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ABSTRACT

In this thesis we study certain subclasses of analytic functions of
complex order. In particular, we discuss certain results concerning
starlike functions of complex order obtained by Nasr and Aouf. A
class of univalent functions related to complex order by Dixit and
Pal, and a generalised Ruscheweyh class of analytic functions of
complex order by Ahuja are also studied. Further, we introduced
and study a class of univalent analytic functions related to complex
order analogous to Dixit and Pal.
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SYNOPSIS
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The theory of univalent analytic functions has been one of the most
fertile fields of investigation by eminent mathematicians who have
enriched it by way of introduction of numerous new concepts,
ingenious and powerful methods. [t is concerned primarily with the
interplay of analytic structure and geometric behaviour of the
analytic functions. The settlement of sixty eight years old
Bieberbach conjecture in 1984 by De Branges [15] not only created
a land mark in the history of the subject but also aroused curiosity
and interest in this branch of study.

The aim of the present thesis is to study certain subciasses of
analytic functions of complex order. In particular, we discuss the
results of Nasr and Aouf [44], Dixit and Pal [16], and Ahuja [3]. We
also introduce and study a class of univalent analytic functions
related to complex order analogous to Dixit and Palj [16]. The thesis
consists of five chapters.

The basic concepts and principal results concerning the subject
have been given in Chapter .

In Chapter I, we study the results obtained by Nasr and Aouf [44]
regarding starlike functions of complex order. Section 2.2 is
devoted to obtain coefficient estimates for functions in the class
S0 of starlike functions of complex order 1-54. In Section 2.3, we
determine distortion and rotation theorems for functions in S§i-¢.
The sharp radius of starlikeness of the class S'*? is the content of
Section 2.4.

Chapter il is devoted to study the class R"*(4,B) of univalent
functions related to complex order introduced and studied by Dixit
and Pal [16]. In Section 3.2, we discuss the coefficient bounds for
functions in R™(4,B). A sufficient condition in terms of coefficients
for functions in R™-*(4,B) is the content of Section 3.3. In Section
3.4, we determine distortion theorem for the class R™°(4.B).
Section 3.5 is devoted to discuss the maximization of |a; — ua?|
over the class R'-*(4, B).




In Chapter IV, we introduce and study the class St(A4,B) of
univalent functions related to complex order analogous to that of
Dixit and Pal [16]. In Section 4.2, we establish coefficient estimates
for functions in S*(4,B). Section 4.3 is devoted to obtain sufficient
condition in terms of coefficients for functions in S-5(4,8). In
Section 4.4, we determine distortion theorem for the class
S'*(4,B). Section 4.5 deals with the maximization of |a; — ua?| over
the class S'-*(4, B).

In Chapter V, we discuss generalised Ruscheweyh class HS[A4,B] of
analytic functions of complex order introduced by Ahuja [3]. This
class unifies several subclasses of analytic univalent functions
including those of starlike, convex, prestarlike, Ruscheweyh class
of order a, y-spirallike, y-convex spirallike and starlike of complex
order. Section 5.2 is devoted to obtain coefficient bounds for
functions in 4[4, B).




CHAPTER |

PRELIMINARIES

In this chapter, we shall give those concepts and results of the
theory of univalent functions and related topics that we shall need
in the subsequent chapters. These results have been given in the
form of definitions and theorems. Detailed proofs and further
discussions on the subject may be found in the standard texts of
Goluzin [25], Duren [17], Goodman [26, 27] etc. and in their

respective research papers.
1.1 Introduction

Definition 1.1.1. A single-valued function fis said to be univalent
In a domain D in the complex plane, if it takes no values more than
once in D. Equivalently, if fiz1) = fizo) then z; = z, ¥ z1,22 € D.

Note that every univalent function need not be analytic in a given
domain D. For example, let

fo) =L aq—pc =0,

This function is univalent but it is not analytic at z = —d/c if it is one
of the values taken by z in D. On the other hand, an analytic
function need not be univalent. For example, fiz) = e? is analytic in
any domain D but is not univalent in D since fz+2nmi)y = flz) ¥
z € Dand n is an integer.

An analytic univalent function is called a conformal mapping
because of its angle preserving property. In the study of univalent
analytic functions, the Riemann mapping theorem plays a crucial
role. The theorem states that if D is a simply connected domain
properly contained in the complex plane and -, is a given point in D
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then 3 a unique univalent analytic function 7 which maps D
confomally onto the open unit disc U= {z: |z < 1} and has the
properties f(zo) =0, f '(zo) > 0. Therefore in view of Riemann
mapping theorem, instead of studying the properties of univalent
functions in an arbitrary simply connected domain, we shall
confine ourselves in the case in which D is the open unit disc U.

Let A denote the class of all those functions £ which are analytic in

U and normalized by the conditions f0)=0 and f'(0) = 1.
Further, let

S={feA i isunivalent in U}
Thus, each f € S has a Taylor series expansion of the form
fz)=z+> a.z", z € U. (1.1.2)
n=2

The leading example of a function of the class § is the Koebe
function

k(z) = z(1 —z)™ =z+2w:nz" (1.1.3)

n=2

which maps the unit disc U onto the entire complex plane minus
the part of the negative real axis from -1/4 to —wo. This is best seen
by writing

o= (422)'-4

1-z
and observing that the function

1 +
1 -

N

w =

]

maps U conformally onto the right half-plane Re{w} > 0.

Other simple examples of functions in S are

(1) flz) = z, the identity mapping;

(i) fiz) ==z(1-=z)"', which maps @/ conformally onto the
half-plane Re{f(z)} > —1/2;
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(iii) Alz) = z(1 - z2)™", which maps U onto the entire plan minus
the two half-lines 172 <u < wand —w < u < —1/2 :
(iV) f(z) = é—log[(l +2)/(1-z)], which maps @ onto the

horizontal strip —z/4 < Im{f(z)} < n/4 ;
(MAz)=2-1222 = 1/2[1 - (1 - z)?], which maps U onto the
interior of a cardioid.

It is easy to check that the sum, difference, product and quotient of
two functions in S need not be in S. The same is true for the
derivative and the integral of a function 7€ S. However, the class S
is preserved under a number of elementary transformations. Here
Is a partial list:

(i) Conjugation. If fe S and h(z) =fZ) = z+ 0,22+ 0323 + ..,
then 4 € S.

(i) Rotation. If fe S and h(z) = ef(ze?), then h € S.

(iii) Disc automorphism. If f e S and

z+a )-—f(a)

h(Z):t 1 +az

(1 -|al) (a)

, o] <1

then h e S.

(iv) Range transformation. If /e Sand g is a function analytic
and univalent on the range of £ with g0)=0 and
g0)=1,thenh=gofes.

(v) Omitted-value transformation. If fe § and f(z) # w, then
h=wfl(w—f) € S.

(vi) Square-root transformation. If f € S and i(z) = [f(z%), then
heS.

The beginning of the theory of univalent analytic functions may be
assigned to a research paper by Koebe, who in 1907, showed that
1 a constant & ( called Koebe’s constant ) such that the distance of
the boundary of f(U/) for any f € S is not less than & from w = 0.

In 1916, Bieberbach [8] proved that the Koebe's constant & = 1/4.
Other results proved by Bieberbach are as follows.
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Theorem 1.1.4. ( Koebe Covering Theorem ). The range of every
function of the class § contains the disc {w : | < 1/4}.

Theorem 1.1.5. ( Distortion Theorem ). For each 7 e &,

1=-r_ ' l+r ol =
Qo S 1f'@)| = i Gl=r< (116)

Theorem 1.1.7. ( Growth Theorem ). For each fe S,

Gy Sl gt G=ren. a1

Theorem 1.1.9. For each f e S,

7 (2)
fz)

l—r <
1+r —

< ii:,(|zl=r<1). (1.1.10)

The results in Theorems 1.1.5, 1.1.7 and 1.1.9 are sharp for the
Koebe function. Bieberbach [8] also proved that laz| <2 V fe SThe
Koebe function was acting as an extremal function for most of the
results he proved and since for this function |a,|=n ¥ n>2, he
made the following conjecture.

Bieberbach conjecture [8]. If fiz) = z+ 3 a,2" € S.then lan| <n vV
n=2

n>2.

This famous problem stood as a challenge until 1984 and was
settled by De Branges [15] by giving a surprisingly short proof in
view of the rich and continuing history of the problem. However the
Bieberbach conjecture has inspired the development of many
important and ingenious methods which now form the backbone of
the subject. In fact, several subclasses of S have been introduced
and studied. Most of these subclasses are determined by a fixed
geometric property of the image domain. It is interesting to note
that some of these subclasses of § play an important role in other
branches of mathematics. For example, starlike functions play an
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important role in the solution of certain differential equations
(see [20],[51]6’[(:.) whereas spirallike functions have been the

source of useful counter examples in geometric function theory
(see [18, 34]). Some of these classes are as follows.

1.2. Convex and Starlike Functions

Definition 1.2.1. A function f< A is said to be convex in U if the
image of U under fis a convex region; i.e., the line segment joining
any two points of AU) lies entirely in /L),

We shall denote the class of all functions f € A which are convex
and univalent in U by C.

Theorem 1.2.2. A function fe A is in C if, and only if,

Re{l +z &} >0,zel (1.2.3)
/@

The condition (1.2.3) is a necessary and sufficient condition for a
function fe C and was given by Robertson [50]. He also introduced
the concept of order for functions in C as follows .

Definition 1.2.4. A function fe A is said to be convex of order «
O0<a<l)if

Re{l ‘2 M} Sa el (1.2.5)
f (@)

Let C(e) be the class of convex univalent functions of order «. It is
clear that C(0) =C. Some of the results for convex univalent
functions are as follows .
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Theorem 126 [17]. If fiz) =z+ X az" € C, then |aw <1 for

=2
n=2.3,.. The result is sharp with the extremal functions of the
form

fz) =z2(1 =xz)7!, x| = 1.

Theorem 1.2.7 [17]. For every positive number »<2- /3, each
function fe S maps the disc |z| < » onto a convex region . This is
false for every r > 2 - J3.

Theorem 1.2.8 [17]. If fe C, then AU) > {w ] < %}

A subclass of § which is wider than C is the class of starlike
functions defined as follows .

Definition 1.2.9. A function flz) in A is said to be starlike with
respect to the origin in U if the image of U under f containing the
point w = 0 is a starlike region . AU) is called a starlike region if the
line segment joining w = 0 to any point of AU) lies entirely in AU .
Let S* be the class of all functions in A which are univalent and
starlike with respect to the origin in U.

The following theorem due to Robertson [50] gives a necessary and
sufficient condition for a function fe S*.

Theorem 1.2.10. A function fe Ais in S* if , and only if ,

Re{z %} >0, zeU. (1.2.11)

The concept of order for starlike functions was also introduced by
Robertson [50].
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Definition 1.2.12. A function fe A is said to be starlike of order «
O<a<inUif

-

Re{z ];’((ZZ))} >a,ze U (1.2.13)

We shall denote by S(a), the class of starlike functions of order a
0 <a< inU. Clearly S(0) = S *.

It is clear from (1.2.5) and (1.2.13) that
f e C(a) if, and only if, zf' € S(a) (1.2.14)
or

fe Sa) if, and only if, jo it’ldt ~ Fz) € Cla). (1.2.15)

Some of the results of starlike functions are as follows.

Theorem 1.2.16 [17]. If Az) =z+2a,,z” e S*, then fis convex in

n=2

zZ| < r where r =2 - /3. The result is sharp .

The number r in the above theorem is called the radius of convexity
for functions in S*.

Theorem 1.2.17 [60]. If fz) = z + S an=" € S(a). then

n=2

[10-20)

an| < i—zn——_—ﬁr— (n=223.). (1.2.18)
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Theorem 1.2.19 [60]. If flz) = z+ " a,2" € S(a). then

n=2

i +;’)__2(1_a) < [flz)| < (—1——_—;’)—m, (z| = r < 1). (1.2.20)

The results in Theorem 1.2.17 and Theorem 1.2.19 are sharp with
the extremal function k,(z) = z(1 - z)2*2,

Theorem 1.2.21 [60]. Let f(z)=z+ia,,z”€A . If for some «

n=2
0<ac<l),
(- aan < 1—a (1.2.22)
n=2

then 7 e S(a) .

The concept of "type” for starlike functions of order « O<a<l)
was introduced by Juneja and Mogra [30] as follows.

Definition 1.2.23. A function fe A is said to be starlike of order «
and type B if the condition

f@
: f2) < B
/@

z2—="2 4+ 1-2a

Az)

z

Is satisfied for somea, B(0<a<1,0<B<landVze U

The class of starlike functions of order a (0 <a < 1) and type B
(0 < B < 1) shall be denoted by S(a,B). Clearly S(a,1) = S(a).




1.3. Functions With Positive Real Part
Closely related to the classes C and $* is the class P of all functions
piz) =1+ anz”
n=1
which are analytic and satisfy Re{p(z)} > 0 for z € U. Considerable

work has been done to study various aspects of this class . Some
of the results for the class P are as follows.

Theorem 131 [17]. If p(z) =1+> b,z" € P, then |b,|<2 for
n=1

n=1,2,3,..The result is sharp for the function

_1+Z_ - n
p(z)__lt?_l+222’ZEU'

n=1

Theorem 1.3.2 [17]. A function fiz) = z+§:anz” e Cif , and only if ,
(1 +zf”(z)/f'(z)) P

=2

Theorem 1.3.3 [17]. A function Az) :z+§:anz” e S* if, and only if,

=2
zf (2)
) e P.

MacGregor [40] introduced the following class of functions fe A
such that f'(z) € P, and obtained several properties for this class.

Definition 1.3.4. A function fe A is said to be in R if
Re{f'(z)} >0.zel (1.3.5)

Ezrohi [19] extended the results of MacGregor [40] by introducing
the following class .
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Definition 1.3.6. A function f € A is said to be in the class R(a) if
Re{f’(z)} >a, (1.3.7)
forsomea.,0<a<1 andze U

A subclass of R analogous to starlike functions of order a & type B
has been introduced by Juneja and Mogra [31] as follows .

Definition 1.3.8. A function f < A is said to be in the class R(a,p) if
the condition

’ S @-1
Sl 2

(l-3:9)

is satisfied for some o, (0 < a < 1,0 < B<landVzeU.
Several other subclasses of R have been introduced and studied by
different researchers ( see [9],[13],[47],etc.)

1.4. Close -to- Convex and Spirallike Functions

A subclass of § which contains S* is the class of close-to-convex
functions, introduced by Kaplan [32] in 1952.

Definition 1.4.1. A function f € A is said to be close-to-convex in U
If there exists a convex function ¢ e C such that

Re{(;f,(z)} >0,ze U, []=1. (1.4.2)

(2)

We shall denote the class of close-to-convex functions in / by K~.

In [32], Kaplan proved that every close-to-convex function is
univalent; thus K* c &S. Every convex function s obviously
close-to-convex . Also, it can be seen easily that every starlike
function is close-to-convex in /. These remarks are summarized by
the chain of proper inclusions

CcS*cK*cS
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The order a (0 <a < 1) for fe K* has been introduced by Libera
[37] as follows .

Definition 1.4.3. A function fe A is said to be close-to-convex of
order a, f € K*(a), if 3 ¢ € C such that

Re{f,(z)} >a, (1.4.4)
¢ (2)

for some a (0 <a < 1) and for all z e U . Clearly K*(0) = K*,

Another interesting class which is wider than the class of starlike
functions is the class of spirallike functions introduced and studied
by Spacék [69] in 1933 .

Definition 1.4.5. A function f € A is said to be spirallike in U if

Re{gz fﬂiz))} >0,ze U (1.4.6)

for some ¢ such that ] = 1.

It was shown by Spac&k [69] that spirallike functions are univalent
in U . Taking ¢ =e” , |yl <n/2 , Libera [38] introduced the class
SP(y) of y —spirallike functions as follows .

Definition 1.4.7. A function fe A is said to be a y — spirallike
function, e SP(y), if

o @)
Re{e z 16 }> 0, (1.4.8)

for some y (jy| < #/2) and for all z € U
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In [38], Libera introduced and studied the notion of order «
(0 < a < 1) for y —spirallike functions in U, as follows.

Definition 1.49. A function fe A is said to 'be a y -spirallike
function of order a in U if

Re{e”’z ]—Fﬂ%} > acosy, z € U, (1.4.10)

for some real y,(ly| < #/2) and for somea (0 < a < 1).

The class of y —spirallike functions of order «, shall be denoted by
SP(7.a). Clearly SP(0,a) = S(a), SP(0,0) = S* and SP(y,0) = SP(y).

A class analogous to the class of y-spirallike functions was
introduced and studied by Chichra [10].

Definition 1.4.11. A function f < A is said to be a y —Robertson or
y —convex spirallike function of order a in U if

Re{e“’(l+z &)} > qcosy,z€ U (1.4.12)
S (@)

for some real y(ly| < n/2) and for some a (0 < a < 1).

We shall denote the class of y —Robertson functions of order a by
RB(7,a).

1.5. Hadamard Product ( Convolutions ) of Analytic Functions

Definition 1.5.1. Given two functions f,g € A, where f(z) = z+f:a,,z"

=2

and g(z) =z+>_ b,z", their Hadamard product or convolution

=2

(f * 2)(z) is defined by

(f*g)z) = z+ ) _awb,z", z€ U

n=2
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This product is associative , cummutative , and distributive over
addition. Note that the function /(z) = z(1 -z)! = z+>.z" acts as

n=2

the identity element under convolution.

Pélya and Schoenberg [48] conjectured that if fe ¢ and g € C, then
f*geC. This problem has a long and illustrious history. Many
researchers attacked this problem and obtained partial results. The
first major result towards verifying the conjecture was due to
Suffridge [71]. He showed that Hadamard product of two convex
functions is close-to-convex, and hence univalent in 7. The
conjecture was finally proved by Ruscheweyh and Sheil-Small [39];
In fact, they proved the following results .

Theorem 1.5.2 If fe Candge C,thenfxge C.
An equivalent formulation of Theorem 1.5.2 is as follows.
Theorem 153. If fe Cand g € 5%, then fx g € S*.

Theorem 154 If fc Cand g € K*, then fx g € K*,
1.6. Prestarlike Functions

Using the Hadamard product, Ruscheweyh [58] introduced the
class of prestarlike functions as follows.

Definition 1.6.1. A function f< A is said to be prestarlike of order
a, a < 1, that is, f € G(a) if, and only if,

f

E_Z)QT;)— *f(z) € S(a) fora <1 (16.2)
—Z \
¥
Re{—f(zz—)} >12,-eU fora=1. (1.6.3)
\

The function kq(z) = z(1 =)™ is the well-known extremal function
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for the class S(a). If we let

ﬁ(k— 2a)
c(a,n) = L;Z”_—])'—’ (n=2,3,..), (1.6.4)
then 4.(z) can be written as
ko(z) = z+ ic(a,n)z". (1.6.5)

=2

Note that G(0) = C and G(1/2) = S(1/2). In [58], Ruscheweyh proved
several results for functions in G(a).Some of them are as follows.

Theorem 1.6.6 [58]. If £, g € G(a), a < 1, then fx g € G(a).
Theorem 1.6.7 [58]. For @ < B < 1, we have G(a) — G(B).

The functions of G(a) need not be univalent. However, Silverman
and Silvia [64] proved the following result.

Theorem 1.6.8 [64]. G(a) c S if and only if & < 1/2.

Note that Theorem 1.6.7 generalizes the well-known result
C c S*(1/2) whereas  Theorem 1.6.6 generalize the
Polya-Schoenberg conjecture [48].

The concept of type for prestarlike functions was introduced as
follows.

Definition 1.6.9. Given a < 1 and g < 1, a function f< A is said to
be prestarlike of order a and type B, that is, fe G(a.p) if
f*xke € S(B).

Note that G(a.a) = G(a),a < 1. The class G(a,) was investigated in
[4].
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1.7. Subordination and Ruscheweyh Derivatives

The concept of subordination can be traced to Lindelof (1904) but
Littlewood [39] and Rogosinski [55,56] introduced the term and
discovered the basic relations. Over the years a substancial theory
has been developed, and subordination now plays an important
role in complex analysis.

Definition 1.7.1. Let f{z) and g(z) be analytic functions in the unit
disc U with f(0) = g(0). Then g is subordinate to . denoted by g < f
if

g(z) =fwz)), ze U Gl 7:2)

for some analytic function w with w(0) = 0 and w(z)| < |z|.
Some of the basic results regarding subordination are as follows.

Theorem 1.7.3. ( Littlewood Subordination Theorem ). Let fand g
be analytic in the unit disc U, and suppose g < f. Then for
0 <p<oo,

M,(r,g) S My(r.f), 0 <r< 1 (1.7.4)

where

My = {3 [ ey}

Strict inequality holds for 0 < r < 1 unless fis constant or w(z) = az,
la] = 1.

Theorem 1.7.5. ( Rogosinski’s Theorem Lolet ) :z+§:a,,z” and

n=c

g(z) =z+ ) b,z" belong to A and suppose that g < f. Then

n=2
Dbl < Yjawf, n=2,3,... (1.7.6)
k=2 k=2

If /'is convex or starlike in /. then we have the following result.
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Theorem 1.7.7 [17]. Let flz) = z+2a,,z" and g(z) = z+>_b,z" belong
n=2 n=2 -
toA. If g < f, and

(i) ffeC, then b, <1, n=2,3,..

(inlffe S then |b,| <n, n=2,3,..

Rogosinski Conjecture. If g(z) = z+ 3 4,2z" is analytic in U/ and g<f

n=2

for some fe S, then |b,| <n, n=12,3,..

This conjecture is also known as generalized Bieberbach
conjecture.

Ruscheweyh Derivatives.
Let fe A. Denote D* : A — A the operator defined by

le:(—l—z—)m*f; )-2_‘1,26 U. (178)
—Z

Note that D-'f=z, D =f D'f=zf'. D= z(f' +of "/2).

Ruscheweyh [57] observed that D'f = z(z"'f(z))"/n!  where

neNo={1,23,.} The symbol D*f(z), ne N, was called the nth
Ruscheweyh derivative of f{z) by Al-Amiri [7].

Using the symbol D"f(z), Ruscheweyh [57] gave a new criterion for
univalent functions by introducing the following class.

Definition 1.7.9. A function f € A is said to be in the class L, if it
satisfies the condition

D™ (2)
Re(—D,-,](?)_) 102 (1.7.10)

forne Noand for all z e U

Ruscheweyh [57] proved that 7,., < L, ,n =0, 1,2,.... Since L, Is the
class of starlike functions of order 1/2, all functions in L, are
univalent.
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Goel and Sohi [24] introduced and studied the following class using
Ruscheweyh derivatives.

Definition 1.7.11. A function f e A is said to be in the class M,(a) if
It satisfies the condition

Re(D—MM) > a, (1.7.12)

z

0<a<l,neNyandze U.
They proved that
Mua(a) € My(a), 0 <a <1, neN,. (1.7.13)

Since My(a) = R(a),it follows from (1.7.13) that all functions in
M,(a) are univalent. They also study integrals of functions in A, ().

Using Ruscheweyh derivatives, several other classes have been
introduced and studied (see [42], [45], [70] etc.).

We close this chapter with a remark that other well-known results,
which may be needed in the following chapters, will be presented
along with the definitions and motivations in the chapters.
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CHAPTER i

L3

STARLIKE FUNCTIONS OF COMPLEX ORDER

2.1. Introduction

Let A denote the class of functions Az)=z+> a.,z” which are
n=2

analytic in the unit disc U= {z: |z < 1}. Denote by P the class of
functions p(z) = 1+ > b,z" which are analytic and satisfy the
n=1

condition Re(p(z)) > 0 for z € U . Nasr and Aouf [44] introduced the
concept of complex order for starlike functions as follows.

Definition 2.1.1. A function f € A is said to be starlike of order 1 -5
(b # 0,complex) , that is, fe SU-2 if, and only if, Az)/z = 0 in U and

l+%(z];(7()z)——l)eP,zeU. (2.1.2)

It follows from the above definition that fe SU-» if, and only if,
there exists a function p € P such that

FE iy -1141,ze 0 (2.1.3)
A2)
Let O be the class of bounded analytic functions w(z) in U
satisfying the conditions w(0) =0 and |o(z)| <z for ze U. it is
well-known that p € P if, and only if, there exists a function w € Q
such that

1+ w(z)

o)’ ze U.

pz) =

Using this fact it is easy to check that, f € §9-» if, and only if, there

exists a function v € Q such that




22

The purpose of this chapter is to discuss certain properties of the
class SU-»_ In Section 2.2, we obtain coefficient estimates for
functions in SU-®, Section 2.3 is devoted to obtain distortion and
rotation theorems for functions in SU-%_ Finally the sharp radius of
starlikeness of the class SU-# is determined in Section 2.4.

2.2. Coefficient Estimates

In this section we obtain sharp coefficient bounds and maximize
las — ua3| over the class SU-%).

We need the following lemma due to Keogh and Merkes [33] in our
discussion.

Lemma 2.2.1 [33]. Let w(@) =D ciz" € Q. If v is any complex
n=1

number then
lc2 = ved| < max{1,|v|}. (2.2.2)

Equality may be attained with the functions w(z) = z2 and w(z) = z.

Theorem 2.2.3. If fz) =z+> a.,z" € SU and p is any complex

n=2

number, then
las — pad| < |p|max{1,/4by —2b—1]}. (2.2.4)

This inequality is sharp for each p.
Proof : Since fe SU-9, we get from (2.1.4) that
7' (2).(1 - 0(@) = f2).[1 + 26 - Do(2)].

Using Az) = z+>_a.z" and o(z) = c1z+c2z* + ..., we obtain

n=2
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o0
(z+2-nanz")(1 —ciz—caz? — 323 — ...)

n=2

= (z+ 2 anz")[1 + (2b— 1)(c1z+ 222 + c323 + ...)].

n=2

Equating the coefficients of z2and z3 , we have
a; = 2bc,, (2.2.5)
and
as = b[(2b + 1)ci + c2]. (2.2.6)
Using (2.2.5), (2.2.6) and (2..2.2) , we get
las — pa3| = |b{ca — (4bu - 2b - 1)c?}|
= [b] le2 — (4bp = 2b ~ 1)cd|
< |b| max{1,|4by - 2b - 1|}

which is (2.2.4). Since (2.2.2) is sharp then (2.2.4) should also be
sharp.

We prove the following theorem by using the method of Clunie[11].

Theorem 2.2.7. Let fz) = z+>_ a,z" € SU-H), Re{b} >0, z € U,

n=2

then

n-2
lan| < o 11)' [1R26+m|, n=23, ... (2.2.8)
- - m=0

Equality is attained in (2.2.8) for the function

W -2

(@) = —E— =2+ Y [[(22tmyn (2.2.9)

(l _Z)zb n=2 m=0 m+ 1
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Proof : Since f e S0-» | we have

7@ _ 1+Qb- Do)
s o (2.2.10)

Simplifying and rewriting (2.2.10) , we get

[ &)+ b= 1)ft2) o) = o () - f2).

Using lz)=z +3 axz* and zf'(z) = z+ Y kaiz* and w(z) = 3 ¢,z in the
k=2 k=2 n=1
above expression, we obtain

n-1 n w0
'j?_bz + D (k+2b— az* :Ia)(z) = D (k= Daz*+ Y diz*

k=2 k=2 k=n+1

where d;’s are some complex numbers. Then, since |w(z)| < 1, we
have

2bz+ Y (2b+ k- agz*

k=2

=

: (2.2.11)

l n-1

Z(k— l)akzk + Z dkz"'
k=2

k=n+1

Squaring both sides of (2.2.11) and integrating round |z| = r < 1, we
get after taking the limit when » — 1, that

n—1
(n=1)%an> < PO+ (26 +k~ 1P - (k- DHax2.  (2.2.12)
k=2
Since Re{b} > 0, for n = 2, (2.2.12) gives
axl> < 4p> or  Jag < 2|,

Also, for n = 3, (2.2.12) gives

Hasl> < 4bP + (26 + 112 = Daa)® = 26726 + 12,
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It follows that

oyl < 126126+ 1]

| 2!

which is true. Suppose that (2.2.8) is true for n = p, then

p-2
1
apl < ——= [ [126+m
(p - 1)' m=0

For n = p+ 1, equation (2.2.12) gives

PRlapal? < 462 + (26 + k112 — (k- 1) au

k=2

1 2
< 4B + (26 + 112 = 1)4B2 + (126 + 2P —4)(% 116+ 11)

m=0

. - 2
+...+(12b+p—1}2—@—1)2)((p_11)! I:[Z|2b+m})

_ [2bPRb+ 1P 26+ p = 2PRb+p— 1]
((p- 1)

p-1
- GoTF _11 L 1‘[0 2b + m]?

which gives

-1
[1126+ m|

jap-1] < L

p!

Thus if the result (2.2.8) is true for n = p, it is also true forn = p + 1.
Hence by mathematical induction the estimates (2.2.8) are true
for all n > 2, that is,
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n-2

lan| < (n—l 0 H]2b+m|, n=2734,..

m=0

This completes the proof of the theorem.

2.3. Distortion and Rotation Theorems

In this section we obtain distortion and rotation theorems for
functions in SU-2,

Theorem 2.3.1. If fe SU-® then the set of all possible values of
log(M) for a fixed z, lies in the image, which is convex, of the

disc |zl < r, 0 < r < 1 under the mapping
= log(1 —z)™*. (2.3.2)
The function f* € SU-® defined by

fr(z) = (2.3.3)

shows that the result is sharp in the sence that the boundary
points are attained by this function.

Proof: Since f e SU-?, from (2.1.6) we have

log(L2) = {[*10g(1 — ze7)2du(s)}. (2.3.4)
Let
g(z,1) = log(1 —ze™) " 1 € [0,27].
Then since

Red1 4 24 0 1 1
e{ e e{l—ze-ff}>2’
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the function g(z,7) maps the disc |z| < r < 1 univalently onto a convex
domain U* , and hence they lie in the image of |zZ| < r» under the

mapping
w = log(l —€z)™, |e] = 1
which gives (2.3.2). The extremal function is given by

log(L Z(Z) ) = log(1 —z)~2 (2.3.5)

which in view of (2.3.4) gives (2.3.3).

Theorem 2.3.6. If fe SU? then for |z = r < 1,

®5(r) < 1og|@. < @i (r), (2.3.7)
¥ (r) < arg(L2) < ¥, (), (2.3.8)
where
2 =172
@1,(r) = —2Re{b}log{[l - (%b‘bi) } ¥ rg%lbl}
izlm{b}sm-’(%ﬁ) (2.3.9)
and
12
‘P]_z(r)=—2Im{b}log{[l—(r—g%&)z] 1”‘?—1){.bi}
i2Re{b}sin_l(r%lb}). (2.3.10)

Equality is attained in both the left and right sides of (2.3.7) and
(2.3.8) for the function f *(z) defined by (2.3.3) for z = re®® , j = 1,2
and z = re®% , j = 3,4 respectively, where
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61, = sin-l{’”lm<b}Re<b} 4 Im{b} [1 _ ( M)TZ}

b1 L |
: (2.3.11)
and
— _in-1J rIm{b}Re{b} . Re{b} |, rRe{b} 212
034 sin { e + 73 [1 ( b )] }
(2.3.12)

Proof: From Theorem 2.3.1, we know that the region of variability
of log(/(TZ)-) for a fixed z , |zl < r < 1 ,coincides with the Image of

zl <r under the mapping log(l -z)™%. We first show that the
function f* defined as .

log(Z-E) = 1og(1 — 2y (2.3.13)

belongs to SU-%. In fact, from (2.3.13), we have

1+_1- i*/ﬁ_l :ﬁ
b f*(Z) -z

and so

Re[l+%(%—l):]=Re(1t;’)>0,f0rlz[§r< 1.

Thus
1+ A G ep
f (@)

and consequently / * e §U-». Since the function £ * defined by
(2.3.13)is in U we see that, for any f e §0-#

[y
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= Re{log(@)} and arg(@) = Im{]og(@)}

will lie between the extreme values of ®(@) and ¥(6) respectively
where

12)

z

log

) = log

f___z(z) ] = Re{log(1 -z)™}

= Re[-2b{log|l — re®| + jarg(l — re®)}]
= Re[-2b{log|(1 ~ rcos@) — irsin6| + iarg((1 — rcos @) — irsinf)}]

— _ 2 _ —9; -1f_=rsinf
= Re[ blog(l +r* —2rcos@) — 2ibtan {I—FCOSO }

= —Re{b} log(1 — 2rcosf + r*) + 2Im{b} tan™" {I_Trf%:%}’ (2.3.14)

and
Y(0) = arg (f___z(z) ) = Im{log(l —z)™"}

= Im[—blog(l —2rcos@ + r?) — 2ibtan™! {1—__"—510%)2—9 ]

= —{Im{b} log(1 —2rcos@ + r*) + 2Re{b} tan™! (—];_”%)}
(2.3.15)

Putting r = tan6/2 in (2.3.14), we see that %(D(G) =0 when

(1 +r)Im{b} tan’0/2 ~ 2Re{h}tan6/2 — (1 — r)Im{b} = 0

and hence

(2.3.16).
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Now it is easy to check that the maximum of ®©(9) is attained for
t =1 =tan#,/2 and for this value of 1, the value of ®(s) is seen to be
given by @ = @,(r); while the minimum of @) is attained for
t =1, = tan0/2 and for this value of 7 the value of ®(r) is seen to
be given by  ® = @,(r). This gives (2.3.7) and simple calculation
shows the case of equality for the function given by (2.3.3) at the
points z; = re® and z, = re®® respectively where 8, and 6, are given
by (2.3.11).

In a similar manner, we see that % = 0 when

- T’\/l“(erebib )
tan0/2 =t = I34 = (] +r) Re b} ) (2317)
6]

Again it is easy to check that the maximum of ¥(0) is attained for
t = 13 = tan63/2 and for this value of 7, the value of ¥(r) is seen to be
given by ¥ =WY¥(r), while the minimum of W(6) is attained for
t = 1, = tan6,/2 and for this value of 7, the value of ¥(r) is seen to be
given by ¥ =W¥,(») . This gives (2.3.8) and equality occurs for
f*(z) given by (2.3.3) at the points z; = re® and z, = re®:
respectively where 65 and 6, are given by (2.3.12).

Theorem 2.3.18. If fe S0-®, then for |zl = r < 1,

Z%ZZ)) <1 f'—f'”r- (2.3.19)

Equality in (2.3.19) is attained for the function f *(z) given by
(2.3.3) at

z=r,/5_/2[l—r(l— Z-vb)J_].
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Proof: Since f e S0-%), it follows from (2.1.6), that

!

S @
2 _1+2bj _”dp()

andsofor lzZ=r<1,

L@

2]b|r
o) — (2.3.20)

=1 +2bj ————dy(t)l <1+
To prove the equality, consider

/() =

(1 _Z)Zb
Then

(2 2b
o T

and hence the equality in (2.3.19) will hold only if

2bz  _ 2)blr

1 -z l—r

2

which gives

z=r Z)/b[l—r(l—ﬁ)]_l.
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2.4 Radius of Starlikeness for Functions in SU-%).

In this section we determine the sharp radius of starlikeness and
hence univalence for the functions in SU-» We need the following
lemmas.

Lemma 2.41. If fz) € SU% ae U, then

azf Z+9 ‘
= L+dz_ . ¢ s0-9, (2.4.2)
Aa)(z+a)(l +az)”

F(2)

Proof. Since fe SU-9, by Corollary 2.1.7 there exists a function
/1 € S such that

b
fz) = Z[@] . (2.4.3)
It is well known [50] that if /1 € S, then F, defined by £,(0) = 0 and
azf| (-ZEL
Fi(z) = Sled a0 (24.4)
fila)(z+a)(l +az)*!

belongs to S*. Therefore from (2.4.3) and (2.4.4) it follows that the
function F(z) defined by F(0) = 0 and

zZ+a
azj\ ———
ﬂl“f"dl’) z =0

T Aa)z+a)1+ant

= £0 ]

also belongs to SU-9, which proves the lemma.

Lemma 2.45. For |z <r and f ranging over SU-%) the domain of
values of z7''(2)/f(z) is the disc with center

( 1 +(2Re{b} - 1)’ 2Imibyr? )

1 - ’ 1 -7

2|blr
L —r

and radius
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Proof. Suppose fe SU®. Then by Lemma 2.4.1, F(z) defined by
(2.4.2) is also in SU-5)_ |t follows from (2.2.8) that

IF"(O)i lf (a)(1 af?) - 1+(2ba—1)|a12 < 2|b|, for |a| < 1.

Since a is an arbitrary complex number in U, we can replace a by z
in the above inequality and write

7@  1+Qb-1)? 206l
IO = < = ,forizl < 1. (2.4.6)
Now, let ZJ;(—Z()Z)—=u+iv and b =Re{b}+ilm{b}. Then (2.4.6)
becomes
wi iy LHICRe{b}y = 1)+ 21m{b} ) | _ 2lblr
1 —r? 1 -#?

which is equivalent to

(”_ e )2+(V_M)2 S( 2/l )2_

1—#2 1 -2

Therefore, the domain of values of A (Z) Is the disc with center

z)

( 1 + (2Re{b} — 1)r? 2Im{b}r?
2

, ) and radius 2illa .and the
1—r 1

1 —r? e

proof is completed.
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Theorem 2.4.7. The sharp radius of starlikeness of the class §U-8)
IS

rs = {16 + [|b]? —2ize{b} + 1]”}“’. (2.4.8)

Proof: Since fe SU-%, from (2.4.6), we have

7@ 1+@b-1)2
Az2) -

< 2bjr
T 1=

lzZl =r<1

which gives

Re{zf'(z) _ 1+[(2Redb) — 1)+z’21m{b}]r2} o =20blr
) =7 :

and so

=r

f (2) I = 2/blr + (2Redb) — 1)
Re{ f(Z) } > l—}"z > ‘Z‘

Thus Re{%} >0 for r<r, where

rs = {Ibl+ [ — 2Reqb} + 172}

To show that (2.4.8) is sharp, we let

f*(z) = a __ZZ)zb andw = r(r—‘/——gj)/(l . %)

then we have
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i " w) _ 1=2pr+ (26— 1)1
/) = |

Now it is easy to check that at r = {|b| + [|5> - 2Re{b} + 1]“2}‘;

Re(w[—tﬂ—)—) = Re{ im{b} } = 0.
) 67 = Re{b} +[b]/Ib? —2Re{b} + 1

Hence the radius of starlikeness of the class $U-% given by (2.4.8)
Is sharp. This completes the proof of the theorem.
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CHAPTER IlI

ON A CLASS OF UNIVALENT FUNCTIONS RELATED TO COMPLEX
ORDER |

3.1. Introduction

Let Q denote the class of functions

o]

o(z) = Zc,,z"

=1

which are analytic in the unit disc U = {z : |z} < 1} and satisfying the
conditions w(0) = 0 and |w(2)| < lz| < | for z € U. In this chapter we
study the following class of univalent functions related to complex
order introduced and studied by Dixit and Pal [16].

Let R™-?(4,B) be the class of functions of the form

w
fz) =z+ Z %

n=2

analytic in U and satisfying the condition

f@-1
b(4 - B) - B{f’(z) 5 1}

<l,zeU (8. 1.13

where 4 and B are arbitrary fixed real numbers such that
-1<B<A4<1 and b is non-zero complex number. Clearly a
function Az) belongs to R™(4.B) if, and only if, there exists a
function o(z) in Q such that

1 [0/ At Ae(z) . .

By giving specific values to . 4. B in (3.1.1), we obtain the
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following important subclasses introduced and studied by various
researchers in earlier works.

(i) Putting b=e"cosy, |y|<n/2 in (3.1.1) we obtain the class
R'=¢esr(4,B) = R,(4,B) of functions flz) satisfying the condition

er{f'(z)-1}

Bef l(z) — (Acosy +iBsiny)

<l,zeU

b4

studied by Dashrath [13].

(i) b=1, A=pB and B=-p in (3.1.1) gives the class
R°(B,-B) = R[B] of functions f{z) satisfying the condition

,L(ﬁ—_uﬁ,zey

f@+1

studied by Caplinger and Causey [9] and Padmanabhan [47].

(i) Fixing b=1, 4=({1-2a)8, B=-pin (3.1.1) we obtain the
class R%((1-2a)B,-B) = R(a,B) of functions Az) satisfying the
condition

l S (@)1 <B zelU

£ @+1-2a

where 0 <a <1, 0< g < I,studied by Juneja and Mogra [31].
(iv) b =1in (3.1.1) leads to the class R°(4,B) = R*(4,B) of functions
fz) satisfying the condition

f(2)-1
Bf (z)- A

<l,zeU

studied by Goel and Mehrok [23].
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In this chapter, we study the various properties of the class
R'“(4,B). In Section 3.2, we obtain coefficient bounds for functions
in R-°(4,B). Section 3.3 is devoted to study sufficient condition in
terms of coefficients for functions to be in R'-*(4,B). In Section 3.4,
we determine distortion theorem for the class R-*(4,B). Finally, in
Section 3.5 we discuss maximization of |a; — ua?| over the class
R-°(4,B).

3.2. Coefficient Estimates for Functions in R'-*(4,B)

Theorem 3.2.1. If Az) =z+ Zw:a,,z" € R'(4,B), then

n=2

ay < A=Bb] (3.2.2)
The estimates are sharp.
Proof. Since fe R'*(4,B), we have
1 fr'ey 1+ Aw(z)
1+ {f (2) 1} T ey (3.2.3)

where w(z) is analytic in U and satisfies the conditions w(0) = 0 and
lw(z)] < 1 for z € U. From (3.2.3) we have

[(B -A)+ % > na,z"! }0(2) = —-% > nanz"!

n=2 n=2

which is equivalent to

[(A ~B) - —]g-zw:nanz”“l jH:Zm: c,;z”:l = —};inanz”“. (3.2.4)
n=2

n=1 n=2

Equating corresponding coefficients in (3.2.4) we observe that the
coefficient a, on the right of (3.2.4) depends only on a, ,as ,...,an1
on the left of (3.2.4). Hence for n > 2. it follows from (3.2.4) that
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l:(A By-L Znanz" l:la)(z) = Z:narnz"‘1 + Z d,z"".

n=2 =2 - n=k+1
Since |o(z)| <1 for z € U, this yields

k-1
,(A -B-L > na,z"t| >
b n=2

Z:na,,z”‘1 + Z d.z" 1. (3.2.5)

n=2 n=k=+1

Squaring both sides of (3.2.5) and integrating round |z] = r
0 <r< 1, we obtain

H

U=BY+ lb|z an' [ 2 |b|2 Zn"laniz 2

3 (3.2.6)

n=k+1

Letting » — 1in (3.2.6), we conclude that
, Kl k
(A-B)* + |§7 an|a,,|2 > I—b1|72112|a,,|2,
n=2 =2

This inequality is equivalent to

(1 —]3)2/§n2[a,,|2 + n?la,* < (4 - B)? b2 (3.2.7)

n=2
Since -1 < B < 1, we obtain from (3.2.7)
n*la,® < (4 - B)’|hf?
which gives

A= B)bl
n ?

la,| < n=23 ..

The sharpness of the result follows for the function
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_ z (A _B)btn—l
Az) = .‘.0[1 + Y= dt

for n>2 and z e U.

Remark 3.2.8. Taking different choices of b, 4 and B as stated in
Section 3.1, the above theorem gives coefficient bounds for
functions in the classes R,(4,B), R[B], R(a,B), R*(4,B) etc.

3.3. Sufficient Conditions in terms of the Coefficients for
Functions in R!"*(4,B).

Theorem 3.3.1. Let flz) = z+ > a,z" be analytic in U. If for some 4,
n=2

B, -1<B<ALI1,
S (1+1B)) rlan] < (4 - B)b (3.3.2)

=2

then fe R-%(4,B). The result is sharp.

Proof: We prove this theorem by the technique of Clunie and Keogh
[12]. Suppose that (3.3.2) holds and that

flz) = z+zw:a,,z”
n=2
then for |zl = r < 1,
| F@-1]-]ba-5)-8{f -1}

0w
D na,z"!

n=2

- ‘ b(A—B) - B> na,z"" l

n=2

< in\anir”" - { 1bl(4 — B) — (Blinla,,[r"“l}

n=2
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= 3. Al — 1BI(A ~ B) + B3 rlaylr

n=2 =2

< f;nlanl - b|(4 - B) + |B]zm:n|a,,|

n=2

= 31+ [B)fasl — (A - BYb)

n=2
<0, by(3.3.2).

Hence it follows that

[ @)~ <1, zeU
b(A-B)—B{f/(z)— | ’
Therefore fe R"(A,B).
The function
_ (A—B)b n
&) =2+ T

shows that the result is sharp for n>2 and z ¢ U.

Remark 3.3.3. For suitable choices of b, 4 and B as stated in
Section 3.1, the above theorem leads to sufficient conditions in
terms of coefficients for functions in R,(4,B), R[B], R(a,B), R*(4,B)
etc.

3.4 Distortion Theorems for the Class R'-?(4,B)

Theorem 3.4.1. If Az) =z+> a.,=" € R"(4,B), then

n=2

/ — AR _ RB2,2 BV (A —
Re(f (z))Z] ABr°Re{b} Bli_gf},{:z] by — (A - B)blr

(3.4.2)
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and
f 1 — ABr’Re{b} — B2r?Rell — b\ + (4 - B)b
Re(f @) < rReAL B RAL O U BB (3.4.3)
The bounds are sharp.
Proof: Since fe R'%(4,B), we have
1 Sr'0 N _ 1+Aw(z)
1+ {f (2) 1} T e (3.4.4)
where w € Q. Simplifying (3.4.4) gives
o(z) = S @1 | (3.4.5)
b(A -B)—B(f (z) - 1)
Since w(z) € Q, by Schwarz Lemma,
@) <zl =r, ze U (3.4.6)
Thus from (3.4.5) and (3.4.6) it follows that
‘f’(z)—ll < 7| b(A—B)-B(f'(z)—l)[. (3.4.7)

Letting f'(z) =u+iv and b = b, +ib, in (3.4.7) and simplifying, we
obtain

(u_ 1 — B[b1(4 — B) — B]r? )2+ (v+ b2B(A ~ B)r? )2 - (|b (A—B)r)2
1 - B2 1 - B2 “\ 1-B%2

which yields

If’(z)_ 1 —ABbr? + B2r2(b - 1) ‘ < (4 - B)|blr

1 — B2p? 1 - B2
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Hence

! - 2 v _ R2,2 _ 4
Re( /() » A=ABReAby Z B Re(] b — (A= B

and

/ 1 — ABr2Re{b} — B*r?Re{l — b} + (A — B)|b|r
Re(f (Z)) N 1 - B%*r? '
To show that the result is sharp, let

) = B+(AB—B)b L (AB;efi)b

log(1 + Bze™) (3.4.8)

where e = (|b| — Bzb)/(b — Bz|b|). Then

1+ (B+ (A —-B)b)ze”
1 + Bze™ '

/'@ =

(3.4.9)

Substituting e” = (|| — Bzb)/(b - Bz|b|) in (3.4.9) and simplifying, we
get

1+ (4 —B)|blz— bABz? — B?z%(1 — b)
1 — B%z? .

@)=

Now it is easy to verify that the equality in (3.4.2) and (3.4.3) hold
at z = #r.

Remark 3.4.10. Choosing appropriate values of 5, 4, and B in the
above theorem as stated in Section 3.1, we get distortion theorems
for the classes R.(4,B), R[B], R(a.B), R*(4,B) etc.

3.5. Maximization of | a3 ~ pa3| over the class R'*(4,B).

Theorem 351 If fz) :z+Za”:” belongs to R'“?(4,B) and pu is

n=2

any complex number, then
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a — pa3| < ﬁ'(’g;]”mx{], 48+ 3bu(A - B) } (3.5.2)

The result is sharp.

Proof: Since fe R“’(4,B), we have

1+ L' e -1} = %{%—2’)8 (3.5.3)

where w(z) = chzk is analytic in U and satisfies the condition

k=1
0(0)=0, |o@E)|<l,zeU and -1 <B<A4<1.
From (3.5.3) we have

f@-1
b(A—B)—B(f’(z)—l)

o(z) =

oy
> na,z"!

=2

b(A—B) - B> na,z"!
n=2

Znanzn—l .
_ n=2 B n—1
= =B [l+b(A—B) > nayz +]

=2

Comparing the coefficients of z and z? on both sides, we have

202

T BA-B)

and

L 1 4Ba3
Y T [3"“ b(A - B) ]
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Thus .
a, = b(A ;B)C]
and
g = bA-B)er _ 4Ba?3
: 3 3b(4-B)’
Hence
b(A - B 2
b(A—-B 3ub(A - B
MBI, fpy BB
Therefore
- | = BEZBI |, (383300-B) Y 31T (35,

Using Lemma 2.2.1 in (3.5.4) we obtain

Jb\(A3— B) {], 4B + 3bu(A — B)|

o= < ;

which is (3.5.2).

To show that the result is sharp, |

¢ i 4B + 3bu(A — B)

i I>1,We

choose the function

fzy = B2 (“;‘ B .- ﬁ%)blog(l + Bz)

B £ Bz <

2 3
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—z+ %b(A ~B)z* - %bB(A ~B)z + ..

so that y

204 _ R\2
laz—ya§’ =1 —%bB(A—B)—,uw—B)—'

4

_ 4 -B) 3u b(A - B)
=3 B+__4—_,

_ |B(A—=B) | 4B+3u b4 -B)
T3 4

which gives the equality in (3.5.2).

4B + 3 b(A - B)

If a

< 1, we choose the function

Moy = BrA-Bb (4 L -[0 di

B 1 + B
_B+rUA-Bb  (A=-Bb (", _ po . pra_
= B z B j.o(l Bt* + B*t* — .)dt

_B+U-Bb __ (A-B) [

_1p3, 1p2s
B B z Bz’ + = B°z J

3 5

=z —%—(A—B) bz3—%(A—B) bBzS + .. .
Therefore,
|- pad| = | -8 b-0| = Lu-Byp

which gives the equality in (3.5.2). Hence the result is sharp.
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Relmark 3.5.5. Different choices of b, 4 and B in the above theorem
as stated in Section 3.1 gives maximization of |a; —pua?| over the
classes R,(4,B), R[B], R(a,B), R*(4,B) etc. .
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CHAPTER IV

ON A CLASS OF UNIVALENT FUNCTIONS RELATED TO COMPLEX
ORDER Il

4.1 Introduction

Let Q denote the class of functions

o)
w(z) = Zc,, z"
n=1

which are analytic in the unit disc U and satisfy the conditions
w(0)=0and |o(z)| < 1 for ze U.

In this chapter, we introduce and study the following class of
univalent analytic functions related to complex order analogous to
the class R'Y(4,B) studied in chapter Ill. The results thus
obtained not only generalize some of the results obtained in
Chapter Il but also give results studied by Dasrath & Shukla [14],
Juneja & Mogra [30], Padmanabhan [46], etc.

Let S'-%(4,B) denote the class of functions of the form

0
fz) = Z+Za,, z"

n=2

analytic in U and satisfy the condition

f @
fz) <1, zeU (4.1.1)

Cm_pglzf @
b(A - B) B{ ) 1}

where 4 and B are arbitrary fixed real numbers such that
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-1<B<A<1 and & is non-zero complex number. Clearly a
function Az) belongs to S'™(4,B) if, and only if, there exists a
function o € Q such that

1[,7@ 4] _ 140
1+ b{ s l} T Bo()’ ze U. (4.1.2)

By giving specific values of 5, 4 and B in (4.1.1) or (4.1.2) we
obtain the following important subclasses of starlike and
y-spirallike  functions introduced and studied by various
researchers.

(i) Substituting 4 = 1 and B = -1 in (4.1.2) we obtain the class S'-
of starlike functions of complex order 1 -5 studied in Chapter II.

(i) Fixing =1, A=(1-2a)B, B=- in (4.1.1) we get the class
S(a, p) of functions f(z) € A satisfying the condition

s'@

,ﬂz) <p
zf (2)
A2)

+1-2a

forsomea, (0<a<1,0<p<1)andze U The class S(a,B) was
introduced and studied by Juneja and Mogra [30] . The functions of
the class S(a, B) are called starlike functions of order a and type B.

(i) b=1, A= p and B=-p in (4.1.1) leads to the class S[B] of
functions f(z) € A satisfying the condition

7@
/(/Z) < ﬁ
zf (2)

T

for some B, 0<pB<1, =zeU. introduced and studied by
Padmanabhan [46].
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(iv) Putting b=e"cosy in (4.1.2) we obtain the class
St-eteosz(4,B) = SP(y,A,B) of functions flz) satisfying

i

f (@) 1 + Aw(z)
fz) cosY 1 + Bw(z)

e’z +isiny, ze U

where |y |< —72£ and -1<B<4<1, introduced and studied by
Dashrath and Shukla [14].

In this chapter we establish various properties for the class
S'-*(4,B). Section 4.2 is devoted to obtain coefficient estimates for
functions in S'*(4,B). In Section 4.3, we obtain sufficient condition
In terms of coefficients for functions in S'-(4, B). Distortion theorem
for the class S'-*(4,B) is determined in Section 4.4. Finally in
Section 4.5, we discuss maximization of \as — pa3| over the class
S1-t(4,B) .

4 2. Coefficient Estimates

We need the following lemmas in our further discussion.

Lemma 4.2.1 [53]. Let

8 =2 dy 2, G@) =D Dy, q20.
P=q

P=q

It g(2) = w(z)G(z) where w(0)=0 and lo(z) <1 in U, then
dy, =0 and

k k-1
DN P<IND P h=g+lg+2..)
r=q

p=g-1
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Lemma 4.2.2. For a fixed integer m, m >3, let

" - (4-8)b-(j-2)B]

(s-1)

 (J=2.3...m),

then

(m}— 1 )2((A_B)2’b|2+g{‘(A—B) b- (p— 1>B’2_ (p— 1)2}

P m
11M) = TIM; (4.2.3)
=2 =2

Proof: We shall prove (4.2.3) by mathematical induction on m. A
brief calculation shows that (4.2.3) holds for m = 3. Assume that
(4.2.3) is valid for m=4,5,....1—1, then for m =1t the left side of
(4.2.3) gives

oA Be e [ =B) b= (p=1)E[ - (p=1) F 1M,

+{Jea-8y b= (=28 - (1-2)"}H]Im)

((r—2>ﬁ/\4+ (- 1>2M,—(r—2>2>f1Mj-) = T,
=2 Jj=2

=2

_ 1
(t—1)°

This concludes the proof of (4.2.3).

Theorem 4.2.4. let fe S'"%4,B), and f(z)=4+§:akzk, ze U
k=2
Then

lax | < (A-B)b (4.2.5)

and if |(4-B)h-B| <1 and k>3, then
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(A-B) o

la""s P

(4.2.6)

Furthermore, if |(4 - B) b—(k=2)B| > (k-2), k>3, let

v [ l(A—B)b—(k—Z)B' :’

k-2

be the greatest integer less than or equal to the expression within
the square bracket. Then

k
lag| < (k—ll)! AI;[)(A—B)b—(j—z)B{ (4.2.7)

fork=34, ., M+2; and

M+3

o] < o 1)1!(k_ 5 g[(A—B) b-(j-2)B| (4.2.8)

for k> M+2. The bounds in (4.2.5) to (4.2.7) are sharp for all
admissible values of b, 4, B, and for each %

Proof: From (4.1.2), we have

1/2/ @ | | 1+40@) ,
1+ 1}— ¥ B ze U (429)

for some analytic function o with o0)=0and |o@E)|<1 inU
On simplification, (4.2.9) yields

(1 +Bo(2))z/ '(z) = {1+ (4~ B)b + B)o(2)}fiz),

that is,

(zf'(z) ~f2)) = ({“4-B)b+B)} ﬂz)-Bz/'(z))w(z). (4.2.10)
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Since
flz) = Z+Za,, zPand zf (z) = Z+Zpap zP,
p=2 p=2

equation (4.2.10) is equivalent to
Zm:(p— 1>apzp = (i{(A—B) b~(p—1)B} a, zp)co(z) (4.2.11)
=2 p=1
where a; = 1. Using Lemma 4.2.1 we have

k k-1 .

S(p-1)lal <X|A-B)yb-(p- 18| a, %, (4.2.12)

p=2 p=1
which simplifies to

P () =By + 4 - B b-(p- DB —(p-1Y
o < (2= ) (- By P X{ld-Bb-p-DB - - 17}

Jap?) (4.2.13)
for every k=2,3,....

For k=2, we have
la2l* < (4~ B)*|b)?
which proves (4.2.5).
Suppose |(4-B)b-B| <1 and & > 3. Then it follows that

(4 —=B)b~(k-2)B| = }((A—B)b—B)—(k—s)Bj
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<|@-B)b-B|+(k-3)B

Since all the terms under the summation in (4.2.13) are
non-positive, we obtain

(4 - B)lp|
k-1 7~

| a| < k>3
which establishes (4.2.6). However if

((A-B) b= (k-2)B| > (k-2), k=3,

then all the terms under the summation in (4.2.13) are positive.
We shall establish (4.2.7) for integer k>3 and k<M+2, from
(4.2.13), by mathematical induction. For k=3, (4.2.13)
contributes

a, P < [ a-Bye+ {J-Byb-58] =1} a: ]

< [y {Jua-p) b8 -1 pa- e

i ((A—B)[b]I(A—B) b~ B| )2

2

which proves (4.2.7) for k=3. Suppose (4.2.7) holds for
k=45, .,m—1 Then for k=m, (4.2.13) yields

m-1

an < () @-nye « -8 b= 0~ B[ - 0= 1) p i)
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< (i) @@=+ S{ -8 b=~ 18] - 17}

m—1

r|4-B)b-(j-2)B

' 2

11:2[ (]’—1)2
o |i-Byb-(j-2)8|
SR

by Lemma 4.2.2. It is now easy to show that (4.2.7) holds for
k< M+2. Finally, suppose k> A +2 . Then we may write (4.2.13)
as

M+2

_ —(p— 2 (h_1)2 2
{le-5b-¢- 18 - -1}y

< (L) (- By +

k-1
+ EA{l@-Byb-0-18]" - - 1) }a)

p=M+3

M2

Al -8y b-0-DB[ -~ 1) g,

< (+L5) @-mye +

M-2

S{ld-8b--18]"- -1y}
=

< (F5) @By

’ 2

P ](A—B)b—(j—z)B

11 : (by (4.2.7))
2 (j—l)
) a3 [(A=Byb=(7-2)B]
et g
72 (]—l)

(by Lemma 4.2.2)

| 2 A3 - 5
N ((M+ 1)!(k~l)) g‘("4"3>b“<f'2>[3‘

which is (4.2.8). The equality in (4.2.5) and (4.2.6) are attained for
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the function f given by

z(1 + BFH)UDPIBED B g
Ji(z) =
zexp Abz*1 /(k—1) B=0

where |(4-B) b-B| < 1.Finally, the inequality (4.2.7) is sharp for
the function f given by

z(1 +Bz) B0 By
Nz) =
zexp(4bz) B =20

where ((A-B)b—-(k-=2)B|> k-2 , k>3,

Corollary 4.2.14. Let f € SP(y,4,B), and fz) = z+§:akzk, z € U. Then

=
|ax | < (A-B)cosy (4.2.15)

and if |(4—-B)ecosy~B| <1 and k>3, then

< (A -B)cosy
=< A :

| ak |

(4.2.16)

Furthermore, if (4 - B)e " cosy — (k - 2)B| > k-2, k>3, let

v | [A=B)e"cosy — (k-2)B|
[y o

be the greatest integer less than or equal to the expression within
the square bracket. Then

.
ay | < (k—l B I1 }(A ~B)e ™ cosy — (]—2)8' (4.2.17)
s
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for k=3,4,. . M+2:and

M-

lak| < o 1)]!(k_ 0 I;[’(A —B)e™ cosy - (]'—Z)B’ (4.2.18)

for k> AM+2 . The bounds in (4.2.15) to (4.2.17) are sharp for all
admissible values of 4, B and for each & .

The above corollary can be obtained from Theorem 4.2.4 by fixing
b = e cosy In the theorem.

Remark 4.2.19. Fixing A=1 and B=-1 in the Theorem 4.2 4

lead to the coefficient estimates for functions in S'-* obtained in

Chapter II.

Remark 4.2.20. On choosing appropriate values of b, Aand B in

the Theorem 4.2.4 as mentioned in Section 4.1, we may obtain the

sharp coefficient estimates for functions in the classes S(4,B),
S [B] and others.

4.3. Sufficient Conditions in Terms of the Coefficients for
Functions in S'-*(4,B).

Theorem 4.3.1. Let fiz) =z+3 a, z" be analyticin . If for some
=2
A, B, -1 <B<A4<],

é{(n— 1)+ l b(A—B)-B(n- l)’}ia,,l <biA-B) (4.3.2)

then f e S'"*(4,B). The result is sharp.

Proof: We prove this theorem by the technique of Clunie and
Keogh [12]. Suppose that (4.3.2) holds and that

o
Az)y=z+ Zan 2"

n=2

then for |z|=r< 1,
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|7 @10 - | b= B) fo) - 8] o (2) /@) }|

S(n-1)ay z

=2

— ’ b4 - B) z+ianz”} —Bzw:(n— Danz"
n=2 n=2

d(n-1)a,z"

n=2

- ’ b(A-B)z+ i(b(A ~B) = B(n - 1))anz"
n=2

< S Djan - {rbKA ~BYr = (4 - B) = Bn - 1) fa }

n=2

= r[%{(ﬂ —1)+1b(4-B)-B(n- D} lanlr' — |b](4 —B)]

< (1= 1)+ 1b(A - BY ~ Bn— 1)y Jan| - (A - B) < 0.

n=2

by (4.3.2).

Hence it follows that

7@

/) - <l,zeU

_Ry_piH @ _
b(A - B) B{ [o 1}
Therefore fe S'-b(4,B).
The function
) mze Bl(4 - B) 1

(n=1)+b(A-B)-Bn—1) *

shows that the result is sharp for n > 2 and z e U.

Corollary 4.3.3. Let f(z) = z+ Y a,z" be analytic in U, If for some A,
n=2
B, -1<B<A4<1and | < np,
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D {(n=1)+|(4 - Bye™ cosy = B(n— 1)[}an| < (4 ~B)cosy

n=2
then /e SP(y,4,B). The result is sharp for a function

(A —B)cosy n
(n—1)+|(A4~B)e7cosy —B(n—1)| ’

fz)=z+

forn>2, [y|<n2andze U,

The above result can be obtained from Theorem 4.3.1 by fixing
b = e cosy in the theorem.

Remark 4.3.4. Taking suitable choices of b, A and B as stated in
Section 4.1, the above theorem gives sufficient conditions in terms
of the coefficients for functions in $1¢, S(4, B), S[B] and others.

4.4 Distortion Theorem for the Class S°(4,B)

Theorem 4.41. If fz) = z+f:a,, z" € S"°(4,B) , then

n=2

(4.4.2)

el 7@\ o 1-ABrRe{b} - BrRe{l - by — (A - B)blr
© Az) - 1 — B%p?

and

¥ (@) ) o 1-ABrRe{b} — B*PRe{l - b} + (A — BYbr
Re( o ) < " (4.4.3)

The bounds are sharp.

Proof: Since fe S'"*(4,B) , we have

17 @ ] _ 1440
b+ b { A=) 1} 1+ Bo(z)’ (4.4.4)
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where w € Q. Simplifying (4.4.4) gives

7 e,
o(z) = /) | (4.4.5)

b(A-B)_B(zfﬁ_l)

Az)
Since w(z) € Q, by Schwarz Lemma,
o) <lz|=r zelU. (4.4.6)

Thus from (4.4.5) and (4.4.6) , it follows that

M-l b(A-B)-B Zf’(z)—l 4.4.7

72 <r| b ) 5 . (4.4.7)
Letting 3]}(5—) =u+ivand b=by+ib, in (4.4.7) and simplifying,
we obtain

(u_ 1 — B[b\(4 — B) + B]r? )2+ (H b2B(A — B)r? )2 - (|b|(A—B)r)2

1 — B%r? 1 - B 1 - B%r?
which yields
o @ _ 1-ABbr+ B -1)| _ (A=B)blr
fz) - B2 =~ T1-B2

Hence

vel 2@\ 5 1=ABrRe{b} — BrRe{l - b} — (4 - B)bir
Az2) - 1 - B*r?

and
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Re( of (2) ) < 1= A4BrRe{b} - B*Re{l = b} + (4 - B)br
oy )= - B2 |

To prove that the result is sharp, let
j(Z) = Z(l +Bzeiy)(A—B) b /B

where e = (|b| - Bzb)/(b - Bz|b]). Then

7 (@) _ 1+(B+(A-B)b)e

flz) 1 + Bze'” (4.4.8)

Substituting e” = (|| = Bzb)/(b — Bz|b|) in (4.4.8) and simplifying we
get

() | + (4~ B)|blz — bABz? — B222(1 - b)
iz [ - B2 ‘

Now it is easily seen that the equality in (4.4.2) and (4.4.3) holds
at z = +r.

Remark 4.4.9. Putting appropriate choices of 4, 4 and B in
Theorem 4.4.1 as stated in Section 4.1, we get the corresponding
distortion theorems for the classes SP(y,A,B), S, S(a, B), S[B] and
others.

4.5. Maximization of | a; - ua3| over the class S§'-(4,B)

Theorem 451 If fz) :z+f:an z" belongs to  S“*(4,B) and 7,

n=2

Is any complex number, then
Ia;—,ua%l SW;—B)max{] , ,B—b(A~B)(l—2,u)l} (4.5.2)

The result is sharp.
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Proof: Since fe S'(4,B) , we have

17 @ ] 1t
1+ 5 { ) 1} = T+ BoG) (4.5.3)
where o(z) = ickzk is regular in U and satisfies the condition
k=1

0(0) =0, |o(z)l < 1 for z e U From (4.5.3) we have

_ # (2)-f2)
o(2) ,
bA - B) )~ B(of () - fz))

> (n-1a, z"

. n=2

b(A4 —B){z+ > ay z"} -BY (n-1a, z"
n=2 n=2

> (n-Da, z"!

n=2

mAsm+fﬁmA—m—Bm—npﬂH

n=2

i(ﬂ-l)an z"! “
— = B(}’l—l) n-
= Zb(A—B) [l+§[b(A_B)—1]a,,z 1+..}.

Comparing the coefficients of z and z2 on both sides, we have

b(4 - B)

Ci

and

_ _ 2a: 1 B _
”"MAJB)+bm—B)[MA—B) 1}&
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Thus
a; = b(A —B)Cl
and
_ b4 -B)c l{ B B ]2

aj 2 - + 2 1 b(A —B) az.

Hence
b(A-B
az — pas = b -B)ey 5 )2 +-%—[l - b(AB—B) :|a§—,ua%
= BB e, (B~ b4 - BY1 -2}

Therefore

a3 - a3 = YA e,y pa-BY(1 - 2u))ell).  (4.5.4)
Using Lemma 2.1.1 in (4.5.4) we obtain

W—Z_B-)-max{l , ‘B— b(A - B)(1 —2;1)!}

| a3 — pa3| <
which is (4.5.2).

To show that the result is sharp; if |B— b4 -B)(1-2u)| > 1, then
we choose the function

Az) = z(1 + Bz)H-BbB

(A= BWA-BW-B]

=z+4+ (4 -B)bz* + 5 z
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so that
, as _#agl — l (A _B)b[(é_B)b_B] __‘u(A_B)Zb2
A—-B)b

= LEWp b4 - B)(1 - 20)
which gives the equality in (4.5.2).
If |B—b(A —B)(l —2u)| < 1, choose the function

fiz) = z(1 +BZZ)(A—B)b/2B
=z—2b(A-B)* + ... .
Therefore,
a: = pa3| = |-5b(4 - B)~0| = Lpj4 - B)

which gives the equality in (4.5.2). Hence the result is sharp.
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CHAPTER YV

ON THE GENERALISED RUSCHEWEYH CLASS OF ANALYTIC
FUNCTIONS OF COMPLEX ORDER

5.1. Introduction

Recall that A be the class of functions f which are analytic in the
unit disc U= {z: lz| < 1} and normalized by the conditions

A0)=0 and 7'(0) =1, and S be the subclass of A consisting of
functions that are univalent in U. An analytic function f is said to
be subordinate to an analytic function g, denoted by f<<gif
Az) = g(w(z)), z e U, for some analytic function w(z) with o(0) =0
and w(z)| < 1 in U. The Hadamard product of two functions f£,
g € A, where

]((Z) =z+ ianz" s g(z) = z+ Zw:bnzn
n=2

=2

is defined by

(f* g)(z) =Zz+ Zanan", z e U.

n=2

The object of this chapter is to identify various classes of analytic
functions which are starlike, convex , prestarlike , Ruscheweyh
class of order «a, y-spirallike, y-convex spirallike, starlike of
complex order, convex of complex order, and others as special
cases of a family of analytic functions of complex order in the unit
disc U. Thus we study the following generalised Ruscheweyh class
of analytic functions of complex order introduced by Ahuja [3].
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Denote by D* : A - A the operator defined by

Dif:ﬁ—_lz?:r*f, A>-1, ze U (5.1.1)

Notice that d'f =z, D% =f, D'f=zf', D'f=z(f'+zf"2).

Let H%[4,B] denote the class of functions f in A satisfying the
condition

- ().Zl)(%z}f_l) << ﬁ*ﬁ? ~1<B<A<1,zeU (5.1.2)

where 2 > -1 and b = 0 is an arbitrary fixed complex number. The
class H%[A4,B] was called generalised Ruscheweyh class of analytic
functions of complex order 4 by Ahuja [3] due to the fact that the
class

Ky = {fe A Re(%}[) >d ze U} = H"?1,-17 (5.1.3)

was first introduced and studied by Ruscheweyh [57].
A function feA is sald to be in S[4,B] if

zf '(z)/f”(z) < (1 +A42)/(1 + Bz), and in C[A, B] if
(1+zf“(z)/f (z)) < (1 +Az2)/(1+Bz) for some arbitrary fixed real

numbers 4, B (-1 <B<A<1)and for all z in U. These classes
were investigated in [22,28,29,63,65]. In view of (5.1.1) and (5.1.2) ,
it follows that
feS[A,B] & fe H)A,B]; (b.1.4)
feClA,Bl o fe H\[AB) (5.1.5)

Fora, a<1, let

S(a) = {fe A Re(zf’(z)/f(z)) >, z € U};

(@) = {f e A : Re(l +2of O @) >a, ze U}.
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The functions in S(a) and C(a) are called, respectively, starlike of
order a and convex of order a in (/. It is well-known that
C(a) < S(a) < S whenever 0 < a < 1. We observe that for a < 1,

S(a) = Hy*[1,-1], C(a) = HI[1,-1]. (5.1.6)

In fact, by setting o=1 and for different choices of 4, B
(-1<B<A<1), the class H{[4,B] will give rise to various
subclasses of S(0) = S*; for instance , the class

!

zL—(Z) — 0

Hy[l,-1+ l/a] = {fe A e

LB e U},a =208 1)

was introduced in [67] . For other such classes which may be
obtained from H%[4,B], one may refer to [46,63,65].

Other larger sets are formed by y —spirallike functions of order aq,
and y —Robertson ( or y —convex spirallike ) functions of order a,
respectively denoted by SP(y . a) and RB(y ,a). Here a & y are
arbitrary fixed real numbers satisfying the conditions |y| < #/2 and
0 <a< 1. Werecall that

SP(y,a) = {fe A Re(e”z%) > aCcosy, z € U}

RB(y,a) = {fe A Re(ei7’(l +zf—,(2—)—)> > QCosy, z € U}.
f @

These classes were introduced, respectively, by Libera [38] &
Chichra [10]. Equivalent conditions are

feSP(y,e) o fe Hy <7 [1-2a-1] (5.1.8)

Fic RB(y o) & fe s S - 2a.-1]. (5.1.9)
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In fact, by fixing b =e"7cosy, |y| <72 and . =0, we may obtain
several known subclasses of SP(y) from the family H3[A4,B] . For
instance, for -1 <B<A<1l,a>12,¢c+d>1,d<c<d+1, wehave

Hg’i""cosy[A>B]

= {fe A: eiYij((ZZ)) < }i‘g‘; cosy +1i siny, z € U}, (5.1.10)

He 1, -1 + a]

= {fe A : e""/zj-;[(—,(z—z)l—(qcosy—i—isiny) < acosy, z € U}, (5.1.11)
and

Hg"”fcosr[dz—22+c’ l-c}c }

= {fe A . e"VZf—.—f/(—(ZZl—(ccosy-i—isiny) <dcosy. z € U}‘

(5.1.12)

Denote the classes defined in (5.1.10) to (5.1.12), respectively, by

SP*(y,A,B), SP*(y,a) and SP*(y,c,d). These classes were introduced
and studied in [14], [36] and [66], respectively.  Analogous
subclasses of RB(y,0), denoted by  RB*(7,4,B), RB*(y,a), and
RB*(y,c,d) may be obtained by fixing b =e"cosy, A=1 and
choosing appropriate values of 4 & B. In fact. several such classes
studied in [1,21,41,43,54] may be related to the family H}[4.B].

Let G(a) be the class of prestarlike functions of order «; that is,
fe G(a) if, and only if,

—(1——2_)2:2—“— x f(z) € S(a) ,a <]

Re( flz) / z) > 172 ca=1.z¢l.
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Note that
ko(z) = z/(1 — 2)*° (5.1.13)

is the well-known extremal function in  S(a). Rus.c.heweyh [58]
observed that

feG@) o Re(L5L)> 12zt ax1

Equivalently,
feGla) & fe HS[1,-1], a< 1. (5.1.14)

It is known [64] that G(a) < S if and only if a < 1/2.
Given a<1 and B <1, afunction fe A Is said to be prestarlike
of order a and type B, fe G(a,B) If fxk, € S(B). Note that
G(a,a2) = G(a), a< 1. The class G(a,B) was investigated in [62].
Using (5.1.1) and the identity

2(DY) = (A+ DD = ADMf, A > -1 (5.1.15)

we may write

wof 22r)
G(a,ﬂ)s fEA :Re Tzuf_ >ﬂ,Z€U ,
and thus it follows that

feG@p) = fe H[1,-1, a<1, B<1. (5.1.16)

Let Q.(a) denote the class of functions f in A satisfying the
condition
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Z(le(Z))
Dfiz)

for some A>-1, a< 1, and for all ze U. The class Qi(a) Iis
called Ruscheweyh class of order «a. In view of (5.1.3) and the

identity (5.1.15), we have J((lz )) K, for a>-1. For

A=ned0,1,2,.} and 0<a<1, the classes 0,(0) and Ou(a)
were, respectively, introduced in [68] and [2]. Also, note that
Drf = (z(z"“j)(”’)/n! , n e {0,1,2,..}. Further, we observe that

feOi(a) & fe H*l,-1],a<1, A > -1, (5.1.17)
and

O.(a) = Hi[1 —a,-1]1= H[1,-1], 0<a< 1. (5.1.18)
Some such classes involving the Ruscheweyh derivatives and
related to H%[4,B] were studied in [4,5,6,7,61].

Nasr and Aouf [44] introduced the class S'™* of starlike functions

of complex order 1—-b ( b=+ 0 and complex ), that is , fe S if,
and only if,

Re(l+ (Zf,(z(j) 1)) 50, ze U (5.1.19)

The class S'-* was studied in Chapter Il. An analogous class C'*
of convex functions of complex order 1-5 is defined by

replacing zf '(2)/ifiz) is (5.1.19) by 1+zf "(z)if '(z); (see [44]).
Equivalently, we have

fe St < fe Hjl,-1] (5.1.20)
fe (' = fe H{[1,-1]. (5.1.21)

In Chapter IV, we have introduced and studied the class $'-*(4,B) of
functions f ¢ A satisfying the condition
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7 @) _ I
1)

o e
b(A - B) B{ G 1}

where 4 and B are arbitrary fixed real numbers such that
-1<B<A4<1and b is non-zero complex number. Equivalently, we
have

<l,zeU (5.1.22)

fe S'™A,B] < fe HIA,B] (5.1.23)

In view of the relations witnessed in (5.1.3) to (5.1.12), (5.1.14),
(5.1.16) to (5.1.18), (5.1.20), (5.1.21) and (5.1.23) we conclude
that the notion of the generalised Ruscheweyh class, H%[4,B], of
analytic functions of complex order b unifies several subclasses of
A. Thus a study of Hj4[4,B] may lead to information about K;,
S[4,B], C[4,B], S(a) , C(a), SP(y,a), RB(y,a), SP*(y,A,B), SP*(y,a),
SP*(v.c.d), RB*(y.4,B), RB* (y,a), RB*[y .c.d], G(a), G(a.B), Oi(),
Si-b, C'b, §°(4,B) and those obtained by choosing A >2 and
suitable values of the parameters b, 4 & B. Finally, we obtain
sharp coefficient estimates of the functions in H%[A4, B].

5.2. Coefficient Estimates.
We need the following lemma.

Lemma 5.2.1. For a fixed integer m, m >3, let

M, = = B)b— (j - 2)B[’

> = 273)"'7 >
Gij-1) J=( )

and

A+l ] , 4y
5(0.p) ((p+_ 1);),;1 _ A+ D (—;2_).1..)(!)+p 1) (p:2,3,...).
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Then

m-—

] 2 _ 21012 : _ _ _ 2 3 5
((m_1)5(}v,m))((/4 B)“|p| +1§2{|(A BYb—(p— 1B - (p- 1))

Gy TIM) = [ 1M, (5.2.2)
=2 =2

Proof: We shall prove (5.2.2) by mathematical induction on m. A
brief calculation shows that (5.2.2) holds for m = 3. Assume that
(5.2.2) is valid for m =4,5,..,1—1; then for m = ¢, the left side of
(5.2.2) gives

-2

2
(oqwmg)m BYBP + A = BYb = (p = DBF = (= 1)}

P -1
~(5(?«,p))zl_—2[Mj +{(A=B)b— (1= 2)B|" = (1-2)*}(8(%,1 = 1))’ 1_2[1\/1;)
= J=

2 =1
- ( = 1)15(/1,,) ) (= 2)8(A 1 = DY TIM; + {(+ 1= 1M, = (1= 2)%}

1 t
@C1= 1) TIM) = [[M,

This concludes the proof of (5.2.2).

Theorem 5.2.3. Let fe H4[A,B], and fiz) = z+ f:ak z*, z € U. Then

k=2
ar) < =B, (5.2.4)
and if |4-B)b—-B|<1and k> 3, then
) < UZBIbItk=2) (5.2.5)

(A+ 1)y
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Furthermore, if |(4—=B)b—(k—=2)B| > (k—-2), k=3, let

Ve [ |(A—B)ll;:§k—2)B| ]

be the greatest integer less than or equal to the expression within
the square bracket. Then

1 k
]akl < (m)g f(A —B)b— (]—2)81 (526)

for k=3.,4,...M+2; and

k=2 T (a-Bp-(G-28 (5.2.7)

=2

lax| < M+ DIA+1),,

for k> M+2. The bounds in (5.2.4) to (5.2.6) are sharp for all
admissible b, A, A, B, and for each k.

Proof: From (5.1.2), we have

A+l (D ) 1+dez)
1+ b ( le 1) = 1+B(D(Z)’ ze U (528)

for some analytic function o with ©(0) =0 and jo(z)| <1 in U. On
simplification, (5.2.8) yields

O+ D1+ Bo)D¥f = Do+ 1+ {(A=B)b+ (2 + 1)BYo} DS,

that is,
(A+1 YDA - D*f)

= ({(A = B)b+ (A + D)BYD*/ = B(% + D 'o(z). (5.2.9)
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Since
D'f=z+ Z(S().,p) a, zf
p=2

and 82+ 1,p) = ((A+p) /(2 +1))8(2p), it follows that (5.2.9) is
equivalent to

S (p-1)6(.p) ay 2 = (Zm?{(fl —B)o—(p-1)B}o(%.p) a Zp)w(Z),
=2 p=

where a; = 1. Using Lemma 4.2.1, we have

k k-1
D (- 12 (0(p))lal < D [(A-B)b—(p— DBP@E(%.p)) lay?

p=2 r=1

which simplifies to

2 k-1
it < (g ) (-8R + S = B = (o= DBR = (= 1))

(802p)Ylal?) (5.2.10)

for every k=2.3,...For k=2 we have

which proves (5.2.4). Suppose |(A—-B)»p-B| <1 and k> 3. Then it
follows that

(A=BYb—(k-=2)B|< k-2, k>3

Since all the terms under the summation in (5.2.10) are
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non-positive, we obtain

(A - B)ib|
il < s K23

which establishes (5.2.5). However, if
(A-B)b—(k=2)B| > k-2, k>3,

then all the terms under the summation (5.2.10) are positive. We
shall establish (5.2.6) for integer k>3 and k<M+2, from
(5.2.10), by mathematical induction. For k=3, (5.2.10)
contributes

ap < ( (A= B)b [(A-B) - B )
- (A+1)(2+2) ’

which proves (5.2.6) fdr k= 3. Suppose (5.2.6) holds for
k=4,5...m-1 Thenfor k=m, (5.2.10) yields

m-1

anl? < ( Gy ) (A= BV + A =B~ (= 181 = (=1

(8(2.p)) lal?)

m-

2 1
1 _ 2 2 _ _ _ 2— _ 2
. ((m—l)5(),,m)) (4= 8)7b +§2{\(A BYb—(p— 1B - (- 1)’}

50, p)y [ A=B0 =G =8P
(6(A,p)) 1;[ (2+7—1)

& lA=-B)b-(-2)BJ
_1;[ (A+j-1)

)

by Lemma 5.2.1. It is now easy to show that (5.2.6) holds for
k <A +2. Finally, suppose k> M+2. Then we may write (5.2.10)
as
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M+2

2
o < (Giagy ) (-8R + T =B == DBE - (- 17}

k-1
(6(up))lal* + 22 A =B = (p - 1)BI = (p = 1)’ }(8(2.p))*|a,)

p=M+3

M+2

2
1 _ 2 2 _ _ _ 2 _ _ 2
< (G ) (BRS¢ - B == DB (= 1)

G ~
1 PA\2(R2 & _ _ _ 2 BV
< (=tiso ) @-B * =B = (= DB = (= 1))

V4 : 2
.5/1’ 2 |(A—-B)b—-(]—2)B]
@ (=)

_ ( (M +2)8(A,M+3) )2 f‘ﬁ (4~ B)b— (j —2)BP?
(k—1)6(A, k) = (A+j—1)?

- (k—2)! 2 M+3 o
- ((M+1)!(;L+1)(A+2)...(A+k—1)) g (A=B)b— (- D)BF

by an application of Lemma 5.2.1; and thus (5.2.7) immediately
follows from the above. The equality in (56.2.4) and (5.2.5) are
attained for the functions f; given by

Z(] + Bzk-1 )(A—B)bvB(k—l) B =0
zexp(Abz*/(k-1)) ,B =0

where |(4-B)b-B| < 1. Finally, the inequality (5.2.6) is sharp for
the function f given by
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z(1+ Bz)* B8 B =0
I a _Zz)x+1 - :
zexp(4bz) , B=0

where |(4-B)b—(k—2)B|> k-2, k> 3.

Remark 5.2.11. Fixing A =0, 4=1and B=-1 in Theorem 5.2.3
lead to the coefficient estimates for the functions in the class S'-*
of starlike functions of order 1- 5, obtained in Chapter Il

Remark 5.2.12. The coefficient estimates established in Chapter |V
for functions in the class S'-*(4,B) of univalent analytic functions
related to complex order may be obtained from Theorem 5.2.3 by
fixing A =0.

Remark 5.2.13. On choosing appropriate values of the parameters
b, », A, B in Theorem 5.2.3, we may obtain the sharp estimates for
all coefficients of functions in several subclasses of A. For instant,
using the relations (5.1.3) to (5.1.6), (5.1.8) to (5.1.12), (5.1.14),
(5.1.16) to (5.1.18) and (5.1.21), the theorem yields the
corresponding coefficient estimates of the functions in the classes
K, , S[A,B], C[4,B], S(a), C(a), SP(y,a), RB(y,a), SP*(y,A.B),SP*(y,a)
SP*[y,c,d], G(a), G(a,B), O.(a) and C', respectively. In particular,
the above theorem generalizes the results for the classes studied in
[14,22,38,43,63] and several others.
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