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ABSTRACT

Because the effect of the small bubble pulsating which
creates erosion of the materials , and the problems of the effect of
strong pressure it caused , the study of bubbles collapse take

place in the beginning of the last century

The first one who analysis the problem of bubbles was Lord

Rayleigh ( 1917 ) whose derived the relation :

R R +‘3‘(Rj2 _ P(R)-P()
2 P

By some calculation we derived that the time {7¢ required

for total collapse of the bubbles by

R
b= 0005 \/L
C
P(w)-P(R)
Where C=

VI
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INTRODUCTION

Because the effect of the small bubble pulsating which
creates erosion of the materials , and the problems of the effect of
strong pressure it caused , the study of bubbles collapse take

place in the beginning of the last century

In Chapter1:

The first one who analysis the problem of bubbles was Lord

Rayleigh ( 1917 ) whose derived the relation :

Rt 3 (i -2EPE
2 2

By some calculation we derived that the time {7¢ required

for total collapse of the bubbles by

R
L= 40915 4
. Jc
Bl=) E(R)
Where €=

VI




In chapter 2:

We concerned with the collapse of bubble smaller than critical

size which takes infinitely long time .

In chapter 3:

We study the gas bubbles in fluid by Euler and Reyleigh
equations . It is shown that characteristic equation of the system has
two complex conjugate roots with negative real part and an infinite

number of real negative roots .

In Chapter 4 :

On the dynamics of gas bubble , there are two different types
of motion depending on the initial radius of the bubble , oscillatory

or monotonically .

A\VALLS




CHAPTER 1
DYNAMICS OF THE BUBBLE IN THE IDEAL
LIQUID

1.1 Introduction

The first analysis of a problem on cavitation and bubble
dynamics was made by Lord Rayleigh ( 1917 ), who solved the

problem of the collapse of an empty cavity in large mass of

liquid.

Under the following assumption : that the cavity is of
spherical symmetry with neglect of surface tension and liquid

viscosity and with the assumption of liquid incompressibility.

Rayleigh shewed from the momentum equation that the

bubble boundary R (t) obeyed the relation

i
2 o

Many papers devoted to bubble dynamics are reviewed in

the books Leighton (1993) and Brennen (1995).




In this Chapter, Rayleigh equation is derived by using

continuity equation and Euler's equation.

Rayleigh (1917) found that the time of collapsing of
spherical cavity in an incompressible (non-viscous) fluid is finite
time period. This result established by changing the variables in
Rayleigh equation and solve resultant equation by separation of
variables anc\i the integration is evaluated by using Beta and

Gamma functions.




1.2 Rayleigh Equation

Rayleigh Equation (*) which describes the dynamics of

radial motion is derived here.

The equation defined by:

o p Ay et
S +div(pV )=0 (1.2.1)

is called the continuity equation.

A special case, which affords great simplification, is

incompressible flow, where the density changes are negligible.

op
Then 51 = regardless of whether the flow is steady or

unsteady, and the-density can be slipped out of the divergence in

Equation (1.2.1) and divided out, the result is divV =0

In spherical case

(»V)=0 , »Vveo=r0

1
»

i
I

/(¢)  can be found from boundary condition

=> f(t)=R* R at the bubble surface.




Incompressibility of the liquid means that the liquid velocity

at a distance r from the bubble center is

t) R*R
7 (r=20 -2 .

v

The rate of change of the velocity of a given fluid particle as

dVv
it moves in space which is denoted by the total derivative Jr

has to be expressed in terms of quantities to points fixed in space :

dy _av ot aV or
Thus ¢  o¢ m or Ot

v _ov. ., or
dt Ot ar (1.2.3)

Since | T Tz by (1.2.2)

oV _R*R +2RR

ot p? r?

(1.2.4)




And

( 125

or e

oV 2R'R

Substituting (1.2.2),(1.2.4)and ( 1.2.5) into ( 1.2.3 ) gives :

dt r’ r? " r’ r
. 2 2
dV _R°R 2RR 2R'R
dt  r? r° 7 (12.6)

P =T, (12.7)




Is called the Euler's equation in one-dimensional motion and one

of the fundamental equations of fluid dynamics .

Substituting ( 1.2.6 ) into (1.2.7) yields:

R2R+2RR _2R'R |_ 0P
P r? r? P’ or
(1.2.8)
Integrating both sides of ( 1.2.8 ) with respectto 7
from 7 =R to ¥ = implies:
“ R 2RR 2R'R fopP
Jo, — dr = — ||— | dr
HEA r ¥ A\ Or
R*R 2RR R'R -
P~ - + 4 :[—P]R
v v 2r
L 4R




.. .2 .2 .. .2
ﬂ R*>R 2RR R“R] { R’R 2RR
ol - - + o - +
0 0 o0 R R

Which called the Rayleigh equation .




1.3 The collapse of bubbles in an incompressible ideal
liquid
Rayleigh ( 1917 ) considered the total collapse of the

bubbles from R= R, to R =0 under the assumption of liquid

incompressibility, and that the cavity is of spherical symmetry

with neglect of surface tension and liquid viscosity.

The time of the total collapse of the bubble is found by using Beta

and Gamma functions.

since
RE w2 p = PRI =P ()
2 . P
P -P(R
assuming that ce ),0 ) = C = ¢onstant

Rayleigh supposed that the cavity is empty (i.e. P (R)=0)

) Qe
Therefore RR+§R:_C Cl 3 )




Assuming that C > 0 which corresponds to bubble

contraction whereas

and it is not our concern.

Changing the variables in equation (1.3.1) by assuming that

R=w

Therefore

d’R _dW dR

dt*  dR dt
k:dR'dW
dt dR
R=p 4
dR
r=w W
d R

C < 0 corresponds to the bubbles growth

(1.3.2)

(1.3.3)




Substituting (1.3.2) and (1.3.3) into ( 1.3.1) :

dw 3

RW.—+=W'=-C
dR 2
: R°W~ | ==-C
2 R? dR[ ] (1.3.4)
d
L rR*w?]=-2rC
d R
Integrating both sides implies :
2CR’
372 _
W™ =- ;7 +t P (1.3.5)
Where D is constant
Using the initial conditions to find D :
(le when =0 = R =R, , W=0 = Dz—i—CRé)

10




RW?=—2CR*+2CR?
3 3 0

2
RPW? = —gc [R° - R)]

3
R3W2:——23—CR3[1— g—g—]

Divide both sides by R® implies :

2 R’
I/V2 =——3—C [ 1"‘ E%]

Therefore equation (1.3.5) become :

2 R,
=+ |-Z= ~ =2
d _J 3C(1 (R]] (1.3.6)

Where "+" sign corresponds to bubble growth :




And the " - " sign corresponds to bubble contraction

Lim W=

R—0

Determination of R(?) from (1.3.6) through the elementary

functions seems to be unsuccessful , however in the contraction
problem the time of the bubble completely vanishing may be

determined .

In the contraction problem equation (1.3.6) become :

3
arR __ |2 . _1{510_}
dt 3 R

12




el (3]




dR
Ire = _I 3
; \/ 2(;[_“(&)]
3 R
% dR
lre =

J 3
° \/ % C(——l 4 (];Oj ] (137)

R _A
RO
R=R, x*

14




R3 differentiate both side :
0

dR= dx

dR =

3 A (1.3.8)

15




Substituting (1.3.8) into (1.3.7) yields :

lre = 1_“ f
0 3x%\/2C(—1+1j
3 X
1 R, dx
Ire =
ojx%Jéc( x+1)
X
. 1_[ R, dx

16




tTC: 1
5“\/6_Cx%(l—x)2
(o= l_[ R, dx 1
0 mx%(l—x)i
lre = IJ- \/}%—C' x_y6 (l—x)“% dx
_ Rt Ky
tre 6C(;" (1-x)72 dx

Since Beta function B (p, q ) is define as :

17




Where | is Gamma Function defined by :

r(p=[ x* ' e dx
0

BRONE
Therefore lro =———
J6C r(§+l]

6 2

p>0

18




Therefore the time ! 7¢ required for total collapse of the

bubbles from

R=R, to R=0 given by :

f. = 0915 \/]%
dR
and note that Rinoq 71— 0
P ()~ P(R)

19




CHAPTER 2:

THE COLLAPSE OF BUBBLES IN A VISCOUS
LIQUID

2.1 Introduction:

We will concerned with the filling of an empty spherical
bubble in a viscous liquid. The existence of two different types of
motion is discovered: bubbles, which are smaller than a critical
size, are filled slowly in an infinitely long time; the filling of large
bubbles takes place rapidly with an unlimited accumulation of

energy during collapse.

A quantitative formula is obtained for the critical radius of

the bubble .

Assume that for some reason a bubble has formed inside the
liquid, which in the future can again be filled under the action of
the surrounding pressure. The problem of the filling of a spherical
bubble in an in viscid incompressible liquid was studied by
Rayleigh . He found, in particular, that the velocity of motion its
surface toward the center grow indefinitely as 7 , as the
bubble completes the process of collapsing ,i.e. an unlimited

accumulation of energy takes place. This phenomenon is assumed

20




to be a possible for the rapid wear in screw propellers and

turbines which operate under cavitations conditions.

The collapse of bubbles at a metal surface can damage it severely.

Now let us study the Rayleigh problem for the viscous
liquid. Such a statement of the problem corresponds more nearly
to the actual conditions, although it still does not give an accurate
description of the phenomenon, since it does not take into account
the compressibility of the liquid, the inevitable presence of its

vapor in the bubble and the possible instability of the slope of the
bubble.

2]




2.2 Applies of differential equations for finding
radius of bubble :

Assume that a spherical bubble of radius was formed in a

liquid density o , pressure £, (far from bubble ) and viscosity

7] . There is no pressure inside the bubble and the initial velocity

is zero .
The motion of the bubble will be spherically symmetric and

can be described by the Navier-Stokes equations of the form

au+2—u=0, au+u§ﬁ+ a—sz

1
or ot ér ; r (22.1)

Here u (r,t) is the velocity, p (r, t) is the pressure.

The viscosity does not enter Equation (2.2.1) because in the

general equation it occurs in the term :

n(grad divu— Curl Curl u)

22




Which in our case is identically equal to zero. This is so because
div u = 0, since the liquid is incompressible and Curl u = 0

because of spherical symmetry.

The normal stress O ,, at the free surface of the bubble is

zero (boundary with a vacuum ), and since

du
C,=—p+t2u - then

P zzﬂ[f’?ﬁj
1

or

i.e. the viscosity has entered the boundary condition. Here and in
the following, the index 1 denotes a value at the boundary. The

second boundary condition is

from (2.2.1) we obtain

u(r,t)=Q(zt) (q(t):ul r}z)

r

23




This is substituted into the second equation of (2.2.1) , integrated
from » to oo, taking into account the boundary condition on p,

and after some simple calculation we obtain

T N CEA
dr, 2 r puy, P e

Here Vv is the kinematic viscosity. Let us introduce non-

dimensional variable

, a=
5 a
\}p

Where R is the Reynolds number. The Equation (2.2.2) become

dé 3& 1 4

4 25 2 -0

da 2« _f—; o’ (2.2.3)

The initial condition is of form ¢ (R)=0 (i.e.u(a)=0).
As we see, the problem under study has a family of solution

which depends on the number R. One of them,

24




R =0 ( v=0 ) , coincides with Rayleigh solution. For
this family, the velocity near the center grows as & ~ a 7 .
Let us study the behavior of the velocity near the center in

the case of nonzero viscosity. For studying the value &' we

represent Equation (2.2.3) in the form

de _¢ (%§+§"+4] (2.2.4)

da a o

The point ( @ =0, £7'=0 ) for this equation is a multiple

singularity, shown in Fig. 1.

The loci of the zeros and infinities are shown in Fig .1 by
means of heavy lines and identified by 0 and ©9© , whereas
the integral curves are denoted by the light lines . the dot-dash

line OA is the only integral curve which emanates from the

origin with a finite slope. Its slops X is determined from (2.2.4)

by substitution of the solution ¢ '=xa near =0 ,and it

1 .
become x= 3 .The locus OB of the zeros passes by lower ; i1ts

3

slope is — 2

25




The integral curves above 04 enter a node

where

Emah

Below 0A4 they represent a saddle where

as a > 0 .

Both of these results are verified by, substitution in (2.2.4)

with @ = 0 .The curve which corresponds to the solution is that

which leads towards point corresponding to the initial condition ,

i.e.a:Ra f:O

26




T a

Generally speaking, for different number R the solution may

belong to different families: in the case of the node they
-7

correspond to an unlimited increase of the velocity £ ~ a ;

in the case of the saddle point they correspond to a decelerated

motion of the bubble with & ~ a

as a result of which its filling occurs only after an infinite time.

In the intermediate case, which corresponds to the dividing

line 0A , the filling occurs after a finite time, and the velocity

near the center grows as ¢ ~ a . The Reynolds number
corresponding to the dividing line is the critical Reynolds number.

It separates two fundamentally different classes of solution. Its

27




critical value R=R., can be determined by construction the

separatrix from  a =0, ( near that point its asymptotic

. . 1 _
representation is known : §=—§a '"Yto: ¢ =0, where

a@ = R Its construction, which is accomplished with the aid of

numerical integration (2.2.3), yields

For R < 8.4 the filling of the bubble takes place slowly in an
infinitely long time. The accumulation of energy is completely

dissipated by the viscosity.

For R > 8.4 the velocity near the focus grows indefinitely

3

as in the Rayleigh problem (without viscosity), i.e. as const 7 >

, but with a smaller value of | const | . In the interim case for

R, =84 the bubble is filling in finite time, and the velocity of

the focus grows indefinitely, but more weakly , as # -

28




The schemes of all three cases of motion are shown in Fig.2.

For given P, , o and Vv one can speak a bout a critical radius

a « of the bubble.

For a < a. the energy accumulation is completely dissipated by

the velocity .

The velocity at the end of the filling of small bubbles

does not depend on the density and on their initial radius @ . In

practice, the critical radius @ « is very small ,i.e. the viscosity
dissipates the accumulation only in bubbles of very small size; for

instance, for P, =1 atm =10° bar in water
(v=001, p=1) a. =08 micron , and in glycerin

(v=68,p=08) a.=05mnm.

29




CHAPTER 3:
THE PROBLEM OF SMALL OSCILLATIONS OF GAS
BUBBLES IN A FLUID

3.1 Introduction

Let us examine a gas bubble pulsating in a perfect
incompressible fluid on assumption of spherical symmetry of the
process and a uniform pressure in the bubble. Such a pressure
occurs when the length of sound wave in the gas is much in
excess of the bubble dimension.
Considering the assumptions adopted, the questions of heat influx
and of continuity for gaseous phase in the spherical Euler

coordinates (r, t) are of the form [ 3 , 4 ]

(QT_JFV?ZJ _if_(,w 5_T_)+i’i

PC, ot or) " or or dt

0o lind -

Py +r2 6r(r pV)—O (1)

Where p- is density; T is temperature, V is velocity; C, is heat

capacity at a constant pressure; A- is thermal conductivity.

30




As shown in [3.1.1], the boundary condition for the

temperature on the bubble surface may be presented as
r=R(t) ;T=T, = Const (3.1.2)

Where R is the bubble radius ; T, is temperature of the fluid

which acts as a thermostat .

The boundary condition at the bubble center is

27:
r=0 : o =()

The dynamics of the radial oscillations of the bubble is described

by the Reyleigh equation [3.1.2].

R

d’R_3(dR : p—pw—z%
(3.1.4)

di>  2\art) P,

Where p - is pressure in fluid far from the bubble ; O - is

coefficient of surface tension ; £ is density of the fluid.

31




The equation of state for gas is of the form

P=pBT (3.1.5)

Where B is gas constant

The condition of uniform pressure in the bubble permits (3.1.1)

and (3.1.5) to the used to obtain the relation

oT aTJ_ I 5(1”2.87’}4_61_]9
or

Since pc’”(@t NP e Kl R

Where

oT oT dT
— + V— ==
ot or dt

dT 1 8 (hz_aT)Jr dp
or dt

32




dt " Or " Or dt
1dp dp_la/lzaTJ dp
Crl B ds di ) 7 or or ) dt

integrate both side from r=0 to r=R

R R R
[%’ - 1) Cj{—f J.r dr = gr—(bz.%jdr-pcp T!éa-;(r ? V)dr

0 0

33




dp_3 [ B ), p0T| _ (PBT) p2y
dt R’|c -B or|, B
dP 3 7 oT c, 3P
== “ ARPEL) - T2 2L pry

dt R’|c, _y L - B R

cv CV
Since : B = Cp —C,

B c

2= 1=y

C C

e -
//

¥ 3P

dt R\y-(y-1

a’P=3(73—1) ZRQQ_JL
dt R 5rR

y=(r-1) R

34




dp _ 3(y—1) p) aT’
Jr R o R R (3.1.6)

Where 7 is the adiabatic exponent of gas; A - is thermal

conductivity.

In case of small oscillations the bubble radius may be described

by the real part of the expression

R=R,[1+ & exp(ht)] (3.1.7)

The subscript 0 corresponds to the parameters in
unperturbed state; 0 isa complex number corresponding to

the condition | & | << 1;

the oscillation frequency

o Im(h)
f_27r Y

The set of basic equation (3.1.1) — (3.1.6) is linearized. The
minor deviations of pressure and temperature from the

equilibrium state are assumed to be of the from [1-3]:

35




p=P, [I+Pexp(ht)],

T=T,[1+6(r) exp(ht)] . (3.1.8)

The set of the basic equation takes the following from after

linearization and transition to dimensionless values :

1
HG6 = V26’+[1—;]Hp (3.1.9)
O H*?
P=—— =50 (3.1.10)
00
H P =3y [a_é[‘ - 51‘4 G.1.11)
r , 0° 2 0 20
E=1 =+ 2 -
R, R R, P,
2
N:PoRo g A o R
PLa ’ pC, a

36




The solution for the equation (3.1.9) on the boundary condition
(3.1.2)and (3.1.3) is

(1 ~ simm(VH ¢)
‘9‘(1 },J P[l g”Sinh(x/—ﬁ)J (3.1.12)

The condition of the existence of a nontrivial solution for the set
of linear equation (3.1.9) - (3.1.12) leads to the characteristic

equationin H.

In case of sufficiently large bubbles; when the capillary
effect can be disregarded, the characteristic equation in H takes

the from

H _*_5 :g(\/—ﬁ COth\/ﬁ —1) (3.1.13)

B=3 y N, e=-3(y-1)

Examine the structure of the roots of (3.1.13). At & =0
(heat exchange is absent), equation has two roots, H= + \/_El i

. which corresponds to nonattenuating adiabatic oscillation of the

bubble.

37




3.2 Structure of the roots of transcendental equation :

Similarly as it was done in [ 1] we shall prove that the
roots of the equation (except two complex-conjugate roots) are
located on a real straight line with negative values. After

findings, at first, all the roots of the form

L (y>0) (3.2.1)
We obtain ,
B
_y2_;2__—_g(ycothy—1) (3.22)

Or

tanh y =- g;;

y2 sy 3:2:3)
i

38




Figure 1

-T2

The shapes of the curves are shown schematically in Fig. 1. The

following iteration formula can be constructed to find the roots of

equation (3.2.3).

y(n+1), = kz —arctanh

P4

39

B
+—=—¢

y=y(n)k

(3.2.4)




Let a rectangular contour ADCB be taken on the complex half-

plane H (see Fig.2) .

A 1
m(k+=)i C
D 2
HE
A B .
1 0
—kmr—— k7r+l

The formula :
sinh2X —isin2y
cosh2X —cos2y

coth(X+iy)=

Proof :
According to the definition :

cosh(X +iy) coshX cosh(iy)+sinh.X sinh(iy)

coth(X+iy)=— - —
sinh(X +iy) sinhX cosh(iy)+coshX sinh(iy)

But :

sin(iy)=isinh y SO sinh(iy)=isin y

cos(iy)=cosh y S0 cosh (iy)= cos y

Then :

40




coshX cosy+ i sinh Xsiny
sinhX cosy+ i coshXsiny

coth(X+iy)=

_ coshXcosy+isinhXsiny cosh2X —cos2y sinh2X —isin2y
sinh X cos y+ i coshX'siny sinh2X —isin2y cosh2.X —cos2y

_ coshX cosy+ i sinhXsiny 2sint X+1-(1-2sin* y) sinh2X —isin2y
sinhX cosy+ i coshXsiny 2sinhLY coshX—2isinycosy cosh2X —cos2y

coshX cosy+ i sinhXsiny sintf X +sin’ y sinh2.X —isin2y
sinhX cosy+ i coshX'siny sinh.X coshX —isinycosy cosh2X —cos2y

B (coshX cosy+ i sinhX siny)(sinf X +sin® y) sinh2X —isin2y
(sinhX cosy+ i coshXsiny)(sinhX cosX —isinycosy) cosh2X—cos2y

sinh? X cosh X cos y +cosh X sin? ycos y+i sinh® X sin y +isinh X sin’ y
sinh? X cosh X cos y —isinh X sin y cos’ y+isinh.X cosh® X sin y+cosh X sin® ycosy

Il

sinh2X —isin2y
"cosh2X —cos2y

cosh X cos y(sinh® X +sin® y)+i sinh X sin y(sinh® X +sin’ y) sinh2.X —isin2y
cosh X cos y(sinh? X +sin’ y) +isinh X sin y(-cos® y +cosh’ X) cosh2.X —cos2y

41




But :
sin’ y+cos’ y=1=cosh’ X — sinh®> X

S0 sin” y +sinh® X = —cos” y+cosh’ X
coth(X+iy) =

cosh X cos y(sinh® X +sin® y)+i sinh X sin y(sinh> X +sin® y) sinh2X —isin2y

cosh X cos y(sinh® X +sin” y) +isinh X sin y(-cos® y + cosh’ X) cosh2X —cos2y

cosh X cos y(sinh® X +sin® y)+i sinh X sin y(sinh® X +sin’ y) sinh2X —isin2y
cosh X cos y(sinh® X +sin’ y) +isinh X sin y(sinh® X +sin® y) ~cosh2X —cos2y

sinh2X —isin2y

coth(X+iy)=
( Y) cosh2.X —cos2y (3.2.5)

From the last formula, it is following that :

| coth (X+iy)| <1 (3.2.6)
On DC,
| coth (X +iy)| <1 ,1 ar k2l (3.2.7)

42




On AD and BC, so

¢ (H” +coshH/V2—ll < le|(LJH +1) < || a+2kn)

(3.2.8)

On the contour ADCB.

i |H|> B . then [m{{i

Whence, after taking
L B 4|e|+1
> max ,
T T (3.2.10)
We obtain on the contour ADCB:
B A4 % t

H+—|>|¢(H"? cothH"? -1
t 7 ( (3.2.11)

Therefore; the theorem for meromorphic function [3.1.4]
can be used to obtain the following relation for the region H

(see Fig.3) formed out of two symmetric parabolas.

N -P =N, - F (3.2.12)
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Figure 3 4 .
—2i (kfl'+ ‘2—' )2

T
—(kz+ =)’ (kz+ 2’

T
—2i (km+ =)?
( 2)

Where N is the number of zeros; P us the number of the poles

B |
of the function ¢=H+”H—”5(Hy2 COthH/2 -1) - Ny is
the numbers of zeros; P, isthe numbers of the poles of the

B
function (£ +“}7 ) in the given region.

A similar approach was used in Argument principle [3.1.5],

whence it follows that
N-p=1 (3.2.13)
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It is well-known that P=k + 1 , whence

N=k+2 (3.2.14)

k-roots have been already found. Therefore, apart from the

above- mentioned roots. The approximate equations for all the

can be written as follows.

ER. |
Let 5~ =< ' . Using, then the expansion
X x> X’
tan ' X=X-"—4+"—— F oreerereeens , \X|<1
3 5 7
We obtain
3
____ &Y 1 £y
Y . B 3|, B
y +—-€ y +-—2—€
; (3.2.15)
1 gy
] + e A+ K
5| e, B
Y
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- 2 B R B 2 B ----------
y +— Yy t— |yt
Yy i Yy Y J
3
1 3
gy £
+§ y2+£ [1+y2+32 S J +eererenns +Krx
2
Yy
Whence
eKrm
yozKﬂ' ’ y]=K7Z"- B2 3 teeevanceseranans (3.216)
K*rz* +
272_2
€
Two complex-conjugate roots at JB << © canbe
calculated in a similar manner :
B ]
H-—+e (H”? coth H -1
H = 3 (3.2.17)
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|
CLet b=+2 B/ be introduced. Assuming that H, =i VB |

we obtain

e b b
20 + —=[=(1+i th —(1+7) -1
Ho l+\/E[2( +1) co 2( +1) ]
VB 2

=i+

g b ..sinh b — isind
coshbd — cosh

vz 2 "1} (3.2.18)

Therefore, the roots can approximately be founded by the

formula

H , ¢ sinhb - sinb
— =%i| l+—
«/E 2b coshb — cosh
. g ( sinhb +sinb) — coshb+ cosb
+ —_
b? coshh —cosb

(3.2.19)
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It can be readily verifies that the expression in square
brackets is always positive. Therefore, the real parts of the roots

are of the same signas & ,1i.e ., they are negative.

The absolute values of all real roots are much higher than
those of the real parts of the complex roots by the results
obtained in [3.1,3.2], where the characteristic equations were
solved numerically, while the problem concerning the structure
and number of the roots was not analyzed , have been

demonstrated to be correct.
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CHAPTER 4:
ON THE DYNAMICS OF A GAS BUBBLE
IN A VISCOUS INCOMPRESSIBLE LIQUID

4.1 Introduction :

It is generally agreed that intense oscillations of cavity
bubbles without collapse . constitute one of the main reasons for
the cavity erosion of the materials . when the dimension of a
cavity bubbles reaches a certain limiting value , strong pressure
pulses may occur in the surrounding liquid , which can cause

erosion by local cyclic loads [5 - 9] .

Oscillations of the cavity bubbles in a viscous liquid ,
exhibit a number'of distinctive features cased by the viscosity
Authors of [ 10 and 6 ] noted the fundamental influence of
viscosity while investigating the behavior of a spherical cavity in
a viscous , incompressible liquid. The existence of two different
types of motion was discovered :bubble which are smaller than a
critical size, are filled slowly in an infinitely long time, the filling
of large bubbles takes place rapidly with an unlimited a

accumulation of energy during collapse.
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Below we find that , when the bubble in a viscous
incompressible liquid is filled with gas , then two modes of
motion exist , depending on the initial radius of the bubble ,

oscillatory or monotonically a periodic .

Authors of [ 2 ] use dimensional analysis to derive a
qualitative formula defining the critical bubble size b, separating

the inertial and interfiles mode of expansion of a gaseous sphere

ol
S Lp

Where # and p are the dynamic viscosity and density of

in a viscous liquid

the liquid , respectively , and 7. is the characteristic time of the
process , determined experimentally , below we derive a formula

for the critical diameter of the gas bubble

2 2 _ '
Rd§+§i§ +4’u+20+PO P:O
dt 2\ dt PR pR yo,
(4.1.1)
and the initial conditions are
R=R,, ﬁ:O when t =0
dt
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Here R=R(¢) the radius of the bubble, o denotes the

surface tension of the liquid, . P, denotes constant pressure of the
liquid away from the bubble and p' denotes the pressure of gas

within the bubble.

Assuming that the process of expansion and contraction of
gas within the bubble is adiabatic, we can derive the following
relation between p'” and R at any instant

, R 3n
r__ 0
P=F (f} (4.1.2)

when n is the adiabatic index and F; is the initial pressure of gas

within the bubble . In the case of adiabatic oscillations [ 8 ] of a

bubble in water, we have n» :g . We also assume , that there is no

diffusion of gas through the boundary of the bubble .

The process of obtaining the general solution of (4.1.1)1is
fairly difficult even with various simplifying assumptions, Some
conclusions concerning the appearance of cavitation described by
this equation can, however, be drawn by perusing some general
properties of the integral curves of (4.1.1) on the phase plane,
This method gives a measure of success, in the qualitative

investigations of nonlinear differential equations.
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4.2 Study of differential equation :

Let us introduce the following dimensionless variables:

Rl=0p (4.2.1)

Then Eq,( 4.1.1) becomes

4 u' Zon il
Ul e =+ —y =0

Ry pP, G R

(4.2.2)
Assuming that
Vg
el U e
dr Rev-0F, R, p, P,
(4231

we can reduce (4.2.2) to the following first order differential

equation:
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dy l-c ut —~bu’—ayu’-15y*u’

du yu’
(4.2.4)

which has one isolated singularity [ 7 ]
y=0, u=u, (4.2.5)
Here U « isthe only positive root of
l-bu’>-cu* =0 (4.2.6)

Wenotethat % « canbe >1, or <I.

Near the singularity we can write Eq.( 4.2.4)as

dy —(4c u,’ +3bu,,;3)x—05yu*3 + Pz(x,y)
dx yu*5+Q2(X,y)

(4.2.7)

where X=u—u. while P,(x,y) and Q,(x,y) are ,
functions which are second order infinitesimals , when x , Y

are first order infinitesimals.
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Since in the present case

(3b+4cu* )uf =0

we shall use the following characteristic equation

/12+au*/l+(3b+4cu,,<)u;?~ =0

(4.2.8)
to determine the character of the singularity. The discriminate of

(4.2.8)is equal to
3 2
d*=(3b+4cu*)u* —% a’u,

(4.2.9)
Investigating the roots of (4.2.8) we find that two basically
distinct possibilities may exist.
They are:
1) roots of the characteristic equation are real, distinct and
of the same sign (d < 0) , consequently the singularity is a node .
All integral curves in the neighborhood of this singularity enter it

at the same angle, and the common tangent is given by

i

_at|at—4u. (3b+4cu. )

2
2u,

y+kx=0, k

As x— 0, the velocity of the boundary of the bubble tends also

to zero in a linear manner .
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2 ) roots of the characteristic equation are complex conjugate .
The singular point is a focus, each integral curve is contained
between two logarithmic spirals. And approaches the point y =0
, u=u. , circumscribing it an infinite number of times . The gas
bubble oscillates infinitely long with diminishing amplitude.
When d = 0. we have the intermediate case when the
characteristic equation (4.2.8) has a multiple root and the
singularity is a degenerate node. All integral curves enter the

singularity and are tangent at this point to

o X
y + =0
2u,’

The critical bubble radius separating two distinct modes of

behavior, is obtained by solving the following pair of equations

d=0, l-bu-cu.*=0 (4.2.10)
If the initial radius is larger than the critical one we have a

focus if it is smaller we have a node . In the case of a perfect fluid

(£ =0) Eq.(4.1.4) can be integrated to yield

2P,
0Rg+£££ﬂ+gguﬁw,u20

P 3 p p

y2u4+

Where € is a constant of integration .
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Considering this integral near the singularity and neglecting
the third and higher order infinitesimals , we obtain an equation of

the ellipse

4 2
yiu, +u2(3bu*+4cu* )+czy+c3u +c,=0.

(02,03,04 = const ;¢ ,<0 )
(4.2.11)

With the singularity situated at its center .Here the gas bubble

performs a steady oscillation.

075 S o e~Ry
N

0.5 |/ 7Aj

025 ;-

A\
[Q i or e 2 ssd

Fig, 1
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It should be noted that there is a distinct difference between
the process of collapsing of a bubble in a viscous liquid and that
of expansion /contraction of a gaseous bubble discussed above .
In the first case the surface tension has a qualitative effect on the
collapse of a cavity ( duration of the process remaining finite for
any value of the viscosity coefficient [ 6 | ), while in the latter
case two distinct modes of behavior are observed even in the
absence of surface tension , the only variable being the critical

radius of the bubble .

In particular, putting =0 in (4.2.10 ),we obtain

)7

\/—;(Po P )0-25 (4.2.12)

R, =

The actual value of the critical radius is fairly small , e.g.
when P,=1atm and P, =2 atm ,we have for water
R, = 0.178*10 ~* mm and for glycerin, R . = 0.24 mm .

Fig . 1 shows the results of a direct computation using

Equation (4.1) , with b=0, for the values
R, =015%10" mm <R, R ,, =1*107° mm > Ry and

R, =04*107° mm >R,
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NOMENCLATURE

R bubble radius

R time derivative of the radius

= radial velocity at the surface of the bubble

R acceleration of the radius¢
r radial coordinate
t time
5 pressure
v velocity
K gas constant

i (t ) function of time

H exponential index

P(w) pressure far away from the bubble¢

P(R) pressure inside the bubblet

(E@o) E(R)

C constant
Yo,

D constant of integration

m mass of the bubble

B(p, q) Beta function
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B non dimensional parameter containing viscosity

R
Y= E— non dimensional radius
0
— RO
Lo = [C characteristic time
P amplitude of the pressure of bubble¢
Lre time required for total collapse of the bubble
Greek letters
o surface tension of the liquid
o,, normal stress
a . critical radius of bubble
o amplitude of the radius of the bubble
vV kinematic viscosity
P density
1
= ¢ nondimensional time
0
H dynamic viscosity

['(p)  Gamma function

A thermal conductivity

Y adiabatic exponent of gas
Subscript

0) at equilibrium
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