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PREFACE

Let H be a seperable Hilbert space and L(H) the space of bounded linear
operators on H. The Schatten class of index p on H Iis the class of operators:

(e}

Cp(H) = {T € L(H) :sup Y | < Ten, fa > [P <oco} where the supremum is taken
n=1

over all orthonormal sequences (en), (fn) in H.

The class Cp(H) was generalized to Banach spaces via (p, 2)-summing oper-
ators, as it is done by Pietsch in his book ”Operator Ideals”.

The object of this thesis is to give a generalization of Cp(H) to Banach space
case, via p-orthonormal sequences.

The thesis consists of three chapters. In chapter I, we present the basic material
on Cp(H). Orthogonality in Banach spaces is presented in chapter II, where we
present different types of orthogonality known in the literature.

The main work in this thesis is presented in chapter III, where we introduce new
classes of operators ”C,(X,Y)” and study the basic properties of these classes.
The case X =Y =[P is given some attention.
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CHAPTER 1

SCHATTEN CLASSES ON HILBERT SPACES

This chapter deals with basic materials needed in our work. It consists of three
sections. Section 1 includes basic definitions and notations. Compact operators is
the topic of section 2, while section 3 deals with Schatten p-classes.

1.1 Basic Definitions and Notations.

Throughout this thesis H denotes a separable Hilbert space. For z,y € H,
<,y > denotes the inner product of z and y. For z € H, ||z =< z,z>.
By an orthonormal sequence in H, we mean a sequence (zn) such that

0 forn#m

< TpyTm >=
e {1 for n = m.

The best examples of separable Hilbert spaces are:

(1) 12 = {(a:n) : ni::l |z |* < oo} . For z=(z,) and y=(y») in %

o0
<z,y>= Y Tnln

n=1

oo 1/2
||| = (Z W)

(2) L2(I) = the space of Lebesgue square integrable functions (equivalence classes)
on I=10,1] with valuesin R (or C). For f,g € L3(I),

and

1 ——
< fg>= /O F(Og@dt,

and _ 12

1= ( 1 |f<t>|2dt)
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Theorem 1.2.4. K(X,Y) is a closed subspace of L(X,Y).
Proof: See [13, p.98]. O

A non trivial example of a compact operator is the following :

Example 1.2.5. Let F€C(I xI), I =[0,1]. Define

T:C(I) —C(I)

by
T(f)$=/o F(z,y)f(y)dy

For the proof that this is compact, we refer to 8, p.455]. O

Lemma 1.2.6. Let TeK(X). If AeC, A#0 and T — Al is one-to-one,
then R(T — AI) is closed.

Proof: Let (z,) be asequencein X, suchthat (T —AI)z, convergeto y,
say. We claim that: y = (T — M)z for some z € X.
There are two cases for z, :

(i) Let (x,) be bounded. Since T is compact, then (T'z,) has a convergent
subsequence (Tzn,) converges to z, say. But (T — Al)zn, converges to y,
implies that (Az,,) conVerges. Therefore, zn, convergesto z, say.

Now, since T — M is continuous we get: (T — Al)zn, converges to (T — M)z.
Hence, y = (T — A)z.

(ii) Let (z,) be a sequence with no bounded subsequence. Then ||z,| goes to
o0o. Now we have: (T'—A)z, convergesto y and WIZ'W converges to 0, imply

that Q%Iﬁ% conveges to 0. But since T is compact and ”—Z:—“- is bounded,
then {Txlﬁ converges to w, say and (/\ﬁ) converges to z, say. Now we

have: %?—21 converges to (T — AI)z. Hence, (T — M)z = 0. That implies

that T—AI is not one-to-one, which contradicts the condition on T. Hence (zy)
must contain a bounded subsequence. Hence the required. [

Theorem 1.2.7. Let X be Banach spaces and T € K(X). Then :
(i) o(T) is countable and contains only eigenvalues of T together with 0.

(i) R(T — M) is closed for all A # 0.

3




Proof:
(i) We need to prove that: If A € ¢(T) and A # 0, then A is an eigenvalue of
T. Let A € o(T). Then T — Al has no inverse. If T'— Al is not one-to-one,
then thereis z € ker(I'—AI) andso (T'—AI)r =0. This implies that Tz = Az
and ) is an eigenvalue. Now, if T — Al is one-to-one, then by Lemma 1.2.5, we
get: R(T — M) is closed. If R(T' — M) = X then the Open Mapping Theorem
implies that T — Al is invertible which contradicts the assumption A € o(T). If
R(T—M) =W C X. Then by the Hahn-Banach Theorem, there is z* € X* such
that z*(w) =0 for all w € W. Hence, < (T — M)z,z* >=0 forall ze X.
Then < z,(T* — A)z* >= 0. But again if z(f) =0 forall z € X and some
fe X* then f=0. So (T —A)z*=0. Then we have T*z* — Mz* =0,
which implies that A is an eigenvalue for T*. But it is known, [1, p.344] that

p(T) = p(T*) and o(T)=o(T*). Hence A is an eigenvalue for 7.
For the proof of the rest of (i) we refer to [8, p.421].

(ii) Suppose that (T'—AI)(X) is not closed. Thenthereisa y € (T — M)(X), y ¢
(T — MI)(X) and a sequence (z,) in X such that

yn = (T — X)zp, — ¥.

Since (T — M)(X) is a vector space, 0 € (T — M)(X). But y ¢ (T — AI)(X),
so that y # 0. This implies y, # 0 and z, ¢ N(T — AI) for all sufficiently
large n. Without loss of generality we may assume thet this holds for all n. Since
N(T = M) is closed, the distance &, from z, to N(T —AI) is positive, that

is, .
5 i f n > Oo
n= Nl(n ) lzn — 2|

By the definition of an infimum there is a sequence (zn) in N (T —AI) such that

tn = ||Zn — 2n|| < 26,.

Now we need to show that

ap = ||Tn — 2zn]] = 00 as n — oco. (1)

Suppose (1) does not hold. Then (zn —z,) has a bounded subsequence. Since
T is compact, it follows from Theorem 1.2.3 that (T(zn — 2,)) has a conver-
gent subsequence. Now from X # 0 we have I = AT — (T — AI)]. Using
(T = M)z, =0 [remember that z, € N(T'— AI)], we thus obtain

[T — (T — AD)|(zn — zn)

~

Tp —2p =

H

Sl = > =

[T(zn — 2n) — (T — A)zp].




(T(zn — 2zn)) has a convergent subsequence and ((T'— AJ )z,) converges since
yn = (T — M)z, — y; hence (zn — zn) has a convergent subsequence, say,

Tp, — Zn, — v. Since T is compact , T is continuous and so is T — AI. Hence

(T = AI)(zn, — 2n,) — (T = AD)v.
Here (T — M )zn, =0 because z, € N(T — Al), so that from y, —y we also

have
(T = M) (zn;, — 2ni) = (T = M)ZTny — ¥,

Hence (T'—A)v=y. Thus y € (T—AI)(X), which contradicts y ¢ (T — M )(X),
mentioned at the begining of the proof. This contradiction resulted from our as-
sumption that (1) does not hold, so that (1) is now proved. Using again a, as

defined in (1) and setting
1

Wn = 'C;(xn - Zn) (2)

we have ||wp|| = 1. Since a, — co whereas (T —A[)z, =0 and (T = Al)z,)

converges, it follows that

(T = M)wy = —(T = AD)zy, — 0. (3)

an

Using again I = A\"T — (T — Al)], we obtain
Wy = %[Twn (T = MDwy). (@)

Since T iscompact and (wy) is bounded, (Twy,) hasa convergent subsequence.
Furthermore, ((T — AI)w),) converges by (3). Hence (4) shows that (wp) hasa

convergent subsequence, say
Wn,; — W.

A comparison with (3) implies that (I'—AI)w =0. Hence w € N(T —AI). Since
2z, € N(T — AI), also
Up = 2n + aqw € N (T — A).

Hence for the distance from z, to u, we must have

|z — un|l = 6n.
Writing u, out and using (2) and ap < 26,, we thus obtain

6n < |zn — 2n — anw||
= [lanwn — anw|
= anflwn — v

< 26, ||lwn — wl.

5




Dividing by 26, >0, we have 1 < |lw, —w]||. This contradicts wn; — w and

proves the theorem. O

On Hilbert spaces, compact operators have a richer structure.
Theorem 1.2.8. T : H — H is compact if and only if whenever (z,) is

weakly convergent in H, then T(zn) is convergent in H.

Proof: See [8, p.410]. O

Theorem 1.2.9. T € K(H) if and only if

lim < Te,, fn>=0

n—oo

for all (en),(fn) orthonormal sequences.

Proof: See [12, p.58]. O

Theorem 1.2.10. Let T < L(H). The following are equivalent :

(i) T is compact.
(i) There exists a decreasing sequence of positive real numbers (Ap) which

converge to 0, and orthonormal sequences (en) and (fn) in H such
that for every x € H :

o
' Tx:Z/\n<a:,en>fn.

n=1
Proof: See [12, p.71]. O

(o ¢]
T =3 Men® fy is called the Schmidt Representation

The representation :
n=1

of T.

o0
One can easily see that if T = Y Anen @ en, then T* = T. The converse is
n=1

also true.

Definition 1.2.11. A bounded linear operator 7' from X into Y is called
an operator of finite rank if dim T(X) < oo.

The space of all finite rank operators on X is denoted by F(X).

6




Lemma 1.2.12. F(X,Y) CK(X,Y), if X is a Banach space.

Proof: Since every bounded sequence in a finite dimensional normed space has

a convergent subsequence. U

Lemma 1.2.13.

1Y Anen ® full = Al = sup[An
n=1 n

where ), is a decreasing sequence of positive real numbers.

Proof: Consider
1Tzl = 1S A< zen > full®
n=1
=> Pl <zen> 2
n=1
<Y Il < zen > T
n=1
<Pl Y I <zren > [
n=1
< Al 2l

This implies that ||Tz] < [|Anllollzll. Hence [T < [Anlle = sup,|An|. But
[Anll, = sup,|An| = A1. Now consider ITerll = || Zpeq An < 1,60 > full =
|A1| = sup,, |\n|. Hence |T|| =sup,|An|. Hence the required. O

Theorem 1.2.14. F(H) is densein K(H).
Proof: Let T € K(H). Then T = 5% [ Anén ® fn. Define an operator T

of finite rank by Tk = 3.5 _; Anén ® fa.
Now by Lemma 1.2.13, we have ||T —Ti| = | S0 ki1 Anen ® full = |Ak41| which
converges to 0, as k goes to oo. Hence the required. 0O




Theorem 1.2.15. K(H) is a two-sided ideal in L(H).

Proof: Let S,R € L(H) and T € K(H). Let F, be a sequence of finite
rank that converge to 7. Now consider:

|ISTR — SFuR|| = |S(T — Fa)RI| < [|SIIT = Frllll Rl

Since T is compact, then by Theorem 1.2.14. we have: |T'— F,|| converge to 0.
Hence ||STR— SF,R| converge to 0, and therefore STR € K(H) since SF,R

is in JF(H). Hence the required. U

1.3 Schatten Classes on H.
In this section, we are going to study a very interesting class of opeirators on a
Hilbert space H, namely the so-called Schatten classes.

Definition 1.3.1. Let H be a seperable Hilbert space and let 1 < p < 0.
Cp(H) is defined to be the set of all bounded linear operators on H such that

0
sup | < T6p,0, >1P <o
(0n) n=1

where the supremum is taken over all orthonormal sequences (6y,).

Theorem 1.3.2. C,(H) is a vector space.

Proof: Let T € Cp(H). Consider

> | < AT6n, 0, > [P = AP | < TOr, 0 > [P

n=1 n=1

Thus

o0
sup ZI < MNT6,,0, > [P < 0.
(6n) n=1




Hence AT € Cp(H).
Now, let Ti,Ts € Cp(H). Then using the Minkowski’s inequality, we get:

o0 1/p le%s) 1/p
(Z; < Ty + T2)0n, 00 > |P) < (Z | < T10p, 00 > + < T2by,0p > ;P)

n=1

fo'e) l/p
< (ZI < T10n, 0 > l”)
n=1
o) 1/p
- (Z; < Tybn, b > 1”)

n=1

n=1

Now, we take the supremum over all orthonormal sequences, on both sides of the

inequality, we get:

o) 1/p o0 1/p
sup (Zl < (Tl +T2)9n70n > Ip> < sup (Z' < T1«9n,6’n > lp>

fore] 1/p
+ sup (Z[ < Tv6,,0, > ]p>

(6n) \n=1

n=1

< 00
This implies that Ty + T> € Cp(H) and hence, Cp(H) is a vector space. [

Definition 1.3.3. Let T be self-adjoint operator in L£(H). Then T is said
to be positive if and only if < Tz,z > >0 forall z € H. The operator T*T is

positive for any T € L(H).
Definition 1.3.4. [T is defined to be (T*T)*?, [12].

If T is compact, then |T| is compact and positive. Further,
if T =320 Aen® fn then [T] = S L |Anlen ® en. Hence, if T is self-
adjoint, then T = Zle Anen @ e, where )\, is a sequence converging to O.

We refer to [12] for more on [T

Definition 1.3.5. Let T € L(H). We say that T is partial isometry if there
is a closed subspace M of H such that

|Tz|| = ||z forall zeM

and
Tz =0 forall zeM*t.




Theorem 1.3.6. Let T be any operator in L(H). Then T = U|T|, where

U is a partial isometry.
Proof: See [12, p.48]. O

Such a decomposition is called the polar decomposition of T

Theorem 1.3.7. Suppose that 1 <p < oo, and T be a compact self-adjoint
operator on H. Let (\,) be the sequence of non-zero eigenvalues of T. Then

T € Cp(H) if and only if (An) €17,
Proof: Let T € Cp(H). Since T is self-adjoint, then T =377 Anen ® en
where (e,) is an orthonormal sequence. Consider

%)
Ten:z:/\j < é€n,€ > €

j=1
= Anén.
So
| < Tep,en > [P =] < Anen,en > P =\ fP.

Hence

oo o0

S < Tenen> =) Al

n=1 n=1

o0
This implies that > [An[’ < co. Hence (\,) €(P.

n=1

Conversely, let (\n) €'IP. Consider

<T0,,0, >=< Z/\z <€i,9n>€i,9n >

i=1
x
- Z)‘i < e, 0n >< €i,0n >
i=1
Then, using Holder inequality we get:
oo
| < T6n, 0, > 1< Nl | <eip > [
i=1

<> Nl ] < e > KPP il

i=1
) oo /P / oo 1/p*
< (Z'/\llp l < 67;,9»,1 > |2> (ZI < ei,é’n > ]2>

i=1 1=1

10




Since (e;) is an orthonormal sequence, we get from Bessel’s inequality that:

ei, 0a)* < 116a]% = 1.

Dﬁg

i=1

Therefore,
oo
]<T%ﬂn>F§§:MM]<@ﬁn>f
i=1
Then
k k oo
> 1< T, 0n > 7 < SN I I <eiybn > 2
n=1 n=1 i=1

AP | < iy b > |

o
M?;-

-
Il
—_
3
It
—

;AW§:;<6“9:4

IN
:%

s
il
R

'Dﬂgubﬂg

Now, we have

k
Z ’< T0n,0, > P <MD forall k.

n=1

k
and so, supg,) o | < T0n,0n > P < |IA|p < oo . Hence, T €Cp(H) . O
n=1

Theorem 1.3.8. Let 1 <p<oo . Then T € Cp(H) if and only if

(o ]
sup Z|<T6n,fn>|p<oo
(en),(fn) n=1

where the supremum is taken over all orthonormal sequences (en), (frn)

Proof Let T =322 Mbn®n. If sup(e.) (fn) Lmet | < Tensfn > P <oo,
then since | < TOn,gn > P = [Al’ we get: (M) € 1P and T € Cp(H) by Theo-
rem 1.3.7. Conversely, les T € Cp,(H) and T = U|T| be the polar decomposition

of T. Then

11




o0

S i< Tej f;>F =) | <UTle f; >

<
—

j=1

| < |7 %, [T 2U* gy > |

M

1

.
Il

D

< ST el TP U £l

K

j=1

1/2 1/2
_(. ||rT11/2ejn2p) (Z'”T'WU%”QP>

J

8

1/2
B (Z' <|T|"%e;, T ?e; > 'p) |

1/2
(D <|T]V2U £, 1T120" 5 > lp)

—

Jj=1
1/2

J=1

1/2
= (ZI < |Tlej, e > lp) (Zl <[T\U"f;,U"f; > lp)

Taking the supremum over all (e;) and (f;) we get that:
sup(ej),(fj)z;?';l | < Tej, f; > |7 < oo, noting from [12,p.85] that T € Cp(H)

and (U*f;) is orthonormal. Hence, the required. O

Definition 1.3.9. Suppose that 1 <p < oo and T € Cp(H) . Weset [T,

0o 1/p
sup < | < Teyn, fn>IF
(en),(fn) 1

to denote

n=

where the supremum is taken over all (ey),(fn) orthonormal sequences.
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Lemma 1.3.10. ||T|| < |[T)|, forall T € Cp(H).

Proof:
IT|= sup |<Tz,y>|
lzll=llyll=1
oo 1/p
< sup [ Y | <Tziyi >
(l‘i)v(yi) i=1

where (z;), (y;) are orthonormal sequences. Hence [T <||T|,. O

Theorem 1.3.11. || ||, is a norm on Cp(H).

Proof: First, it is clear that [T, > 0. Andif T =0, it is easy to see that
T, = 0. Now if IT|l, =0, then by Lemma 1.3.10, we get IT|| = 0. Hence,

T = 0. Now consider,

n=1

(fj AP| < Ten, fu > |”>

n=1

1/p
|AT||, = sup ( |<ATen,fn>l”>

(en),(fn
1/p

)
= sup
N (en),(fn)

oo 1/p
= |\| sup ZI < Tepn, fn > F
(en):<fn) Tl=1

= [T,

Finally, by using Minkowski’s inequality we get:

0o 1/p - 1/p
(Z | < (Tl +T2)envfn > |p> < (Z’ < Tien, fn>+< Toen, fn > |p>

n=1

0 1/p
< (Zl < Tlen’fn > lp)

n=1
oo 1/p
+ ( l < Then, fn> ]p>
1

n=

n=1

13




Now, we take the supremum over all orthonormal sequences, on both sides of the

inequality, we get:

1/p % 1/p
sup (Zl < (Tl +T2)emfn > |p> < : sup (Z' <Tien, fn> Ip>

(en),(fn) en),(fn) n=1

'/p
+ sup (Z|<T29n,9 >lp>

(en),(fn) n=1

n=1

Hence,
1Ty + Tall, < I Tall, + (1721l

Hence, the required. O
We need the following known inequality, and we include the proof for complete-

ness.

Lemma 1.3.12.

BE)) <L E)

m=1

where a,., are positive real numbers.

o oo PN\ 1/p
Proof: We may assume that (E ( > anm> ) < oo.
n=1 \m=1

o0
Now let Bn = 3. anm. Then [, is a sequence in {P. and

(Z (Z anm) )w = (ij wn)f’) . I,

n=1 \m=1

Since @€ [P, then thereis « €P" such that [[afl,- =1 and < B,a >= |18,

So, we have

00
= _-_>- anﬁn
n=1
oo oo
= E Qn E anm
n=1 m=1




By Monotone Convergence Theorem, we have:

[ o2 o]

”ﬁ”p = Z QnAnm

m=1n=

Thus

Theorem 1.3.13. (C,(H), || ||,) is a Banach space.
o o0
Proof: Let T, € Cp(H) such that > [[Tnf, < co. Claim: T = > T, €
n=1 n=1
[0.°] . [e.°]
Cp(H). Since Y ||Tnll, X oo, then 3 [[Tnl| < oo by Lemma 1.3.10. But £(H)
n=1 n=1

oo
is a Banach space, therefore T = Y. T, € L(H).

n=1
Now, let (en),(fn) be orthonormal sequences in H. Then:

0o 1/p o oo p\ 1/p
(Z|<T6n1fn>|p> =<Z|<<2Ti>enafn>l>

n=1

IA
N
]38
_Mg
A
~
A
™
v,
~—__—
~
>

00 00 1/p
< Z (Z| < Tien, fn > lp) (by Lemma 1.3.12)

n=1

e o]
<> T, <o

15




o0
Hence, |T], < 21 |T3]l, < co. Further,
1=

1T — ZTnp—n Z Tillp

i=n+1

< Z I,

i=n+1

Hence, ||T — ZTHP converges to 0 as n goes to oo, since ZHT” < 0.
i=1 i=1

Hence, the required. O

Theorem 1.3.14. [T, =|T"||, forall T & Cp(H) .
Proof: This follows from:

1/p 1/p
sup (Zl < Ten, fn > lpj = Ssup (Zl <en, T"fn > lp> . g

(en),(fn) n=1 (en),(fn) n=1

Theorem 1.3.15. If U is unitary and T € Cp(H), then UT, TU € Cp(H)

and
lor|l, = 1T0l, = T,

Proof: »
1/p
|UT|, = sup ZJ < UTen, fn > I
(en)(fn) \n=1
00 1/p
= sup | < Ten,U*fn > F
(en),(fn) (;
= [T,

since (U*f,) is an orthonormal sequence.
Similarly for TU. U

Definition 1.3.16. For T € Ci(H), and (6;) an orthonormal basis for H,
define




Theorem 1.3.17. 7r(T) is independent of (8;).

Proof: - Clearly, 7r(T) < oo, since |7r(T)| < |[|T||; < co. Since any operator
T can be written as T =T; +1iT> where T7; and T, are self-adjoint operators,
then it is enough to prove the theorm for self-adjoint operators only. Now let

T =T* and (6;) be any orthonormal basis. Then

i<Tt9j,9j >=i (i)\n < epn,b0; > < ep,b; >)

j=1 j=1 \n=1
o0 oo
2
=)D Anl <en6; > |
j=ln=1
k !
kl_lglo Z/\ | < en,b; > |2
:‘—‘ n_—

= lim lim ZZ/\ | < en,b; >[

k—»oo l—o0
j=1n=1

= lim lim ZZ/\ | < en,b; > [

l—o00 k—oo

n=1 j=1
! k
=1 2
el klirgo_z/\"l<e"’03 > |
n=1 j=1
b o0 o0
=33 Ml <en by >
n=1j=1

I

NE
o

NE
A
e
B

Vv

T

n=1 j=1
o0

= Z’\n”en“
n=1
0

=D
n=1

Hence, it is independent of (6;). O

Theorem 1.3.18. 7r is a linear functional on Ci(H).
Proof: Clear. O
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Theorem 1.3.19. For T € C,(H),
1
ITl, = T, = (rrT/P)*”

Proof Let T = Y oo, Anen @ fn. Then from [12,p.86], we have IT|l, =
(222, AnfP)YP. But |T] = 52, [Aalen ®en So

. 1/p
NI, = (Z l/\nlp)

n=1

Hence
1M, = T,
Now,
TIP = ZIA Pen ® en
Then

(o, ]

TP =Y Al =T
n=1

The result follows. 0O

Theorem 1.3.20. For, T € C,(H) :

00 1/p
I, = sup (Z uTennp> it p>2
(6n) n=1

and
1/p

ITll, = in (ZHTH np> i 1<p<?

where the supremum and the infimum are taken over all orthonormal sequences

(0r).
Proof: See [11]. O

Theorem 1.3.21. Suppose that T € L(H) and 1<p <oo. Then T € Cp(H)
if and only if there is a sequence of finite rank operators Fy, with rank not greater

18




than n such that -
ST = Full? < 0.
n=1

Proof: We get the following proof from [12,p.77].
Let D denote the class of all operators 7' on H for which such a sequence

(F,) exists. Given S and T in D and scalars a and f, choose operators
F, and G, with finite rank not greater than n for which

SIS = FallP <00, D IT =Gl <oo, (*)

and define a sequence (Hp) by
H, =0, Hop = Hopy1 = aFyy + 0G, (n=1,2,...).

Then H, has finite rank not greater than n, and

EE:HC“;+‘ﬂ11_WHﬁ”p=:2§E:”a0g"ﬁh)4'ﬁcr“'6%)“p
n=1

n=2

<2 {lal IS = Fall + 161 IT = Gall}*.

n=1

The last quantity is finite, by (*) and Minkowski’s inequality, so aS+ 8T € D.
Furthermore S* € D, since F; has finite rank not more than n and

SIS = FP =3 IS = Full” <oo.
n=1 n=1

Finally, S is compact since it is the limit in norm of the sequence (F,) of

operators of finite rank.

It follows from the results just proved that D is a linear subspace of L(H)
which consists of compact operators and contains the self-adjoint and skew-adjoint
parts of each of its members. It has already seen, [12, p.76], that Cp(H) has these
properties. Hence each of the subspaces D and C,(H) is the linear span of its
self-adjoint elements; and in order to prove that D = Cp(H), it is sufficient to
show that a compact self-adjoint operator T lies in D if and only if it lies in

C,(H). Givensuch a T, we may suppose that

T$=Z)\m<:r,¢m>¢m (z € H),
m=1
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where (¢,) is an orthonormal sequence and (M) is the sequence of non-zero
eigenvalues of T (arranged in order of decreasing magnitude, counted according
to their algebraic multiplicities, and followed by an infinite sequence of zeros if T

is of finite rank).
If T €Cy(H), define an operator Fp by

Faz =Y An<Z,¢m >¢m (¢ €H).

m=1

Then F, has finite rank not greater than n,

(T-F)z= > An<z,0m>¢m (z€H),

m=n+1

|T = Full = sup M| = [Ang1l-

By Theorem 1.3.7,
oo oo
DT = FallP = 3 Pnaal” < oo,
n=1 n=1

so TeD.
Suppose conversely that T € D. Let G be an operator of finite rank not

o0
morethan n(n=1,2,......... ) for which Y ||T — Gn|® < co. For a fixed n,
n=1

we may choose vectors Tm, Ym (1<m<mn) in H such that
A Y

an——-z < T, Tm > Ym (x € H).

m=1
Then G,(aipr+------ +0pt+10ne1) = 0 provided that the scalars aj,...... , Ot
satisfy the n linear equations
< a1¢1 + """"" +an+1¢n+1,xm >=0 (m= 1, ......... ’n).
With ag,......... ,an+1 (not all zero) satisfying these equations, we have
(T — Gn)(arpr + -7 + ong10nt1)l| = IT(e1pr + -+ + Qg 1Pn+1) ||
= [[Adroapr + e + Ant10n+1Pn41l
1/2
= [|,\1a1|2 e +I/\n+1an+l|2J
> nglJan ]t 4o + an+1]?]
= [Antilllazdr +--oeee e e + ant1Pnt1l
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Hence |Apt1| <|IT — Gl

STl < P+ D IIT = Gall” < 0,
n=1 n=1

and by Theorem 1.3.7, T € Cp(H). [

Theorem 1.3.22. F(H) CC,(H) forall 1<p<oo.
Proof: Let z,y € X. We have:

o 1/p
Hx<8>pr = é?p ) (:{:' <ZzZ,ep >< yafn:>lp)

€n/ n=1

0o 1/2p / o 1/p
< sup {(Zl<xen>lp> (Zl<y,fn>12p> }
(en)(fn n=1

< ll=ll llyll

Also, we have:
Izl lyll = llz @ yll,, < llz®yll,

Hence,
lz@yll, = ll=ll lyll

And since F(H) isthe 8pan of {z®y:z,y € H} then F(H)CCp(H). O

Theorem 1.3.23. F(H) is dense in (Cp(H),| II,)-

Proof Let T CCo(H), then T =3 o Anen® fn and [T = S oo AP
Let F,, =3 X\e; ® fi, then

00 oo 1/p
IIT—Fan=H Z Aiei ® fillp = ( Z |/\i|p>

i=n+1 t=n+1

But since Y ;o |Ai[f is finite, we have (Z;’in+1|)\i|f’)l/p converge to 0 as n
goes to co. Hence, we get: ||T — Fyl|, convergesto 0. U

Theorem 1.3.24. C,(H) CCy(H) if p<yq.
Proof: See, [12, p.76]. O
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Theorem 1.3.25. C,(H)oCq(H) =C, for 1/p+1/q= 1/r.
Proof: See, [12, p.97]. O

Definition 1.3.26. A Banach space X is called uniformly convex if whenever
|| Z2$¥2 || — 1 for any sequences () and (yn) in Bi(X), then [zn—yn| — 0.

Theorem 1.3.27. Let 1 <p<oo. Cp(H) is uniformly convex.
Proof: For p>2, we have the Clarkson-McCarth inequality, [14, p.127]:

JA+BIZ + A~ BIL < 227 (413 + 1BI7)

Let A,, Bp, € Cp(H) such that Hé—"jz'—liﬂllp — 1. Claim: ||An — Byll, — 0.

We can assume that [|Az]l, =1, [|Ball, = 1.

Now,
|A+BIP +|A- B <2P71(2) =2°

So
A, + B, P
o Ant "y 4, — Ba? < 2.
2 I, P

And by taking lim , we get:

2 + Jim || An — Bnll? < 2°

Then
lim [|An — Bn”g =0

Similarly, we can get lim| A4, — Bnllz = 0. Hence, lim|A, — Bn“z =0. 0O
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CHAPTER 1I

ORTHOGONALITY IN BANACH SPACES

In this chapter we present several types of orthogonality in Banach spaces. Or-
thogonality in Hilbert spaces is studied in section 1, while other types of orthogo-

nality will be discussed in section 2.

2.1 Orthogonality in Hilbert Spaces.

In this section, we present some basic properties of orthogonality in Hilbert
spaces. Throughout, H is a Hlibert space.

Definition 2.1.1. Let H be a Hilbert space with inner product <, > .
Two elements z,y € H are called orthogonal, if <« z,y >= 0. We will write

z 1y for x isorthgonal to y.

Definition 2.1.2. A sequence (z;) in H is said to be orthonormal if:

() <ziz; >=0 forall i#j
(i) |lzi]| =1 for all <.

Theorem 2.1.3. Let z,y € H, then the parallelogram law holds, that is
Iz +yl* + llz — ylI* = 2l + 2]II".

Proof: The proof is immediate and will be ommited. O

Theorem 2.1.4. If (z,) isan orthonormal sequencein H, then the following

are equivalent:

oo
(i) 3 anx, converges, in the norm topology of H.
no—ol )
i) > lan|” < oo
n=1 .
o0
(iii) Y an < zn,y > converges, for every y € H.

n=1

Typeset by ApS-TEX
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Proof:
i) — (ii).

Let 5°°° . a,zn convergesin H. Thus the sequence || S L anzal = | 222, anzall.
1/2 1/2

But || 5y antall = (Sheylanl?)  and (Thilanf?)” convergesto (72, lan

Hence || o2y antall = (ol lanf?)™* and so 572 Janf? < oo

(i) — (iii).
Let Y o7, lan|? < co. Then using Holder’s inequality, we get:

) oo 1/2 / « 1/2
Z'an<xn7y>lg (Z'anlz) (Zl<mnay>]2>

n=1 n=1 n=1

o 1/2
< (Z lanl2> llyll (by Bessel’s inequality.)
n=1

< Q.

(i) — ().
Let Y.°° an < xn,y > converges for all y. Now

AN

oo k
> an <@py>=lim Y an <Tn,y>
n=1 n=1
k
n=

Let Tx = Z,’;lan:cn. Then limg_oo Tk(y) exists for all y. Let T(y) =
limg_oo T (y). Since ||Tk|| < oo for all k, and Ti(y) — T(y), then by the
Uniform Boundedness Principle, T is bounded. Hence limg_o Tk(y) is conver-
gent. That is Y o.;anZn converges which completes the proof. 0

Definition 2.1.5. If M C H . then the orthogonal complement of M is the
set Mt ={reH|zLly forall ye M}

ML s readily seen to be a linear subspace of H which is closed; and the
intersection M N M+ = {0}.

Definition 2.1.6. A vector space X is said to be the direct sum of two
subspaces A and B of X, written X = A® B ifeach r€ X has a unique

representation z=a+b where a € A and b€ B.

Then B is called an algebraic complement of A in X.
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Lemma 2.1.7. Every non-empty closed convex set M C H contains a unique

z of minimal norm.

Proof: Let & = infzen ||z|. Choose z, € M so that [|z,]| = 6. Since
M is convex, then 3(zn + zm) € M which implies that [z, + Zp|]? > 462
Furthermore, we have by the parallelogram equality, |z, + Tm|? + |20 — zm|)* =

2 (||#n)|2 + |lzm||?) . But the right side of this equality tends to 46%. Hence (zn)
is a Cauchy sequence in H, which therefore converge to some z € M, with

|z|| = 6. Now to show uniqueness:

If ye€ M and |ly|| =9, then the sequence (z,y,z,y...) must converge as
we just saw. Hence y=2z. 0O

Theorem 2.1.8. If M is a closed subspace of H, then H=M & M*.

Proof: Let r € H. Then by Lemma 2.1.7,when applied to the set x—M, ther
exists z; € M that minimizes ||[z—z1|. Set z2 = z—z1. Then ||z2f < [|z2+y||
forall y € M. Hence zo € M+ by Lemma 2.1.7. Now since z = 7 + z2 this

completes the proof. O

X

Corollary 2.1.9. If M is a closed subspace of H, then (]V[J')J' = M.

Proof:
It is obvious that M C (ML)'L. Since M@M+ =H = M’J-GB(MJ“)‘L,]W cannot

be a proper subspace of (M L)J". This completes the proof. O

Definition 2.1.10. An orthonormal sequence (z;) is said to be an orthonor-
mal basis of H if and only if for every z € H, z = Zf’;l < z,x; > x; Where
the convergence of the series is in the norm of H.

This expansion is called the Fourier series of z.

Definition 2.1.11. Given aset I, let F(I) be the set of all finite subsets
of I, directed by inclusion. Then a family (z;);c; of vectors in H is called

3 & converges in H.

unconditionally summable if the net (
ieM MeF(I)

The limit will then be denoted by > z;.
i€l
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Theorem 2.1.12. For every orthonormal sequence (z;) in H, the following

are equivalent:
(i) (z;) is an orthonormal basis.
(ii) For every A€ I2(I), the family (M\z;),; is unconditionally summable in
H, and
¢:13(I) = H: x> Az
icl
is an isometric onto isomorphism.
(iii) Every z € H can be written z = Yool < T, T > T
(iv) For all z,y € H, we have <z,y>= S < T, >< Ty >
(v) Every z € H satisfies the so-called Parseval’s identity:

lz)* = Zl <z >

Proof:
(i) — ().
Let (z;) be an orthonormal basis for H. Then consider ¢ :1> — H where
¢(a;) = Z a;Z; *
1=1

By Theorem , [|¢((a:)] = (2, Ia,n|2)1/2 = ||(a;)||,- Hence ¢ is an isometry.
Now let z € H. By (i), z = S0, aiz;, and |zl = (2, fai|2)1/2. Then
#((a:)) = z.

(i) — (iii).

Let 2 € H. Then z = ¢(\) for some X since ¢ is onto. Thus z = Zfil AiZ;-
Further, ||z|| = (X ioq IAi|2)1/2 because ¢ is an isometry. But

fore) k
1Y Nzl = Jim | > iz
i=1 =1

k k 1/2
lim (< Z)\ZIEZ,Z)VCB@ >>
i=1 =1

I

k—o0
. 1/2
= (2“\1’12) | < @z > [V

o~ 1/2
= (ZI/\H?) l|2:]l-
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Therefore, ||z;|| =1 forall i. Now

00
<z, x> =< ZAixi,xl >

1=1

o)
= Z)\Z <Z;T >
=1

=\ <zx1,71>

= A1.
and
o0
<z, z; > =< Zz\ixi,xj >
i=1
o0
= Ai < T x5 >
i=1 *
= )‘j'
Hence

e @]
T = g <x,T; > Ty
i=1

(i) — (iv).
Let z,y € H, then

o0
<zy>=<Y <T,T >,y >

=1

oo

=Z<< X, T; > Ti,Y >
1=1
o0

=Y <zm ><wy >

i=1
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(iv) = (v).

Ilz)|* =< z,2 >

o0
:Z<x,xi >< 3, T >

i=1

0o
=Z<x,xi><x,xi>

i=1

o0
=Zf <z,z > |7
=1

(v) = (i)

Let z € {z1,22,...
implies that z = 0. Therefore, {z,z2,...
orthonormal basis. That ends the proof. O

}—L’ then each term in Zzl | <z,z; > 12 equals zero; which
}* = {0} and hence (z;) is an

Corollary 2.1.13. A separable Hilbert space H is either finite-dimensional

or isometrically isomorphic to [2.
\

Proof: See [4, p.317]. O

Corollary 2.1.14.  Every separable Hilbert space H has a countable or-

thonormal basis.
Proof: See [4, p.317]. O

Definition 2.1.15. Anoperator T € L(H) is called unitary if T7* =TT = I.

Theorem 2.1.16. If (z,) is an orthonormal sequence in H and U is
unitary operator, then (Uzy) is an orthonormal sequence.

Proof: Consider

<Uzxp,Uxp > =<U"Uzp,zm >
=< I1z,, Tm >

{ 0 forn#m
- 1 forn=m.
Hence (Uz,) is an orthonormal sequence. [
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oo o0
Set T= 3 e,® fn todenote the operator Tz = ) <z,en > fn. Then we

n=1 n=1

have:

o0
Theorem 2.1.17. An operator T = ) e, ® fn is:

n=1
(i) Isometry if and only if (e,) is a basis and (fn) Is an orthonormal se-

quence.
(ii) Unitary if and only if (en),(fn) are orthonormal bases.
(ili) Partial isometry if (e,) and (f,) are orthonormal sequences.

Proof:
First, let (e,) and (f,) be orthonormal sequences. (i) Let T' be an isometry.
Assume that (e,) is not a basis. Consider M = span(e,). Since M is a
closed subspace of H then H can be the direct sum of M and M L. That
s H=M@®M~*. Let £#0 bein M*. Then Tz =5 "7, <z,en> frn =0
since < z,ep, >= 0. Which implies that |Tz| = ||0]| = 0. But [/z|| # 0. This
contradicts T being an isometry. Thus (e,) must be a basis.

Conversely, let (e,) be a basis. Then consider
ITz|® = || Z < z,en > fol® = ZI <z e >
n=1 n=1

since (fn) is orthonormal. Since (en) is a basis, then by definition 2.1.10, we
have = = > ., < z,e, > e, which implies that lz||? = Yone | <z, en > 2.

Hence ||Tz||?=|z||*> or |Tz| =|z| forall z. Thatshows T is isometry.

(i) Let T be unitary, and assume that (en) is not a basis. Then by (i), T is
not an isometry. That implies T is not unitary which contradicts our assumption.
Hence, (ep) is a basis. Now for (f), let T be unitary and assume that (fn)

is not a basis. Let M = span(f;). Since (f,) is not a basis, then M C H.
But Tox =5 o, <z,en> fn €M forall z€ H. Then R(T) C M. That is
T .- H — M. Consider now an element z € H which is not in M. Then there is
no element x € H such that Tz = z, which contradicts the fact that 7' is onto

(by the defenition of unitary operators.) Hence, (fn) must be a basis.

Conversely, let (e,), (fn) be orthonormal bases. Then by (i) T is an isometry.
We need to show that 7T is onto. Consider R(T) = span(f;) = H. Hence the

required.

(iii) To show that T is partial isometry, we need to show the following:
There exists W C H such that H=W@&W+; and T:W — H is an isometry.
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Moreover, T : W+ — H is the zero operator. Now let W = span(e,). Take z €
W. We have: Tz =) .., <z,en > fn. Further, ITz|? = 5%, | < z,en > .
But z € W impliesthat =73 . anen, and Iz = 32 a2 = 5500 | < z,eq >
Thus ||Tz||® = ||z/|°>. Hence T is an isometry on W. Now let y € W+, then
Ty=3.2, <yen>fn=0 because <y,e, >=0 forall n. That completes

the proof. O

Compact operators on H have a very nice representation using orthonormal

sequences:

Theorem 2.1.18. T =20 Ayen ® fn, where (e,),(fn) are orthonormal
sequences, A, converges to 0, and [|T| = [[(An)le-

Proof: See Theorem 1.2.10. U

2.2 Orthogonality in Banach Spaces. .

One tries to generalize orthogonality in Hilbert spaces to Banach spaces. There
are many ways in which one can define orthogonality in Banach spaces. In this

section we mention some of such orthogonalities.

2.2.1 James Orthogonality.

Throughout, X is a Banach space. Although all definitions could be given for
more general spaces than Banach spaces, it is sufficient for our work to consider

only Banach spaces.
James, [3], had given the following:

Definition 2.2.1.1. Let z and y beelementsin X. Then z issaid to be
orthogonal to y if [lz+ky| > ||z forall k. Wewrite z Ly for = orthogonal

to y.

An element z is orthogonal to a subset M of X if z Lz forall z€ M.

This orthogonality is homogeneous, that is, = 1 y implies that az 1 by for
all numbers a and b. However, it is neither symmetrical nor additive. That is,

z 1 y does not imply that y L z; and (z Ly and x L z) does not imply
that = L (y+ z), respectively.
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It is clear that if (y,) is a sequence that converges to y; and z is orthogonal
toeach v,, then z isorthogonal to y. Hence, for any z theset of all y such

that = L y is closed.

Theorem 2.2.1.2. If H is a Hilbert space then z 1 y if and only if
<z,y>=0.
Proof: Let < z,y>=0, then <y,z>=0. Consider

lz+Myl? =z + X <z,y > +A <y,z > +APlyl
= |lz]® + 0+ 0+ [AP[lyl?
= ||z||> + |AP[lylI*.

Hence |z + Ay||? > |lz||*>. Consequently, z L y.

Conversely, let = L y. That is, ||z + Ay||? > ||lz[|> forall A e C. If y =0,
then the result is obvious. If y # 0, then take A= —SH—Z—I%Z Then

- 2 ([l = =Tl 2 <zy>____ <z,y><z,y>
T 2
= o - L= 2L

Thus < z,y >= 0. That completes the proof. 0

Definition 2.2.1.3. Let X be a linear space over R (or C). Aset M C X
is said to be a (real) linear variety if there exists a (real) linear subspace L C X

and some z9 € X such that M =z¢+ L.
A (real) linear variety A/ is said to be a (real) hyperplane if L is a maximal

(real) linear subspace.

It is known [10, p.127] that M is a hyperplane if and only if there is some
feX* and a€R suchthat M ={z: f(z) = a}.

Lemma 2.2.1.4. Let f be a non-zero linear functional on a Banach space
X and M ={z:f(z) =0} ahyperplane. Then |f(z)| = |If].l|z|| if and only if
zl M.

Proof: Let M be a hyperplane consisting of all elements z for which f(z) = 0.
Suppose that |f(z)| = ||fll-lzll. Then f(z) =0 impliesthat [f(z + 2)|=[f(z)l.
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But |f(z + 2)] < ||fll.lz + || which implies that [z + z| > ||z| forall z€ M.
Hence z L M.
Conversely, let z L M and |f(z)| = p|/z||. So we have:
|7 (z + 2)| = | f(2)| = plz|| < pllz + ]|
But M is a hyperplane through the origin, which implies that |[f(y)| < plly|

forall y € X. Thatis, p=||f|| and |f(z)| = ||fl.l|z]|]. That completes the
proof. O

Theorem 2.2.1.5. Any element of a Banach space is orthogonal to some
hyperplane through the origin.

Proof: Since for any element z of a Banach space X there is a linear func-
tional f such that f(z) =] f|lllz]- Then a direct consequence of Lemma 2.2.1.4
is that: z is orthogonal to some hyperplane through the origin. UJ

Corollary 2.2.1.6. Let r and y be elements of a Banach space X. Then
there exists a number a such that z L (az+y). Also, z L (ax+y) if and only
if there is a linear functional f with |f(z)| = ||flllzll and a=—f(y)/f(z). If
z L (ez+y) then |af <|lyll/ll=]. )

Proof: The first part follow from Lemma 2.2.1.4 and Theorem 2.2.1.5. Now
z 1 (az+vy) ifandonly if ||z+k(az+y)| > |lz|| forall k. let k= —1/a, then
we get [a| < [[yll/]lzl]. O

2.2.2 Orthonormal Sequences in Banach Spaces.

A sequence (z,) in a Banach space X is said to be a Schauder basis for X

if and only if for every x € X there is a unique sequence of scalars (a,) such

that = =) .., anZTn, where the series converges in the norm topology of X. If
the sequence () is a Schauder basis of [z,], the closed span of {z,} in X,

it is called a basic sequence.

The following definition is given in [6].

Definition 2.2.2.1. A sequence (z,) in X is said to be semi-orthonormal

if the following hold:
(i) ||zn|]| =1 forall n; and

(ii) if a, € C such that ) anz, € X, then || 3 anzn| > sup, |an|.

n=1 n=1
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Definition 2.2.2.2. Let (z,) be a semi-orthonormal sequence in a Banach

space X, and (z},) be a sequence of corresponding coefficient functionals. The

sequence (z,) is said to be orthonormal if for any (A,) € {*° and any z € X,
the series Y oo, An < &, > o, converges and the inequality

1Y A <@,z > znl| < sup [Aal|lz]
n=1 n

holds. The sequence (z,) is said to be orthogonal if the sequence (z/||znll)
obtained by deleting trivial terms is orthonormal.

If x and y are elements in the unit sphere of a Banach space X, then z is
orthogonal to y and written zOy if {z,y} is an orthogonal set.

Lemma 2.2.2.3.
(i) Orthogonality defined in Definition 2.2.2.2 is symmetric. That is, zOy

implies that yOz.
(ii) The orthogonality is homogenuous; that is, zOy implies that axQby for

all complex numbers a and b.
(iii) Every singleton {z} forms an orthogonal seta

(iv) Theset z+ = {y € X :20y} isclosed in X.
(v) If (zn) isan orthonormal sequence in X, then (Uz,) isan orthonormal

sequence for every onto isometry U € L(X).

Proof: The proofs of the properties (i) — (iv) are simple and will be omitted.

we only prove (V).

Now let (z,) be an orthonormal sequence in X and U an onto isometry

of X. Since |50, UAnzn)ll =l 2 peq AnZall, it follows that (Uzn) is semi-
orthonormal. If (67) is a sequence of associated coefficient functionals of (U Tnp)-

Thus for z =UZ, we have:

1Y " A < 2,65 > Uzl = || > A < U065, > Uznl|

n=1 n=1

O

=D A <ZUG > Uy
n=1
o o]

=D An <EU0;, > 24
n=1

< 1Al 1211
= [[(An)lloo IUZ]]-
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Hence (Uz,) is an orthonormal sequence in X. O

Lemma 2.2.2.4. Let (z,) be an infinite orthonormal sequence in X and
() be a sequence of associated coefficient functionals. Then limp_.co z7(z) =0
for all z € [zy)].

Proof: Let z =) oo <z} > Tn € [Ty], where the series converges in the
norm of X. Hence |37, <z,zf >z — Y iy <z,2f >zl =0 as n— oo.
Thus || < z,z},.1 > Znt1]l =| < z,7;,,1 > | and that convergesto 0 as n — oo.
This completes the proof. O

Lemma 2.2.2.5. Let (z,) be an infinite orthonormal sequence in X, then
any sequence (z}) of associated coefficient functionals is orthonormal in X*.

Proof: We have [z%| = 1. Now let A, € C such that } 77, Az € X*.
Then for each i =1,2,... |Xi| =| < Zi, Y ooeg Azl > | < |zillll Zope Anzill =
[5°5° Azl Hence, [|>pe; Anzpll > sup, |Anl, and (z7,) is semi-orthonormal.
Now let ()\,) € [®°. Since (z,) isan orthonormalsequencein X, then the linear
map 7 :X — X defined by Tz =3} .o, An <,z > Tn is bounded. Further,

for every € X and z* € X* we have: .
k oo
klim Z)\n < T,z >< Tp,x" >= Zx\n <z, z) >< ITp, 2" > (*)
o n=1 n=1
Hence
klim < Tpz,z* >=<Tx,z* > (**)
— 0

forall z € X and z* € X*, where Tyr = ZfL:l A < z,2) > zn,. Consequently,

lim <z, Tpz* >=<z,T7z*>.

k—oo
This implies that for each z* € X*, the sequence of functionals T;z™ converges
to the functional T*z* in the w*-topology. But from (*) and (**), we have
T*x* = > oo A < Tn, " > z;,. Hence S A < T,z >z, € X* for any
z* € X*. Further,

oo
|<2,) A <Tn,z" >y > =] <2, Tz >|
n=1
) =|<Tz,z* > |
< lz* ||| T
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But Tz =320, Ay <z,2}, > z,. Hence the orthogonality of (z,) implies that
Tz < |||l sup |An]-
n

Thus -
1D An < znyz* > zp]| < |27 Slrllpl/\nl,

and (z}) is orthonormal. O

Theorem 2.2.2.6. Let H be a Hilbert space and z,y € H. Then zOy if
and only if <z,y >=0.

Proof: If < z,y >= 0, then it can be easily shown that zOy. Conversely,
let zOy and z*,y* be the associated coeflicient functionals. Without loss of

generality, we can assume that [lz]] = [ly|| = 1. If < z,y > # 0, then y =
ax+ 2z, ||zl <1 and < z,z2 >=0. Now y*(y) =1=y*(az +2) = y*(z). This
implies that ||y*|| > 1, which is a contradiction. U

Notation. For z € 1P, let supp(z) = {n:z(n)# 0}.

Assume 1 <p < oo in the following:

Lemma 2.2.2.7. Let z,y € I[P such that supp(z) N supp(y) = ¢. Then
zOy.

Proof: Let |z|| = |yl = 1. Since supp(z) N supp(y) = ¢,z and y are
independent. Let z*,y* € [P*, %-l— 1% = 1, such that z*(z) = 1,y*(y) =1
and |jz*|| = [ly*]] = 1. Then supp(z*) = supp(z) and supp(y") = supp(y)-

Consequently z*(y) = y*(z) =0. Now

Mz + Aoyl = (M PlillP + DalPllyl?) 7
> maz{|A], [Asl}

Further, if z = az +by then ||z|| = (JalP +|b/?)"/" and

A <z, >+ <2,y" >yl = (NP <zz” > P+l <zy" > PyL/P

(IMaPlal? + 2P o)
< maz{|A\, |Xal}al? + (b)) 7.

Hence zOy. O

35




The converse of Lemma 2.2.2.7 is not true as the following example shows:

Example 2.2.2.8. Let p > 2 and a::(-2—11/—1,,511/—;,,0,...),3/:(271;,—2—117;,0,...)

be tow elements in [P. Then |z|, = ]Ipr—l Further supp(z) = supp(y), and
z,y areindependent. Let z* = (517, 377=,0,0,...) and y* = (505> —5750,0,....
Then Jlz*le = Iyl = 1, and 2°(3) = 3*(2) = 0 and 2*(2) = y*{y) = L

Let z—/\la:—i—/\gy—(gl/p ,%{‘"7%2,00 .)- Then

p _ 1/p
ol = (et el Bas2el)

> (JM|P+ ]Ag]p)l/p (By Clarkson’s Inequality).
> maz{| A1}, [ 2]}

Hence z,y form a semi-orthonormal set in [P. Now let a,b € R and =z
A1z + A2y. Then

. ) adr +bAe ad; + bhg
la<z,z*>z+b<zy >yH=H< ;W Y ,0,0,...>Il
< lads +bXalP  |ady — bAg[? ) 1/
- 5 2

Without loss of generality we may assume that 0 < |a| < [b],A1 #0 and Az # 0.
Then |ady + bAgfP + |l — bA2[P = [bP|AL[P [[t + s|P + [t — s[P], where s = %
and t = 7. Further,

(maz{al, [BI}7[| A1 + A2lP + [Ar = AofP] = [BP[ALP[I1 + 8P + [1 = s[P].
But from the geometry of balls of R? with the p-norm, we have:

“(S’ —5> - (ts t)”p < ”(37 —S) - (17 l)Hp'

This implies

la < z,z* >z +b < z,y* > y| < mazf{lal,|b|}z].

Hence zOy. O
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Theorem 2.2.2.9. Let f,g € C(I) and |f|| = |lgll = 1. If sign(f) =
sign(g) or sign(f) = —sign(g), then fOg if and only if supp(f)Nsupp(g) = ¢.

Proof: Let fOg. We assume that sign(f) = sign(g) (for the proof of the
other case is the same).

Let h(z) = f(z) —g(z),a=1 and b= —1. Then fOg implies If+gll <
If —gll. Choose h(z) = f(z)+g(z),a=1b=~1 Then ||f—gll <I[f+4].
Hence

(*)

If +gll = lf =gl

Since sign(f(z)) = sign(g(z)), it follows that |[f+g|| > 1 unless supp(f)N
supp(g) = ¢. Similarly, ||f —g| <1 unless supp(f) N supp(g) = ¢. Hence for
equation (*) to be valid, one must have supp(f) N supp(g) = ¢.

Conversely, if f and g have disjoint supports, then
IALf + Aogll = maz{| ALl f], [A2lllgll}-

Further, if x € supp(f), y € supp(g) and |If|| = |[f()], llgll = 19(y)|, let p, and
Lo be the Dirac measure at = and y, respectively. Then

<fur>=1 <gu>=1 and < fiup>=0 <g,u1>=0

and

IAL < hypn >+ Aok po > gl = maz{[ Al < by > (I [X2ll < By p2 > llgll}
< maz{[Ax], A2}l

for any h € [f,g]. Hence fOg. O

The condition supp(f) N supp(g) = ¢ is not necessarily needed for {f,g} to
form an orthonormal set in general as the following example shows:

Example 2.2.2.10. Let [ =[-2,2]. Choose f(z)=1forall z€ I and

1 for1 <z <2
glz)=4¢ ¢z for-1<z<1
-1 for -2<z< -1

Then both f and g ‘are continuous. Further, simple computations show that
A f + Aagll = |A1] + |X2|. Consequently, [|A1f + Aagll 2 maz{|A1],]| 2|} and
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la(A1f) + b(A29)ll < maz{|al,|b|}|A1f + Xagll. Hence fOg. But supp(f) N
supp(g) # ¢. O

Another example is the following:

Example 2.2.2.11. Let z=(1,1,1,...,1,...) and y = (-1,1,1,...,1,...)
be two elements in [*. Then supp(z)N supp(y) # ¢. However, with the help of
some calculations similar to those in Example 2.2.2.10. we get zOy. 0O

Proposition 2.2.2.12. Let X be a reflexive Banach space with an orthonor-
mal basis. Let T € £(X) be compact. Then

lim ||Ten|| =0

for all orthonormal bases (ey) in X.

Proof: Assume that lim,_. ||Ten]| # 0 for some (e,). Then there exists a
subsequence (en,) such that |Ten.|| > € for all n; and some ¢ > 0. Since
(en,) is bounded, (Ten,) has a convergent subsequence. Without loss of gen-
erality we may assume that (Te,,) converges to some z € X. It follows from

Lemma 2.2.2.4 and Lemma 2.2.2.5 that *

lim <ep,,z*>=0

k—oo
forall z* € [eX], the space generated from the associated linear functionals of (en).
(Since [e,] = X, the sequence (e};) is uniquely determined by (e,). ) Since X

is reflexive, then it follows that [eX] = X*. Hence (e,,) converges weakly to zero.

Consequently Te,, — 0 weakly and hence = = 0. Thus |[Ten.|| — 0 which
contradicts the assumption that |[[Te,,| > e. That completes the proof. U

Proposition 2.2.2.13. Let T be a compact operator in £(X), where X
is a reflexive Banach space. Then

lim | < Tep, e, >|=0

n—oo

for all orthonormal bases (e,) in X.

Proof: If possible, assume that there exists a subsequence (en,) of a basis
(en) such that | < Ten,,e; >|>e€ forsome e>0 andall k. Hence (e; is
the associated linear functionals. Since (en,) is bounded and T' is compact, we
can assume that Te,, — z for some z € X. Thus there exists ko such that

|Ten, —zl| < €/2 if k> ko. Thus | < Ten, — 2,65, > | = [ < Ten, e, >
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*

- <z, >|<e/2 forall k>ko. But | < Ten, e, > | > e Therefore,
| <z, e, >|2>¢/2 forall k>ko. Hence

Icl—l—{go <z,e; >#0,
which contradicts Lemma 2.2.2.4. O

Definition 2.2.2.14. Let (xn)nGN be an orthonormal sequence in X, and
A asubset of N. Set P4 to denote the projection:

Py : [zn] — [zn),

Py (i anxn) = antn.

n=1 neA

Theorem 2.2.2.15. Let (e,) be an infinite orthonormal sequence in a
reflexive Banach space X. Let T = > >  Aqef ®e¢n,. Then T is compact if
and only if lim, o [An| = 0.

Proof: Let T be compact. By Proposition 2.2.2.13, [[Te,| — 0. But Te,
Aén. Hence ||Ten| =|An] — 0.

Conversely, let |A,| — 0. Let P; be the projection on span{ei,...,e;}. Then

each P; is a finite-rank operator and T —TP; = ZZ‘; 1 An€r @ €.
But |T—TP;|| <supys;| | Hence [|[T—TF;|| —0. Since TP; isa finite-rank

operator, 7T is compact. U

Definition 2.2.2.16. Let (z,) be an infinite sequencein X. D((z,)) isde-
fined to be the set {(z*) orthonormal in X* suchthat |3 72, An <,z >

T, || < ||zl sup,, [Anl z € X, (An) € 17}

Theorem 2.2.2.17. Let A\, € C, (e,) be an infinite orthonormal sequence
in X, and (8%) € D((en)). Then the following are equivalent:

o0
i) X A<z >e,€X foral zeX
n=1

(i) (An) € 1.
(i) T'= ; Anby @ en € L(X) and [T = [[(An)ll -
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Proof:

i) — (ii).

Let Tnz = Zﬁ___l A < z,0% > e,. Then Ty € L(X) and the orthogonality of
(en) implies that [|Tn|| =supj<cn<n [An]. Ifweset Tz =372 Ay <z,0; > e,
then (i) implies ||Tz| < oo for all # and ||Tyz|| — [|Tz|. Hence (An) €.

(i) — (iii).

Forany z € X, set Tx =) o, An <z,0} >e,. Since (ep) isorthonormal and
(An) €1%°, we have Tz € X. Set T =Y.*_ Abi:®e,. Then Ty € L(X) and
7|l = sup;<p<k |An| by the orthonormality of (e,). Since Tz € X and Tpz —
Tz, it follows that T must be bounded, noting that supy |Tx] < [[(Ax)]le-

Hence T =3 o, Al @ e, € L(X).

(iii) — (i).
Clear. O

x
*

Theorem 2.2.2.18. Let (e,) be an orthonormal basis in X and (e;;) be
the associated linear functionals. Let T = .-, Aper @ e, for some (M) € I°°.
Then the following are equivalent:

() T-!e L£(X).
(i) (A1) € l°°.

o0
This is the case T~ ! = Y s-€ Qen

Proof:
(i) — (i)
Let T-! e L£(X). Then T }(Te,) = T~-Y(Anen) = en. Hence T e, :'/\Len

for all n. Further, for any z € X, T Tz =z =) ., < Z,€}, > en, S0 that

lz|| = | T~ Tz|| < |T~'||||Tz||. Hence, [An|=|Ten| = -”—T%rﬂ, and inf, [A,| >

o 1

0. Further, T~z =32 <z,ef >T len =) 2, x-¢€n ®eén.

(ii) — ().
Let inf,|A,| > 0. Hence (f;) € [°°, and by Theorem 2.2.2.17, the operator
O

A=3>, 3\1;:6;: ®en € L(X). Further, AT=TA=1. Hence A=T""
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2.2.3 P-Orthogonality in Banach Spaces.
Throughout, X is a Banach space.

Another type of orthogonality is defined in the following:

Definition 2.2.3.1. Let X be a Banach space and z and y be elements
of X. <z issaid to be p-orthogonal to y, written zLlp,y, if and only if for all
scalars a and b, [laz + by||P = |alP||z||” + [bP|ly|/P holds.

It is easy to see that if zl,y then yl,z.

Lemma 2.2.3.2. Let T € £(X) be an isometry. If zl,y, then Txl,Ty.
Proof: Consider:

1Tz + Tyl” = | T(z + y)II”

= [l +yl”
= [lz[[” + llyl®
= [[Tz|” +[[Tyl”.

Hence Tzl,Ty. And that completes the proof. O

Definition 2.2.3.3. Let (z,) beasequencein X. (z,) iscalled p-orthonormal

if for any choice of aj,...,ar € C we have
k k 1/p
| Z anZy| = (Z lan|p> .
n=1 n=1

Theorem 2.2.3.4. Let H be a Hilbert space and z,y be two elements in
H. Then zloy if and onlyif <z,y >=0.

Proof: Let < z,y>=0. Then

lz+yl|?=<z+y,z+y>
=<zr,r>+2<z,y>+<y,y>

= ||zl + 0+ [lyll*
= ||z + [lylI*.

Hence z.l,y.
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Conversely, let zloy. Then
lz+ylI> =<z+yz+y>
=<z,r>+2<z,y>+<yY,y>
= [l=lI* + llyll*.

Hence < z,y >= 0. That completes the proof. 0

Theorem 2.2.3.5. Let z and y be elementsin [P where 1< p <oo and
p# 2. Then zl,y ifand onlyif supp(z)N supp(y) = ¢

Proof: Let supp(z)Nsupp(y) = ¢. Then z = (z;) and y=(y ;) with y; #0
if £;=0. Further, z+vy = (z; +v). Then

Iz +ylP =l +yilP

t=1

= > =P+ D

i€supp(x) i€[supp(z)]°
= [|l|[” + [lyll*. )

Thus zlpy.
Conversely, let z.l,y. Assume the contrary that supp(z) Nsupp(y) # ¢. Then
there exists iy such that z;, #0 and y;, # 0. Further,

lz+yllP = |z +wil?

1=1

= >zl D "+l + il

i€supp(z) i€supp(y)

But since |2, +¥io|? # |Tio|? +|¥io /P for 1< p <oo. Consequently, |lz+yl” #
|zl|” + |ly||? which contradicts z being p-orthogonal to y. That ends the

proof. O

Theorem 2.2.3.6. Let f and g be elements in LP,1 < p < co. Then
fLpg if and only if u(supp(f) N supp(g)) = 0.

Proof: Let flpg. Then

If + gl = II715 + llgll7 (*)
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Assume that supp(f) N supp(9) = E, with u(E) > 0. Claim: (*) can not be
true. Consider,

T /I f + gPPdu

= lflpdu+/ If +glPdu+ | |glPdu
Ey E Es

where Ey = supp(f)—E, B2 = supp(g)~E. Thus |[f+gl3 # IfI5+Igllp which

contradicts (*).

Conversely, assume supp(f) N supp(g9) = £ with u(E)=0. Then

If +glE = / 1+ gPdu

L

|f + glPdu

/s'u,pp(f)u[SUPP(f)]c

=/ |f+gl”du+/ |f + g|Pdu
supp(f) [supp(f)]°

- / FPdp + / glPdy
supp(f) [supp(f)]°

— [ 1spdu+ /1 lglPdy

= [I£1I7 + llgli7-

Hence fLlpg. That completes the proof. U

Theorem 2.2.3.7. Let X be a Banach space. If (z,) is p-orthonormal

[o%0) . 1/p*
sequence in X, then <Z | < zp,z*>|P ) <||lz*|I.

n=1
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Proof: By the Hahn-Banach Theorem, we have:

k

k l/p'
(Z] < ZTp,z* > |P‘“> =) an <zp,z* > |,llal| < 1,(an) € 7.
n=1

n=1

k
=|< Zanxn,x* > |
n=1
k
<> anzallllz"|
“; 1/p
= (Z lanl”) ="
n=1

< L™

= [lz*]-

Now take the limit as k& — oo, we get:

00 l/p* k p l/p*
* p‘ — . * p*
(Zl<xn,x > | ) klin;o (Z[<xn,x > | )

n=1 n=1
< lim ||z*|.
k—o0
00 . 1/p”
Thus (Z | < zp,z* > P ) < ||z*]|. That ends the proof. O
n=1
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CHAPTER III

SCHATTEN CLASSES ON BANACH SPACES

We are ready in this chapter to generalize the concept of Schatten classes to
Banach spaces which is the main part of the thesis. The chapter consists of two
sections. In section 1 we are going to define Schatten classes on Banach spaces. In
section 2 we will present some results on Schatten type classes.

Throughout, X and Y are Banach spaces.

3.1 Generalizing Schatten Classes to Banach Spaces.

In this section we will define the Schatten classes on Banach spaces.

Definition 3.1.1. Let 1<p<oo and r>p.C.(X,Y) isdefined to be the
set of all linear operators T € L(X,Y) such that

0o 1/r
an (i) <o
(en) n=1

where the supremum is taken over all p-orthonormal sequences (en) in X.
Cr(X,Y) is called the Schatten class of index r.

Lemma 3.1.2. C.(X,Y) is a vector space.
Proof: Let T €Cr(X,Y) and X is a scalar. Then

oo 1/r 00 1/r
sup (Z ||<AT>enW> = |A sup ( 1 nTenw)

(en) \n=1 n=
< 0.

Typeset by ApmS-TEX
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Hence M\T € C.(X,Y). Now let T1,T7 € C,(X,Y). Consider,

0o i/r 0o 1/r
(Z (71 +T2>enu") = (}: | Tyen +Tzennr>
n=1

n=1

[ 1/r 00 1/r
(Z IIT1€n||T> + <Z HTaenHr>
= i 00 1/r
(Z !|T2€nHT)

0o 1/r
< sup (}: (Teeal” ] +sup
(eﬂ-) n=1 (e ) n=1

n

IA

Hence
oo 1/r oo 1/r 00 1/r
sup (Z (T, + Tg)enH’") < sup (Z HTlenH’") + sup <§: HTQenHT>
(en) n=1 (en) n=1 (e’n) n=1

< 0.

Hence Ti + T € C-(X,Y). Hence the required. O

Definition 3.1.3. Supposethat 1<p<oo, r>p and T €Cr(X,Y). We
set ||, to denote

00 1/r
mm(Zreer)
€n n=1

where the supremum is taken over all p-orthonormal sequences (en)-

Lemma 3.1.4. Let T € C.(X,Y). Then ||T|| <|T|, forall r>p and
1<p<cc.

Proof: Every singleton {z} is a p-orthonormal set since [laz||” = [a”[z]".
Thus ||Tz|| < ||T||, forall z with ||z||=1. Further '

sup [Tzl < [T},
izl <1

This implies that
IT|l = sup [Tz < [TV,
lzll<1

That ends the proof. U
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Lemma 3.1.5. |||, isanormon C.(X,Y).

Proof: It is obvious that [|T|. >0 forall T €C.(X,Y) andif T =0, then
|IT|l, = 0. Now if [T, =0, then by Lemma 3.1.4 we get |[T|| =0 and hence

T = 0. Further,

0o 1/r
[AT]|,. = sup (Z ||/\T8nllr)

€n n=1

0 1/r
= sup (Z l)\]rHTenHT)
(en) n=1
. 1/r
= sup [A| (Z uTenlr)
(en) n=1

Hence ||AT]|, = |A|||T|,. Finally, by using Minkowski’s inequality we get:

o 1/r o 1/r 00 1/r
(z T +T2>enw) < (z lmennr) N (z unen:r)

n=1

1/m o 1/r
< sup (Z I T1enll ) +sup (2__; “T2€n”r)

(en)

Hence
o 1/r /T 0o 1/r
?UI; (Z I(T1 + Tz)en“r> <su ? (Z | Trenl| ) + ?UI; (Z HTzenHr>
€n n=1 én) \n=1

Hence |71+ T3, <|ITill, + || T2]l,- And that completes the proof. U

Theorem 3.1.6. (C.(X,Y),]|ll,) is a Banach space.

Proof: Let T, € C.(X,Y) such that »  °, |ITn], < oo. Claim: T =
S Tn € C(X,Y). Since > oo L IITnll, < oo, then by Lemma 3.1.4 we get
S ITall < oo. But L£(X,Y) isa Banach space, consequently T'=Y o, Tn €

L(X,Y), where Tz =3 oo, Tyz.

Now we claim T € C.(X,Y), thatis limg_co mel T, existsin C.(X,Y).
Indeed: By Lemma 1.3.10 we have:

0o 0 r\ /7 o) 0o 1/r
(Z | ZTnenH ) < Z (Z ”Tnennr)

n=1




where (en) is a p-orthonormal sequence in X. But

oo 1SS 1/r .
> (Z IlTnenH"> <> Tl < oo
n=1 \i=1 =1

Hence the operator T = .- T, € C-(X,Y).

It remains to show that limg— o Zﬁ=1 T, existsin C.(X,Y). That is we want
to prove that || Zg=1 T, —T||- — 0. But

oo () r\ 1/7 00 0o 1/r
(zn 3 Tnenu> <y (zn:rnenw)

i=1 n=k+1 n=k+1 \i=l
oo
< D Tl
n=k+1
So
00 o) r\ 1/7 0o
gip (zu 5 Tnenu) < 5 I,
(en) i=1 n=k+1 n=k+1
Thus
o0 oo
)" Tl < > ATl

But Y oo i1 7wl — 0 since S ITnll, < oc. Hence the required. O

Remarks 3.1.7.
(1) For p=2, X =Y =1* we have:

Co(12,12) = {T € L(1?) : Yor; [Ten|” < A < oo for all 2-orthonormal se-
quences (en) in I2}. If 7>2, then C.(I*,1°) is just the Schatten class Cr(1?)
a fact which follows from the definition of C.({?), [12, p.75].

(2) Coo(I*, E) = L(I', E) where E is a Banach space.
Proof: Asin Lemma 1.2.4, Co(I*, E) C L(I',E), and

1T < 1T (*)
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Now let (e;) be a l-orthonormal sequence in [, and T € L(I',E). Then
[Tesll < ITliled] for all i. This implies that [(ITe:l)lw < ITI- So Il <
IT(. From (*) we get [T]| =T, O

lloo

Theorem 3.1.8. If 7y <rj, then Cp (X)CCpny(X) and [T, <IT,,-

Proof: Let T €C (X) and (e,) bea p-orthonormal sequencein X. Since

o 1/re 00
(Z nmu”) < (Z nTenn“)

<7l

1/7‘1

Weget T €Crp(X) and [T, <|T],,. O

Theorem 3.1.9. Let A€ C.(X) and B € L£(X). Then BA e C.(X) and
IBA|,. < || BIl[All,.

Proof: Consider

1/r

oo‘ 1/r 00
(Z II(BA)enIIr> < (Z IIBHTHAenIIT)
n=1 n=1
o0 1/r
< |IBll (Z HAenllr)
n=1

Take the supremum over all p-orthonormal sequences (ep) in X, to both sides
of the inequality, we get:

1/r

(en) n=

) 1/r %)
sup ( H(BA)enH’") < HBH?UI; (Z ”AenHT)

Hence BA € C.(X) which completes the proof. U
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Theorem 3.1.10. Let A € C.(X), r>p If T isan isometry onto X,
then [|AT]], = [|Al.

Proof: Let (e,) beany p-orthonormal sequencein X. Since T isisometric
onto, then there exists (f,) such that Te, = f,, and (f,) is p-orthonormal,
by Lemma 2.2.3.2. Now

=]

Again since T is isometric onto, then for every (f,) p-orthonormal sequence
there exists (e,) p-orthonormal sequence such that Te, = f,. Hence (*) gives

1/r o 1/r
sup (Z |AT e, || ) = ?u;)) (Z HAenHT)
€n n=1

(en)

and this implies that ||AT||,. = [|A]|,. O

Theorem 3.1.11. Let T € C.(I?). Then there exists (A,) € I” and g, €
B;(IP) such that T =3 2 A\6p ® gn where (6,) is the natural basis of 7.

Proof: Let z €1IP, then z =73 o, <0y > b, where the series converges
in [P. Then

Tr=T (hm Z<x6 >(5>

k—oo

k
= lim <z b, >To,

k—o0
n=1

= IT6ull < 2,60 > gn,

n=1

where ¢, = ”%gﬁ, noting that we remove the indices where T6, = 0. Set
An = |Tén|l. Since T € C.(IP), and (6n) is p-orthonormal, we get (An) €17,
Thus Tx = Y ooqAn < Z,0n > gn. Consequently, T = > 1 Anbn ® gn. And

that completes the proof. O
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Definition 3.1.12. Let 1 <p<oo and E be any Banach space. We set

o0 1/p
quJm={TezmﬂEymm(§:M@mﬂ < o0}

(en) \n=1

where the supremum is taken over all p*-orthonormal sequences (ep) in P

Note here p need not be greater than p*. We set

00 1/p
T, = sup (Z HTenn”> ,

g n=1

where the supremum is taken over all p*-orthonormal sequence (en).
For C,(IP",E) we have a better result than that in Theorem 3.1.11. Indeed:

Theorem 3.1.13. Let 1< p < oo. Then the following are equivalent:
() T eCy(lP,E).
o
i) T=S Abn®gn, where (A\,) €? and g, € E with [gnf = 1.
n=1

In this case [T, = [[(An)ll,-
Proof:
(i) — (ii).

Let T € C,(IP",E) and z € IP". Since (6,) is a basis for {P°, we have z =

S 1 <Z,6p >0, So T = > > 60 ® TS, where the series converges strongly.
Hence T = Y o0 Apbp ® gn where A\, = [|[T6,|| and gn = W%T' But since

T € C,(IP",E) then

oo 1/p oo 1/p
(Z w) = (Z umn”) < Il

n=1

So (M) € and [[(An)ll, < N7,

(ii)) — (i).
Conversely, Let T = S50 A\u8, ® g, (An) € 1P and g, € E with |lgn|l = 1.
We claim that T € Cp(IP", E). First we prove T € L(IP",E). For thislet z € P .

Then
1Tz <> Al < 6pyz > |

n=1

< [An)llpll=

p*
(by Hélder’s inequality.)
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Thus T € L(I?",E) and |T| < |(An)ll,- Now let (ex) be any p*-orthonormal
setin [P". Then

oo 1/p oo oo 1/p
(Z ||T€ka) = (Z 1D An< bnyer > gnllp>
k=1

k=1 =1

e’} e’} p 1/p
(5 (St
=1 \n=1

AN

<Y akldal <nier > for (ar)ll,. =1,
k=1n=1 ( by the Hahn-Banach Theorem.)
oo o

<SS lael Al < l6al, ekl >
k=1n=1

But || Yoo [Aalléalll, = CCnm: Ml)P. Since [6,] =6n. Thus 0% [Anll6n]
€ IP. Consequently, since |ex| € IP" we have:

o) 1/p 0o 00
(Z HTekllp> <Y larl <D alldal, lexl > -
k=1 n=1

k=1
Again since (ey) are p*-orthonormal then [(ex)| is also p*-orthonormal. So
15252 lakllexlll,. = ll(ar)ll,. =1. So 3752 laxllex] € IP". Hence

00 1/p o 0o
(z nmup) 1< S Palloal S ales] > |

<Y Pallsall, 1D laxllexlll,
n=1 k=1

< N An)ll-
Since (ex) was arbitrary p*-orthonormal sequence, it follows that T' € Cp(IP",E)
and |71, < ()l ©
Theorem 3.1.14. If AeC.(X,Y) and Be L(Y,Z), then BA € C.(X,Z).

Proof:

Consider
1/r

o0 1/r oo
(Z HBAén”T) < (Z IIBIITHA5nHT>
oo 1/r
<|Bll (Z HAénllr)
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Take supremum over all p-orthonormal sequences in X, to both sides of the
inequality, we get:

|BAl, < BJIAl, and BA€C.(X,2). O

Theorem 3.1.15. For r > p*, F(IP) C C-(IP).

Proof: |
Let z*€lP, yelP and (e,) be any p-orthonormal sequence in [P. Then

1/r

0o 1/r o
(Z * ®y) en)!l) = <Z|<x*,en>lr> Iyl

since r > p*. Now

0o 1/r 0
(Z | (z* ®y)(€n)HT> = ||y|| (Zl <z en > |r>
" ’: . 1/p*
< llyll (Zl <z*en > 1P )

< [lyllll=™{l-

1/r

Taking the supremum over all p-orthonormal sequences (en), we get:
lz* ®yll, < [lz*[[[lyll. Thus F({P) CC(1P). O

Theorem 3.1.16. C.(I?) CK({?) for r>p>2.

00 k
Proof: T € Cr(I?) implies that T = > Ap6n® gn. Set Tp = D Anbn @ gn-

n=1 n=1

Then

)
”T_Tk“ = “ Z Anln ®gn”
n=k+1

< ( i IAnlp>1/p

n=k+1

But (ZfzkHMnIp)l/p converges to 0. Since Tj € F(I?), then T € K(IP).

That completes the proof. [
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Theorem 3.1.17. For r>p>2, z*®ye(.(X,Y) forall z*e€ X* and
y€Y.

Proof: Let (ep) bea p-orthonormal sequencein X. Then (z*®y)(en) =
< en,z* > y. Further,

oo 1/r 0 1
(Z (=" ® y)(en)llr) < (Z (=" ® y)(en)Hp)
" B oo 1/p
= ilyH<Zl < en,T" > !p>

/p

n=1
0o 1/p*
< |lyll (ZI <en,z* > P )
n=1
< lylillz*l (by Theorem 2.2.3.7.)

Hence z*®y € (X,Y). O

Theorem 3.1.18. Let r>p>2. Then F(X,Y)CC.(X,Y).
Proof: Since F(X,Y)=span {z*®y: z*eX*, yeY} O

Theorem 3.1.19. Let E Dbe reflexive Banach space and 1 <p <oo, p#2.
Then .
(C 7" B)) = Cpe (17, E7).

Proof: Let A € Cp~(IP,E*). Define
Fy: Cp(lp*,E) —R by

FA(T) =Y < A6y, Tén > .

n=1
Then
FA(D)| < 3| < A6y, T5, > |
nz; /9" / 1/p
< (Z ||A5n[|p*) <Z ||T5n||p) (by Holder’s inequality)
-1 n=1
< IIX e
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Hence ||Fall < ||All,.. Thisimplies that Fu € (Cp(lp*,E))*. Further

o 1/p
1Al = (Z ||A5nup*) (by Theorem 3.1.13.)
n=1

= > anll46al, laall, =1

o0

= | Zan < Abnyn > 1, lunll =1
n=1
= <AbuGn > Ndall, =1
n=1
Define .
T() . Zp — E by
o0
To=) 60 ®n
n=1
Then
| Toxll < ||z, 1(@n)Il, (by Holder’s inequality.)
<zl e -

So Ty € L, E). But (S22 I1To6alP)"/” = (T, 1@a)I7)"/7 = 1. Again by
Theorem 3.1.13, Tp € Cp(IP ,E) and |Toll, =1. Thus

Al =13 < A8, Tobn > |

n=1

= |Fa(To)|
< |[FalllToll,,
< || F4ll

This implies that |[Fal =4
Now define

P’

J: Cpe (I, E*) — (c,,(zp*,E))* by




J is isometry. Further we claim J is onto, Indeed: Let F' € (Cp(lp*,E))*.
Define

A:lP - E* by

< Az,y >=F(zQy).

As z®y € Cy(IP",E), it follows that
| < Az,y>|=|Fz@y)|

< [|Flllz @ yll,
= (|l {yll-

Hence |[|A| <||F|| and A€ L(IP,E*). Now consider

0o 1/p” 00
(ZuAénup*> 1S an < Abugn > el =1 lonl =1, g€ B

= < Abn,Gn >, (I3, =1.)

=1

:ZF((STL ®gn)

n=1

3

But by Theorem 3.1.13, 22;1 b0 ® Gn € Cp(lp*,E) and | Zf;l 5 ® dnll
(52, 13a)7)P. Thus

0 1/p* o0
(Z HAMP") =|F (Z n ®§n> |
n=1 n=1
< [ F[II(ga)ll,
<|Fl.
Thus by Theorem 3.1.13, A € Cp-(IP, E*). Further it is easy to see that F' = Fa.

That completes the proof. O
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3.2 More Results on Schatten Classes.

In this section we will study the relationship between C.(X,Y) and the operator
ideal of p-summing operators.

Definition 3.2.1. Let T € £(X,Y). Then T is called (p,q)-summing
operator if there exists A > 0 such that

n 1/p n 1/q
> ||Txi[|p) <A sup [ [<zizt > (*)
i=1 lz=I<1 \ ;=1
forall {zi,zq,...,zn} C X. Wewrite II, ,(X,Y) forthespaceof (p,q)-summing

operators from X to Y. For T €I, ,(X,Y) we set

1T llrz(p,q) = inf{A: = holds }.

It is known , [11, p.230], that ||T|yq, is @ norm on II,4(X,Y) and
I, ,(X,Y), ””n(p,q)> is a Banach space. If p=g we write II,(X.Y), [l
for II,,(X,Y) and |||, respectively.

We refer to Pietsch, [11] for more on (p, ¢)-summing operators.

Theorem 3.2.2. II,,«(X,Y) CC.(X,Y).
Proof: Let T € I, ,~(X,Y) and (e,) be any p-orthonormal sequence in
X. Then

k 1/7‘ 00 l/p*
Z | Tenl|” <\ sup Zl <ep, x> P )
n=1 flz= || <1

n=1
<A |lz*l (by Lemma 2.2.3.7.)
=\

o 1/r
Hence (Z ||Tenllr> <A So Te(C.(X,)Y). O
n=1

For r =p =2, we have the following nice result:

Theorem 3.2.3. Let X be any Banach space and 0 < s < co. Then
II,(1?,X) = Co(I?, X) where equality is the set equality.
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Proof: By a result of Kwapien, [9], TI;(i?,X) = II5(/?, X). Thus it is enough
to prove the theorem for s = 2.

By Theorem 3.2.2, TI5(I?,X) C Cy(I?,X). For the converse, let T € C2(1%, X)
and (e,) be any sequence in [2. If

- 1/2
sup ( | <en,x*>]2) =00
1

lz*l<1 \ 5=

then

o 1/2 o~ 1/2
(Z HTenHQ> < sup (Zl <ep,zt > :
n=1 lz*]<1

n=1

So assume that

~ 1/2
sup (Zl <en,x*>!2) =\ < oo.
lz*lI<1 \ =1

Define A:12—12 by A=Y 6,®e,. Then for each x & ? we have

n=1

1Az = | ) < 6n,z > enl

n=1

oo
=) <bn,z><en,z">|

n=1

for some z* €1%, |lz*||=1 by the Hahn-Banach Theorem. So

o 1/2 / oo 1/2
| Az|l < (Z | < 6p,x > ]2> (Zl < en,x" > f2> (by Schwartz inequality)
n=1

n=1

0o 1/2
< || (ZI <en,T" > 12)
n=1

<Azl

Thus A€ L(I?) and 4] < A. Now

oo 1/2 o 1
(Z HTenlI2> = (Z HTAénH2)
00 o\ 1/2
A
= || A] (‘; I renl )
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Set A= ”—ﬁ”. Then ||A]| =1 andthussince A= Zle a;U;, where U,; are uni-
tary operators. Since unitary operators take 2-orthonormal setsto 2-orthonormal

sets, we get:

oo 1/2 4
(Z lITenH2> < AT, Y fod
1/2
<Al sup (Z|<emx >a)

llz*]I<

Thus T € II,(1%, X) and [T < ¥[T|l,- And that completes the proof. O

Theorem 3.2.3 is not true in general if 2 is replaced by other Banach spaces as
the following example shows:

Example 3.2.4. Let p > 2, (\,) € I but (A\,) ¢ (. Consider the
operator T = Y o7 Apbp ® 6. Then T € II,(I?) C Cp(IP). But T ¢ I« (7).
Hence II;(IP) # Cp(lP) forall 0 <s<oo. O

For the next theorem which is our last result, we need the following definition:

Definition 3.2.5. Let X be a Banach space. (y,) is called uncondition-
ally summable if there exists A such that | > oo, anynl < Asup, |as| for all

(an) € 1*°.

Theorem 3.2.6. Let > p>2 and T : P — X such that T =
S Anbn ® yn, where (yn) is unconditionally summable and (A,) € I". Then

T e C, (P, X).
Proof: First we prove that T € L(IP, X) : Consider

“TCEH = || Z)‘n < z,0p > yn”

n=1

< AlJAn <z,6k > ||, (v is unconditionally summable)

< M lll(An)ll o
Hence T € L(I?,X). Now let A:1P — " be defined by Az = (A, < 2,6, >).
Then

o 1/r
| Az|| = (Z An < 2,6, > I”)
n=1

< sgp] <z,6n > | (M),
< lzll 1)l
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Hence A € L(IP,I"). We claim that A € IL.(IP,1"). Indeed:

n 1/r n 1/r
(Z HA&;HT) = (Z [(An < es,6n >)Hr)
i=1 i=1
n oo 1/r
= (ZZ Anl"| < ey 6n > lr>

i=1 n=1

n 0 1/r
(ZWTZ' < e, by > ;")

=1

n 1/r
< )l sup (Zl < &, 0 > IT)

1=1

n 1/r
< [l sup (Zl <epzt > |r>

I

lz=|I<1 i=1
Thus A € IL.(I?,1"). Thus by Theorem 3.2.2, A€ C,.(IP,I").
Now define B:I" — X by B(ap) =) .o, anyn. Then

| B(an)|| < All(an)ll,, (since y, is unconditionally summable.)

< A ll(an)ll-

That implies that B € £(I",X) and ||B| < A. Finally T'= BA. Now A€
C.(IP,I") implies that BA € C.(I?,X). Consequently, T € C.(I?,X) which

completes the proof. O

60




In each line we give the number of the page on which the symbol is defined.

Symbol

A® B
Bi(X)
C
Q)
e
C1(H)

INDEX OF SYMBOLS

Stands for ...

Direct sum of subspaces A and B, 24
Unit ball of the space X, 2

A set of complex numbers, 1

Space of all continuous functions from Q to R(or C), 2
Space of continuous functions on I, 3

Trace class on H, 16

Schatten class of index pon H, 8

Schatten classes on {2, 48

Schatten classes of index 2 from {2 to E, 59
Schatten classes on X, 49

Schatten classes of index r, 45

Compact operators from I! to E, 48
Kronecker delta, the sequence (0, ..., 0,0, }

n-th coordinate
Dimension of T(X), 6
Space of finite rank operators on X, 6
Set of all finite subsets of I, 25
Finite rank operators from X into Y, 7
Conjugate of the function g(¢), 1
Sup-norm of a function f, 2
A seperable Hilbert space , 1

,0,0, ..

)
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ker(T)
K(H)
K(X,Y)

[P

lOO
LX(I)
L(X)
L(X,Y)

HPyQ(X> Y)
I Mxcp,a)
IT,(X,Y)
” . ”7r(p)
R

R(T —1I)
p(T)
o(T)
sign(f)
supp(z)
[supp(x)]°
span(e;)
T—1

T+

An interval [0,1], 1

An identity operator. 4

Kernel of the operator T, 4

Space of compact operators on H, 6

Space of compact operators from X to Y, 2
A sequence space , 1

A sequence space , 10

A sequence space , 39

Space of Lebesgue square integrable functions on I,

Space of all bounded linear operators on X, 2

Space of bounded linear operators from X into Y,

Inverse of A\, 5

Conjugate of a scalar A, 31
Orthogonal complement of a set M, 24
Measure of a set £’ 42

A set of natural numbers, 39

Null space of an operator 7. 4
Projection operator, 39

1 1
Dual exponent, — + — =1, 10
p P

Space of (p, q)-summing operators from X to Y,
a norm on IT, ,(X,Y), &7

Space of (p, p)-summing operators from X to Y,
A norm on I, ,(X,Y), 57

A set of real numbers, 1

range of an operator T'— I, 3

Resolvent of an operator T', 4

Spectrum of an operator 7', 3

Sign of a function f, 37

Support of z, 35

Complement of the support of z, 42

Span of the sequence (e;), 29

Inverse of an operator T', 40

Adjoint of an operator 7', 4

62

1

2

57

o7




1T
1Tl
T,
[l
(T)

T(S)

R &

Absolute value of an operator T, 9
Norm of an operator 7', 2

p-norm of T on Cp(H), 12

r-norm of T, 46

Trace of the operator T', 16
Closure of T'(S), 2

A partial isometry, 10

Dual space of a normed space X, 2
Closed span of {z,} in X, 32
Inner product of z and y, 1
Conjugate of < z,y >, 17

x is orthogonal to y, defined in [6], 33
Orthogonal, 23

(James) orthogonal, 30
p-orthogonal, 41

2-orthogona, 41

Tensor product of operators, 6
isometrically isomorphic, 54
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