (-C) vldr,

+ er(l'Cd(r)u (ﬁ+ﬁ)dr + ‘[Cr(1 C)e(r

Then, because v, and g, vanish at 7, = R, and because v, vanishes at 7, =1 and by

using Equations (4.527), Equation (4.540) reduces to
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d_i; +i]?‘1_ & +(1_£) du" 2 =
dr;,rl dr, dr, e 2 )\ dr, -

Ry 7
"- Cro(l_c)b (r,)v, [ﬂr‘- + —df—‘] dr,
i dr, dr,

Ruy s
+ | Cf;(l_c)d(ro)uo( fi+ fl)dr

1

(4.541)

+ ‘[Cr(1 C)e(r)u "dr - J-az (=€) 2a’r

0

which can be arranged and rewritten as

sio| | dv| | av, _l_g]dvf
P dr, Jdn) L odn) drn| 2N\ dr, )
= o= r=l =l r=

»>

M e &, 4, " e :
+C [r¥% (), il LS [0 )d(ro)Uo(ﬁJfﬁ)d’o (4.542)
1 1

r,

+C_[ (lc)e(r)u d"dr /I (1-c) v2dr,

0

This is our equation for o and it has been obtained without solving for v,.

Notice that all the components of o; depend on C andon 7.

Now to decide about the sign of 7 we must find the sign of the right-hand side of

Equation (4.542). But in this case, the sign of the right-hand side of Equation (4.542) can

only be found numerically. Then, to achieve this, let us begin by holding R, fixed and
change the value of C to see how the strength of the radial flow and, consequently, the

convection affects the correction factor o / o> . This calculation is presented as graphs in

Figure 4-13 for C > 0, outward flow, and in Figure 4-14 for C <0, inward flow. Then,
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let us hold C fixed and play with the values of R

out

to see how the thickness of the
region affects the results. This calculation is presented as graph in Figure 4-15.

From these three figures we observe that the values of o7/c? are always less than

zero. Hence, the sign of o7 is always negative regardless of the strength of the radial

flow, its direction and the thickness of the annular region. This is happened because, as
we explained earl_jer, as we shift the rod the radial velocity across the thick region to the
left of the rod become weaker and as a result of this the redial flow cannot push the
maximum temperature, which lies near the middle of the region, closer to one of the two
heat sinks. Therefore, the temperature of the thick region will increase and, then, more
heat will be produced. Because of this the effect of having thick heat-producing region
will conquer the stabilizing effects of the other factors (i.e., the radial flow and the heat
conduction and the fluid flow in the azimuthal direction), and the system become
thermally less stable.

From Figure 4-13 and Figure 4-14 we can observe that as the strength of the radial

flow increases (i.e., high flow), the value of o7 /o decreases. But we now know that in

the case of high flow the correction factor o7 /o cannot be important. This is because as

the strength of the radial flow increases, regardless of its direction, it will push the
maximum temperature more and more closer to one of the two heat sinks and above
certain value of C the maximum temperature will be on one of the two heat sinks and in
such a case the temperature of the annular region will be equal to the temperature of the

incoming fluid. Therefore, this problem must always remain stable regardless of the value

of o2 / o> . To prove this turn to the eigenvalue problem (i.e., Equation (4.368)), namely
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Viu+VPVu+civ=0

and use Equation (4.365) to rewrite this equation as
Viu-V.Vu+civ=0
where v must satisfy
v(r=R,)=0

and

v(r = R(Q,e)) =0
Then, let us multiply Equation (4.543) by v, to obtain

W -VoVo+c®=0

but we know that

vVou =V(—1-uz)
2

then Equation (4.544) will become

Wi -V.V (%uz ) +or =0

Now, by using the following formula'®

V.V(-l—uzj =V. (—1— 0217) —lu2 (V.I7)
2 2 2

(4.543)

(4.544)

(4.545)

(4.546)

(4.547)

and by using the equation of continuity (V.V =0), we can rewrite Equation (4.546) as

vV -V. (%UZVJ +or=0

where

1 Granger, R.A., 1995, Fluid Mechanics, Dover Publications, Inc., New York.

(4.548)
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Vo =V-(bVv)-Vu-Vo (4.549)

Then, substitute Equation (4.549) into Equation (4.548), to obtain
V-(bVo)- (Vo) - V. (%uzﬁj +0°v’ =0 (4.550)

Now, let us integrate Equation (4.550) over the reference domain and then use the
divergence theorem, to get

R, 27 R 2m 5 2z dl) 1
—o* | [v'dérdr+ | [(Vv) dérdr= | RM(U———UzV,) do
RO R0 0 ar 2 =R (4.551)

7z dv 1 ,
+ IR -vo—+—=UV, | db
5 dar 2 R

The right-hand side of this equation is zero because v vanishesat r =R andat r=R_, .

Then, Equation (4.551) reduces to
Row 27 )
_f j (Vo) dérar
0

ot = >0 (4.552)
j j v’dOrdr
R O

which is always greater than zero. Thus, we can observe form Equation (4.552) that o2 is
always positive and, therefore, this problem, the distorted annulus with radial flow, is

always stable. Based on this we can conclude that, in the perturbed annulus case with
radial flow the correction to o cannot be important. From this we learn that the term

%022 , which appears in Equation (4.378), must be small not just £*.

Also in Figure 4-13 and Figure 4-14 we notice that the values of o7 /o in the case

of outward flow, C > 0, are greater than those for the inward flow, C < 0. This means

that the system with outward flow is more stable than that with the inward flow. This
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might be due to the fact that for this case the maximum temperature lies always
somewhere in the middle of the region but closer to the outer wall, then it become much
easier for the outward flow to push the maximum temperature closer to the outer wall,
outer heat sink, other than for the inward flow to bring the maximum temperature closer

to the inner wall, inner heat sink.
In Figure 4-15 we can see that as the value of R, increases the value of o7 /c”

decreases. This is an expected result because of two reasons. The first reason is that, as

R, increases the thickness of heat-producing region increases and from our earlier work

we know that thick regions are bad heat conductor. The second reason is due to the effect
of the displacement on the radial velocity. Because, the radial velocity across thick
regions becomes weaker (i.e., the displacement slows the response of the radial flow),
and, therefore, the radial flow will not be able to push the maximum temperature close
enough to one of the two sinks. Thus, the maximum temperature will remain somewhere
near the middle of the region and, then, the temperature of the thick region will increase,
but the higher the temperature the higher the heat to be generated. Because of these two
reasons the effect of having thick heat-producing region will defeat the stabilizing effects
of the other factors (i.e., the radial flow and the heat conduction and the fluid flow in the

azimuthal direction), and the system become thermally less stable.

Thus far all the components of o (i.e., 67, o and o2 ), are found. The next step

is to determine the value of o for the distorted annulus, which is defined as

2
£

o’ =0’ +eot +—0; +...
2
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and then compare its value with that at the reference state (i.e., o). To do this, recall
that, 6> and ¢ are positive quantities and o’ is zero while o7 is a negative quantity.

Then we can see that o for the distorted annulus is smaller than it is for the reference

state (i.e., the perturbation decreases the value of o). This is because the radial flow, the
heat conduction and the fluid flow in the azimuthal direction could not overcome the
effect of the wider region to the left of the rod due to the reasons explained earlier.

Based on this we can conclude that, at constant walls temperatures, a symmetric
annular region is thermally more stable than a distorted one. Therefore, the perturbation
in this case decreases the thermal stability of the annular region.

It is important to mention that, if we solve this problem again but without

perturbing the flow then the values of ¢ will be the same as for the previous case but

o2 will take the following form?°

or=| %

do,
2 dro

o

dr

n=l 0=

2 R,
—(1—5) . | | i zar, (4.553)
. 2 )\ dr

=l | 1
Then, to decide the sign of & we must find the sign of the right-hand side of this

equation and to achieve this, let us hold R fixed and change the value of C to see how

out
the strength of the radial flow and, thus, the convection affects the correction factor

o;/o? . This calculation is presented as graphs in Figure 4-16 for C > 0, outward flow,

and in Figure 4-17 for C <0, inward flow. Now observe that Figure 4-16 and Figure 4-

17 are identical regardless of the direction of the flow (i.e., for any given value of

% This formula can be obtained from Equation (4.542) where all the terms that depend on the perturbed
flow are canceled.
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C the value of o} /o7 is the same regardless of the sign of C). Therefore, the thermal

stability of this problem is independent of the direction of the flow. Thus, the effect of the
magnitude of C on the thermal stability of this case can be seen from any of the two
figures (Figure 4-16 or Figure 4-17).

Then on considering Figure 4-16 we can see that the sign of 67 /o is negative for
low values of C, at low flow, but it becomes positive as the strength of the flow

increases. Also we can observe that, the values of o7 /o will increase as C increases

(i.e., as the strength of the flow increases), but at high flow, C > 5, the values of o / ol

will begin to decrease until it becomes close to zero. This is happened because as the
strength of the flow increases the maximum temperature will be pushed closer to one of
the two heat sinks depending on the direction of the flow and this will increases the
thermal stability but at high radial flow the maximum temperature will be located on one
of the two heat sinks and then the temperature in the annular region will become equal to
the temperature of the incoming fluid and, thus, the correction of ¢ cannot be
important. Based on this we can conclude that, at constant temperature walls with
unperturbed flow, a distorted annular region is thermally more stable than a symmetric
one. Therefore, the perturbation in this case increases the thermal stability of the annular
region.

Now, let us summarized what we have done and learned in this chapter. The aim of
this chapter was to study the effect of perturbing the inner cylinder on the thermal
stability of a heat-generating annular region and to show how this stability depends on the
boundary conditions and the heat-transfer modes. To achieve this, we started by solving a

simpler problem, the thermal stability of a perturbed circular disk, through which we got
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familiar with the cylindrical coordinates and we learned that the thermal stability of a
circular disk increases as it is perturbed, deformed, into an elliptical disk. This was a
useful result as it confirms our earlier conclusion in Chapter 2 that is: thermal stability
can be affected by a geometry change. Then, we came back to the proposed problem (i.e.,
the thermal stability of a heat-generating annular region), and we began by considering
the case where the heat produced in the domain is transferred only by conduction (i.e.,no
flow). For this case the proposed problem was solved for three different boundary
conditions for the inner wall while the boundary condition at the outer wall was assumed
to be isothermal at all cases. Doing this we found that, at constant wall temperatures and
at adiabatic inner wall, the annular region becomes thermally less stable as the inner
cylinder is shifted from the center of the geometry, but at the perfectly conducting inner
wall we found the opposite (i.e., the distorted annular region is thermally more stable
than a symmetric one). Then, a comparison between the results obtained from these three
cases was made to show the difference and from this we found that, at the reference state,
the region with constant wall temperatures is thermally more stable than the regions with
adiabatic and perfectly conducting inner wall. Also we found that the region with
adiabatic inner wall and the region with perfectly conducting inner wall are equally
stable. In addition to that, again at the reference case, we found that thick heat-producing
annulus is thermally less stable than thin heat-producing annulus. This result agrees with
our earlier conclusion in Chapter 3 that is: thick heat-producing regions are thermally less
stable than thin heat-producing regions. Then to show the effect of perturbing the inner
cylinder on the thermal stability of these problems a comparison between the results

obtained from the distorted annulus cases was made. From this comparison we learned
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that, regardless of the reduction in its thermal stability due to the displacement, the region
with constant walls temperatures is always more stable than the other two cases. Also we
found that, in thin regions, the region with adiabatic inner wall is slightly less stable than
the region with perfectly conducting inner wall. Furthermore, we found that the thermal
stability of the region with perfectly conducting inner wall is weakly dependent on the
location of the inner cylinder. Again, these results completely agree with our previous
work in Chapter 3 that is: when the central layer is displaced, the critical value of &§ for
the case of perfectly conducting central layer does not change while it decreases for the
case of adiabatic central layer. From this we learned that, the thermal stability of a heat-
generating annular region depends strongly on the location of the inner cylinder and on
the boundary conditions of the region. Thus, in designing heat exchangers, which
typically designed in concentric cylinder form, the designer must be very careful to get
the alignment right and to take in his consideration the boundary conditions of the
system. Then, we considered the case where the heat produced in the domain is carried to
the walls by both conduction and convection. To study this case we added a radial flow to
one of the three problems solved earlier, in this work the problem of constant walls
temperatures was chosen, and then we assumed that the fluid flow is described via
Darcy’s law. As usual, we started by solving a simpler problem, the case of parallel plane
walls, to get some guidance. Then we came back to the proposed problem and we started
to solve it. Doing this we found that, at the reference state, the radial flow, regardless of
its direction, increase the thermal stability of this problem (i.e., thermal stability enhanced
when heat transfer by convection comes into action). But on perturbing the inner cylinder

the thermal stability decreases and it becomes function in the direction of the radial flow,
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that is: the case with outward flow is thermally more stable than the case with inward
flow. Also, we found that at high flow the correction factors cannot be important and the
problem remains always stable. In addition to this we were able to show by using simple
derivation that this problem must always be stable regardless of the direction of the flow
or its strength. From this we convinced our selves that the thermal stability of this
problem strongly depends on the heat-transfer mode.

In the next chapter (Chapter 5), another practical problem is considered. This
problem is ;co study the effect of moving boundaries on the thermal stability of a distorted

annulus.



CHAPTER 5
VISCOUS HEATING OF LIQUIDS IN SIMPLE FLOWS

In this chapter we will illustrate how the results presented earlier tie into some
concrete physical problems. Our main example is based on the fact that the viscosity of a
liquid is a decreasing function of the temperature of the liquid. In some flows the stress is
constant throughout the flowing fluid and because of this the rate of shearing is inversely
proportional to the viscosity of the fluid. At the same time the rate of frictional heating is
given by the product of the viscosity and the square of the rate of shearing and hence is
inversely proportional to the viscosity of the liquid. Due to this, the rate of frictional
heating is an increasing function of the temperature of the liquid and is thus a problem of
interest to us. We will begin by explaining how viscous flow problems are in fact thermal
ignition problems' and are thermal ignition problems in which the heat source depends
linearly on temperature. We can illustrate this connection in certain simple problems. The
analogy is precise in the base problems and only begins to fall apart when the geometry
perturbation induces a flow perturbation as well as a temperature perturbation. These
problems are presented and discussed in the following section.

5.1 The Temperature Equation in Viscous Fluid Flow Problems

In this section we will discuss three simple viscous flow problems to show that
their temperature equations are similar to those in thermal ignition problems for which

the heat-generation function depends linearly on temperature. These three problems are:

! The heat source in thermal ignition problems is the exothermic heat of reaction while in viscous fluid flow
problems it is the viscous heating.
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Couette flow between parallel plane walls, Poiseuille flow between parallel plane walls
and Couette flow between coaxial cylinders (i.e., between a rod and a pipe). In these
problems, we shall consider the fluid flow to be laminar and incompressible. These three
problems are presented and discussed in the following sub-sections.

5.1.1 Couette Flow between Parallel Plane Walls

Let us consider a Newtonian fluid confined in the space between two infinite
parallel plane walls separated by a distance 2L, as depicted in Figure 5-1. The upper wall
moves at a velocity V' in the z-direction while the lower wall is at rest. In this case, the
fluid will flow only in the z-direction due to the movement of the upper wall (V, =0).
Because of this flow, frictional heat is produced as a result of shear between adjacent
layers of the fluid. The heat generated in the fluid is lost to the boundaries, which are held
at a fixed temperature denoted T,, . The reciprocal of the viscosity is called the fluidity
and for many fluids the fluidity depends linearly on the temperature of the fluid over a

fair temperature range.” Thus, the fluidity can be defined as p,/u=1+s(T —T,) where

u,, denotes u (Tw) and where s describes the sensitivity of the fluidity to the

temperature. The thermal conductivity of the fluid, &, is assumed to be constant and the
flow takes place entirely in the z-direction at no pressure gradient (i.e., dp/dz =0). The
gravity can be neglected.

To keep this system stable the heat generated needs to be removed from the system
at the rate it is produced. This heat is removed by conduction to the two walls which

serve as heat sinks. To conduct the heat away the temperature of the fluid must rise above

2 Subrahmaniam, N., 2000, Frictional Heating in Shear Flows, Ph.D. Dissertation, University of Florida,
Gainesville.
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that of the two walls. And the more distant a point of the fluid is from the walls the higher

its temperature must rise. Therefore, the maximum temperature is expected to be in the

middle of the flow domain (i.e., at x =0).

V.=0

Figure 5-1. Couette flow between parallel plane walls, dp/dz=0.

The steady temperature rise in this problem, referring to Figure 5-1 for a definition

of the variables, can be described by the thermal energy equation

2 2
k2 T+,u(deJ =0 (5.1)

o dx
where T is the temperature field and where V, is the z-component of the fluid velocity

vector. The boundary conditions to be satisfied are

T(x=L)=T, (52)
T(x=-L)=T, (5.3)
Vi (ix=L)=V (5.4)

and
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V. (w=-1)=0

The shear stress 7, must satisfy

which tells us that the shear stress is constant across the gap, which means

v,

Tp=p—==C
where C is a constant. From this equation we find
av, _7._C
dx p u
and hence Equation (5.1) becomes
2 2
k d Y; + E— =0
dx®  p

Now, typically, the viscosity of a liquid decreases with increasing temperature.

(5.5)

(3.6)

5.7

(5.8)

(5.9)

Therefore, as the fluid temperature rises due to the frictional heating the fluid viscosity

will decrease and, therefore, the fluidity, which is the reciprocal of the viscosity, will

increase. And according to Equation (5.8), as the fluidity increases the velocity gradient

increases and, consequently, the stronger the heat source becomes.

In this form we see that, the temperature equation of the Couette flow problem (i.e.,

Equation (5.9)), is just the temperature equation of the thermal ignition problem of

parallel plane walls which was discussed and solved earlier in Chapter 3, namely

a’T
kE_FQ(T):O

(5.10)
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where Q(T') denotes the rate at which heat is produced in the fluid per unit volume,

assumed to be linear functionin T (ie., Q(T)=Q,[1+S(T -T,)]), where S is the

sensitivity of heat generation to temperature.

Next we see what happens if the flow is driven by a pressure gradient, with the
upper wall held fixed.
5.1.2 Poiseuille Flow between Parallel Plane Walls

The geometry is as before and is depicted in Figure 5.2. In this case, the upper and
the lower walls are at rest and the fluid will flow in the z-direction due to a pressure

gradient, which is assumed to be a constant less than zero.

V=0
T-_—wa x=L
X szH—Ax _
dp
z Tal IAx — % E<O x=0
T=T, ' x=-L
V=0

P4

Figure 5-2. Poiseuille flow between parallel plane walls, dp/dz < 0.

The steady temperature rise in this problem, referring to Figure 5-2 for a definition

of the variables, can be described by Equation (5.1), namely

2 2
4 T+ﬂ(de) 0

dx’ dx
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But in this case the boundary conditions to be satisfied are

T(x=L)=T,

T(x=-L)=T,

V,(x=L)=0
and

V,(x=-L)=0

Under the conditions of this problem, the shearing stress must satisfy

or,
= Z=—-Px
= M ox
whereupon
v, T._ _Px
dc  p K
and Equation (5.1) becomes
2 Px)
H

(5.11)
(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

Again we have our positive feed back (i.e., the higher T is the stronger the heat

source becomes), but now there is an added complication: the heat source depends on x

as well as upon T, being higher at the wall due to the x term where it is lower due to T

and lower in the center due to the x term where it is higher due to 7 .

This problem might then be thought to be more stable than the previous problem,

all other things being equal. Now let us turn to a cylindrical geometry.
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5.1.3 Couette Flow between Coaxial Cylinders

Let the fluid lie in the space between a rod of radius R,, and a pipe of radius R

out >

as depicted in Figure 5-3. The pipe rotates at a velocity QR_, in the & -direction while

the rod is at rest. In this case, the fluid will flow only in the & -direction because of the

rotation of the pipe (i.e., ¥, =0). Again heat is produced as a result of shear between

adjacent layers of the fluid and this heat must be conducted to the boundaries, which are

held at fixed temperatures denoted 7, and T,

Hipe» €€ Figure 5-3.

T

6 lr+Ar 4

Figure 5-3. Couette flow between coaxial cylinders.

The steady temperature rise in this problem, referring to Figure 5-3 for a definition

of the variables, can be described by the thermal energy equation

2
1d , dT d((vVv
rdr(rdr)+ﬂ|:rdr£rj] ( )
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where T is assumed to depend only on » and where ¥, is the & -component of the fluid

velocity vector. The boundary conditions to be satisfied are

T(r=R,)="T (5.20)
T(r=R,,)=T,, (5.21)
Vo(r=R,)=0 (5.22)
and
V,(r=R,)=QR,, (5.23)

In this case the shear stress must satisfy’

2 (r*5,))=0 (5:24)

From this equation we can see that the shear stress depends on r and it is given by

d(v, C
— il A 5.25
Fro 'u[rdr( r H r ( )
where C is a constant. Based on this we can write
{ri(&ﬂ St O (5.26)
ar\ r uoour

and by substituting this into Equation (5.19) we find
k——(r—)+—=0 (5.27)

Again we find a position and temperature dependent heat source whose position

dependence strongly favors heat generation near the rod and replacing » everywhere by

3 From Bird, R.B., Stewart, W.E. and Lightfoot, E.N., 1960, Transport Phenomena, John Wiley & Sons,
New York.
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R

in?

and then by R ,, we might imagine getting bounds on the critical condition. We

might even anticipate that the position of the rod matters less here than before if R , is
large.

Our earlier work then is a model for some frictional heat generation problems, a
better model the simpler the flow.

Now to get some idea of the effect of the geometry in frictional heating we return to
plane Couette ﬂo;V and consider a model of a honeycomb of channels. But first we deal
with the simple case of unequal temperatures at the two plane walls.

5.2 Effect of Unequal Wall Temperatures in Frictional Heating

In Couette flow between parallel plane walls, the strength of the heat source for the
cases of the same and different temperature at the walls is of interest. In the case of the

same wall temperatures we have

kdzig +—C—2—= 0 (5.28)
dx*  pu
where T must satisfy
T(x=L)=T, (5.29)
and
T(x=-L)=T, (5.30)
and where
Ve T C (5.31)
dx u op

To start let 4, /u be a linear function of T (i.e., p,/u(T)=1+s(T -T,)), and set

T =T —T,. Based on Equation (5.28) T must satisfy
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2 2
P {+C—(1+s:r')=o (5.32)
dx® p,
and Equation (5.31) will be
e - £ (1457) (5.33)
H,

Equations (5.32) and (5.33) can be rewritten in scaled form by defining T =7 T",

V,=V,V, and x=% x" where Tz%, V,=Jk/u,s and X = L. Then, the equations to
be solved are
%+52(1+T')=0, -1<x <1 (5.34)
and
‘Z{ =5(1+7") (5.35)
where
57— I’sC? _ Ist2,

kup,  kp,
The value of 6 indicates the strength of the heat source and the linear function
(1+T") indicates how fast it increases as T~ increases.
Notice that 6% can be zero for two reasons either s is zero, which only means J7
a constant, or C is zero which means 7, is zero, and no shear must mean no flow (i.e.,

¥ =0). But in this problem we considered the case where 4 depends linearly on T (i.e.,

4 is not constant), then s cannot be zero.

Dropping the *’s, the steady state temperature rise must satisfy
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%+ 5*1+T)=0 (5.36)

where

T(x=1)=0 (5.37)
and

T(x=-1)=0 (5.38)
and Equation (5.35) will be

dav,

dxz =5(1+7) (5.39)

The input variable of this problem (i.e., Equation (5.36)), is 8 and 7T is the
response and it depends on x.

Equation (5.36) can be solved to give

T =Acoséx+ Bsindx—-1, —-1<x<1 (5.40)
where 4 and B satisfy
Acosd +Bsind—-1=0, x=1 (5.41)
and
Acoséd—Bsind—-1=0, x=-1 (5.42)
whence T is given by
T cosé‘x_1 (5.43)
cosd

From Equation (5.43) the critical value of &, the lowest value of § where a

solution fails to exist, is given by*

‘cos§ =0 for 6 =nz/2, where n=1,3,5..., &

critical

will be the first of these values encountered in every
6 from zero.
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Vi
5critica1 = E (5 '44)

Now, the speed of the moving boundary, 7, can be determined by using Equations

(5.39) and (5.43) which gives

dv, = 5(°°sax)dx (5.45)
cosod
whereupon
f (cosdx
V= jde=5J' dx =2tand (5.46)
5 3\ cosd

This is the speed of the wall as a function of § and as & ranges from zeroto &,
the speed goes from zero to infinity. As the speed increases the stress at the wall
increases, but as the temperature increases the rate at which the stress increases slows and

the stress never exceeds a finite value no matter how high the speed (see Figure 5-4).

Now, consider the case with different temperatures on the two walls.’ Let us
replace 7(x=-1)=0 by T(x=-1) =, where @ =5(T}, —T,) > 0. Then, the steady
state temperature rise is given by Equation (5.36), namely

d’r

~+6°(1+T)=0
where 7 must satisfy
T(x=1)=0 (5.47)
and
T(x=-D=w (5.48)

*In this case z, will be measured at the cold wall i.e. u,=u(T).
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The solution of this problem is given again by Equation (5.40) viz.,
T =Acosdx+Bsindx—-1, —-l<x<l
But the constants 4 and B now satisfy
AcosS+ Bsind-1=0, x=1 (5.49)
and
Acosé—Bsind—-1=w, x=-1 (5.50)
whence T for this problem turns out to be

(2 +w)cosdxsind —wcosdsindx
2cosdsind

T (5.51)

Now to find the critical value of § the denominator of the first term on the right-

hand side of Equation (5.51) must vanish (i.e., 2cos&sind =0 ), where & is the input
variable and its value can be freely set.
Then, by using the double angle formula viz.,
sin28 =2cosdsind

Equation (5.51) becomes

_ (2+ w)cosbxsiné — wcosdsindx

T -1 5.52
sin26 ( )
and hence the critical value of J is given by6
T
5critical = _2_ (5‘53)

and this is just the critical value of § obtained under symmetric conditions, given by
Equation (5.44) and we can conclude that in linear heat generation the critical value of

S is independent of whether the temperatures on the boundaries are the same or not. This

6s5in28 =0 at 26 = nxr, where n=0,1,2,....
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can be explained by studying the temperature variations in the two cases which will be

presented later.

Now, the speed of the moving boundary, V', can be obtained by using Equation

(5.39), namely
av, =5(1+T)dx

where T for this case is given by Equation (5.52). Therefore, we have

2 ind — Ssind
v =5 ( +a))cos5x51.n§ wcosSsindx ) (5.54)
sin26

and carrying out the integration leads to

. ‘]-de =5Ij (2+a))cos5xsi'n5—cacos5sin§x e (2+w)siné (5.55)
5 3 sin2d 6cosd
or

V=—;—(2+a))tan5 (5.56)

and again V' rises from zero to infinity as § increases from zero to J,

critical *

The temperature variations in the two cases are drawn in Figure 5-5. The curves are
at the same & and hence at the same shearing stress across the fluid. Near the hotter wall
the viscosity is lower and hence the velocity gradient and the heat generation are higher
than they otherwise would be. This explains the higher maximum and its shift toward the
hotter wall. The hotter wall is still a sink albeit not as good a sink as before and the heat
is generated closer to it and the heat generation is stronger. It would appear that the two

effects just offset leaving &, unchanged.

At least in this problem, the thermal stability of viscous heating does not depend on

whether the two boundaries are at different temperatures or not. Even though the details
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of the flow and the temperature will be affected by the temperature difference at the
boundaries.

Now, let us see how a geometry change can affect the thermal stability of frictional
heating problems. To begin we will first consider a simple problem. This is the problem
of the thermal stability of viscous fluid flowing between parallel plane walls under the
influence of a,moving plane located in the center of the system. This is the subject of the

following section.

5.3 Effect of Changing the Geometry on the Thermal Stability of
Frictional Heating in Flow between Parallel Plane Walls Driven by the
Motion of an Intermediate Plane

To begin, let us consider a Newtonian fluid confined in the space between two
infinite parallel plane walls separated by a distance 2L, as depicted in Figure 5-6. In the
center (i.e., at x = 0), a thin plane parallel to the two walls is set in motion. This plane
divides the geometry into two equal parts, an upper region with L > x > 0 and a lower
region with 0> x > —L (i.e., this is the symmetric case). The central plane moves at a
velocity V' in the z-direction while the two parallel plane walls are at rest. This causes

the fluid in the two regions to flow in the z-direction (i.e., ¥, = 0), and because of this

frictional heat is produced. This heat must be lost to the boundaries, which are held at a
fixed temperature denoted T, , if a steady state is to be achieved. Except for the geometry
all is as it was before viz., linear fluidity, constant thermal conductivity, zero pressure
gradient, etc.

Notice that this problem is just two Couette flow problems sharing a common
moving boundary. Again the heat generated needs to be removed at the rate it is

produced. This heat is removed by conduction to the two walls which serve as heat sinks.
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V=0
T=T, % x=1L
Moving plane wall having
no thermal resistance
X . — »
Hot < V.=V N >

Figure 5-6. Couette flow between parallel plane walls due to the movement of a central
plane on-center, dp/dz =0 . (Symmetric geometry)

In this on-center geometry the two Couette flows are the same and each is the same
as the Couette flow considered earlier in a channel of width 2L . Here each channel is of

width L but there is only one sink, the central plane being adiabatic. Hence J_,,, is as it

was before (i.e., 6,,,., = 7/2), and this would be the case even if the central plane
offered some thermal resistance.
If now the central plane is shifted from its original position the geometry of this

problem will change, being no longer symmetric about the moving plane. The effect of

this change is depicted in Figure 5-7 where the upper region is thicker than the lower
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region (i.e., L” > L), but the overall thickness of the channel is still the same (i.e.,
L” + L =2L). Again we have two Couette flows and if the moving plane were adiabatic

the two flows would be independent, the upper region would be least stable and &,

critical

would be’ 7r/ 2L . The temperature maximum would be at the moving plane, higher on

the thicker side. Allowing the fluids to exchange heat would be expected to increase

8 e DUt MOt tO 77/2 as the maximum temperature moves into the thicker region.
V,z** — 0
** ./- *%
T =T, x=L
Cold
7 <0 dp _0 -

Figure 5-7. Couette flow between parallel plane walls due to the movement of a central
plane off-center, dp/dz =0 . (Unsymmetric geometry)

7 L is the scaled width for the upper region i.e.,, L =L / L, where L>1.
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Notice that 7 is not constant across the whole region (i.e., L” >x>-L), it is
constant across each fluid, negative at the top (i.e., L” > x > 0), and positive at the
bottom (i.e., 0> x>~L"), but 7, and 7., are not the same in absolute value.

Now, for the problem depicted in Figure 5-7 (i.e., the unsymmetric problem), the

steady state temperature rise, 7 , must satisfy

2+ A

ddfz #(6Ya+T)=0 , 0<x<L (5.57)
and

2 *

dd; +(5)a+1y=0 , -L<x<0 (5.58)

where L and L are the scaled widths for the upper and the lower regions, respectively,

which means

oo

=£’—— and L =
L

e~

Some notation is illustrated in Figure 5-7. The boundary conditions to be satisfied are

T (x= I:,) =0 , atthe upper wall (5.59)
T"(x=0)=T"(x=0) , atthe interior plane (5.60)
dar” dar’ ..
—(x=0)=——(x=0) , atthe interior plane 5.61
i (x=0) e (x=0) P (5.61)
and
T'(x=-L)=0 , atthe lower wall (5.62)

and the speed of the flat plate can be obtained via Equation (5.39), which in this case can

be written as
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av; =-8"(1+T")dx (5.63)
where V" goes down as x goes up and
dv; =5 (1+T")dx (5.64)

where ¥, goes up as x goes up and where

V:(x=0)=V;(x=O)=V (565)
and
e (x=f,)=V;(x=—i)=0 (5.66)

Then, to obtain the speed of the flat plate when the upper region is considered we

have to integrate the lefi-hand side of Equation (5.63) with respect to V. over (V,0) and

the right-hand side with respect to x over (O,I:) viz,,

y=5" Lj(l +T™)dx (5.67)

0

and to obtain the speed of the flat plate when the lower region is considered we must

integrate the left-hand side of Equation (5.64) with respect to V. over (O,V) and the

A

right-hand side with respect to x over (—L,O) viz.,
0
V=6 [(1+T")ax (5.68)
Then, from Equations (5.67) and (5.68) the following relationship must be true

5 Lj1 T )de =8 j1+T )dx (5.69)
0
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The reason for this is that it is V' that ties the two & ’s together. Therefore, as inputs &
and & are not independent, one is dependent on the other as the ¥ calculation shows.
However, Equations (5.57) and (5.58) can be solved to give
T =4"cosé" x+B " siné x~1 (5.70)
and
T =4 cosé x+B sind x-1 (5.71)
Now we substitute these results into the four boundary conditions to determine 4™,

B”, 4" and B’. This will give

A" cosS™ L+ Bsins™L—1=0 , atx=1 (5.72)
A =4, atx=0 (5.73)
§"B"=6'B", atx=0 (5.74)
and
A coss’'L-B'siné'L-1=0, atx=-L (5.75)

Now by substituting Equations (5.73) and (5.74) into Equation (5.75) we get

*%

A" cosS'L - 55 _B"sins"L-1=0 (5.76)

- Then, the constants 4"~ and B™ can by determined by solving Equations (5.72) and

(5.76) and, doing this, 7" will turn out to be

*%

T = (cosc?“x—cosé”f)go

(5.77)

+cos§”LA(cos5*LA—cos§"ﬁ) sin g™y — S0 LC?S? 1 [ocoss™L
cosS L

where 7" will be
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*

T = (cos 8" x —cos 5“LA)¢7

) (5.78)
+cos§"LA(cos5‘LA—c055“LA) O _sing"x— 20 Lc‘?s:d Z | /pcoss™L
s cosd L
where
p= (siné‘“lf cosS'L+ 55. siné’L cosé’"f,} (5.79)

The aim of this calculation is to find the critical condition (the condition beyond

which no solution exists i.e., where 7™ and 7" cannot be found). From Equations (5.77)
and (5.78) one can see that 7" and 7" are not defined when @cosd 1 =0. To find the
critical values of §~ and & at which 7" and T~ cease to exist we must have either
cos8”L=0 or @ =0. If the critical condition comes from cos& *1 =0 the critical value

of 8™ turns out to be

*% 7[
1)

critical =
2

(5.80)

o>

which is what it was when the moving plane were adiabatic. But this result cannot be true

because, as we explained earlier, the critical value of & for the upper region, &, in

critical ?

this case must be higher than it is when the moving plane were adiabatic. Therefore, the
only possibility is ¢ =0, which means

-

siné” Lcoss'L = —i‘,‘ siné"Lcoss™L (5.81)

which can be rearranged and written as
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5 =g 8L
tans" L

(5.82)

This does not determine the critical values of §” and &° until this dependence in one

another is established. Now, as we found earlier in Equation (5.69), 6 ™ and & are tied

together by the common value of ¥ whence
L
57 [(1+77)atx = 5[1+T )dx
0 -L

where the integrations can be carried out by using Equations (5.77) and (5.78). But in all
the problems done earlier we know that V' is infinite at critical which corresponds to 7™
and T both being infinite at critical. Because of this, it becomes hard to solve Equations

(5.69) and (5.82) simultaneously. Instead calculate 5~ and & from Equations (5.67) and

(5.68) viz.,

V= 5‘*Lj(1+T“)dx =f(6".5")

0

and
V=5 0](1+T*)cbc =g(s7.5")

The plan is to calculate 6™ and & each for an increasing sequence of ¥ ’s until & " and
5" become constant. These constant values are the critical values of 6~ and &” (i.e.,
5#:

" oa @nd S, ). This is what happened earlier in simpler problems and there is no

reason to think it will not be true here. In the following we are going to explain how to go

about doing this.
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Now for given values of I:, and L, let us set a value for V' in Equation (5.67) and
thenput 5~ , where 6~ and &" can have any value between zero and infinity, and seek
value of §" that satisfy Equation (5.67). After that put another & ™ and again seek values
of & that satisfy Equation (5.67) and so on. The next step is to plot 8" vs. 8. Then set
the same value of V' in Equation (5.68) and repeat what we did for Equation (5.67) (i.e.,
put 8~ and seek value of & that satisfy Equation (5.68)), then plot 5~ vs. & . Doing

this we get two graphs for 8~ vs. &', one from each of the two equations. Figure 5-8

depicts such a plot of 8™ vs. §  ata given I, I and V . The intersection points between
the two graphs indicates that the two equations are equal and this satisfies the relationship

given by Equation (5.69), namely
L

5" [(1+7")dx = 6" j1+T )dx
0

Therefore, for the given values of L:, I and V the values of 5~ and &  become
known. Notice that the first intersection point, the one with lowest values of & " and &,
will be chosen because it is the first one to be hit. Then let us set another value for V' and
carry on the same steps and record the values of 8" and &" at which Equation (5.69) will
be satisfied, and then repeat the same thing for another value of ¥ and so on. This
process must continue until the values of & " and 8" become fixed as V' goes to infinity.

These fixed values of 6™ and §” are equal to &,

critical

and &

critical *

This can be checked by

substituting the obtained &, and &, into Equation (5.82) and see if the two sides

become equal. Some results are illustrated in Table 5-1.
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Table 5-1. Values of §° and &  for L:= 1.5, L =0.5 and increasing values of V.

v 5" 5 v 5" 5

1 0.525 1.580 40 1.040 3.090
2 0.720 2.230 50 1.050 3.110
3 0.830 2.500 60 1.055 3.120
4 0.880 2.660 70 1.060 3.128
5 0.920 2.750 80 1.060 3.128
10 0.980 2.940 90 1.060 3.128
20 1.020 3.040 100 1.060 3.128
30 | 1.030 3.080 ® 1.060 3.128

Table 5-1 shows that the values of 6~ and &  become fixed at ¥ =70 . Therefore,

*

at L=1.5 and L=0.5 we get &,

critical

=1.060 and o,

critical

=3.128. These results satisfy

Equation (5.82). Moreover, the obtained value of &, -

critical

agrees with our earlier

expectation about how &,

critical

for this case must lie between .., for an off-center,

adiabatic, moving plane and 6,

critical

for an on-center moving plane (i.e.,

7r/2i <8”. . <m/2), where at the given value of L we find that 7r/2fl =1.047 .

ritical
Therefore, the case of an off-center, adiabatic, moving plane is the most dangerous

because it has the lowest &

" . While the case of an on-center moving plane is the less
dangerous. From this we can conclude that the thermal stability of viscous fluid flow
problems can be affected by change in the geometry of the system.

The temperature and the velocity profiles for ;chis case are depicted in Figure 5-9
and Figure 5-10, respectively, at ¥ =10 . Observe that the maximum temperature lies in
the thicker region as we expected earlier.

These simple planar problems serving as an introduction can be solved no matter

the spacing. The reason they are solvable is that ¥, can be eliminated from our problem
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in ¥, and T reducing it to a problem in T alone. This never changes as the spacing

changes and this is due to the fact that the heat generated depends only on one shearing
stress, T, , no matter the spacing. In cylindrical problems this advantage is lost as we
shall soon see.

5.4 Thermal Stability of Frictional Heating in Axial Flow
Between a Rod and a Pipe due to Viscous Heating

This section begins a study of frictional heating in the case where a fluid is made to
flow axially in the annular region between a rod and a pipe. The flow is due to the rod
moving relative to the pipe. The base case has the rod on-center. The displaced case has
the rod off-center. On displacement the flow remains parallel to the centerline of the pipe
but its variations becomes more complicated than heretofore and we lose the
simplification that only one shearing stress enters the problem. The fluid in the annular
space carried along by the rod generates frictional heat, which must be conducted to the
pipe wall. Figure 5-11 depicts the problem. Most of the assumptions remain as before.
Only the geometry has changed, but even the notation is not new. The radii of the rod and

the pipe are denoted R, and R_,, respectively. The rod is displaced a distance & off-

center. The pipe wall is the heat sink and the rod wall is adiabatic. The rod moves at a
velocity ¥ in the z-direction while the pipe is at rest. Hence, the fluid will flow in the z-

direction due to the motion of the rod and ¥, and ¥, both remain zero.

In the symmetric case (Figure 5-11A), the heat is conducted radially outward from
the adiabatic rod to the pipe wall.® Then, a shift in the inner cylinder, as it is shown in
Figure 5-11B, introduces additional heat transfer by conduction in the azimuthal direction

but it also creates both a thick and a thin heat- producing region. It is the thick region

¥ A more practical, and more easier, case is to have a cooling rod inside the pipe.
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The expected location of
V,=0,T=T, the Maximum temperature

V, =0,T=T, Insulated wall
(Rod wall) ¥y

Heat sink

(Pipe wall)

Heat transfer by
conduction

Heat transfer by conduction on & -direction

V,=0,T=T,

» Heat transfer by
Heat sink ; conduction

(Pipe wall)

Figure 5-11. Solid rod moving at speed V' inside a pipe. A) On-center. B) Off-center
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that is dangerous and if the azimuthal conduction is not enough to meet the increased

demand for heat removal, a displaced rod will be more dangerous than an on-center rod.

To find out whether off-center or on-center rods are more dangerous requires a

calculation.

Let us begin with the on-center case, where the temperature rise is described by

where

and where the boundary conditions to be satisfied are

and

Now 7, satisfies

whence 7, is given by

where C isaconstant, C=R,

o,

T(r=R

out

)=T,

i]_"_ rsz):O
dr

Vz(r=Rma)=O

V,(r=R,)=V

. Based on this the equation for T is

(5.83)

(5.84)

(5.85)

(5.86)

(5.87)

(5.88)

(5.89)



Introducing 7" =s(T-T,) and p,/u(T) =1+s(T —T,) we must solve

where

ld( dT) C?
—|r— i+ =0

* 2
1d a1 +5(1+77)=0
rdr\ dr r

and on dropping the * ’s we have

where

and

2
L2 1) s S (er)=0

rdr r

T(r=R,)=0
ar r=R,)=0
dr

(5.90)

(5.91)

(5.92)

(5.93)

(5.94)

Equation (5.92) can be arranged in the form of a Cauchy-Euler equation viz.,

2
r d { +r£+52T = -6
dr dar

which can be solved by substituting r = ¢° to get

Hence T is given by

d*T
dé&’

+ 8T =-6°

T = Acos(8E) + Bsin(88) -1

(5.95)

(5.96)

(5.97)
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where 4 and B are constants, which in terms of 7 is
T = Acos(SIn(r))+ Bsin(SIn(r)) -1 (5.98)

To find 4 and B substitute this formula for T into Equations (5.93) and (5.94) to

get
Acos(SIn(R,,))+ Bsin(S1n(R,,))-1=0 (5.99)

and
~Asin(51n(R,))+Bcos(SIn(R,)) =0 (5.100)

whence T for this problem can be written as

={ohg)
{ol)

The smallest value of § at which T is not defined is its critical value, and in this

(5.101)

on-centered case it is

T
5critica1 = R
2ln (—"—"LJ
Rin

For any value of & the corresponding speed of the rod, V', can be obtained from

(5.102)

=L 1C 34, (5.103)
darp prorp,

where 7 =C/r and C is negative. But we know that

_sC 2
k.,

52

and § has been taken to be positive whence



—0

(5.104)
fL
ks,

whereupon scaling V, by /k/su, and dropping the *’s we have

C=

dv, _ 0D, (5.105)
r

where T is given by Equation (5.101). Therefore, Equation (5.105) can be written as

)]
ool B

and on carrying out the integrations we get

V= tan(é'ln[%—’i)) (5.107)

Now, before turning to the off-center case, we might anticipate a major difficulty.

(5.106)

All the problems in this chapter, so far, have been made to look like the simpler problems

treated in the earlier chapters because, while they introduce both 7 and V, as unknowns,
we have been able to eliminate V, in favor of T due to the fact that the stress can be
determined before either T or V,. Once we move the rod this will no longer be true
because of the fact that both 7, and 7,, determine the heat genefation but neither can be

found a priori. We will set this calculation up but we cannot carry it out without some
approximations, one such would be to not perturb the flow and another would be to hold

the viscosity fixed and break the positive feedback. We will deal with this case because it

is somewhat interesting.
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Now, turn to the problem presented in Figure 5-11B where the temperature rise is

described by the thermal energy equation

2
li(riaz}r—lz—g% +—1—[rf;+r;z]=o (5.108)
ror\_ or) r°o6 ku
while the velocity of the fluid must satisfy

la(rrrz) +larez

=0 (5.109)
r or r 060
where
T, =,udV’ (5.110)
dar
and
pdar,
=z 5.111
Tﬁz r d¢9 ( )

Now Equation (5.109) does not help us simplify Equation (5.108) and hence it

would appear that eliminating 7, and 7,, in favor of ¥, might be the thing to do, even

though this will not lead us to a variable such as § which appears in all the foregoing

problems. Doing this we have

2 2 2
13(r£)+i26—7; +£ (‘WZJ +—12—£5VZ) =0 (5.112)
ror\_ or) r°o6 k{\ or re\ 06
and
10 ov. 1 0 ov.
—— Zl4—— Z1=0 5.113
rar(r'u ar] r? 09(# 69) ( )

where the boundary conditions to be satisfied are

T(r=R,)=T, (5.114)
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7i-VT(r=R(8,£))=0 (5.115)
V,(r=R,)=0 (5.116)

and
V.(r=R(6.,£))=V (5.117)

Now, to solve Equation (5.112), we must find V,. To do this we turn to Equation
(5.113), which is an equation in V. but it also contains x which dependson T via
u,/(T)=1+s(T-T,) and T is an unknown that cannot be found unless ¥, is found.

Hence Equations (5.112) and (5.113) must be solved simultaneously. However, the base,
or on-center solution is known and before we give up we might look at the perturbation
equations. The details for these equations are familiar from earlier chapters and we give
these equations in their final form. At order £°, which is the on-centered problem having

no @ variation, the domain equations are

Li(roﬂ)+ﬂi(flﬁjz =0 (5.118)
v, dr,\ ° dr, k\ dr,
and
L)
where
w=1(L) (5.120

and where at the boundaries 7, and V, must satisty

I(r,=R,)=0 (5.121)
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and

Atorder &' the equations on the reference domain are

2 ov. v av. ¥
[li(réﬁ}_l_iﬂ}z& . &[ zo]zo

r,or,\ *or, ) r’ o6’ k or, or, k\ or
and
10 8V2+ ov, 1 0 or, ov, 0
—_— 1 ¥ 0 + — 1 o -
ror\ o M [T e0.\ Y0, T a8,
where
df (T,
M=T1—c§ )
»

and where at the boundaries 7} and ¥, must satisfy

L(r,=R,)=0

dr, a’T,
—(r =R )=-R e
dro (ro m) 1 droz )
=R,
I/zl (ro = Rout) = 0
and
dv,
V; (ro = Rin) = —Rl =
1 dr" =R,

At order £, the domain equations are

(5.122)

(5.123)

(5.124)

(5.125)

(5.126)

(5.127)

(5.128)

(5.129)

(5.130)

(5.131)
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1 6( oL, 1907,
r,or,\ " or, | r’ 06
ul(ev. Y av, av, 1(ov,Y

+240 1 + o 2 +_2 1

k |\ or or, or, r {008,

ov.
+2ﬂa_1/zo_%+ﬁz_(_i)

k or, or, 2k\ or,
and
1 0 ov, ov, 1 ov,
——| Wt L+, ’
r,or\ " 2 or, or, 2 o,
ov. ov. ov.
+ 12 0 _,U_o 2, + 7 +_/_12_ z,
r, 60,\ 2 06, 06, 2 00,
where

(.. @ (T, d’f(T,
ﬂzz'z‘[Tz d(r; )‘*'Tl2 drfz )J

and where at the boundaries 7, and V, must satisfy

L, =R,)=0

2 3
L, -ry=-2020 w2
or. or.
o 0 =Ry 9 =Ry
2 -
R, 0 72"0 _2sm29§_TL
or, | _ R, 060
=R,
V;z (ro = Rout) = 0
and
av, ,d, dv,
V; (rDZRin)':_le : _Rl 20 iy *
2 dr, | dr dr, |
o Ir,=R, o =R, 0 =R,

2

7,=Rin

(5.132)

(5.133)

(5.134)

(5.135)

(5.136)

(5.137)

(5.138)
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Now, as we explained earlier, there is some interest in solving this problem at

constant viscosity. Then Equation (5.113), can be written as

l?_(raf/z)+iz_?_(a”z) -0 (5.139)
ror\_ or r- o068\ o6

which can be solved to obtain V. This breaks the coupling just as did conditions such as

7,, = constant but it results in a less interesting problem. Nevertheless this will be
presented in the following.

Let us start with the on-centered case where the temperature rise can be described

by Equation (5.90), namely

ld( de C?
—|r— |+ ==0
rdr\ dr) kur

and where the boundary conditions to be satisfied are given by Equations (5.84) and

(5.85).

In terms of T° =T —T,, our problem; on dropping the *’s, is

r dz{ 95— (5.140)

ar dar
where

T(r=R,)=0 (5.141)
and

dr

- r=R,)=0 (5.142)
and where

,_ C

w
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In terms of & where r =¢°, we get

2
fl—{= -5° (5.143)
ds
whence
52
T=A§+B-—2—§2 \ (5.144)

where 4 and B are constants to be determined and putting £ = In () into Equation

(5.144) we get
T=Aln(r)+B—%2(ln(r))2 (5.145)
To find 4 and B substitute this formula for T into Equations (5.141) and (5.142)
to get
Aln(R,,)+B —‘572(1n(1zm))2 =0 (5.146)
and
A-6"In(R,)=0 (5.147)
whence T can be written as

- %2[(111(120“,))2 ~(ln(r))" + zln(R,,,,)m(RLﬂ (5.148)

out

T

Of course there is no critical value of & . The solution exists for all finite values of

The speed of the rod, V', can be obtained from

@&, 1, _1C (5.149)
da u Hr
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whereupon scaling ¥, by k7, /u and on dropping the *’s we have

av.=-star
r

and on carrying out the integrations we get

V=6 InK&J
Rin

We may notice that the shear stress, 7, is given by C/r whether or not the

viscosity is temperature dependent.

Now, when the rod is off-center, we have

1 a( aTj 18T p (EWZJZ 1(5V,)2
——|r—|t5== |+ == | += =0
ror\ or) r° 00 ki\ or r-\ o6

and
18( aV,\. 1 8 (oV,
{:5(’ ) el 5 ﬂ"
whence
T(r="R,)=0
A-VT (r=R(6,£))=0
V(r=R,)=0
and

V,(r=R(6.5))=V

where T is the temperature above 7.

(5.150)

(5.151)

The rod is displaced from the center of the pipe by an amount &. The case £ =0 is

the case solved above and our aim is to calculate corrections to orders one and two. Our
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first job is to present the problems in 7,,7,,7,,... andin V, ,V, .V, ,... on the reference

domain (i.e. to perturb the equations). The details are familiar from earlier chapters and

we give these equations in their final form. Thus, the equations to be solved with their

appropriate boundary conditions’ are presented as follows: First at order &°, which is the

on-centered problem having no @ variation, the domain equations are

av, \
1dp, dL ) Al%% )
r,dr\ °dr, ) k\ dr,

and
dav.
1d r,—=|=0
r, dr, dr,
where
I(r,=R,)=0
dar
o(r =R )=0
dro ( ] ln)
V, (,=R,)=0
and
Vzo (ro = R,.,,) =V

At order €' the equations on the reference domain are

- o 2 2
r, or, or, r. 06,

k or, or,

2 ov. oV
[1 1(r ?ﬂ}iﬁﬂ}zﬁ_&_ﬁ:o

(5.152)

(5.153)

(5.154)

(5.155)

(5.156)

(5.157)

(5.158)

® Note that the perturbed temperature boundary condition is no longer adiabatic because it tries to simulate
adiabatic conditions at the displaced surface by putting a condition other than adiabatic on the reference
surface. Likeness the perturbed velocity boundary condition is no longer V' because it tries to simulate V

by putting a condition other than ¥ on the reference surface.
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.and

or, ov,
19 r,— +L2 0 2 1]=0 (5.159)
r,or,\ " or, 06,1\ 06,

where at the boundaries 7, and ¥V, must satisfy

I,(r,=R,)=0 (5.160)
2
&L, =Ry =-R G161
or, or; | _

=R

v, (r,=R,)=0 (5.162)
and
av,

V.(r,=R,)=-R—= (5.163)

' dr, peR.

At order &, the domain equations are

2 ov.\> av, oV ov. Y
100,00, 100h ) Hu|%x) s 2, L% |20 (5164
ror\°or | r 00, kil or, or, or, r \ 086,

and
oV 8V
l-?—- r,—=2 +L2 0 =0 (5.165)
r, or,\ " or, 08, 69
where
L(r,=R,)=0 (5.166)
2 3
L=y =-20 20 _r 2k
or, o |k or, .
" o (5.167)
o°T, sinf 8T,
-—R2 20 2
0, |, - R, 001,
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V, (r,=R,,)=0 (5.168)
and
dv, av, dv,
v, (ro =Rin)=—2Rl - —R12 __22., —Rz-—'—z” (5.169)
: dar dr,
0 In=Ry % =R, 9 Ir,=R,
Now, let us find ¥, ,¥, and V, . Begin at order &° (i.e., Equation (5.153)), where
we have

1d( dV,
—— r;) 2 p—3 0
r, dr, dr,
The solution of this equation must satisfy the boundary conditions given by Equations

(5.156) and (5.157). Solving this equation, V, is obtained as

Voot in| Lo | =g L (5.170)
° ln(_RE;_J Rout Raul

out

where
a= ——V——— (5.171)
&)
‘Rout
Moreover,
dav. o
= 5.172
ar, r, ( )
and
dav. o
o = — 5.173
dar? r ( )

These derivatives will be useful later on.
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Atorder &', we must solve

1a( oV, 1 8 (0V,
-7 1 +_2 1 =0
r,or,\ " or, | r 06\ 06,

and 7, must satisfy the boundary conditions given by Equations (5.162) and (5.163).

Then, because R, =cosé,, V, can be written as

: V, = (Alro + i] cosd,
r

(4]

where 4, and B, must satisfy

AlRout + —B_l = 0
Rout
and
AR +BL__@
Rm n

and V, is found to be

B cosé, R,
V;l—a(RZut_R;z)(n IZ:IJ

whence
av, cosé, Ro
= 3 ) 1+ —
dro (Rout - Rz‘n ) .
and
dI/zl Sin 00 Rtful
— 1 - ry —
dea (Rjut - R:i ) ’ ro

These derivatives will be useful later on.

(5.174)

(5.175)

(5.176)

(5.177)

(5.178)

(5.179)
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To solve the V,, problem, first substitute Equations (5.172), (5.173) and (5.178)

into Equation (5.169) and then expand the right-hand side of Equation (5.169) in terms of

the functions’® 1, cos 6,,cos 20, . Doing this Equation (5.169) reduces to

V(= R.) = E?—(E:—a__ﬁ[m,i +(R2, +R2)cos26), | (5.180)

out in

Then, from Equations (5.168) and (5.180), the solution to the ¥, problem can be

written as
)
V, =4,+B,In(r,)+| 4,5 +—% |cos26, (5.181)
T
where 4, and B, must satisfy
A,+B,In(R,)=0 (5.182)
and
4,+B,In(R,)=—2%__ (5.183)
(Rozut - Rli )
and where 4, and B, must satisfy
2, B
AZRom.q.P_:o (5.184)

out

and

B, —a(Rju, + R;)

AR, + 1= R (R, -R2)

(5.185)

out

whence 7, is found to be

Y Substitute for cos® 6, = %+%c032¢90 and for sin® g, = l——;—cos 20,.
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4
v, = 2a > m(ﬁ’ﬂ}u—z—“—ﬁ{rj R""’}COSZB (5.186)
(‘Rjut _Ri)ln(__M_] %o (Rout _Rin) ’:’
Rout
and by this, there obtains
dav _ :
e 2a —+— 2 — [ro + R”;":\cos29 (5.187)
° o (RL-R )m(R—m) (Rou—R3) o

This derivative will be needed later on.
Now, having obtained V, ,V, and ¥, , we can turn to Equations (5.152), (5.158)

and (5.164) for T,,T, and T,.

Begin with the problem at order £° (i.e., Equation (5.152)), namely
av, Y
1 d dT N M = | 2o
dr dr k\ dr,
which by using Equation (5.172) reduces to

2
A, L), K (5.188)
dr, dr, kr

Solving this equation using the boundary conditions given by Equations (5.154)

and (5.155) T, is obtained as

T, =£2 {( n(R,.)) -(n(r,)) +2ln(Rm)1n[ Rrﬂ (5.189)

From this we can get

2
a1, _po | (R (5.190)
dr kr. ¥

0 o o



a’T, po r
LAk ~1+1n| L 5.191
ar} k! [ [Rm H ( )
and
3 2
d 7; =£2 1342n Ry (5.192)
dr, kr, r, .

which are going to be useful later on.

Of course Equation (5.189) is just the solution in the on-center case obtained earlier

and given by Equation (5.148), namely

52

where &7 is just ua’ k.

Now, to find 7, we must solve Equation (5.158) viz.,
2 ov, ov,
1of, o), 15%) ud,
8r or, | r, 006, k 5r0 6r
which by using Equations (5.172) and (5.178) we can rewrite it as

2 2 2
10,00 10T Hypa” cosb [y, Rl (5.193)
roor °or ) 1ol kr, (R.,-R:) r

o o

The solution of 7; takes the form

T =T cosd (5.194)
1 1 [
where Tl must satisfy
dzf, 1d, T,
= 5.195
a’ro2 r, dro r’ f( ) ( )

where



L,(r, = R,,) =0 (5.196)
and
Z—Zj = ,,,)—/;g; (5.197)
and where

_ o pal (R:ut+raz)
f(ro)" 2 kr: (Rz _R,i)

out

(5.198)

A

The general solution of Equation (5.195) is the sum of a homogeneous solution, 7]

Homogeneous ’

where f (ro) is set to zero, and a particular solution, flmm, . The homogeneous part is

s = A5 +-§ (5.199)
and a particular solution will be
Alp,,,.-a,l,,, =07, + %‘ (5.200)
where
S EAO R (5.201)
w v
R, o
and

r.dr, (5.202)

w=—2 (5.203)

Thus,
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_L] o pat (Rtn)
nT 2 R:[f (r;) ) dro ) k (Rozut - Rli ) R1J. 7'03 dr” (5204)
and
. 5 r (R? 2
0, = ”% RJ S (r)ridr, = k(Réla_ &) I | ,.+ : )dr,, (5:205)
- out in ) Ry °
Hence

3 0
k (Rout R, ro 7o R, To

. B 2 (R, +7] 1 % Ro +17
T1=Aro+z—— é‘“_R;){roj( i r)dr - j(——)dr,l (5.206)

where the constants 4 and B can be determined by using Equations (5.196) and (5.197).

Doing this, 7, will turn out to be

Al Rl 5 pa’ “(Raatrs) 1% (R 7))
hi= 2k ( r,R> J—k(}zz _Ri){’;’.[ 3 d’é"zkz!r“df; (5.207)

out R, o

and whence 7, =7, cos6, can be simplified and written as

pa’ (r) - R,
T; = —Wln(}? ]COS 90 (5208)

in

From this we can obtain

T,(r,=R)=0 (5.209)
1\'e n
2
ZA - 210
rg =R, in
2 2 2 2
A e e
o bz, m A Dow S
3 2 2 2
i e -
0 =R, in out in
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ﬂ =0 (5.213)
ao,|, .
and
2
(29];1 =0 (5.214)
© =R,

These derivatives will be useful in determining 7, .

From Equafion (5.209) we learn that to zero and first order T is just
T, +&R,(dT,/dr,) where R, =cosé,.

Now, to find 7, we must solve Equation (5.164), which is
2 ov, ' av, o, v, \
19 rg_‘?ﬂ +—17———67;f T Yad | (A T a2 12+i2 L (=0
r,on "o, ) r, 06, k| or, or, or, 1,06,

By using Equations (5.172), (5.178), (5.179) and (5.187), and by expanding cos’ &, and

sin’ 6, in terms of the functions 1, cosd,,cos 26, we can rewrite this equation as

2/16‘(2 (—27'02 (R:ut - Rzi ) +1n (%J(”; B R:' )J

{ii[r aTZJ __l_asz}__
r,or\ °or, ) rl o6 - s [ R ) 412
kr, In 2. (R, - R) (5.215)
duc? (rt +r’R:, +R!
_ /[ (o 0 ~out . out)coszeo
kTo4 (Rjut _R;)

where the boundary conditions to be satisfied are given by Equations (5.166) and (5.167)

viz.,

and
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2 3
aZ(r—R)— 2R6T —Rfa];"
0 aro ’3=Rin aro ’;::R-in
2 .
—R2a T2 _2sm249%
or, |, R, 00,4

Equation (5.167) can be rewritten in a simpler form by using Equations (5.191),
(5.192), (5.210) and (5.213) and expanding the right-hand side in terms of the functions

1, cos8,,cos26,. Doing this Equation (5.167) reduces to

O, _ oK (Rout3R,) 2ua’ (R, +R2)
a—rj(ro—Rm) kR3 (ij_Rz) & (Rgm 2 ) cos26, (5.216)

Now, the solution to Equation (5.215) can be written as

A
A A

T,=T,+T,co0s20, (5.217)

where 7, and T, satisfy

— |7 (5.218)
ro 7'0 7‘0 kr4 ln( R )(Rozw R2 )2
ROH!
T,(r,=R,)=0 (5.219)
and
1, e’ (R, +3R)
r 5.220
arO ( ° M) kR3 (Rjut Rli) ( )
and
5 A 4uc’ (r! +r’R2, + R
lﬁ_ ro-al;- _isz - /u ( out out) (5221)
ror| or, | r k! (Rjut R,f,)



T,(r, = R,,) =0 (5.222)
and

_2pa’ (R, +R})
kR (R, -R)

out

(5.223)

6T:2

—2(r, =R,

or, 7 =R)
Solving these problems, 7, turns out to be

T, = o’ [443 (R, + R;)m(fﬂ)m(lf—m) +877 (R, - Rj,)ln(&"—') In(R,)

rO out r(’?

+4r (R, - B)((n(7))" - (10 (Ro))')
_ (R;’u, ~2RL 241t )m(}f—ﬂ / {2 kr? m(fi) ( R —2R>.R:+R: )} (5.224)

oul out

- ha’ (2 h{&J (R:ut - ”:) +R: -2R P+ rj]
»
cos26,

o

2k} (RS, —2R.,R: +R;,)

out out” "in

and from this we can obtain

dT 2 R 4 Rin
7{;02— = Iuaz {—7(13;[ + R:, ) ln(—kl] - r_(Rjur - R; ) ln(—r_]

o] out o o

4
- [— Row 1. jm(%—ﬂ / {kln( 11: 5 j(Rj,,, ~2R;,R;, + R, )} (5.225)
ro out out

20’ (R, —n“)[l + m(&n
r
°2Z 0326,

kr; Ry, —2R%,R2 + Ry,

+

which will be used later.
The temperature profile is depicted in Figure 5-12 where we can see that the
maximum temperature is located inside the thick region at the top of the shifted rod. This

is expected because thick regions are bad heat conductors.
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Now, to study the effect of displacing the inner cylinder let us calculate the total

volumetric-flow rate (i.e., O ), and the total heat-transfer rate (i.e., Q).

Let us begin with the volumetric-flow rate, O +» which can be determined via the

formula

27 Ry
0,= | | V.(r.0.6)rdrde (5.226)

0 R(8.)
where the integral is over the cross section of the displaced annulus. Carrying out the

integration over the cross section of the reference annulus turns this formula into'!

27 Roye
| V;—Mdrodﬁo (5.227)

Qf_ a(roi'go)

0 R,

where

5(r.6) _or 96 96 or
o(r,,0,) or, 86, or, 00,

(5.228)

Then, by substituting this,

dr, 2 dr. dr. dr,

o] o o

AN v, L&V, @,
K=I/zo+3 V, +n—=|+ sz+2r1 L+n =t n—=+...  (5.229)
and

r=r +er +f2—r2+... (5.230)

into Equation (5.227) we get

" For details on how to expand this integral see Appendix A.
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& [%sz Lol | o) | 50 (?’a ) (5.231)
., g "

o o

) , OV, g’
+2-§ ny 6ra dr,d6,=0, +eQ, +?sz

where O and Q, are the corrections to O . due to the displacement of the inner
cylinder.

Then, by substituting for V..V, and V,, their values given in Equations (5.170),

(5.177) and (5.186) the values of O, , O, and Q,, can be determined. Doing this Q, is

found to be
27 Ry 2
0, =a Jln(RD J;;drodé’o
P A (5.232)
o L L)
Rout
where
vV
o=——
h{&_)
Rout
Then @ the first correction is found to be
27 Ry 2z R,
0, = V.rdrd6 + |RRV,|™d6, (5.233)
A 6[ R:[ l 5[ tlr,

But this is zero as ¥, and R, are multiples of cos#,. This is expected because we know

intuitively that it should make no difference if the rod is shifted to the right (i.e., £ >0),
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or to the left (i.e., £ <0). Likeness, we expect all the odd O, s to be zero (i.e.,

Q. =0, 0, =0,...). Hence to learn the effect of a displacement we must go to second
order of ¢.

The value of O, is given by

2z R, 2z 2z
Rvul Rou[
Q,=2 V.rdrd@ + |RRV | d6 +2 |R RV, deo,
/2 ; R:[ 2 6[ Ualg, 5[ 2 %R,
R (5.234)
2r ) 2z aV ut
+2 [RW,| ™ d6,+2 [RR}—= db,
; o 1Ry, ; or, r,

and because V, (r, =R, )=0,V, (r,=R,,)=0 and R (r,=R,,) =0 the foregoing

out

equation reduces to

dé

o
Rin

o, =2ZTRT V, r,dr,de, +sz01€le1 . 46, +22TR0R2V,0
0 R, 0 g 0

(5.235)

2z R a‘Vz
d6,+2 [R.R} —=
Rin ; or

o

dé

2z
+2 [RY, A
0 R,

and on carrying out the integrations @, is equal to

(R., -R:)—(R., —3R})In (f—]

out
R
(Rjut - Rzi ) ]‘n [R—m-)

out

0, =ar (5.236)

which can be arranged in the following form

(=) - B |2 2]
Rout Rout

2 Rin
(82 22 )i .

out

0, =an (5.237)
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From this equation it becomes obvious that O, is always positive. Hence we
observe that the total volumetric-flow rate for the displaced rod (O, =0, + &0 1 / 2),1s

greater than it is for on-centered one by an amount equal to gZsz / 2. From this, we can

conclude that when the inner cylinder is perturbed as shown in Figure 5-11B the

volumetric-flow rate can change only at order £ and that the total volumetric-flow rate
increases. Therefore, the displaced rod causes more flow than the on-centered rod at the
same velocity. To explain this, we are going to calculate the total shear stress and the
total power applied to the fluid by the rod for the two cases.

The shear stress for the on-centered case is given by

av. av.
r = z_ 2 5.238
n S HTES ( )

and the shear stress for the off-centered case is given by

T, +T, = aV’+16VZ = aV"’+g aV"+R 62V’°
L P 7 el AP R R W

o

g2 av, o, oV, o,
+— 2+ 2R —+ R —*+R,—°
2\ or or; or,

1{ 0V, ov, o,
+— ~+& L+ R —
r,\ 06, 00, o0,

g2 ( oV, o, o, oV,
+— 2+ 2R ——-+ R, >+ R, —
2| 80, 00 06, 00;

(5.239)

To calculate the total power applied to the fluid by the rod let us consider Equation

(5.139) viz.,

1 8( 6VZJ 1 0 (asz
Hl——IF +—— =0
r or or r- 06\ o0
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In the on-centered case we know that ¥, is independent of 8, whence this equation can

be written

10( oav
10 2|0 5.240
”rar(r Br) ( )

Now, let us multiply by ¥V, and integrate over the cross section of the flow to get

2”Rau1
[ [ 1—5-( 0 ’)rdrd6'=0 (5.241)
5 R ror\ or :

On integrating Equation (5.241) by parts we find

v, ™

t 27 Royy 2

ao- | [u .\ rdrdd =0 (5.242)
or

Ry 0 R,

andas V,(r=R,,)=0 this reduces to

v,
-

do = ZfRTlu(

The left-hand side is the power put into the fluid by the rod while the right-hand side is

e (o0, Y
)rdrdﬁ j j (—a——] rdrdf, — (5.243)
T

o

rate at which the fluid dissipates mechanical energy. Now, let us consider the case where
the rod is displaced. In this case, let us multiply Equation (5.139) by V, and integrate

over the cross section of the annulus. From this we get

27 Ry
_[ J(ﬂZi[r aV’)+y—V—;i(aV’Drdm’9=O (5.244)
o R r or\_ or r- 06\ 06

and integrating by parts we find

27 Ry
d@— j I(# ov,
v

6V

Ri" 0 Rx‘n

(5.245)

+R0j" ._Z_%
; A 50
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and as the third integral vanishes we get

2z

o a0 T4 (3

v, aVz oV,
1 + }21 29
or, ar,

2
ov. an oV o
8_ % +2R Z RZ 320 +R2 2,
2| or, or, or,

197, ov, oV,
+= = +g +R—=
r, | 06, 69 06,

s(ov, _ov, Lov &)
+7 a—92+2R 86?2 +R; s =+ R, p > r.dr,do,

o

"

2
_17(51/;) errdé’ (5.246)

or

27 27 Ry
5| ao=T [u
0 Ry 0 R,

(5.247)

Once more the left-hand side is the power put into the fluid by the displaced rod
while the right-hand side is rate at which the fluid dissipates mechanical energy. The

R

in?

results obtained from this calculations for given values of R

out

g and V are
illustrated in Table 5-2.

Table 5-2. Total shear stress and the total power input for on-centered and
off-centered cases at R, =5, R, =1, £=0.5 and V'=10.

On-centered Off-centered
Total shear stress (th—z-) 12.43 i 21.62 u
. M
Total power input (?) 390.4 1 406.0 i

Now from Table 5-2 we can notice that when we shift the rod the total shear stress
will increase and hence it becomes harder to drag the rod along the pipe. Therefore, more

energy needs to be applied to drag the rod at the same velocity. This energy will dissipate
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in the region causing the fluid to flow faster and, hence, the temperature to increase. This

increase in temperature will reduce the thermal stability of the system.
Now let us turn to the total heat-transfer rate (i.e., Q). This can be determined in

two ways. The first way is to calculate the total heat dissipated to the surrounding via
0= IdAh‘ -g , integral over the outer wall  (5.248)

where ¢ is the heat flux and where 7 is the unit outward normal to the annular region.
And the second way is to calculate the total heat produced due to viscous heating, which
is given by

2z Ry 1

0= [ =[r.+z, 0 (5.249)

0 R(G,a) lu
These two ways must give the same results. However, the first method is not new to us as
it was discussed and used earlier in Chapter 2 and because of that we are going to carry

out this calculation by using the second method.

To begin let us write Equation (5.249) in terms of the velocity. Doing this we get

2r Ry, 2 2
Qzﬂj j [(‘Wz) +L2(56V62) }drde (5.250)

0 R(8,8) or r

where the integral is over the cross section of the displaced annulus. Carrying out the

integral over the cross section of the reference annulus turns this formula into'?

27 R 2 2
w oV, 1(ov,V]8(r.6)
= SRR o dr,dg 5251
¢ “Our[( arj +r2[69)J6(r0,90) (e 251

whereupon substituting Equations (5.229) and (5.230), namely

12 Appendix A gives full details on how to expand this integral.
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AN av, L dv, v,
=+ =V, +2n—=+1 S —= I+
21 7 dr, d dr,

d
Vz=Vzo+g£Vzl+rl 2
ro rD

and

82
r=r,+éen +7r2 +...

into Equation (5.251) we obtain
27 Ry v, ov, ov, Y
o=u] [|n vl 2= ay Ol T
0 R, o af';) ar'o a’:) 87;

o1 Lo %,
8 ~ | A -~ rorl - 20
or, 2" 6 or, or,

(5.252)
6 8 oV,
ar & aro
1 C (0w, ov, v,
+— +r| —>| +r, dr,db,
7, 6 or, or, 5ro
or O can be written as
0=0,+€0,+£°0, +... (5.253)

where (), is the total heat-transfer rate for the symmetric case and 0, and Q, are the

corrections to Q. due to the displacement of the rod.
Now, let us substitute for V, , ¥, and V,, their values obtained earlier into

Equation (5.252). Doing this Q, is found to be

2 let

0, = ua ” —dr,df, = 2mua’ h{i }>0 (5.254)

0

Then O, the first correction is found to be
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Rallf
de (5.255)

o

27 Roy

z‘drd@ +ijR[

ov, \
67'0

But this is zero because (Ein1 / aro) and R, are multiples of cos@, . This is an expected

Rin

result and it happened due to the symmetry of the annulus. Likeness, we expect all the
odd Qs to be zero. Hence to see the effect of a displacement we ought to go to the
second order of &

The value of Q, is given by

Rout "
ov, ¥ w o, o [

= || de, +ijR =l de,
\ o, or, or

o o ld

1
= —RR
/'15“2 02

Rout
aV'z 2 27 aVz al'/z] ler
= do, + u j 2R R, e do, (5.256)

4 R, (1} o o R,

wRa (1 (3 Y (V.Y oV, oV,
ru |5 =2 +n| 22| +r—2—2 |drdg
ACASLA ’\ or “or, or, | °°

o (] (]

+;12le2
P
02

and on carrying out the integrations @, is equal to

out out

R (R~ R:,)

pa’m (2R}, + 3R R, + R))

(5.257)

2:

Notice that the value of Q, given by Equation (5.257) is always positive. Hence,
we observe that the total heat-transfer rate for the displaced rod (Q = 0, + £°Q, / 2),1s

greater than it is for an on-centered one by an amount equal to £°Q, / 2. This happens due

to the effect of the azimuthal gradients. From this we can conclude that, when the inner

cylinder is perturbed as shown in Figure 5-11B it is clear that the heat-transfer rate can

change only at order £° and that the total heat-transfer rate increases. Therefore, the
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displaced rod can tolerate more heat generation because it appears to be a better heat

conductor than the on-centered one.

Now, from determining the total volumetric-flow rate (i.e., O, ), and the total heat-

transfer rate (i.e., Q), for this problem we learned that the two rates will increase as the

rod is shifted slightly from the center of the annulus. And also we learned that the
increase in these two rates have two opposite effects on the thermal stability of this
problem (i.e., the.increase in total volumetric-flow rate will decrease the thermal stability
of the problem while the increase in the total heat-transfer rate will make the problem
more stable). But we know that this problem is always thermally stable then, it would
appear that either the two effects just offset leaving the thermal stability of the problem
unchanged or the stabilizing effect (i.e., the increase in the total heat-transfer rate), will
be the predominant effect. Notice that even in this case where the viscosity is constant the
calculations are not ordinarily simple. |

Now, let us summarize what we have done and learned in this chapter. The aim of
this chapter was to illustrate how the results presented in earlier chapters tie into some
concrete physical problems. To achieve this, we considered viscous heating of liquids in
simple flows and we started by showing that viscous fluid flow problems are in fact
thermal ignition problems in which the heat source depends linearly on temperature.
Then, some auxiliary problems were studied and solved to get some idea of the effect of
unequal temperatures at the boundaries and of the effect of geometry change in frictional
heating. From these auxiliary problems we learned that, the thermal stability of viscous
heating does not depend on whether the two boundaries are at different temperatures or

not. Even though the details of the flow and the temperature will be affected by the



289

temperature difference at the boundaries. In addition to this we learned that the thermal
stability of viscous heating problems is strongly dependent on their geometry. After that
we turned to the main problem of this chapter (i.e., thermal stability of frictional heating
in axial flow between a rod and a pipe due to viscous heating). On studying this problem
we found that, this problem can be solved only when it is perfectly symmetric but as the
inner rod is shifted slightly from the center of the annulus the mathematics of the problem
become very complicated. However, to learn more about thermal stability of this
geometry we carried out the calculation but with approximation. This approximation is to
hold the viscosity fixed. By solving this modified problem we found that, this problem is
always thermally stable and when the inner cylinder is displaced slightly from the center
of the annulus we found that both the total volumetric-flow rate and the total heat-transfer
rate inérease. The increase in these two rates have two opposite effects on the thermal
stability of this problem (i.e., the increase in total volumetric-flow rate reduces the
thermal stability of the problem while the increase in the total heat-transfer rate enhances
its thermal stability). It would appear that either the two effects just offset leaving the
thermal stability of the problem unchanged or the stabilizing effect will be the
predominant effect. Also we found that the location of the maximum temperature
strongly depend§ on the shape of the geometry. In addition to that we learnt that even for
this simple problem the calculations that determine the total volumetric-flow rate and the
total heat-transfer rate are not ordinarily simple.

In the next chapter (Chapter 6), another practical problem is considered. This

problem is to study the thermal stability in porous media with natural convection.



CHAPTER 6
THERMAL STABILITY IN POROUS MEDIA

In this chapter we retain our interest in heat generation and in the sizes and the

shapes of objects, which can dissipate their heat while the temperature rise in the object

remains finite.

Two kinds of problems will be of interest. In the first we ask whether an adverse
temperature gradient on the way to thermal instability, due to conduction alone, can at
some point induce convection that will postpone thermal instability. In the second we
come back to our interest in the effect of perturbing the geometry of the object.

To study the first problem let us consider a porous material confined in an annular
region between a rod and a pipe and let us assume that the porous material is producing
heat and further assume that the rod and the pipe walls are insulated while the top and the
bottom walls of the annular region are impermeable and held at a fixed temperature. The
annular region has a finite height denoted H and the radii of the rod and the pipe are
denoted R, and R ,, respectively. The heat source will be taken to depend linearly on
the temperature of the heat-generating material. This problem is depicted in Figure 6-1.

The thermal conductivity is denoted ., , the fluid filling the pores has a viscosity denoted

4 and a density denoted p . The density depends on temperature and we write
p=py[1-a(T-T,)], a>0 6.1)

where o denotes the coefficient of thermal expansion, T is the temperature and 7,,, is

290
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Figure 6-1. Annulus with heat-producing porous material. A) On-center. B) Off-
center.
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the temperature at which p = p, .. This definition for the density of the fluid expresses

the main idea that hot fluid is less dense than cold fluid. And because the porous material
is generating heat the formation of a hot spot is expected. The hot spot will cause density
differences inside the heated region by which there will be a tendency on part of the fluid
to redistribute itself (i.e., to flow). Now, without flow, there is a critical value of the
strength of the heat source. But if in the course of heat conduction the temperature
variation induces ~ﬂow, and perhaps this flow will allow a greater strength of heat
generation. To find out whether or not the fluid filling the pores will begin to flow as the
region heats up requires a calculation. This calculation will be presented in the coming
section.

Now, to study the second problem let us displace the rod a distance & off-center.
This shift in the rod, as depicted in Figure 6-1B, will create both a thick and a thin heat-
producing region. The thick region is dangerous. To find out whether off-center or on-
center rods are more dangerous requires a calculation. This calculation is presented in a
subsequent section.

Thermal Stability of a Heat-Generating Porous Material between a Pipe and a

Rod. In the on-center case the temperature rise of the porous material must satisfy
aT gl 2
pCv—é?+ pCV VT =k N’T+Q(T) (6.2)

where p and C, denote the density and the heat capacity of the heat-producing material,

respectively, T is the temperature, V is the velocity of the fluid and O (T) denotes the

rate at which heat is produced in the material per unit volume. The velocity of the fluid is

given by Darcy’s law, viz.,
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.k
V =-2(-VP+ pg3) (6.3)
7

where k, denotes the permeability of the porous medium, x denotes the viscosity of the
fluid, VP is the pressure gradient and pg is the gravitational force per unit volume. The
equation of continuity is given by

V-V =0 (6.4)

The boundary conditions to be satisfied are

T(z=0)=0, atthe top wall (6.5)
T(z=H)=0, atthe bottom wall (6.6)
V,(z=0)=0, at the top wall (6.7)
V,(z=H)=0, at the bottom wall (6.8)
AVT(r=R,)= ‘;_f(r =R,)=0, atthe cod vl 6.9)
AVT(r=R,)= ‘jl—f(r =R,,)=0, atthe pipe wall (6.10)
i-V(r=R,)=V,(r=R,)=0, attherod wall (6.11)
and
i-V(r=R,)=V.(r=R,)=0, atthe pipe wall (6.12)

where 7 is the unit outward normal to the annular region.
Now, the density, which appears in the domain equations, varies with the
temperature of the fluid according to Equation (6.1). But we are really interested in

studying the effect of density as a source of flow, so we are going to allow the density to
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be a variable only where it can cause flow. Consequently, to get a simple model we are

going to hold the density fixed everywhere in this model except in the gravity term.

Let O(T)=0,+Q,(T-T,) andset T =T —T, then T must satisfy

pC, ?a% +pCY VT =k VT +Q,(1+ST) (6.13)
where
5-2
0,
and using

P= Pry [1 - a(T ~ T ):}
V must satisfy

V=%(—VP—p,efa§(T—T,e,)) | (6.14)

where

-VP=-VP+p, g (6.15)
Equations (6.4), (6.13) and (6.14) can be written in scaled form by defining

T=TT ., V=V V,V=VV,z=27,r=7r ,P=PP and t=7 ¢, where
Tzl/S’ fi:kc/pCVRin’ v:l/lzin’ E::Rin’ F:R H*=H/Rin’ R;utzRout/Rin’
P= k. [k,pC, and T = pC,R? [k, . Then, on dropping the *’s, the equations to be

solved are

%+I7-VT=V2T+52(1+T) (6.16)

V =-VP - Ralli, (6.17)
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and
V-V =0 (6.18)
where
2 k R
52=Q0RmS=Ra=apmg,kd= kc andeL
kc deS pCV pref

and where Ra is called the Rayleigh number. The boundary conditions to be satisfied are

T(z=0)=0, atthe top wall (6.19)
T(z=H)=0, atthe bottom wall (6.20)
V,(z=0)=0, atthe top wall (6.21)
V,(z=H)=0, at the bottom wall (6.22)
ANVT(r=1)= idg r=1)=0, attherod wall (6.23)
AVT(r=R,)= % r=R,)=0, atthe pipe wall (6.24)
A-V(r=1)=V,(r=1)=0, attherod wall (6.25)
and
i-V(r=R,)=V,(r=R,)=0, atthe pipe wall (6.26)

First notice that Ra is not a control variable, it depends on the properties of the
porous medium, the fluid and the geometry. The value of Ra will increase as the heat
source becomes stronger (strength the density gradient), the permeability increases (fluid
flows easily through big gaps), the thermal expansion increases (strength the density
gradient), the thermal diffusivity decreases (hard to eliminate the horizontal temperature

perturbation), the gravity increases (strength the density gradient), the kinematic viscosity
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decreases (less resistance to flow) and as the sensitivity increases (strength the density
gradient). Second there appear to be two input variables, 5> and Ra . But it is possible to
get a simple no flow solution to the problem for all values of Ra and for each value of
5* upto 62, atno flow.

Our first job then will be to find the critical value of Ra, at which the steady
conduction solutif)n goes instable, as a function of 5.

In the case ¥, =0, the steady conduction solution satisfies

4L 5 (14T;) =0 (627)
and
_ d:zo - RaT, (6.28)
where
T, (z = O) =0, atthe top wall (6.29)
and
T,(z=H)=0, atthe bottom wall (6.30)
whence T, is given by
T,=Acosdz+ Bsindz-1 (6.31)
where
A=1 (6.32)
and
AcosdH + BsindH =1 (6.33)

whereupon
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- cosSzsinSH +(1-cosSH )sinSz
° sin6H

1 (6.34)
and by this, there obtains

dT _5—sin5zsin5H+(l—cos5H)cos§z

(2]

dz sindH

(6.35)

which will be useful later on. The base variation of P can be found but it will not be
needed. The base solution holds for any value of Ra and it is also tells us the critical

value of 82 at no flow, which means

O isical = % , atno flow (6.36)

Now, the base temperature induces a density variation, which is high at the top and
the bottom and low in between. The adverse gradient from the top to the middle may
induce a flow and to find out we determine the critical value of Ra at which the no flow

solution loses its stability to velocity perturbation. To find Ra_, ., we are going to

critica
perturb the domain equations about the base solution in the usual way. Hence we are

going to write

T =T, +¢T, (6.37)
V=V +eV, (6.38)
and
P=P +cP, (6.39)

whence the perturbation problem becomes

O 7 .NT =V'T + 8T (6.40)
Bt 1 o 1 1

V. =-VP, - RaT}, (6.41)
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V-7 =0

where the boundary conditions to be satisfied are

and

7,(:=0)=0
Ti(z=H)=0
7, (z=0)=0
7, (2= H)=0

ﬁ.vz(r=1)=%§(r=1)=o
r

(6.42)

(6.43)
(6.44)
(6.45)

(6.46)

(6.47)

(6.48)

(6.49)

(6.50)

Notice that in this problem we have many variables (i.e., 7;,¥; and B,), and to

simplify our calculation we need to reduce the number of these variables. One way to do

this is to take the curl of Equation (6.41), namely

or

il

l

ov, o, }Z +[6(rV91) o, }

or 0z

or 06

25

z

VxV, =-Vx(VB)~RaVx(T,)=-RaVT, xi,

o7, - aT

69 ar

(6.51)

(6.52)
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Now, let us put Equation (6.52) in a simpler form by combining it with the equation of

continuity, which means

10(r7,) 107, oV,
+_
r or r 08 oz

A4 a-90

(6.53)

To do this, take the dot product of Equation (6.52) first by 7, , then by z; and finally

by z: to get
10V, 9 Rall,
r 00 Oz r 06
ov, oV, oT,
__l+_1_—_ -
or oz or
and

10(r¥,) 10,

=0
r or r 06
Now, multiply Equation (6.55) by r, viz.,
o\rv
—r—2 4 ( r‘\) =Ra o0
or 0z or

and then differentiate with respect to 7 and multiply by (1/r) to get

ov. olrV
1o, ov) af18(V)|_, 1o
ror or oz\r Or ror

Now using

19(r%,)

r or r 06 0z

and

(6.54)

(6.55)

(6.56)

(6.57)

(6.58)

(6.59)
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Vs, RadT, 10V,
=4

—t —L (6.60)
0z r 06 r 06
Equation (6.58) will become
ov, o, o, 2
10[,% +L2 L+—t=—-Ra 1o r£)+iza];l (6.61)
ror\ or r° 06 0z ror\ or) r-o6
or
VW, =—-RaV.,T, (6.62)
Now, because 7, depends only on z, Equation (6.40) is just
oy %% 1o (6.63)
ot 'Oz
and we have two equations in 7, and V, . It remains only to restate the boundary
conditions in terms of V, . At the surface of the rod (i.e., at r =1), we can write
ﬁV] =V, =0, on-center (6.64)

and hence, (a’V,l / dz) =0 at r =1. Then by using Equations (6.47) and (6.55) we have

v
Cao, atr=1 (6.65)
ar
and likewise
a,
7 =0, atr=R,, (6.66)
Our problem then is
?ﬁwz o, _ VT, +6°T,
ot b Oz

and

V¥, =—RaV2,T,
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on the domain and

T,(z=0)=0
T,(z=H)=0
V,(z=0)=0
Vzl(z=H)=O
dl,
—L(r=1)=0
dr(r )
dl,
Zi(p=R Y=0
“H(r=R,,)
dv,
2(r=1)=0
dr (r=1)
and
dv,

—Zi;zl-(r = Rout) =0

This problem has solutions of the form
L=T,(z)e"e™ / (r)
and
v, =V, (2)e7e™ f (r)
whence 7,(z), ¥, (z) and 1 (r) must satisfy

10

O'Tf+Vf = _6
-

(Zf) Tf +f 1+5Tf

and

(6.67)

(6.68)

(6.69)

(6.70)

(6.71)

(6.72)

(6.73)

(6.74)

(6.75)

(6.76)

(6.77)
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s10(. 8\ 5 .m0V, 10( of) &, m
A L A e e (e e T B

and upon setting

2
r v ¥

where (df /dr)=0 at r=1and r =R, we have

out >

dT d*T.

1

ol +V, = —k*T, + 3+ 5T, (6.80)
and
277 dzr}z 512
KV, +—- = Ralik (6.81)

This is an eigenvalue problem. The output variable is o , the growth constant. The
input variables are k>, 5> and Ra. At neutral conditions ¢ =0 and our job is to find

Ra as a function of k*and &2. To do this we must solve

d? . » o dT
— kT +8°T =V, == 6.82
|:dz2 } ! R (682)
and
2 s 24
[Zj—;—k }Vzl = Rak’T, (6.83)
where
T,(z=0)=0 (6.84)
T(z=H)=0 (6.85)

v, (z = 0) =0 (6.86)
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V,(z=H)=0 (6.87)
and we hold 67 fixed at any value that leads to a first base solution.

Eliminating 7} in favor of I}z1 we get

2 2 2
“7—2—k2 V. +68° %-—k2 v —rat* ey 0 (6.88)
dz ! dz ! dz *

where at the top and the bottom
2
7, =0=[i’7—k2}rf,
1 dz 1
and where (dT,/dz) is not a constant but a linear function of z.

Now sin%z satisfies all four boundary conditions for any positive integer value
of n. Hence we can get a solution in the form
v, =3B, sin%z (6.89)

where the constants B, B, ,... must be determined simultaneously. But we can get an

approximation by truncation as explained in Appendix E.

Let us begin with

A

V. =Bsin’z+B,sin2 (6.90)
: H H

and substitute this two-term expansion into Equation (6.88) to get
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4

%—4-[31 sin%z +16B, sin%rz) +2k

”2
HZ

(Bl sin2-z
H
+4B, sinz—ﬂz) +k* (Bl sin-z+ B, sin2% ;
H H H

2
-5 [%(Bl sin%z+4Bz sin%[z]+k2 (Bl sin%z 6.91)
(— sinézsinSH +(1-cosSH )cos 52)

sindH

+B, sinzz zj:l — Rak’s
H

x| B, sin-- z + B, sing-r-z) =0
H H

Then, multiply this first by sin%z , second by singg—z and integrate over (O,H ) to get

KH? +7*)(k*H? - 58°H? + =* 87 S K2R
( ) — ) B+ &5 f%z) (52}; _”2)32 =0 (6.92)
and
8725 H’k*Ra (RH+47°)(KH - 8°H* + ran
(52H2—97r2)((52H2—7Z'2)BI+ ST B,=0 (6.93)

This is a set of two linear homogeneous equations in B, and B, . To find a solution other
than B, =0 and B, =0 the determinant of the coefficients must vanish and this

determines the critical value of Ra in this two-term approximation.

The result is

o= (2] -5 (22)
critical 16H3M252 T T
N (6.94)

x((M2+1) Mz_(éﬂ)z+1J(M2+4)[Mz_(gg)2+4nz
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where M? =(kH/x) . This gives Ra,,,, interms of H, 2 and k* but k* remains to
be determined. It is important to mention that to do this calculation we used four and
even six terms expansions but we found that the minimum Ra,_,,, is always the same.
Based on this we learned that two-term expansion is enough.

To find £* we turn to the problem of f (i.e., Equation (6.79)), viz.,

lﬁ(,i) + (kl _m_;jf =0 (6.95)
or r

r Or
where (df /dr)=0 at r=1 and r =R, . At every value of m, m =0,1,2,... this problem

determines infinitely many values of k*. But it would appear from Equation (6.94) that

we will be interested in the least value of all these k*’s and this occurs at m = 0. So we

focuson m=0.

Hence, f can be taken to be a linear combination of J, (k) and Y, (kr)

whereupon £ must be a root of

w,(k)| dn(r)| _d,(e)|  dn(k)
dr | dr | dr | dr

r=1 r=R,., r=R,, r=1

(6.96)

in order that the linear combination not vanish everywhere. The roots of this equation

determine the value of & for any value of R ,. The smallest values of & ’s at some
different values of R , are presented in Table 6-1.

Table 6-1. Smallest values of £ at m =0 and
various values of R ,.

R, k
15 6.321
25 2.073
5.0 0.763
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The corresponding eigenfunction is given by

f= c[-Jo (k) 2 d(rkr); - d];(rkr); Y, (kr)} (6.97)

r=1 r=1

where C is an arbitrary constant. Now, T, and Vz1 ,at c=0 and m =0, given k* and

5%, can be written as

2 2
I = (-LZ{—E—Z—BI siniz—f%—B2 sinz—ﬂz:I ~k*B, sin—z
Rak*| H H H H H
(6.98)
av, (k)| dJ, (k7))

ar

+B, sin%;£ z) (—-JO (kr)

(o)

dr

r=1 r=1

and

ay, (k)| dJ, (k)

v, = C(Bl sin=z +B, sinz—ﬂz] —J, (kr)
* H H |, dr

Y, (kr)) (6.99)

r=1

where k*, H* and 6 are independent. &> depends on R_,. The critical Rayleigh
number as a function of §° andat R , =1.5, H =1 is illustrated in Figure 6-2.

At 6? =0 we have Ra,,,, ==.As 6 increases the porous medium heats up and

density gradients become steeper. As a result Ra falls and reaches zero when &2

critical

reaches its no flow critical value where the temperature becomes unbounded.

We have reached a point where we can see what the problem really is if the value
of Ra issetand &° is increased, then what is the critical value of 5>. We expect it to be
higher than &2

oriica 8t DO flow and our earlier work with flow would suggest this. But we

cannot do the calculation and in particular we cannot hope to do it when the pipe is

displaced. So we turn our attention to things we can do.
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Also, holding &° fixed Ra,,,, vs. k for fixed R, or Ra,,., vs. R, forafixed

out

k would be a parabolic shaped curve starting at infinity and returning to infinity. But %

is a discrete variable at a given R, and each R , determines its own set of £ ’s. It is

out

interesting then to hold the root number fixed and plots Ra,,,., vs. R ..

Now, let us hold & fixed and plot the critical value of Ra vs. R ., first for the

out

least root, then for the next least root, etc. Denoting these roots n =1,2,... and

remembering that the roots depend on R ,, this graph is illustrated in Figure 6-3.

Now we have to be careful. The roots at m =1, m =2, etc interweaves with those
at m = 0. So while the lowest is at m =0 the next lowestisat m=1.

It is interesting to notice that at R , =2 the value of Ra,_,, , is 465 and it

critica

corresponds to »n =1, the first root. Butif R, =4, Ra,,,., =427 and this corresponds to

critical
n =4, the fourth root. For small values of R, it is difficult to start natural convection.
But on increasing R, we come to a point where the critical Rayleigh number fluctuates

in a narrow range. What appears to happen is that the system more easily accommodates

one cell, then two cells, then three cells, etc corresponds to n =1,2,.... To make this clear
we can plot the temperature and the velocity pattern for R , =2 and R, =4 . These are
shown in Figures 6-4 and 6-5.

There is an interval of R , where, say, n cells become easier to accommodate
from n -1 cells, then harder to accommodate, giving way to n+1 cells.

Now we can go on, at fixed &°, and displace the rod to see what effect this has on

the structure of the flow. In doing this there is really no need to carry along the
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complication of a temperature dependent heat source, as we are not trying to solve a
thermal explosion problem. So, to simplify our work we take the heat source to be
constant. This does not simplify the base solution much, but it does simplify the
perturbation problem due to the displacement of the rod. Before starting it may be worth
noticing that the two perturbations will be carried out, one specified, one not. So we need
to be careful about the meaning of ¢ .

Now, by sefting Q equal to a constant there is no question of thermal stability and

our focus becomes entirely on natural convection. The scaling is now a little different.

Taking the scale factorstobe T =QR; /k, , V =k,/pC,R, , V=1/R,, P= pk, [k, pC,

and 7 = pC,R} / k. . By dropping the *’s on the scaled variables, the equations to be

solved are
%—fuf VT =VT +1 (6.100)
V = -VP - RaTi, (6.101)
and
V-V =0 (6.102)
where .
k R
Ra —_ a p IanZ
k,vk,

while the boundary conditions remain unchanged and they are
T(Z:O):O (6103)
T(z=H)=0 (6.104)

V,(z=0)=0 (6.105)



V,(z=H)=0 (6.106)
A-VT(r=1)=0 (6.107)
A-VT(r=R,)=0 (6.108)
i-V(r=1)=0 (6.109)
and
i-V(r=R,)=0 (6.110)

Again, notice that Ra is not a control variable, it depends on the properties of the
porous medium, the fluid and the geometry. The value of Ra will increase as the heat
source becomes stronger (strength the density gradient), the permeability increases (fluid
flows easily through big gaps), the thermal expansion increases (strength the density
gradient), the thermal diffusivity decreases (hard to eliminate the horizontal temperature
perturbation), the thermal conductivity decreases (difficult to remove the heat), kinematic
viscosity decreases (less resistance to flow) and as the gravity increases (strength the

density gradient).

Let us begin by presenting the base solution for this problem. It is found to be
zZ
TO=E(H—2) (6.111)
and

V=0 (6.112)

and by this, there obtains

a7, =(£—z] (6.113)
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which will be needed later. Given T,, P, can be obtained but it is not needed. Again the

base solution holds for any Ra.

The base solution is the same no matter where the pipe is located. The first order

problem obtained by introducing an upset into the base solution and used to determine the

critical value of Ra, again for all pipe positions, will be

& s7vr, =V,

V, = -VP, - RaT}i,
and
V¥ =0
where the boundary conditions to be satisfied are
T,(z=0)=0, atthe top wall
T,(z=H)=0, atthe bottom wall
V,(z2=0)=0, atthe top wall

v, (z= H)=0, atthe bottom wall

AVT,(r=R(6,6))=0, attherod wall

VL (r=R,)= EI;?TI—(;* =R, )=0, atthe pipe wall
r

ii-V,(r=R(6,8))=0, attherod wall
and

ii-V,(r=R,,)=V, (r=R,)=0, atthe pipe wall

As before the domain equations reduce to two equations in 7; and V, . They are

(6.114)

(6.115)

(6.116)

(6.117)
(6.118)
(6.119)
(6.120)

(6.121)
(6.122)

(6.123)

(6.124)
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%%Jr v, %:go_ -V, (6.125)

and
V¥, =-RaV,T, (6.126)

where

T,(z=0)=0, atthe top wall (6.127)
T,(z=H)=0, atthe bottom wall (6.128)
V,(z=0)=0, atthe top wall (6.129)
V,(z=H)=0, atthe bottom wall (6.130)
AVT,(r=R(6,6))=0, at therod wall (6.131)
aVT(r=R,)= %(r =R,)=0, atthe pipe wall (6.132)
i-VV,(r=R(6,8))=0, atthe rodvséall (6.133)

and
A-VV,(r=R,)= v, (r=R,)=0, at tI;e pipe wall (6.134)

dr
Now we write the eigenvalue problem as a base eigenvalue problem corresponding
to the on-center case and then the first, the second, etc problems on the reference domain

corresponding to moving the rod off center. /

The base eigenvalue problem is as above with dV, /dr =0 and dT,/dr =0at r=1.

To solve the base problem write

T, =T,(z)e”e™ £, (r) (6.135)



and

whence setting

where (df /dr)=0 at r=1and r=R,,, T, and V, must satisfy

and
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v, = I/A'z1 (z)eTe™ £, (r)

ol +V, e =—k’T +
1

daT.
dz

on the reference domain while at the boundaries

and

T,(z=0)=0

T (z=H)=0

v, (z=0)=0

I}zl(z=H)=

0

d*T,

dZ2

(6.136)

(6.137)

(6.138)

(6.139)

(6.140)

(6.141)

(6.142)

(6.143)

To solve this problem for the critical value of Ra as a function of k* set o = 0. and

eliminate 7, in favor of I/A'z1 to get

where

2
2} V, - Rak®

dr,

dz

A

7, =0

(6.144)
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dT, H

==z

daz 2

and where I}z1 at the top and the bottom satisfies

2
7,-0-| L0,
1 dZ 1
As before I}z, can be found in a series which satisfy all the boundary conditions,

term by term, viz.,

V, =Y B sin"~z (6.145)
1 ~ H
Calculating this off at » =2 and substituting it into Equation (6.144) results in
4 2
—ZF(BI sin—g—z +16B, sin%z} +2k2%(31 sin%z
48,50 2%z |+ k[ BsinZ 2+ B, singzz) (6.146)
H H H

—Rak® (31 sin—g—z + B, sin%z)(le— - z] =0

Then, multiply Equation (6.146) by sin%z and integrate with respect to z over (O, H)

to get

KH? +7%) 22
( ) p-3HkRap (6.147)

and multiply Equation (6.146) by s'm%r—z and integrate with respect to z over (0, H) to

get

22 KH? +4r?)
—8H9k2R"Bl+< o ) B,=0 (6.148)
/4
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To find a solution other than B, =0 and B, =0, the determinant of the coefficients
of B, and B, must vanish. This gives the critical value of Ra as

o (M2 + 1)(M2 +4)
16H>M?

Ra =

critical —

(6.149)
where M = (kH/x).

Notice that Ra,,, depends on M?* and H. M? depends on k* which itself
depends on R,, and m . It is important to mention that to do this calculation we used four
and even six terms expansions but we found that the minimum Ra,,,, is always the
same. Based on this we learned that two-term expansion is enough.

Now given R, and m, f, and the allowable values of £ can be determined just

like before. Then, 7, and V, at m=0, can be written as

2 2
le( ¢ 7 Blsinlz—izz—stin@—z — kB sinz
H H H H

Rak*| H*
. o (b (6.150)
+stin—2£z)x —Jo(kr)dY"( )‘ + o )‘ Y, (kr)
H di" |r=l dr Ir:l
and
. T . 27w
v, =C(Blsm—z+stm——zj
! H H
(6.151)
o 24 2l (v
r=1 r r=1

Without making a choice of R, or m , we can plot Ra,,,., vs. M* at fixed values
of H . Such a graph is illustrated in Figure 6-6. In this figure we observe that the critical

value of Ra goes to infinity as M? goes to zero or infinity (i.e., as the horizontal
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variation of T, becomes weaker or stronger), the first wiping out horizontal density
variations, the second strengthening horizontal heat conduction. Both effects make the
onset of flow more difficult to achieve.

We might like to make a comparison between this and the earlier case. The
difference lies in the base solution and there we had a &°, here we do not.

Now the values of m and R, determines the allowable values of k as the solution
to Equation (6.137). In each case there are many roots and we denote these roots by 7,

n=1,2,.., n=1 corresponding to the least k£ ata given m and R ,. We can set m, here
m =0, and draw a graph of Ra,_,,, vs. R, for n=1, n=2, ..., the lowest the next
lowest, etc root at each R . This is shown in Figure 6-7.

Again, we have to be careful, the roots at m =1, m =2, etc interweave those at

m = 0. So while the lowest is at m =0 the next lowestisat m=1.

It is interesting to notice that at R , =2 the value of Ra is 550 and it

critical

corresponds to n =1, the first root. Butif R, =4, Ra =494 and this corresponds to

critical
n = 4, the fourth root. It is same as before, for small values of R ,, it is difficult to start
natural convection. But on increasing R, we come to a point where the critical Rayleigh
number fluctuates in a narrow range. Again, this is happens because increasing R,,, will
increase number of flow cells and this will lower the value of Ra,,,, -

Now, let us return to our main interest and try to learn the effect of displacing the
rod. This has no effect on the base problem; hence the eigenvalue problem is our focus.

So we have a base eigenvalue problem, solved above, a first order correction, a second
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order correction, etc in power of £, where £ measures the displacement of the rod. The

off-center problem is given by equation

vy -7, 2=
' Oz

and
V¥, =-RaV.,T,
and the boundary conditions to be satisfied are
T,(z=0)=0
7 (2= H)=0
V. (z=0)=0

Vzl(z=H)=0

n.VT,(r=R(6,£))=0

AVT,(r=R,)=0

out

i-VV, (r=R(6,¢))=0

and

n-vv, (r=R,)=0

(6.152)

(6.153)

(6.154)

(6.155)

(6.156)

(6.157)

(6.158)

(6.159)

(6.160)

(6.161)

and the on-centered problem (i.e., at & = 0), has been solved earlier, whence T, V, and

Ra thereare T, , V, and Ra, here.
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The problems at order &' and order £ will now be written by methods familiar

from earlier chapters. They hold on the reference domain and they are’ at order £':

v, -7, Ze-
1 h y )

and

Vszu +Ra,V:, T, +RaV,,T, =0

where at the boundaries 7, and V, must satisfy
1

T, (z=0)=0
T,(z=H)=0
qu (z=0)=0
. (z=H)=0

dT, &',

1 =1)= 0

dr, (r" ) ! ar’
dar,

“h(p R V=
i (n,=R,)=0
Yy LA,
dr. (r=1)=-k, dr?

and

dl" (rozRout)-:'O

where R, =cosé,.

(6.162)

(6.163)

(6.164)

(6.165)

(6.166)

(6.167)

(6.168)

(6.169)

(6.170)

(6.171)

! Note that the perturbed temperature boundary condition is no longer adiabatic because it tries to simulate
adiabatic conditions at the displaced surface by putting a condition other than adiabatic on the reference

surface.
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At order £2:

d,

2 dz

VT, -V, =0

and
VZVle +Ra, V., T, +2RaV; T, +Ra,V:, T, =0
where at the boundaries 7, and V,, must satisfy
T, (:=0)=0
T, (s=H)=0
v, (=0)=0

V., (z=H)=0

o7, )= R &°T, 2 o°r, &, sind, oT,
(ro - ) ! 2 14 3 1Y 7~ 3
or, or; or, or; R 06,

and

where R, =—sin’ 4, .

(6.172)

(6.173)

(6.174)

(6.175)

(6.176)

(6.177)

(6.178)

(6.179)

(6.180)

(6.181)
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Now, to know whether displacing the rod off-center increases the chances of
starting natural convection we must determine Ra, and Ra,, the corrections to the
critical value of Ra at the on-center case (i.e., Ra,).
To find Ra, , we must solve Equations (6.162) and (6.163). But before solving this
problem let us see what can we learn about Ra, . First, multiply Equation (6.162) by Vzlo ,
which gives

dT,
n dy

v,V =0 (6.182)

and multiply Equation (6.125), at steady state, by V, , to get

drT,

V; VT Z Z,
Iy " ! ) dz

-0 (6.183)

Then, subtract Equation (6.183) from Equation (6.182), to obtain
V. VzT,1 -V, VZTID =0 (6.184)

Now, integrate this equation over the volume of the reference domain to get

27 Ry

fj | j(V VT, ~V, VT, )r,dr,d0,dz =0 (6.185)
00 1

This equation can be rewritten as

275 Royr

H

[T 1(V:(7, V5, )~ V7, VT, =V-(V, VT, )+ V¥, VT, |rdrd6,dz=0  (6.186)
00 1

Now, use the divergence theorem to get,

:jzj (ﬁ (v, v, )l

V., -VLrdr, } dbdz

v
f:jzj(n (v, VT, )

(6.187)

—[VV VTrerdez 0
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Then, because ¥,  is zero at the top and the bottom and because n-VI, atr,=11s

a multiple of cos@, and because 7- VT, iszeroat 7, = R,, the first term in Equation

(6.187) vanishes and because 7, is zero at the top and the bottom and due to 7- VT,

being zero at 7, =1 and at 7, = R ,, the third term vanishes and the equation reduces to

out

H 2z Ry

[] (-7, -vE,+v7, VT, r,dr,d6,dz =0 (6.188)
00 1

This equation will be useful later. Notice that we can get the same equation even if we

begin with,
L,VY, -V, =0 (6.189)

To show this, let us integrate this equation over the volume of the reference domain viz.,

27 Roue

Hj | ] (TloVZVzl, -V, )rodrodél,dz =0 (6.190)
00 1

This equation can be rewritten as

2z Rmn

HH I(V-(TlDVVZh)—VZ"ID-VVzh—V-(TIIVV%)+VTM-VVzlo)roerdHOdz=0 (6.191)
00 1

Now use the divergence theorem to get,

e

2 R,

ST T——

1

Royr
“- |vr, -VV;llroer]dé’odz
1

(6.192)

H2rx

Tilr o)

Then, because 7T is zero at the top and the bottom and because 7-VV, atr, =1 is
0 . 1

Rau.‘ Raut
- [vr,-vv, rodroné?odz =0
1
1

multiple of cos@, and 7#-VV, is zero at , = R ,, the first term in Equation (6.192)
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vanishes and because 7} is zero at the top and the bottom and because 7-VV, is zero at

r.=1andatr,=R

out

the third term vanishes and the equation reduces to

H27x Ry
I1] (‘VTI.,'VVzh+V7§1-VKb)rodrod9adz=0 (6.193)
00 1

which is same as Equation (6.188). Therefore we can say that Equations (6.185) and

(6.190) are e:qual.~
Second, multiply Equation (6.163) by T, , which gives
T, VZVle + RaoT]DVivgp T, + RaII‘lDVi ol =0 (6.194)
and multiply Equation (6.126) by T, , to get
LVYV, +Ra V.. T, =0 (6.195)
Then, subtract Equation (6.195) from Equation (6.194), to obtain

T,VV, TV, +Ra,(T, V). T, -, V., T, )+ RaT, V,u T, =0 (6.196)

Now, let us integrate Equation (6.196) over the reference domain to get,

27 Row

? [ J(zv7, -9,

00 1

+Ra,(T, V2, T, - TV}, T, ) (6.197)
+RaT, V2, T, )1,dr,d6,dz =0

From Equation (6.190) we know that
H
]

Hence, Equation (6.197) reduces to

27 R,

‘[ T(ﬂDVZVZn - Tl;VZVz,D )”odnd@dz =0
0 1
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H2z Ry,
Ra, [ [ [(T,V%uT, ~T, V00T, )rdr,d6,dz
00 1

(6.198)

H 27 Ry
=-Ra, [ | [T, V%0 T, r,dr,d6,dz
00

1

Now by using the divergence theorem we get,

H2x
v, {501
00
H2r

()

Rt

Rour

- [V,4T, -VroﬂuTllrodro]dHOdz
1

00

Ryt
je,,u, - [v,.L .Vro’eo]'l]r;,di;,]d@dz} (6.199)
1

H2rx

-t ] (19,1,
00

which can be arranged as

RO

Rou
U= V., -V,uﬁoTlorodronBOdz
1

H2r

Ra, [ [(LA-V, T, ~T,7-V, , T, ) dode
00

(6.200)

H2x

M )
—ra| J(]}Dﬁ-vnﬂuz‘dl _(9..1.) rodro}deodz
00 1

Then, because T, is zero at the top and the bottom and because n-V, , T at r, =1
is multiple of cosd, and -V, , T, is zero at 7, = R,,, and because T} is zero at the top

and the bottom and because 7-V, , 7, iszeroat 7, =1 and at 7, = R, this equation

reduces to
H2r Ry, 2
Ray [ [ [(V, 4T, ) r,dr,d6,dz=0 (6.201)
00 1
or
T fout 2
Ra, Hf | R] (dij r.dr,d6,dz =0 (6.202)
50 1\ 4



329
where 7, is given by Equation (6.150).

Now (dTl,, / dro) cannot be zero hence Ra, must be zero. This is the expected result

because we know intuitively that it should make no difference if the rod is shifted to the
right (i.e., £>0), or to the left (i.e., £ <0). Likewise, we expect all the odd Ra’s to be

zero (i.e., Ra,, Ras,...). Hence to learn the effect of a displacement we must go to the

second order of & . But there we will need 7; and ¥, and we must determine them by

setting Ra, = 0. Based on this, the domain equations at order £ becomes

V’T, -V, P, _ (6.203)
1 I dZ
and
V¥, +Ra V., T, =0 (6.204)

where the boundary conditions to be satisfied are given by Equations (6.164) to (6.171),

namely
T11(2=0)=0= Tll(z=H)=0

v, (z=0)=0, ¥, (z=H)=0

dT, a’T, dT,

“h(p =1) = —R, — L(r =R _)=0
g, (o=)=hm S =Ra)
2, ? 2 d'VZ

alr(,1 (r=1)=-R drozla and drol (7= Rou) =0

To solve this problem we observe that R, is equal to cos8, and that (d7,/dz)

depends only on z. Hence we set

T, =T, (z)cosd,f, () (6.205)
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and

v, = I}zh (z)cosd, £,(r,)

where f satisfy

and where
A d ~ d?
]-il i = ]110 jZ(;
dr, L dr; 4
5 dfy _p d’f,
o dr, 4 % dr? .
and
7 -
dar, LR

Then Equations (6.203) and (6.204) reduces to

o dz dz*
and
2
l:diz' - kz}}z = Raak2 A1
24 i 1
where

(6.206)

(6.207)

(6.208)

(6.209)

(6.210)

(6.211)

(6.212)
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By comparing these two equations (i.e., Equations (6.211) and (6.212)), with those

at the on-centered case, namely

2
a ‘;ZTo ={%—k2}1"10 (6.213)
and
d’ 5 R
[Ez_ - kz:lela = Ra k°T, (6.214)

T, = DT, (6.215)
and
v, =DV, (6.216)

where D is an arbitrary constant. Hence the boundary condition of Equation (6.207) at

r, =1 will become

ah
dar

o

__1dY,

= Lo 6217
D dra2 ( )

rn=1 rn=1

As before 17111 can be found in a series, which satisfies all the boundary conditions viz.,
V., =>b, sin%z (6.218)
=1

But we might notice that Vzl and f’l do not appear but we know that I}zl is multiple of
o o 1
I7zl and so the constants b, are multiple of the constants B, . Hence the two-term

approximation to ¥, = can be written as
1
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7 =D 7,
where Vz.,, is given by Equation (6.145).
To find f, we note that f,
whence f; can be written as
fi=cJ (k) + .Y, (kr,) (6.220)

where & has been established at order zero (i.e., from the on-centered problem). To

determine the constants ¢, and ¢, we turn to the boundary conditions, which are

df; 1d°f,
=1} =— oy = 221
and
df; |
—(r=R })=0 6.222
dr (rD Out) ( )

By applying these two boundary conditions into Equation (6.220) we get

aJ, (kr, dy, (&, 2
o Ailkn) | dhle) 14, (6.223)
dar, . dr, - D dr, -
and
daJ, (kr,
¢ M +c, M =0 (6.224)
dro T =Rou1 dro % =Rour
Then solve these two equations for ¢, and ¢, . Doing this we can write
odf
=——=0 6.225
5 D | (6.225)
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where
ay (kr dJ. (kr
5 () Bl )y e
o= 0 Yo =Rous 0 To=Rout (6.226)
djl (kro) le (kTo) _djl (kTo) le(k’::)
dar, - dr, LR ar, | _ R dr,

Because we know f] then by using Equations (6.205), (6.206), (6.215) and (6.216) we

canrewrite 7, and V, as
1

2
T, =0T, d{" cosd, (6.227)
l ’ dro r=1
and
2
V., =V, d]:" cosf, (6.228)
! N dro r=1

where YA} , I/A'z1 and f, are obtained earlier and they are

A S S : .2
T = 1 - _E_Z_Blsmﬂz—@Tstm—zj—z—z —szlsmlz+stm—7£z
° Ra k H H H H H H

A

vV, = (31 sin -z + B, sinz—nzj
o H H
and

dy, (k)
dr

o

&, (k)

0

£, =C{—Jo(kn) Yo(kro))

r;,=1 ] ra=1

As we explained in earlier chapters, the homogeneous solution will not play a part

in the Ra, as it enters the calculation multiplied by cosé, which when integrated over

27z will eventually vanish. So we drop the homogeneous part from the solution of 7,
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and Vle . This means that 7, and Vzll given by Equations (6.227) and (6.228) are written

in terms of the particular solutions.
Now, to find Ra, we turn to Equations (6.172) and (6.173), where by setting

Ra, =0, they become

vir, -7, Zeg (6.229)
: n dz
and
VYW, +RaV, T, +RaV,,T =0 (6.230)

and where the boundary conditions to be satisfied are given by Equations (6.174) to

(6.181), namely
le(z=0)=0, le(z=H)=0

7, (2=0)=0, ¥, (z=H)=0

drT, ,
2 r = R — 0 , 1 r = R _ 0
dro ( o out) dro ( 0 out)
or, (r,=1)=-2R 0T, 0T, , &, ,sing, 0T,
or, Yol e o TR o8,
and

7, (ro = 1) = —2R1 211 _R12 31,, —R2 210 _ Smfo .
o, or; o, 7 K o0

To begin, let us multiply Equation (6.229) by V, and Equation (6.125), at steady

state, by V, to get
2

v, vir, v, v, e

Zlo 210 212 dZ

=0 (6.231)
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and

dr,
b dz

.. VT, =0 (6.232)

Then, subtract Equation (6.232) from Equation (6.231), to obtain
Vv, V’T, -V, V’T, =0 (6.233)
1o 2 1y o

and integrate the result over the volume of the reference domain to get,

Fﬁ RT (Vzlo VT, -V, VT, )ndrod@dz =0 (6.234)
00 1

This equation can be written as

H 27 Roy
Of of 1] (V ‘ (VZIDVTIZ ) —VV, VI, _—V-(V,leTlo ) +VV, VT, )lq,dr;dé?odz =0 (6.235)

Now use the divergence theorem to obtain

Tf[ﬁ (v..vn, )‘ - _(VV VT, r,dr Jd@dz
00
H2x

(6.236)
—jj[n (V VT, )' - jVV VTrerd@dz—O

Then, because V. and V, are zero at the top and the bottom and due to 7- VI,

being zeroat 7, =R, and 7-VT, being zeroat r, =1 and at r, = R, the foregoing

equation reduces to
[
0

This equation will be useful later.

2 27 R,y

”r"z‘-(VzlaVTl) d6,dz = ?j J(vv. VL, -vv, T )rdrdod:  (6237)
To= 00 1

0

Now, multiply Equation (6.230) by T,, and Equation (6.126) by T, . to get

LVYV, +RaT, V., T, +Ra,T,V: T, =0 (6.238)
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and
VYV, +Ra, V. T, =0 (6.239)

Subtract Equation (6.239) from Equation (6.238) and integrate the result over the volume

of the reference domain to get,

!

27 Rou
oj | (z.v7, -1y,

1

+Ra, (L, V2, T, ~T,V2 T, ) (6.240)
+Ra,T, V} . T, ), dr,d6,dz =0

By using the divergence theorem we get

ot

+Rao (fi . (Tiav’oﬂaTll )l

2 Roue

R J‘ VT, -VV, r,dr, _ﬁ.(lesz]o )Ez, +Roj_, _—
: 1

1

© ey

= [ Vool Vo Tind,
1

1

(6.241)
R, o
_ﬁ'(ﬂzvzﬂoﬂo)l, M Jva,eonz'va,eoTlarodn)
R,
1

+Ra, (ﬁ (T,V,45.) " - RT v, oL - v,oﬂar;or,,droj] d6,dz =0
1

Now, because 7) and 7; are zero at the top and the bottom and due to the fact that

n-VI, and n-VV, are bothzero at 7, =1 and at 7, =R, and because 7-VV, is zero
o 2

at r, = R ,, and by using Equation (6.237) viz.,

out

!

we can rewrite Equation (6.241) as

2 27 Roy

ﬁ(VVJ;)] ldé?odz:~1] | [(vv. VL, -V, -VT, )rdrd6,d:
00 1

0 o=



or

dr,
+Ra, T, == |dO,dz
° ar
r,=1

r=1 o

#22 % (T,
(%) rante

The denominator is always positive but we cannot decide the sign of the nominator

(6.243)

without a calculation. This calculation is made at different values of R _.and H . Some

out

results are illustrated in Table 6-2.

Table 6-2. Values of Ra, and Ra, at different
values of R ,and H.

Rout H Ra" Raz
3 46.57 | -3.93x10*
1.5 10 2246 | -1.90x10*
15 14.87 -1.30x10*
5 3.950 -1.110
5.0 10 0.703 -0.200
15 0.351 -0.098

These results suggest that the value of Ra decreases as we shift the rod off-

critical

center and hence it is easier to start natural convection when the rod is displaced. It is

important to note that Ra (experimental) depends on R, (Ra increases as R, increases),

while Ra_, ., doesnotdepend on R, and, hence, the bigger the region make it easier for

natural convection to occur. From the results presented in Table 6-2, we can observe that

at a given value of R, the values of Ra, decreases as the annular region become deeper
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(ie., H increases), and at a given value of H the value of Ra, decreases as the annular
region become wider (i.e., R, increases). These results are expected because the deeper

the annular region is the harder it becomes for the heat to get out through the top and the
bottom walls and this will increase the temperature and if the temperature rises enough to
make the gradient stronger then this will increase the density gradient and therefore it
become easier fot natural convection to take place. On the other hand, a wider annular
region can accommodate more flow cells than a thin region and this will lower Ra_,,,.
Notice that even with setting Q equal to a constant the calculations are not ordinarily
simple. _

Now, let us summarize what we have done and learned in this chapter. The aim of
this chapter was to steady the thermal stability in porous media with natural convection.
To achieve this, we begin by considering a porous material that produces heat in an
annular region where the heat source depends linearly on temperature. On steadying this
problem we learned that, in the on-center case, an adverse temperature gradient could
induce a natural convection that may enhance the thermal stability of the system and for

this to happen the problem needs to exceed a certain value of Rayleigh number (i.e.,

Ra,,.. ), that is defined in terms of the parameters of the problem itself. Then, as we

shift the rod off-center, we found that it becomes difficult to solve this problem and the
usual method (i.e., perturbing a simpler eigenvalue problem), that we used in the earlier
chapters do not work here because this problem does not have a simple resolution to it.
However, to learn more about thermal stability of this kind of problems we carried out
the calculation but with approximation. This approximation is to hold the heat source

fixed. By solving this modified problem we found that, when the inner cylinder is
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displaced slightly from the center of the annulus the chance for natural convection to
come into action increases. Unfortunately, in these problems we were not able to show
that thermal stability enhances as natural convection begins to take place within the
region. This is because to show that we must calculate the total heat-transfer rate in the
case where natural convection can occur and in the case where no natural convection can
take place to see the difference. But we could not do that because we do not know the
exact value of the perturbed temperature except through an arbitrary constant. In addition
to that we learned that even for this simple problem the calculations that determine the

critical value of the Rayleigh number are not ordinarily simple.



CHAPTER 7
CONCLUSIONS

The main aim of this dissertation was to study the effect of geometry change on the
thermal stability of heat-producing regions where the heat source depends linearly on
temperature. We defined the thermal instability (i.e., thermal ignition or explosion), by
the occurrence of an infinite maximum temperature, which in turn translates into our
inability to find a steady solution. In this concluding chapter, we will present the most
important of the results that we have obtained from this study.

To understand how the geometry change can affect the thermal stability of heat
producing regions we used the domain and surface perturbation methods. Using such
methods we concluded that a distorted annulus could tolerate more heat generation than a
perfectly centered one. In solving a problem on the effect of geometry change on the
therraal stability of a planar geometry with heat being produced within the domain we
found that when the unboundedness or non-existence is used to identify the instability the
domain perturbation method cannot be applied directly to the domain equations. Instead
we must introduce the corresponding eigen{/alue problem and solve it in terms of the
reference geometry. In other wards, the eigenvalue problem is solved by perturbing the
domain equations about the reference state. On doing this, we found that the thermal
instability is given by the condition when the leading eigenvalue becomes zero. In
addition to this, we found that the value of the diffusion strength becomes an indicator of

the thermal stability, that is: as the diffusion strength increases the thermal stability of the

340
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system increases. We also learned that thin heat-producing regions are thermally more
stable than thick heat-producing regions.

Then series of problems were considered. There was the thermal stability of a heat-
generating annular region under a variety of boundary conditions without flow and with
flow. By solving this problem we found that for the cases of constant inner wall
temperature and at adiabatic inner wall, the annular region becomes thermally less stable
as the inner rod is shifted from the center of the geometry, but for the case of perfectly
conducting inner wall the opposite is true (i.e., the distorted annular region is thermally
more stable than a symmetric one). We also learned that, regardless of the reduction in its
thermal stability due to the displacement, the region with constant inner wall temperature
is always more stable than the other two cases. Also we found that the region with
adiabatic inner wall is slightly less stable than the region with perfectly conducting inner
wall. Furthermore, we found that the thermal stability of the region with perfectly
conducting inner wall is weakly dependent on the location of the inner cylinder. From all
of this we learned that, the thermal stability of a heat-generating annular region depends
strongly on the location of the inner cylinder and on the boundary conditions of the
region. Thus, in designing heat exchangers, which are typically designed in a concentric
cylinder form, the designer must be very careful to get the alignment right and to take
into consideration the boundary conditions of the system.

The heat transfer assumption was then modified as a little forced convection is
added. To study this case we added a radial flow to the case of constant walls
temperatures and then assumed that the fluid flow is described via Darcy’s law. Doing

this we found that, at the reference state, the radial flow, regardless of its direction,
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increases the thermal stability of this problem. But on perturbing the inner cylinder the
thermal stability decreases and it becomes a function of the direction of the radial flow,
that is: the case with outward flow is thermally more stable than the case with inward
flow. Also, we found that at high flow the correction factors cannot be important and the
problem always remains stable. In addition to this we were able to show by using simple
derivations that this problem must always be stable regardless of the direction of the flow
or its strength. From this we convinced our selves that the thermal stability of this
problem strongly depends on the heat-transfer mode.

Viscous flow problems were considered next to show how the results presented
earlier tie into some concrete physical problems. To achieve this, we considered viscous
heating of liquids in simple flows and we started by showing that viscous fluid flow
problems are in fact thermal ignition problems in which the heat source depends linearly
on temperature. Some auxiliary problems were studied and solved to get some idea of the
effect of unequal temperatures at the boundaries and of the effect of geometry change in
frictional heating. From these auxiliary problems we learned that, the thermal stability of
viscous heating does not depend on whether or not the two boundaries are at different
temperatures even though the details of the flow and the temperature will be affected by
the temperature difference at the boundaries. In addition to this we learned that the
thermal stability of viscous heating problems'is strongly dependent on their geometry. In
addition to all this another interesting problem was considered. This problem is the
thermal stability of frictional heating in axial flow between a rod and a pipe du¢ to
viscous heating. On studying this problem we found that, this problem can be solved only

when it is perfectly symmetric but as the inner rod is shifted slightly from the center of
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the annulus the mathematics of the problem become very complicated. However, to learn
more about thermal stability of this geometry we carried out the calculation but with the
approximation that the viscosity was fixed. By solving this modified problem we found
that this problem is always thermally stable and when the inner cylinder is displaced
slightly from the center of the annulus we found that both the total volumetric flow rate
and the total heat-transfer rate increase. The increases in these two rates have two
opposite effects on the thermal stability of this problem (i.e., the increase in total
volumetric flow rate reduces the thermal stability of the problem while the increase in the
total heat-transfer rate enhances its thermal stability). It would appear that, because the
problem is always stable, either the two effects just offset leaving the thermal stability of
the problem unchanged or the stabilizing effect will be the predominant effect. Also we
found that the location of the maximum temperature strongly depends on the shape of the
geometry.

To give another physical application to the results presented earlier additional
problem was considered. This problem is to study thermal stability in a porous media
with natural convection. On studying this problem we learned that, in the on-center case,
an adverse temperature gradient could induce natural convection that can then enhance
the thermal stability of the system and for this to happen the problem needs to exceed a
certain value of Rayleigh number. Then, as we shift the rod off-center, we found that it
becomes difficult to solve this problem and the usual method (i.e., perturbing a simpler
eigenvalue problem), did not work. Again, to learn more about thermal stability of these
kinds of problems we carried out the calculation with an approximation, that is: to hold

the heat source fixed. By solving this modified problem we found that, when the inner
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cylinder is displaced slightly from the center of the annulus the chance for natural
convection to come into action increases. Unfortunately, in these problems we were not
able to prove that thermal stability enhances as natural convection begins to take place
within the region. This was because the value of the perturbed temperature is known only
up to an arbitrary constant.

In conclusion, in this dissertation, the physics of thermal stability under different
imposed restrictions and various settings has been explored with an idea of understanding

the physics as the geometry is changed or distorted.



APPENDIX A
EXPLINATION OF THE DOMAIN PERTURBATION METHOD REQUIRED TO
CARRY OUT THE CALCULATION OF THIS WORK

This appendix gives an explanation for the domain perturbation method that is used
to solve the main problems considered in this thesis (i.e., problems with distorted
geometry). This ;:xplanation is based on the work of Morse, P.M. and Feshbach, H.
(1953) and on our understanding of the work of Johns, L.E. and Narayanan, R. (2002).
To begin, let u denote the solution to a problem defined on a domain D , where
equations sufficient in number are specified on D, and on its boundary, to determine u .
Among problems like this are those where the domain D itself presents a major
challenge. These problems are of two kinds. Those where D is not specified and must be
determined as part of the solution, and those where D is specified but is irregular.! The
number of equations to be satisfied can be different in the two cases.

In any of these two cases, estimates of u, or of u and D, can be obtained by
solving a simple problem defined on a specified and regular domain. The domain of this
simple problem, denoted by D, , is called the reference domain. It may be determined by
the original problem or it may be set so as to simplify our work.

Our job is to find out how to modify the problem on D to make up for the change

in its domain to D, . Particularly, it is to determine # in terms of the solutions to

' By the word irregular we do not mean to imply not smooth, but instead, not convenient.
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problems defined on the reference domain D, . The first part of our job is to decide what
problems on D, might help us.

To explain how to do this and to show exactly how all of the details of the
calculations work out, let the problem be dimensional and let us work in terms of

Cartesian coordinates. Then, in terms of an original O and axes Ox and Oy at right
angles, the points_ of D, will be denoted by coordinates x,,y, and those of D by

coordinates x,y .

Now, the main idea is to imagine a family of domains D, growing out of the
reference domain D, and to imagine that » must be determined on each of these, one
being the domain of interest. The points (x, y) of the domain D, are then determined in

terms of the points (x,,y,) of the reference domain D, by the mapping

X = f(%,5¥,,€) (A.D)
and
y=28(x,,7,,€) (A.2)
Based on this, each point of D_ gets an ancestor in D, and determining the mapping of
D, into D, may be part of solving the problem.
Now, let D, be unspecified or irregular in only one part of its boundary and let D,
be specified and regular at this boundary. Then, let the domains D, grow out of the

reference domain D, as part of the boundary of D, , denoted y, =7, (x,), passes through

a series of configurations y =Y (x,&) forming the corresponding parts of the boundaries

of the domains D, . It is sufficient to simplify the mapping of D, into D, to



and

y=8(x,,7,:5)
where this mapping must carry out the points (xo, v, =Y (xa)) of the boundary of the
reference domain D, into the corresponding points (x, y=Y (x, e)) of the boundary of

D, , namely

and

y=Y(x,£)=Y(x,.¢€)= g(xo,l’; (xo),g)
This simple mapping is the foundation of our work (i.e., to perform the perturbation
calculations when solving an unknown domain), and it is depicted in Figure A-1.
The strategy of this appendix is to work out the expansion along the mapping of a

variable u on the domain D, in terms of variables U,,U,U,,... on the reference domain

D

0"

To put this strategy to work, the function g is expanded in power of ¢ as
2
g(x,.5,.6)=g(x,,v,,£=0) +eg—g(xo,yo,8 = O)+%822—‘§(x0,y0,8 =0)+...
€ £

where g(x,,y,,& = 0) = y, and where the derivatives of g , evaluated in the reference

domain, are taken holding x, and y, fixed. Then, in terms of notation

0,
yl(xa’yo)zgg(;(xovyoa‘g:()) (A3)
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mapping of the boundary

y=Y(x,¢)

=g(x.,(x,).2)

=Y +e¥ (x)+..

_......_‘....._.__...._____.____.._.___

]
t
i
1
}
[}
]
]
1
[}
:

v, & >¢y=2(x,5,¢)
E =yo+5yl(xo,ya)+...
1
i '

i mapping of the domain & denote the amplitude by which the
E boundary of D, is displaced from the
E boundary of D, .
}
1 [}

(0:0) xo (0’0) X = xo
A B

Figure A-1. Mapping D, into D, . A) Reference domain D, . B) Present domain D, .

62
% (%,,,) =a—§(xo, Y6 =0) (A.4)

etc.

then the mapping can be written as

x=x, (A.S)

and

1
y= g(xo,yo,g) =y, +£y1(xa,yo)+§82y2 (xo,yo) +... (A.6)

and this is the form in which it is used.
Now, the boundary of the reference domain must be carried into the boundary of

the present domain by our mapping. Hence, the function ¥ (x, 8) , which describes the
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boundary of the current domain, inherits its expansion in powers of & by putting
¥, =Y,(x,) into the expansion of the domain mapping. Then, at the boundary, the

mapping

and

y=Y(x,8)=Y,(x,)+ e, (xo,Yo(xo))+%82y2 (5,7, (%)) +

which can be written as

x=x, (A7)
and
y=Y(x,&)=Y,(x,)+eY (xo)+%82Y2 (x,)+.. (A.8)
by introducing the notation
Y (x,)= % (Y, (%)) (A.9)
Y, (x,) =5, (%, X, (x,)) (A.10)
etc.

Itis ¥,Y,,... that must be determined or assigned to specify the domain D, in terms of

the reference domain D, .

Now, to determine the expansion of a domain variable and its derivatives along the
mapping, note that there are two kinds of variables of interest to us: those defined on the
domain, and hence on its boundary as well, and those defined only on the boundary of the

domain. These latter variables ordinarily depend on the shape of the boundary and
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acquire their expansion by the expansion of the function determining this shape. The
curvature of the bounding surface, the normal and the normal speed are examples of
variables defined only on the boundary, but many variables of interest to us are defined
on the domain as well as on its boundary and it is to these variable that we turn first.

Let u, as it depends on x,y and £, denote the solution to a family of problems on
a family of domains, denoted D, . The domains D, grow out of a reference domain D,.
A point (x,y) oi: the domain D, is connected to its ancestor (x,,y,) of D, by Equations
(A.5) and (A.6). Let u(x,,,,& = 0) be denoted by u, (x,,,) . It is understood that the
problem satisfied by # can be solved on D, to produce u, and D, too if it is not known.
Our plan is to determine  at the point (x,y) in D, in terms of u,, and whatever else is
required, at the point (x,,y,) in D, .

To find out what is required, we expand u(x, v, 8) in powers of ¢ along the

mapping and write this expansion

u(x,y,e)=u(x=x,y=y,,¢ =0)+8@(x =Xx,,y=y,=0)
de
(A1)
1,
+=¢
2

dZ
dgl: (x=x,,y=y,,6=0)+...

where d/de denotes the derivative of a function depending on x,y and & taken along
the mapping (i.e., taken holding x, and y, fixed where x and y depend on x,,y, and ¢

by the use of the mapping), viz., via Equations (A.5) and (A.6).

Then, with u, defined by

u,(x,,¥,)=u(x=x,,y=y,e=0)
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2
work out % and d—z
de de

To obtain a formula for %‘-(x =x,,y=Y,,&=0), differentiate u along the
€

mapping taking x and y to depend on ¢, holding x, and y, fixed. By the chain rule,

there results

du

'~ d—g(x,y,g)=%(x,y,s)+%(x,y,s)g—i(xo,yo,e) (A.12)

where u = g(x,,y,,£) and where the term %(x,y,g)g:(xo,yo,s) , that might have
€
been expected had Equation (A.1) been used, does not appear due to the fact that
Equation (A.5), namely
x=f(x,,9,.€)=x,
is being used instead, where x, is being held fixed. Then, set & to zero in Equation
(A.12) and use Equation (A.3) to obtain
du Ou ou
——(x=x,y=y,,6=0)=—(x,,y,.6=0)+y,(x,,y,)—(x,, ,,E=0) (A.13
Zp 5= %0 = V08 =0) = —(,,3,,5 = 0) + i ( V), (o b =0) (A13)
In Equation (A.13), introduce %, via
Ou
U(x,,y,)=—I(x=x,,y=y,6=0
{(%0:70) = (¥ =%,y = 3,,6 =0)
and observe that
Ou

ou
— x=x0>y=y098=0 = 2
a-)} ) a.))o

(x,5%,)

to get
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%x %Y =¥,6=0)=u(x,,y,)+y(x o,yo);"(xo,yo) (A.14)

o

where y, specifies the mapping to first order of & and where u, like u_, remains to be
determined.

To work out the second derivative, differentiate Equation (A.12) to obtain

j_[du] d|ou oudg|_d [au}_ d|ou 6g+6u62g
de| ds de| g Oyoe| del|loe| de 6y ds Oy og’

and substitute

2[2]-2[2). 222
de|Oe| Oc|de| 0Oy|oe|oe

and

d | ou 66u+i%§§_
daay Ggay oy| oy |oe

to obtain

2 2 2 2
du_0u ' dg & [@g} L oudg (A.15)

PR oy0e de o> oy 8¢’

Then, in Equation (A.15), set x =x,, y =y, and £ =0, introduce u, via

62
U, (xo>yo) =a_;2l(x =X Y=Y, 6= O)

observe that

2 aZ
—u(x=x0,y=yo,g=0)= uo (xo,yo)

d
o’ %,

and use Equations (A.3) and (A.4) to obtain
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d? 1%}
= l;(x=xo,y=yo,€=0):u2 (x,,3,)+2», (x(,,yo)——u1 (x,,7,)
£ aya
o’u ou (4.16)
+y2 xo’yo 3 xo’yo +y xa’yo - xo’yo
1 ( ) ayj ( ) 2( )ayo( )

where y, specifies the mapping to second order of £ and where u, remains to be

determined.
Additional derivatives needed to write u(x, y,£) to any order in & can be

determined by carrying this work further; indeed, their forms can even be guessed, but

Equations (A.14) and (A.16) are enough to write u to second order in & as

2
u(x,y,6)=u, +a[z/11 +y, au"]+lgz[u2 +2y1%+ yfé—u—z"+y2 6u"}+... (A17)
v, | 2 ¥, v, Y,

where every variable on the right-hand side is evaluated at (xo, yo) .
To determine u on the domain D, , then, it would seem as though Uy, Uy, Uy,... 8S
well as y,,y,,... would need to be determined on the reference domain D, . It turns out

that while u,,u,,u,,... can be determined, V15 Y5-.. cannot, and, although this presents a

technical difficulty, it is helpful to be guided by the idea that what is required is a

mapping-independent prediction of the values of u at the interior points of the domain

D_.

€
One aim, then, is to derive the equations that must be satisfied by the functions

U, Uy, Uy,... ON the reference domain D, from the equations satisfied by u on the present
domain D, . Now, derivatives of u appear in most of the equations of interest; hence, in

addition to the expansion of u, expansions of its derivatives e. g., expansions of du/ox



354

and du/dy , must be obtained. These can be used along with the expansion of u in
determining the equations satisfied by u,,1,,u,,... on the reference domain D, .

Taking du/dy first, we must differentiate the right-hand side of Equation (A.17)
with respect to y, holding x and ¢ fixed, where the functions appearing there depend on
X,,¥, and . To do this, Equations (A.5) and (A.6) can be used to obtain x, and y, in
terms of x,y and &, and then the chain rule of differentiation can be used. In this use of
the chain rule, functions of x,,y, and ¢ are to be differentiated with respectto y,
holding x and ¢ fixed; earlier, to obtain Equations (A.14) and (A.16), functions of x, y
and & were differentiated with respect to ¢, holding x, and y, fixed.

The chain rule, then, requires functions of x, and y, to be differentiated according

to

0 0 10x, O 10y,

—_ —_— —_— =2

o B o v B

but dx,/dy is zero, due to the fact that x = f(x,,y,,&) = x,, and by this, the chain rule

reduces to

211=2112-
Oy %, "oy
Hence, we must differentiate the right-hand side of Equation (A.17) with respect to y_,
holding x, and ¢ fixed, and then multiply this by dy,/dy which comes from Equation

(A.6), holding x and ¢ fixed. Doing this leads to
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ou _ {67,106)1}_{_8[ " 0y, +y, e u6y ayl :|
& Loy, O > ol oo,
+182[5u26y0+2y u18y0+28y16u1 ya A
2 Loy, oy vy, T ¥
+2y, 2 ayl oyt u 6y ayz }_i_
5y5y o oo,

(A.18)

where the chain rule has been used to differentiate u,,du, /0y, ,0°u, /3y’ ,u,,8u, /8y, and
U, , but it has not'been used to differentiate y, and y,. These derivatives have been
indicated as dy,/dy and 8y,/dy for reasons to appear presently.

Now, Equations (A.5) and (A.6) can be used to determine 8y, /0y as

Do g D 120
&y y 2

and this reduces Equation (A.18), the expansion of du/dy , to its final form, that is

@(x y 8)—au" +s[—a—ul—+y %]
Ty, o, o

(A.19)

The main thing to observe in this formula is that all the terms in Equation (A.18) in

which derivatives of y,,,,... appear e.g., %—1—% , are lost in taking the last step, with

o

the result that the expansion of du/dy looks just like the expansion of u, as might have

been anticipated, namely

ou, | 1 ou, 5,0, Ou,
u=u,+¢ u1+y18y +2€ u2+2ylay + 8y2 yz@y +...

and
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ou ou ouy Ou, | 1 ,|0u, Ou,  ,0u 0’u
—=—"+E|—+y—5 |tT€ 2yt =t ——
a)} a.yo 6)]0 ayo 2 a'VO a-yo @0 a-yo

2
and this would lead us to expect the expansion of g—% to be

O*u _ du, 'y, ou,
& = o> +e oy? N &

1 2 52u2 asul 284140 53u0
+§£ Gyz +2y, 8y3 + ¥ ay4 +y, 6y3 +...

(A.20)

which, indeed, is correct. In all these formulas, the variables on the left-hand side are
evaluated at x,y and £ whereas all the variables on the right-hand side are evaluated at
x,and y,.

Turning to du/0x , we must differentiate the right-hand side of Equation (A.17)
with respect x, holding y and ¢ fixed. Now, x is equalto x,, but y is being held
fixed; hence, y, cannot be fixed. The result is that d/éx , where y is held fixed,
operating on the right-hand side cannot be replaced by 8/éx, , where y, is being held
fixed, even though x = x,. The mapping must be used to determine y, as a function of x
at a fixed values of y and & . Again, all of the variables on the right-hand side of the
expansion of u (x, v, 8) , outside of ¢ itself, which is being held fixed, depend only on x,

and y,.In view of this, our calculation of du/dx again requires the use of the chain rule,

and in this case it has the form
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Once more using Equations (A.5) and (A.6) to express x, and y, interms of x and y,

there now obtain

and

0= a.})o+€a.)}l 28.))2+

8x6x26x

whence the chain rule takes the form

21 ]- [1+—[ 2

0

where

o_ o 1.

(A.2D)
ox ox 2 ox

Working out 6/6x applied to the right-hand side of Equation (A.17) then leads to
2
o _| Oy Oy | N0 OOy, | Oy | OU, Ou, &y, |, O, M
ox | ox, oy, oOx ox, Oy, ox 0x é‘y o ox | oy, ox
2
c 1|10 OB Do | oy O ﬁuxay LU
2 ox, Oy, Ox Gxay oy? ox dy, Ox
3 3 2
+y? au"2+———a u;’% +2y ay‘ Ou + ou, P, au" P, +...
o x| o o | acpy, o ox | oy, ox

where the chain rule has been used to differentiate u_,0u, /3y, ,8u,/0y’ ,u,,0u,/dy, and

u,, but it has not been used to differentiate y, and y,. Again, these derivatives are
simply denoted dy,/dx and dy,/ox .

The final formula for du/0x obtainsoneliminating dy,/dx by the use of Equation

(A.21)and itis
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Ou Ou, |:6u1 o’u, :I
=—2+4+g|—L+y

o o, |ax, ondy,
(A.22)
1 ,|0u, Oy, , Ou 0’u
+—& +2y, +¥; =+, — [+...
2 |ox, Xy, T ox, ok,

Again, the derivatives of y,,,,... are lost in the last step and the formula for
Ou/éx , similar to the formula for 0u/dy , takes the form of the formula for u itself. This,
of course, makes it possible to guess other formulas e.g., the formula for 82u/ ox? | Itis

worthwhile observing that each time 8y, /dx is eliminated, by substituting

o _ 1.9,
ox 2 oOx

-& ... in its place, terms to all higher order in ¢ are introduced. It is by

D,

. .. . Ou
this that the derivatives of y,,y,,... cancel out; for example, just as —2 cancels

o

g W g L2 0% 0

in the forgoing calculations, so too it will cancel
Oy, Ox 2

o

183 Oty B3 at the third order.
6 oy, ox

Equations (A.17), (A.19), (A.20) and (A.22) present for the expansion of a domain
variable, yet two kinds of variables can appear in the boundary equations: domain
variables evaluated at the boundary and variables defined only at the boundary.

The expansion of a domain variable evaluated at the boundary simply requires the
mapping to be evaluated at the boundary in the formulas already obtained. The expansion
of a variable defined only at the boundary stems from the expansion of the function
determining the shape of the boundary. The function ¥ defines the shape of the
boundary in the present configuration. Its expansion along the mapping appears as

Equation (A.8).
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Let n denote a function defined only at the boundary of the present domain. Now,
n is typically a function of ¥ and we denote its values by » (Y ) . The expansion of 7,
then, must come out of the expansion of Y , and to expand » in powers of ¢ along the
mapping, we write

an 1 ,d’n
n(Y)=n(£=O)+8a—£(a =0)+—2-82d—82(£=0)+...

g2
and calculate é@-,g—’:,." . As n does not depend explicitly on &, the first derivative is?

c de
dn {dY}
_=nY —_—
de de
and the second derivative is
d’n d dn dy {dY {dY}
S inrsarsint O e sl Gt 0620 Ryl & hery
de® dede de de ) |de

where 7, is a linear operator and n,, is a bilinear operator. Both depend on Y. Using

these formulas and

2 As n is a function of ¥, and Y is, itself, a function, some way of indicating the derivative of n with
respect to Y is required. The notation #, { } does this, where n, operates on whatever appears inside

{ } .In fact, n, can be obtained as

" (X} = limn(Y+sX)—n(Y)

&—=0

where n, may again be a function of ¥ . It is a linear function of X, hence, the use of { } . In terms of

n, , there obtains
n(Y +eX)=n(Y)+en, {x}+R

where R/g—+0 as € > 0.
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etc.

and evaluating the derivatives of n at £ = 0 produces the expansion of 7 (Y ).3 Itis,on

writing n(Y,) in place of n(g=0),

1
n(Y)=n(Y,)+en, {11}+552 [, {0} + my (T T} ]+ .0 (A23)
where 7, and n,, must be evaluated at Y.

Next, an example will be presented to help the reader understand how to apply this
method.
A.1 Example of How to Use the Expansions of z and Its Derivatives
The most direct way to obtain the equations satisfied by u,, u,, u,, etc. on the
reference domain is to substitute the expansions of » and its derivatives into the

equations that must be satisfied on the present domain. Then as the right-hand sides of

3 In a definite problem, 7 must be specified as definite function of Y . Its expansion can then be obtained
most easily by differentiating this specified function; for example, if 77 denotes the normal to the curve
y= Y(x,e), then

and the derivatives of # can be obtained in terms of the derivatives of ¥ . But if 7 is not specified as a
definite function of Y, the notation n,,n,,,etc. must be introduced.
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these expansions depend only on x,, y, and £,o0n setting the coefficients of each power
of & to zero, a set of equations in u,, u,, u,, etc. appear.

The next example will illustrate the method and it will mainly show that the

mapping does not survive in the equations satisfied by u,, u,, u,, etc. This is a favorable

result because the mapping of the interior of the reference domain to the interior of the

present domain cannot be determined. The derivatives of y,, ,, etc. were already lost in
expanding the derivatives of u, so they cannot appear in the equations for u,, ,, u,,
etc.; now y,, »,, etc. themselves are lost.

To take an example, let u satisfy

uéz+$u+£2+1=0

on the current domain. Then substituting the expansions of u(x,y,¢) and %(x, Y,€)

into this, there obtains

ou,) 1 , Ou, 0, ou,
u,+& u1+yl—é—y— +~2—8 uz+2ylé;—+y1 P +y26y e
Ou ou, 0’u 1 ,( Ou, o'u,  , 0 0'u
x| —%+¢ Y | E | =2y 5t St T |
@10 a}lo 6)10 2 a-}}o ayo @O 6.))0
+{u¢,+a(u1+ylau"J+--- +£7+1=0
oy,

which leads, on requiring the coefficient of each power of & to vanish, to the following.

First at order &°, which is the reference domain, the domain equation is

u e 11=0 (A.24)
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For order &', the domain equation is

(8141 & u, } [ ou, } Bu,
u, +y +|u +y +u,=0
Y, ; &, ),

For order ¢, the domain equation is

1 (6w, Ou, 5, 0u, o’u, Ou, ,0u, ou, \ou,
—u, +2) S5+ Y =t [t L 2y — =+ ),
2 "\, o, %, o, ) 2 ¥, %, , ),

ou, éul du, ou,
+ u1+y15y—— —a—y—+y1 & + u1+y1§ +1=0

Now by using—g—(uo Ou, + 1} =0, the first equation, Equation (A.24) eliminates

o

o

2
2 (uo 0 uz" + ou, au"j in the second, reducing it to
W, W, W,

L L (A.25)
&y, o,

while the third equation can be written

1 ou, 1 oy,

u, O'u,  Ow u, Ou,du  u, Ou
=+, u—+u +1+y | u 4ty — °
2 70y, 270, W, Tl v, W, 0, W, O,
12[ &u, 0w, ou, ., 0u, Ou J 1 ( o'u, auau)
+= 0 + e +2 +—y, 0

v, .y, o, ) 2 5)’ , oy

In this, the terms multiplying y, add to zero, as do the terms multiplying y; and those

multiplying y,. The sum of the terms multiplying y, vanishes on the use of

0 ( Ou Oy, j
u, u+u, |=0
W\ B, D,

while the sums of terms multiplying y” and y, vanish on the use of
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whence the third equation reduces to

Ou, u2+u1@‘—+ul+l=0 (A.26)

1 Ou, 1
— uo —— + —
2 8-)}0 2 @0 aJ)O

Again a sequence of equations on the reference domain is obtained, Equations
(A.24), (A.25) and (A.26), and, again they are free of the mapping. The mapping is lost in
writing the equations on the reference domain. The earlier equations in the sequence

eliminate the mapping in the later equations. The result, then, is an equation for u, at

order zero. It is just the original equation for u written on the reference domain. Then
comes an equation for %, in terms of u,, succeeded by an equation for u, in terms of

and u,, etc.

To completely determine u,, u,, u,, etc., equations must be worked out at the

boundary of the reference domain. In these the mapping of the boundary must remain if
determining the present domain is to be part of the solution. Yet before deriving the
equations at the boundary of the reference domain, a small matter remain to be explained
before our work on the domain equations is complete. It is a rule by which the correct
equations on the reference domain can be obtained without the need to remove the

mapping at each step by using equations obtained in earlier steps. This rule is explained

in the following section.
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A.2 The Rule

The rule is this: To get the correct equations satisfied by #,, u,, u,, etc. on the

reference domain, replace u wherever it is present in the equations on the current domain

by
u,+eu +—¢eu,+
and then replace 0 by —a—, 2 by i, etc.
oy oy, Ox ox,

To see that this works, let » satisfy
0
u v eu+e’ +1=0

on the current domain. Then, making the replacement there obtains

( 1, j(@uo ou, 1 ,0u, ]
U+ U +—uU+ || —F+Ee—+—& =+
2 &y o 2 o,

1
+(uo+€u,+§£2u2+--- +&7+1=0

and setting the coefficient of each power of £ to zero leads to

u, %o 4120
%,
Oy, Ou,
u,— +u +u,=
¥y, D,

etc.
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This is the sequence of equations obtained earlier as Equations (A.24), (A.25) and
(A.26), but, by use of the rule explained here, obtaining the sequence requires a lot less

work.

Now to complete the sequence of problems that must be solved to obtain #,, v,
u,, etc., we must add equations at the boundary to the equations on the reference domain.

Again, to illustrate the method, we work out an example. Let u be a domain variable and
let n be a boundary variable where the values of »n along the boundary depend on the

shape of the boundary. The dependence of n and ¥ must be specified, but ¥ may

remain to be determined.

At the boundary of the present domain, let # and n satisfy
ou
n(Y)—(x,Y,s) =0 (A.27)
o7
where y =Y (x,£) defines the shape of the boundary, where the expansion of Y is
y =¥ (5,6) =T, (5,) + 1, (3,) 45 8T, (5,)
and where n inherits its £ dependence through Y . Then, substitute into Equation (A.27)
. Ou
the expansions of n(Y) and Ey—(x,Y ,E).

The expansion of du/dy at the boundary can be written by evaluating its domain

expansion, viz., Equation (A.19), at y =¥ (x,¢) and hence at y, =¥, (x,). It is

: 2 2 3 2
QE(X=Y=8)= P | Py, 0 — + 12| T oy 0 N & 0 %4y, i “ |+...
% », | ‘il 2 |l o o o

o
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where all the variable on the right-hand side must be evaluated at y, =Y, (x, ), and hence
they all depend only on x,, and where the right-hand side is already defined on the

boundary of the reference domain. The expansion of n(Y) has been obtained as Equation

(A.23), namely
n(Y)=n(Y,)+en, {¥}+= gz[ny }eny (T H Y}:|+

where n, and n,, depend also on Y, . Substituting these expansions into Equation (A.27)

then leads to a series of equations on the boundary of the reference domain, one at each

order in ¢ . The sequence begins

) e (x,,7,) =0

and

0

()] 25, 1) 1 T 5 o ) 25,1

o

and so on. Each equation holds on the boundary of the reference domain, viz., on
¥, =Y,(x,), and the derivatives n,, n,, , etc. must be evaluated at ¥ =Y, . This often
leads to simple formulas if Y, is simple e.g., if Y, is a constant.

As Y, must be known, the first equation completes the problem for u,. Of course,
the problem for u, is just the nonlinear problem on the reference domain. Then, the
second equation completes the problem for #,, or at least it completes the problem for u,
if ¥, is known. Often Y] is not known and a second boundary equation must then be

specified if ¥, is to be determined. This leads to another equation in #, and ¥, at the
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boundary of the reference domain and the two variables must be determined together,

likewise u, and ¥, etc. As the functions Y,,Y;, etc. become known, so too the shape of

the present domain to first, second, etc. orders in & .

It is important to observe that the derivation of the boundary equations is just like
the derivation of the domain equations, save that the mapping cannot be eliminated from
the boundary equations. It is important that the mapping be eliminated in the domain
equations, for it cénnot be determined on the domain; it is equally important that it cannot
be eliminated from the boundary equations, otherwise the shape of the present domain
could not be determined.

A.3 Expansion of Integrals in Mapping

For a cylindrical coordinate system, let 7 denote the position vector to the point

(r,@,z) in the present domain and let 7 denote the position vector to the point

(ro,é?o,zo) in the reference domain. Denote a mapping of the reference domain into the

present domain by

F=r(%.2)
or by
r=r(r,,6,,2,-)
0=0(r,.6,2,.¢)
and
z=2(1,,0,,2,,%)

Let the mapping be expanded in powers of £ as
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~N

D e
=r,+en+—-gn+..
2
or as
1
r=r,ten+—¢&rn+..
2
1,
=0 +6,+—¢€0,+..
2
and
1
z=zo+gzl+58 Z;+ ...

where 7,7,6,,2,,5,5,0,,2,,... depend on 7, or on r,,6, and z, and where

. or _ O
I"l=—é;(8=0) s N ='a?(8=0) g een
n=(e=0), n=2(s=0) ..
1 ag 2 882

00 0’0
91—;5;(8:0) s 92=EC:T(S=O) 5 eee

and

0z &’z
Z; =£(€=0) s 2y =§(8=0) 5 oen

Now let V' denote the volume of the present domain. The, in many cases, there are
physical requirements on some state variable, denoted by u, which can be stated in terms

of its integral over V . In this appendix, the form of this requirement is determined to first

orderin &.

Let I denote the integral of u over V', namely
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I= judV
vV

Now, u dependson 7 and ¢ and V' depends on ¢; hence, I depends on . The

mapping 7 =7, +¢r, +... carries the points 7, of the reference domain into the points 7 of
the present domain, and via this, it ties V' to V.

Our job is to expand I along the mapping in powers of &. To do this write

I=1+¢el +..
where
I,=1(e=0)
dl
I =—(eg=0
=L (e=0)
etc.
and where
I,= [udv,

v,

]

To determine I, use Leibnitz’ rule to write

I jdAﬁ.i"zu
de ;0¢ i de

Then, set £ =0 and use gf—(s = O) =r,, where, at the boundary of the reference
£
configuration, 7 = R, , to obtain
I = g{_(g =0)= [udV,+ [d4j, Ry,
de 7, o,

and, by this, the expansion of 7 to two terms, namely
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I= [uav,+ { fuwav,+ | dAoﬁo.Rluo} (A.28)
v,

I/D VD
Now, the mapping of the domain does not appear in Equation (A.28); only the

mapping of the boundary appears via I—él . To see how the mapping is lost, the calculation

can be carried out another way. To do this, let # depend on x,y and £ and let the

mapping be written

and
y=y,+&y (xo,yo)+...

Then, to evaluate Hudxdy , substitute the expansion of u along the mapping and at the
V

same time transform the integral over the present domain to an integral over the reference

domain to get

0
J;J'u(x,y,E)dxdy= J[;J—[uo+8(u1+y1 Z:]a..}a(ix’y) dx,dy,

where

______a(x,y) =1+£?—yi

a(xo,yo) 5y0 +...

To first order in ¢, this is

Iﬂu (x,y,)dxdy = E[)Jluodxadyo +& J,; j{ul + a—(gy—‘z{L):l dx,dy,

and, carrying out the last integration on the right-hand side, there obtains
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[[u(x.y.€) drdy = [[u.dx,dy, + & [[macdv,+ [ Hudr, (A.29)
4 v, Yo

J"n=Y(xo)
The mapping of the domain does not appear in this formula; it is lost in the last step,
leaving only the mapping of the boundary. Now, let » =1, and hence u, =1, u, =0, etc.;

then Equation (A.29) reduces to

[Jardy = [[ax,dy, +& [ nax,

4 Y Yo =Y(X,,)

This is a formula for the volume (area) of a perturbed domain.



APPENDIX B
OVERVIEW OF METHODS USED IN CHAPTER 3

The following chart, Figure B.1, gives a clear idea about the methods used through
out Chapter 3. It describes the calculation steps for both the steady state problem and for
the eigenvalue problem. It also summarizes the critical points for each case that we found
in the chapter. It shows how one might change the conditions of a given case to move to

another one without losing the ability to get the correct critical point.
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APPENDIX C

LOCATING THE MAXIMUM TEMPERATURE IN THE CASE OF CONSTANT

TEMPERATURE WALLS

This appendix gives an explanation about why it is not possible to guess the exact

location of the maximum temperature in the case of constant temperature walls. As usual,

this explanation is based on solving a simple problem. This simple problem is just the

isothermal problem considered in section 4.2.1.1 in Chapter 4 except that the heat source

is taken to be independent of temperature. This problem is depicted in Figure C-1. It will

be of interest to find the location of the maximum temperature.

Inner heat sink
(Rod wall)

Heat-producing
material

T° =0 \ Heat transfer by
l conduction
T =0 \/\ .
; Outer heat sink
(Pipe wall)

Figure C-1. Heat transfer in the case of constant temperature walls in a perfectly centered
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For this geometry the temperature rise at steady state, referring to Figure C-1 for a

definition of the variables, can be described by the thermal energy equation

d’T 1dI
+-——4+0=0 C.1
{rz r dr Q ( )

where T is the temperature field and where QO denotes the rate at which heat is produced
in the material per unit area. The temperature is subject to two boundary conditions viz.,
T(r=R,)=0 (C.2)
and
T(r=R,)=0 (C.3)

By solving Equation (C.1) we get

T =C,In(r) +C, —%i (C.4)

where C| and C, are arbitrary constants which can be determined by using Equations

(C.2) and (C.3) viz.,

C,In(R,,)+C, ——Q]j’—"z‘":O (C.5)
and

C/In(R,)+C, ——Q—f—’%’ =0 (C.6)

Hence, by solving these two equations we get

Q(Rozut - Rzi)

41n [-@MJ
Rin

C =

and
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Thus, Equation (C.4) becomes

R, —R; R, —R: 2
T = Q( out m)ln(r)+%— Rjut_'( out m)ln(Rout) _..QL_ (C_7)
. 41n R | In Ry
Rin Rm
But the maximum temperature is found when d7'/dr =0, which means
R, —R’
%T_=______Q( o '")_%=o (C.8)
’ 41n[-@w]r
Rin

where 7 is the radius at which the maximum temperature is located, » e Thus, we

max

can write

(C.9)

From this we find that the maximum temperature is not located at the middle of the

annular region as someone might guessed because r ‘ is not equal to the arithmetic

radius or mean!

_ (R +R,)

arithmetic mean 2

(C.10)

' Also known as the linear mean, the average mean or the mean.
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Therefore, the maximum temperature might be located either closer to the inner rod or
closer to the outer pipe but not at an equal distance from the two. Then, to see whether
the maximum temperature lies closer to the inner wall or the outer wall let us first rewrite

Equation (C.9) in the following form

_ (Rout + Rin) (Rout - Rin)

2
r ITsz = : e (C.11)
In| —2£
Rin
and notice that it is just the arithmetic mean, which is defined by Equation (C.10),
multiplied by the logarithmic radius or mean’, which is
R _—R
- ( out m) (C12)

r L
logarithmic mean R
In out
Rin

Then subtract the square of the arithmetic radius, (r ’ , given by Equation

arithmetic mean )

(C.10) form Equation (C.11) viz,,

rz\ - (r
T=T...

arithmetic mean

)2 _ (Rout +Rin) (Rout - Rm) _ (Rou! + Rin) 2
2 In R,
Rin

or

2
n_{(Rout_‘-Rm):\ :( out;Rin) (Rout;Rin)_(Rout;Rin) (C14)
“ermerc mean | 1 Tj et mean

L logarithmic mean

and on dividing by R’ it becomes

? Also known as the log mean.
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R R R
—out 4 ] out _ | Zout 4 ]
L rz‘ _|:(Rout +Rm)i|2 = [ Rin ’ ] (Rin J _( Rin i j (CIS)
T=Tmﬂr

2 [R] 2
W"‘"’ln—ﬂ‘i —_——

arithmetic mean arithmetic mean

| logarithmic mean

Now, if the sign of the right-hand side of Equation (C.15) is negative then

rz' <r
T=T,y,

and then of the maximum temperature is located somewhere in

arithmetic mean
Al

the middle of the region closer to the rod wall but if the sign of the right-hand side is

positive then r2| >r and consequently the maximum temperature is

T=Tax arithmetic mean

located closer to the pipe wall. To begin, notice that the right-hand side of Equation
(C.15) is just the arithmetic mean multiplied by the difference between the logarithmic
mean and the arithmetic mean. But we know that the logarithmic mean is always less
than the arithmetic mean and to show this let us divide the arithmetic mean by the

logarithmic mean which gives

n

Logarthmic mean N 2(5@_1]

R
In| —2 C.16
(5] 16
then for any value of R /R, > I Equation (C.16) is greater than one. From this we
understand that the arithmetic mean is greater than the logarithmic mean. Based on this
the right-hand side must be negative. Therefore, we conclude that the maximum
temperature is located closer to the inner wall. From this result we can see that it is not

possible to decide about the location of the maximum temperature in the case of constants

temperature walls without doing some calculation.



APPENDIX D
EXPANSION OF THE UNIT OUTWARD NORMAL

The expansion of the unit outward normal, 7, can be written as

2
ﬁ=ﬁ0+gr”z,+%—n2+... (D.1)
~ where

=1 (D.2)

and where 7, and 7, can be found by using equations

R>~2gRcosf =R’ - ¢ D.3)
and
- R
I, —ly—
A= (D.4)

where R is a function of @ and ¢ and where

_OR(©®)
Y

R (D.5)

To do this, let us obtain R’ by differentiating Equation (D.3) with respect to 6, viz.,

R gRsinf D.6)

R—¢gcos@

Then, substitute this into Equation (D.4) to get
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;‘+;’ ssin9
" ?(R-¢&cosb)
— D.7)
\/ g°sin“ @
1+—
(

R—¢ecos 9)2

n=

which can be arranged as

i (R-ecos8)+i,esind

i = . (D.8)
\/(R —£cosf) +&”sin’ 6
and by expanding (R —scos6)’ we obtain
ﬁzzr(R—gcosﬁ)+zegsm9 D.9)

VR> —2£Rcosf + &
From Equation (D.3) we can see that the denominator of Equation (D.9) is just R, .

Then, by substituting the expansion of R, which is

2 1.2
R=R,n+acosQ,—§—SH; 2 (D.10)
into Equation (D.9) we get
2 .2
i(Rm —% SH; % + ) +i,e5in6),
A= i D.11
X (D.11)
From this we obtain
— - Sineo
n =i, R (D.12)
and
22
A =S (D.13)



APPENDIX E
HEAT TRANSFER THROUGH A ROD FROM A WELL-MIXED TANK

Let us begin by describing the physics of this problem. To do this, consider Figure
E-1 which depicts a rod of length L and of uniform cross-sectional area, 4,,,, attached
to a well-stirred tank. Initially (i.e., at ¢t = 0), the temperature throughout the tank is

denoted by 77 . This is also the temperature at the end of the rod attached to the tank.
The temperature at the other end of the rod (i.e., the free end), is maintained at zero for all

times. This is the heat sink. For ¢ > 0, the tank will gain or lose heat by contact with the

rod whose temperature is denoted T'(,z) . The temperature of the material in the tank is

uniform through out the tank but it can change in time.

V : Volume of the material in the tank

4, - The cross-sectional area of the rod

Figure E-1. Heat transfer problem with a heat reservoir slowing the thermal diffusion.
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Now, the temperature rise in the domain (i.e., the rod), can be described by the

thermal energy equation

2
ar_,or

o k5 ,at0<z<L (E.1)
zZ

where p and C, denote the density of the material of the rod and its heat capacity,
respectively. In this problem, p and C, are assumed to be constant. This equation is
subject to two boundary conditions viz.,
T(z=0)=0 (E.2)
and
T(z=L)=T" (E.3)
where 77 is unknown and time dependent.

As T" as well as T must be determined, we need another equation. This can be

obtained via an energy balance about the tank, viz., by writing

oT dr?
-4 _k—| =Vp'cl— E.4
T P T E4)

where V' is the volume of the material in the tank, p” is the density of this material and
C! is its heat capacity.

Equations (E.1) and (E.4) can be written in scaled form by defining 7=7 7",
z=7z and t=7 ¢ where T is selected to be equal to the ambient temperature and
where Z=L and 7 = I’pC, / k and after dropping the *’s, we get

orT _ o'T
ot ozt

(E.5)
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where

T(z=0)=0 (E.6)
and
T(z=1)=TH (E.7)
and where
T ~T H
_a_T_ _ Vp C, dT E.3)

ozl,, A,LpC, dt
Now to get the eigenvalue problem let us apply the separation of variables method

to Equation (E.5). To do this, write T as
T(t,z)=7(1)(2)

and substitute it into Equation (E.5). This will then give two ordinary differential

equations, they are

id:— +A7=0 (E.9)
and
d’ +A%=0 (E.10)
dz’
where —A’ is the separation constant and where
£(z=0)=0 E.11)
and to get the remaining boundary condition in term of £ substitute
T(t,z)=1(t)s(2)
into Equations (E.7) and (E.8) at z =1and use Equation (E.9) to find
al ﬂﬁzf (E.12)

z=1

—d—; z=1 B A‘rodeCv
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Now, Equation (E.9) can be solved to give
() = Ce™" (E.13)

where C is an integration constant, where e is the growth rate and where —A° is the
growth constant. Equation (E.10) is the eigenvalue problem that describes the
temperature rise in the rod and its solution can be written as

£(z)= AcosAz+ Bsin Az (E.14)
where 4 and B are arbitrary constants. Now 4, B and A remain to be determined. To
do so we turn to the boundary conditions.

Now let us stop for a moment and assume that the well-mixed tank does not exist in
the problem and further assume that the two ends of the rod are kept at fixed temperatures
(i.e., the two ends are isothermal). Then, the boundary conditions in this case are

£(z=0)=0 (E.15)
and
E(z=1)=0 (E.16)
and by applying these two boundary conditions into Equation (E.14) we find
A=0 (E.17)
and
| BsinA=0 (E.18)
and from this we learn that A = nz and, consequently, the eigenvalue —A° is
~A?=-n’zn’ (E.19)

and for n=1itis

A== (E.20)
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But if we assumed that only one end of the rod is held at a fixed temperature, which is at
z =0, while the other end is insulated (i.e., one end is isothermal and one end is
adiabatic), then the boundary conditions will become

E(z=0)=0 (E.21)

and
iei(z =1)=0 (E.22)
dz

and by applying these two boundary conditions into Equation (E.14) we get
A=0 (E.23)
and
ABcosA=0 (E.24)

and from this we find that A =nz/2 and, consequently, the eigenvalue —A? will be

2.2
2=l Z (E.25)
and for n=1 itis
2 7’
A= (E.26)

Now, by returning to the original problem where the well-mixed tank is attached to the
rod at z =1, we have two boundary conditions given by Equations (E.11) and (E.12).

Then, by substituting Equation (E.14) into these two boundary conditions, namely

& (z = 0) =0
and
T ~T
_d_é — Vp Cv /12§
dzi,. A4..LpC, |
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T T

and writing VpC, as 1 henceforth where y is a physical property assumed known,
Arod Lp Cv 7/
we find
A=0 (E.27)
and
ABcosA = llzB sin A (E.28)
Y
or
y=AtanA (E.29)

Hence A is zero, the allowable A ’s are the roots of Equation (E.29) and B
remains to be determined. It depends on the initial state of the system.

Now, let us rewrite Equation (E.29) as
_7
tan A = n (E.30)

The term ¥ is a positive constant and for simplicity it is assumed to be one. Thus, to find

the allowable A’s we must solve
1
tan A = 1— (E.31)

The solution can be found by plotting graphs of tan A and 1/4 vs. A. This is shown in

Figure E-2 where the solutions are the intersection. We number the solutions 1,2,3,... and

give the first few in Table E-1.

Table E-1. Values of A obtained from Figure E-2.

n ﬂ,n n ,In

1 0.86 4 9.53
2 342 5 12.65
3 6.44 6 15.77
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Now, let us ask the following question: in which of the three cases that we studied
(i.e., the rod with isothermal-isothermal ends, isothermal-adiabatic ends and isothermal-

perfectly conducting ends), can the temperature perturbation die faster? To answer this
question, let us compare the values of the growth constant, —A?, obtained in each case.
For the rod with isothermal-isothermal ends, we get

-A*=-71*=-9.87 , first case (E.32)

and for the rod With isothermal-adiabatic ends, we have

~A?=-"—-=-2.47, second case (E.33)

and for the rod with isothermal-perfectly conducting ends, we find

72_2

- = " —0.74 , third case (E.34)

From this three values of the growth constant, —A?%, we see that the temperature
perturbation in the first case, the rod with isothermal-isothermal ends, will die faster than
the other two cases. This is because in the first case the two isothermal ends serves as
heat sinks and, therefore, the rod can loss the heat faster than the second case, the rod
with isothermal-adiabatic ends, which has only one heat sink. In the third case, which is
the slowest of them all, there is one heat sink as in the second case but now the well-
mixed tank will gain some heat through the perfectly conducting end, but the tank has
nowhere to loss this heat except through the rod. Thus, the tank will store the gained heat
until the temperature in the rod become lower than it is in the tanks and then the tank will
loss the heat to the rod, and this is why this case is slower than the second case, the case

with adiabatic end.
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Now, back to the well-mixed tank problem, with the values of A known, the next

step is to determine the values of the constants B, in the solution, namely
T(t,z)=Y e ™™ (B,sin4,z) (E.35)
n=1
To do this, the initial condition (the temperature in the rod at ¢ = 0), must be expanded as

T(t=0,z)=) B,sinA,z=B sin4z+B,sin Lz + B,sin 4,z +... (E.36)

n=]

As an example, let the initial temperature be
T(r=0,z)=z(1-2)
then
z(1-z) = B;sinAz+ B,sin A,z + B,sin 4,z +... (E.37)
To obtain values of the B, s we might begin by multiplying Equation (E.37) by sin A z

and integrating both sides with respect to z over (0,1) viz.,

1 1
Iz(l —z)sinA, zdz = j-Bl sinA,zsin A,zdz

0 0

1
+ B, sin 4,zsin 4,zdz (E.38)
0
1
+ IB3 sinA,zsinA,zdz + ...
; |

Doing this for each A, ’s, we get infinitely many equations in the infinitely many
unknown B, ’s and what is interesting here is that these equations do not simplify, as one
might expect in simple heat transfer problem, as the functions sin A,z and sin4_z are not

orthogonal in the plain vanilla inner product. So to proceed we must develop a sequence

of approximations and the easiest way to do this is to consider a sequence of terminations
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(i.e., first get B, assuming B,,B,,... are zero, then get B, and B, , assuming B, B,,... are
zero, then get B, B, and B, , assuming B,, B;... are zero etc). The hope is, without going
to far along, B, stabilizes, then B,, etc. To see what happens, let us first get a first
estimate of B, and B, . To do this, let us multiply Equation (E.37) by sin 4,z and then

integrate it with respect to z over (0,1), this gives
S 1 1
[2(1-z)sin A,zdz = [B,sin Aizsin A,zdz + [ B, sin Ayzsin 4,2dz (E.39)
0 0 0
Then, multiply Equation (E.37) by sin A,z and then integrate it with respect to z over
(0,1), this gives
1

‘ 1 1
[2(1-2)sin A,zdz = [B,sin A,z sin Azdz + [ B, sinA,zsin A, zdz (E.40)
0 0

0
As we can see, Equations (E.39) and (E.40) are two equations in two unknowns (i.e.,

B, and B, ), and, therefore, the values of B, and B, can be obtained. By using the
sequence of termination technique we found that the values of B, and B, start to stabilize
as the value of By is obtained and Table E-2 can give a clear idea about how this
technique is converging on the true values of B,'s.

Table E-2. Obtained values of B, to B;.

The obtained B,'s B, B, B, B, B, B,
B, B, 0.105 0.214 0 0 0 0
B,,B,,B, 0.103 | 0215 | -0.001 | 0 0 0
B.B,,B,,B, 0.092 | 0221 | -0.004 | 0010 | 0 0
B.B.B.,B, B, | 009 | 0223 | -0.005 | 0010 | 4x10 | O
B.B, B, B,B,B, | 0089 | 0224 | -0.006 | 0.011 | -5x10* | 0.002
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However, if we know how to write the correct inner product for this problem, then

we can get the values of B, ’s much easier. To do this, let us write our eigenvalue

problem, Equation (E.10), in terms of the eigenfunction & and the eigenvalue A, which

gives
2
d—€1+212§1 =0 (E4D)
dz
where
&(z=0)=0 (E.42)
and
d 1
e - ©43)
z z=1 Y z=1

Then, rewrite Equation (E.10) in terms of the eigenfunction £, and the eigenvalue A7,

which gives

d’s,

G+ 22 =0 (E.44)
where
&(z2=0)=0 (E.45)
and
% - %21252 _ (E.46)

Now, multiply Equation (E.41) by &, , to get

d’é

52 dZZ

+ 11252‘51 =0 (E.47)
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and multiply Equation (E.44) by &, to obtain
d
L4 856,=0
Then, subtract Equation (E.48) from Equation (E.47), which gives

52 4 é:l _‘51 ch 62 _(’?12_’112)‘5’:152

Now, integrate Equation (E.49) over the length of the rod, to get

ﬂédﬁ—;dé}ﬂ4@—ﬁyﬁaw

and by using the integration by parts technique, we found

dfl 552 dfz

S

=(4 - A)ﬁ@w

(E.48)

(E.49)

(E.50)

(E.51)

Because £ =0 and &, =0 at z =0 and by using Equations (E.43) and (E.46),

Equation (E.51) reduces to

-ﬂﬁ—@ﬁ@m=wi%ﬂk@¢

which can be simplified and written as
1 1
Ué—ﬁﬂﬁééw+;§égl=o
0
and since ¥ is assumed to be one, it becomes
1
(-4 ){ jflfzdz + éle,:,} =
0

which is same as

(4 -20)(&.6)=

(E.52)

(E.53)

(E.54)

(E.55)
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where <§1, §2> is the inner product of & and &,, which means

(§I9§2> = J-é:lé:zdz + 6{:14:2',:1 (E.56)

From Equation (E.55) we can see that when A # A, then (&,&,) must be zero (i.e., &

and ¢, are orthogonal).
Now, by taking the inner product of Equation (E.37) on sin 4z, we get

<z(l —z),sin /llz> =B, (sin Az,sin qu>

+ B, (sin A,z,sin itlz> (E.57)
+ B, (sin Az sinAz)+...

where, at m #n, <sin A,z,sin /?,nz> must vanish. Therefore, from Equation (E.57) B, can

be obtained and it is

z=]

(2= 2)sin22) | 20~ 2)sin Azdz + z(1 - z)sin A,z]
B = > — 2=0

<Sinﬂ12,Sin&Z> Z]I Sin2 /?,12dz+sin2 ﬂlZ

z=0

(E.58)

z=1

and because the value of 4, is known', 4, =0.86, then B, can be calculated and it is
B, =0.087, which is close to the value found by the previous method (i.e., sequence of
terminations method), and tabulated in Table E-2. On the same measure, B, can be

obtained by taking the inner product of Equation (E.37) on sin 4,z, this gives

(z(1-z),sin4,z) = B,(sin A,z,sin 4,z)
+ B, (sin A,z,sin 4,z) (E.59)
+ B, (sin Az,sin &z) +..

' The values of 4, to A are illustrated in Table E-1.
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then B, can be written as

z=1

B - (z(1 —z),sin@z) L

_f 2(1-z)sin A4 zdz + z(1- z)sin ﬂnzzlz=1

> (sindzsindz) =

z=0

and because 4, is known, 4, =3.42, then B, can be calculated and it is B, =0.226.

Again, this value is close to the one obtained from the previous calculation and it is

presented in Table E-2. The values of B,,B,, B, B,,...

same steps and they are illustrated in Table E-3.

J. sin® A,zdz + sin’ ﬂzz’

z=1

can be found by following the

Table E-3. Obtained values of B, to B, via the two methods.

B's | Sequence of terminations method | Inner product method
B 0.089 0.087

B, 0.224 0.226

B, -0.006 -0.007

B, 0.011 0.011

B, -5x107 -1.03x10°

B, 0.002 0.0026

From this table we see that the first method, the sequence of terminations method,

works properly and it gives very close results to those obtained via the inner product

method.




APPENDIX F
DETERMINING THE PRESSURE GRADIENT

To find VP,VP, and VP, we turn to the flow equation

V =-VP

and on perturbing this equation we get: At order &°

V,=-VP,
At order &'

7~
At order &

V,=-Vh,

Then, by taking the divergence of these equations we obtain: For order &°,

V-V, =-VP,
For order &',

V-¥,=-V’R
For order £°,

V.V,=-VP,

hence,
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V.V,=0,V-¥,=0and V-V, =0
Then to solve for VP ,VP and VP, we must solve the following set of problems: First at

order £°, which is the symmetric annular region, we have

VP =0 (F.8)
where
B(r,=R,)=P" (¥.9)
and
P(r,=1)=P" (F.10)
For order &' the equation is
V’P =0 (F.11)
where
P(r,=R,)=0 (F.12)
and
R(r:,=1)=—R15‘%_I (F.13)
For order &, the equation becomes
VP, =0 (F.14)
where
P(7,=R,,)=0 (F.15)
and
Pz(;;,=1)=—2klg€1—r=l—kf ddz’?r=l— 222,:1 (F.16)
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To explain where Equations (F.13) and (F.16) come from, notice that the expansion of P

at r =R(8,¢), is given by

4]

2
P(R,O)=F, +¢ E+R1dR’ +Z1 B +2R dP+R2dP dP" +
dr 2 dro dro dl"a

and that P(R,6) must vanish for all values of .

Begin by solving the problem at order £° where we have

4 =rl£—(ro Z§)=o (F.17)

The solution of this problem must satisfy the boundary conditions given by Equations

(F.9) and (F.10). Solving this problem the pressure in the annular region is obtained as

PH — PL)
P=pP_ ( F.18
o n(r) 20 (F.18)
Moreover,
pPH _pt
ar, _ —( )l (F.19)
dr, In(R,) r,
and
ap, (P"-P")q
° — = F.20
dr;  In(R,) 7 (20

These derivatives will be useful later on.

For order &', the problem is given as

62
V’P =L———(r —)+ = 592}3 0 (F.21)
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and its solution must satisfy the boundary conditions given by Equations (F.12) and

(F.13). Then, because of R, , the solution to the P, problem (i.e., Equation (F.21)), can be

written as
Bl
B =| 4r, +r_ cosd, (F.22)
where 4, and B, must satisfy
AR, +—- B =0 (F.23)
Rout
and
4 +B = f{PD (F.249)
AN
By solving Equations (F.23) and (F.24) for 4, and B,, P, found to be
2
P, =cos 90—2—1—— r,— R"”’ a5, (F.25)
(Rout B 1) d’;’ =1
and by this, there obtains
2
i cosf, [1 + R"Z“’ ] ar, (F.26)
er ( out ) r;J dr r=1
and
2
B e —sing,— L[ Reu | (F.27)
deo ( out_l) rO dl" r=1

which are needed in the P, problem.
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To solve the P, problem (z e., Equation (F.14)), first substitute Equations (F.19),

(F.20) and (F.26) into Equation (F.16) then expand the right-hand side of Equation (F.16)

in terms of the functions' 1, cosé,,cos 26, . Doing this Equation (F.16) reduces to

(F.28)

Iy

o

P(r,=1) =m|:2+(1+1€fw)cos2¢90]jl)”

out r=l

Then, from Equations (F.15) and (F.28), the solution to the P, problem can be

written as

o

P, =A4,+B,In(r,)+ [AJf + E;—Jcos 26, (F.29)
T

where 4, and B, must satisfy

4,+B In(R,)=0 (F.30)
and
4=z L (F.31)
(Rout - 1) d’;; r=l
and where 4, and B, must satisfy
AR+ =0 (F.32)

and

(F.33)

! Substitute for cos® g, = %+%cos 26, and for sin’ §, = % —-;—cos 26,.
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By solving Equations (F.30) and (F.31) for 4, and B, , and Equations (F.32) and

(F.33) for 4, and B,, P, is found to be

__ 2 Rouz 1 R::ut__ 2 dPo

= e L 5 ]+(R3,,,—1)2(rf r”}mw‘ldro o P
and by this, there obtains

a, | 2 2 (R, dp,

. ‘{(R:u,-wm(zeo,,,)ro *(Rgu,_l)Z( 2 *"J"“”J 2
and

4
out o 0 In=1
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