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Introduction

The asymptotic theorem which provides the basis for the theory in
this thesis was proved by Levinson and published in 1948. At that time,
the theorem itself represented a considerable advance on existing
related results but, in contrast, initial applications of the theorem were
only of avery straightforward kind. It was not until some 25 years
later that a real appreciation of the significance and range of
applications of the theorem started to become evident through the work
of Harris and Lutz (1974).

The thesis consists of two chapters . Below a brief description of the

contents of the thesis is given .

In chapter one, we discuss the Levinson theorem and its proof, we

state the Hartman -Wintner theorem, and Eastham theorem .

Chapter two represents applications of the theory of chapter one .




Chapter 1
The Asymptotic Solution of Linear Differential Systems
1.1 Introduction:

The basic problem posed by a differential system
Y'(x)= A(x)Y(x) 1.1)

is that the solution vectors Y(X) cannot normally be written as an
explicit expression involving the entries of the given square matrix
A(x). It is, of course, the difficulty which creates the challenge and
interest in developing a wide range of techniques for investigating the
properties of solutions, where (1.1) alone is taken as the starting point.
The general aim of the asymptotic theory of (1.1) is to identify those
types of system whose solutions can nevertheless be approximated by
such explicit expressions as x approaches some limiting value, the
various types being specified by some given property of A(x) in the
neighborhood of the limiting value. Throughout this theses, we consider
the asymptotic situation where X —ow, and therefore, we take (1.1) to be

defined on some X - interval [a,).




An obvious starting point for the asymptotic theory of (1.1) is to
examine the case where (1.1), though not itself soluble explicitly, does

for large x approximate to a simple system
Y'(x)=A,(x)Y(x) (1.2)

which can be solved explicitly ,where A, is a square constant matrix .
The question then is whether the solutions of (1.1) approximate to the
known solutions of (1.2) for large X .As we shall see, the answer to this

question is not always straightforward and unexpected features do rise.

1.1.2  Notation and Basic Theory

In this section, we state some of important notation and basic

theory which will be useful in this thesis.
113 Notation

O.If | f|< cons.|g| as x — o0, we write f(x)=0{g(x)}.

olf %—) 0 as x> w,(g#0),wesay that £(x)=o0{g(x)}

~ .We say that f (x) is asymptotic to g(x)and we write

f~gif %—»l asx —a. (g#0)

(9]




Special Cases:

M) f(x)=0(1)=|f(x)|<cons.(x »>0) i.e f is bounded.

2) f(x)=0(1) (asx—>xo)= f=0asx—a.

3) §—>1 (as x——)a):>§:1+o(1) (asx—a).

With nxn matrix A = (a5), we define the modulas |A| by

m 113

Al =222 Jail

i=1 j=1
Also |AB| < |A]|B|
Let A be a square matrix. We denote by dg A or, morefully

dg (a,....... ,ann)
the digonal matrix formed by the diagonal enteries aiiin A .

We also denote by A'and A* the transposed and adjoint matrices
defined by
A= (aji)'

A* = (ay).

For matrices whose entries are differentiable functions of x , we define

Al(x) = (a'(x)).




And similarly for integral of x over an interval (a, b) if a<b, then we have

< iﬂA(x)}d;x

bjA(x)dx

A statement such as
A(x) € L7 (a,) and A(x) = o(x™")(x = )

means that every entry ajj(x) has the relevant property.

We now introduce two simple systems of (1.2) which form the basis for

the theory in this chapter.
1.1.4 The Constant Coefficient System

Here Ao(X) is a constant matrix C, and (1.2) is
Y'(x) =CY(x) (1.3)

Let A be an eigenvalue of C with corresponding eigenvector u.

Then a solution of (1.3) is

Y(x)=ue™ (1.4)

Y'(x) = Aue™ = Cue™ = CY(x)

We regard (1.4) as an explicit expression for a solution of (1.3) in terms
of the matrix C. If Cis an nxn matrix and if there are n linearly

independent eigenvectors ux corresponding to eigenvalues A\ (I1<k<n),

(1.4) gives n linearly independent solutions of (1.3) in the form :

Yic(X) =uge™ (1.5)




1.1.5 The Diagonal System

Here Ao(X) is a diagonal matrix A (x) and (1.2) is
Y'(x)=A(x)Y(x) (1.6)

We write

A(X)=dg (AM(X),....., An(X)).
Then, denoting the components of Y(X) by yi(X) (1<i<n), we can split up

(1.6) into the first order equations

yi(x) = 4,(x)y;(x)
for each yi( X ) separately .Hence

yi(®)=c,exp( [ Au(t)d),

where the ¢; are arbitrary constants. If we now take any integer k

(1=k<n) and choose cx=1 and other c; zero, we obtain the solution

Y, (x) = e, exp( [ A (t)dt) (1.7)

of (1.6), where ey is the coordinate vector whose kth component is unity
and other components are zero .Again, as k varies from 1 to n, we have

explicit expressions (1.7) for n linearly independent solutions of (1.6).

Moving on now to system (1.1) which approximate to (1.3) or (1.6)

when X is large, we consider




Y'(x) = {C + R(x)}Y(x) (1.8)

Or
Y'(x) = {A(x) + R(x)}Y () (1.9)

where R(X) is nxn matrix which is small in the same sense as X — .
We describe these systems as asymptotically constant and asymptotically
diagonal respectively. Note that, (1. 9) is more fundamental than (1.8)
because, later in the chapter, we obtain the results for (1.8) from those

of (1.9) by means of a simple transformation.

There are various ways in which R(x) can be thought of as small when
X — oo, the most obvious being
R(x)—>0 asXx — o (1.10)
This condition on R(X) is not, however, a suitable one to work with at
the outset because, as we shall see, it does allow a considerable variety
in the asymptotic behaviour of solutions of (1.9) with more detailed
properties of R(X) also influencing the results .

In the theorem on which the asymptotic theory of (1.9) rests, the

condition on R(X) which arises naturally is

Jj [R(x)| dx <o, (1.11)

by which we mean that each entry in R(X) has an absolutely
convergent infinite integral . This theorem was proved by Levinson
(1948) and it states that, subject to (1.11) and condition on A(X )which
will be introduced into the present account in 1.3, (1.9) has solutions

Yi(X) (1<k <n) such that




Yix)= = {ex +o(1)} exp ( J:/lk(f )ty 112)

As X — oo .Thus, comparing (1. 12) with the right- hand side in (1.7), we
see that the Levinson theorem gives condition on R(x) and A(x)
under the solutions of the (1.9) do approximate to those of (1.6) for
large x.

This result provides the starting point for the asymptotic theory of
(1.1) that mentioned at the beginning of this section .

We refer to a system (1.9) in which (1. 11) holds as having the Levinson
form, and we will prove the Levinson theorem itself in sections 1.3 -
1.4. Then in the later sections of this chapter, we give a number of
consequences we deal with solutions not only of (1.8), but also (1.9)

where (1.11) is replaced by some alternative smallness condition on

R(X).




1.2 Linear Differential Systems

Definition :
A solution matrix for (1.1) is an nxn matrix ®(x) whose columns are
solutions Y; (x) (1<i<n) of (1.1)

Then ®(x) satisfies the corresponding matrix differential equation

D'(x) = A(x) D(x) (2.1)
further , ®(x) is either singular Vx €l (ICR) or non - singular
Vx € I according as the Yi(x) are linearly dependent or linearly
independent in1.In the latter case, ®(x) is said to be a fundamental

matrix for (1.1).

One of the basic properties of a fundamental matrix ®(x) is that any
solution of (1.1) can be expressed as

Yi(x)= O(x) c,

where c is a constant vector .If we also consider a second differential

System

Z'(x)={A(x)+B(x)}Z (x) (2.2)
along with (1.1) , any solution of (2.2) can be related to given linearly

independent solution Yj(x) of (1.1) by the formula




Z(x)= O(x)c + D(x) j O (OB Z(t) dt 2 3)

where a €1, and ¢ is a suitable constant vector.The formula (2 .3) is called

variation of parameters . A useful generalization of (2 .3) is

Z(x)= D(@)c+ @, (x) [ @ (HBHZ(H) dt - D, (x) j’b O ()B(H)Z(t) dt
(2 .4)

where a and b are given points in I, and the fundamental matrix

®(x ) is split up into any two solution matrices for (1.1) in the form

CI)(x) = (Dl(x)+ (Dz(x)-

Now let Z(x) = P(x)W(x) (2.5)
in the (2.2), then the corresponding W-system is giving by

OW'+D'W =(A+B)OW

Thus the effect of (2.6) on (2 .3) is to remove the matrix A(x).
The determinante of @ satisfies the Liouville-Jacobi formula

det ®(x) =det D(a) exp(]trA(t)dt) (2.6)

where trd = Z Qii,

i=1

10




and two simple consequences of this formula will be required later.

First, let ¥ be a given non -singular matrix and define

A=¥'¥". (2.7)
Then W' = 4AY and we can take ® =¥ in(2 .7).This gives

—%log detWV =tr¥V'¥Y"' = —tr¥ (¥ (2.8)

Second, let C be a given matrix , and then introduce x as a parameter and
define W(x)=exp(xC).

Then (2.7) gives A=C, and it follows from (2 .6) that
det exp(xC)=exp(x tr C)

for any matrix C.

11




1.3 The Levinson Theorem

In this section, we state the Levinson theorem on asymptotically
diagonal systems together with a number of explanatory comments on
the conditions that are imposed in the theorem . The actual proof

will follow in 1.4

Theorem 3.1 ( Levinson, N(1948) )
Let A(X)be an nxn diagonal matrix,
A(x)=dg M(X),....., An(X)),
which satisfies the following two parts of condition L.
Condition L : for each pair of integers ofiandj in [1,n] (i #j) and for

all x and t such that a <t < x< o, either

(a) ]-Re{)u'(s) - A{(s)}ds < K| (3.1)
or
(b) J].Re{/h(s) - i(s)}ds > K, 3.2)

where k; and K, are constants.

Let the nxn matrix R(x) satisfying

f | R(x)|die < o0 (3.3)

12




Then, as X — o, the system

V(X (AR Y(X) ()

has solutions Yx( X ) (1<k <n) with the asymptotic form

Yx(x )= {ex +o (1)} eXp(.}‘/’lk(t)dl‘) (3.5)

where ¢, =(C;,C,,Cs,CyevvnnsCye s Crergs-C )|

And C,=0forall izk and C, =1

Discussion

To gain some idea of the nature of Condition L, let us note a

particular situation which the condition definitely excludes . This

situation is where
lim inf [Re(Ai(s)~A(s)}ds =— o0
and

Lim sup ]Re{/?;(s) —Ai(s)}ds =00

both occur for one and same pair (ij).In terms of (3.5), therefore ,

Condition L implies that we are dealing with systems where the ratio
| Yi(x) |/ | Yi(x)] (3-6)

of two given solutions does not satisfy both

13




liminf | Yi(x)|/ | Y{(x)|=0
and

limsup | Yi(x) |/ | Y(x)|=co.
That is, the ratio does not oscillate between large and small values as
x—00, the condition, therefore, represents a regularity situation for the
relative sizes of any two solutions as X — oo,
As they stand, (3.1) and (3.2) are not mutually exclusive ,but they can
be rewritten in a way which does exhibit this feature if (3.1), for

example, is subdivided . Let
I(x) = j Re{Ad(s) — A,(s)}ds.

Then (3.1) is

Iy (X)- L (t) <k,
we have either I (X)— - As X — o or [ (X) 2(constant ) for all x >a.
Putting the latter alternative together with (3.2), we can write
condition L in the following equivalent form L.
Condition L: For each pair of integers iand jin[1,n] (i#j) and all x

and t such that a <t <X < o, either

(a') JRe{/ll. (s)—A4,(s)}ds — —0 as x > (3.7)
[Re{,(s) - 2, (s)}ds < K (3.8)

or

(v) ]‘Re{ﬁi (s)-A,(s)}ds > K, (3.9)

14




With a given j, condition L divides the integers i in [1,n] into two classes
according to A falls under part (a') or part (4'). Correspondingly, in
terms of (3.6), the solutions Yj(x) are divided into those which are
small compared to Yj(X) as X — o and those which are not. For this
reason, condition L. is known as dichotomy condition, and we shall also
use the same terminology for condition L. It is possible to subdivide
(3.9) further into the two cases where I (X )— - and I;( X )>(constant),
and it is in the resulting three parts form that the dichotomy condition

(though not under that name of course ) was originally introduced by

Levinson (1948)

As the theory develops, we shall, on occasions, meet A; of the form
Ai=pilp (3.10)
In this case, the integration in (3.1) and (3.2) can be carried out, and the

dichotomy condition then states that either
|p(x)/ p(x)| < K'|p(t)/ p()) (3.11)

or

[p(x)/ p(x)| 2 K" | p2)/ pA2)| (3.12)

For each i and j, and that a <t < X <o, where K and K" are constants.

Next we mention a stronger form of the dichotomy condition which
is often adequate in applications as well as being easy to verify .
Condition L": for each pair (i ), let

Re {Ai(X)- Ni(X)}= £(x) + g(X) (3-13)

15




Where g(x) is L (a, ) and either f(x) 20 in [a, ) or f(X)< 0 in [a,).

It is clear that either (3.1) or (3.2) holds when (3.13) does.

The necessity of the dichotomy condition in theorem (3.1) can be
illustrated by the following example in which n=2,( 3.3)holds,

Condition L is not satisfied, and the asymptotic formula (3.5) does not

hold .

Example :

we define
P(x)= x2(1-sinx) +1
A = dg(oa py(%(x))

and

0 x
R(x)"[o OJ

in [a, o). With
the system(3.4) is now

Hence v=cp(x),

where c is a constant, and then G(x)=c(1-sin X )+cXx 2, giving

16




u(X)=c(X+cos X )-cx-1+d,

where d is a further constant . taking c=0 and d=1 , we obtain the
solution Yi(x)=ei, which does of course have the form (3.5) since

M(x)=0 here . however, turning to a solution corresponding to

_p'(x)
A= Am

we take d =0 and c=P(a) to obtain the solution
w(x)
V2(x) ={e2+ 0 }p(x)

where
W(x)=(Xx+cos Xx-x-1)/{ x2(1-sin X )+1}.

It is clear that w(X) #0o(1) as x— o and hence there is no solution Y»(X)

of the form (3.5) . Condition L fails to hold in this example because

here

'J Re{4,(s) = 4;(s)}ds =log {p(x)/P(t))

= log [{ ¥ 2(1-sin X )+1}/{t?>(1-sint)+1},
and the choices x= (2N+1) JI, t= (2N+1/2) JI, and x=(2N+1/2) JI,
t=2N JI) (large N ) show that neither (3.1) nor (3.2) is satisfied .

17




1.4 Proof of the Levinson Theorem

We consider a particular k in (3.5) and by making the

change of variables
Y(x) = Z(x)exp( [A(t)dt)
in (3.4) .Then

Y'(x) = Z’(x)exp(]/lk(t)dt) + Y (x)

so (3.4) gives

Z'(x)exp( L Au(t)dt) +Ax(x)Z (x) exp( j Au(t)dt)

= {A(x) + R(x)}Z(x) exp( L Au()dt)
2 Z'(x) ={A(x) = 4, ()] + R(x)}Z(x)
Z'(x) ={A, (x)+R(x)}Z(x) (4.1)

where
Ai(x) = A(x)— A(x)]

and the theorem will be proved if we show that there is a solution Z(x)

of (4.1) such that
Z(x)=ex+0(1) (4.2)

as X — 0,

Working now with (4.1), we write

A1(x) = dg(yl ey

18




1i(x) = Ai(x) — Ae(x)

and , in particular

llk =0

(4.3)

Referring to the dichotomy condition in the form (3.7)-(3.9), we take j=k

with a re-ordering if necessary, we arrange that part (a’) holds for

1<i<N-1 and part (#’) for N<i<n, with
uv(x)=0

(4.4)

corresponding to (4.3). The values N=1 and N=n + 1 are allowed with

the obvious meaning . If we define

w(x) = exp( [ 4(s)dls)
then by L' we have

vi(x) >0 (x >w,l<i<N-1)

M%@]sy (astsxsel<isN-D)

vi(t)
vi(x)

where k'and £” are constants.

<k" (@<t<x<oo,N<i<n)

19
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We complete the initial stages of the proof by introducing
the fundamental matrix ®(x) of the diagonal system
Z'(x)=A(x)Z (x) (4.9),
is defined by

D(x)=dg vi(x),vax),....... V(X))

we write
DO(x)= Oi(x)+ D2x)

where ®i(x)=dg v i(x),........ Vv -1,0,0,.....,0) (4.10)
and D2(x)=dg(0,0,.....,vn,....... ,Vn)

Then (4.7) implies that

|O1(x)D7 (B <c, (a<t<x<oo) (4.11)

while (4.8) with x and t are interchanged, implies that

|[@oAx)07 (B)| <c,  (ast<x<oo) (4.12)
where ¢, and ¢, are constants.

Moving to the main part of the proof, the aim is to show that the

integral equation
Z (@) =en+®ix) [0 ORW)Z ()t — [@2(x)07 (€)R()Z (¢ ) (4.13)

has solution Z(Xx ) and then Z(x) satisfies (4.2) with K=N . It is clear by
differentiating (4.12) satisfies (4.1), in fact (4.13) suggested by variation of
parameter formula (4.11) as applied to (4.1) and (4.9). The important
difference between (4.11) and (4.13) is that we have upper limit « in the

second integral so we have a convergence question to be considered.

20




Applying the method of successive approximation to (4.13), we define
{Zm(X)}( where m=1,2,,....... ) by

Z1( X )=en and

Zm 1(x) = ex + Di(x) f DR ) Zn(t )t
- f Do(x YD (¢)R (¢t )Zn(t )dt (Where m >1) (4.14)

First, we prove that Z,(Xx) is bounded in [ap), then this with (4.11),
(4.12) and (3.3), ensures that the infinite integral in (4.14) converges we
assume that | Zu(X)|<Cn for some constant Cy, then by (4.11) -(4.14),

we have

1Zom +1(x )|g1+c,:j1e(t | |20 @) e +ch(¢)| 2, @) di

Zn 100 <1+ (e, +,)en [IRO)dt =,

IZm + 1(X)l <Cm+1

Since Z; (X) = ey, then the boundedness of Zn,(X) for each m follows.
Next we prove that Z,(X) converges uniformly on [ago) to limiting

function Z(x) . Again by (4.11-4.14) we have
|Zn +2(x ) = Zn 1(0)| < (c1+€2) [[RQO)||Zn +1(x ) = Zun(e
Hence, by induction,

| Zm 1(x ) = Zn(x)| < ((cl +c,) flR (¢ )dt 0 (4.15)

By making a suitable choice for ain (4.14) so that

21




(c, +c.) f R(t)dt| <1 (4.16)

Then , by comparison with a geometric, the series

D AZni(x) = Zn(x)}

converges uniformly in [a,c0). Hence we define

Z(x) = Zi(x) + i (Zi+1-=2,) = limZn(x) (4.17)

=1
and it follows from (4.15) &(4.16) that Z(x) bounded in [a,0) .Thus
| Z (x)|=<K (4.18)
for some constant K. Letting m— o in (4.14), we obtain (4.13).

Now we need to prove that Z(x) satisfies (4.2) with K=N i.e.
Z(X)= ent 0(1)
We write (4.12) as

Z(x) = ev + Di(x) jfcp-1 (OROZ(t)dt + W (x) (4.19)
Where X will be chosen suitably in [a,x] and

¥(x)=Di(x) jX O (OR(E)Z (¢ )dt - f D2(x YD ()R (t)Z (¢ )dt

As before , using (4.11),(4.12) and (4.18) , we have

o)< (e +e.)K J; IR (¢ )|

given &> 0,choose X s.t"}’(x )| <g

Also by (4.6)and (4.10)

Di(x) >0 asx >

IZ(X)-eNI <2¢ for sulfficiently large x .

This completes the proof for 4.2 as well as 35

22




1.5 The Hartman-Wintner Theorem and Eastham Theorem

Here we state two of most important theorem in the theory of
asymptotic solution of linear differential equation as we will see in our

application in chapter 2 .

Theorem 5.1 (The Hartman -Wintner Theorem)
Let A(x) be nxn diagonal matrix

A(x) = dg(Ai(x),......An(X)),

and let A+ be a constant such that

]re{/li(x)—/lj(x)}|25 (5.1)

In some interval [a,») for each unequal pair of integers i and j in [1,n].

Let the matrix R(x) satisfies

p

.[:)lR (x )I dx <o (52)
For some p such that

I<p<2 .
Then the system

Y'(x) = (A(x) + R(x)}Y () 53)

has solutions Y«(x) (1 <k < n) with asympotitc form as x — o

Yi(x)={e+o(l)}exp ([ A(t)+n(t)dt
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Theorem 5.2 (Eastham, M.S.P (1985))

Let A(x) be nxn diagonal matrix

A(x) =dg(li(x),......An(x)), (5.5)

in which {A i(x) -A j(x)} is no where zero in some interval[ayp) for each
pair of unequal integersiand jin [1,n] . Let n x n matrix R(x) satisfies
@) {Ai(x) - A ()} R(x) >0 as x>, 5.6)

(i) ({ Ai(x) - N ()} R(x))'eL(a, , =), (5-7)

for each unequaliandj in[1,n]. Also, let the eigenvalues pi(x) (1< k <n)
satisfy the dichotomy condition L in section 1.3 then, as x—» ,(5.3) has

solutions Yi(x) with the asymptotic form

Ya(x) = {ex + o(1)}exp( j w(t)dt). (5.8)
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Chapter Two

Applications of the Levinson Theorem and Eastham Theorem

2.1 Introduction

The main theorems in chapter one are applied to asymptotically diagonal
systems (1.9). The aim now is to consider other types of systems which
nevertheless be transformed into the asymptotically diagonal cases covered in
sections 1.3-1.5 . The asymptotic form of the solutions for these wider classes of

systems 1s then obtained by applying the theorems in chapter one.




2.2 Solutions of Linear Differential Systems with Constant Coefficient

Consider the vector differential equation

Y'(x)=A,(x)Y(x) , (6.1).
which was introduced in (1.1), where A, is an nxn real constant
matrix. A, defined in (6.1) is called the coefficient matrix of (6.1). In this

section we will discuss the general solution of (6.1) in different cases .
2.2.1 Case n Distinct and Real Characteristic Values

Where A, is an nxn real matrix, suppose that each of the n
characteristic valuesA4,,4,,....,4, of A, is real and distinct; and let

Qy,0y,.....,0; be a set of n respective corresponding characteristic

vectors of A,. Then on every real interval [a,b], the n functions defined

form a linearly independent set (fundamental set) of solutions of (6.1 );
and

Y =c,a ™ + 0,0, ..+ C a0,

where ¢y, ...... ,Cn are n arbitrary numbers, is a general solution of (6.1 ) on
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Example 1

Find the general solution for the given system

7 -1 6
Y'=|-10 4 -12|y (6.2).
2 1 -1
Solution
7 -1 6
Here A=|_10 4 -12|,
2 1 -1

we see that the characteristic equation of A may be written

/13—1022+31/1—30=0/

or in factored form,
(A-2)(A-3)(A-5)=0.
Thus the roots of the characteristic equation are
4=2, A4=3 and A,=5.

A characteristic vector corresponding to 4, =2 is non-zero vector

a
v, =| &, | such that,
Oy
7 -1 6 a, @




which was found to be,

1
v, =|-1}
-1
1 3
In the same way we find v, =| -2 land v, =| -6 |,
-1 -2

thus a fundamental set of solutions of (6.2) is
v,e”*, v,e’*and v,e™,
or ,rewriting slightly,

er eBx 3e5x

__62x _263x _665x

—-sz _e3x _zeSx

and A general solution of the system may by thus be expressed as

C] er e3x 3 eSx

Y(x)=|c, || -€** -2e>* -6 |,

Cs _eZX _e3x _265x

where c,,c, and c;are arbitrary numbers .

2.2.2 Case n Complex Characteristic Values

The complex characteristic values may be present. However ,since
A, is a real matrix, any complex characteristic values must occur in

conjugate pairs. Suppose A, =a+bi and A, =a—bi form such a pair. Then

the corresponding solutions are
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(a+bi)x (a—bi)x
a,e and a,e ,

and these solutions are complex solutions.

Thus, if one or more conjugate complex pairs of characteristic values
occur , the fundamental set can be defined by aielix,i =1,2,...,n,

contains complex functions .

Example2

Solve the initial value problem

dx
i x+4y
Y, (1,-1) (6.3)
ay _ -3x+2
dt Y
Solution

First, note that the matrix coefficient is

1 4

-3 2
Next, we need to find the eigenvalues which are given as roots of the
characteristic equation

ll—/l 4

—(1_ _ - 72 _ =
a 2_2!_(1 2)2-2)+12=22-31+14=0.

This is a quadratic equation. Its roots are given by the quadratic formulas

7-3%V9-56 _3+iV47
2 T2
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3+iV47

SetA = 5

and find an associated eigenvector V. Set
V= (W
Y)

The vector ¥V must satisfy the equation

(% 552525

From the quadratic equation we get :

[1__ 3+i\/EM2_ 3+1JZ7"]:_12,

2 2

then we have

| 3+i47
_3+iJ47 4
2

2

This clearly implies that the two equations of the system are the same.
Therefore, we use only the first to get

1 3+i/47
B - 2 . _(1+i 47)x
yo“ 4 o 8 o *
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Hence, we have

X, X, 8
Yo _8 1+1\/4ﬁ ’

choose

8
V:[1+i\/717}

The independent solutions which will generate the general solution to the system
are the real and the imaginary parts of the complex solution

)

1+iJ47

Since
+i/47
[é”iézjt g NN v
e =e? | cos ——2—)tizsm(T)t )
and

(cos Bt +isin Bt)(1+i47) = cosﬂt—msinﬂt+i(sin,8t+ x/é—ﬁcosﬁt) ,
V47

where [ = —5 . we have

{3+im
2
e

t
] =Y, +Y,,
(1+i«/ﬁj 12

where

v —e%t 8cos [t
e cos Bt —47 sin ft )’
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and

y —e%t 8sin St
2 sin Bt ++/47 cos ft |

Therefore, the general solution is

Y =kY, +k,Y,.

The initial condition Yo =(1,-1) implies

8k, (1
{]ﬁ +47 kz]—[_l}

which gives

-9

1
klz— andkz zgﬁ.

8

Therefore, the desired particular solution is

¥ 1 %t 8cos ft 9 %t 8sin At
=—e ——r—e ,
8 |cosBt—v47sin pt) 8J47 | sin ft+/47 cos Bt

.

Ja

where =

(98]
o




2.2.3 Case Repeated Characteristic Values
If the two roots 4, and A, of the characteristic equation are real and
equal , let us denote their common value 4 then we will have solution

of the form

—_ Ax Ax
Y =c,ae™ +cyxfe

where ciand c; are arbitrary constants, « is a characteristic vector

corresponding to 4 and £ is a vector which satisfies the equation

(A, —ADB=a .

Example 3

Consider the system

dx

—=2x+y
iil=—9c+4
dt J

1.Find the general solution. .

2.Find the solution which satisfies the initial condition

Y, =(1,-1)

Solution

The matrix coefficient of the system is

SEN
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In order to find the eigenvalues, consider the characteristic polynomial
A2—64+9=(1-3)*=0.

Since, we have a repeated eigenvalues equal to 3, let us find the associated

Eigenvector V.

Set

Then we must have AV, =3V, which is translated into

2x+y=3x
-x+4y =3y

This reduces to y=x. Hence, we may take

ul).

Next we look for the second vector V, . The equation giving this vector is
AV, =4V, +V,,
which translates into the algebraic system

2x+y=3x+1
—x+4y=3y+1




where

Clearly the two equations are reduced to the equation y - x=1 or y =1 + x,
where x may be chosen to be any number. So if we take x=0 for example, we

get

Therefore, the two independent solutions are

ool
w31

The general solution will then be
1 ) (0
el )

In order to find the solution which satisfies the initial condition
Yo = (11_1)

we must have

o ffa-(,




This implies c; =1andc, =-2. Hence, the solution is

el

2.2.4 Case Zero Characteristic Values

If we have a characteristic value A,(1<i<n) equal to zero with the

corresponding characteristic vector ai , Then the corresponding

solutionis cai .

Example 4

Find the general solution to

——=2x-Y
dt (6.5)
d—: =-2x+Yy

solution

The characteristic polynomial of this system is

A2-Q2+1)A+0=0
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which reduces to
A2-31=0

The eigenvalues are A=0 and A =3. Let us find the associated eigenvectors.

ForA =0, set

The equation AV =0V is translated into

2x-y=0
—2x+y=0

The two equations are the same. So we have y = 2x. Hence an

eigenvector is

The equation AV =3V is translated into
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2x—y=3x
—2x+y =3y

The two equations are the same (as -x-y=0). So we have y =-x. Hence an

eigenvector is

Therefore the general solution is

1 1
et (Yo 1)

Y[ )

23 The Asymptotic Constant System

Turning now to the asymptotically constant system
Y'(x)={C + R(®)}Y(x) (7.1)
which was introduced in (1.8) , we consider the situation where (7.1) can
be transformed into an asymptotically diagonal system of the type
already investigated. The form of the solutions of (7.1 ) as x > wis then
obtained by applying the theorems of sections 1.3 and 1.5 and

transforming back .
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We denote the eigenvalues of constant nxn matrix C by 4,  and

the eigenvectors by ux . The basic requirement concerning C in this
section is that there are n linearly independent eigenvectors ux .Then

C can be expressed in the diagonal form

TICT=A,

where A=dg(A, A, Ay)
with the eigenvalues being repeated according to their multiplicity,
and T is a non singular matrix such that

T=(uy,uy, .....,un).

Example 5

Consider the system
Y/()=ICHR(} Y() 72)
where Can nxn constant matrix with nlinearly independent

eigenvectors u, . Let the nxn matrix R(x) satsifies

(o]

[REo| dx <o

proves that (7.2) has solutions Y, (1<k <n)with the asymptotic form

Vi (%) = {uy +o(1)}exp(4x)
where /4, are the eigenvalues of the matrix C.

Solution

We will use the transformation

Y=TZ
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Where T= (uj,uy,...,un), and uk are the eigenvectors .
So

Y'=TZ'=CTZ+RTZ

= 7' =T 'CTZ+T'RTZ

. Z'=DZ+R,Z (7.3)

where

D=dg(A, Ay eeer )

and R, =T 'RT (since T is aconstant matrix ).

therfore,

wﬂ&(x)[ dx = ?[T—lRTj dx

a

< o:)ﬂR(x)l dx <o

Therefore, (7.3)is in the Levinson form and the Dichotomy condition
(3.13) is clearly satisfied since A; are constants (1<i<n),

so by Levinson Theorem (7.3) has a solution

Z,(x) = {e, + o(1)}exp( [4,(x) dx
= Z,(x) ={e, +o(1)} exp(A,x) (where 1 <k <n)
and transforming back to Y by the mean of T= (u1,uy,...,un),

we obtain the corresponding solutions

Y, =TZ, = Y,(x) = ft, + (1)} exp(4,x).
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Example 6

Consider the system

oo (10 (3x2 0 ’
Y(A)_{(o 44i]+[4x4 OJ}YKA)

Find the asymptotic form of Y(x).

Solution

Here let

ﬂR(x)l dx <o gince

o]’|3x_2|dx <& o]‘l4x_4}a’x < o0

C is diagonal matrix

(x>0)

We will solve the eigen-value problem: det (C-A\I)=0

-1 0
0 -1-4

’=0:>/11:1 & A, =—

to find the corresponding eigenvectors

we solve det(C-AI)u, =0
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Now with 4,=4, =1 = a is arbitrary ,say a=1 and b=0
L= [;J is eigenvector corresponding to 4, =1

Now with 4,=4, = -1 = b is arbitrary ,say b=1 and a=0
Sou,= [2} is eigenvector corresponding to 4, = -1
Therefore, as an application of example 5 we will have

Vi(x) = {u, + (D exp(2,7) (k=12)

Y, (x)={ e, + 0(1)} exp(x)

Y, (x)={e, + o(1)} exp(-x)

are the asymptotic solutions for (7.2).
Note: This question can be solved directly as application of Levinson

Theorem, since C is a diagonal matrix with A;, A, are constants.

Example 7

Consider the system

, 2 0) (£ 0],
Y(x):{(o 4j+(3f 4f} ()

where  f(x)=kg{l1+o0(1)} (x —> )

such that Ofﬂg(t)| dt < o

Show that the Levinson's theorem is true and find the asymptotic form

of Y(x) . Give an example for this system.
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Solution

C here is a diagonal matrix with \;=2 \,=4

which satisfies dichotomy condition (3.1)

Re(4, ~A)=2—-4=-2<0
OjﬂR(x)[ dx<oo<:>o_cﬂf(x) | dx < oo

o O]lk(l +0(1)| g(x)dx <0 < Ojﬂg(x)’ dx < o

So Levinson theorem is true. Thus

Y, = {e, +o(1)}exp(4,x) (where k=1,2)
Y, = e, +o(1)} exp(2%)

Y, ={e, + o(1)} exp(4x)
are solutions for our system.

As an example for this system

f(x)=kx?{1+0(1)} asx—

where g(x)=x" = g(x) € L(a, )
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2.4 The Second-Order Differential Equation

The Liouville-Green Asymptotic Formulae

We will discuss the familiar second-order.

equation

(P()y" () -a(x)y ()=0
Where the equation is written here in the usual Sturm ~Liouville form,
we emphasize that there is no assumption that p and q are necessarily
real-valued. The main asymptotic theorems in chapter one can be
applied after expressing (8.1) as first-order system .

Example 8

Consider the second-order DE.
() (P()y'(x))"-q(x)y ()=0 (8.1)

Write (8.1) as a first-order system

Y'(x) = A(x)Y(x) (8.2)
Find T matrix such that the transformation
Y=TZ (8.3)

Transform (8.2) into the system

Z'=(A+R)Z (8.4)

44




1

where A(x)=dg{(%)%"(%)/2}

and

R@):-l@f’ll LA
4 pg -1 1

(b) Now let p and q be nowhere zero and C®[a,)

let (pa)//pa=ol(p/9)*] (x—>) 85)
and let {p%q% (pq)'} € L(a,©) (8.6)

let Re(% - 1*2)y2 have one sign in [a,).

1 ,
where r = Z(pq) /pq

Prove that (8.1) has solutions y1 and y such that

v, ~ (pg) ™ eXP( [@/p+r*)" dt], (88)

py; ~ (p7)" exp[ [/ P+r2)l/2dt), (8.9)
With similar formula for y» containing - (...)/2 in the exponential term.

Solution

(a) We consider the system

MR W

(i) let A be expressed in its diagonal form
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solve det (A-AD=0=> 4 =+/p7'q
b ==\p"q

To find the corresponding eigenvectors u; we set Aui=N\iu;

we get

using the transformation
Y=TZ

where
. ( 1 1 ]
e -2/

we get

L7 =(TAT-T7TZ
A=T" AT
L R=-T'T
Z'=(A+R)Z
1

where A(x)=dg{(%)%"(%)/2}

and we need to show

R(x)=-1(—p@, b
4 pg |11
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To get T'and I

Simplifing 5—( p”lq) inT =
'
Thus -TJT’: ——————pq'_'_qp, ! -1 ]
~4pg \~-1 1 k

RZ_T.IT,:{(pq)’(l —1)}
~4pg\-1 1

(b) check the Eastham's Theorem condition, which are
1-distinc eigenvalues

2-{\1-N\2)1 R(x)—0 as x—©

3-[(4 ~4)" R()) € L(a, )

4 — Dichotomy condition hold for eigenvalues of A+R

2&3 hold using the given conditions (8.5) &(8.6) to find the eginvalues of

A+R=C
o[? 0 _l@)_'[l -1
0 A4) 4 pg \-1 1

C:[%—r 4 ]wherer:—l-g—pq—)
r A, —r 4 pq
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det(C — uI)=0

A T — U ¥ _0
r Ay =1 —

= =t +q/p)”

Now check the dichotomy condition
Re(py — 1) = Re2(r* +q/ p)"”
= ‘jReZ(rz +q/p)?du =K,
t
or

[Re2(r* +4/p)"du<K,
t

Thus by Eastham's Theorem

7' =(A+R)Z has a solution of the form
Z, = (g +o(l))exp jﬂk (t)dt
- Z, = (e, +o(1))exp I(—r +(r? +q/p)"*dt

. Z, =(e, +o(1))exp if(—r —(r? +q/p) dt

Y =TZ

e

Y, = ( Pzrj(j()l)) expl fer-e*+a/ ")

From Y1, first component given by
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v, = (1+o(l))expﬁ(—rﬂr?+q/p>1/2>dt}

y, ~ expf [(-r+(c*+q/p)"*)dt]

y, ~exp{ j(r +q/p)"?)dt}.exp jrdt

1(pq)"
4 pq

wherer =

—~1/4

So exp{ _f—rdt} = const(pq)

a

Therefore i, ~(pg) " exp{f(r2 +q/p)"*)dt
And so

s = (oA +oltexpd [ +q/ D)tk exp{ [t |,
Where 7y =(p9)"
(- 9)" + oV)expl [ +4/p))dtkcons(pg) 4,

ny, ~(pg)"* expt [(r* +q/p)"*)dt)
Similarly for y»

Vs ~(pg) Y exp(= (-2 +a/p) )it |

(©73) ~ (pg)"* exp{= J(#* +a/ p)*)dt)
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Example 9

Let p and q as in exercise 8(a) and let (8.5) and (8.6) of Ex 8(b) hold. In

addition, let

3/ 3
P Aq % (pq')* € L(a,») (8.10)
Let

Y o

Re(q/p)’* have one sign in [a,0) (8.11)
Prove that the solution of the D.E .(8.1) in Ex. (8) has solutions y; and
y2 such that
»n ~(pa) " expd [(a/p)")dt}, (8.12)
®y)) ~ (pg)"* exp{ [(q/p)" )dt}. (8.13)

With similar formula for y, containing - (¢/p )" in the

exponential term.

Solution

From ex.8 we put equation (8.1) in the form
Z'=(A+R)Z
Where Y=TZ

1 1
A=d - ” >T:[ 112 j
2((p/a) (pla)") (p/q)/ __(p/q)vz

"1 -1
andR:—l(P;q)—( ]andY:[yJ
4 pg \-1 1 py

A, — A =+2((q/p)" #0 for i,j=1,28&i # j

Since p and q are no where zero
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LA -4, #0 Vxela,©)

A — A, =+2((q/p)"* # 0 for i,j=1,2&i # ]

A —A, #0Vxela,o)
check the Eastham's Theorem condition

(i) condition (1) holds clearly .

1A~ RN 2 -2

1 -1/2 1/2 1 —1
TG
Using (8.5)
[0~ RO =00 | o >0mx e
So condition (2) is also hold .
4 pq

(4,020 R =L =22y

=—§{p-‘/2q-3/2<pq>'}'[_11 ‘ll]eL(a,oobe(s.é)

and in a similar way as in Ex.(8), we can find the eigenvalues of
Alx)+R(x)
Which are

12

i =-r+((q/p)+r’)
w, =—r—(gq/p)+r)"

wherer = _1_(_p_q_)_

4 pq
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Therefore,

Re(z ’ﬂz) = ZRQ(Q/P)’H’?')W

On using the binomial theorem ,we get

(q/p+r)"? =(q/p)" () +12(q/ )" ()

1/2)(1/2 -1 s, 2 (1/2)1/2-1D)(A/2 -2, Y2-3, 2.3
(2D ey WD) sy

Consequently, we write

(q/p+r)" =(q/p)" + %(q/ p) Pt - é(q/ p) rt

52,6

1 ,
+ Ig(q/p) ré—..

(pq)) 2" (pq)

1 -5/2 (PCI)’J()_ .
2' @/p) [(pq) )

=((J/p)‘/2+515—(q/p)“/2((pQ)J . (q/p)“3/2((—@j

+

1

1, , o ,
= (q/p)" tp 4 ((pq)') — i P a((pg))’

| ,
+27P 7/2q l7/2((}761) ) - ...

=(q/p)"+ -21?1?‘3/261 ‘5/2((pq)’)2[1——21;p”q “((pq)) + —z—ll—lp'2q “((pg)) =]

| ,
let Z= 5 p 'g7((pg)')" then
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[l-Z+2Z*—4Z’ +....] is a geometric power series with

a=-7 ,1=-27 &sum = —1-a—

-Z 1+ 7

+ = if-1<Z<1
1+2Z 1+2Z

[1-Z +2Z° —-4Z° +...]=1

and to show that-1<Z<1

we have

1 ()Y

1
Z___ . —I ~3 ! 2
7P 4 ((rq)) 5

So

1 < 1+7
42 12 _ V2 o 1 -3 -5/2 "2
@q/p+r)"”=(@/p) P d (pg)) 7 |

where Z =o(1).

Therefore,

L[1+Z _ 1] l+o() —o()
B 1427 | 2°[1+20)|
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Thus

@/p+r)"* =@q/p)” +o(p™ a7 (pq))’.
We will have

Re(u, — 1,) =2Re(q/p +r*)"

=2Re(q/p)" +2Refo(p V¢ *((pg))'}

=flx)+g(x)

where

f(x)=2Re(q/p)",

g(x)=2Refo(p ¢ (pg))")}.
Note that

g(x) € L(a,»)(by (8.10)).

Therefore, L which is dichotomy condition is satisfied for eigenvalues of
AXx)+R(x).

So by Eastham 's Theorem we have
Z,(x)={e* +o()}yexp( [p, ()dr)

and Y, (x)=TZ, (x)

Then we use similar process as in Ex. 8

v, ~(pg) " exp{ [(r* +q/p)*)dt}

py | ~(pa)"* exp{ [(r* +q/p)")dr)}
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vy ~(pg) " expi=[(r* +q/p)"*)dt)

(py 1)~ (pg)"* exp{~[(r* +q/p)" )t}
Now consider
[(a/p)+ 2= [(q/ p)"a
+ [o(p g (pq'y s

2 p g (pq'y eL(a,©)  (by(8.5))

We have

fo(p"3/2q"5/2(pq’)2dt <00 as X —>

a

Thus

ot g P (pg'yer <K [(p™"q " (pgydr

a

Therefore,

j.o(p*3/2q*5/2(pq')2dt =L +o(l) asx — o

a

Where L is a constant .Therefore,
exp{ [(q/p)+r*)"dt} = exp{ [(q/p) di}e" £
¢! is aconstant and e’ =1+0(1)

~expl [(a/p)+r?)dty =expt [lq/ p)dr} C°
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where C* = constant(1+0o(1))

k=1,2 on Y a constant multiple adjusﬁng by

v, ~ ()" expt [(a/ )"l

Py, ~ (pa)" exp! [(a/ p)")et

With similar formula for y, containing - (q / p)]/ ?

in the exponential term

2.5 The Third Order Differential Equation

In this section we will discuss the third order deferential equation
y"(0)-{g(@)ly(x)=0  O0<x<wx), (1)
which can be transform into the form
- Y'(x)=A(x)Y(x).

If we let
Y=y >y =Y,
Yo=Y DYy =Y =Ys,

v, =y" = yi={q(x)}y,.

LA
Now Y(x)=|Y, |,
Ys
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SO

0 10
Y'(x)=| 0 0 1|Y(x) (9.2
q(x) 00
Example 10

Consider the system

0 10
Y'(x)=| 0 0 1 (x)
g(x) 0 0 (©-3)

Where q(x)=1+kx with constants k and & , 5>0. Show that the system

can be transformed into the form
Z'(x)={A(x)+R(x)}Z (x)

with A(x) is a diagonal matrix , and deduce the asymptotic form of
three linearly independent solutions Y(x)

Solution

We find the eigenvalues of A,

0 1 O
where A, =| 0 0 1
g(x) 0 0
ﬂq=q% :
/12==q%w
ana’/’ig:—qﬂg/
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which form distinct eigenvalues.

where
oo It i3
2
To find the eigenvectors we set
Au, = Au,
0 1 1|y u,
0 0 1||lu =4y
g(x) 0 0]y Us
=>u, = Ay,
u, =Au, ,
qu, = Ay

take u, =1=>u, = 4 > u, = A’
1 1 1

1/ 1/ — Yy
r| 4 h A l=|d® -we® —w
llz 122 2‘32 q% _;q23 _Wq%
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Let T = DQ  where

1 0 0 I 1 1

% .
D={0 g7 0 and Q=1 -w -w
0 0 % I w w

Take Y =TZ =Y'=TZ+TZ'
—Z'=(T"'A4T-T'TYZ

Z'=(A+R)Z (9.4)
(where A = T']AOT and R=-T'T)

:_Q-ID—IDIQ

OfﬂRl dx < 0 &

< constant.x'5'1

q

g—l dx <o where
q

?ID_ID' dx <o <:}>O].

Also Re(4 ~1,)=3 ¢
Re(4, =4)=0
ARe(A ~A)=2q"
Re(Ai—A,)20%i % j or
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