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ABSTRACT

Let g(s,t)=a+b(s+1t)+cst+ d(s2 +1%), where a, b, ¢, d € R, not all zero,

1
and suppose that k =—. A closed (bounded) interval [ is called admissible for k if
q

q(s,t) #0, for all s, ¢ € I, in which case we obtain a compact symmetric integral

operator K; on L2(I ) with continuous kernel k:

G (fel’(]),se D).
(s,1)

Klf(s)=£q

In Chapter 2 we find the number of positive and the number of negative eigenvalues
of K, in the case d =0, and in Chapter 4 we do the same for a general d. In Chapter 3

we find the number of positive and the number of negative eigenvalues of integral

operators of kernels of the form

A+ B(s+1t)+Cst
D+E(s+t)+Fst’

1
In Chapter 5 we return to the case k =— and d =0 and we find asymptotic estimates
q

for the positive eigenvalues of K; and the negative eigenvalues.
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CHAPTER 1. NOTATIONS AND PRELIMINARIES

1.1 BACKGROUND

1.1.1 DEFINITION

Let T be a bounded symmetric linear operator on a complex Hilbert space
(H,{.,.)). Then T is called positive, written T 2 0, if (If,f)20 forallf € H. In
general, if T and S are two bounded symmetric linear operators on H,then T > S is
defined to mean that 7 — S = 0. Also we say that T is negative, written T <0, if -T is

positive.

Let H and H; be Hilbert spaces and T: H — H; be a compact linear operator.

Then there is an expansion for T in the form (¢f. [2, page 271])

TF = sy (DXfsWadbn» feH

n=1
” where (s,,(T)) eisequenee rof ﬁon-negetive reel numbers which decreases t”o%O, called
approximation numbers of T, (y») is an orthonormal sequence in H and (¢») is an
orthonormal sequence in H. In the case when H = H; and T is positive, the s,’s are

the eigenvalues of 7.




For any compact symmetric operator T on a Hilbert space H let us denote:

(1) (/?,“,L, (T)) the positive eigenvalues of 7 in decreasing order

HOETHOEY GRS
with repetitions to account for multiplicities and (/1; (T)) the negative eigenvalues in
increasing order.

(2) N*(T),N~(T) the number of positive and the number of negative eigenvalues of

T, respectively, 0< N ¥ (T),N™(T) < +o.

1.1.2 DEFINITION

A symmetric operator 7 on a Hilbert space H is called strictly positive if it is

positive and injective.

1.1.3 REMARK

(i) If T is a strictly positive compact linear operator on a Hilbert space H, then
T H so that N*(T) = dimH, in particular if H=I2(I) for some interval /
then N*(T) = .

(i) If 7, S are compact positive operators on a Hilbert space H and T > S then

S strictly positive implies 7 strictly positive.

10




The eigenvalues of any compact symmetric operator 7 on a Hilbert space H

can be determined using the Courant-Weyl formulae (see [8, §95]):

YMUNE T
(T)= |Sl|l—pnf€E|fu—<ff>

An(T) = lrf sup (If, f)
|Etfen-1 1 e | 1

In each formula, E denotes a subspace of H and |E| = dimension of E. If T has a finite

number N of positive eigenvalues, then each formula on the right evaluates to 0 for

n> N, and it is conventional to define A},(7) =0 for n > N, so that the formulae are

valid for all n > 1. To evaluate A,,(T) we can replace T with —T in the formulae. This

has the effect of interchanging sup and inf in both cases. If 4 is a compact symmetric
operator with a finite number M > 0 of positive eigenvalues, and a finite number N 2 0

of negative eigenvalues, then we have (cf. [8, §95])
Koot (T+ A) < A5(T) and Ay (T+ 4) 2 4, (T) (1.1)
respectively, so that
CNY*(T+ASN' (D+N' (A and N (T+A<N (D)+ N~ (4). (1.2
If 7> 0 and A4 has N negative eigenvalues then
Aoin () S A, (T + A) < Ay (T) (1.3)

for n > N. In particular if 7> 0, so that N"(T) =0 then N (T+ 4)<N.

11




If M : H— H, a continuous linear operator, then (cf. [4, page 171])
2
AH(MTM*) <| M| 45,(T) (1.4)

and if M is invertible then

o

which yields N*(MTM*) = N*(T). Applying (1.5) for a unitary operator U:H—>

15(T) < A (MTM*) <[ M| 23,(D) (1.5)

H, we get

Ap(T) = A, (UTUY). (1.6)

1.1.4 LEMMA [4, Lemma 1.1]

Let T be a compact symmetric operator on a Hilbert spaces H,and let Nbe a
positive integer.

(i) T has at least N positive eigenvalues if and only if there is a subspace E < H
of dimension N and a 6> 0 such that

Tf.fyz8|f|, forallfe E.
(ii) 7 has at least N positive eigenvalues if and only if there is an N-dimensional
ms;ltraslr)rac; EgHsuchthat - -
(If, f) > 0, for all non-zero f € E.
(iif) If H; is a Hilbert space and M : H) — H a continuous linear operator, then

the compact symmetric operator M *TM on H, satisfies

NY(M*TM) < N*(T).
(iv) If also the range of M is dense in H, then

NT(M*TM)=N*(T).

12




1.2 INTEGRAL OPERATORS

Letk:IxI > C,I=[ab], 0 <a<b<+wo,bea measurable function such
that

| j|k(s,t)|2dsdt<oo.
I 1

Then the integral operator K : LX) - L*(J) with kernel k is defined by

K f(9)= [k(s:n)f (e .
1

It is well known that K; is compact, and the adjoint K; of K; is an integral

operator with kernel function &, where
k*(t,s) = k(s,1).
Hence if k(¢,5) = —k(—SJS , then K is a self-adjoint operator.
Instead of K, we also write simply K if it is clear to what interval [ we refer

in a specific discussion.

We now introduce some well-known results to which we refer throughout this

thesis.

13




1.2.1 MERCER’S THEOREM [8, §98]

Let k(s,7) be the kernel of a positive integral operator on LD, I (bounded)

closed interval, and suppose that k(s, ) is continuous on /x/. Then

k(s,t) =Y A0 (5) (s 1€

i=1
where the series on the right converges uniformly and absolutely to (s, £) on IxJ and
(¢:) denotes an orthonormal sequence of eigenvectors, and (4;) the sequence of

corresponding eigenvalues.

1.2.2 COROLLARY
Let K be a positive integral operator on L*(I), (I is closed and bounded) with a

kernel k(s, ¢) that is continuous. Then (s, s) 20 for s € 1.

The following theorem will be useful for detecting integral operators T° with
N*(T)=N"(T)=.

7 Lef I - [—,;3, p], (p >7 O) and let Lz (D), Lg (71)7 be the Vspaces of éveh, odd 7

functions in L? (I) respectively. Given f eI’ (I) write f, = projection of f on

I2(I) and f, = projection of fon I2(I). Thatis f = f, + f, .

14




1.2.3 THEOREM

Let I = [-p, p], where p > 0, and suppose that £ is a continuous symmetric
kernel on IxI satisfying k(s,t) = k(=s,—t) (s, t € I). If T is the integral operator on
I*(I) corresponding to k, then

) Lg (I) and Lﬁ (I) are invariant subspaces of 7.

(i) If T, : L2(I) = L2(I) is the restriction of T to I2(I) then T, is unitarily

equivalent to the integral operator 7, on 1(0, p) given by

P
T,g(s) = [(k(s,t) +k(s,—1))g(r) (g € I*(0,p),0<s < p).
0

i) If 7, : L2()—> L(Z) (1) is the restriction of T to Lﬁ (1) then T, is unitarliy

equivalent to the integral operator 7_ on I? (0, p) given by

P
T g(s) = [(k(s,0)— k(s,—))g(r)dt (g e I*(0,p),0<5<p).
0

Proof. Write

 k(s0)= -;—(k(s, 1+ [c(s,—t)) =%(k(—s,—t)+ k(-s, t))

k,(s,t) = %(k(s,t) ~k(s,~t)) = %(k(—s,—t) —k(=s,1))
so that k = k, + k, and k, is an even function of s and an even function of 7 and %,

is an odd function of s and an odd functionof . If f=f, + f, € I? (I) then

p P
() = [k (s.0fO)dt+ [ko(s.0)fo (1)t (s € D).

-p -p

15




The first integral here is an even function of s and the second is an odd function of s,

and this proves (i). Now suppose f = f, € Lﬁ (1) then
P
Lf() = [2k(s.)f(Odt  (FeIl(),sel).
0

Define an operator U: I? (0, p) > L2(I) by

Ug(r) =272 g(1)) (geI?(0,p),tel)
then it is easy to see that U is unitary and that

U f()=Uf(s)=2"21(5)  (Fell(]),0<s<p).

Hence for g € I? 0,0,
P
U*T,Ug(s) = [2k,(s.0)g(t)dt .
0
This proves (ii). We prove (iii) in a similar way. This time the unitary operator

V:I2(0,p) > L(z, (1) is given by

Va(t)=2""sgnrg(t]) (g eL*(0,p),tel)
and we have

V)=V f()=2"f(s) (Feli(]),0<s<p).

1.2.4 REMARK

IfT,>0and T, <0 then N*(T)= N*(T,) and N~ (T)= N~ (T).

16




1.3 G.LITTLE’S THEOREMS

In this section we begin by setting up some notation given by G. Little in [4]

with some modifications.

An open set E ¢ C’ is called symmetric if (zw) e E implies (w,z) € E. A
complex-valued function & on E is called a symmetric analytic kernel on E if

i) k is continuous on E,

ii) k(z,w) = k(w,z), for all (z;w) € E,

iii) k is analytic in its first variable at all points of E.
If I is a (bounded) closed real interval such that Ix] c E, then [ is called admissible

for k. In this case the integral operator K on L*(]) with kernel & is compact and

symmetric. We use 4d(k) to denote the set of all admissible intervals for k, N *(k,I)

for the sum of the multiplicities of the (strictly) positive eigenvalues of K, and
N~ (k,I) for the sum of the multiplicities of the negative eigenvalues of K. In the
previous context N*(k,[)=N*(K) and N~ (k,I)=N"(K). Also we will use

AT (k, 1) to denote A (K) and A~ (k,I) to denote 1™ (K).

17




1.3.1 EXAMPLE [4, page 169]

Let K be the integral operator with kernel

k(s,t)= , s, tel

1-st
If I = [a, b], with =1 < a < b <1 then N+(k,l)=oo and N (k,I)=0. This is

proved by expanding the kernel in a geometric series.

1.3.2 THEOREM [4, Theorem 1.1]
Let k be a symmetric analytic kernel on a symmetric domain E ¢ C*. If I and J

are admissible closed intervals for k£ and INnJ # <, then
N*(k,D)=N*(k,J) and N~ (k,])= N~ (k,J).
In other words, if I and J are two such intervals, then K; and K; have the same number

of positive and the same number of negative eigenvalues.

G. Little [4], extend this theorem to include the case of certain disjoint
" intervals 7, J. He first defined a diagonal point as follows:
Suppose that k is a symmetric analytic kernel on some domain E ¢ C?. A point @ € R

is called a diagonal point of k if (a,a)€E. For such point he defined
N7*(k,a):= N*(k,I) where I is any closed admissible interval for £ which includes
a. Analogously he defined N~ (k,a). Because of the theorem, N *(k,a) and

N7 (k,a) are well-defined.

18




1.3.3 THEOREM [4, Theorem 2.1]
Let a, b be a diagonal points of a symmetric analytic kernel k with a < b. If

every point of the closed interval [a, b] is a diagonal point of k then

N*(k,a)= N*(k,b) and N~ (k,a) = N~ (k,b).

Suppose now that k is symmetric analytic kernel on E = AxA, where A is the
open unit disc in C. Since any point in [-1, 1] is a diagonal point of k, we immediately

have

1.3.4 COROLLARY

Let k be a symmetric analytic kernel on AxA. If  and J are admissible closed
intervals for k, then

N*(k,])= N*(k,J) and N™(k,])= N™(k,J).

19




1.4 EQUIVALENCES

Let w be a real-valued continuous function on the closed interval I = [a, 5],
and let J = [c, d] with ¢ = y(a) and d = y(b). Suppose that y has a strictly positive

and continuous derivative on the interior I° of I. Then the operator U : L*(J) — L*(])
Ug(s) = gy ()w' (9", g€ (D), s € D

is a unitary operator mapping L*(J) onto L*(J) and its inverse U “1 = U* is defined in

an analogous way by y/"l . If K is an integral operator on L*(J) with kernel k(s,t)

then, for all f € L*(J),

UK ;U™ (s) = [w' ()" k(w(s),)(U" F)(®) dt
J
= [y kw0 f ™ Ow " OV dr
J

= [ kW)W OV £ (1) dr.
I

Thus UK 7 U= yK I is an integral operator on L*(J) with kernel
wk(s,0) =" (5) V2 k(w (s),w )y (1) (1.7)

so that K; and ywK; have exactly the same eigenvalues.

We now introduce some definitions to which we refer throughout this thesis.

20




1.4.1 DEFINITION

Given two sequences (a, ), (b,) of non-negative real numbers we shall write

a, ~b, when a, = O(b,) and b, = O(a,).

Having defined the ~ -notation, we may write (1.5) as 4,,(T) = 4,,(MTM ).

1.4.2 DEFINITION
Let K be an integral operator on L*(J) with kernel k£ and K’ be an integral

operator on L*(I) with kernel k’.
(1) We say that K is symmetrically equivalent to K' if

K' = MEM* (1.8)
for some continuous and invertible linear operator M : L)) - L*().
(2) If M in (1.8) is a unitary operator then we say that K is unitarily equivalent to K' .
(3) We say that K is spatially equivalent to K', denoted by K = K', if there exist a
real-valued function y:1 — J as above with y(J)=Jand y' >0 on / such that

K =yK.

That is k' = yk asin (1.7).

Observe that spatial equivalence implies unitary equivalence and unitary

equivalence implies symmetric equivalence.

In view of the above definitions if K and K’ are two integral operators on

L}J) and L*(I) respectively then we have the following lemma.

21




1.43 LEMMA
(i) K unitarily equivalent to K’ implies AX(K) = 4 (K").
(i) K symmetrically equivalent to K' implies A (K)=~ A, (K’) and
|47 ()| = |, (K7, in particular
Ni(K)=N*(K").

Proof. The proof follows from (1.5) and (1.6).
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1
a+b(s+t)+cst

CHAPTER 2. k(s,t) =

2.1 INTRODUCTION

In this chapter we study the kernels

1 1

k(s,t) = =
q(s,t) a+b(s+t)+cst

where a, b, ¢ € R, not all zero. (If the closed interval I € Ad(k) then g cannot change

sign on IxI so, where convenient we can always assume g(s, #) >0, Vs, t € I.)

We shall use K; to denote the integral operator on I? (I) with kernel %.
Given I € Ad(k) we shall determine N*(k,I) and N~ (k,I). We shall also make

progress on the problem of the asymptotic behaviour of A} (k,I) and A, (k,I); a

complete answer to this problem will be given at the end of Chapter 3.

Modulo some elementary reductions it will be sufficient for us to consider two

canonical special cases; as below.

2.1.1 DEFINITION

(1) Define k,(s,) = . Given I € Ad(k,) let K,; to denote the integral operator

1-st

on I* (I) with kernel £, .

23




(2) Define k(s,t) = —1— Given I € Ad(k) let K,; to denote the integral operator
: 1+ st ! ! P

on I*(I) withkernel k;.

As we shall see, it will also be sufficient to assume that [ is symmetric about 0:

I=[-p, p], where 0 < p< 1.

24




22 ANALYSIS OF kq(s,1) = -—
- S

Given two closed intervals 7, J. Definition 1.4.2 allows us to transfer a kernel £

on JxJ to a kernel yk on Ix/ such that the two operators K; and yK; are spatially
equivalent: K; = wK;. Now in general the two functions %, y/k will be quite different,

but in the case of k, there is a y which leaves k, invariant; more precisely we have

2.2.1 LEMMA
s+ A
Let w(s) = PR where -1 < A < 1. Then yk,(s,t) = k,(s,t), Vs, t e(=L1).

2

Proof. Here y'(s) = 1_—/12 Simple manipulation shows that
(As+1)
@y _ 1
")yt
who(s,) =22 Y20~k (s,0).

1-p(s)yp(t) 1-st
'2.2.2 COROLLARY
Let J < (-1, 1) be a closed interval (so that J € 4d(k,)). Then there exists p,

0 < p<1,suchthat K,; = K, ;, where I =[-p, p].

25




Proof. This follows easily from the fact that y(s) = tanh(tanh“1 s+ tanh ™! l). We

can write J = [tanh u, tanh v], where —0 < u < v < . Put l=tanh%(v+u) and

p= tanh%(v —u) . For this choice of A, w maps I = [-p, p] onto J. Since yk, =k,

we see by Definition 1.4.2 that K ; = K.

If I < (-1, 1) is a closed interval then I € 4d(k,) and it is straight forward to

show that K; is strictly positive so that

N*(k,,I)=o0 and N~ (k,,I) =0

(see Remark 1.1.3 (i)). For if f e I2(1),

Korf, )= [ [F&®OYs"t" dr ds
1 1

n=0

2

0
2
n=0,

I f(O" dt
I

>0.
There is equality only if f'is orthogonal to all polynomials, i. e. = 0. The geometric
series will converge uniformly on Ix/: this is enough to justify permuting the

summation and the integrations.

More general positive operators can be constructed as follow.

26




2.2.3 LEMMA

Let a, B, 7, 6 € R and suppose that A = ad— By > 0. Let y(s) = ﬁg:_g, and
Ve

1

k(s,f) = —— = .
q(s,t) (+0)( +90)—(as+ f)at + P)

If I c R is a closed interval and |yAs)| < 1, Vs € I, then I € Ad(k), J= y(I) c (-1, 1)
and K; = A'K_; . In particular
@@ N*(k,])=o and N (k,I)=0.

(i) A,(k,I)~ A,(k,,J) or equivalently A,(K;)~ A,(K,;).

11 -
Proof. Here we have y’(s) =—(—-—A§?. So that y'(s)? = A? |7s+é’[ ' Since v is
7+

finite in 7, 35 + 8 does not change sign on /, and hence |5 + 8|t + 8| = ()5 + 5)(# + 6)

on IxI. Therefore

A 1

: = A-k(s,1)
(s+)(n+3) 1-y(s)y ()

yko (s,1) =

so that by Definition 1.4.2, K; = A'IKG,. Since J < (-1, 1), (i) and (ii) follows from

Lemma 1.4.3 and our discussion above.

27




23 ANALYSIS OF k/(s,1) = ——
1+ st

We follow the same general procedure. But we shall find that, for I € Ad(k:),

NY(Ky) =N (Kj)=. Also, for a suitable closed interval I' ¢ (-1,1), we will

find a relation between A% (k;,I) and A,(ky,1") and a relation between |1, (k] )I

and A, (k,,1").

2.3.1 LEMMA

Let y(s) = ——£

1,where—c>o<,u<oo.
Q) vki(s, D =z ki(s, 1), s, 1 # 1/u.
(i) If J € Ad(ky), then there exists p; 0<p<1,suchthat Ki; = Ky, where I = [-p, pl.

(i) A% (ky ) = Ay, 1) and A (ks ) = A (i D).

2

Proof. Here y'(s) = -—l—d-I-—’Li—z— , so that
S (-
_ 1442 1 _ sgn(—ps +D)sgn(-p +1)
vk (s,1) = s+ 1|~ 1t +1] 1+ y(y() B 1+ st ‘

This proves (i). The signs here depend on s and #, and we can say nothing more about
them in general. But in proving (i) we can be more specific.
To prove (ii) suppose J = [tan %, tan v], where -n/2 <u <v < n/2. Now if J € Ad(k),

we must have st = —1, for all 5, ¢ € J. Since tan s tan (s + m/2) = —1, we must also

have 0 < v — u < 7/2. Now put y=tan—}z-(v+u) and p=tan—;-(v—u),so that u € R,

28




0<p<l.PutlI=[-p p]. Since y(s) = tan(tan"1 s+%(v+ u)) , we see that y maps

] in a strictly increasing fashion onto J. In particular, the pole 1/4 of y cannot be in 1.
It follows that the sign of —us + 1 is constant on I. Therefore wki(s, ) = ki(s, £) on

JxJ. Hence (ii) follows and also (iii) (see Lemma 1.4.3).

Let us now consider the eigenvalues of K, [ € Ad(k). Because of Lemma
2.3.1 we can assume that I = [-p, p}, where 0 < p< 1. Let us abbreviate K;; to T,

thus

ZAOWS

1+ st

p
T(s)= |

-p

Clearly ki(s, f) = ki(=s, —f), so by Theorem 1.2.3 (i), [2(I) and L3(J) are invariant
subspaces of T. So the eigenvalues of T are the eigenvalues of T, together with the

eigenvalues of T,,. According to Theorem 1.2.3 (i), A,(T,) = 4,(T,) where T, :

2 ©0,p) > I*(0, p) is the integral operator

P
T,g(s) = [(ka(s,) + b (s:mD)g(n)at
0

:’j 2600 4
0

1- 522
Since
w |P 2
(T,g.8)=2|[eny™dt
n=0{0

we see that T, is strictly positive (even polynomials are dense in I%(0,p)). So we

certainly have N*(T) = . Likewise 4,(T,) = A, (T_), where
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P
2stg(t)

T g(s)=- dt
g 6f 1-s%t?

and 7_ is strictly negative. Hence N*(T) = N™(T) =« and
An(T) = A, () 2(T) = Ap(T) = =25, (-T_).
To elucidate these eigenvalues let y : [0, o] = [0, p] be the function y(s)= s% and

let U: I2(0,p) > L*(0, p?) be the corresponding unitary o;;erator:

Uf(s)= 2‘%s_%f(s%) .
Then, see (1.7)

2

P
UrU* f(s)= [—LD—ar

0 sttt(1-s1t)

(feI*(0,p%),0<s<p).

Put J=[0, /'] and let M : I2(J)—> L*(J) be the symmetric multiplication operator

Mf(s)=s*f(s). Then M| = p and the kemel of MUT,U*M is k,(s,f). It
follows from (1.4) that

Anlkosd) = A (MUT,U" M) < pho(UT,U") < phy(T,) = pAo(T).  Q2.1)
" To find an upper bound for A%,(T), let R be the rank 1 positive operator on L2(J)
with I2-kernel s34 . Since

1 1 s3/4t3/4 1

. —3 +
sl/4t1/4 1_ st I—SI Sl/4tl/4

we see that
UT+U" = M3K0JM3 +R.

Hence by (1.1) and (1.4) we have
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Ap(T) = A,(T.) = 4,(ULU")
=1, (MK, ;M +R)
< Ap (M’ Koy M)

<P’ Apa(Koy)-

Therefore, taking into account (2.1), we have

1
—An(Kos) S 75(Kip) S P s (o).

(2.2)

Now we turn to the negative eigenvalues of T = Kj;. Let T* =-T_, that is

2 ost t
So we have
AT = =A7(D)
and
P smtmf(t)
UT*U*f(5) = [———"—dt = MK M.
0 1—-st
Hence
=A,(TY)=A,(UT*U") = A,(MKy; M) < pA,(Kyy).
On the other hand, since
1 _ s3/4t3’4 . S1/4t1/4 1
1—st 1-st
we see that
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K, =MUT*'U'M’+A4
where A is a rank 1 positive operator on I? (J).Hence by (1.1) and (1.4) we have

A, (K o) = Ay (MPUT UM + A)
<A, ((M’UT*U*M?)
< p* A, (UTTUY)
=0’ g (T7)

Tt ()

=p3

which, together with (2.3) and (2.4), implies

1

— hun (o) < (Ki17)| < pha (K o) 2.5)

2.3.2 LEMMA (cf Lemma 2.2.3)
Let a, B, 7, 6 € R and suppose that A= ad— By # 0. Let

1 1
g(s,t) (s +8)t+38) +(as+ B)az + )

k(s,t) =

and I € Ad(k). Then N* (k,I)= N~ (k,I)=o.

Proof. Observe that g(s,t) >0 on IxI since g(s,s)>0 and /is admissible. Now
either (5 + &) does not change sign on [ or (as + /) does not change sign on .
(Otherwise, if 1 + 6§ = 0 and as, + f=0forsomesy, s, € I, then g(sy, 52) = 0).
Assume, and without loss of generality, that (5 +8) does not change sign on I. Hence

l}/s +5||}/t+5‘ =(ps+0)(+J) onIxl
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Also we may assume that A= ad— fy> 0, since (5+ )+ )= s+ 8N(yt+ )

where y’'=-y, 6’=-8and ad’— fy’=—A. Now let w(s) = 591‘_? and J = y(]). Then
' »

we have

A 1
T (s +8)(+ ) 1+p(s)w ()

ki (s,1) =A-k(s,1)

so that by Definition 1.4.2, K; = A'K, ;. It follows from previous discussion and
Lemma 1.4.3 that

Nt (k,])=N"(k,J)=c0.

2.3.3 REMARK

The proof above not only shows that N *(k,I)= N~ (k,I)=,butitalso
shows that K; = A_lKU and

X (k1) ~ Ay (kys T) 5

i (k,I)‘ ~

7o (1, )
or equivalently

LK)~ Ay (Kyy),

7 (K )|

2 (Ky))

for some closed interval J c R.
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1 1

2.4 THE GENERAL CASE k(s,t) = =
q(s,t) a+b(s+1t)+cst

Now we can complete our determination of N *(k,I), N~ (k,I) in the general

case. Our results are summarized in Fig. 2.1. First we start with the following remark.

2.4.1 REMARK
Let p be a polynomial of the form
p(s,t)=a+b(s+t)+cst (2.6)

where a, b, ¢ € R. Then p(s,s)=a+2bs+ cs?. Hence if p(s,s)=0 on some
interval J then a = b = ¢ = 0 so that p(s,) =0 on RxR. Therefore, if p and g are any
two polynomials of the form (2.6), then

p(s,5) = q(s,s) onI x I < p(s,t) = q(s,t) on R xR. 2.7
Now Let P(s,f) = A+ B(s+1)+Cst withd4, B,C € Rand 4, B, Cnot all 0. If B* =
AC then

P(s,5) = A+2Bs+Cs’

= (s +6)”
for some 7, & € R and &= 1. If p(s,t) = P(s,t) — &(35 + 5) (1 + ) then p is of the
form (2.6). Also p(s,s) = 0. Hence by (2.7) when B* = AC we can write
A+ B(s+1)+Cst = e(ys+8) (1t +90).

Likewise if B? < AC then
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P(s,5) =05+ 8 +(as+ )]
where o, B, 7, 6 € R and £=+1 and aff — y5+# 0. Similar argument shows
A+ B(s+1)+Cst = (5 + 5t +6) + (as + B)(at + P)].
Similarly if B* > AC then
A+ B(s+1)+Cst = (35 + 8)( +68) — (a5 + f)(ct + )

where a, S, 7, 6 € Rand aff— y5# 0. That is

(35 + 8)(1t +5) if B*=4C
A+B(s+1)+Cst={ (5+3)t+8)—(as+p)aa+p) if B*>AC
s+ 8t +8) +(as+ )+ P)] if B> <AC

Observe that if for some closed interval I, 4+ B(s+1t)+ Cst >0 on Ix], then = +1.

Now let K be the integral operator on L*(I) with kernel &:

1 1
q(s,t) T a+ b(s+t)+cst

k(s,t) =

where a, b, ¢ € R, not all zero and let I € Ad(k) be a closed interval. Since g(s, £) # 0
on Ix/, it is sufficient to assume that g(s, £) > 0 on Ix/.
(D) If b* = ac, then by Remark 2.4.1, k(s, ) can be written as follows

1
(5 +3)(# +5)

k(s,t) =

= p(5)p(t)

where ¢(s) € L*(]). This is a rank 1 positive kernel. That is

N*(K)=1and N™(K)=0.
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(1) 5* > ac. In this case

1
(55 + 8)(#t + ) —(as + )(at + B)

k(S,t) =
by Remark 2.4.1, where @, S, 7, 6 € R. By replacing as + f with —as — f if necessary
+B

we can assume A = ad— fy> 0. Let y(s) = —ag—+—5— Since g(s, s) > 0 on Ix] we have
)

|75 + 6] >|as + B and hence J = y(I) < (-1, 1), which implies by Lemma 2.2.3,

N*(K)=o and N~ (K)=0.

(IIT) For b < ac, we have, by Remark 2.4.1,

1
(5 +8) (1t +6) + (a5 + f) (et + )

k(s,t) =

for some &, f3, 7, 5 € R. Hence by Lemma 2.3.2, we have

N*(K)=N"(K)=c.

Here k(s, ) > 0 on IxI, e=0
N(E) =1
a>0ande=b’-ac. ... N (E)=0
............................... —_—r
b
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A+ B(s+t)+Cst
D+ E(s+t)+ Fst

CHAPTER 3. k(s,1) =

3.1 INTRODUCTION

In this chapter we study the kernels

A+ B(s+1)+Cst _ P(s,1)
D+ E(s+t)+Fst  Q(s,t)

k(s,t) =
where 4, B, C, D, E, F € R (D, E, F not all zero). Let K be the integral operator on

I2(I) with kernel k. Given I € Ad(k) we shall determine N*(k,I) and N™(k.1).

3.1.1 THEOREM

Let k(s,t) = A+ B(s+0)+Cst _ P(s, 1) ,where 4, B, C, D, E, F € R and
D+ E(s+1)+ Fst  Q(s,t)

I € Ad(k) . Let K be the integral operator on L*(]) with kernel (s, £). Then

(i) If E* = DF then K is a finite rank operator.
(ii) If E* > DF then K is symmetrically equivalent to an integral operator K”on

I2(J), J=[-p, p, 0 < p < 1, with kernel of the form

a+b(s+t)+cst 3.1)

k'(s,t) = —

where a, b, c € R.
(iii) If E? < DF then K is symmetrically equivalent to an integral operator K’

on I*(J), J = [-p, p), 0 < p< 1, with kernel of the form

a+b(s+t)+cst 3.2)

k(s = 1+st

where a, b, c € R.
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Proof. Since I € Ad(k) then Q cannot change sign on Ix/, so we can always assume
QG,H)>0,Vs, t el
OIf E? = DF then, by Remark 2.4.1, k can be reformulated as follows

A+ B(s+1)+Cst

k(s,t) =
(55 + 8)(nt +6)

and this proves (i).
(i) We will prove (ii) in two steps. First we will show that K is symmetrically
equivalent to an integral operator on I’ 1), for some closed interval I} < (-1, 1)
with kernel of the form (3.1). Then we will symmetrize Ii.
Step 1. Using Remark 2.4.1 let

O(s,t) = (5 + 8)(1t +8) — (as + f)(at + )

with A= ad - fy>0. Let

so that

ad —
o'(s) =-——————’3}; >0.
(15+9)
Since O(s, s) > 0 on I we have |ys+5|> Ias+ﬂl and hence I; = o(I) = (-1, 1). Let

y=¢ . Thatis

__aé__é}/——>0.
(-p+a)

29 =2"L and y9)=
-5 +a
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Now

P(s,f)
(5 +8) (1 + S)[1- () p(1)]

k(s,f) =

and hence

A . 1 P(x(s), (1))
(—ps+a)-n+a) [r(s)+0]r)+6} 1-st

Zk(S,t) =

_ 1 A+B{x(s)+xO)]+ Cx() ()
A 1-st

1 .Z+§(s+t)+5st
(-p+a) (- +a) 1—st

for some 4,B,C eR. That is yK = MKM" where K is the integral operator on

L2 (1) with kernel

A+ B(s+1)+Cst

k(s,t) = —

Necessarily =y + a # 0 on 1. Hence K is

and Mg(s) = m(s)g(s), m(s) =

—s+a’
symmetrically equivalent to K.

Step 2. Since I} < (-1, 1), we know from Corollary 2.2.2 and its proof that there exist

p,0<p<1and t//(s)=%, w:J =[-p,p] > I suchthat yk,; =k, . Hence

W (s.0) = ——{ A+ By @) + v (0] + Ty @)

1 _a+b(s+t)+cst
l-st (As+1)(Ar+1)

39




for some a, b, ¢ € R. Again this shows that K is symmetrically equivalent to an
integral operator say K’on L*(J),J = [-p, p] with kernel of the form (3.1) which in
turns shows that K itself is symmetrically equivalent to K”.
(iii) Again we will prove (iii) in two steps. First we will show that K is symmetrically
equivalent to an integral operator on I? (1;), I < R with kernel of the form (3.2).
Then we will symmetrize /; inside (-1, 1).
Step 1. Using Remark 2.4.1, let

O(s,1) = (35 + 8)(1 + 6) + (as + f)(at + B).
Now either (35 + &) or (as + f) does not change sign on /. So we may assume, and

without loss of generality, that (3 + &) does not change sign on I and that

A=abs-pPy>0. Let ¢(s)= g;é and I} = ¢(J). Let ¥y =¢™"'. Following exactly
” +

the same technique used in Step 1 of (ii) above we see that K is symmetrically
equivalent to an integral operator K (on I? (Z;)) with kernel

A+B(s+1t)+Cst

E(S’ = 1+st

with 4,B,C e R.
Step 2. This step is very similar to Step 2 of (ii) above, using in this case Lemma 2.3.1

and its proof.

We complete Section 3.1 by exhibiting two more canonical examples.
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3.1.2 THEOREM
Let K be the integral operator on L*(I) with kernel k. If I = [-p, pl, p> 0 and

k(-s,—t)=—k(s,t), Vs, t e, then
@) K(2() < I2(I) and K(LZ(D) < Li(D;

(i) A (K) =4, (K).
Proof. Proof of (i) is easy so we leave it to the reader. To prove (ii) let U: L) »
LX(I) be defined by Uf(s) = f(-s). Then U is unitary operator with U =U =yl

Now it is easy to see that UKU = —K and hence by (1.6) the proof is complete.

3.1.3 EXAMPLE
Let K be the integral operator on LX), I=[-p, pl, 0 < p< 1, with kernel

k@g:i;.

Then A}, (K) =

()| and N* (K= N™(K) = .

Proof. Clearly k(~s,~t) = —k(s,). So by Theorem 3.1.2 we have 15,(K) =

1 (K|

and hence N*(K)= N (K). In order to show NY*(K)=w itis suﬂicieﬁt to show
K has infinite rank. To do this reformulate k(s,t) as follows

s+t

kD =1"5

(145 +(l+t2)s

1-s%% 1-5°

=k'(s,t)+ k"(s,t)
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2 2
where k’(s,t)=£1_+_s__)£ and kn(s’t)=(1+t )s.
l—S2t2 1—S2f2

Let K’ and K" be the integral

operators on L*(]) corresponding to k£’ and k" respectively. So K = K' + K" . Now

it is easy to see that
K(L3(1) = K'(Ly (D) € Le(D)
and
KI2(D) = KL (D) € Lo(D).
So in order to prove that N *(K) = o it suffices to show that dim K "(Lg () =.

So let M:I2(I) > L2(I) be defined by Mf(s)=(1+ s2)f(s), T-I2(I) - LE(D) be

defined by TIf(s)= jl—f—(?—zdr and M"I2(I)—> [E2(J) be defined by
-5t

M'f(s)=sf(s),so that K" = M'TM. Now M, M’ are obviously injective, and T is
injective as we saw on page 29. So K" is injective on the even functions in L*().

Therefore dim K "(Lg (D) =.
Finally, we close this section with the following example.

3.1.4 EXAMPLE

Let K be the integral operator on LI)\D, I=[-p, pl, 0 < p< 1, with kernel

st

kN =174

Then K>0and N*(K)=o.
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Proof.

tmf(t) dt ds

& N= [

I
2
[fayenan =o.

I

[> o}
=2
n=1

This shows that K > 0. Now N ¥ (K) = o will follow, since .
1
k(s f) = —— -1
S 1-— st

=k (s,1)-1

and since N*(K,) = o (see Section 2.2 and (1.2)).
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a+b(s+t)+cst

3.2 THE CASE k(s,t) =
1—st

Let K be the integral operator on L*(J), I = [-p, pl, 0 < p < 1, with kernel

a+b(s+t)+cst
1-st

k(s,f) =

where a, b, ¢ € R, not all 0. In this section we shall determine N*(K) and N (K).
Our results are summarized in Figures 3.1 and 3.3.

Case (I) b = 0: In this case and by considering —£ instead of k if necessary we can
assume (without loss of generality) a > 0. Now for = 0 we have

a+cst

ks, = 1-st

a+c)st
_gilarost
1—st

=a+(a+c)k'(st) (say).

It is clear that if a + ¢ = 0 (@ > 0) we have

N*(K)=1and N (K)=0.

For a + ¢ # 0 let K’ be the integral operator on L*(J) corresponding to k'. By

Example 3.1.4 we have N*(K') = and N~ (K') =0 so for a + ¢ >0 we have

N*(K)=o and N™(K)=0.
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For a + ¢ <0, either a = 0, and hence

N*(K)=0and N (K)=00,

or a > 0 and hence, by (1.2), N*(K)<1 and N (K)=o. We claim that K has

exactly one positive eigenvalue, that is N ¥ (K) =1. Since if K <0, then (s, 5) < 0 for
all s € I (see Corollary 1.2.2). But k(0,0) = a > 0, hence K is not negative and

therefore K has one positive eigenvalue. That is

N*(K)=1and N (K)=o.

Case(II) b # 0 : In this case, and without loss of generality, we may assume that

|b| =1. That is by replacing k with |—l-)—k . Also, we can assume that a + ¢ > 0 (again by

1
considering —k instead of k if necessary). Now for ac > 1 (see Fig. 3.2), so in fact

a >0, k(s, t) can be reformulated as follows

I(s)I() + Ast

D ="""4

= k'(s,8) + k"(s,1)

where I(u)=aZ? +(b/a®)u, A= (c - 1/a) 2 0 and

IO s = 2t
1-st ’ 1-st

k'(s,t) =
Let K' and K" be the integral operators on L*(I) corresponding to k' and k”
respectively, so we have K = K’ + K”.Now K" 2 0 (see Example 3.1.4) and hence

K > K' . By the invariance theorem (Theorem 1.3.2) we can assume that p is so small

that I(s) > 0 on I. This implies that K’ is symmetrically equivalent to K;. Since we
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know that K,; >0 and N*(K,;)=o0 (see Section 2.2), we have, by Remark 1.1.3

(i),

N*(K)=co and N™(K)=0ifa>0and ac> 1. (3.3)

If ac < 1, then we have the following three cases (see Fig. 3.2):

(1) a+c>2anda> 1. Inthis case it is easy to see the existence of a real number
r>0 such that (@ — r)(c + ¥) = 1 and (a — r) > 0 (See Fig. 3.2). So, for this r, let
k(s,t) = k(s,t)—r. Thatis

(a-r)+b(s+t)+(c+r)st

ksn= 1-st

_a+b(s+n+cst
1-st

where @=a-r and ¢=c+r. Now @ >0 and ac¢ =1, which implies, by (3.3),
N*(BE)=c and N (K)=0 where K is the integral operator on LX)

corresponding to k. Here K = K+ R, where R is a rank 1 operator and R 2> 0.

Hence

NY(K)=w and N (K)=0ifa+c>2anda>1

2) a+c>2and ¢> 1. Here 1 > /¢ > 0, so we can assume, by the invariance
theorem (Theorem 1.3.2), that 1/c < p < 1. In this case there exist a real number > 0
such that (@ + r)(c — r) = 1 and (@ + r) > 0 (see Fig. 3.2). So, for this r, let

k'(s,t) = k(s,t) +r. That is
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(a+r)+b(s+t)+(c—r)st

k'(s,t) = -

_a'+b(s+t)+c'st
1—st

where a’=a+r and ¢'’=c—r. Now a’'>0 and a’c’ =1. So, again by (3.3), we
have NT(K')=o and N~ (K')=0 where K’ is the integral operator on LX)
corresponding to k'. Here K'= K+ R, where R is a rank 1 operator and R = 0.
Hence, by (1.2) we have N*(K)=c and N™(K)<1. Since for s = -blc € I we

have

a-1/c¢

<0
1-1/c?

k(s,s) =

so we conclude that K is not positive (see Corollary 1.2.2) and hence N~ (K)=1.

That is

Nt (K)=co and N"(K)=1ifa+c>2andc>1.

3) 0 <a+ c <2.Let us start with a =c (so that 0 <a < 1). If a= 0, then

k(s,f) = bfs_::) .

Hence, by Example 3.1.3 we have N*(K)= N (K)=oco.Next we consider the case

a=cand 0 <a <1 (see Fig 3.2). Let

b(s+1)

k'(s,t) = st

and let K’ be the integral operator on L’(J) corresponding to k’. We know that

N*(K')= N"(K') = . Now for
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s+A

,AeR,
As+1

p(s) =
consider yk' asin (1.7)
yk'(s,t) = W’(S)%k'(W(S), W(f))v/'(f)%

b2 (s+AA+AN+(+ A1+ As)
T+ A1+ ) A+ A1+ A) = (s+ A+ A)

_ b 24+ (1+ A% )(s +1) +24st
1+ As)(1+ Ar) 1— st ‘

_ 2
By putting A = 1——15—0— we have
a

1+ 42 .a+b(s+t)+ast
1+ As)(1 + Ar) 1—st

Wk’(sJ) =

1+ A%

= k(s,t)
1+ A1+ A4)

= m(s)k(s,t)m(t)

Vi+ 2

1+ Au

where m(u) = . Since || =1, 0 <a < 1 we see |A| < 1 and hence J = z//'l(I)
c(-LD). Sb
Nik',D)=N £(yk',J) (by spatial equivalence)
= N*(yk’',I) (by invariance)

= N¥(k,I) (by symmetric equivalence)

and hence N*(K)= N~ (K)=c. Thatis

N*(K)=N"(K)=w ifa=cand0<a<1 (3.4)
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c—a
and

Nowforanyaandcwithaicand0$a+c<2,1etA=

k(s,t) = k(s,t) + A. Then

a+b(s-i—t)+cst+
1-st

A

l?(s,t) =

_(a+ A)+b(s+1)+(c—A)st
- 1-st

_a+b(s+t)+ast
1—st

where @ = %(a +¢). Hence, by (3.4), N*(K) = N"(K) = where K is the integral

operator on L’(I) corresponding to k. Here K=K+ A, where A is a rank 1

operator. Therefore N*(K)=N"(K)=.
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Fig. 3.3
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a+b(s+t)+cst

33 THE CASE k(s,t) =
1+ st

Let K be the integral operator on I? (D), I=[-p, pl, 0 < p< 1, with kernel

a+b(s+t)+cst

k(s = 1+ st

where a, b, ¢ € R, not all 0. In this section we shall determine N (K) and N~ (K).

This case is actually rather simpler. Our results are summarized in Fig. 3.4 and 3.6.
First, and without loss of generality, we assume that a > 0.

Case (I) b= 0: If 5 = 0 then

Now if a =c¢ > 0 then

N*(K)=1and N (K)=0.

For a#c, let k'(s,t) =k(s,t)—c, and let K' be the integral operator on I*(D)

corresponding to k£'. Now k'(s,t) = (a —c)k;(s,t) where

1
e

and we know from Section 2.3 that N¥(K;)=N"(K;)=o where K; be the
integral operator on I? (I) corresponding to k;. So for a#c, we have

N¥(K")= N"(K') = and hence
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N*(K)=N"(K)=.

Case(IT) b # 0: Here we may again assume that |#| = 1. The existence of a real
number  such that (a + r)(c + ) = 1 and (a + ) > 0 is obvious (see Fig. 3.5). So, for
this 7, let & (s,f) = k(s,¢) +r . That is

a+b(s+t)+Cst
1+ st

k(s,t)=

where @ =a+r and @ =c+r.Now k can be reformulated as follows

Fis.p) = mm®)

- b
; m(u)=a1/2 +—u
1+ st a

12
or

k(s,t)= m(8)ky(s,0)m(t) .
Now let K be the integral operator on I? (I) corresponding to k and let
Mg(s)=m(s)g(s). Here M = M*. Because of the invariance theorem (Theorem
1.3.2) we can assume p is so small that m(s) > 0 on /, so that M is invertible. This

implies that K is symmetrically equivalent to K,. We know from Section 2.3 that

N*(K,)=N"(K;)=o.Hence N*(K)= N"(K) = and therefore

N*(K)=N"(K)=.
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. bile. D D INE) =1and N(K)=0
@ b=0 [(K)an(K)

v

N’(K)=0andN”(K)¥ 1]

Fig. 3.4

v

Fig. 3.5
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1
a+b(s+t)+est+d(s> +1°)

CHAPTERA4. k(s,t) =

4.1 INTRODUCTION

In this chapter we study the kernel

1

k(s,t) = = -
q(s,t) a+b(s+t)+cst+d(s” +t7)

where a, b, ¢ and d are real numbers and d # 0. Given I € Ad(k) we shall determine

N*(k,I) and N~ (k,I). Since d # 0, it will be sufficient for us to consider d = 1.

In the following section some further techniques are given, and in Section 4.3
we give some examples. These examples are in fact a part of studying the general
case. In Section 4.4 we give some results which are true for all values of d. Finally in

Sections 4.5 and 4.6 we specialize to the cases d = +1 and d = —1 respectively.
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4.2 PRELIMINARIES

Let K and L be two integral operators on L*(I) with kernels k and / on Ix/

respectively. In the sequel we shall say that k is positive definite when K > 0 and we

O
shall use the notation k(s,#)=20 and we shall always understand that s,ze€ . In

(o]
general we will write k(s,t)21(s,t) when K > L.

4.2.1 LEMMA
Let T, be a sequence of compact symmetric operators on a Hilbert space H.
Let T be a bounded symmetric operator on H and suppose 7, — 7T weakly (i.e.

(T,.f,8)—(If,g) for all f, g € H). Suppose there exist an N-dimensional (sub-)

space E < H such that
(Tf,f) >0 forallfe E, f#0.

Then

lim N*(T,) 2 N.
Proof. We shall show that if # is sufficiently large then (T, f, f) >0 forallfe E, f# 0
(see Lemma 1.1.4 (i) and (ii)). Now since the map A : E — R defined by Af = (Tf, f)

is continuous, and since the unit sphere of E is compact, we have

inf (Tf,f) = 6 for some § >0.
I7l=t.7<E

So
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(Tf, fy = dforallfe E, f|| =1
and hence
Tt =8| f| foralife E.
Now let ¢, e,, ... , ey be an orthonormal basis for E and let B(E) be the set of all

bounded operators on E. If

N N
f= ijej and g = Zaiei
j=1

i=1

then

where A is the NxN matrix ((Te;, e)), b = (b) € C" and a = (a;) € C". Similarly
(T,f.g)=(A,b,a) where A, is the matrix ((T,e;, e:)). Now

(Tuej, e) = (Tey, e V i, j.

Since B(E) is finite dimensional, A, — A in norm. Now forall fe FE, | f H =1
(Tffr=XTf . f)—(T-T)f.f)
=(If . f)—{(A-A,)a.a)

25-Ja-A,l

Soif n, is such that |A — A | < &2 for all n2 n, we have for n> n,

(T,f.f) 282 forallfe E, ||f]| = 1.

Also (T, f,f) >0forall feE, f# 0. So, by Lemma 1.1.4 (ii), we have

N*™(T,)2 N forall n=> n,.
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4.2.2 COROLLARY
Let T and T, be as above. If also T is compact then
lim N*(T,) = N*(T).
Proof. By Lemma 1.1.4 (ii), for any finite N <N*(T) there is a subspace E of

dimension N satisfying hypotheses of Lemma 4.2.1.

4.2.3 LEMMA [5, Lemma 2]
Let S, T be the symmetric integral operators on L*(I) with kernels

1 1
Q(S’t) ’ CI(SJ) —T(S,t)

respectively, and suppose that

(i) g and r are continuous on IXI,

(i) g(s,t) = q(t,s), r(s,t) =r(t,s) on IXI,
(iii) Ir(s, Ol < g(s, t) on IXI.
If S is positive and r is a positive definite kernel on 7, then T is positive and S < T} in

particular rank T > rank S and 0 < A,(S) < A(T) for all n > 0.

There is an obvious corollary that we shall find useful.

424 LEMMA
Let S, T be the symmetric integral operators on L*(I) with kernels

1 1
r(s,t) ’ r(s,t) —=r,(s,t)—r,(s,t)

respectively, and suppose that
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(i) r, r; and r, are continuous on IxI,

() r(s,t) =r(t,s), r,(s,t) =r.(t,s) (i=1,2)onIxI,

@1i1) lry(s, Ol < (s, 1) and |ry(s, O < r(s, t) — ri(s, £) on IXI.
If S is positive and ry, r, are positive definite kernels on 7, then § < T and 0 < A,(S) <
An(T) for all n = 0.
Proof. By Lemma 4.2.3

1 1
(r(s,t) =n(s,0))—ry(s,t)  r(s,t)—r(s,t) r(st)

V o

4.2.5 LEMMA
Let y be a continuous real valued function on R such that ly(u)l = O(e‘/ﬂ”') as

lul = o, where > 0. Let I < R be a closed interval and let T be the integral operator

on L*(I):
Tf(s) = [Wi(s =) f (1) dr
I
where W(w) = jl//(u) e “?dy . Then
R

(1) T is compact and symmetric.

(ii) y(u) 2 0 for all u € R implies T > 0.

(iii) If w(a) >0 for some a € R then N*(T) = .

(iv) If y(b) <O forsome b € Rthen N (T) =oo.
Proof. (i) w e L'(R) implies Y € C,(R) and hence k(s,t)=(s—1t) is continuous

on IxI. So T is compact. Also W(s—1t)=/(t—s), since V¥ is real, so T is symmetric.

59




(i) For all f e LX(I), Tf(s) = j W(s—1t)f(t) dt and
1

Tr. )= [vs-nf@)Fs)drds
I 1

N"—;

j Jl//(u)e_m’f(t) €™ f(s)du dt ds
I R

= Jw@] r@ye™ e F(s)e™ ds du. (4.1)
R

1 I
Permuting the order of the integrals is legitimate for if / is the length of I then, by

Schwarz’s inequality

jq/(u)j|f(z)ldzj|f(s)|ds du < jy/(u) HFIP L du < oo.
R 1 I R

So in all cases

2

(Tf, f) = j v(u) j fe ™d| du=0 (4.2)
R 1

with equality if and only if f= 0. Hence T > 0.

(ii1) In order to prove (iii) we need to modify (4.2) so that the inner integral defines an

operator L[*(I) = [*(R) with a dense range. Write 3 = 46 and put

26“411//(“) .

p(u)=e
Then (4.2) becomes

2
du

(TF.f) = [ o)

jf(t)e-—&ule—iutdt
R 1

= [pw)Af )| du (4.3)
R
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where A:L*(I)— I? (R) 1is the integral operator

Af () = j F()e M= gy (fe LX), u e R).
1

The kernel of A is square summable on Rx/. Hence A™: L? (R) = I? (I) is given by

ATg(s) = J.g(u)e"aluleimdu (ge L(R), s € D).
R

Because of the factor ¢ o each A*g is analytic in the strip Im zl < 6. So if A*g =0
on I then A*g = 0 on R. Since the Fourier transform is injective we have g(u) = 0 on

R. So g(u) = 0. Hence A* is injective so that the range of A is dense. Now for g

L*(R) define B(g) = j<p(u)1 g% du so that, for g € LX),
R

(If . f )= B(Af). (4.4)
We shall show that N*(T)=oo by appealing to Lemma 1.1.4. Let n > 0 be fixed
integer. We shall find an n + 1-dimensional subspace E < L*(I) such that
(Tf . f )= B(Af) >Owhenfe E, f#0. (4.5)
To do this choose a closed interval J, with a € J, such that
inf o(u)=p >0.
uelJ

Let P be the set of all functions in L(R) of the form

3 p(u), ueld
S0=1"0" uey

where p is a polynomial of degree < n. Then P is an n + 1-dimensional subspace of

L*(R). Since every g € P is supported on J it is obvious that

Bg)=p |gff (ge P) (4.6)
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Since the range of A is dense in L*(R) we shall be able to construct E so that A(E) is
in some sense “close” to P. Let p,, p1, ... , p» be an orthonormal basis for P. Now for

€ >0 choose fo, fi, ... , fu € L*(I) such that

|47 = plpy <& ©=izn) @0

and let E ¢ L*(I) be the (n + 1-dimensional) space spanned by f,, fi, ... , fo. Suppose

f= Z(xifi and p= Zaipi , where o, o4, ..., 0, € C. Then by (4.4)

(Tf . f) = BAF) = [ @(w)|p(u) + (Af () = p())| du
R

= [ Q)| p(w)| du+ [ )| Af ) = p(ao)|” du (4.8)
R R

+2Re [ () p(u)(Af () = p(w))du.
R

For the first integral we have

[ow|pa>duz p|p|* = pYJori|" (4.9)
R i=0

For the second integral we have
[ o@)|Af (@) - p(w)| du| <|o|_|4f - |-
R

Now

laf = o = [Y, D 0@ (Afi (w) = p; ) Af; (w) = pj(w)) du.

Ri J

So, by Schwarz’s inequality and (4.7) we get
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lar - o <3, Slesl]a] £
i
<(n+ery o[ (4.10)
i=0
and so
[ ol Af )= pw) dul <], (n+ DY Jor, | (4.11)
R i=0

Finally, by Schwarz’s inequality and (4.10) we have

1

< [ J |¢(u),2|p(u>;2du] 4f -l
R

[ o) p()(Af ()= p(u)) du
R

W =

< Jol_ I T e(Elaﬂ
i=0

=Vn+1eo|, Y || (4.12)
=0

So by (4.8), (4.9), (4.11) and (4.12) we get

n

(Tf,f) = (Zl(xi 12](1) ~(n+De?|g|_—2vn+1 £]|(p||m) .

=0
Since p, ||go“m and n are fixed we can choose € > O such that last factor is positive. So

for such an ¢

(If ,f) >0forfe E, f#0.

Since n was arbitrary it follows from Lemma 1.1.4 (ii) that N (T) = oo.

(iv) Replace, in (111), w with —y.
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4.3 EXAMPLES

43.1 EXAMPLE

1
a(s.5)  (p(s)+ ()"

Let k(s,t)= , where ¢ is non constant (real)

polynomial, yis positive integer. Let K be the integral operator on L*(I) corresponding
to k, where I is a closed interval such that

inf o(s) =8 > 0.

sel
Then I € Ad(k) and K >0 with N* (K) = oo.

Proof. Obviously ¢(s) + ¢(¢) > 0 on Ix/, so

oo

Y
k(s,t) = Ie_“[¢(s)+¢(t)] — U
0 (y =1!

and hence, for all fe L*(]),

(v = DUKF, f) = j j f(t)m[ j u"_le—‘p(s)”e_(p(t)”du] dt ds
I 1

0

= juy—l(jf(t)e‘(pm" dt]{jme_q’(s)” ds ]du
0 1 I

provided we can show that one of these two repeated integrals is absolutely

summable. But this is easy for the second, for
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Juy—l[ JIf @leo" dtJ[ JIf 9)e™0 " as ]du
0 1

1

<| uyl{ [If @)e dt}[ JIf )l ds )du
0 1 1

oo

2
= juV‘le‘z‘S“[ﬂf(m dt ] du
1

0

< oo

b

by Schwarz’s inequality. Therefore

KF )= ——[u™!| [ Fe O ar | [Fe " ds |du
=Dy 1 1

2
du > 0.

(r=D!

S J‘uy_l If(t)e_¢(t)” dt
0 !

Hence K 2 0. Now by the invariance theorem (Theorem 1.3.2) we may assume that

®’(s) #0 on I. (replace, if necessary, I with subinterval J < I such that ¢’(s) #0 on
J). Soif {(Kf, f)=0 then

[ rae oo ar=0
1

so that

[ o @)l @l dr=0
40

so, since the Laplace transform is injective, f ((p"l(t))l(p_l’(t)’ =0 on ¢(I) so that

f =0 onI. Hence, by Remark 1.1.3 (i), N*(K) =oo.
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4.3.2 EXAMPLE

a+d(s* +1%)

Let I(s,t) = , where a, ¢, d € R, a > 0 and

[a + d(s2 + 12) 2 —c%s%t?

suppose I is a symmetric interval I = [-p, p] where p > 0 is small enough to ensure
that 7 € Ad(k). Let L be the integral operator on L*(D) corresponding to /. Then L > 0
and N*(L)=oo.

Proof. For d = 0, L is injective on the even functions and L > 0 with N (L) = o (see

Section 2.3, page 29). Now suppose d # 0. By using Lemma 4.2.3 we have

2 .2
I(s.1) = a+d(s®+1t°)

[a +d(s2 + tz)]2 —c25%t?

1
[a+d(52 +t2)]—(czsztz)/[a+d(s2 +t2)

° 1

>
a+d (s2 + t2)
provided the last kernel here is positive definite. But this follows easily from Example

4.3.1 with @(u) = a/2 + du’. Hence, by Remark 1.1.3 (ii), we have L > 0 with

N*(L)=oo.
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4.3.3 EXAMPLE

Let k(s,t) =

1
s———, wherea, c,de R, a>0, ¢ >0 and suppose
atcst+d(s”+t7)

I is a symmetric interval I = [-p, p] where p > 0 is small enough to ensure that

I e Ad(k). Let K be the integral operator on L*(I) corresponding to k. Then
N (K)=N"(K)=eo.
Proof. For d = 0, we have N"(K)=N"(K)=c (see Section 2.4, page 36).

Suppose d # 0. Clearly k(s,t) = k(—s,—t), so by Theorem 1.2.3, L2(I) and I2(I)

are invariant subspaces of T = K and we can write T7T=T,+7, where
T,:L2(1) — I2(I) with kernel
1
kg (S, t) = E[k(s’t) + k(S,""t)]
and TO:Lg (I — Li (I) with kernel
1
ko (S,t) = E[k(s,t) —k(S,—t)].
We show that T, 20 with N"(T,)=e and 7, <O with N (T,)=-co, so that
N (K)= N"(K) = (see Remark 1.2.4). Now

k.(s,t)= %[k(s,t) +k(s,—1)]

1 1
= +
2[a+cst+d(s2+t2) a—cst+d(s® +1?)

a+d(s* +1%)

[a +d(s? + t2)]2 _e2s%?
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Hence, by Example 432, 7,20 with N¥"(T,)=e. To show 7, <0 and

N7 (T,)=voo,let T"=-T, and k" =—k,. Then

k’(s,t) = %[k(s,—t) —k(s,1)]

1 1 1
- 2[a—cst+d(52 +1%)  a+cst+d(s? +t2)}

cst

[a +d(s® +t2)]2 _ 2%

Let I(s,t)=

2
~ where p(s,t)=[a+d(s2+t2)] —c%s%t* and let L be the
ps,

integral operator on L () corresponding to /. By Lemma 4.2.3 we have

1 |

vV o

I(s,1) =

2 2"
[a+d(s2 +t)| = c?s?? [a+d(s2 +12)
provided that the last kernel here is positive definite. But this follows from Example

4.3.1 with o(u) = a/2 + du* and ¥ = 2. Hence, by Remark 1.1.3 (ii), we have L > 0
with  NT(L)=oc. Now let M be the multiplication operator defined by
Mf(s)=\/2sf(s), so MLM =T’. Hence 7’20 and by Lemma 1.1.4 (iv),
N™(T")=N*"(L)=c. Since T’=-T, we have T, <0, N (T,)=c and this

completes the proof.
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434 EXAMPLE

Let k(s,t) = I € Ad(k) and let K be the integral operator on L*(])

(s+t)2,

corresponding to k. Then K >0 and N (K) = c.

Proof. Clearly 0 ¢ I, so either I < (0, =) or I < (-, 0). In the first case we can

choose 6> 0 so that s > ¢ for all s € 1. Hence, by Example 4.3.1 with ¢(s)=s and
Y =2, we have

K>0and N*(K) = eo.
When I < (-e, 0), let U : L¥-I) — L*I) such that Uf(s) = f(-s). Then
U=U*=U"" and UKU = K’ where K’ is the integral operator on L*(J), J = —I
(0, ), with the same kernel k. Hence, by above, K’ >0 and N (K’) = . On the
other hand, U is a unitary operator and by (1.6) we have A" (K) = A" (K’). Therefore

K>0and N"(K)=co.

4.3.5 EXAMPLE

1
Let k(s,t) = , where ¥ > 1 and I be symmetric interval
Y +cosh(s —1t)

I =[-p,p] where p > 0. Necessarily I € Ad(k). Let K be the integral operator on

L*(]) corresponding to k. Then N*(K)= N"(K) = .
p g

1 .
Proof. Let @ = cosh™'y, so that k(s,t) = . We will show that
cosh(s—1)+cosh®

k(s,t)=y(s—1), (4.13)
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where

sin Bu
= 4.14
yu) sinh @ sinhu ( )

and then the result will follows from Lemma 4.2.5 and the existence of a, b € R with

w(a) > 0> y(b). Now (@)= _[l//(u) e Py 5o (4.13) and (4.14) are equivalent to
R

iux
e

sinfu 1 T
sinh@sinhzzu 27 2 cosh x +cosh@

iuz
. e e
Observe that the function f(z) = , z € C, has an infinite number of

coshz+cosh@

singularities in both the upper and lower half-planes; these occur at the points
=120+ Q2n+)mi (n=0,=+1,42,...)

Let I', be the rectangular contour as in Fig. 4.1 below

—pr2m V3 2m p2m
o= Yi++y+vs 7 ! x y AV
—6+mi O+mi
—-P 0 b7 p
Fig. 4.1

It 1s not difficult to see that the integrals over the vertical segments y, and y; both
approache zero as p — o and that the integral over the horizontal segments 7 is just
__—2mu

e times the integral over ;. In other words, on taking the limit as p — o we

have
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iux
e

lim dz = (1—e™2™) dx. 4.15
pes -[ coshz +cosh@ ( J __coshx+ cosh® ( )

Now we use residue theory to evaluate the contour integral in (4.15). For each p > 6,

iuz
e

the function 7)) = is analytic inside and on I', except for two
/@ coshz + cosh@ st p P
simple poles at z; = -0+ and z, = 6 +mi. Thus,
eiuz
| dz = 27i[Res(z;) + Res(z, )]

coshz+ coshf
I

e
+
sinh(—=0 + mi)  sinh(0 + mi)

i(—6+m)u (647U :}

2mi [e—(9i+7r)u _e(ei-n)u]_

sinh 8
Consequently,
oo iux 2 e—(6i+7r)u _e(ei‘”)“
J‘ dx = — :
~ coshx+cosh6 sinh @ ]— 2™
27 sinBu

sinh® sinhmu’

and hence the proof is complete.

43.6 EXAMPLE

Let k, (s,1) = _ and let I = [o, B] with A > max{cZ, B*}. Let K, be
(A—st)7

the integral operator on L(I) corresponding to k,. Then K, 20 and is injective for

¥>0, in particular N7 (K,) = ce.
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Proof. For y> 0 we have
0 sntn
ky(s,8)= Y a,, T
=0

where a,, = ’[—n?’) >0 for all n. Now

>

n=0

Lo
jam,f(t)wdt >0

X 1
Kof.fr=— [

with equality if and only if f = 0. Hence, by Remark 1.1.3 (i), K, 20 and

N+(Ky)=oo.

4.3.7 EXAMPLE

1

Let k(s,t)=————,
Y —cosh(s—1t)

where y > 1 and suppose 7 is a symmetric

interval I = [-p, p] where p > 0 is small enough to ensure that I € Ad(k). Let K be the
integral operator on L(]) corresponding to k. Then N*(K)=N"(K) =co.

Proof. Let Y= cosh 6, so that

1

k(s,t) = .
(5:0) cosh8 —cosh(s —t)

Clearly k(s,f)=k(—s,—t). Referring to Theorem 1.2.3, L*(I) and I>*(I) are

invariant subspaces of T = K and we can write T =T, + T, where T,:12(I) — L2(I)

with kernel
1
ke (S, t) = E[k(syt) + k(S,"‘t)]

and 7,: Lﬁ (H - Lﬁ (I) with kernel
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k,(s,t)= %[k(s,t) - k(s,—1)].

We show that 7, 20 with N¥(T,)=e and T, <0 with N (T,)=-co, so that

N¥(K)=N"(K)=oo (see Remark 1.2.4). Now

| 1 1
k,(s,t)=— +
(1) 2 |icosh0 —coshscosht +sinhssinht  cosh@ —cosh scosht —sinh s sinht}

cosh @ —cosh scosht

- (cosh @ — cosh scosh tf)2 —sinh? ssinh? ¢

1
- (cosh@ —coshscosht) — (sinh2 ssinh? t)/(cosh 0 —cosh scosht)

1
"~ cosh® —cosh scosht

V o

=[(s,t) (say)

provided the last kernel here is positive definite. But this follows from Lemma 4.2.3.
Necessarily that cosh? p<cosh@. Let L be the integral operator on L*(I)
corresponding to /, so we have 7, > L . Hence, by Remark 1.1.3 (ii), it is enough now
to show that L >0 and N (L) =ee. Now choose &, 0 < §< p and let J = [§, p]. By
the invariance theorem (Theorem 1.3.2)

NE(,D)=N*(1,1J). (4.16)

Let w(s) = cosh™! 5. Here v(s) = —2—1— which is bounded and bounded away
(s

_p2

from 0 on J’ =[coshd,cosh p]. Now
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1 1

Yi(s,t) =
This shows that the integral operator L, on L*(J) with kernel [ is symmetrically

equivalent to an integral operator on L*(J") with kernel m(s,r) = ———— . That is
cosh@ — st

NE*(,)y=N*l,J)=Nt(m,J).
Now by Example 4.3.6 (with y= 1) we have mg 0 and N*(m,J’) = e which implies
L; 20 and N*(I,J) =e. Hence, by (4.16), L >0 and N*(L)=oc which shows
that 7, >0 with N*(T,) = oo
Now we turn to 7, and we shall find that 7, <0 and N (T,)=oo. Let
T’=-T, and k" =—k,. Then

k’(s,t) = %[k(s,—t) —k(s,1)]

sinh s sinh ¢

- (cosh 8 — cosh scosh£)? —sinh? s sinh? ¢

‘>3 sinh s sinh ¢
B (cosh @ — cosh s cosh t)2

(by Lemma 4.2.3)

=1"(s,t) (say).
Let L’ be the integral operator on L*(I) corresponding to I”. So we have T’ > L’

and hence, by Remark 1.1.3 (ii), it is enough to show that L’ >0 and N7 (L") = oo.
As above by letting J = [§, p], 0 < §< p and y(s) = cosh™ s we have

(s% - 1)1/4(t2 —pl
(cosh@ — st)2 '

Yl'(s,t) =

74




Again this shows that the integral operator L) on L’(J) with kernel I’ is
symmerically equivalent to an integral operator on L*(J), J' = [coshd,cosh pl, with

kernel m'(s,t) = —1—— Hence

(cosh@ - st)2

NE@',H=N*({",J) (by invariance)
= N¥( yl',J') (by spatial equivalence)
= N¥(m’,J’) (by symmetric equivalence).

0
Now by Example 4.3.6 (with y = 2) we have m'>0 and N*(m’,J') = which
implies that L'>0 and N*(L')=cw. Hence T'>0 and N*(T’')=c. Since

T'=-T, wehave T, <0, N (7,) = « and this completes the proof.

43.8 EXAMPLE

Let k(s,t) = where 4 > 0 and suppose / is a symmetric interval /

A-(s-DH*’
= [-p, p] where p > 0 is small enough to ensure that I € Ad(k). Let K be the integral
operator on L*(]) corresponding to k. Then N¥(K)= N~ (K) = .

Proof. Here k(s,t) = k(—s,—t) and by Theorem 1.2.3, Lg (I) and Lg (I) are invariant

subspaces of =K and T =T, + T,. As in Example 4.3.7 we will show that T, >0

with N*(T,) = and that 7, <0 with N~ (7,) = . Now
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ko(s,t) = -;—[k(s,t) + k(s,-1)]

1 1 1
=— +
2[(A—s2—t2)-—2st (A—sz—t2)+2st}

A—s% —1?
(4-5% —1t1)? —45212

Hence, by Example 4.3.2 (with 4 = a, d = -1 and ¢ ="2) we have T, 20 with

N*(T,) = . To complete the prooflet 7' = -7, and k' = —k,. Then
1
k'(s,1) = Zlk(s;=0) ~ k(s,1)]

2st
(A-s? =12)? — 4522

_ 2st
o(s) + o(f) - 252

where p(u)=A/2- 24u* +u*. Now let L be the integral operator on I? (I) with

kernel

1
o(s) + p(t) - 252

I(s,t) =
Then, by Lemma 4.2.3, we have

1
@(s) + (1)

and hence, by Example 4.3.1 and Remark 1.1.3 (ii), we have L >0 and N*(L) = .

o}
I(s,t)=

Now let M be the multiplication operator defined by Mf(s)= \/_2_ sf(s), so

MIM=T'. Hence T'20 and by Lemma 1.1.4 (iv), N*(T")=w and this

completes the proof.
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44 GENERAL REMARKS

Let g be a polynomial of the form
q(s,t) =a+b(s+t)+cst+ d(s2 + tz)
where a, b, ¢, d € R. Let A be any real number. Define g, —{ranslation of q by A-to
be
g.(s,)=q(s=A,t—1).
Hence
q,(s,t)= A+ B(s+1) +cst+d(s2 +t2)

for some 4, B € R. Now let K be the integral operator on L*(I) with kernel

k(s,t) = _(Lt—)- and I € Ad(k). Choose A € R suchthat 0 € I, where I; = I + A and

b

let v : I, > I be defined by w(s) = s — A. Then yk(s,t)= and by Lemma

qa s,t

1.3.6 we have
AL (yK) = 2, (K).
Here q;(s,t) # 0 on I;xI; because [ € Ad(k) & (I + A) € Ad(yk). Therefore, we

may assume and without loss of generality that g;(s,f)>0 on LixI; and this is

equivalent to 4 > 0. Hence we conclude, from this discussion, that to study the kernel

1
a+b(s+t)+cst+d(s2 +t2)

k(s,t) =

we can assume, and without loss of generality, that 0 € I, a > 0. We may farther

assume d = £1. Now we have two cases
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Case (I) ¢ < 0. In this case k(s, f) can be reformulated as follows

k(s,t) =

o(s) + @(t) + cst

where p(u)=a/2+bu+ du? . Let p(s,t) = @(s) +o(t) and r(s,t) =|c|st . Then

1
et =D —rsn

Now for any interval J with 0 € J < I we have, by Theorem 1.3.2,
N*(k,])=N"(k,J) and N~ (k,)=N"(k,J).
Because 0 = r(0,0) < a = p(0,0) then, by continuity, we can assume that J is small
enough so that
r(s;0)i< p(s,t)

on JxJ. Hence, by using Lemma 4.2.3, we have

1 ° 1
>

k(s,t) = > .
p(S,t) —r(s,t) p(S,t)

Hence, by Example 4.3.1 and Remark 1.1.3 (ii), K is positive with N *(K)y=w.

Case(Il) ¢ > 0. Define U : L*(-]) > 1X(I) by Ufis) = f—s). Then UKU* has kernel
k'(s,t) = k(—s,~1)

1

k'(s,t) = .
(s:0) a—b(s+1)+est+d(s> +17)

and K is unitarily equivalent to UKU*. This will allow us to assume, and without loss
of generality, that b > 0. In next section we will study the case ¢ >0 and d=+1 and in

Section 4.6 we will study the case ¢ >0 and d=-1.
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1

4.5 THE CASE k(s,t) = = 7, 2
q(s,t) a+b(s+r)+est+(s"+1t%)

Let

1

k ,t = =
0 q(s,t) a+b(s+t)+cst+(s2+t2)

and [ € Ad(k), 0 € I, a>0and b > 0. Let K be the integral operator on L))
corresponding to k. We already know that K > 0 and N *(K)=o when ¢ <0. So

suppose ¢ > 0. In order to simplify our manipulations it is convenient to write ¢ = 2y

so that > 0. So our kernel becomes

1
g(s,)  a+b(s+0)+s>+t* +2pt

k(s,t) =
Suppose a € R is fixed and that y: /+ a —> I is defined by y(s) =s — a. Let I(s, 1) =
wk(s, ?) (see (1.7)) so that
N*(k,I)=N*({,1,) and N (k,[)=N"(,1)
where I, = I + a. Then
(5,1 = W) K (s), pOW (1)?

1
a+b(s+1-2a)+(s—a)? +(t-a)’ +2y(s—a)t-a)

1
[a—2ab+2a2(l+y)]+[b—2a(1+y)](s+t)+s2 12 42t

Notice the new denominator is strictly positive on I,xI,. Put
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b
a= ,
2(1+y)

then for this choice of « the denominator has no termin s + ¢, thus

1 1
I(s,t) = = sa
(8:0) e+s° +12 +2t p(s,t)( y)
where
bZ
e=da-— .
2(1+y)

Let L be the integral operator on L*(I,) corresponding to /. Now we have
N*(L)=N*(K) and N"(L)=N"(K).

As in Fig. 4.2 below we have four possibilities:

(1) AreaA: e>0andy>0 (2)AreaB: e<0and0<y<l
3)CurveC: e=0andy>1 (4) AreaD: e<Oandy> 1.

Fig. 4.2
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1 1

53 = on Iyx Iy,
e+s?+t° 42t p(st)

(1) Area A: e>0,y>0and I(s,t) =

I, =1+ a Now p(s,s) =e+2s(1+y)>0 forall s € R. Hence every s € Risa
diagonal point of I. So by Theorem 1.3.3 we have

N*(k0)=N*(l,@)
= N*(1,0)
= 00 (by Example 4.3.3).

Similarly, N~ (k,0) =« and hence N*(K)=N"(K)=.

1 1

— = on .
e+s°+t*+2pt  p(s,ib)

(2)AreaB: e<0and0<y<l. I(s,t)=

N\

I(s,t)=
(s:1) e+sz+t2+27st

1
= | 4.17
(s+1)2 =2(1-y)st-]el @.17)

1
- r(s,t)—n(s,t)—n(s,t)

where r(s, ) = (s + 1%, (s, ) =2(1 — pst and ro(s, ) = le|. Since p(s, £) > 0 on IyxIy
we see by (4.17) that 0 ¢ I,. Hence by Example 4.3.4
N*(r,1,)=c and N (r,1,)=0.

We can prove that

1 o]
2>

200 (s, tely)
p(s,t) r(s1)

I(s,f) =
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by showing that r, ri, 72 satisfy the hypotheses of Lemma 4.2.4, at least on some
suitably small subinterval J of I,. Now
0< p(a,a) = r(a’a) —h (a’a) - rZ(aaa)

so that

lry(s,0)| = le| < r(@, @) - ().

Hence
7y (5,0)| < 7(s,8) =1 (s,1)
in a neighborhood of (e, @) in R2. We also have
In (a,a)|=r(a,a)=2(1- Na? <2a’ =r(a,a)

so on some neighborhood of (o, @) in R? we have

I (s,0)| < 7(s,1).

So on some suitably small subinterval J c I, we have

1 ; 1

is,t)= r(s,) =1 (s,0) =y (s,8)  r(s.8)

Hence, by Remark 1.1.3 (ii),
N*(k,)=N*(,I,)=N"(,J)=o0
N (k,)=N"(,1,)=N"(I,J)=0.

(3)Curve C: e=0andy>1.Here

1 1
2

I(s,t) = =
s?+t2 42t p(s,t)

on Iyx I,.

In this case we must have 5> 0so a>0. Also 0 ¢ I, and a € I, so I, < (0, «). Now

for any 6> 0
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inf p(s,1) = p(8.5) = 262(1+7) >0
hence any closed interval J < (0, ) is admissible for / and
NY(,I)=N*(,J) and N (I,1,)=N"(1,J)
for any interval J < (0, ©). Choose J = [e"ﬂ ,e? ], B> 0, and let 7(s) =e® then

es/2et/2

ni(s,t) = —;

e +e2f +27e(s+t)

e—slze—tIZ

- 2[cosh(s—1)+¥]

acting on L*(J*), J’= [ pl. Hence nL = ML'M * where M is the multiplication

1

2

on L*(J'), as defined in Example 4.3.5, with kernel

operator on L*(J) defined by Mf(s) = e™5? f(s) and L’ is the integral operator

1

l'(s,t) = ——.
(5:0) cosh(s—t)+y

Thus 7L is symmetrically equivalent to L'. Hence

N* kD)= N*(,J)
= N*(nl,J') (by spatial equivalence)
=N*(',J") (by symmetric equivalence)
=00 (by Example 4.3.5).

Similarly N~ (k,I) =, and hence N*(K)= N"(K) = .
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(4) AreaD: e<Oandy>1.

I(s;t) = > 12 = 1 on Iyx I,.
e+s +1t>+2mt  p(s,t)
Here again we must have b > 0, so @ > 0. Let m(s,t) =—7———21————. Let 6> 0, then
s*+t° + 2t

inf p(s,t)=p(5,5)=—|e|+252(1+}/). So fix & so that 52=———|€|—— G e
5,128 2(0+y)

i{lzf‘; p(s,)=0). Then if J is any closed interval in (&, ), J is admissible for / and

N*(,J), N~ (,J) are independent of the choice of J < (6, ©). Now
O0<a=pla,a)= —|e|+2a2(1+y)
so a2 > 62 ,i. e. a €(5,0). It follows that foralln=>1,
Jn = [na, 2na] <(6, )
and that
NE(l,1,)=N*(,Jy)

for all n > 1. Let wu(s) = ns, then

n
e+n2(s2 +12 +2j5t) ’

'//nl(s:t) =

(acting on L}(J1)). Now

ny l(s,t) = " > 5 t=m(s,t)asn—)oo
(T)+s2+t2+2yst §THE Ly
n

(pointwise on J;xJ;). Also
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N+(I9Ia) = N+(Wnl"]l)

= N+(n'//nl"]n)
n=1,2,3,...Butsince e < 0, ny,l decreases to m, hence, by Dini’s theorem

ny ,l tends to m uniformly on /ix 1. So, by Lemma 4.2.1, we have

N*(LI,)= ’};Hgle+(an1,J1)

> N*(m, Jy).
Since N*(m,J,) =, (see the previous case) we get N (J,1,) = co. Similarly one
1 a

can show N~ (I,1,) = .Hence N*(K)=N"(K)=.
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1
a+b(s+t)+cst—(s2 +t2)

4.6 THE CASE k(s,t) =

In this section, we will complete the case d=—1. That is

1

k(s 1) = =
q(s,t)  a+b(s+1)-s> —t* +2pst

witha >0, 5> 0 and y > 0. As before let y: I+ a — I with y(s) =s — a. Then

Ks.6) = k(s,0) = ()2 KW (S).w(@)w'(©)?

1
T a+b(s+t-2a)~(s—a)? - (t-a)’ +2y(s-a)t- )

B 1
B [a—2ab—2a2(1—7)]+[b+2a(1—y)](s+t)-—s2 — 1 42t

In the case y# 1, put

b
a=
2(r-1)
to get
I(s,f) = ! = (say)
’ e— (s +t3)y+ 2t p(s,1)
where
B2
e=a- .
2(y-1)

Let L be the integral operator on L*(I,) corresponding to / where I, = I + a. Now we

have, at least for y# 1,

86




N*(L)=N*(K) and N™(L)= N (K).

As in Fig. 4.3 below we have five possibilities:

(1) Area A: e>0andy>1 (2) AreaB: e>0and0<y<l1
3) Curve &: e=0 (4) AreaD: e<0

(5) Line &2 y=1.

Fig. 4.3
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1 1

(1) Area A: e>0,y>1land I(s,0) = 3 =
e—st—t* +2mit  p(s:t)

on Iyx Iy,

. =1+ a. Here p(s,s) = e+2s2(y -1)>0, for all s € R, this means that any point
in R is a diagonal point of /. Hence by Theorem 1.3.3 we have
NY(k0)=N"(,a)
=N"(,0)

= 0

(see Example 4.3.3). Similarly N~ (/,0) = . Hence NY(K)=N"(K)=co.

(2Q)AreaB: e>0and0<y< 1. Here <0 and p(s,s)=e-2s2(1—y) SO

if r= ’2(18 ) each point in (~7, 7) is a diagonal point of I. Now
'

2=e=a+b2>b2=a2
21-y) 2(1-y) 41-y) 401-7)

T

Hence a € (-1, 1), so that

N*(k,0)=N"(La)

= N*(1,0)

As above, this will implies N (K) = N~ (K) = .

(3) Curve &: e = 0 (and hence y > 1). In this case we must have b>0,so

a > 0. Here
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1
st — 52 =12 - p(s,0)

I(s,t) = on Iyx Iy.

Now 0¢ I, and a € Ia,’so I, < (0, ). Now p(s, ) =2(y— 1)s* > 0 for all s and hence
N7 (1,$) independent of {> 0.
Since a> 0
N*(k,)=N*(LL,a)=N"(,)).
Choose £ > 0 such that p(s, ) > 0 on JxJ, where J = [e'ﬁ, eﬂ] Then
NY(k,)=N*(1J).
Let 7(s) = €’ then

es/2e 12

mi(s,1) = 2?e(s+r) _e¥ _

e—s/Ze—t/Z

" 2[y —cosh(s—1)]

acting on L*(J'),J' = [-f,8]. Hence nL = ML'M" where M is the multiplication
operator on I}(J') defined by Mf(s) =71_5e_5/ 2 f(s) and L' is the integral

operator on L*(J"), as defined in Example 4.3.7, with kernel

1

I'(s,t) = ——.
(5:0) y —cosh(s—1)

Thus 7L is symmetrically equivalent to L'. Hence we have
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N*(k,)=N*({,J)
= N*(nl,J'") (by spatial equivalence)

=N*(l',J') (by symmetric equivalence)
=00 (by Example 4.3.7).

Similarly N~ (k,I) =, and hence N*(K)=N"(K)=.

(4) AreaD: <0, y> 1, hence also a > 0. Here

1 1

= on Iyx I,.
e-—(s2+t2)+27st p(s,t) o

I(s,t) =

Now p(s, s) = 2(y — 1)s” — |e|, hence

([ )
p(s,s)>0<:>|s[>5—(2(7_1) :

Since p(a, @) = ¢(0,0) = a > 0 and a = 0 we must have & > &. So for any closed

admissible interval J < (6, «©) we have
NEi(k,)=N*(l,a)=N*(l,J).
Suppose that 7 > 1 and that [, = [g,nr] ,n=1,2,3,.... We shall choose r such that,
for large n, I, € Ad(I), we will automatically have I, (8, ), so that
NY*(k,D=N*(11,).
To choose r, write
p(s,)=e—(s—t)2 +2(y - Dst.

Now V s, t € I, we have
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2

ps,1) 2 e—nz(r —;—)2 +2(y _1)(_:'_)

= e +n’o(r) (say).
Asril; o(r) > 2(y - 1) and (—%—rzj — (¥ —=1). So choose r > 1 so that o(r) > 0
r
and

(Lz_ﬂ) -0 @.18)

Then for this », there exist N such that

e+no(r)>0 VYn=N.

Hence 1, = [ﬁ,nr] is admissible for / for all # > N, and by invariance
r

N*(,I,)=N*({,1p)

=N*(k,))Vn=N.
- Now, for n >N, let wx(s) = ns, so that
n
I(s,t) =
W nl(s,7) Dos.d)

and hence
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2

n
ny, l(s,t) = ———
Y ul(s,1) DCmsD)

1

(i) + 295t — §° ~
n2

We shall consider these kernels on I;xI;. Since p(ns,nt) >0 on IxI,, ny ,I(s,t) >0

on I;x1;. Since e < 0 we see that ny ,l(s,t) decreases to- —2——-l—2——2= m(s,t)
wt— 5% —t

pointwise on I;x[; as n — . Because of (4.18), m is continuous on I1xI;. Hence, by

Dini’s theorem ny ,/ — m uniformly on I;x/;. Now for all n > N,
N*(L 1) = N*(L1,)
=N (v, 1)
= N*(ny,L1)).
Hence, by Lemma 4.2.1, we have
N*(LI)=lmN*(ny,l,I,)2 N*(mI}).
7 But N*(m,I,) = (see the previous case). Hence N*(,1,)=co and, by similar

way, we can show N~ (/,1,)=.S0 N*(K)=N"(K)=co.
(5) Line .22 y=1. On the line y = 1 the original kernel k(s, f) can be written

1

k(s,t) = =
0 g(s,t)  a+b(s+6)—(s—1)*
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witha >0, 5>0and 0 € 1. The case b = 0 has already been done in Example 4.3.8

where we saw that N*(K) = N™(K) = ®. So suppose that 5> 0. Now

q(s, s) = a + 2bs > 0 when s>—5=—%.

So for any closed admissible interval J < (=4, o0) we have

N*(k,)=N"(k,J) and N™(k,]) = N7 (k,J).
We shall find an 7 (0 < < 1) such that for large » the intervarl I, =[n* —nr,n* +nr]
is an admissible closed subinterval of (=8, ©). For s, t € I, we have

q(s,t) = a+2b(n* —nr)—4n’r?
= a+2rn(b~2r)~br

= a +2no(n,r) (say).
So choose r small such that (b - 2/%) > 0 then choose n large such that o(n, r) > 0.

That is

g(s, H)>0onl, Vn=N for some N.
We now have
N*(k,[)= N*(k,I,),n2N.
Let yu(s) = n*+ ns, then for n 2 N,
NEk,I) = N*(k,I,) = NE(w,k.I) = Ny .k, 1')
where I’ =[-r,r]. For s,t € I' we have

n
a4 26m% +bn(s+6)—-nt(s—D?

Wnk(sat) =
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So ny ,k(s,t) ) 5 ! =m(s,t) (say) uniformly on I'x I’ as n — +o. (Note

b-(s-1)?
we already have b-2r%>0 and hence 2b—(s—t)2 >0 on I'xI"). Now, by

Lemma 4.2.1, we have

N*(k,I)=limN*(ny k,I') = N*(m,I").

But N*(m,1’) = ©, by Example 4.3.8. Hence N*(K) =0, Similarly N~ (K)=0.

Fig. 4.4
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CHAPTER 5. ASYMPTOTIC BEHAVIOUR OF EIGENVALUES

5.1 INTRODUCTION

In this chapter we resume our study of kernels of the form

1 1

k(s,t) = =
q(s,t) a+b(s+t)+st

where a, b, ¢ # 0. Our aim is to find asymptotic estimates of A}, (k,I), A, (k,I) when
I € Ad(k). We use the same notation and conventions as in Chapter 2. Thus if [ €
Ad(k) we write K; for the integral operator on L2(I ) with kernel k. We always

assume ¢g(s,t) >0 on IxI and we reject straight away the trivial finite rank case

b2=ac.

5.1.1 Reductions in the case b* > ac

Suppose k is as above with b% >ac and that I e Ad(k). This is the same case

in which K is strictly positive. Using Lemma 2.2.3 we can first construct a closed

interval J < (—1,1) such that K, is unitarily equivalent to a positive multiple of K,

where K; is the integral operator on I?(J) with kernel

k.(s,t) = .
ol5:1) 1— st
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Next, using Corollary 2.2.2 we can find a p, 0 < p < 1, such that K_ ; 1s unitarily
equivalent to K., where I’=[-p,p]. Thus the problem of finding asymptotic
estimates for the eigenvalues of K; can be reduced to that of finding asymptotic

estimates for the eigenvalues of positive integral operators of the form
TF (s) = j L4 (ePpp-psssp G
p

where 0 < p < 1. This is the main problem we shall solve in this chapter. We shall

show that A, (T)=e "%, for suitable & > 0 depending on p. Essentially the same
problem was solved in [2]. As a bonus we shall be able to estimate the eigenvalues of

the two kernels

cosh 2¢ — st
sinh? 20t + s + 12 —(2cosh 20 )st

1
sinh? 20t + 5% + ¢2 — (2cosh 20t )st

acting on I2(=1,1).

5.1.2 Reductions in the case 5> < ac
Suppose k is as above with b* < ac and that I € Ad(k). This is the case in

which N*(K;)=N"(K,)=oo. Let

1
ki(s,t) = .
1(s:1) 1+ st

Using Lemma 2.3.2 and Remark 2.3.3 we can construct a closed interval J e Ad(ky)

such that K is unitarily equivalent to a positive multiple of K, ;. Next using Lemma
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2.3.1 we can find a p’, 0 < p’< 1, such that K, is unitarily equivalent to K,,» where
I”’=[-p’,p’]. So for this case we need only to find estimates for the eigenvalues of

integral operators of the form

dt (f e *(=p’,p"),—p' Ss<p').

But we are able to reduce this problem still further. For if we put J’ =[0,p’%] we

have, by (2.2) and (2.5)

1 ’
;/ln(KoJ’) S A (Kyp) S p A (Kop)

and

1

F

A‘n+1(K0J’)S

Ao ()| S /Ry (Ko

Here K ;- is the operator

2

P
Tf(s)= | %dt (f € [2(0,p"),0< s< p') .
0

By Corollary 2.2.2 this operator is unitarily equivalent to an operator of the form T in
1 :
(5.1) where p:tanha(tanh_l p’z). Given that we shall prove that, for this 7,

A, (T) = e P for some B> 0, we will obviously have Ay (T)=A,(T) = A, (T)

So that

An(I{I) =

A (K| = e,
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52  FACTORIZATION THROUGH H? AND P2

From now on suppose p is fixed, 0 < p < 1, that I =[—p,p] and that

T= Kolv

i (f e P(=p.p).—p<s<p).  (52)

Tf (s) = J‘ f()

This operator is strictly positive and we seek estimates of A, (7). In this section we
recall G. Little’s factorizations of T through H* and I (see [2, Section 5]) and let A =
open unit disc, and let T be its bounding circle. The space H* can be thought of as
either a space H*(A) of analytic functions on A or as a closed subspace H*(T) of
L*(T). We summarize here what we need to know about H?. For a full discussion see

[1]. The space H*(A) is the set of all analytic functions f on A of the form
P

f(@)= ianz" , where a = (a,) € I*. (5.3)
n=0

This space can be made into a Hilbert space by defining (f,g)

H? (A) 2 an n

so || f “22 ) = Y'la,* . Thus, by construction, the map W, : > — H*(A) given by
n=0

Wya(z) = Y a,z" (a=(a)e P, ze A) (5.4)
n=0

is a unitary operator. Clearly the functions e, (z) =z" (n=0) form an orthonormal
basis for H*(A). Moreover

polynomials are dense in H*(A).
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We use L*(T) to denote the L*-space of arc-length measure on T' normalized

by the factor Zi Thus for f e L*(T),
T

2 1 2 1 % 2
17520y =5 qu £ (2) |dzl=-2-;_jn|f(e9){ a6 . 5.5)

Here and throughout we shall always use Idzl to denote integration with respect to

arc-length measure. The functions €, (eie) = "0 (n € Z) form an orthonormal basis

for L*(T) and if f € L*(T) has Fourier coefficients (a,) ez then

I « 2
17l =57 Zlaal (5.6)

H=—0c0

The space H*(T) is the closed subspace of LX(T) spanned by the functions €,
with n > 0.

Given an f € H*(A) with Taylor coefficients a = (a,) € I* as in (5.3) let

f € H?(T) be the function

f@)= ianz” (zeT),

n=0
the convergence being in mean-square on T. By (5.5) and (5.6) it is clear that the map
fH f (HXA) — H*(T)) is unitary. This map can be realized by taking radial limits.
Thus
f@=limf ()
for almost all ze T. It is customary to identify f with f and hence H*(A) with

H*(T), and we shall do so from now on. In what follows we shall be able to avoid

subtle problems of integration because, for the most part, we will be considering
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functions f which are analytic in a neighbourhood of A . For such a function 7 s
Just the restriction of f to T.

We can now exhibit our factorization of 7 as in (5.2). Because
I'=[-p,p]c A we can restrict any element of H*A) to I. Thus we define
Ry:H*(A) — I2(1) by

RAf(8)=f(s) (f e H*(A),se ). (5.7)

5.2.1 LEMMA ([2))

(1) Ra is compact,

(i) T= R, R} .
Proof. Let W, : > — H*(A) be the unitary operator defined in (5.4). To prove (1) it is
sufficient to show that S, = R,W, is compact. Now S A = RAW,: P — LX) is given

by

Spa(s) = ians” (a=(a)e P’ se ).
n=0

Hence §, is an “integral” operator with an L>-kernel:

(21 ;= 2 o -
ZJ.S ds—2—2r+1p <oo,

n=07 r=0

Therefore S, is compact and sois R, .
To prove (i) we note first that S,Sy = Ry\Wy\WAR} = Ry R, . Now S5 : L¥(I) — I is

given by
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(Sj;f)n =[fo"dt (fel’(Hnz0).
1
Therefore forany f € [*(I) ands e I

SASAf(8) =3 5" [ ()" ar

n=0 g

G
[

1—st

Therefore R\Ry =S ,Sx =T.
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5.3  THE E? SPACE OF AN ELLIPTIC DISC

For >0 let

2 2
D, =4zeC: xz + y2 <lg,
cosh“ o sinh“ o

2 2
X Y
Yo =0D, =12€C: + =1
* “ { cosh? o sinh2 o

and let us write J = [-1, 1]. For our fixed p there is a unique o(p) >0 and a conformal
map ¢ of Dy, onto A which is real and increasing on Dypy "R and satisfies

©(J) =1 (see [6, Chapter 6] and [7, Section 3.5D.

Fig. 5.1

Let us assume that ofp) has now been chosen so that we can abbreviate a(p) to a,

Dy (py to D and Yap) tOY.

102




5.3.1 DEFINITION

An analytic function g on D is said to be of class E*(D) if there exists a

function f € H*(A) such that
2(2)= F(9(@)p'(2)? (ze D)

where go’li is the branch of the square root of ¢’ which is real and positive on
DN R. We define

”g||E2(D) = ”f“HZ(A) :
Thus, by construction, E*(D) is a Hilbert space with

<g1’82>E2(D) = <f1sf2>H2(A)

1
where g;(z)= fi((,o(z))qo’(z)2 , (i =1, 2) and the operator Vo: HZ(A) — EX(D) given
by

,L
Vof =(f o)™
is unitary. By restricting ¢ to J we obtain a unitary operator Up: LX) — LX)

defined by

Upf(5)= F(@()e' ()7 (f € 2(I)s€ 1),

Now, by analogy with (5.7) we define R : E*(D) — L*(J) by

Rpf(s)=f(s) (f € EX(D),se ).

103




Clearly, RpV, =U, Ry

2 V(p > E2 D
H(A) (D)
) Vw* = Vw_]
Ra Rp
U,
LX) £ > L*(J)

so Rp =U,R AV(; is compact. The above diagram commutes. Since Vi 1s unitary,
RpRp =U,R\R\U, =U,TU,,. (5.8)

If we put T, = RpR),, then by (5.8)

An(T) = 24,(Ip) (n20) (5.9)

and, by Lemma 1.4.3, T}, is the positive integral operator on L (J) with kernel

()2 0'(1)?

% )=
o = o)

— il 1
= 2 0()"9'(s) 9(0)" 9'(1)?,
n=0
the series being uniformly convergent on JxJ.

Since the functions e, (z) =z" (n=0) form an orthonormal basis for H*(A),

is
the functions Voe, = ¢" @2 (n20) form an orthonormal basis for E*(D). By analogy

with our construction for H* let us define a unitary operator Wp : * - E*D) and a

compact Sp: > — L*(J) by
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Wpa(z)= 3 a,0(2)"9'(z)? . (a=(a) e I, z € D)
n=0

Spa(s)= 3, a,0()"9(s)? , (a=(az) € P s € ).
n=0

Then S = RpWp and the following diagram commutes.

H (A) > EZ(D)

LZ(I) \ / 2(1)
™ / \ %

LA(D — LX)

The operators VcD’ U 0 Wy, Wp are unitary and R, , Rp, T, Tj, are compact.
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54  TCHEBYSCHEF POLYNOMIALS

Because of (5.9) we need to find estimates of the eigenvalues of
Tp =SpSp =RpR},. Every function in EXD) can be expanded in Tchebyschef
polynomials of both first and second kind. Such expansions will be used to find
separate upper and lower bounds for A, (T) and hence A, (T).

The Tchebyschef polynomials (7,,) of first kind are defined by

T,(s)= cos(ncos—1 §),n>20,-1<s< 1.

It is convenient to normalize these polynomials and define

7 =ﬁTO and T, =\/%T,, (n>1).

It is well known that

j T, ()T (5)

(1— 7)1 ds =0y

-1

Let us write
1
w(s)=(1-s)*, se s =[-11]
and let V_: I? (J)—> I? (0,7) be the unitary operator

V.£(6) = f(cosO)sin®)? (f e 2(J),0<0<m).

Then we have
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where co(9)=1/J; and ¢,(0)= 3cos(né’), n > 1. Since (c¢,),»9 is an
/4

orthonormal basis of I? (0,7) we see that
(T",, /w)n>0 is an orthonormal bases for L2(J ). (5.10)

Likewise the Tchebyschef polynomials of the second kind are defined by

sin((n +1) cos™! s)

U,(s)= ,n20,-1<s<1

sin(cos_1 s)
and if we define U, = \/E U, (n=0)we have
V4

ljﬁn ()0, (s)(l _ s )% ds=35,,.
-1

A similar argument to the one above shows that

(l7 ”w)nzo is an orthonormal bases for LZ(J ). (5.11)

Using these orthonormal bases it is easy to define two positive integral operators
T/, T3 on I*(J) with eigenvalues e~2"® Define §{,83: F — L*(J) by
Z,(

Sja(s) = iane_”a -;(i), Sja(s) = iane_"aﬁn ()w(s) (@=(an) € P, s € J).
n=0 S) n=0

Since

sup|Tn (s)l =1, suth,, (s)| =n+l
seJ seJ

it is easy to see that S{,S} have L’-kernels. Now define 7y = S{Sj Y, T =S584".

These are the positive integral operators on I2(J) with respective kernels
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oo

—one T, () T (1)
t(s,t) = 2no nltl onnd ,teJ,
1o Zoe w(s)  w(r) bhe

t5(s,t) = ie*z’"x (Un (s)w(s))((jn (t)w(t)) s,;te .

n=0

Because of (5.10), (5.11) its follows that

()= 2, (T5) = "% n>0.

(5.12)

(5.13)

We will ultimately show that 1,(Tp) = O(A,,(T)) and A,(Ty) = O(A,(Tp)) . From

this it will follow immediately that

An(T)= A, (Tp) = €72
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5.5  UPPER BOUNDS FOR A,(7)

Consider again the conformal map ¢ of D onto A. By using Schwarz’s
reflection principle it can be shown that ¢ can be continued analytically to define a

function which is meromorphic on the whole plane, the nearest poles to R being at
tisinh2¢ . If

2 2

cosh?2¢a  sinh? 2a

D’={zeC: ad +—2 <1}andA’=C—{(—00,—1/p]u[1/p,oo)}

then @ maps D’ conformally onto A’ (see Section 4 of [3]). We can also continue

1

1 A
analytically our branch of ¢’2 to D’ and we can define a branch of o2 on A’

using the formula

V2 _ 1

o~ (w) ;
(07 w)’
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Next let us recall the formula defining the unitary operator Vo: H(A) -

N

E'(D), namely V,f =(fop)p'%. Its inverse ¥,': ED) — HX(A), is given by

1
Vo lg= (goqfl)(o_l 2. We see from this that if F is the set of all analytic functions on
A’ and G is the set of all analytic functions on D’ then VoF =G . Since F is dense in

H(A) we see that G is dense in EX(D).

The following lemma can be deduced from sophisticated results in Chapter 10

of [1]. But we prefer the following elementary proof.

55.1 LEMMA
(i) If g € G then

1
lel52 0y = o fle@)* | (5.14)
Y

(ii) Polynomials are dense in E*(D).
Proof. Given g € G let f € F be the function ¥, 'g. Then

el = P el = 3 0 o o

Substituting w = ¢(z) we obtain (5.14).

To prove (ii) it is sufficient to show that if g € G then g is a norm limit of
polynomials. But since D is compact and C-D is connected it follows from
Runge’s theorem [9, Sec. 13.7] that there is a sequence ( pn) of polynomials which

converges to g uniformly on D hence on y = 8D. Now it follows easily from (5.14)

that p, — g in norm. Hence polynomials are dense in E*(D).
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5.5.2 THEOREM
(i) There exist £, 3, 0 < B < & depending only on , such that, for all complex
sequences (a,) and all n>m > 0,

2 n
<53 a,. (5.15)
EX(D)  rem

n
S 0,7

r=m

ﬂélarlz <

(ii) The formula

Wa(z) = iane‘"“’z‘;,(z), (@a=(an) € P,z € D)

n=0
defines a continuous invertible operator mapping  onto E*(D).

(i) Every g € EX(D) has a unique Tchebyschef expansion
g=D b,e T, (5.16)
=0

where (b,) € P. The series converges in the norm of E*(D) and uniformly on compact
subsets of D.

Proof. It is convenient to define

~  _1 ~ _1
so that 7,, = g, 2T,,. Notice also that 7, (cosz) = g, 2 cos(nz) forallz € C.

To prove (i) let g be the function inside the norm signs in (5.15). Then by

Lemma 5.5.1 (i)

1
"gHZEz(D) = E;;Hg(w)lz lebw|.
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Now the function cos maps the line segment I' = [iq, 27+ia) one to one, onto y = 8D.

Putting w = cosz we see that

”g"é: (D)= i _" lg(cos z),zlsin 2||dz|.

1 €08z _ - i sinh @
\ Y
ia___l;__Zﬂ'-l-ia
cosh
Y I
Fig. 5.3
Now let
1
A= py ﬂ g(cosz)[2 |dz]. (5.17)
Tr
OnT we have sinh @ < [sinz| < cosh a. Therefore
Ginh@)4 <[l < (cosha)4. (5.18)

Substituting for g and parametrizing we have

27 4= [g(cosz)g(cosz)|d]
r

2z 11
= _" akﬁle_(k”)“skza,zcosk(t+ia)cosl(t—ia)dt.
0

M=

>

k=ml

If
3

Now
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27 2r
Icos k(t+ia)cosl(t—ia) dt = _’.(cos kt cosh ke —isin kt sinh ko)
0 0

x (cos It cosh ler + isin It sinh oY) dt

2z
=0y I(coshz ka cos® kt + sinh? ko sin? kt) dt
0

= 266 (cosh? ka + sinh? ka)

= 25]{18/{ cosh2ke .

Therefore

n
a=1 > la | e 72 cosh2kar .
7 k=m

So by (5.17) and (5.18) we can put

inh inh

B =L inf o4 cosh 2k = IR
T k20 2z

S= cosha supe 2% cosh2ka = cosha
T k>0 7

So (i) is proved.

(ii) The right-hand inequality in (5.15) shows that W, is a continuous operator
mapping 7 into E*(D). And left-hand inequality shows that ] is injective and has a
closed range. Since polynomials are dense in E*(D) we see that W, is continuous and

invertible.
To prove (iii) let g € E*(D), By (ii) there is a unique b = (b,) € 7 such that

g =Wb. Hence g has a unique norm convergent expansion as in (5.16). To show
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that this expansion is uniformly convergent on compact sets it is sufficient to show

that it converges uniformly on any D, , where 0< @' <« . But it is well known that

zg%:'lﬂ,(z)l = O(e”“').

So the theorem is now proved.

We now have a compact operator RDWI:I2 - I? (J), so that

T® = R,W,W,*R;, is a compact positive operator on L2(J).

5.5.3 THEOREM

OT D s the positive integral operator on L2 (J) with kernel

f(s,1) = ie‘z"“T;(sﬁ;(r). (5.19)
n=0

(H) ﬂ"(TD) ~ ;[”(T(l)) < e-—2na )

Proof. If a = (a,) € P then

«©
RoWia(s) = Y ane " T, (s).

n=0

This is an integral operator with an L>-kernel. Just as in the proof of Lemma 5.2.1 (ii)

we see that the kernel of 70 is

D e T ()e " T (1) .

n=0

To prove the first relation in (i) we note that if f e I? (J) then
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Tnfsf)=RoRpf o1y =Ro AT

2

M'RpS

TOL, £y = (RoWIHRY . f) =

Wi*

Since W] is invertible and =|w|

NW-I'HZ B A

Rpf

Rpf

Hence

L1, <10 <Py,
7

so that XM(TD) ~ A,,(T(l)).

To prove the second relation let 7y be the integral operator on L (J) with kernel #{

asin (5.12)

e = N, -2na 10 (8) T, (0)
tl(s,t)—’g)e WE) WD)

1
where w(s) = (1 - s2)4 . If M is the multiplication operator on L2 (J): Mf= wf then M

is symmetric and |M]=1. Clearly T = MT/M so that /L,(T(l)) < A(T) = e,

by (1.4) and (5.13).

115




56 LOWER BOUNDS FOR 4,(7)

We have now established that 4,(T)=4,(Tp) = 0( 2"“) To find lower

bounds we proceed analogously with Tchebyschef polynomials of second kind. We

give sketch proofs, pointing out the essential differences.
5.6.1 THEOREM

(1) There exist B, &, 0 < B’ < ¢’ depending only on ¢, such that for all
complex sequences (a,) andalln2m >0
2

n
<5'Y)a ).

E*(D) r=m

Zar U,

r=m

Zlar

r=m

(ii) The formula

Wsa(z) = iane_"aﬁ,,(z), (a=(ay) € P, z € D)
n=0

define a continuous invertible operator mapping /* onto E*(D).

(iii) Every g € E*(D) has a unique Tchebyschef expansion

[o o}

= Zb,,e""“ﬁn ,

where (b,) € . The series converges in the norm of E*(D) and uniformly on compact

subsets of D.
Proof. First of all (ii) and (iii) follow from (i) just as they did in Theorem 5.5.2. Note

that if 0 < &’ < a then we do have
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sup (U, (2)] = O™ ).

zeD,:

To prove (i) let g be the function inside the norm signs. As before we have

1
”g"i-z ) =25 I__ﬂg(cos z)|2|sin 2||dz].

This time we put
B= ‘—;;fﬂ g(cosz)|*sinZ’ ldz|
so that
(secha)B < "g" EX(D) S <(cscha)B.
Now

n n
Lz IZ Za aje ~(k+ha sin(k + 1)zsin(l + 1)z |dz] .
T T k=ml=m

The proof is completed as before. The new constants are

pr =N b e 2ka cosh ok + g = DL 20
T k20 2
cscha 2ka cscha
o' = supe cosh2(k +)a = cosh2a.
T k20

Having proved this theorem we now have a positive integral operator

7@ = Ry W,W, R}, on I?(J) with kernel

ty(s,1) = ie"zmﬁn(s)ﬁn(t) (s, t € J). (5.20)
n=0

Its eigenvalues satisfy ﬂ,,(Tm) ~ ﬂ,,(TD) .
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If T; is the integral operator on I? (J) with kernel ¢5 as in (5.12)

t5(s,1) = ie‘2"“t7,,(s)w<s)t7,,(t)w(t)

n=0

then by (5.13), 4,(T5) = e "% . This time we have T3 = MT*) M, so that
-2na — A (T,)<l T(2)
€ n\*2)="n :

Combining this with our previous result we have, finally,

An(T) = 2y(Tp) = 7% (5.21)

5.6.2 Two Further Examples

In proving our main result (521) we have also shown that
Z.,,(T (1)) ~ /I"(T (2)) ~ e 2"® 1t is not difficult to compute their kernels by summing

the series in (5.19) and (5.20). Thus

sinh2¢ cosh2a — st
ti(s,) = R 2,2 ’
T sinh“ 2 + s° +t° — (2cosh2a)st
. 2a
t(5,1) = sinh2a e

3 sinh? 2a + 5% +12 — (2cosh2a)st .

So both of these kernels are positive definite and 4, (¢, J ) ~ A,,(tz,J ) ~e 2"
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