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ABSTRACT

Matrix Methods for Linear Systems

Of Differential Equations

In the present thesis we study the transforming the differential equations to
first-order systems and analyze the basic theory of turning the differential
equations into a first order system and show that this approach may lead to
different solvability results and fluency requirements.

We present some topics and general extensions with some examples to

derive the form of solutions for our systems.
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Chapter 1

Introduction

1.1 Background and history:

In this thesis, we introduce the systems of differential equations, where our
equations in the system are linear. We need to use basic linear algebra and some
methods of solving differential equations. In addition, we will use some
mathematical analysis to cover our theory. Our results can applies to different
fields such as physics, biology, chemistry... etc.

The beginning of matrices and determinants goes back to the second century
BC although traces can be seen back to the fourth century BC. However, it was not
until near the end of the 17" Century that the ideas reappeared and development
really got underway.

It is not surprising that the beginnings of matrices and determinants should
arise through the study of systems of linear equations. The Babylonians studied
problems, which lead to simultaneous linear equations, and some of these are
preserved in clay tablets that survive.

The Chinese, between 200 BC and 100 BC, came much closer to matrices than the
Babylonians.

In 1870 the Jordan canonical form appeared in Treatise on substitutions and
algebraic equations by Jordan. It appears in the context of a canonical form for
linear substitutions over the finite field of order a prime.

Frobenius, in 1878, wrote an important work on matrices on linear

substitutions and bilinear forms although he seemed unaware of Cayley's
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http://www-history.mcs.st-and.ac.uk/Mathematicians/Jordan.html
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http://www-history.mcs.st-and.ac.uk/Mathematicians/Cayley.html

work. Frobenius on deals with coefficients of forms and does not use the term
matrix. However, he proved important results on canonical matrices as
representatives of equivalence classes of matrices. He
cites Kronecker and Weierstrass as having considered special cases of his results in
1874 and 1868 respectively. Frobenius also proved the general result that a matrix
satisfies its characteristic equation. And in 1878 Frobenius contains the definition
of the rank of a matrix, which he used in his work on canonical forms, and the

definition of orthogonal matrices.


http://www-history.mcs.st-and.ac.uk/Mathematicians/Frobenius.html
http://www-history.mcs.st-and.ac.uk/Mathematicians/Kronecker.html
http://www-history.mcs.st-and.ac.uk/Mathematicians/Weierstrass.html
http://www-history.mcs.st-and.ac.uk/Mathematicians/Frobenius.html
http://www-history.mcs.st-and.ac.uk/Mathematicians/Frobenius.html

1.2 Statement of purpose:

“To use the basic theory of transforming the differential equations to first-
order systems and then obtain the general properties of solutions”.

An n order differential equation can be transform into an n-dimensional
system of first order equations. There are various reasons for doing this, one being
that a first order system is much easier to solve numerically (using computer
software) and most differential equations we applies it in “real life” (physics,
biology, chemistry, engineering ...etc) don’t have nice exact solutions.

If the equation is of order n and the unknown function is y, then set y, =y,
Vv, =9y, =y@ D . Note that we only go up to the (n — 1)th derivative in
this process.

We will look into the process of the conversion through some examples in this
thesis, but before that, we have to mention why we need this kind of
conversion. As shown in the following illustration, once we get a bunch of first
order differential equations out of higher order equation, we can

I.  Use them more easily for numerical processing to solve the problem.
II.  Convert into a matrix form in which we can use many linear algebra tools to
analyze/solve the equation.
1. Convert into a state space model, which can be analyzed by various tools
specially designed for State Space analysis tool.

We will discuss system of first order differential equations. There are many
applications that involving finds several unknown functions simultaneously. Those
unknown functions are related by a set of equations that involving the unknown

functions and their first derivatives.



As in the case of one equation, we want to find out the general solutions for
the linear first order system of equations. To this end, we first have the following
results for the homogeneous equation ¥'(x) = AY(x) .

We will use a powerful method called eigenvalue method to solve the

homogeneous system Y’ (x) = AY (x) ,where A is a matrix with constant entry.



1.3 Justification of the problem:

Differential equations arise whenever a deterministic relation involving
some continuously varying quantities - modeled by functions - and their rates of
change in space and/or time - expressed as derivatives - is known or postulated.
Because such relations are extremely common, differential equations play a
prominent role in many disciplines including Engineering, physics, economics, and
biology.

Differential equations are mathematically studied from several different
perspectives, mostly concerned with their solutions the set of functions that satisfy
the equation. Only the simplest differential equations admit solutions given by
explicit formulas; however, some properties of solutions of a given differential
equation may be determined without finding their exact form. If a self-contained
formula for the solution is not available, the solution may be numerically
approximated using computers.

Therefore, the study of these systems of differential equations reduces many
difficulties of natural problems in many subjects such as physics, biology,

chemistry... etc.



1.4 Theoretical framework:

We will discuss the theory of linear systems in normal form and present
methods for solving such systems. The theory and methods are natural extensions
of the development for second order and higher-order equations. The important
properties and techniques are listed below:

Homogeneous normal system: fundamental solution set, fundamental matrix,
general solution to homogeneous system, homogeneous system with constant
coefficients.

Nonhomogeneous normal system: general solution to nonhomogeneous system,

variation of parameters.

1.4.1 METHODS AND PROCEDURES

We will transform our equation to first-order system or matrix system to find
the eigenvalues and eigenvectors to obtain the general solutions.

We know that the system is equivalent to a second order homogeneous linear
differential equation. As a result, we know that the general solution contains two
linearly independent parts. As well, the solution will be consisted of some type of
exponential functions. We see that this new equation is exactly the relation that
defines eigenvalues and eigenvectors of the coefficient matrix A. Just like the
solution of a second order homogeneous linear equation, there are three
possibilities, depending on the number of distinct, and the type of, eigenvalues the
coefficient matrix A has.

The possibilities are that A has:
l. Two distinct real eigenvalues.
1.  Complex conjugate eigenvalues.

1. Arepeated eigenvalue.



A related note, (from linear algebra,) we know that eigenvectors that each
corresponds to a different eigenvalue are always linearly independent from each

other’s.

1.4.2 PROPOSED CHAPTER OUTLINE

The thesis will contain four chapters:
Chapter one (Introduction)
It includes:
a. Background and history.
b. Statement of Purpose.
c. Justification of the problem.
d. Theoretical framework.
e. Literature review.
f. Definitions.
g. Basic Theorems.
Chapter two (Linear Systems in Normal Form)

In this chapter, | will present the norm form of linear systems and
homogeneous and nonhomogeneous systems and present some numerical
examples.

Chapter three (Homogeneous Linear Systems with Constant Coefficients)

In this chapter, | will present transforming homogeneous linear systems with
constant coefficients to first-order system or matrix system to find the eigenvalues
and eigenvectors to obtain the general solutions.

Chapter four (Nonhomogeneous Linear Systems)



In this chapter, | will present some extension and obtain the general properties

of solutions.
Discussion and Conclusions

Finally, 1 will present the summary and conclusions.



1.5 Literature review:

Many fundamental laws of physics and chemistry can be formulated as
differential equations. In biology and economics, differential equations are used to
model the behavior of complex systems. They relate the behavior of certain
unknown functions (dependent variables) at a given point (time, position, etc.
called independent variable) to their behavior at neighboring points. The
mathematical theory of differential equations first developed together with the
sciences where the equations had originated and where the results found
application. However, diverse problems, sometimes originating in quite distinct
scientific fields, may give rise to identical differential equations. Whenever this
happens, view mathematical theory behind the equations can as a unifying
principle behind diverse phenomena.

Sophus Lie's (1870) work put the theory of differential equations on a more
satisfactory foundation. He showed that the integration theories of the older
mathematicians can, by the introduction of what are now called Lie groups, be
referred to a common source, and that ordinary differential equations that admit the
same infinitesimal transformations present comparable difficulties of integration.
He also emphasized the subject of transformations of contact.

Lie's group theory of differential equations has been certified, namely: (1)
that it unifies the many ad hoc methods known for solving differential equations,
and (2) that it provides powerful new ways to find solutions. The theory has
applications to both ordinary and partial differential equations. A general approach
to solve DEs uses the symmetry property of differential equations, the

continuous infinitesimal transformations of solutions to solutions (Lie theory).


https://en.wikipedia.org/wiki/Sophus_Lie
https://en.wikipedia.org/wiki/Lie_group
https://en.wikipedia.org/wiki/Infinitesimal_transformation
https://en.wikipedia.org/wiki/Contact_transformation
https://en.wikipedia.org/wiki/Infinitesimal_transformation
https://en.wikipedia.org/wiki/Lie_theory

V. I. Arnold (1999) Linear systems are almost the only large class of differential
equations for which there exists a definitive theory. This theory is essentially a
branch of linear algebra, and allows us to solve all autonomous linear equations.

We study the analysis of systems of differential equations where the
equations in the systems are linear. In particular, we introduce some theorems to
solve the homogeneous and the non-homogeneous systems with constant or
variable coefficients. In addition, we give some examples for such systems. In
addition, we will use our results to find the solutions. Some properties of solutions
will be given in our chapters with some extensions.

The method of variation of parameters is a general method for solving a
linear nonhomogeneous system; It was first suggested by Jean Bernoulli in 1697
for solving homogeneous first-order linear equations and extended later by
Lagrange to higher-order linear equation. It allows one to find the general solution
in explicit form via quadrature.

The emergence of the subject came from determinants, values connected to a
square matrix, studied by the founder of calculus, Leibnitz, in the late 17th century.
Lagrange came out with his work regarding Lagrange multipliers, a way to
“characterize the maxima and minima multivariate functions.” (Darkwing) More
than fifty years later, Cramer presented his ideas of solving systems of linear
equations based on determinants more than 50 years after Leibnitz (Darkwing).

Interestingly enough, Cramer provided no proof for solving an nxn system. As
we see, linear algebra has become more relevant since the emergence of calculus
even though it is foundational equation of ax + b = 0 dates back centuries. Euler
brought to light the idea that a system of equations does not necessarily have to
have a solution (Perotti). He recognized the need for conditions to be placed upon
unknown variables to find a solution. The initial work up until this period mainly

dealt with the concept of unique solutions and square matrices where the number
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of equations matched the number of unknowns. With the turn into the 19th century,
Gauss introduced a procedure to be used for solving a system of linear equations.
His work dealt mainly with the linear equations and had yet to bring in the idea of
matrices or their notations. His efforts dealt with equations of differing numbers
and variables as well as the traditional pre-19th century works of Euler, Leibnitz,
and Cramer. The other part, matrix multiplication or matrix algebra came from the
work of Arthur Cayley in 1855. Cayley’s defined matrix multiplication as, “the
matrix of coefficients for the composite transformation T,T; is the product of the
matrix for T, times the matrix of T1” (Tucker, 1993). His work dealing with Matrix
multiplication culminated in his theorem, the Cayley-Hamilton Theorem. Simply
stated, a square matrix satisfies its characteristic equation. Cayley’s efforts were
published in two papers, one in 1850 and the other in 1858. His works introduced
the idea of the identity matrix as well as the inverse of a square matrix.

He also did much to further the ongoing transformation of the use of matrices
and symbolic algebra. He used the letter “A” to represent a matrix, something that
had been very little before his works. His efforts were little recognized outside of
England until the 1880s. Matrices at the end of the 19th century were heavily
connected with Physics issues and for mathematicians, more attention was given to
vectors as they proved to be basic mathematical elements. For a time, however,
interest in a lot of linear algebra slowed until the end of World War 1l brought on
the development of computers. Now instead of having to break down an enormous
nxn matrix, computers could quickly and accurately solve these systems of linear
algebra. With the advancement of technology using the methods of Cayley, Gauss,
Leibnitz, Euler, and others determinants and linear algebra moved forward more
quickly and more effective. Regardless of the technology though Gaussian
elimination still proves to be the best way known to solve a system of linear

equations (Tucker, 1993). The influence of Linear Algebra in the mathematical
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world is spread wide because it provides an important base to many of the
principles and practices. Some of the things Linear Algebra is used for are to solve
systems of linear format, to find least-square best fit lines to predict future
outcomes or find trends, and the use of the Fourier series expansion to solving
partial differential equations.

The elevation of the matrix from mere tool to important mathematical theory
owes a lot to the work of female mathematician Olga Taussky Todd (1906-1995),
who began by using matrices to analyze vibrations on airplanes during World War
I and became the torchbearer for matrix theory.

The asymptotic theorem, which provides the basis for the theory in this

research, was proved by Levinson and published in 1984.
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1.6 Definitions :

Definition 1.6.1:
An equation containing ordinary derivatives which means that there is only

one independent variable is called an Ordinary Differential Equation (ODE).

Definition 1.6.2:

An equation containing partial derivatives which means that there are several

independent variables is called a Partial Differential Equation (PDE).

Definition 1.6.3:
An (n"-order) ordinary differential equation is a relation

D(x,9,9,....,y™M)=0 (1.6.1)
containing the independent variable x , the dependent variable y and its

dy m _ 4"y

derivatives y' = — o

Definition 1.6.4:
We consider the nt"-order linear differential equation
ao()y ™ (x) + a;(X)y @) + -+ a1 ()Y (6) + an () y(x) = b(x)
(1.6.2)
where a;(x) (0 <i<n)and b(x) are continuous functions in some interval
[a, b] of the real line with ay(x) # 0 in [a, b].
Since ay(x) # 0 then, divide both side by a,,(x)

YW@+ ZTYOTE) 4+ Ry () + 2OV = 0T
0

ao(x) ao(x) " ap(x)

(1.6.3)

13



or

y® () +p, )YV + -+ proa ()Y () + P ()Y () = g(x)  (1.6.4)
where

b(x)

ao(x)

L op) =42 =12 .0,

ao(x)

gx) =

Definition 1.6.5:

A function y = ¢@(x) is called a solution to the differential equation (1.6.1) if
equation (1.6.1) is satisfied identically in x after replacing y,y’,..,y™ by
0 (x), @' (x), ..., ™ (x), respectively.

Definition 1.6.6:
The differential equation
Y® ) + (DY) + -+ Pao ()Y () + Pa(D)y(x) = g(x)  (1.6.4)
With y(xo) =%, ¥'() =»1 ,oy YD (x0) = Ynos - (1.6.5)
where x, € [a,b], and y,,...,¥,,—, real or complex numbers is called an initial

value problem and (1.6.5) is called initial conditions.

Definition 1.6.7:
The solution y = ¢(x) to the differential equation

y® () + P ()Y ) + -+ P ()Y () + P ()Y (x) = g(x)  (1.6.4)
which satisfies

y(xo) =y0, Y (x0)=y1 s y(n_l) (%0) = Yn-1 - (1.6.5)
is called a solution of the initial value problem.

14



Definition 1.6.8:
A set of n function fi,f,, ..., f, issaid to be linearly independent in some
interval I if the equation
< f1+G fo +do, f,=0

true only for «;=x,= -+ =, = 0, otherwise f;, f5, ..., f, linearly dependent .

Definition 1.6.9:
The wronskian of ¢4, @, ..., @,, is define by

P1 P2 On
W((pl; (Pz; ;(Pn)(x) = W(x) = gosl (p? ces ;pn
;D @, L @,

where ¢, are differentiable (n — 1) timesin 1.

Remark consider x = a in W(x)

¢1(a) 0.(@) .. ()
w=| r® p'@ (@)
P @) 9,5 0@ . D@
if (Pj(i_l)(a):bij , (L,j=1.2,..,n)
by, by .. b
b21 bZZ-

then W(a) = |, ban| = det(b;)

bnl bnz. bnn
Definition 1.6.10:

We consider the nt" order differential equation
ao()y™ + a;(x)y@ D + o+ a,(x)y =0, (1.6.6)

15



as homogenous equation, our coefficients are continuous in some interval I of the
real line with a,(x) # 0 in this interval.

Definition 1.6.11:

A set of linearly independent solutions of equation (1.6.6) is said to be a
fundamental set.

16



1.7 Basic Theorems:

Theorem 1.7.1:
The solution to the initial value problem
y®=0(xyy, ..y ")
y(x) =y, ¥V () =1 e, YOTP(0) = Yuos
Exist and Unique in a neighborhood of x, provided that ¢(x,y,y’,..,y™™)

is continuously differentiable in a neighborhood of x,, yo, V1, - Yn—1-

Theorem 1.7.2:
Let the function p;(x) (i = 1,2,...,n) and g(x) be continuous on an open
interval I, which contains x,.
Then for any choice of y; (i=0,1,2,...,n— 1) there exists and unique

solution to the initial value problem (1.6.4)
Y™ @) +pr D)y + -+ pas ()Y () + pa ()Y () = g(x)

y(xo) =vo, V) =y1 e, YO V(xo) =y
on the interval I .

Theorem 1.7.3:
Let ¢4,...,¢, be solutions for (1.6.6) then @(x) =cip; + -+ crp, IS

solution for (1.6.6), where ¢; (1 < j < n) are constants.

Theorem 1.7.4:
If ¢(x) solution for (1.6.6) such that

P(x0) = @'(xp) =+ = " VD (x) =0 , then p(x) =0.

17



Proof :

The first solution is ¢@(x) is satisfies the initial conditions. And the second
solution w(X) =0 satisfies same initial conditions and the differential equation
(1.6.6), Thus by uniqueness theorem ¢@(x) = w(X)

So(x)=0 |

Note: The above solution is called the trivial solution.

Theorem 1.7.5:

Let b;;(1 <1i,j <n) be given real or complex numbers and let a be any fixed
pointin | . Let a be any fixed point which satisfies the initial conditions

@; 4"V (a) = by; 1<ij<sn)
Then a necessary and sufficient condition for ¢;(x) to a form a fundamental set is
det(b;;) # 0.
Proof:
=)
Let ¢;(x) form a fundamental set and suppose that det(b;;) = 0.

There exist numbers o (not all zero’s) such that

ab,+a,b,+...+a,b, =0
: 1.7.1)
ab,+a,b,+...+a,b,, =0

Let @(X) = o, (X) + ...+ a0, (X) then @(X) solution for (1.7.1).

p@)=¢'@=..=¢p"Y@)=0

—> @(X) =0 by uniqueness theorem

B O(1¢1(X) +...+ an¢n (X) = O

18



“ @q,...,0, arelinearly dependent
which contradicts with ¢4, ..., @,, fundamental set
-~ det(b;;) # 0
(<)
Let det(b;;) # 0, consider

N

o (X) + o0, (X) + ...+ a0, (X) =0
o, (X)+a,p, (X)+...+a,¢p,'(X) =0
‘ 11 (X) 2@, (X) @, (X) >(l.7.2)
a0, "V () + ..+ a0, " () =0 )
Let x = a, we get (1.7.1) since det(b;;) # 0
0C1=0(2= coe =0(n= O

ie. @1 ,---,¢2, Isafundamental set m

Theorem 1.7.6: (Liouville’s formula)
Let ¢,(x),p,(x), ..., p,(x) be n solutions of

ao()y™ +ay )y "V + -+ @y (X)y =0, (1.6.6)
then
W (@1, 02, 0n) @) = W (1, @3, o o) (00) exp(— [ ey (17.3)

for x, € [a.b].
Proof:
Since ¢; solution for
ao(X)y™ + a; ()y™ ™ + -+ ay(x)y = 0,
Hence aop;™ +a;0;"" D + -+ a,p; =0. (i=12,..,n) (1.7.4)

Now

19



P1 %) = Pn

!/ !

W(X) — §01 QDZ QDn
(pl(;l_l) (pz(;l_l) (pn(‘;l_l)
Differentiate then we get
P1 @2 o Pn
W'(x) = @1’ @ @n’
¢1(n) ¢2(n) ¢n(n)
From (1.7.4)
a a
o __n, _..._1,m1
Qi aq @ a0§0
?1
¢,
s Wi(x) = :
—an a; _ —an
e ., (1) —
aq ?1 aq ¥1 aq Pn
a, .
a—(pi+rown S rown. i=12,..,n—1
0
¥1 Pn
@1’ @n'
s Wix) = : . 5
a, : a,
— . (n-1) — . (n-1)
aq P1 q Pn
¥1 Pn
—a ! ! —a
W,(X) —__1 (p:1 - (pn 1
ao * . * ao
"D Y
N , where ay, a, functions of t.
dx ag
dW _ _a1 dt
w o ay
X X
JdW . J 1 dt
w o ag
X0 X0



X

x a1
[In|W]]%, = — J—dt

Qo
X0

X

In|W ()| — In|W (x)| = — J%dt
0

X0
W (x) A
X a,
In = — f—dt
W(xo) 0
Xo
W (x) 7
X a,
=exp| — | —dt
W (x0) P j 0
Xo
X
aq
W(x) =W(x,) exp| — j—dt ]
0
X0

Corollary 1.7.1:
If a;(x) =0 in(1.6.6), then W (x) = constant.
Proof:
Substitute a;(x) = 0 in Liouville’s formula , we get W (x) = W (xy)e® = W(x,)

which is a constant.

Corollary 1.7.2:
If a,(x) = ay'(x) in(1.6.6), then W(x) = constant a,~*(x).
Proof:

By Liouville’s formula

: aq : X aol
W(x) =W(xq) exp| — _[a_dt = Wi(xy) exp| — f - dt
0

0
X0 X0

21



W (x) = W (xo) exp(—c< [In]ao(6)I]%,)
W(x) = W(xo) exp(—c [In|ao(x)| = Infag(xo)|])

_ _ ao(x)
W(x) =Wi(xp) exp( x In ) )
_ ao(x) _‘X
W(x) = W(xy) exp (ln (e )
ap(x) | =% _ —x
W(x) =Wi(xy) e Bl constsnt.a,~* (x) |
0\A0

For example, the differential equation
Doy ™)™ + (pry™ D)V ot (pr_gY") + Py = 0
so it can be written as . poy @™ + mp /y@™ U + ... =0
where a; = mp, = ma,’
5 X=m,

Then W (x) =constant.p,™™

Theorem 1.7.7:
Let ¢, (x), @, (x), ..., o, (x) be a solution of (1.6.6). Then W (¢4, ¢4, ..., ) (x)
Is either never zero or identical to zero in interval 1.
Proof :
Use Liouville’s formula
If W(xy) #0,then W(x) # 0 Vx which mean’s ¢;(x), @,(x), ..., o, (x) are
linearly independent.
If W(xy) =0, thenW(x) =0 Vx whichmean’s ¢,(x), 9,(x), ..., 0,(x) are

linearly dependent.
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Theorem 1.7.8:

Let ¢;(x), (1 <j<n) beafundamental set for (1.6.6) and let ¢(X) be any
solution for (1.6.6). Then there exist a unique constants ¢4, ¢, ..., c, Such that
p(X) =Cc,@p, +...+C,,.

Proof:
Now @(X)=cC,p, +...+C.@,
If there exist another constants say @(X) =k, +...+ K ¢,
Subtract those equations we get
0=(c,—k)g, +...+(c, =k,)o,
- 1,9, ..., 0, linearly independent then ¢;—k; =0 Vi

Ci=ki Vi |

23



Chapter 2

Linear System in Normal Form

2.1 Normal Form:

Definition 2.1.1:
First order system of differential equations is a set of n functions given by :

y1'= fl{X, yl""’yn}
Y,'= Fo 0 VeV |

an: fn {X, yli""yn}

The system of n linear differential equations is in normal form if it expressed as

Y'(x) = A(x)Y(x) + b(x) (2.1.1)
1 (x) b, (x)
Where ¥ (x) = IVZ (")\ b(x) = Ibz (x)‘ and A(x) = [a;; ()]
Y () ba(x)

ISan n X n matrix.

Example 2.1.1:

We can write the following system in the matrix form Y’ (x) = AY(x) + b(x):

i x'(®)=3x(@t)—y@®)+t2, y'(@t)=—x(t)+2y() +et.
(-GS HE)
= +
as y -1 2 \y) le
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o X2 av _ Lt az _ . _ ot
1. dt—tx y—z+t, dt—ez+5,dt—tx y+3z—e".
x) (t2 -1 —1)x t
yl =0 0 e ' |yl|+| 5
y t -1 3z —e!
as

ii.  y"(t) —3y'(t) —10y(t) = sint.
y'_ 0 1Yy s 0
& ly) (=10 =3y (sint

Definition 2.1.2:

As with a scalar linear differential equations, a system is called homogeneous

when b(x) = 0 ; otherwise, it is called nonhomogeneous.

Definition 2.1.3:

A linear differential equations with all elements of A are all constant, the
system is called constant coefficients. Now consider the n™ - order differential
equation

Y™ (@) + p )y () + -+ p D)y () = g(x) (2.1.2)
Can be rewrite as a first order system in normal form using the substitution
y1(0) =y(x), ¥2(6) = y'(x), e, yu() =y (0) ;
Indeed, equation (2.1.2) is equivalent to (2.1.1)
Y'(x) =Ax)Y(x) + b(x)

25



y1(x) 0

where  y(x) = y Zz(x) . b(x) = 0 and
Yo () 9(x)
0 1 0 0 0
{ 0 0 1 .. 0 0 }
A =| : : z s |
[ 0 0 0 ” J
—p1(x) —p2(x) —p3(x) - —Dp- 1(x) —pn(x)
Example 2.1.2:

We can express
y™ —y=0
as special case with p,, =0, p,.1=0,..,p, =0, p; = -1

y ) (0100 - 0Y vy
y' 0010 - 0f y

y* ) {1000 ... 0y

The theory for systems in normal form parallels very closely the theory of
linear differential equations. In many cases, the proofs for scalar linear differential
equations carry over to normal systems with appropriate modifications.
Conversely, results for normal systems apply to scalar linear equations since any

scalar linear equation can be expressed as a normal system.

Definition 2.1.4:
This is the case with the existence and uniqueness for linear differential

equations, the initial value problem for the normal system (2.1.1) is the problem of

26



finding a differentiable vector function Y(x) that satisfies the system on an

interval I and also satisfies the initial condition y(x,) = y, , where x, is given

Y1,0
: ] there exists a unique solution ¥ (x) on the whole
Yn,0

interval [ to the initial value problem Y'(x) = A(x)Y(x) + b(x) , y(x3) =y, -

point of [ and Y, =

Definition 2.1.5:
The n vector function y,,y,, ..., y,are said to be linearly dependent on an
interval I if there exist constant ¢y, c,, ..., ¢, , not all zero, such that
1Yy1(x) + cy,(x) + -+ c,y,(x) =0 forall x in [.
If the vectors are not linearly dependent, they are said to be linearly

independent on 1.

Example 2.1.3:
: 11 -2 :
To show that the vector function 1y, = [_2] , Yo = [ 4 ] are linearly

dependent on®R. We notice that 1y, is just twice of y; and therefore

—2y,(x) + y,(x) = 0 forall x. Hence, y; and y,, are linearly dependent onR _

Example 2.1.4:
e X eX eSx
To proof that the vector function y; (x) = [ze-x ,¥v.=|0] ,y3 = _e3x]
e e* 2e*

are linearly independent on %R .we assume c¢,.c, and c5 are constants for which

c1Y1(X) + c2¥2(x) + c3y3(x) =0
holds at every x in®R , and to show thatc; = ¢, =¢c3 =0
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1 1 1
-.-Cq 2 +C2 0 +C3 -1{=0
1 1 2

which is equivalent to the system of linear equations
c1+cy+c3=0
2c0+0—¢c3=0
c1+¢cy+2c3=0
by solving these three equations we obtainc; =c, =c3 =0 .
Therefore the vector functions y;, y,, and y5 are linearly independent on R ,

(in fact, on any interval containingx = 0) .
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2.2. Homogeneous System

Theorem 2.2.1:

Let y;,¥, ..,¥, be n linearly independent solution to the homogeneous
system Y'(x) = A(x)Y(x) (2.2.1)
on the interval I, where A(x) isan n X n matrix function continuous on 1.

Then every solution to (2.2.1) on I can be expressed in the form
Y(x) = 131 (x) + ¢y, (%) + -+ + cpyn (%) (2.2.2)
where ¢y, c,, ..., Cc, areconstants.

Definition 2.2.1:
A fundamental solution set for
Y'(x) = A(x)Y(x) (2.2.1)
on I is a set of solution {y;,y,,...,¥,} that are linearly independent on I or,

equivalently, whose wronskian doesn’t vanish on I .

Definition 2.2.2:

The linear combination in

Y(x) = c1y1(x) + c9,(x) + -+ + ¢ yn(x) (2.2.2)
Written with arbitrary constants, is referred to as a general solution to
Y'(x) = A(x)Y (). (2.2.1)

Definition 2.2.3:

The vector in a fundamental solution set and let them form the columns of a

matrix @ (x) ,thatis, ® (x) = [@,(x) @2(x) ... @,(x)]
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Py Zp; P1,

Where @1 =| : |, @, =| + | ... , Pn =
P Pn2 P
$11 P12 Pin
D (x) = <:P21 ‘f’zz ('f)Zn (2.2.3)
Pni Pnz = Pun
Then the matrix @(X) is called a fundamental matrix for
Y'®) = A(X)Y(x) (2.2.1)
We can use it to express the general solution
D(X) = 101 (x) + 20,(X) + = + o (x) (2.2.2)

Since det @ #0 Vv x inl,then @ (x)is non-singular.

Definition 2.2.4:
The determinant of the matrix (2.2.3) is called the wronskian and
denoted by W = W (¢4, ..., 9;)

Thus W = det®
P11 - Pin

I.e. W((Pl, ---;(pn)(x) =

<pTl1 cpTLTL

Theorem 2.2.2: (Liouville’s formula)

If @4, @,,..., @, are any n solutions to the n X n system
Y'(x) = A(x)Y (x).
then Abel’s formula gives a representation for the wronskian

Namely, W(x) = W(xo)exp(f; trAdt) ,wheretrd = Y-, a; .
0
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Proof:
P11 - Pin

(pnl b (pnn

n
Now §0ij|:zaik¢’kj , i, j=12,...,n

k=1

D1 Py D1 Py R 2 T

.-.Wl:¢gll ¢gn.+¢_21 o Pon |t T P Py

D1 o Dy D o Dy D1 0 Do
n n
N4 o Ay Pin ...
; K77kl ; K7k 2T P1n
W'= P P2n Tt Pn P2n
. . . . . | .
P e Prn Z a'nk Pra s Z a"nn Pxn
k=1 k=1

By elementary row operation (multiply the second row by a,, , the third by
a,3 , etc. and subtracting the sum of the last (n — 1) rows ftom the first ) so the
first determinants is a,, det'¥, Same for others.

We obtain = W'=>"a,W ,

i=1

WI n
W |Z_1: q;
Integrate both side fwdt = Izaiidt
Xo xo 1=1
W) | ke
| = _dt
Erren R
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W)
Woo) - exp( j trAdt)

W (x) :W(xo)exp('xftrAdt) -

X0

Theorem 2.2.3:
The wronskian of n solutionsto Y'(x) = A(x)Y(x) on the interval I is
either identically zero on interval I or never zeroon I .
Proof:
-W(x) = W(xo)exp(fxz trAdt)
and
- exp( f;; trAdt) never equal to 0
If W(x,) =0 thenW(x)=0 Vx.
And
If W(xy)+#0 then W(x)#0 Vx .

Example 2.2.1:
To verify that the vector functions
e3% —e3x —e~3%
Q=0 , @=|e3*| , P3=|—e73
e3x 0 e—3x

are solutions to the homogeneous system

1 -2 2
Y =AY =|-2 1 2|Y
2 2 1

on R,
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by substituting the first vector in the set S in to the right-hand side gives

1
Ap, =

2

=2

sl

Hence this vector satisfies the given system for all x. Similar computations verify

3x

3€3x

3€3x

that the remaining vectors in S are solution to the given system on R .

1 -2 2][—e3¥] [—3e3X
Ap, =|-2 1 2|| e3* 3e3* | = @3
2 2 1L 0 | 0
1 -2 2 '_e—3x' i 36—3x
Ap;=|-2 1 2||-e=3* 3e73% | = @3
2 2 111 e—3x ] __36—3x
The fundamental set is given by
p3%  _p3%x _p—3x
@ = 0 e3x _e—3x
e3x 0 e—3x
To show that vectors are solutions, it’s enough to observe that the wronksian
W(x) = det ©
eBx _eBx _e—3x
W(x) = e3*  —e7
eBx 0 e—3x
3x __,-3x _.3x __,-3x
W(x) = e3* eO ee—3x + e3% ei’x _E_Bx =3e3* £ 0
To find a general solutionto Y’ = AY .
we can be expressed as
eBx _e3x _e—3x
Y(X)=c | 0 |+tca| e [+cg|—e™3*
eBx 0 e—3x
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2.3 Non-homogenous System:

Theorem 2.3.1:
Let y, be a particular solution to the nonhomogeneous system
Y'(x) = A(x)Y(x) + b(x) (2.3.1)
on the interval I ,and let {y,,y,,...,y,} be afundamental solution seton I for
the corresponding homogeneous system Y'(x) = A(x)Y(x). Then every solution
to (2.3.1) on I can be expressed in the form
Y(x) = y,(x) + c1¥1(%) + c272(x) + - + ¢ ¥n(x) (2.3.2)

where ¢, ¢y, ..., c, are constants.

Example 2.3.1:
To verify that the vector functions
e3x _e3x _e—3x 5x_|_ 1
yi=|0|, y2=[e3*| , y3=|-e3¥|,andy, = 2x
eSx 0 e_3x 4x + 2
are solutions and a particular solution to the nonhomogeneous system
1 -2 2 —9x
Y =AY +b(x)=|-2 1 2ly+]| O
2 2 1 —18x
By substituting the first vector to the right hand side gives
_2 2 3€3x
Ay, =
3x 3€3x

Same for the second vector
1 —2 2 —3e3%
-2 3e3x
2
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And the third vector



Ay; =

1 -2 2 3e3¥
-2 1 ] I ] [ 3e3*
2 2

And the particular solution

1 -2 2][5x+1 —9x 5
Ay, +b(x)=|-2 1 2| 2x |+| 0 |=[2[=y)
2 2 1ll4x+2 —18x 4
To find a general solutionto Y’ = AY + b(x).
e3* —e3* —e3¥] [5x+1
Y=Ynt+tYp=0¢1| 0 |TC + C3 + 2x
e3% 0 0 4x + 2
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Chapter 3
Homogeneous Linear Systems with Constant

Coefficients

In this chapter, we introduce the first-order system and we shall study the
homogeneous system Y’ = A(x)Y . In particular (x) = A , constant matrix in
section 3.2 and 3.3.

3.1 The First-order system

Definition 3.1.1:

Now the first order system is

Y, = fl{X, Y1, yz’---’yn}\
YV,'= f,{x, yl,yz,---,ynh

Yo'= £ 0 Vii Voo Va ) (3.L1)
Let f,,f,,...f, be linear homogeneous functions of y,,y,, ...,V

1:1 =a, Yy, tagy, +...+a,Y,

fn =a, Y ta,y, +...+a,y, (312)

Then (3.1.1) can be written as Y’ = A(x)Y (3.1.3)

36



where 4 = (a;;) and ¥ = (

Example 3.1.1:

V1

Yn

), (3.1.3) is called linear homogeneous system.

We can write out the following nt"- order deferential equation as first-order

system Y' = A(x)Y .

1) a,y™ +ay"? +...+a,,y+a,y=0

We define y; =y, y, =y, ..., y,, = y@D

\ and A=

y
Y — yII

y(n_l)

So it can be written as

y !
y/
yII —

n-1

y

(2) Consider the differential equation (r,_; ... (1 (")) ...) ' —qy =10

any order 7; # 0

We define

Vi=y, Y2=1Y, ¥y3=10y") .,V = 1ho1 (. (o (ry")")

V.
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/ rly \ 0 n ' 0 .. 0
N Y0 (R I (0 om0 \
|\7"3(7”2(7”13’)) /l 0 '
q es

oo
co-
3
ol -
N
\_

Tn-1 - (M2 (r1y")")
So it can be written as

1‘13;1' /0 rnt 0
r(ry')’ = | O O rZ:_I 7’2(7”13’)
r3(7, (7'"1}”)’)’ \0 . 0 0 " 7”3(7”2(7”1}’ )"
-1 ---(7;2(7"1)")') a 00 \Tn 1- (7”2(7”13’ )"
Y = A(x)Y

(3) Z,"™ (x) = f,{x,2,(X),....z,(X)J@ < r <n), where the z, functions and the
m,. are positive integers.
To find an equivalent first-order system y’' = f{x, y} with a suitable y(x).

2™ = f.{x,2,...,2,} |

2™ — f Ix z.,...,2
Let:z 2{ 1 n}>(*)

2, =1 {x,2,,...,2,}

n ' 5n

Define zZ=Y, , =Y, ..., zl“"*l) =y
Hence Y'=2'=Y, . Y,'=2"=YVs ... Ym1=Z " =VYn
o Yn=z™
also define z,=h , z'=h, .., 2z, =h,
hence h'=z,'=h, | h'=z"=h, .., h.,'= Zz(mz_l) =h,,



1 (my)
SO h =17, 2

m,
) . . (my-1)
complete until we define z,=9, , z,'=09, ,..., £, = gmn
1 1 1 n r_ (mn_l) _
hence 9.=2,=09, , 0,=%,=0; ,..., gmn—l_zn _gmn
1 (mn)
S0 On, =4
so (*) gives

yml.: fl{X’ Y1, hl’ <o gl}
hy,'= 06 ¥, e, 94

On = foiX, i, .. 0 )

Theorem 3.1.1:
Let ¢,(x),...,@,(x) be n asolution for (3.1.3) Y' = Ax)Y,

then the n X n  matrix

O(X) =(@(X) 2,0 . @,(x) (3.1.4)
Pu G - P
O(X) = (0:21 (0:22 (0:2n

(3.1.5)
Pa Pra -+ P
either non-singular for all x € I or singular forall x € I .
proof:
let d(a) be singular forsome a €1 ,
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then
c1p1(a) + c22(a) + -+ cppy(a) =0
for some c,,C,,...,C, not all zero.
Define
D (x) = c101(%) + C202(%) + -+ + P (x)
then (Xx) is a solution for (3.2.3) and d(a) = O. This initial condition is also
satisfied by the identically zero solution.
Hence by uniqueness theorem, ®(x) =0
Le. i (x) +c0,()+ -+ cpp,(x) =0 Vxel
i.e. d(x) isasingularforall vx el (det® =0) m

Definition 3.1.2:
If @ is non-singular, it is called a fundamental matrix for (3.1.3) and

@; (1 <j < n)forma fundamental set for (3.1.3)

Theorem 3.1.2:
Let O(X) be asolution of (3.1.3) and let ¢; (1 <j<n) formafundamental
set for (3.1.3). Then there are unique constants ¢; suchthat v x € 1
D (x) = c101(x) + C20,(x) + -+ + P (X)

G

D =p(X)C, where C=|: (3.1.6)

Proof:

If @;(x) solutions then there exist constants ¢y, ..., c,such that

D (x) = c101(x) + C202(x) + - + cLp(x) 1)
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These constants are unique if not then
D (x) = k11 (%) + ko @2(X) + - + k@ (x)  (2)
Then (1)-(2)
0=C(c1 = k)i + -+ (cn—kn)ey
But ¢; are linearly independent; ¢; —k; =0,...,¢c, —k, =0
SO ¢ci=ky.....chn=k,

¢; =k;(i=1.2....n) unique. =m

Theorem 3.1.3:

Let ® be a fundamental matrix for (3.1.3) and let ¥ satisfy @'= AD .
Then ¥ is also a fundamental matrix if and only if
Y(X) = Dd(X)C, (3.1.7)
where C is a constant non-singular matrix.

Proof:

(=)Let W(X) = D(X)C, then ¥ is non-singular matrix and so is fundamental

matrix, because @ non-singular and C constant non-singular matrix.

(=)Let'¥ be a fundamental matrix, we define @(x) = ® ¥

We need to show ©6=C .
DO =Y
D'+ DPO'=Y'
AD® + DOO'= AY
®'=0
.eO=C
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3.2 Eigenvalues and Eigenvectors:

Consider the linear homogeneous system:
Y =AY, (3.2.1)
where A is an X n constant matrix.

The system (3.2.1) is also solved by Euler’s substitution modified as follows:

y=e™ U, A =constant. (3.2.2)

Uy
where U =| : | IS an unknown constant vector to be determined .
1y

Substitution of (3.2.2) in (3.2.1) gives the following equation for U :
(A iy 1) v =0 (3.2.3)
where | isthe n X n identity matrix.
The system (3.2.3) has a solution © = O if and only if the determinant

|A— 21| =det(A—Al) vanishes. Subsequently, the characteristic polynomial P,(4)
and the characteristic equation for the system (3.2.1) are defined by

P.(1)=|A-Al|=0 (3.2.4)

Definition 3.2.1:

The eigenvalues of the matrix A are the solutions 4,,...,4, of the characteristic
equation P.(1)=|A-A4l|=0, (3.2.4)
and the corresponding ©,...,0, of (A—=Al)v=0 (3.2.3)

are termed the eigenvectors of the matrix A .
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Example 3.2.1:

1 4
We can find the eigenvalues and eigenvectors for the matrix A= {3 2]

The characteristic polynomial p, (A ) and the characteristic equation for the
system Y’ = AY are defined by p,(A)=|4A— 21 |=0

1- 2 4

) 2_/1‘=(2—/1)(1—/1)—12=0

det(A— A 1) =‘

A2 -31+42-12=0
A2 -31-10=0

(1 —5)(1+2)=0
A=5A1=-2

Hence, the eigenvalue are 4, =5 and 4, =-2.

For A4, =5, thesystem (A—-A)o=0 iswritten

S Ge)-(o)

The solution to the equations —4v, +4v, =0 |, 3v, -3v, =0 are v, =v, =S5,

With an arbitrary parameter s = 0. Letting for example s=1 we obtain the

. . . : . 1
following eigenvector corresponding to the eigenvalue A, =5 is U, {J.

For A, =2, thesystem (A-Al)o=0 iswritten

3 4)\uv, ) (3v,+4v,) (O
3 4)\v, B 3v, + 4uv, (o

The solution to the equation 3v, +4v, =0 are v, =-4s,0, =35,
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with an arbitrary parameters = 0. Letting for example s=1, we obtain the

. . . . . —4
following eigenvector corresponding to the eigenvalue A, =—2 is U, =( 3 j

Example 3.2.2:
Similarly, we can find the eigenvalues and -eigenvectors for the matrix

4 2 2
A=l0 3 1|

0 01
The characteristic polynomial p,(A) and the characteristic equation for the
system Y’ =AY aredefinedby p,(A)=[A-21|=0

4— 2 2 2
det(A— A2 1)=| 0 3— A 1 |[=@-A)B-A)1-4)=0
0 0 1-2

So A=4,1=3,1=1
Hence, the eigenvalue are 4, =4, 4, =3 and 4, =1.
For A, =4, thesystem (A-Al)v=0 s written

0 2 2\ 20, + 20, 0
O —_ 1 1 UZ e - UZ + U3 ot O
O O — 3 Ug - 303 O
Whencev, =1,0, = 0,0; = 0. Hence we have the eigenvector corresponding

1
to the eigenvalue A4, =4is U, =|0/|.
0

For A, =3, thesystem (A—Al)o=0 s written
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1 2 2 v v, + 20, + 20, 0]
O -1 1 |o,|= — U, + U, =0
O 0 —-3N\u, 3, 0]

The solution to the equations v, +2v, +20, =0,-v, +v;, =0 and 3v; =0

are v, =2s,v, =-S,0, =0, With an arbitrary parameter s = 0. Letting for

example s =1, we obtain the following eigenvector corresponding to the second

2
eigenvalue 4, =3 is U, =| -1/,
0

For 4, =1, the system (A—Al)o=0 iswritten

3 2 2 \y 3u, + 20, + 20, 0]
O 2 1 |ou,|= 20, + U, =10
O 0 —0N\u, 0 0
The solution to the equations 3v,+2v,+20,=0 ,2v,+v,=0 are

v, = 28,0, = 35,0, =—6S With an arbitrary parameter s=0. Letting for

example s=1 , we obtain the following eigenvector corresponding to the third

2
eigenvalue A; =1 is U3 =| 3
-6
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3.3 Solution of the Homogeneous System

Theorem 3.3.1: (Distinct real eigenvalues)
Let the matrix A have n distinct eigenvalues A,....4,. Then, solving

equation (3.2.3) for each eigenvalue, one obtains precisely n linearly independent

eigenvectors Uj,..,U,.consequently (3.2.2) provides the following fundamental

system of solutions: Y1 = eﬂlxvl,---,yn = eﬂ”XUn- (3.3.1)
The general solution to the system (3.2.1) is given by
Y=ce v, +...+ce™v_. (3.3.2)

Example 3.3.1:

According to theorem 3.3.1, the general solution for the system ¥’ = [?1) ;L] Y

from example 3.2.1 is given by ¥ = ¢,e>* (D + c,e” " (_34) :

hence, the solution has the form y; = c¢,e%* — 4c,e™* | y, = ¢;e>* + 3c,e™%*

Example 3.3.2:
4 2 2
According to theorem 3.3.1, the general solution for the system Y’ =0 3 1|Y
0 0 1
1 2 2
from example 3.2.2 isgivenby ¥ = cie™ | 0 | + c,e3* | =1 | + cze*( 3 ).
0 0 6
hence, the solution has the form
y1 = cie®™ + 2c,e3% + 2c3e*, y, = —cy,e3% + 3c3e* | y; = —6c5e3¥
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Theorem 3.3.2: (repeated eigenvalues)

If the equation (3.3.4) has a complex root A, then one can proceed as in the
similar situation foe single higher-order equations. Therefore, assume that the
matrix A has repeated roots 1, =4, and the eigenvectors with v, =v,. Hence one
solution Y, =e™v, and second solution is obtained by letting Yy, =€”v,x

The general solution to the equation Y = c;y; + ¢, ¥5.

Example 3.3.3:

Consider as an example the system Y' = (:i (1))Y , the matrix

A= (:i (1)) has repeated roots 4, =4, =1, and the eigenvector with v; =0,

1

J, a second solution is obtained by letting

- X
Hence, one solution y, =€ [

1 a
y,= GXHJX+(bH , substitution in the equation ¥’ = AY vyields b=1+a,

So Y=qy, +cy,=ce* (1) +c, [xex (1) + e* ((1))]
Hence, the solution has the form

v, = ce* +cyxe* y, = cie* + c,xe* + cye*

Theorem 3.3.3: (complex eigenvalues)

If the equation (3.4.4) has a complex root A, then it has also the complex

conjugate root A . Therefore, assume that the matrix A has complex conjugate

eigenvalues 4, =a+ /i and A, =a—-/pi. Then equation (3.3.3) provides the

47



complex conjugate eigenvectors U=P+iq and v =p-iq. The corresponding

complex solutions obtained by (3.1.2) gives two real solutions:
y1=e”(pcos A —qsin AX)
y, =e“(psin SXx+qcos HX) (3.3.3)

It remains to substitute (3.3.3) in the general solution (3.3.2).

Example 3.3.4:

Consider as an example the system Y’ = (:i g) Y with A= (_2 5) :

the matrix A has complex eigenvalues A =2i , 1 =-2i .

equation (A—Al)vo=0 yields the complex conjugate eigenvectors are
5s
D=
(2-i)s) nd
— 5s
L= .
(2+1)s

Let us set s =1 and write the eigenvector U in the form v=p+iq as

() v (3] o (3)

equations y, =e“ (pcos X —qgsin £x)
y,=e™(psin fx+qcos /)

Provide the following fundamental system of solutions:

y, = (2 cos(2x) + GJsin(Zx)

y,= (2 sin(2x) — G’jcos(Zx)
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Thus, the general solution of our systemis Y = c,;y; + c,y, or

- §) e oo  una

1) [c; sin(2x) — c,cos(2x)]
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Chapter 4

Nonhomogeneous Linear Systems

4.1 Extension to the homogeneous system

The extension to the homogeneous system is the nonhomogeneous system which
define by : Y'(x) =Ax)Y(x) + b(x) , (4.1.1)

b11
where A(x) = (a;j)nxn iSan Xnmatrix, b(x) = < :

) IS a vector.
bn1

Theorem 4.1.1:
Let @;(x) (1<j<mn) formafundamental set for
Y'(x) = Ax)Y(x) (4.1.2)
and let ¥ and ¥, be solutions of (4.1.1) then there are a unique constants
C1,Cz, oy Cy SUCh that ¥ =C0, +C,0, +..4C 0, + Y, | (4.1.3)
proof:
Let ¥ and ¥, be solutions of (4.1.1), so
¥'=A¥Y +b (1)
¥,'=AY, +b (2)
Subtract (2) from (1) we get
(P'-¥,") =AY —-Y,)
- (¥ -Y,) satisfies homogenous system (4.1.2)
Thus by theorem 3.1.2
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there exist a unique constants c,, c,, ..., ¢, such that
Y-Y¥,=Ce +Cp, +...4C0,
then

Y=cp +Cp,+..+C.o, +¥ ) m
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4.2 Variation of Parameters:

Consider the linear nonhomogeneous system:
Y'(x) = Ax)Y(x) + b(x), (4.1.1)

where A4 Is a n X n constant matrix.

Theorem 4.2.1:

Let ®(x) be a fundamental matrix for (4.1.2) then the function vector

¥, = D(X) j D1 (t)b(t)dt (4.2.1)

Is also solution for (4.1.1)
proof:
by differentiate (4.2.1) we get

W, (X) = D' (x)f ® ()b (t)dt + D(X)D *(x)b(X)

W, (X) = Aq)(x)_)idb‘l (O)b(t)dt + b(x)

Fo' (X) = A, (X) +Db(x)

So it’s a solution for (4.1.1) m

Theorem 4.2.2:
Let @,(x) and ®,(x) be solutions of
D' (X) = AD(X) (4.2.2)
Let
D(x) =D, (X) + D, (X) (4.2.3)
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and let ®(x) be non-singular, Let a and b be fixed points. Then the functions

W, (X) = @, () [ @ (H)b(t)dt — D, (x) [ D (Db(t)dt (4.2.0)

Is a solution for (4.1.1).
proof:
by differentiate (4.2.4) we get

Y, (X) =D, (X)j£ O (t)b(t)dt + D, (X)D(X)b(X) — D, (x)_b[d)‘l(t)b(t)dt + @, (X)D ™ (X)b(X)

,7(3) = AD, (0] & OO — AD, ()| & OBt + [, + @, (Y0 (Ib (¥

¥o'(x) = AlD, (X)TCD_1 (Db(t)dt — @, (X)TCD_1 (Ob(t)dt] + P)D ™ (x)b(x)

Fo' (X) = A¥,(X) +b(x)

. W, isasolution for (4.1.1) m

Example 4.2.1:

To solve the following non-homogeneous system:

1 0 O e X
yr:(l X 0>Y+( 0 )
3 2 4 —e™*

the fundamental system of solutions for the homogeneous system is given by

—6e* 0 0
D(x)=| 3e* e3* 0
4e* —2e3% e

The inverse of this matrix is
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/%e—x 0 0\
) 1(x)= %e‘3x e 0
o4 Dp—ix  pix
We have
-1 -1
/—e‘x 0 0 /—e‘zx\
e ™ ? |
d (x)b(x) | 0 =| —e 4 |
_e_x 2
\ \ 2o )
3

aQ
| |
S w
= =

(\]

o ®
I w
S
S =

aQ
|
§ o

Therefore fd)_l(x)b(x)dx =[] %e““‘ dx =
e—Sx

» —6e* 0 0
andhence @ (x) [ ® (Ob()dx =| 3e*  e3* 0
4eX  —2e3x X

—1
L O(x) [ ® ' (X)b(x)dx = = %e-x i

10

So the general solution to the nonhomogeneous system is

-6 0 0 4 (
Y =ce*| 3 +cze3x< 1 >+c3e4x <O>+ Ee‘x
4 —2 1 \

g|©-[>IHL
\__/
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4.3 Extension for the nonhomogeneous system:

Theorem 4.3.1:

Let ¢;(x) form a fundamental set for
Y'(x) = A(x)Y(x)
and let ¥(x) be a solution of
Y'(x) = {A(x) + B(x)}Y(x) + b(x), (4.3.1)
Let ¥,(x) be a solution of
Y'(x) = A(x)Y(x) + B(x) Y(X) + b(x) (4.3.2)
Then there exist a unique constants ¢;,C,,...,C,, such that

P(X) = c1001 + 205 + -+ cupn + Fo(X)
Proof:

Since W(X) be a solution for (4.3.1), then
F'(X) = {AC) + B)}Y(X) + b(x) (1)
and ¥,(x) be asolution of (4.3.2), then
o' (¥) = A(x) Yo(X) + B(x) Y(X) + b(x) 2)
(D) - weget (F(X) —Fo (D)) = AC)(F (X) — ¥ (X))
i.e. W(x)—¥,(x) satisfies the homogeneous equation Y’ = A(x)Y,
and ¢;(x) fundamental set,

~ by Theorem 3.1.2 3 aunique constant C,,C,,...,C, , such that
P(X) — Yo(X) = c101 + o005 + -+ o, -
€. P(X) = c101 + 2905 + -+ crp + Fo(X)-
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Example 4.3.1:

We consider the second order equation
QY '+ay+(@, +a)y =4 (4.3.2)
with corresponding homogeneous equation a,y'+a y+a,y =0 (4.3.3)

rewrite (4.3.2) in form

O A0 e

Now let @ and @, be linearly independent solutions of (4.3.3) then,

d = (Zl, zz,j is a fundamental matrix for ¥'(x) = A(x)Y (x).
1 2

If we replace @] = Zj in the second term of (4.3.4), and

O O 0 0
b()=| =& "’,} Bl=|za, B
a V) \a 8 &

Then (4.3.4) can be written in form
[wo]:(col(x) qoz(x)ﬁ 1 [qoz'(t) —coz(t)j —a
Yo' ?' (X)) @, (X) WO\ —o" (1) 7X0) a, v a,
[Wolj :[¢1'(X) ¢2.(X) ]j‘ 1 (ﬁ_ﬁ‘//)[_¢2(t)jdt
Yo ?'(X) @, (X) W () a, a @, (1)

_ oMo ) -~ (e, (1) | f-ay
S Wo = I{ W (D) }( )dt

(3.4.5)

a a0

Also Vo' = J‘{¢2'(X)¢1(t\zv_(t()pll(x)¢z(t)}(,8_aa'//)dt

a

(3.4.5) is called the variation of parameter for equation (4.3.2).
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4.4 The Adjoint System:

Theorem 4.4.1:
Let ®(x) be a fundamental matrix for Y'(x) = A(x)Y(x) then
O*=d*" =¥ isafundamental matrix for the system
Y(x) =-A"(x)Y(x) (4.4.1)
where * denote adjoint matrix define for A = (a;;) ; 4*=(a;) = (a;).
Proof:
Let O(X)=d"(X)
Multiply both side by ®(x) we get
O(X)D(X) = D (X)DP(X)
then
O(X)D(x) = I
where | is identity matrix.
By differentiate both side

O'(X)P(X) + O(X)D'(x) =0

Substitute by @' (X) = A(X)D(X)

O' (X)D(X) + O(X) A(X)D(x) =0
multiply both side by ®*(x)
O' (X)D(X)D * (X) + O(X) A(X)DP(X)D *(x) =0
®'(X) + O(X)A(X)=0
®'(X) =—O(X) A(X)
O*(X) =—A*(X)®* (X)
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O'*(X) =—A*(X)O*(X)
TO=0,0*=p*"
SY(x)=—-A"(0)Y(x) =

Remark : Now W, =@ [ @ (t)b(t)dt

PUt Y=
>y =
W, =D j W (t)b(t)dt (1)
a
Now we consider the nt"- order differential equation.
agy™ +a;y* D 4+ i+ aq,y=0 (2)
Then
0 1 0 0
0 0 1 0
A= : :
0 0 0 1
—a, —a,; —a,, —q
a, a, a, a,

We need to show that Y’ = A(x)Y is equivalent to an nt" order differential

equation i.e. the adjoin equation of (2). Now the system ¥’ = A(x)Y take the form

, 0 0 . =
y1, c_ln: V1
Vol =| 70 (2 3)
N S S S Vn
Vn a
0 . -1 3
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y'=="y
a.0
1 an—l
y,'==+y —y
a'O
! ar1—2
y3 == Yo~ y2 >(4)
a'O
._ 2,
yn - = yn o yn—l
a'()
Now
._a,
y'=="y
a

n 1 an—l 1,
y, =Y, +(5— y )*x(=1)

0

y.P ==y,

a

Loty (1)’
a

0

_ a
R A o Al

0

and adding the equations

D"y, " =(-

Define z =22
ag

So (5) gives

a 1 ' a'n
= y,)+(=1)* (=
aO aO

-2

1(

, then y, =a,z

Y)Yt (D"l y Yo By
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D"@,2)™ +(-D)"*a,2)" +..+ (-)%*(@@_,2)"+(-)(@. ,2)+a. z=0m
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4.5 periodic system:

Definition 4.5.1:
The system Y'(x) = A(x)Y (x) (4.1.1)
Is periodic if the system Alx + w) = A(x) , (45.1)

where w nono-zero constant.

Theorem 4.5.1:
Let y(x) be solution for (4.5.1), then y(x + w) is also solution.
Proof:
Let t=x+w and dx =dt
Thus Y'(x) = A(x)Y(x),
S0 Y'(x)—Ax)Y(x) =0
Y(x+w)—Ax+ w)Y(x + w) = %(Y(t)) —A)Y(t) =0

Y'(t) —AY(E) =0 m

Theorem 4.5.2:
There are a non-zero constant and a non-trivial solution w(X) of (4.5.1) such
that
(X + ) = oy (X) (4.5.2)
Proof:
Let @(X) be a fundamental matrix for (4.5.1) with @(0) =1,
then by theorem (4.5.1) ®(X+ w) also a fundamental matrix for (4.5.1).

DX+ w) =D(X)C
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Put x=0 ,then

D(w) = D(0)C

-.C =D(w)

Now any solution for (4.5.1) takes the form y (X) = D (X)b

Sy (X4 @) = DX+ w)b = D(X)Cb

Now (4.5.2) holds if

oy (X)) = D(x)Cb

FD(X)b = D(X)Cb

ob =CDb

i.e. O eigenvalue for the matrix C,b eigenvector for C. So if
det(C —a1) =0 (4.523)

has at least one root ( equation of degree n ). m

Now (4.5.3) has N distinct roots S5 ,-.., S and linearly independent solutions

/SR /4N
C=JAJ" (4.5.4)

Where ] is the Jordan canonical form and let the fundamental matrix ¥ define to

be v =DJ

Then by (4.5.2)

w(X+w)=D(X+w)] =D(x)c]

w(X+w)=Dd(x)J A

By (4.5.4)

Le.y(X+w)=w(X) A (4.5.5)
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Example 4.5.1:
The second order differential equation a,y''+a,y+a,y=0 we have two
cases for the matrix A

o, 0

Casel: A=| . , then (4.5.5) gives
0 o,

0]
Gitxr @) v e =600 wa0of B D)

wi (X + ) = 61y (X), v, (X+ @) = 6,7, (X)
Define

s, =e™”, P, (\=¢e """y, (X)
We use Vi (X + @) =3y (X)

Then P, (x+w)=e ™"y (x+ w)

P, (x+®) =e " Sy, (X)

P, (x+w)=e "e sy, (X)

P(x+w)=e "y (x) =P;(x)
with &, =e™?,

So yw,(x)=e"™" P,(x)(J=12) (4.5.6)
where P;(x) is periodic.

o 1

0 5] , then (4.5.5) gives,

Case2: N =[

)o) 1
(i (X + @) yw,o(Xx+w®))=(y,(X) wz(x))(o 5]

So
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vi(X+w) =0y, , y,(X+w)=y,+5y,

Now v, =e™p, , S =e™

Define 1, (x) = €™ {kxp, (x) + p,(X)}

then v, (X+ ®) =y, + Sy,

gives €™k (x+ ) p,(X) + P, (x + @)} =™ py (x) +€" ) fxpy (x) + P, (X)}
&™) kap, (X) + P, (X + @)} =™, (X) +€"*) p, (x)

m(X+w)

e™e™ kap, (X) + P, (X + @)} =™ p,(X) +&"* p, (x)

Choose e™kw=1 , then
emx pl(x) + em(><+a)) p2 (X + a)) — emx pl(x) + em(x+a)) p2 (X)

then P, (X+ ) = p,(X)

Now define  y,(x) = "’ZT(X)

e Ws(x)=em*{xp1(x)+p2T(X)}=e”‘x{xp1(><)+ Ps }

where p; = pZT(x) periodic because p, is periodic m
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4.6 Extensions:

Case I: the diagonal system

Y = A(x)Y , N =dg(A(X),.... A, (X))

}’1’ /'l1 O O yl
v, | _ 0 4 .. 0 Y2
Yn' \o 0 .. /%/ Yn

yi =AY, e Yn =AY,

y'=4;Y, 1<j<n
dy;’ _
so —L=pdcthen Iny; =[A ()dt+c,
Yi
y; =c,exp([4;®dt) (1 < j < n) (4.6.1)

are solutions for ¥'(x) = /\Y(x), wherec; are arbitrary constants.

If we now take any integer (1 <j <n) and ¢, =1 and other ¢; zero, we

obtain y;, = ekexp(f; 2, (t)dt) explicit solutions of n linearly independent of
the system

Y = AY,
where e, is the coordinate vector whose k™ component is unity and other

components zero.

A special case for Y'(x) = AY(x) when A =dg (21,...,2”) = constant
then by (4.6.1) y;=¢ e™ (1<j<n) andthe explicit solutions
Yr = exe™™  are solutions for Y'(x) = NY(x)
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Case Il :The transformation Y = PZ

If we consider the system Y'(x) = AY(x) ,where A is constant. (4.6.2)

Now An.n, matrix is diagonalizable if and only if A has n linearly independent

eigenvectors P,,P,, ...,P,, such that P~1AP = N\ =dy(4,,....4,), where 2,
is the eigenvalue associated with the vector P;.
By using the transformation ¥ = PZ, where P is constant , such that P~1AP = N
differentiate both side we get Y’ =PZ' 4+ P'Z, A has n linearly independent
eigenvectors.
so PP=0, thus Y =PZ
so (4.6.2) gives PZ' = APZ
multiplying both side by P~

P~pPZ' = P7lAPZ

Z' = P71APZ
wPTIAP = A
Thus Z'=NZ (4.6.3)
;X .
zj = ¢je , 1<j<n) (4.6.4)

Solution for (4.6.3).
to find the solution for (4.6.2) we transform back by using Y = PZ

Y1 Z1 Cleﬂ“lx
<s>=p<s>=p ; @55)
Yn Zn A x
c,e

n
n

is the solution for (4.6.2)
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Example 4.5.1:
By solving the system

1 2 -1
Y’=<1 0 1>Y
4 —4 5

the eigenvalue are 4, =3, 4, =1, 4, =2, and the eigenvector are

-1 -1 —2 _
v, = ( 1 ) 0, :< 1 ) and v, = ( 1 ) respectively.
4 2 4

1
-1 -1 =2 r 0
Thus p=<1 1 1 |andtheinverseis p™t=| o , _1
2
4 2 4 1 -1 o
1
L 0 Z\/1 2 -1y/-1 -1 =2
Then p™*Ap=| o o, _1 (1 0 1) 1 1 1
2/\4 —-4 5 4 2 4
-1 -1 0
3 00
p‘lAp=(o 1 0|=A
0 0 2
Now by (4.6.4)
4 /Cleﬂqx\ c,e3*
> (Zz): Czeﬂzx =| cze”
Z3 \ . x/ c e
cze’®
And by (4.6.5)
Y1 Z Cleﬂ“lx
Yn Zn Ay x
Ch€
Y1 —1 -1 =2\ [ce3* —c,e3% — c,e¥ — 2c3e%*
(J’z)=< 1 1 1) ce* | = cie3* + c,e* + cze?*
Y3 4 2 4/ \cze* 4cie3* + 2c,e* + 4dege™
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S0 y; = —¢e3* —cye* —2c3e?* |y, = e + e +cze?*  and

y; = 4ce3* + 2c,e* + 4cze?”

Or Y= Uce3* + v,ce* + Uzcze?”

Case Il : The transformation Y = P(x)Z
More extension than Y' =AY (4.6.3)
is the Y = A(x)Y, (4.6.6)

now A,. matrix is diagonalizable if and only if A=A(x) has n linearly

independent eigenvectors P;,P,, ...,P, such that

P=14P = A(X) = dy(A4(X),.-. 4, (X)), where 2. s the eigenvalue associated
J

with the vector P;.

when we use the transformation ¥ = PZ , where P = P(x) with P71AP = A (x).
diffeantiate both side we get Y =PZ'+P'Z
substitute in (4.6.2) we get PZ'+ P'Z = APZ

PZ' = APZ —P'Z

PZ' = (AP — P")Z
Multiply both side by P~1 we get

P~1pZ' = P~1(AP — P)Z

Z' = (P~1AP - P~1P"Z
now P~1AP = A then Z' = (AN —P71P"NZ (4.6.7)
to solve (4.6.7) we need the following theorem of (Eastham theorem 1985,1989)

for the system regarding the general system Y'(x) = ( A (x) + R(x)) Y(x).
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Theorem (Eastham theorem 1985, 1989)

Let ,(x) benxn diagonal matrix,
AX) = dg (A, (x), ., 2 (%))

inwhich 4 (x)—24,(x) is nowhere zero in some interval [a,0) for each pair of
unequal integers i and j in [Ln]. Let the nxn matrix R (x) satisfy

W) =400/ "R(x) >0 a5 x—>0;

(09 = 2,00} ROy e L(a, )
for each unequal iandj in [Ln].
Also, let the eigenvalues x, (x) (1 < k <n) of A(X)+ R(X) satisfy the dichotomy

condition L .

Then, as x— o, the solutions Y, (x) with the asymptotic form

Y (x) = {ex + o(1)}exp( j 4, 0) dE).

e, is the coordinate vector whose k" component is unity and other components

ZEero.

Now we return back to (4.6.7) to applies Eastham theorem so if 4; —4; #0 for
(i #j,1<ij<n) and the eigenvalues u;(x) of the matrix A — p-1p’
satisfies the dichotomy condition and {li (x)—/Ij(x)}’lP‘lP'—>O as x — oo with
faco—a, 00} PP ] e L(a co)for(i#j,1<ij<n),

then Eastham theorems gives as x — o Z, (x)solutions for (4.6.7) with
asymptotic form

Ze(x) = {ex + o(D}exp(f) m®)dt) , (1<k<n) (4.6.8)
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To find the asymptotic form of solutions of the system (4.6.3) we transform back
by using ¥ = PZ and (4.6.8) i.e.

Yo(x) = PZy = Ple, + o(1)}exp( f ) dt)

as solution for Y' = A(x)Y .
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DISCUSSIONS AND CONCLUSION

As we see from our research that we consider several cases for systems of
equation as Y' =AY (1)

and Y=AY+b (2)

we obtained the general solutions for (1) and (2) when A = constant in
chapters three and four.

In chapter 4 we give some more extended results for systems as when

A = A(x) variable matrix.

As we see in 4.6 we give the diagonal system Y'(x) = AY(x) when

A =dg (ﬂj(x),...,ﬂn(x) )and we obtained (4.6.1).
A special case when A diagonal matrix we obtained explicit solution.
In equation (4.6.2) we consider A=constant matrix we start to diagonalize

the matrix A by using the transformation ¥ = PZ, where P constant matrix,
we get (4.6.3).

The importance of the system Z' = (A — P71P')Z (1)
When we transform Y’ = A(x)Y 2
by mean’s of the transformation ¥ = P(x)Z(x) 3

to (1) , this suggest that any Linear differential equation of any order can be
transform to (1) after writing it in the form (2) and using the transformation
(3) to get the system (1) to obtain the fundamental set of solutions by
applying Eastham theorem to (1).
For example the fourth-order differential equation

(Poy)" + (01Y) + 2y =0 (4)
Is the case m =2 of
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Doy ™)™ + (pry ™) 4o+ (D_1Y') + Py = 0
with p;(i = 0,1,2) nowhere zero in (0,00) can be written as first-order

system Y' = A(x)Y (2)
0 1 0 O
-1
with  A(x) = 0 P O 5)
-p, 0 1
-p, 0O 0 O

then to diagonalize A we need the eigenvalues 4; of A i.e. to solve

det(A— A1) =0 gives the characteristic equation

4 2
poA +p A +p,=0 (6)
In this case as open problems, we need to discuss some cases of the
eigenvalues as x —» co to obtain the asymptotic form of fundamental

solutions by applying Eastham to (1).
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