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ABSTRACT

In the present thesis we describe the method of numerical solution and
give the results of investigation of nonlinear heat problem with moving
boundary.

We assumed the spherical symmetry of the process and the uniformity
of the pressure within the bubble. We derived the basic equations of our
problem. We used the variable y = + freeze the moving boundary of the
bubble. After that, we used the non dimensional parameters to obtain the
numerical solution easily.

We transfer Rayleigh equation form the second order differential equa-
tion to a system of two first order differential equations by using the following
substitution C;—f = w.

We solved a mixed system, containing ordinary and partial differential
equations, using finite-difference technique by dividing the whole system into
spherical layers inside the bubble. We get a system with n + 3 ordinary
differential equation to solve numerically, we used n between 30 to 100, since
this is the value that if we will make it double result will not change.

The results of numerical calculations presented as figures showing the
behavior of radius and temperature distributions inside the bubble and their
evolution during the time using the power of Mathematica 8 and Maple
15 program. We used RungeKutta numerical method with other numerical

methods to solve the system.
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Chapter: 1

INTRODUCTION

1.1 Background and history.

In vapour-liquid flows, the mass, force and energy interac-
tions between phases originate on the interface surfaces. These
interactions can significantly alter the flow velocity, pressure and
temperature fields. A correct specification of the inter-phase
heat and mass transfer requires the knowledge of interaction of
single inclusion with the carrier phase. It has been revealed that
in the case of gas bubble the heat and mass transfer dominates
over other dissipation mechanisms i.e. viscosity and compress-
ibility of the liquid. Some authors used the assumption of the
temperature uniformity in the bubbles and the thinness of a
thermal boundary layer in the liquid. These assumptions con-
siderably simplify the problem but hold under certain restric-
tions only. This Thesis will give the results of investigation of
the heat and mass transfer effect on the dynamics of gas bub-
bles as well as of the reverse effect of dynamics of radial bubble
motion on the enhancement of heat transfer between the gas
bubbles and liquid. These studies will be carried out with refer-
ence to the analysis of wave processes in vapor-liquid mixtures

having a bubbly structure.



1.2 Statement of Purpose.

A nonlinear problem of thermal, mass and dynamic inter-
action between a gas bubble and a liquid will be considered with
account of moving boundary and temperature and concentration
non-uniformity in the bubble. We will consider single spherical
bubble in liquid assuming spherically symmetry of the process
and pressure uniformity inside the bubble. At the same time
it is supposed that the gas temperature and concentration are
not uniform. Such statement of the problem when the pressure
uniformity and the temperature and density non-uniformities
are assumed is valid for a wide range of bubble size, since the
characteristic time of temperature equalization in the bubble
considerably exceeds the time of pressure equalization. The nu-
merical method will be used by dividing the whole system into
spherically layers inside the bubble and employing a new vari-
able which freeze the moving boundary of the bubble. Results
of numerical simulation will be presented in the form of figures.
The effect of different parameters on the process will be inves-

tigated in details.



1.3 Justification of the problem.

The study of gas bubbles in a liquid is of considerable prac-
tical interest in regards of possible use of bubble curtains for
damping or amplification of shock waves and using in the in-
dustry for intensification of technological processes. It is due
to the great value of transfer coefficients and large inter-phase
surfaces. In order to intensify heat and mass transfer processes
the possibilities of acoustic or shock wave effect on the process
were studied. We will consider the behavior of a single bubble
in liquid. This approach is used when the volume concentration
of gas is fairly low and the influence of the neighbor bubbles is
neglected. In case of small velocity of the floating bubbles we
can study the process in the framework of spherically-symmetric

model.



1.4 Theoretical framework.

Dynamics, heat and mass transfer of the gas bubble will be
solved numerically by using finite-difference method.

The whole system will be divided into spherical layers inside
the bubble. So we will solve mixed system, containing ordinary
and partial differential equations (heat equations).

The calculations will be checked by means of a fit of the bub-
ble mass predicted by integration of mass conservation equation
and what obtained by direct layer to layer calculations. It is as-
sumed that for calculation will be taken water-steam system.
Some of terms in the thesis(keywords):

Bubble radius, mass of the bubble, non-dimensional bub-
ble radius, gas constant, sound speed in gas, thermal diffusivity
of gas, pressure, time derivative of the radius, radial coordi-
nate, temperature, time, non-dimensional time, number of lay-
ers, non-dimensional parameter, specific internal energy, veloc-
ity, velocity of the bubble surface, non-dimensional coordinate,
density, kinematic viscosity, surface tension, circular frequency,

non-dimensional temperature, thermal conductivity.



1.4.1 Methods and procedures.

The following steps will be done during the study of this

problem:

(1) To study the nonlinear problem of thermal mass and dy-
namic interaction between a gas bubble and surrounding

liquid.

(2) The system of basic equations describing this process as-

suming it’s spherically symmetry should be constructed.

(3) A numerical method for solving the system of equations, in-
cluding partial and ordinary differential equations should be
created. The new variable which freezes the moving bound-

ary of bubble should be introduced.

(4) The problem will be solved using finite-difference technique
by dividing the whole system into spherical layers inside
the bubble. The calculations will be checked by means of
a fit of the bubble mass predicted by integration of mass
balance equation to that obtained by direct layer to layer

calculation.

(5) Numerical calculations will be made for gas bubble in liquid
with variation of initial conditions and the values of initial
parameters such as initial bubble radius, temperature of the

liquid and others.

(6) On the base of numerical calculations the conclusions will be
made about the effect of different parameters on the process.

Calculations will be made for the case of a sudden pressure

6



increase in the liquid far from the bubble a situation cor-
responding to the behavior of bubbles in the front part of

the bubble screen upon entrance of a shock wave.

(7) The results of numerical calculations will be presented as
figures showing the behavior of temperature and concen-
tration distributions inside the bubble and their evolution

during the time.

The method of RungeKutta will be used for solving the sys-
tem including more than 100 ordinary differential equations (af-
ter transformation of heat and diffusion equations into the sys-
tem of ordinary differential equations by using finite-difference
method). Results of numerical solution of the problem will be
illustrated on figures showing temperature and concentration

distributions.



1.4.2 Proposed chapter outline.

The thesis contains four chapters:
Chapter one (Introduction).

It includes:

a.  Background and history of the research.

b.  Statement of Purpose.

c. Justification of the problem.

d.  Theoretical framework and Research Overview.
Chapter two (Review of Literature).

In this chapter we present a background comprehensive re-
view of the literature in addition to that covered in the intro-
duction.

Chapter three (Methods and Procedures).

In this chapter we present the Derivation of Basic equations
describing dynamics, heat and mass transfer of gas bubble in
liquid.

Then we present the Numerical Method for solving the mixture
of ordinary and partial differential equations with the powerful
of Maple 15 and Mathematica 8 programs.

Chapter four (The Results, Discussions and Conclu-
sions).

In this chapter we present the Results and discussions with

all figures. Finally, we end with conclusions.
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LITERATURE
REVIEW



Chapter: 2

LITERATURE REVIEW

The heat and mass transfer between gas bubble and liquid
was studied in a number of publications using different simplifi-
cations. Some authors used the assumption of the temperature
uniformity in the bubbles.

The assumptions adopted are those used in the Rayleigh
(1917) formulation for the dynamics of a single bubble, viz.
a spherical symmetry of the process and pressure uniformity
within the bubble.

Chapman & Plesset (1971) found that liquid has much higher
heat conductivity and much less thermal diffusivity than gas.

Nigmatulin & Khabeev (1974) found that when the pressure
uniformity and the temperature and gas density nonuniformities
in the bubble are assumed, is valid for a wide range of bubble
sizes, since it has been estimated that the characteristic time
of temperature equalization in the bubble considerably exceeds
the time of pressure equalization. They also conclude that in
the case of uniform pressure of the gas, the problem of heat
transfer between oscillating gas bubble and liquid can be trans-
formed to nonlinear PDE (heat equation ) and two ordinary dif-
ferential equations. For the first time such system of equations
was desired, also they solve the system numerically by using
Lagrangian coordinates, because in Lagrangian coordinates the

bubble surface is not moving during oscillations.
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Nigmatulin (1990) shows that, in the course of bubble os-
cillations, the pressure uniformity prevails when the size of the
bubble is much less than the length of sound wave in the gas.

Later in Prosperetti (1991) & Sedov (1997) they use and
developed this approach.

The review of latest publications in this field is done by
Lauterborn (2010).

Two phase gas-liquid flow in pipes are widely spread in space
application: bubble flows appear in cryogenic components trans-
port through fuel/oxidant supply lines. Another important ap-
plication is based on the fact that in liquid flows with small
bubbles a close contact between the two phases occurs result-
ing in high rates of transfer between them. The compactness
of a system makes it ideally suited to serve as a spacebased
two-phase bioreactor which forms an important unit in envi-
ronmental control and life support system deployed on board.
Shagapov, Ginmaltdinov, Khabeev & Bailey (2003) consider the
study of oscillations of gas bubbles in a liquid as a practical in-
terest.

In the present thesis the problem will be studied with taking
into account the effect of many basic parameters. This Thesis
will give the results of investigation of the heat and mass transfer
effect on the dynamics of gas bubbles as well as of the reverse
effect of dynamics of radial bubble motion on the enhancement
of heat transfer between the gas bubbles and liquid. These
studies will be carried out with reference to the analysis of wave

processes in gas-liquid mixtures having a bubbly structure.
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We will study the nonlinear problem of thermal and dy-
namic interaction between a gas bubble and surrounding liquid.
We should introduce a new variable which freezes the moving
boundary of bubble. Numerical calculations will be made for
gas bubble in liquid with variation of initial conditions and the
values of initial parameters such as initial bubble radius, tem-
perature of the liquid and others.

On the base of numerical calculations the conclusions will
be made about the effect of different parameters on the process.
Calculations will be made for the case of a sudden pressure in-
crease in the liquid far from the bubble a situation correspond-
ing to the behavior of bubbles in the front part of the bubble

screen upon entrance of a shock wave.

12
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Chapter: 3

METHODS AND PROCEDURES

3.1 Introduction.

First, let us derive the basic equations for our problem.
Let us consider a spherical bubble of radius R in an infinite
domain of a liquid with pressure far from the bubble is p., and
liquid density is p;. Rayleight (1917) analyzed the problem of
cavitation and dynamics of a bubble. He derived in the absence
of the surface tension and the viscosity the following equation

(Brennen (1995) & Leighton (1993)):

. 3. .
RR+ DR = PR~ Poo. (3.1)
Pl

(3.1) was developed by Plesset in (1949) by involving the
surface tension o and the viscosity of liquid u;, and he found

this equation:

5 3.0 DR—DPo 20 4R
RR+ -R* = — — . 3.2
2 Pl pR pR 3.2)
To derive (3.1) we will start with the continuity equation:
0
L div(po) = 0. (3.3)

ot
In case of dealing with an in-compressible fluid, then the
density p; = constant, hence div(0) = 0. When we consider the

spherical bubble, div(v) = 0 we take the following form when

14



we transform it to spherical coordinates:

10, , B
70—25(7“ v) = 0. (3.4)
Thus
0, 5
E(r v) =0. (3.5)
Hence
ru(r,t) = f(t), (3.6)

where f() is function depended on R(t) kinematic boundary
condition at the bubble surface. f(t) = R2R.
Since we deal with in-compressible liquid then the velocity

at distance r from the center of the bubble is given by:

R’R
v(r,t) = R (3.7)
Using chain rule:
dv  Ov ov
b . 3.
i~ Vo (3:8)

dv
Where the total derivative g is the rate of change of velocity
of a given fluid particle as it moves in space.
Substitute (3.7) into (3.8), and we can obtain:

dv  RR?> 2RR2 _zR4R2

dt r2 r2 rd

(3.9)

Substitute (3.9) into Euler’s equation in one-dimensional

motion

15



dv Op

= =t 1
'Oldt or (3.10)
We get:
RR? 2RR? 2R‘R? dp
- S 11
,01( 72 + r2 rd ) or (3-11)

Now, integrate both sides of (3.11) with respect to r form R to

o0 we get:

. .. R?
Pl (RR+2R2 - 7) = PR — P

Multiplying both sides by p;~! we get (3.1). To get (3.2) we
should construct a dynamic boundary condition on the bubble.
For this purpose consider a control volume consisting of small
infinitely thin lamina containing a segment of interface Brennen
(1995).

Brennen (1995): the force per unit area is:

pp — = ZEEE 3.12
P~ PR~ o 7 (3.12)

Where pp is the pressure inside bubble. In the absence of
mass transport across the boundary (evaporation or condensa-
tion) this force must be zero, so when we substitute the value
of pg in (3.1) we get the generalized Rayleigh-Plesset equation
for bubble dynamics (3.2).

The continuity equations and the heat flux equations for
the gas phase inside a bubble, when the motion has a spherical

symmetry and when the viscosity is neglected, with taking the

16



heat exchange into account, takes the form:

dp = p d(r*v)
L = 0. 1
dt  r2 Oor 0 (3:13)
de dp 190, ,
= _ i
b= 10, (3.14)

where 7 = u, + % + const. = ¢, 1"+ const.. Then,using the
Fourier’s law of heat conduction for the heat transfer in a gas,

we have:
oT
= —)\— 3.15
qQ 87“ ’ ( )

where A is the coefficient of the heat conductivity in a gas.
Multiply the continuity equation (3.13) by 7 and add the result

to heat flux equation (3.14), we obtain

. a9
dpi  pidvr® dp 10 ( 8T>' (3.16)

2
et - Y N
dt + r2 Or dt + r2 Or " or

Then by assuming that the fluid is in-compressible and a
gas in a bubble is described by the state equation of perfect gas

with constant heat capacity ¢, and ¢,

e (3
Tlep=—cev) \p/y (3.17)

I = Ug + p + const. = ¢, T + const..

For a perfect gas, multiplying (3.16) by r? and integrating

it with respect to r from 0 to R, we get:

- or R

dp(t) 3(y—1) (0T 3ypR
0 st (1) vk

17



Using and the heat flux equation (3.14) can be rewritten in

the following form:

N op <8T 8T> 19 <T2A8_T) dp(t)

b - -2 (31
vy—1T 8t+U6r r2Or or + dt (3.19)

18



3.2 Governing equations for the gas-vapor bub-

ble with diffusion in the gaseous phase.

The assumptions adopted are those used in the Rayleigh
(1917) formulation for the dynamics of a single bubble, viz. a
spherical symmetry of the process and pressure uniformity ()
(homobaricity) within the bubble. In the course of bubble os-
cillation, the homobaricity prevails when the size of the bub-
ble is much less than the length of a sound wave in the gas,
wR << C. On the other hand, when the bubble radius changes
monotonically (collapse, growth), the homobaricity condition

can be written down (Nigmatulin (1978)) as

(%) << 1, (3.20)

where v, is velocity of the bubble surface. At the same time it
is supposed according to the equation of state the gas density
at each point corresponds to its temperature. This statement of
the problem, when the pressure and uniformity and temperature
and gas density non-uniformities in the bubble are assumed, is
valid for a wide rang of bubble sizes, since it has been estimated
(Nigmatulin & Khabeev (1974)) that the characteristic time of
temperature equalization in the bubble considerably exceeds the
time of pressure equalization. By introducing the concentration
of vapour, k, and of the inner gas, k,, in the vapour-gas mixture
the thermo-physical parameters of the mixture at each point will

be determined as

19



In what follows, we shall denote, for simplicity, k, by k and
k, by k — 1.

Within the framework of the assumptions made and the no-
tation adopted, the continuity, state and heat influx equations

will have the form

op, 10 -, B )
5 +§8 [7“ po(V+m)] =0
dp 10
ag 20 {Tpg(v+779)}:0
ok
PgTlg = —Pully = pEE 0 <r < R(t)]
ug = 41, Uy = C, 1, T,=T,=T,
P =Dpv+pg=pBT f
dug du, pdp 10 26T Ok O (u, — ugy)
hadat] E—%
Podr v dr pd7+r(9r AT 87" or or
r?u; = R, w = ¢/17, p; = const., (R<r <o)
Oul 8ul 10 dT U12
= 120, —.
pl(@ T 8r> r2 or (AZT or )+ e J
(3.21)

The boundary condition for the system (3.21) on the moving

20



boundary R(t), at the center and at infinity are

or )
r = R(t) : /Zjl Tv = T0'7 >‘l Or ]l?
pU<R—U—77U):Pl(R_Ul):ja Pg(R_U“ng):O'f
oT 0ok
(3.22)

The kinetics of phase transitions is described by the Hertz-

Knudsen-Langmuir equation

5T Vo
j = wetx ~ Puo (3.23)
(27 BT, )3

The equation for oscillations in a viscous in-compressible
fluid in the presence of phase transitions (Nigmatulin (1978))
and that for the bubble mass change are

J P—Po—F Ay

3
Ruw? + ~w? + 2wt = _ w 3.24
P "o o oR (3:24)

m = 47 R?j. (3.25)

When the homobaricity condition is satisfied, there is an

integral of the heat influx equation for the gas phase

dp —psz + [ Gridr ‘
ar fO c-I-BTer
o (BU Bg) C'U T 8 2% ?
G = c+B r?or pET or
B 1 0 5 OT 0k oT
+ c+ B L“Q or (AT E) (e = >pE8T or J
(3.26)

The continuity equation for the vapour-gas mixture, with

21



the use of homobaricity condition and the boundary condition

v(0,7) = 0, yields the velocity profile in the bubble

1 [ B dp\ , r dp
= — G — dr — ——. 3.27
v(r, T) prz/o ( + c+BdT> redr Spdr (3.27)

For a one-component bubble, equations (3.26) and (3.27) can

be considerably simplified

dp  3(y—1) [,0T 3ypw

dr R A or ) p R (3:28)
rLamifer s (or

v(r,7) = 7Y + - [)\ o R ()\ 5T>RJ : (3.29)

As is seen, the temperature gradients deviate the velocity
profile forms a linear one.

For the temperature dependence of the saturated vapour
pressure the following approximation (Nigmatulin (1978)) has

been applied
T,
s — Px == 3 . O
Ps = piexp ( - ) (3.30)

s

where p, and T, are found from the condition of the best ap-
proximation of tabulated data in the specified pressurc range.
Ordinary exponential temperature dependences have been em-
ployed for the heat conduction and diffusion coefficients.

Here, for simplification of calculations we will consider par-
ticular case of one-component gas bubble without phase tran-
sitions. In such case the system of general equations can be

simplified.

22



3.3 Governing equations for gas bubble in

liquid.

Within the framework of the assumptions made, the con-

tinuity, state and heat equation inside the bubble will have the

form:
Opg 10, _ )
or gy TPe) =0
ug = cyT, Py (t) = p,y (r,t) BT (r,t) > (3.31)

c Qz -+ U8T _ 19 )\frz—aI + dp
e \ o7 or)  r2or or dr J
The boundary conditions for the system (3.31) on the mov-

ing boundary R (t) and at the center can be written as

r=R(t) : T="1T,, v=R.

T (3.32)
r=20 : v =0, — = 0.

or

The temperature at the bubble surface may be set as 7' = Tj,
where Tj is temperature of the surrounding liquid which acts as
a thermostat. This is related with the fact, that liquid has much
higher heat conductivity and much less thermal diffusivity than
gas Chapman & Plesset (1971).

The dynamics of bubble’s radial oscillation is described by
Rayleigh-Plesset equation Plesset (1977) & Leighton (1997):

_p‘”poo—Q_'a

R__4ﬁ

RE+ 32 Rl (3.33)

2 Pl

When the pressure uniformity takes place,there is an integral
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of the heat equation for the gas phase (Nigmatulin & Khabeev
(1974)):

dp 3(y—-1) [ 0T 3vpR
@ _ A\ _ 2P .
dr R or ) R (3:34)

Multiplying the continuity equation by r? and Integrating it
from 0 to r taking into account (3.32) we can obtain the velocity

distribution inside the bubble

_Tpyzipor v (\or
v(rt) = pR+ T [Aar R(/\ar>J. (3.35)

As it seen that the temperature gradients deviate the veloc-
ity profile from linear one.

In the case of uniform pressure distribution the heat flux
equation for the gas can be rewritten in the form of nonlinear

heat equation

ST (T)e 8 g

So, in the case of uniform pressure of the gas, the problem
of heat transfer between oscillating gas bubble and liquid can
be transformed to nonlinear PDE ”heat equation” and two or-
dinary differential equations. For the first time such system of
equations was desired in Nigmatulin & Khabeev (1974). Later
such approach was used and developed in Prosperetti (1991) &
Sedov (1997). The review of latest publication in this field is
done in Lauterborn (2010). In Nigmatulin & Khabeev (1974)
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the system was solved numerically by dividing the whole Sys-
tem into spherical layers inside the bubble by using Lagrangian
coordinate, because in Lagragian coordinate the bubble surface
is not moving during oscillations. In the present thesis we use
the new variable y = #t) which freezes the moving boundary of
the bubble.

For control of accuracy of calculation we can calculate the
mass of the bubble. It should be constant.

In case of direct layer to layer calculation

mo = Pa {% 2 +Z39¢+1 [( <i+%)>3:|}:constant.

(3.37)
In the examples considered here, the agreement was within

+3%.
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3.4 Non-dimensional Parameters.

Let us use non-dimensional parameters Sedov (1997).

P T R T
P== 0=_—, a=-=, t=—, f=—
Po TO RO to 0
D:i) WZE? U():B) V:£7 POO___
PCp Vo R(] ()
r
— 0<y<l.
System of equations, which should be solved are given by
/ dR )
v p aT_FaTV’ ) éﬂ7_+§g
~y—1T \dT dy R ER2y28y Oy dr’
dp 3 F( 0 A oT dR
& RV VRoy|, Parl|
RﬁR 3 ﬂ%Q*p—pm >
dr2  2\dr)  p
dR ~v—1\
V(y’T)_ydT * ~P R {&y Yy dy }
T (1,7) = Ty = constant, a—y . = 0. |

Take the second order equation

dr? dr 01

@ﬁ(df?)?:f?—%o

(3.39)

We transform (3.39) to system of first order equations

dR
dar
dw 3 P — P
R— = —Sy? .
d 2 T Pl
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Then the final system can be written in non-dimensional form:

da
=W, (3.41)
aw 3., N
ew _ 2 2 (p_ .
o 2aVV +a( Py), (3.42)
dP 3y |1 00
& _ 2z _p .
dt  a Lz Jdy |, WJ’ (3:43)
o0 L (o0 a0\\oo 0 o (.00 5o 10dp
ot aP \ Oy y@yl Jy  Pa?y?dy yc’)y v Pdt’
(3.44)
1 /06 00
Vil f) — A (o0 00 4
=g (5 ) (3.49
where )
po Ro
N =R
pi D?

With the following boundary conditions:

06

il =0
Y |,

0(1,t) =1,
, and we will take the initial conditions as the following:
t=20: a(0) =1, P(0) =1, W(0)=0. (3.46)

So, we have three Ordinary Differential Equation and one

Partial Differential Equation.
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3.5 One dimensional finite-difference technique.

Figure (3.1)
The scheme of dividing the bubble interior into n spherical
layers.

Let us transform Partial Differential Equation to n Ordi-
nary Differential Equations by dividing spherical area to the n
spherical layers as in Figure (3.1). The thickness of each layer is
h, the radius of the central spherical particle is h/2. The total

radius of the sphere is 1.

The Partial Differential Equation (3.44) can be presented

in the form of the system of Ordinary Differential Equation

d91_ 91 6(02—91) (91’}/—1dP
i P2 R P v dt (347)
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For2<i<n-1

do; 1 (01 —0;y 1—0,\ 01 — 0,4
dt“_ap( on =k ﬁ) oh

2

0 (i — 1) h? 8% — (i — 1.5) h]* it
Pa2 [(i—1) h] h
—16,dP
———. 3.48
+ v Pdt ( )
do, 1 [0, —6n—1 1-0,\0,—0,4
it aP( o oDk 2 ) h
1-6, 20,-0,_
. 0, pt = (L= h) =t 1+7—1gﬁdp
Pa?[(n — 1) h]? h v Pdt’
(3.49)
These equations can be simplified as
de 60, 0o — 61 601~y —1dP
1 buy Uy 1 iy —1 (3.50)

dt  Pa? h2 P o~ dt’

For2<i<n-1

do; 1 |01 — 6,4 , Ois1 — 01
dat aP[ 2h 260-1a 9”)} 2h
0, 1\?
! i— =) (01— 0i1) — (i — 1.5)% (6, — 0,_
Pa2 [('L—l)h] [( 2) (B )= A 2
vial” 51
+ v P dt (3.51)
do 1 [6,—6,, O —
dt _aP[ h 2(n=1)( I_QJ
0, 2(1—6,) — (1 —h)*( —en ) y—16,dP
+ . + iy
Pa?[(n — 1) A h? v P dt
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If we add ordinary differential equations (3.41)-(3.43)

da

— 3- L8
=W (3:53)
dW 3 N

dt 2a + a ( ) (3.54)
dP 3 11-4,

e [_ T pw} , (3.55)
dt a |(a 5‘

we will get (n+3) Ordinary Differential equations which can be
solved by RungeKutta method. Initial conditions were given in
(3.46).

Where n can be chosen from the condition that if we will make

it double result will not change, usually n is between 30 — 100.
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CHAPTER 4:

THE RESULTS,
DISCUSSIONS AND
CONCLUSIONS

4.1 Results and discussions.

4.2 Conclusions.



Chapter: 4

THE RESULTS, DISCUSSIONS
AND CONCLUSIONS

4.1 The results and discussions.

The mixture of ordinary and the partial differential equa-
tions were solved using finite-difference technique with the pow-
erful of Mathematica 8 program.

In this chapter we will discuss the results of three cases. The
first case with p,, = 3 bar which is a sudden pressure increase
from the initial value py = 1 bar. The second with py, = 1.2
bar which is a case of moderate shock wave. The third is a
sudden pressure decrease form py = 1 bar to ps = 0.5 bar. In

all examples, the value of ~y for air is 1.4.
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Figure (4.1)
Radius vs time curve for the oscillating gas bubble:
Ry = 0.05mm, py = 1 bar, ps, = 3 bar.

Figure (4.1) shows the behavior of the bubble radius oscil-
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lating in consequence of a sudden pressure increase from py = 1
bar to po, = 3 bar in the liquid far from the bubble this is a
situation of the bubble screen upon entrance of a shock wave.

The initial radius is Ry = 0.05mm.

1.00“
\
|
.98 |
i ;
i I P
096 | [
0% Ly N
= i / / /
=S ! J / / \
| / i { \ / y / A
0.94} ! i { / \ / \ / \
: { i / 4 j 3 Y
- Voo [ v/
i ! : { / g
i { i ; Y !
092 1/ Vo \J
[ ./
5 i
0.0 0.1 0.2 0.3 0.4 0.5

Figure (4.2)
Radius vs time curve for the oscillating gas bubble:
Ry = 0.05mm, pg = 1 bar, ps, = 1.2 bar.

Figure 4.2 shows the behavior of bubble radius in the case
of moderate shock wave when p,, = 1.2 bar, Ry = 0.05mm.
comparing Figure (4.1) with Figure (4.2) we noticed that the

radial oscillating will decrease whenever the pressure decreased.
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Figure (4.3)
Radius vs time curve for the oscillating gas bubble:
Ry = 0.0bmm, py = 1 bar, ps, = 0.5 bar.

Figure (4.3) shows the behavior of bubble radius when the
pressure in liquid suddenly decreased form pg = 1 bar to ps, = 0.5
bar with Ry = 0.05mm, a situation corresponding to the behav-
ior bubble in rarefaction wave. Here The bubble ra}dius is natu-
rally increasing to the equilibrium value a, = (i—‘;) ® AL-Mannai
& Khabeev (2012). comparing with Figure 4.1 and Figure (4.2),
Figure (4.3) has less radial oscillating since the pressure in lig-
uid is less, but the radius in this case first increase instead of
decreasing, that due to the sudden decreasing in the pressure in
liquid far from bubble p., less than 1 bar.

Consider the case of moderate shock wave with p, = 1
bar, 1 = 1.2 bar Figure 4.2 if we change the radius from

Ry = 0.05mm to Ry = 0.5mm we will get:
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Figure (4.4)
Radius vs time curve for the oscillating gas bubble: Ry = 0.5
mm, pg = 1 bar, ps = 1.2 bar.

Figure (4.4) shows that the radial oscillating increased due
to this changing in initial radius to Ry = 0.5.

studding the affect of the radial oscillation on the tempera-
ture distribution inside a gas bubble at different moments will
be considered in the rest of this chapter. First let us study the

case of moderate shock wave when p,, = 1.2 bar.
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Figure (4.5)

Characteristic temperature distribution within an oscillation
gas bubble at different moments of time. Curves 1-5
correspond to the following moment of time
t=0.1175, 0.13, 0.15, 0.187 and 0.2.

Ry = 0.05 mm, py = 1 bar,

Poo = 1.2 bar.

Figure (4.5) shows the characteristic temperature distribu-
tion inside the bubble at different moments of time during pe-
riod of oscillation for the case of moderate shock wave. Curves
1-5 correspond to the following moment of time ¢+ = 0.1175,
0.13, 0.15, 0.187 and 0.2. It is clear that the temperature dis-
tribution curves inside the bubble are not monotonic due to the
radial oscillations.

Second we will consider the case of sudden pressure decrease

form py = 1 bar to pe = 0.5 bar in the liquid far from bubble.
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Figure (4.6)
Characteristic temperature distribution within an oscillation

gas bubble at different moments of time. Curves 1-5
correspond to the following moment of time
t =0.1175, 0.13, 0.15, 0.187 and 0.2.
Ry = 0.05 mm, py = 1 bar,
Pso = 0.5 bar.

Figure (4.6) shows the characteristic temperature distribu-
tion inside the bubble for the case of liquid pressure decrease a
situation corresponding to the behavior of bubble in rarefaction
wave. Curves 1-5 correspond to the following moment of time
t =0.1175, 0.13, 0.15, 0.187 and 0.2.

The comparison of the values of similar results achieved
through other numerical methods grantees that they practically

coincide.
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4.2 Conclusions.

We solved this problem numerically for inside the bubble
neglecting the vapour in case of boiling water and without dif-
fusion for simplification of the calculation. In future, we try
to calculate the inside and outside distributions of temperature
and concentration when we consider the vapour-gas bubble tak-
ing in account the diffusion. That will need more calculation,
more time , construction new parameters, new initial conditions
and Boundary condition, rewriting the programming code and
may needs a special computer to solve a system of more than
200 ordinary differential equations. Then, we could study the
behavior of vapor-gas bubble in acoustic field for example or
compare the obtained result with experimental data and use it
for analysis of accidents on Atomic Power Stations. So, we could

suggest methods to minimize the risk of such accidents.
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Appendix: A

PROGRAMING CODES

A.1 Mathematica 8

eqns =

Join[

Table [0[:]'[t] ==

i * (N — 9 - 1) » (1~ Olnle))
Al o —U'U—P[t]*(a[t]gj*(t(i—l)*h)_2

x ((i — 0.5)2 % (6]i + 1][t] — 6[][£])

—(i - 15 « (01l — 81 — 1))

+2t Bl P, 5,2,m - 1}




Table [{(i — 1) * h, 8[i] [ms]}, {i,n}],

Table [{(i — 1) * h, 0[i] [m4]}, {i, n}],

Table [{(i — 1)  h, ]3] [ms]} , {5,n}], {1,1}] /.s0l]
Evaluate [{0[1] [m1] , 0[1] [ms] , 6[1] [ma] , 6[1] [my4] , 6[1] [ms] ,
0[1] [me} /.ol

pts =

Evaluate [Join [Table [{(i — 1) * h, 03] [ma]} , {i, n}],

Table [{(i — 1) * h, 8[3] [ma]}, {i, n}],

Table [{(i — 1) * h, 8[3] [ms]} , {s, n}],

Table [{( — 1) * h, 0[i] [ma4]}, {, n}],

Table [{(é — 1) * h, 0[] [ms]}, {i,n}], {1,1}] /.s0]]
ListPlot[pts, AxesLabel — {y, “O|y,t]” },

AxesOrigin — {0,0.77},

LabelStyle — Directive[Black, FontFamily — “Times”, Large]]



A.2 MAPLE

> n = 5Hl;

>h = 1/(n-1/2)
> p[0] =1

> R[0] = .1

> rho[e] = 1073
>K:= 1.5

>z = 1.4

> B = 2x10°(-5);

> N := p[0]*x10"5%(R[0]*x10"(—=3))" 2/
(rho[e]xB"2);

>m[l] := 0.91e—1; m[2] := .1; m[3] = .1045;
m[4] = .118; m[5] := .1225; m[6] := .127;

> init2 := theta[1](0) = 1;

> for i from 2 to n do init2 := init2,
theta[i](0) = 1

end do;

> initl := {init2 , W(0) = 0, a(0) = 1,

f(0) = 1}

> for 1 from 2 to n-1 do

d[i] := diff(theta[i](t), t)

—((theta[i+1](t)—theta[i—1](t))/
(2«xh) —(2x(i—1))
#(1—theta[n](t)))*(theta[i+1](t)—
theta[i—1]
/(a(t)*f(

t
+theta [i](



x*(theta[1+1](t)—theta[i](t))—(i—1.5)"2
*(theta[i](t)—theta[i—1](t)))/(f(t)*a(t)" 2
*((i—1)xh)"2)

+(z—1)«xtheta [1](t)*x(diff (f(t), t))/
(zxf(t)) end do;

> systm2 = d[2];

> for j from 3 to n—1 do systm2 := systm?2,
d[j] end do;

> sysml := {systm2,

diff W(t), t) = ((—3)=(1/(2xa(t))))

*W(t) 24N« (f(t)-K)/a(t),

diff(a(t), t) =W(t),

diff (f(t), t) = 3xzx((1—theta[n](t))/
(a(t)=((1/2)«h))

—f(t)«W(t))/a(t),

diff (theta[1](t), t) = 6xtheta[1](t)
*(theta [2](t)—theta [1](t))/

(a(t) " 2%f(t)xh"2)+theta [1](t)

w(z—1)x(diff (f(t), t))/(f(t)xz),

diff (theta[n](t), t) =

—((theta[n](t)—theta[n—1](t))/
h—(2x(n—1))*(1—theta[n](t)))
t))/

(a(t)*f(t)*h)+theta[n](t)
#(2+(1—theta [n](t))—(1—h)"2x
(theta[n](t)—theta[n—1](t)))
J(f(t)*a(t) 2% ((n—1)xh)"2xh"2)+

( t
*(theta[n](t)—theta[n—1](
)

[



(z—1)xtheta[n](t)
#(diff(F(t), t))/(zxf(t))};

> dsol := dsolve(‘union ‘(sysml, initl),
numeric ,method = rkf45 ,
output = listprocedure );

> for 1 to n do

X[i] := subs(dsol, theta[i](t))
end do;

> for i to 6 do c[i] := [0, X[1](m[i])],
[1, 1] end do;

> for i from 2 to n do c¢[1] := ¢[1],
[(i=1)+h, X[i](m[1])]

end do;

> for i from 2 to n do c¢[2] := c¢[2],
[(1=1)+h, X[i](m[2])]

end do;

> for i from 2 to n do ¢[3] := ¢[3],
[(i=1)+h, X[i](m[3])]

end do;

> for i from 2 to n do c[4] := c¢[4],
[(1=1)+h, X[i](m[4])]

end do;

> for i from 2 to n do c¢[b] := ¢[5],
[(i=1)+h, X[i](m[5])]

end do;

> for 1 from 2 to n do c[6] = c[6],

[(1=1)«h, X[i](m[6])]



end do;

> plots[odeplot](dsol,

[t a(t)], 5);

> plots[p01ntplot]([ (1], c[2], ¢[3],

c[4], c[5], c[6]],

labels = [7y”, "&theta;”]);

> plots[odeplot](dsol, [t, f(t)],

0 .. .5);

> plots[odeplot](dsol, [t, X[1](t)]
1.
=

O‘(

L0 .. 1.5);
p[0]/K)"(1/3);
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