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PREFACE

An operator ideal O is said to be tensor stable with respect to a tensor norm
| |l if for all Ty € O(X1,Y1) and T € O(X,, Ya),

a a a
Ty € O(X1 ® X9, 11 ®Y2)

The earlist examples of tensor stable ideals with respect to || || are those of compact
operators and absolutely p-summing operators. These results are due to Vala, [14]
and Holub [5], respectively. In 1988, Carl, Defant and Ramanujan, [2], identified
g- or m-stability of some operator ideals including those discussed in our thesis.

The primary goal of this thesis is to give simple proofs for e-stability of the
ideals of p-summing operators, p-integral operators and p-nuclear operators using
factorization techniques. The thesis also provides a proof for the e-stability of the
injective hull of an e-stable operator ideal as well as for the 7-stability of the ideal
of comnact operators.

The thesis consists of three chapters. In Chapter I, basic definitions and results
about tensor product spaces are given. In particular, it is shown that Cc(I) é X =

C(I,X) and L(I) ®X = L'(I,X). In these theorems the unit interval equipped
with the Lebesgue measure can be replaced with any compact Hausdorff space and
any measure space, respectively.

In Chapter II, the most important examples of operator ideals are considered. In
fact, factorization theorems about the p-summing operators, tt.e p-nuclear operators
and the p-integral operators are presented in sections 2, 3, and 4.

Finally, Chapter III presents our work on stability of operator ideals. These
results are not new but the methods for the proof are new and simpler than those
given by Carl, Defant and Ramanujan, [2].
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CHAPTER 1

TENSOR PRODUCT SPACES

§1. Tensor Product — The Definition.

This chapter introduces some of the basic material on the tensor product of two
Banach spaces.
Throughout, X and Y will denote real Banach spaces.

Definition 1.1.1. Let z € X and y € Y. Define

TRy: X*—Y

¥ — (¥, 2)y.
Then x ® y is a bounded linear operator from X* into Y. Define
X®Y =Span{zQy:ze X,yeY} in L(X*Y).

Thern every z € X @ Y has a representation

n
z = Zx.;@yi
i=1

forsomen € N, {z1,...,2,} C X and {y1,...,yn} CY. X®Y is called the tensor
product of X and Y.




Basic Properties 1.1.2.

1. X ®Y is a subspace of L(X*)Y).
Every element of X ® Y is a continuous linear operator of finite rank from
X* into Y. (Refer to 2.1.4.)

2. Mz®y) = 2xQy=zQ \y foral \eR,ze X,ye?Y.

3. z00=00y=0Q0.
4. Every z € X ® Y can have either the representation

z2=0®0 or z:sz—@)yi
i=1

where n € N, {z1,...,2,} € X and {y1,...,yn} C Y are linearly indepen-
dent sets.

5. Every z € X ® Y can be represented as

n
i=1

for some n € N, where \; e R, 2; € X, 9, € Y, ||Z5]] = ||g:]| = 1 for all
1=1,...,n.

The proof of such properties is elementary and will be omitted.

Definition 1.1.3. A norm || | is called a crossnorm on X ® Y if

le®@yll =llzl[llyll  forallzeX,yeY.

Definition 1.1.4. Let x* € X*, y* € Y*. Define

@y )N z®y) = (=", z)(y", y).

REMARK 1.1.5. z* ® y* is a well-defined linear functional on X ® Y.

Definition 1.1.6. A norm || || on X ® Y is called a reasonable norm if, for all
¥ € X* and y* € Y, ‘

ey e (XY, I)*  and  lz* @y |la = [l=*| ly*]]
where || |4 is the operator-norm defined on the dual of (X @ Y, || |]).
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REMARK 1.1.7.

1. If a norm || | is a reasonable norm on X ® Y, then X* ® Y* is a subspace
of (X®Y,| I
2. A norm || || is a reasonable crossnorm on X ® Y if and only if
lz ®@yll = [zl lly] forallze X,yeY
and

lz* @ y*|la = ll=* || lv*]l for all z* € X*, y* € V™.

Theorem 1.1.8. A norm || || on X ® Y is a reasonable crossnorm if and only if
lz @yl < llz| Iyl forallre X,yeY (1)

and
lz* @y™lla < [l2*||[ly"]]  for allz* € X*, y* € Y™ (2)
Proof.  Obviously, if a || || is a reasonable crossnorm on X ® Y then both

inequalities are immediate. For the converse, we need to show that

lz @yl = [zl llyll forallze X,yeY

and
lz* @ y*|la = llz*]| lly*|l for all z* € X*, y* € Y.
Then Definitions 1.1.3 and 1.1.6 ensure that || || is a reasonable crossnorm on X @Y.
Now,let x € X, ye Y, z* € X* and y* € Y*. Then
[(z*,2)(y",9)| = |(z" ®y )z @y)| < llz" @ y"llallz @yl
Using inequality (1) we obtain
(=", 2)] [(y*, 9)] < llz* @ y*lla llll Iyl

3




If we take a supremum over all z € B;(X) and y € By(Y), we get
Iz g™ < ll=* ® y*[la-

Hence
lz* ® y*{la = [l=*]| ly* |- (*)

On the other hand, if we use inequality (2) we get

[, 2)| [(*, )] < Ml g™l lz @ ).

Taking the supremum over all z* € B;(X*) and y* € By (Y™*), we get

lzll Iyl < llz @yl

So
lz @ yll = [l llyl- ()

Then it follows from (), (**), and Definitions 1.1.3, 1.1.6 that || || is a reasonable
crossnormon X ® Y. 0O

Theorem 1.1.9. Ifanorm || || is a reasonable crossnorm on X ® Y, then its dual
norm || ||la is a reasonable crossnorm on X* @ Y*.

Proof.  We claim that
lz* @ y*lla < [l=*|| [ly*]| for all z* € X*, y* € Y™ (1)
and

Indeed, the first inequality follows from Theorem 1.1.8. To prove the second
inequality, let z** € X** and y** € Y**. Then, by Goldstine’s Theorem [3, p.424],
X and Y are weak* dense in X** and Y** respectively. Hence there exist nets

(xs)e CX and (y):CY

such that

w* w*
e — ™ and y — y**.
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Further,
el < ™, Nyell < ly™* || for all t.

Let .
f=) 2oy e X oY

Then

== hmz Ty, T ytayz

= lignZ«c;-",xt)(yf,yt)

i=1

n
= lign(z z; @ ;) (z: @ ye)

i=1
= lign If(mt ® yt)"

So

(™ @y™)(f)] < m | fla e @ yel
= lim | a ol flve]

< lim [l flo™ ™

= [l=" [ g™ | Flla-

Hence
[z ® y™*[laa < [l=™*|| [ly*||. O




§2. The Injective Tensor Product.

One can put different norms on X ® Y. In this section we will study the first of
three interesting norms that we need in our thesis.

Definition 1.2.1. Forz=) . ,z;0y; € X ®Y, define

n

Z(x*> x2><y*’ yl> .

=1

lz]le = sup
z*eX*, |z*|<1
yreEY™, |ly* L1

This is nothing but the operator norm on X ® Y as a subspace of L(X*,Y).

Theorem 1.2.2. || ||. is a reasonable crossnorm on X ® Y. Further, if || ||, is
any reasonable crossnorm on X ® Y, then

12]le < 12]la forallze XQY.

Proof. Letx € X and y €Y. Then

lz®@ylle = sup |(z*z)(y*, )|
.’E*EBl(X*)
y*GBl(Y*)
= sup |(z* )| sup [(y*,9)]
z*€B1(X*) y*€B1(Y*)
= [lz|| ||y]|.

Now, if ¥ € X*, y* € Y*, 2* #0,y* #0,and 2= 3" 2;®y; € X®Y, then

n

Z(x*,mi><y*,yi>

i=1

(=" ®y*)(2)| =

*

lly* Il’yi>

= ||

< ="l lly™| HZIle-

Therefore z* @ y* € (X QY,| |¢)* and ||[z* @ y*|la < ||z*|| |y*||.- By Theorem 1.1.8
|l lle is a reasonable crossnorm on X ® Y.
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To show that || || is the least reasonable crossnorm on X ® Y, let || |lo be
any other reasonable crossnorm on X ® Y. Then for any z* € X*, y* € Y* and
=31 2,0y € X®Y, we have

n

> (e z) (Y vi)

=1

=[(@" ®y")()| < " @y lallzlla < llz*[| ly*]l 121l

Taking the supremum over all z* € B;(X*) and y* € B1(Y*), we get
Izlle < llzlla- O

The normed space (X ® Y,|| ||) need not be complete. Let X ® Y denote its

completion with respect to | |l.. (X ® Y,|| |lc) is called the completed injective
tensor product of X and Y.

Theorem 1.2.3. If G is a closed subspace of X, then G Q% Y is a closed subspace
of X <§> Y, for any Banach space Y .

Proof. 1t is enough to show that the inclusion map
£ [>4
I:GRY —-XQY
is an isometry.

Let
| |1 denotethe || | onG®Y

and

| |l denote the | | onXéY.

7




Let z=3" 10:®y; € GQ%Y, then

n

lzllh = sup | (gi, 9" N wi, y")
g €B1(G™) i=1
v EB(Y")

= sup Vi, ¥") 9,9
L <Z 0 y*) gi
y*eB1(Y™)

= sup 1> (yi,y") g

y*€B; (Y*) i=1

= sup | (v g

y*€B1(Y™) (|21 X

= sup (96, ) (vi, y*
L > {ginz*) (i, y*)
y*€B: (Y")

= |lzll2- O

1=]1

Let I =[0,1] and C(I, X) be the space of real-valued continuous functions from
I 'into X. On C(I, X), there is the natural norm

1 flloo = sup || f(£)]]-
tel
(C(I,X),] Hoo) is a Banach space, [10, p.9].

Theorem 1.2.4. C(I) ® X = C(1,X).
Proof.  On the dense subspace C(I) ® X of C(I) ® X , we define

J:C(I)® X — C(I,X)

where




Then,

= sup
t

J(zz:; fi® xz> g filt)zi

=sup sup Z fi(t){zi, x*)
=1

t .’L‘*GBl(X*)

= sup sup (i(xuﬂf*)fi)(t)

z*€By(X*) ¢ i=1

o o]

n

Z(ﬁﬁi,-’lf*)fi

i=1

= sup
r*€ B, (X*)

n

i=1

= sup sup
z*€B1(X*) peB(M(D))

n
Z fi ® z;
=1

Thus J is an isometric isomorphism of C'(I) ® X onto J (C(I) ® X).

€

It remains to show that J(C(I) ® X) is a dense subspace of C'(I,X). Let
f € C(,X) and € > 0. Since f is continuous and I is compact, then f(I) is
compact and hence totally bounded. Therefore there exist points f(t1),..., f(tn)
in f(I) such that the open balls B (f(t1),€),..., B (f(tn),€) cover f(I).

Let
U:= " (B(f(t),e)), foralli=1,...,n.

Then (U; )P, is an open finite cover of I. Since I is paracompact, there exists a

partition of unity subordinated to (U; )?_;. That is, there exist functions fi,..., f,
in C(I) such that

Supp(f;) C U; foralli =1,...,n,
0<fi(t)<1  foralltel

and

n
> fit)=1 for all t € I.
i=1

9




Now, define
f= Zf(ti) it
i=1

Then f € J(C(I)® X ). Moreover, for any ¢ € I, we have

IFt) = £ @)l = Z Fta) fi(t) = £(2)

S DOICE SO0

n

= > 50 () - 1)

i=1

<D RONFE) - SOl <

because f;(t) = 0 if || f(¢;) — f(¢)|| > e. Taking the supremum over all t € I, we get

Corollary 1.2.5. Let S and T be compact Hausdorff spaces. Then
C(S) ® C(T) = C(S x T).

Proof. By Theorem 1.2.4, we have
C(S) ® C(T) = C(S,C(T)).
Therefore, we need only to show that the mapping
J:C(SxT)— C(S,C(T))

defined by )
J(f)=71

where

fls)=fs and fu(t) = f(s,0)
is an isometric isomorphism of C(S x T) onto C(S,C(T)).

10




Let f € C(S x T), then

176 = 1511o
=sup [|/(s)]

seS

= sup | fslloo
sES

= sup sup [ fe (t)l
seS teT

= sup | f(s, t))|
SES
teT

= [[fllo-

J is clearly onto, since given f € C(S,C(T)) there exists f € C(S x T) such that

fls,0) = (f()®). O

§3. The Projective Tensor Product.

In this section we study the second intersting norm on X ® Y.

Definition 1.3.1. For z = Z?zl z;®y; € X®Y, define

l2llx = inf Y flzl| ol
i=1

where the infimum is taken over all representations of z in X @ Y.

Theorem 1.3.2. || ||; is a reasonable crossnorm on X ® Y. Further, if || | is
any reasonable crossnorm on X ® Y, then

12l < ||2||lx forallze XQY.

Proof.  The first step is to show that || ||, is indeed a norm on X ® Y. Let
0# 2 € X ®Y, then our claim is that ||z > 0. But z: X* — Y is not the zero
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operator means there exists * € X* such that ||z*|| = 1 and z(z*) # 0. It follows
that

0 < @)l = (gm ou) @)

=|D_{=*,z)yi

i=1
n

< Z!(w*,xﬁl 1%l

n

<D llill llgsll-

=1

Since the last inequality is true for all representations of z € X®Y', we get ||z||» > 0.
The other conditions for || ||» to be a norm are easily verified and their proofs will
be omitted.

Next, we show that || || is a crossnormon X®Y. Let0#z € X and0#y €Y,
and assume that

n
$®y=zﬂfi®yi-

i=1

Then, since 0 # = € X, there exists * € X* such that ||z*|| =1 and (z*,z) = ||z||.
Applying z ® y to *, we get

(%, z)y = Z(m*&mz>yz

=1
thus
n
lzlly =) {z* i) vi
i=1
and hence

n

Z<$*7$z> Yi

i=1
n

< z 3| [:ll-
i=1

12

] lyll =




Therefore,

<l lHlyll-

T

]yl <

n
vai ® Yi
i=1

So we obtain
lz ®yllx = |lz| vl

To show that | || is a reasonable norm, let z* € X* and y* € Y*. Then for
any z =Y 1 2;®y; € X®Y we have

n

> (& @) (y*,vi)

i=1

< [lz" [y Z il lyll-

|(z* ® y™)(2)| =

Since the last inequality is true for all representations of z in X @ Y, we get

|(@* @y")(2)] < ="l ™Il |21l

Thus
lz* @y lla < [l=*[H "l
and hence, by Theoerm 1.1.8, || || is a reasonable crossnorm on X @ Y.
Now we show that || || is the greatest reasonable crossnorm on X ® Y. Let

| |l« be any reasonable crossnorm on X ®Y and z =) ., z;®y; € X®Y. Then
n
D =i ®
i=1 a
n
<>z @ uila
=1

n
= laill lyill
i=1

Taking infimum over all representations of zin X ® Y, we get

2]l =

2l < |2l O

13




The normed linear space (X ®Y,| |lx) need not be complete. Its completion

with repect to || || is denoted by X RY. (X ®Y, | Il=) is called the completed
projective tensor product of X and Y.

Theorem 1.3.3. Let z€ X é Y. Then
Ve >0, 3(An) € ¢y, (zn) CX, (yn) CY,with ||z,|| = |lyn]| =1 foralln=1,2,...
such that

o0
z:Z)\n Tn @ Yn
n=1

and
e o]
[2]lx < Z)‘n < llzllx + e
n=1

Proof.  Since X ® Y is dense in X ® Y, there exists a sequence (z,) C X ®Y
such that ||z, — 2||x — 0. Let ¢ > 0. We choose (z,,) such that

|20 — 2||x < forn=1,2,...

£
gn+2
From the definition of || ||, there exists a representation for z; in X ® Y, say
k(1) k(1) . )
=2 204 suchthat 3 alal <l + 3 < el + 5

For each n, 2,41 — 2, in X ® Y satisfies

| Zzn41 — 2nllx < |znt1 — 2l|x + ||z — Zn |«

€ €
< oan+3 +W
€
< ont1”

Therefore, there exists a representation for z,41 — 2, in X ® Y, say

k(n+1) k(n+1) .
Zoti—2n= D #®@ suchthat > & 5] < ST
i=k(n)+1 i=k(n)+1

14




Now we claim that the series

oo
21 + Z(Zn_H — Zn)
n=1

™
converges to z in X @Y. The series 21 + Y . ;(2n+1 — 2n) is absolutely convergent
since

||Z1“7T+Z||Zn+1 — Zp||x = Zﬂ%i@@@i Z Z $z®yz
n=1 i=1 T n=1"i=k(n)+1
k(1) o k(n+l)
< Z”xz®%”w+z Z 12i ® il
n=1 j=k(n)+1
= Z 23] 19:]l + Z Z 12 119l
n=1 {=k(n)+1

€ €
<o+ 543 e
n=1
= ||z||r + € < 0.

Therefore the series z1 + > oo (#n+1 — 2p) is convergent by the completeness of

X é) Y. Its limit is 2 since the sequence of partial sums

Sl = 21, 52222,..., Sn=zn,...
satisfies i
ISn — 2llr = |l2n —2llr — 0 In X QY.
Thus
o0
=21+ Y (2n41—2n)
n=1
k(1) o k(n+1)
=D mOB+TY, D O
i=1 n=1 i=k(n)+1
o
=2 800
i=1
(o o]
= Z)\z T; QYi
i=1

15




where
Ai = &l |19ll, @il = llysll =1 for all i=1,2, ...

and

o0 [e)e)
D> }:wwu%wde+e

Finally, since Z;’il Ai i ® y; is a representation of z in X ® Y, it follows that

o0
lelle <3N <llells +e. O
=1

Let I = [0,1] and for 1 < p < oo let LP(I,X) be the Banach space of all
(equivalence classes of) p-Bochner integrable functions from I into X. If X = R,
we simply write LP(I). The norm in LP(I, X) is defined by

11, = ( (170 autw)”

Let L*> (1, X)) be the Banach space of all (equivalence classes of) essentially bounded
strongly measurable functions on I with norm

[£llee = esssup /@)

We refer to [10, pp.113,121] for the basic properties of such spaces.

If E is any set, we define the characteristic function xg of the set E to be the

function given by
()__{1 if xeF
XEW =0 if ¢ ¢ E.

A function s: I — X is called simple if

n
s = E Zi XE;
1=1

where Fy,..., E, are disjoint sets of I of finite measure and z;,...,z, € X. Let
S(I, X) denote the set of all simple functions from I into X. Then S(I,X) is a
subspace of LP(I,X).

16




Theorem 1.3.4. L'(I)® X = L'(I, X).

Proof.  Define
J: LMI)® X — LY(I, X)

by
J(Z [i® 931> =g
i=1

where

o) = > filt)a:

Clearly J is linear. Further, J is bounded. To prove the boundedness of J, we
have

HJ@fm) - [ J(i‘;ﬂ@mi)(t)Hdu(t)
- | gmt)xi
< gm(tn ol i)
=3 [nlledanc)

= Z“fi” l|z:]|-
i=1

L1(1,X)

du(t)

Taking the infimum over all representations of > .-, f; ® z; in L*(I) ® X, we get

J(Zfi@)xi) <|D_fi®w
=1

LY(1,X) i=1
Therefore, J is a bounded linear operator and ||J|| < 1.

LYD®X

Let S(I)® X denote the subspace of L} (I)® X consisting of elements of the form

n
=3 wm 0
i=1

17




where Ei,..., E, are disjoint sets of I of finite measure and z,...,z, € X.

To show the isometric isomorphism of L*(I) ® X onto LY(I,X) it is enough to
prove that J maps the dense subspace S(I) ® X of L!'(I) ® X isometrically onto
the dense subspace S(I,X) of LY(I,X).

Finally to estabish the isometric isomorphism of S(I) ® X onto S(I,X) all we
need to show is that

J(Zn: XE; ® xz>

=1

LY(D)®X

For this, we have

(5 0%)

LX) /z / (zf: XE; @ ‘”) (t) “ du(t)

O

n
ZXEi X x4

LYI)®X

Corollary 1.3.5. IfS and T are o-finite measure spaces, then

LY(S) ® L}(T) = L}(S x T).

Proof.  Similar to the proof of Corollary 1.2.5. O

18




Definition 1.3.6. Let T =Y. z;®z; € (X*®X,|| |lx). Define

n

trace(T') = Z(mf , L)

i=1

Theorem 1.3.7. . The trace can be extended to be a well-defined linear bounded
functional on X* ® X.

Proof.  We need to show that trace of a given T in X* <>7:r§> X is independent of
the representations of T', that is

n

it T = Za:;" ®x;~0®0  then  trace(T) = Z(:c;‘, ;) =0. (%)

i=1 i=1
Our proof is built on an induction argument.

First, suppose that
T=2x*®z~00.

Then either * = 0 or z = 0. Hence trace(T) = (z*,z) = 0.

Next, assume that

n—1 n—1

it T= Zx;" ®z;~0®0 then  trace(T) = Z(xf,xz) =0.

We claim that (x) is true. There are two cases to be considered :

Casel :{xzy,...,z,} is linearly independent. For each z € X we have

n

Tx = Z(xi‘,x)xl = 0.

i=1
Because of the linear independence of {z1,...,z,} we have (zf,z) = 0 for all
i=1,...,n and for all z € X. Therefore, (zf,z;) =0 for all i = 1,...,n. Hence

trace(T) = >0 (z},z;) = 0.

Case IT : {z1,...,z,} is linearly dependent. Without loss of generality assume
that =, € Span{z;,...,z,-1}. In this case z,, can be written as
n—1

Ty = Z )\1£B1

1=1
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Hence, we have for T

n
1w==zz:$:69$i
i=1

n—1
= E TQr;+1Qx
) 7 n n

=1

n—1 n—1

= E :c%"@:ci—l—:v;@g )\1932
=1 i=1
n—1 n—1

= E x; Q@ x; + E cc;®)\,-xi
i=1 i=1

n—1
=) (z} + \iz}) @ 3.
i=1

Now, it follows from our assumption that

n n—1

trace(T) = Y (z},z:) = Y (&} + Niz}), zi) = 0

i=1 i=1
which completes the induction.

Finally, it is clear that trace is a linear operator on X* ® X. To show the
boundedness of trace, we have

n
trace (Z x; ® :vz>

i=1

n

S (at, )
1=1
<3 et il

Taking the infimum over all representations of y . , zf ® z; in X* ® X gives

n n
trace (Z x; ® :vz) Z z; @ x;
=1

i=1
Consequently, trace is a well-defined linear bounded functional on (X* ® X, || ||x)-

<

™

Therefore, trace can be extended continuously to X* Q% X. O
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Theorem 1.3.8. (X ®Y)* = L(X,Y*).
Proof. Let A € L(X,Y™). Define

Fr: X®Y —R

n n n
Fa <Z T; ® y,) = Z(Axi, y;) = trace (Z Az; ® yi>.

=1 1=1 i=1

Then Fj is a well-defined linear functional on X Q Y.
Further,

Fa (i: z; ® yi>

=1

Z Az, y;)
n:
< Zl sz,yz

< Z 1 AZ]] sl
i=1

n
<A sl )
=1
Taking the infimum over all representations of Z?=1 z;®y; in X®Y, we get

Fa (Z z; ® yi) <
=1

i QY

and hence | Fa|| < ||A|l. As X ® Y is dense in X ®Y and Fa is bounded, we can
extend Fa uniquely to X é Y. Let E'4 denote this extension.

Now let .
F: XQY —R

be a bounded linear functional on X (}% Y. Define

A X —Y*

(Az,y) = F(z®y).
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Then A is a bounded linear operator from X into Y* since

[(Az, )| = |F(z ®y)|
<|[F| ||z ® yll«
< [IE|Hzll ly]l-

Taking the supremum over all x € B;(X) and y € B1(Y), we get ||A| < || F||.
Further, FF = Fa on X ® Y since

F(sz ®yz’> =) Flzi@uy)= > (Azi,yi) = Fa (Z-’L‘z ®yi>~
i=1 i=1 i=1

=1

Thus the linear map A — Fa is an isometric isomorphism of L(X,Y*) onto
(X®Y). O

§4. The Nuclear Tensor Product.

We study in this section the third interesting normon X ® Y.

Definition 1.4.1. Let (z;)]~; € X and 1 < p < oo. Define

1

p

L @l = (L IailP)
i=1

2. (@)l = suD (fl@*,x»lp)

z*eX* T
ER ST

3=

1 1
Definition 1.4.2. Letz=) . ,z;®y; € X®Y. For1 <p,p* < oo, _+1F =1,

b
define

2]l = inf [[(z:)izillag) )iz lloe

where the infimum is taken over all representations of z in X @ Y.
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Theorem 1.4.3. || ||, is a reasonable crossnorm on X @ Y.
Proof.  First of all we show that | |, is indeed a norm on X ® Y. Let
z=y o 2,0y, € X®Y. Define

A:Y" — X

n

Ay =3y, )

i=1

Then A € L(Y™, X) since for all y* € B;(Y*)

n

Z(y*, Yi) Ti

i=1

lAy*|l =

n
<Y 1y )| il
i=1
n L 1
* p* p* P p
< Z|<y i) | ZH%’H
i=1 i=1
< ”(yl)?=1“5(p*) ”(m’i)?;l,la(p) :
Taking the infimum over all representations of z € X @ Y, we get
[Ay™|| < [l -
Taking now the supremum over all y* € By (Y*), we obtain
IA]l < Izl

It follows from the definition of A that if z # 0 then A # 0. But the last inequality
shows that A # O implies | z||,, > 0. It is clear that if z = 0 then ||z|,, = 0.
Hence z = 0 <= ||2]|,, = 0. It is obvious that |az|,, = [a|]|z|., for all a € R
and z € X @ Y. It remains to show that ||z + w|,, < | 2|, + |w]|,, for all z and
win X ® Y. Let € > 0 be given. Then, by the definition of || ||,, there exists a

representation for z in X ® Y, say z =Y ., z; ® y;, such that
I(zi)icill gy @izl < llzll, + €.

It follows that

(Stede)” | s (i\<y*,yz->|p")"};g||zn,,,,+e.

S

y*€B1(Y*) \;
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Since the factors on the left of the last inequality are homogeneous, we can assume

that
1
(Z nmlp) < [J2lly, +€]?
1=1
and that

1
n N\ o 1
Bl (Z!@*vwﬂp >,, < [lzl, +€]?".

y*€B1(Y*) \;Z1

Hence we have
D lzill® < N2l +€
i=1
and
n *
Zl(y*,yi)|p < 2|y, +¢€ for all y* € B1(Y™").
i=1

For w e X ® Y, we can select a representation w = Z;ln 11Zi®Yi such that

@)ty 10l ooy < Nl +e.

By the same argument we used for z, we obtain

S el < flwly, +e

i=n+1
and
3 [y u)|” < llwlly, ¢ forall y* € By(Y*).
i=n-+1
Thus,

m
> lillP < lizlly, + llwll, + 2

i=1
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and
Sl wd " < llzll, + wll, 426 forall y* € By (Y*).

It follows that

. 1
(Z ||xz-np>” (Zwy*,ymf’ ) < Nzl + ]y, + 2e.
=1 i=1

Taking the supremum over all y* € B;(Y*), we get
1@ lagy 1)t legpey < 12l + 1wl +2e.
Taking the infimum over all’fepresentations of z+win X ® Y, yeilds
|z +wl., < |2ll, + |, + 2¢.
Since € was arbitrary, we have ||z + w||,, < 2], + |lwll., .

Next, we show that || ||,, is a reasonable crossnorm on X ® Y. Let z € X and
y € Y. Then by the definition of || ||,,, we have

“aj ® y”up < ||(x)”a(p) Il(y)lle(p*) (1)
=zl lyll-
For z* € X* and y* € Y* we have

(z* ®y" (qu@yz)

n

> et )y w)

=1

< ZI(SE*,%)H(?J*,%H
< ="l Z sl [{y*, vi)|
= [lz*[| ly*|l ZH ill |

1
st (N P y
<o s (3 )™ (3 [ o0
i=1 i=1 y

< NIy 1 (za)illagpy N(@a)iallery -

— ;)
I*|| '

*

1
p>p*

N
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Taking the infimum over all representations of z in X ® Y, gives

(z* ®@y* (Z%@yz) in@)yi
i=1

< ll=*l iy

Vp

Hence
lz* @ y*la < llz*|| [ly*]- (2)

By (1), (2) and Theorem 1.1.8, || ||,, is a reasonable crossnorm on X ® Y. 0O

Corollary 1.4.4. | |c < || I, < | |«
Proof.  Follows from Theorems 1.2.2 and 1.3.2. O

(X®Y,| ||,,) is a normed linear space that need not be complete. Its completion

with respect to || ||,, is denoted by X ® Y. The Banach space (X ®Y, | 1.,) is
called the completed p-nuclear tensor product of X and Y.

Theoerm 1.4.5. Let S and T be finite measure spaces. For 1 < p < oo

LP(S) & LP(T) = LP(S x T).

Proof.  For the proof of this theorem we refer to [10, p.33]. O

Theoerm 1.4.6. Let S and T be o-finite measure spaces. Then L*(S) ® L>(T)
is a subspace of L>=(S x T).

Proof.  For any Banach spaces X and Y we have
X*@Y* = F(X, V")

where F(X,Y*) denotes the closure in the norm topology of the set of finite rank
operators from X into Y* [10, p.18].

By Theorem 1.3.8 we know that
(X®Y)" = L(X,Y*)
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Hence we get

X*QY*=F(X,V") C L(X,Y*) = (X ® V)",
since F(X,Y*) is a subspace of L(X,Y™).

Now, with X = L!(S) and Y = L(T'), using Corollary 1.3.5 we obtain
(LX(8))" & (LMT))" ¢ (LMS) ® LM(T))" = (LX(S x T))" = L®(S x T).

Hence,

L®(S)® L®(T) ¢ L®(S x T). O

REMARK 1.4.7. In Theorem 1.4.6 the inclusion in general is proper.

§5. Tensor Product Mapping.
Throughout this section let X7, X2, Y7 and Y, denote Banach spaces.

Definition 1.5.1. Let A € L(X1,X?) and B € L(Y1,Y3). Define

A@BIX1®Y1 —>X2®}/2

(A® B) (i z; ®y¢> - iA:ci ® By;.

i=1 =1

Lemma 1.5.2. A® B is a well-defined linear operator.

Proof.  The definition of (A ® B)(z) is independent of the representation of z.
To see this, let 2= 7;®y; € X1 ®Y; such that z ~ 0 ® 0. We claim that
(A®B)(z) =0. If A=0or B =0, then it is clear that (A® B)(z) = 0. Let A # 0,
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B # 0 and on the contrary suppose that (A ® B)(z) # 0. Then

0<|[(A®B)(2)l, =

s

i=1

n
< z | Az; ® By;l|«

i=1

=Z]M%MW%H
SHAMBWZNMHMN

Taking infimum over all representations of z in X; ® Y7, we get
I(A® B)(2)ll. < 1Al Bl l|2|x-

This implies that ||z|z > 0, but this is a contradiction since z~0®0. O

Definition 1.5.3. A norm || o, |l lle <l lla £ |lx, on the tensor product

X ®Y is called a tensor norm if for every pair of operators A € L(X1,X3) and
B € L(Y1,Y3) we have

< [lA[lB]

i=1

n
Z T QY
=1

for all sz Qy; € X1 ®Y;.
& i=1

(6

Let X®Y denote the completion in the || ||4-norm of X®Y. Then, the continuous

extension A %) B of A® B to X3 %) Y; is an element of L(X; % Y1, Xo % Y2). It is
called the a-tensor product of the operators A and B.

Theoerm 1.5.4. Let A € L(X1,X>) and B € L(Y1,Y5). Then

A®BeL(X; @Y1, X, ®Ya)

and
AR B € L(X1 ®Yi, Xo ®Y2).
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Proof.  In the proof of Lemma 1.5.2 we have shown that
I(A® B)(2)ll. <[IAIHIBl llzllx  forall z € X1 ® Y.
It follows that A® B € L((X1®Y1, | [|lx), (X2®Ya, | ||lx)) and |[A®B]|| < || A| || B].

Consequently, A® B has the continuous extension Aé) B from X, <§>Y1 into X5 éYg.

To show that A® B € L(X; ® Y1, X2 ®Ya), let 7, 2, ® y; € X1 ® V1. Then

(A®B) (X i1z ®y) = > iy Az; ® By; € X2 ® Ya. Therefore on X ) Ys, we
have

n n
(A®B)(Z-Ti ®yi> = |2 4=: ® By,
i=1 € i=1 ©
n
—  sup (Azi, 23)(BYi, ¥3)) -
x3€B1(X3) ;
Y3 €B1(Yy)

But for all z3 € B;(X5) and y3 € B1(Y5") we have

n

> (wi, A*x3) (yi, B*3)

1=1

> (Azi, 25)(Buyi, y3)

i=1

n
A'zy. Byl
xi,—*> yi,—*>
2o e e g

n

> (@i, @) (yi vi)

1=1

= [lA*][1B7

=1

<lAllIB|  sup
z]€B1(X7)
y1 €B1(Y7")

Z Ty QYi
i=1
Taking the supremum over all 3 € B1(X3) and y3 € B1(Y5"), we get
n n
o B)(Ynon)| <lalisl|y o
i=1

£ 2=1
Hence A® B € L((X1 @ Y1,|| [le), (X2 ® Ya,|| ) and |[A @ B|| < [l A] ||B]|.
£
Therefore, A® B has the continuous extension A® B from X; <§>Y1 into X éYz. O

= 1Al 1Bl

€

€

Corollary 1.5.5. || || and || ||~ are tensor norms on X @ Y.
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CHAPTER 1I

OPERATOR IDEALS

§1. Operator Ideal — The Definition.

This chapter studies three well-known operator ideals: the p-summing operators, the
p-nuclear operators and the p-integral operators. The injective hull of an operator
ideal is also presented.

Throughout, X and Y will denote real Banach spaces.

Definition 2.1.1. Let L = UL(X,Y), where the union is taken over all Banach
spaces X and Y. A subclass O C L is called an operator ideal if the components

O(X,Y)=0NL(X,Y)

satisfy the following conditions:

O1. O(X,Y) is a subspace of L(X,Y) for all X and Y.
02. X*Q@Y CO(X,Y) forall X and Y.
O03. fAe L(W,X), T € O(X,Y) and B € L(Y, Z) then BTA € O(W, 2).

Definition 2.1.2. O is called small if O(X,Y) = L(X,Y) implies either X or Y
is finite dimensional.

Definition 2.1.8. O is called closed if O(X,Y) in (L(X,Y),| ) is O(X,Y).
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Now we give two simple examples of operator ideals.
Finite Rank Operators 2.1.4.

Definition 2.1.4.1. An operator T' € L(X,Y) is called a finite rank operator if
the range T'(X) is finite dimensional. Then rank(T") is defined to be the dimension
of T(X).

Notation 2.1.4.2. The class of all finite rank operators is denoted by F.

REMARKS 2.1.4.3.

1. F is a small operator ideal.
2. Let z* € X* and y € Y. Obviously

T*Qy:zr— (¥, 1)y

is a finite rank operator, and we have ||z* @ y|| = ||z*| ||v||-

3. An operator T' € L(X,Y) is a finite rank operator if and only if it admits a
so-called finite representation

n
T= me ® Y
i=1

where z7,...,2; € X" and y1,...,yn €Y.

4. If X is not a Banach space, then a linear operator T: X — Y such that
dimT'(X) < oo need not be bounded. To see this, let {e1,es,...} be any
orthonormal sequence in a Hilbert space H. Define

T: Span{e;,ez,...} — H

Te, = ne;.

Then (e,) C H satisfies that ||e,|| = 1 for all n, however, (||Te,||) is not
bounded. Thus T is not bounded although dim 7'(Span{es,ez,...}) = 1.
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Compact Operators 2.1.5.

Definition 2.1.5.1. An operator T: X — Y is called a compact operator if for
every bounded subset M of X, the image T'(M) is relatively compact in the norm

topology.
Lemma 2.1.5.2. Every compact operator T': X — Y is bounded.

Proof.  The unit sphere S1(X) = {z € X | ||z|| = 1} is bounded. Since T is
compact, T(S1(X)) is compact. Therefore T'(S1(X)) is bounded. So there exists a
number ¢ > 0 such that

ITz|| <c¢  for all z € S1(X).

Hence T is bounded. O

Notation 2.1.5.3. The class of all compact operators is denoted by K.

Theorem 2.1.5.4. An operator T: X — Y is compact if and only if it maps ev-
ery bounded sequence (z,) in X into a sequence (T'z,,) in Y which has a convergent

subsequence.

Proof.  Suppose that T'is compact. Let (z,,) be a bounded sequence in X. Then
(T'z,) is relatively compact. Cosequently, (T'z,) has a convergent subsequence.

Conversely, suppose that if (z,) is a bounded sequence in X then it has a sub-
sequence (Tn, )ken such that (T'z,, )xen converges in Y. Let B C X be a bounded
set. We show that T'(B) is relatively compact. Let (y,) be an arbitrary sequence
in T'(B). For each n we have y, = Tz, for some z, in B. The sequence (z,) C X is
bounded because B is a bounded subset of X. Hence by assumption there exists a
subsequence (zn, )ken of (25,) such that (T'zy, )ken converges. This shows that T'(B)
is relatively compact. Therefore T is compact. O

Theorem 2.1.5.5. K is an operator ideal.

Proof. Tt is elementary to show that K(X,Y) is a subspace of L(X,Y’), there-
fore we will only verify the conditions O2 and O3 of Definition 2.1.1.

First, let T be a finite rank operator from X into Y. We show T belongs to
K(X,Y). Let (z,) be a bounded sequence in X, then (T'z,) is bounded. Hence
(Tx,) is relatively compact since dim7T'(X) < oo. It follows that (T'z,) has a
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convergent subsequence. Since (z,) was an arbitrary bounded sequence in X, the
operator T’ is compact.

Next, let R € L(W,X), T € K(X,Y) and S € L(Y,Z). We show that TR ¢
K(W,Y) and ST € K(X,Z). Let B C W be any bounded set. Then R(B) is
a bounded set, and the set T(R(B)) = TR(B) is relatively compact because T
is compact. Hence TR is a compact operator. Now let (z,) C X be a bounded
sequence. Then (T'z,) has a convergent subsequence (T'z,, )ken by the compactness
of T. Hence (STxp, )xen converges. Hence ST is also compact. 0O

Theorem 2.1.5.6. K is a closed operator ideal.

Proof. Let (T,) be a sequence of compact operators in L(X,Y). Further, we
suppose that there exists an operator 7: X — Y such that ||T,, — T|| — 0 as
n — o0, then we claim that T' is compact. We show that for every bounded
sequence (z,,) in X, the image (T'x,,) has a convergent subsequence.

Now, since T is compact (z,,) has a subsequence (z1,,) such that (7121 m)
converges. Similarly, (z1,m,) has a subsequence (z2,,) such that (Toz2,,) converges.
Continuing in this way we obtain the diagonal sequence (zy,) = (Zm,m), which is a
subsequence of (z,,) such that (T}, 2, )m converges for every n.

The sequence (z,,) is bounded, so there exists ¢ > 0 such that ||z,,|| < ¢ for all
m € N. Hence ||zp|| < ¢ for all m € N. Let € > 0. Since T,, — T, there exists an
ng € N such that | T — Ty, || < €/3c.

The sequence (15, zm) converges, hence is Cauchy. Therefore, there exists N € N

such that ¢
| Tho2j — Tho2kll < 3 for all j,k > N.

Hence for j,k > N, we have
T2 — Tkl < |T25 — Tno2i |l + 1 Tozj — Tno2kll + [ Tne 2k — T2k
€
ST = Tnoll 25l + 3+ [1Tn — Tl 12

€ € €
<7—ctg+ o

3¢ 373 7€

Thus (T'z,,) is Cauchy and converges by the completeness of Y. Since the arbitrary

bounded sequence (z,,) C X has a subsequence (z,) whose image (Tz,,) C Y
converges; 1’ is compact. [

Corollary 2.1.5.7. (K(X,Y),|| ||) is a Banach space.
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On each component O(X,Y’) of an operator ideal O one can define norms. Then
O(X,Y) has its own norm together with the norm it inherits from being a subspace
of L(X,Y). In the following sections the normed operator ideals of p-summing
operators, p-nuclear operators, p-integral operators and the injective hull of an
operator ideal are studied.

§2. Absolutely p-Summing Operators.

The notion of absolutely p-summing operators has been introduced by Pietsch |11,
p.228] in 1966. At the begining of this section, we need to study some sequence
spaces with values in a Banach space X.

Definition 2.2.1. Let X be a Banach space and 1 < p < co. Define
o0
1. ZP(X)z{(:Bi)CX:Z||a:i||p<oo}

1@y = (Z uxzup)

1@)llageey = max il

2. P<X>={(x;)CX: sup Z|m xz <oo}

lz*I<1 555
1
1@y = Sup (Zl o 2)] )
[E3 *H<1
X; su max X SE'/L
”( 7«)”5(00) 2 ”Iil 1<z<n|< >|

Theorem 2.2.2. Let 1 < p < co. Then ¢?(X) and P<X> are Banach spaces.

Moreover,
FX)ct<X>  and || e <1 o)

Proof.  See [1, p.15].
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Definition 2.2.3. A bounded operator T': X — Y is called absolutely p-summing,
1 < p < 0, if there exists a constant A > 0 such that the inequality

||(Tx’i)?=1|la(p) S A ”(x"')?zlne(p*) (*)

holds for all finite sets {z1,...,Zn} in X.

Notation 2.2.4. The class of all absolutely p-summing operators is denoted by
II,.

Theorem 2.2.5. For1<p < oo, II,(X,Y) is a subspace of L(X,Y).

Proof. Let T, S € II,(X,Y). Then there exist A, v > 0 such that for all finite
sets {z1,...,2,} C X, we have

(i) <,z (Seror)”

llz*]I<1

and f
(annp) <y s (Sl el)”

Using Minkowski’s Inequality, we get

n % n ) 1
(ij T+ )@ ) = (Y7 + sulr)’

i=1

< @ ||T:ci||p)% T @ ||s:cinp)%
< (A+7) sup <Z|x ;)| )% (1)

lz*|l<1

Thus T + S € II,(X,Y). Since for all scalars k we have

(X ”(kT)(x")”pf -3 ||Tacz-||”)_;5
<IH-A sup <Z| o, 22) )%. )
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It follows that kT € II,(X,Y). Hence II,(X,Y) is a subspace of L(X,Y). O

Definition 2.2.6. ForT €II,(X,Y), 1 <p < oo, define

|T||x, = inf { X | * holds }.

Theorem 2.2.7. For1<p<oo, | |, isa norm onIl,(X,Y). Moreover

IT| < ||T)l., forall T € My(X,Y).

Proof. Let T € II,(X,Y). We first show that ||T|| < ||T||x,- By Defini-
tions 2.2.3 and 2.2.6 we have

1

n _ n _];

p V4

(ZnTxinp) < Tl sup ( |<x*,xz->|’”)
=1 i=1

z*||<1

for all finite sets {z1,...,zn} C X. In particular, for the singletons {z} C X, we

have
T2l < T, sup |(z*,2)]

llz[I<1

Hence
|Tz| < ||Tl|7,p |zl forall z € X

and so we get | T|| < ||T||x,. Now if T' # 0 then ||T’|| > 0 and therefore || 7|, > 0.
If T'= 0 then obviously ||T'||x, = 0. Thus T' = 0 if and only if ||T'||r, = 0. From the
inequalities (1) and (2) one can easily see that

1T + Sllw, < | Tllx, + IS]ls,  for all T,S € I, (X, Y)

and
||kT||7,p = |k| ||T||7rp forall ke R and T € II,(X,Y).

Hence || ||x, is a norm on II,(X,Y). O

Theorem 2.2.8. I, is an operator ideal.

Proof.  We need to verify the conditions O2 and O3 of Definition 2.1.1.
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First we show that F(X,Y) CII(X,Y). Let 0 #z* € X*and 0 #y €Y. We
claim that z* @y € II,(X,Y’). For an arbitrary finite set {331, ..., Zn} C X, we have

(Sl eve )’ - (St )’
- (St =l )

Q=

n z* p 113
— ||m*||(2 2 ) )
2|\
n 1
V4
<yl "] sup (Z|<z*,wi>l") .
z"eX” =1

fz"l1<1
Hence z* @ y € II,(X,Y) and ||2* ® y||x, < ||z*|| [ly[|. By Theorem 2.2.7 we have
lz*[[ lyll = ll=* @yl < =" @ Yllx, < llz*[y]-
So we get [|z* ® y||x, = =" |yll-
Now let R € L(W,X), T € II,(X,Y) and S € L(Y,Z). We show that STR €

I,(W, Z). Since T is absolutely p-summing we have, for any finite set {wy, ..., wn} C
W,

3=
3 =

(gll(STRxwi)Hp) < |18 (;H(TR)(W)HP)
=]l (g”T(R(wi))H”)

<ISIIT, s (Z| Ru, o )

S =

n

— ISI 1T, 1R] sup (
lz*]| <1 Z

i=1

R*x*>
it

<wu

1
P>p

1

< ISl IR sup, (Z| (w5, w )

Thus STR € II,(W, Z) and ||STR||x, < [IS|[|T]l~, [ Bl ©
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Theorem 2.2.9. (II,(X,Y),|| |lx,) is a Banach space.

Proof.  Let (T,) be a Cauchy sequence in IT,(X,Y). Then, given € > 0, there
is an NV € N such that

| T — T |, <€ for all n,m > N.

By Theorem 2.2.7, (T},) is a Cauchy sequence in (L(X,Y), || ||). Since (L(X,Y), || )
is complete, the sequence (T},) converges in the operator norm, say

T, — T as n— oo
for some T € L(X,Y).
For all finite sets {z1,...,z,} C X we have
1
P

(ZH(Tn - Tm><xz~>H”) < T = Tl @) e
=1

< e||(zi)izallep) for all n,m > N.

Letting n — oo, we obtain for m > N

S =

(zH( 1’”)( Z)l‘p> <€ ||($i)i_—1||€(p) .
i=1
Iherefore,

T — T, <€ for all m > N.

It follows that (T},) converges to T"in (II,(X,Y),|| ||, ). Since (T,) was an arbitrary
Cauchy sequence in II,(X,Y), this proves the completeness of II,(X,Y). O

REMARK 2.2.10. (Teo(X,Y), || |lr) = (L(X,Y),]| ||) for all X and Y.

Theorem 2.2.11. Ifp <gq, then II,(X,Y) CII,(X,Y) and || ||, < |lx,-

Proof. LetT € Il,(X,Y). If p < q then ¢ = p + pg/r for some r > 0. Given
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{z1,...,2z,} C X we have

(g ||Txi||4>% - (; irairz#])

- (i [ai]| Tz ]p> ’ where a; = | Tzi|| ¥

kA

- (g (sl

|—=

1
<||T||,,p sup (Z]:{: aiT;) )p

||<1
n 1
% P
= |||, sup (Z]ailpl(m ,:ci>‘p) .
lz*I<1 \;55

Using the Generalized Holder’s Inequality, we get

(annq) < Tl s (Zlazl”)%(g|<w*,wi>iq)

1

= |T]l, (gnz’xinq) sup (Z\x =) )

flz*[<1

=

1 1 1 1
Upon division by (3 i, [ITz;]|?)" and by noting that = — — = =, we obtain
p r q

(ZIIT%II"> < Tl sup (Z\w =)

<1

Q=

Hence T € I1y(X,Y) and ||T||», < ||T||x,. O

Theorem 2.2.12. I, is not small.

Proof.  The proof follows from the result of Kwapieri [8] that

I, (61, £2) = L(¢, £%).

However, neither ¢! nor #2 is a finite dimensional space. [
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Theorem 2.2.13. For 1 < p < oo, the inclusion map
c(I) — LI, p)

is absolutely p-summing.

Proof. Let f1, fa, ..., fn € C(I). Then

ZHJ fillP = anlu”
- Z [ 1@ du
/ Zm P du(a

If §,, denotes the Dirac measure at the point z, then we have

Sl = / > J{sueal” duto)
i=1 i
< / sup Zl(fz, VP du(z)

HVII<1

— IRl [ duto)
= H(fz')?=1||§(p) u(I).

Finally, we get
1(Jpfi)iz1llap) < (M(I)) ()i llep) -

1
This proves that J, € II,(C(I), LP(I, 1)) and moreover ||Jp|lx, < (w(@))?. O

REMARK 2.2.14. II, ¢ K. To see this, consider J,: C(I) — LP(I,pu). Jp €
11, (C(I), LP(I, ). However, J, ¢ K(C(I), LP(I,1)).

The following theorem gives the fundamental characterization of absolutely p-
summing operators.
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Theorem (Pietsch Integral Theorem) 2.2.15. Let 1 < p < co. An operator
T € L(X,Y) is absolutely p-summing if and only if there exists a constant A>0

and a measure p € B (]\/I(Bl(X*))) such that

1

| Tz < )\(/ |(:1:*,a:>|p d,u(x*)) ! for allz € X.
Bl(X*)

In this case,

|T||x, = int A.

Proof.  See [11, p.232].

Theorem (Factorization Theorem) 2.2.16. Let 1 < p < oo. An operator
T € L(X,Y) is absolutely p-summing if and only if it admits the factorization

D' L,y 2o o(By(YY)
Al TB
C(By (X)) i LP(By(X*), 1)

where 1 € By (M(B1 (X*))), Jy: Y — £ (Bl(Y*)) is the natural isometric em-
bedding, J,: C(B1(X*)) — LP(B1(X"), i) is the natural inclusion and A: X —
C(Bi(X*)) and B: L?(B1(X"), pt) — £°(By(Y™*)) are bounded linear operators.

Proof.  First suppose that T admits the factorization claimed. We show that T’

is absolutely p-summing. By Theorem 2.2.13, J, € I1, (C(B; (X*)), LP(B1(X*), 1))
Hence JyT = BJ,A €11, (X,KOO (31 (Y*)) Since Jy is an isometry, we have

<¥ ”Tm'i”pf - (sz ||quwxi”p>%

n
< A sup (Z'(I*,:EL)lp) for some A > 0.

o<t

==

i=1
Consequently T' € II,(X,Y).
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Conversely, let T' € II,(X,Y). Define

A: X — C(B1(X™))

T— fo
where
fa(a¥) = (", z).
Then ||Az|| = ||fzll = sup |fa(z*)] = sup [(z*,z)| = ||z]|. Hence we

z*€B1 (X*) T*EB1(X*)
obtain an operator A € L(X, C’(Bl (X*))

Next, define
By: Range(JpA) — Y

by setting
By (JpAz) = Tx.

By is a continuous linear operator from Range(JpA) into Y since for all z € X we
have, by Theorem 2.2.15,

s =11t <3( [ oo o)

B1(X*)
1

(] o)
= A fzllp,

for some A\ > 0. Consequently ||Bo(fz)|| < Allfzllp, which proves the continuity of
By on Range(J,A). Let By be the extension of By to Range(J,A).

Now consider the composition
Jy By: Range(Jp,A) C LP(B1(X*),p) — £2°(B1(Y™")).

Because of the metric extension property of £*° (Bl(Y*)), Theorem 2.5.4, we can
find a continuous extension of Jy By, say

B: LP(By(X*), ) — £2(B1(Y™)).
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Moreover, for all z € X we have

(BJpA)(z) = (BJIp)(fs)
= B(/f2)
= (6" T2) e cnire)
= (JyT)(=).

Thus BJpA=JyT. O

Theorem 2.2.17. Let g € LP(I,u), 1 < p < 0o. Define

T: Loo(Ia ,LL) - LP(I,M)

Tf=g-f

Then T is an absolutely p-summing operator. (T is called a diagonal or a multipli-
cation operator.)

Proof. Let f1,..., fun € L™(I, ). Our claim is that there exists A > 0 so that

1 1
(Sirsir)" < s (Slsmr)”.
i=1 VE(ﬁoTlgiu))* i=1

But we have

(g Hva;le)% = (;/I](Tf@-)(t)'p dﬂ(t)>%
) @;/119 (t)fi(t)\”du(t))%
: </I,g(t)|p§|f @[ du(t))%

1
< Lol esssop (150"
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Consequently, all what we need to show is that

n 1 1

D D

o (S100) <o (Stnr)”
¢ i=1| | e(ﬂg )™ i

Let t, € I. Then, by the Lebesgue Convergence Theorem [13, p.91], we have

to+h
fi(to) = ilzim —K fi(t) dt a.e.

o—h

1

t 1 *
d 7 to + ;} and zero elsewhere. Then v; € By ((LOO(I, ,u)) )

Take v = —2—]' on l:to -
for all 7. Hence, for all j,

ap (Sl

ve(L®(L,p))"
Ivl<1

3 |
Vv
< N
=
=
N
S
N—
!

Letting 7 — oo, we get

1 . 1
sup (Z| f’u ) ! Z (Zlfz(to)lp>p a.e.
VE(I”’;OH<:N'))* i=1

Since the last inequality is true almost everywhere in I, we have
n %‘ n
sup (ZI(J%, V>lp> > esssup (Zlfi(tﬂp)
i=1 i=1

ve(L=(1,u))*
lvii<t

3 =

Hence, we get

(inTw) <lgly _ sup (Z| gl

i=1 (I,u))
|1V||<1

3 =
1 L

Therefore, T € I, (L>(I, ), LP(I, 1)) and | T||x, < llgll,- O
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83. p-Nuclear Operators.

The concept of p-nuclear operators was introduced during the study of operators on
Hilbert spaces that have a well-defined trace. The material of this section includes
those nice opreators which possess trace.

1 1
Definition 2.3.1. Let 1 < p,p* < oo, 5 + E; = 1. An operator T € L(X,Y) is
called p-nuclear if

o0
T:Z/\nx;@)yn (*)
n=1

where
1. (Ay) €fP
2. (zr) € £°(X™), |lzk|| =1 for all n
3. (yp) €LP <Y >,

Notation 2.3.2. The class of all p-nuclear operators is denoted by M.

Lemma 2.3.3. N,(X,Y) is a subspace of L(X,Y).

Proof.  Given T1,Ty € Np(X,Y), we claim that Ty + T» € Np(X,Y"). Suppose
that
Ti=M2]Quy1 + X250y +A3T3Qy3 + ...

and that
To =621 Qw; +&225 Qwy + €325 Qws + ...

where

(An), (&n) € 2P
(zX), (2%) € £°(X*) with ||z%|| = 1 and ||z%|| = 1 for all n
and (yn), (wn) € P <Y >,

For T7 + T» we choose the representation
0
Ty +T1Ty = 2:’)’11117:L ® vp,
n=1

where

(771) = (/\17)‘27513)‘3752,. . )
(’U,;;) = (mfvxgyzikyx;’;,Z;, .. )
and  (vn) = (Y1, Y2, w1, Y3, W2, ... ).
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_Consequently, (7n) € £P, (u)) € £°(X*) with |JuX|| = 1 for all n, and (v,) €
7" <Y>. Hence Ty + To € Np(X,Y). It is obvious that oI € N,(X,Y) for all
aeRand T € Np(X,Y). Therefore Np(X,Y) is a subspace of L(X, Y). O

1
Definition 2.3.4. Let T € Np(X,Y). For1 < p,p* < oo, — + —1; = 1, define
p P

1Tl x, = inf [[(An)llagpy @n)llegpe)
where the infimum is taken over all p-nuclear representations of T given in (*).
Lemma 2.3.5. For1<p<oo, | |, isanorm on Np(X,Y). Moreover,

|IT| < T|ly,  forall T € Np(X,Y).

Proof. ~ We shall first show that || T < |||y, for allT € Np(X,Y). Let z € X.
Then, we have

o0

> (@, T)yn
n=1

= sup An Y™, Yn)
y*€B1(Y* ) Z "

sup ZI/\H )| | (" yn)]

Tz =

EBl(Y)
. 1o 1
<lz| sup (an,py(Zl@*,wp*)p*
y*eBu(Y*) \,.54 n=1

= Izl 1)) 1@l
Taking the infimum over all p-nuclear representations of T, gives
ITz]| < NITllxs, llll-

Hence, || T < |T||xs, -

Next we show that || |, is indeed a norm on N,(X,Y). Since |T|| < [|T|lv,,
it follows that if T # O then ||T||,, > 0. Also, it is easy to see that if T = 0
then ||T||y, = 0. Thus, T = 0 if and only if |T|x, = 0. Further, it is clear
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that ||aT'|lx, = |o|||T||x, for all @ € R and T € N,(X,Y). Now it remains to
prove the triangle inequality. Let S, T € N,(X,Y). Then, there exist p-nuclear
representations for S and T, say

oo
S=) Xz ®y;
i=1

and
oo
T = Zfl zf@wi
i=1

where (X;), (&) € P, (x7), (=) € £°°(X™*) with ||zf|| = ||z7]| = 1 for all 4, and (y;),
(w;) € P" <Y >,

By noting that (X* ®Y, I 1l,) € WNp(X,Y), || |lx,), We claim that there exists
(Sp) C X* ® Y such that ||S — S|, — 0 as n —» co. Consider

n
Sn=Y & u
i=1

where £F = Az} foralli=1,...,n. Then (S,) C X* ® Y. Moreover,

oo

IS~ Snllw, = || D & ©ui

i=n+1
= Z AiTi ® Y
i=n+1

< H()‘Z)fin-l-lua(p) H(yi)?in-i'le(p*)

—0 as n—

Np

Np

since S € Np(X,Y). Similarly, for T € N,(X,Y) consider the sequence
n
i=1
where ¥ = &2} foralli=1,...,n. AsT € N,(X,Y), the sequence (T3,) C X* %Y

satisfies | T — Ty||n, — 0 as n — oo.

47




Furthermore, as in the proof of Lemma 2.3.3, S + T has the representation
o0
S""T:Z’Yi’“;k@%
i=1

where (v;) € £P, (u}) € £%°(X*) with ||u}|| = 1 for all 4, and (v;) € £°" <Y>. Then,
one can easily see that

where 4 = ~u; for all ¢ = 1,...,n, satisfies that (S, + T,,) C X* ® Y and
I(S +T) ~ (Sn +Tn)lln, — 0asn — oo.

Now for each n, the triangle inequality

10 + Tallv, < 1[Sallv, + [1Tnlly,

holds in X* % Y by Theorem 1.4.3. Equivalently, the inequality
15n + Tnlly, < Snllny + 1 Tnlla,
holds in N,(X,Y"). Letting n — oo, we get

IS+ Tllay, < 1Sllay, + 1T, O

Lemma 2.3.6. N, is an operator ideal.

Proof. By Lemma 2.3.3, N,(X,Y) is a subspace of L(X,Y). So it remains to
verify the conditions O2 and O3 of Definition 2.1.1.

First we show F(X,Y) C N,(X,Y). Let 2* € X* and y € Y. Then

* * x*

Consequently z* ® y € Np(X,Y). Moreover

12" @ Yllag, < NN Dl ey 1) epry
= llz* [ Iyl
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By the previous lemma, we have
lz* [yl = llz" © yll < llz* @ ylla,, < ="l [ly]l-

So we obtain ||z* ® yl|x, = [lz*[| [|¥]]-

Next we show that STR € N,(W,Z) for all R € L(W,X), T € N,(X,Y) and
S e L(Y,Z). Since T € N,(X,Y) we have

oo
T:Z)\nx;;@yn

n=1

where (Ap) € 2P, (z¥) € £°(X*) with ||z%|| = 1 for all n, and (y,) € &7 <Y>. It
follows that for all w € W, we have

(STR)(w)

S(T(Rw))

s( An (2, R) y)
n

=1

M

An{x), Rw) Sy,
1

3
Il

/\n(R*w;“L, w) Syn

||D”18

An Rz @ S’yn> (w).

6

L

Hence, we get

STR

o

An Rz} @ Syn

3
Il
—

*
'777, w'n, ® zn

o

S
Il
fay

*

where (’Y'n) = (”R* *”)\ (,ﬁ ':. ) and (Zn) = (Syn) It is clear that
(vn) € £°, (wy) € €°°(W* ) with [wg] =

. 1 for all n. It remains to show that
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(2) € 7" <Z>. For this let z* € B;(Z*), then we have

1

*

= (glwnﬁ*z*ﬂp*)
_ 5% (i G

Yns 75—
2 |l gy

L
p*

L

<|IS||  sup ) (gl(yn, y*)lp*> "

y*EBl(Y*

Hence
1n)llary < 18T 11wl < o0

Therefore (z,,) € £¢" <Z>. Consequently, STR € N,(W, Z). Moreover,

<RI oy NSI M) lepmy
= [[SI (A ) lagpy 1 @n)llegey I1RI-

Taking infimum over all p-nuclear representations of T' in N,(X,Y"), we get

ISTR|as, < ISIITlw, IR]. O

Lemma 2.3.7. For1<p<oo, (Np(X,Y),|| |lx,) is a Banach space.

Proof.  Let Ty, Tp, ... € Np(X,Y) and 322, [|Tjll, < co. Our claim is that
Y o1 Tj € Np(X,Y). By Lemma 2.3.5, we have 322 | [|Ty|| < oo. Let T' = 3 22 Tj
in L(X,Y). We choose the p-nuclear representations :

Th =212 @Y1+ 227, @U12 + A3 T3 QY13 + Mg 21, ® Y14 + - - -
To = Xo1 251 @ Y21 + A22 Ty @ Yoo + A23 T3 @ Yoz + Apa T3y Q Y2a + . ..
T3 = A31 731 @ Y31 + A32 T35 ® Y32 + A33T33 @ Y33 + A34 T34 @ y3g + ...
Ty = 1Ty @Yar + A2 Ty @ Ya2 + A3 Tys @ Ysz + Aaa Ty @ Yaa + - ..
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Consider the sequences
(Yn) = (A1, A2, A21, A1, A2, As1, Aig, Aos, As2, Mg,y - )
(ZZ) = (x’fl’ $T2a '73;1’ $T3, x;% $§1a$T4a xZS’ 37;2va1’ .- )
and (wn) = (Y11, Y12, Y21, Y13, Y22, Y31, Y14, Y23, Y32, Y41, - - - )-

Then the p-nuclear representation of T’
o0

T = Z Tn Z; & wn
n=1

satisfies that () € €7, (2%) € £°(X*) with ||| = 1 for all n, and (w,,) € £ <Y >.
Thus >22, Tj € Np(X,Y). Further,

m )
ol |5
j=1 Np j=n+1 Np

< H(%’)}?imtlna(p) ||(wj);'>in+1“€(19*)

—0 as n— o0,

since 32221 | Tjlla, < oo. O

Theorem (Factorization Theorem) 2.3.8. An operator T € L(X,Y) is p-
nuclear if and only if there exists a commutative diagram

X————T——>Y

s

o D opp

such that D € L(£>®,£P) is a diagonal operator of the form D(ay) = (Apan) with
(An) € ¢P. Further, A € L(X,¢>) and B € L({*,Y).

In this case,
|||, = inf [| BJ| || D] [|A]

where the infimum is taken over all possible factorizations.
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Proof. Let T € Np(X,Y) and € > 0. Consider a nuclear representation

T=Z)\nm;®yn

n=1

such that [[(An)ll o) < ITlla;, + € and ||(yn)lcpx) = 1. Define

A: X — =

z+— ((27,7)).

Then ||Az|| = sup |(z};, )| < ||z]|. Hence A € L(X,£>) and ||A|| < 1.

Next define
B:% Y
(bn) — Z bnYn -
n=1
Since [BOWI = sup S5 baly* w0l < 1) lgpr) N0y, we have
y*€B1(Y™)

Be L((P,Y) and ||B|| < 1.
The diagonal operator
D: > — (P
(an) — (Anan)
1
is continuous since [|D(as)|| = (o2 |Anan|’)P < 1A )| oy [I(@n)

L=, 27) and D] < [[(An)llaqpy- In addition, |[D] = |[(An)
1D, 1,1, )l

|loo- So D €

lagp) since D] =

Now for every x € X we have

(BDA)(z) = BD((z",,z))
= B(An(z},, z))

= Z )\n<x;kw $>y'n.-
n=1

Consequently, there exists a factorization T = BDA such that ||A| || D] ||B] <
1O)llay) < TNy, +e.
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For the converse, we need to show that every diagonal operator

D: ¢ — P

(an) — (Anan)

where (A,) € £P, belongs to N,(¢>°,#P). As D can be written in the form

n=1

where the first &, € £* and the other &, € ¢, we conclude that D € N,(¢>°,¢P).
Moreover, [|Dllx, < [[(An)llap = D]l Since N, is an operator ideal, A €
L(X,£>®) and B € L({*,Y) we have T = BDA € N,(X,Y). Further, | Ty, <
IBI 1D, 1A < IBIHIDI ALl O

Corollary 2.3.9. For1<p < oo, N, CII,.
Proof.  Follows from Theorem 2.2.17 and Theorem 2.3.8. [

REMARKS 2.3.10.

1. The series Y oo A\, 2} ® y, converges in the norm topology of L(X,Y).
Therefore, every p-nuclear operator is compact. In other words N, C K.

2. The natural inclusion map J,: C(I) — LP(I, ) is in II,, however, J, is
not in K. Therefore, I, # Np.

Theorem 2.3.11. Ifp <gq, then Np(X,Y) CN(X,Y) and || |ln, < || llas,-

Proof. Let T € Np(X,Y). Then, by Theorem 2.3.8, T admits a factorization,
say

o D o

where D € L(£>,¢P) is a diagonal operator, D(a,) = (Apan) with (A\,) € £P,
Ae L(X,£°) and B € L(¢,Y).
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If p < g then 1/p = 1/q + 1/r for some r > 0. Put v, = A ""'" for all n. Then
(Yn) € £7 since we have 3 >°  |y,]?7 = 327, |An|P < 0o. Define

A

D: ¢ —
(bn)’—‘*(thn)
and
D:¢? — ¢

(cn) = (W7 ¢n).

Then D € L(¢°,¢9) is a diagonal operator and ||D|| = [(va)lla(q)- Also, by the
Generalized Holder’s Inequality, we have

Eovrar) < (Ene) (B
n=1 n=1 n=1
~ - 1 ~ A
Therefore D € L(¢9,£P) and || D] < (3o ; [AalP)”. As D = Do D, we have the

following factorization for T :

X Y
al E
o — L g0 D




Hence T = BDA € N (X,Y). Moreover,

ITllx, = IBD AL,
< IBIIDIDI Al

1

< IIBII(Z |An|ﬂ°)F (Z w) "4
1B 1)y 4]

= [IBILI DALl

Taking infimum over all possible factorizations of T, gives ||T'||x, < ||T||x,. O

Theorem 2.3.12. N;(X,Y) = X* ® Y. Further, (M1(X,Y))" = L(Y, X**).

Proof. LetT € X* é Y. Then, by Theorem 1.3.3, given € > 0, there exist
sequences (Ap) € ¢, (z3) C X*, (yn) C Y with ||z%]| = |lyn]| = 1 for all n, such
that

T:Z)\nx;@yn

n=1
and that
1Tl <Y A < Tlx + .
n=1

Thus (A,) € €1, (z}) € £°(X*) satisfies ||z}|| = 1 for all n, and (y,) € £°<Y>.
Hence, T' € N1(X,Y) and [Ty, < [|(An)llaq) (¥n)lleoo) < IT|lx + €.

Conversely, let T € N1(X,Y). Then

TZZ)\nw:@yn

n=1

where (\,) € £, (z) € £°°(X*) with ||z|| = 1 for all n, and (y,) € £°<Y >. Thus
T can be written in the form

o0
n=1
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where (2;,) C X* and (y,) C Y. Obviousely, T € X* ®Y. Moreover,

n=1
= > alllzi ] llynl
n=1

<> Pl llwall
n=1

As 0 # y, €Y, there exists y;; € Y* such that ||y}|| =1 and (¥}, yn) = ||yn||- Since
(yn) € £°<Y >, we have [|(yn)||s(o0) < 00. Consequently,

ITlx <D ol (w5, 9n)

n=1

§Z|)\n| sup sup|(y*,yn))
n=1 ly <t n

= [[(An)llaqry 1(¥n)lle(oo) -

Taking the infimum over all nuclear representations of T'in N1 (X,Y’), we get ||T||» <
|T||n - Since € was arbitrary we have ||T||x = [|T|w, -

Finally, using Therorem 1.3.7, we get

MEX,Y) =X ®Y) =Y ®X") =LY, X™). O

1 1
Theorem 2.3.13. Let 1 < p,p*< oo, » + I? = 1. If X is reflexive, then

NoEY ) )™ = (e (%5, -

Proof. Let A € Il (Y, X). Define
Fa: Np(X,)Y) —R

by

o0 o0 (o0)
Fu (Z AnZy ® yn> = Z An{x),, Ayn) = trace (Z z, ® A()\nyn)> )
n=1

n=1 n=1
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Then Fj is a well-defined linear functional on Np(X,Y). To see the boundedness
of F4, we have

FA(Z)‘TLm;(@yn)

n=1

3 A, Aya)
n=1

<)oy 1(AYR)
< ”A”ﬂ'p* (’\'n)”a(p) ”(yn)”s(p*) :

Taking the infimum over all p-nuclear representations of Z;O___l An T3, QYn iIn Np(X,Y),
we get

Fa(30 Mz @10 )| < 141, 1T
n=1
Hence ||Fal| < ||Allr,. -
Conversely, let F € (N,(X,Y))". Define
A'Y — X

by
(Ay,z*) = F(z* ® y).

Note that F' = Fy4 since for an arbitrary > - A\n 2k @y € Np(X,Y) we have

Z/\nva@)yn)-

n=1

(o @] o0 o0
F(Z An m:L@yn) = ZAnF(x;kL@yn) = Z )\n(Ayn,:L‘m = FA(
n=1 n=1

n=1

Further A is absolutely p*-summing. Indeed, let {y;,...,yx} C Y. By the duality
of P and £P" we have

k 51*- k
(Z | Agal? ) = 3 Al dgal
n=1 n=1

for some (\,,) € ¢P with ||(\, = 1. Since Ay, € X, there exists ¥ € X™* such
) n

Ha(p
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that ||z}|| = 1 and (Ayp,x*) = ||Ayn||. Consequently,

Anl|Ayn||

I
B

k 1
«\ D™
(Z | Agn | )
n=1

3
If
e

I
E

An(AYn, ")
n=1
k
= Z /\nFA(-T;kL ® yn)
n=1

k
Fy (Z An Ty @ yn>
n=1

k
Z)\n:ﬂ;@)yn

n=1

< [|F4 H(yn)ﬁ,:l”a(p*)'

< | Fall

Np

Therefore, A € ITp- (Y, X) and ||Al|r,. < [[Fal. Thus the mapping A — Fj4 is an
isometric isomorphism of (Np(X,Y))" onto I (Y, X). O

84, p-Integral Operators.

In our thesis all t

hat we need to know about p-integral operators is Definition 2.4.1. We shall only
state some of the basic theorems on p-integral operators. For more details we refer
to Pietsch and Persson [12].
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Definition 2.4.1. Let 1 < p < co. An operator T' € L(X,Y) is p-integral if and
only if it has a factorization of the form

Ky Nk

A o

LP(B1(X*), )

where © € B (M(Bl(X*))), Ky:Y — Y** is the canonical embedding of Y
into Y**, J,: C(Bi(X*)) — LP(By(X*),p) Is the natural inclusion map and
A: X — C(By(X*)) and B: L? (B1(X*), ) — Y** are bounded linear opera-

tors.
Notation 2.4.2. The class of all p-integral operators is denoted by Z,.

REMARK 2.4.3. The set Z,(X,Y) of all p-integral operators from X into Y is a
Banach space when provided with the norm

17|z, = inf || B

where the infimum is taken over all possible factorizations described by Defini-
tion 2.4.1. For the proof of this result and more we refer to [12, p.27].

Theorem 2.4.4. T, is an operator ideal.

Proof.  See [12, p.27].

Theorem 2.4.5. For 1 < p < oo, the inclusion map
Jp: C(I) — IP(I, )
is p-integral.

Proof.  See [12, p.29].
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§5. The Injective Hull of an Operator Ideal.

In this section we study the injective hull of an operator ideal, which is an ideal
constructed from a given one.

Definition (Pietsch) 2.5.1. A Banach space Y possesses the extension property

if for every injection J € L(Xo, X) and every operator Ty € L(Xo,Y) there exists
an extension T € L(X,Y).

The metric extension property means that for every metric injection J € L(Xo, X )
and every operator Ty € L(Xo,Y) we can find T € L(X,Y) with Ty = T'J and

I = [ Toll
Definition 2.5.2. Let S be an arbitrary index set. Define
t°(S)={f|f:S— R, fis bounded }

and for f € £°(5),
[flloo = sup [£(s)]-
ses

REMARK 2.5.3.  (£°(5),]| |lso) is a Banach space.

Theorem 2.5.4. Let S be an index set. Then £°°(S) has the metric extension
property.

Proof.  Let Xo be a subspace of a Banach space (X, ]| [|). We claim that if
To: Xo C X — £°(S)
is a continuous linear operator, then T extends to a continuous linear operator
T: X — £(S)
such that ||T||x = |Toll x,-
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Let s € S. Then

6s: £°(S) — R
fr—f(s)

is a continuous linear functional on £*°(S). Moreover, ||6,| < 1 since

185()] = £ (s)] < sup |£(s)] = [| fllo-
SES

Now
0s0Tp: X C X —R

is a continuous linear functional on the subspace Xy of the Banach space X. Thus,
by the Hahn-Banach Theorem [9, p.221], there exists a continuous linear functional
T, on X which is an extension of d; o Ty to X and has the same norm. That is

ITsllx = sup |To(@)| = sup (& o To)(wo)l = |65 © Tollx,.
llzll<1 l|lzoll <1

Finally, define

T: X — £(5)
T — (Ts(x))ses.

Clearly, T is linear. Further, T is continuous since for all z € By (X) we have

IT@)) = | (Te(@), 5|
= sup |7 (z)|
sE€S
< sup ||l x
seS
= sup ||6s o To||x,
sES

< sup ||6s]| [|To|l x,
sES

< [Tl x,-

Taking the supremum over all x € By (X) we get |[T]|x < ||To||x,- Since T is an
extension of Ty to X we have | T||x > ||7o||x,- Hence |T||x = ||Tol|x,- O
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REMARK 2.5.5. Let X be a Banach space. Then
Jx: X —>£°°(Bl(X*))
Xr i — ((x*’x>)x*€B1(X*)

is a metric injection.

Definition 2.5.6. Let O be an operator ideal. An operator T € L(X,Y’) belongs
to the injective hull O if JyT € O(X, £ (B1(Y™*))).

Lemma 2.5.7. O%X,Y) is a subspace of L(X,Y).
Proof.  Follows directly from the fact that O(X,Y) is a subspace of L(X,Y). O

Definition 2.5.8. Let T € O%(X,Y). Define

1Tt = ¥ Tlo-

Lemma 2.5.9. || || is a norm on O*(X,Y). Moreover,

IT| < |Tlloi  for all T € OY(X,Y).

Proof. The conditions needed for | ||,: to be a norm are obviously satisfied.
Further, let T € O*(X,Y), then, since || Jy T|| = ||T|| and Jy T € O(X, £>°(B1(Y™*))),
we have ||T|| = [JyT|| < [[JyTllo = |Tllos- O

Theorem 2.5.10. ! is an operator ideal.

Proof. By Lemma 2.5.7, O X,Y) is a subspace of L(X,Y). Let z* € X* and
y € Y. Then it is clear that * ® y € O*(X,Y). Since

ot = [IJy (z" @ y)llo < llz* © yllo = ll=z*| Iyl

lz* [yl = lle" @yl < [lz” ©y|

we have ||z* @ y||oi = ||z*|| [|y]]-

Finally, we show that STR € O'(W, Z) for all R € L(W,X), T € O4(X,Y) and
S e L(Y,Z). AsT € O(X,Y), we have JyT € O(X,£>°(B,(Y*))). Consider the
following diagram :
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T Jy

x Ly X (B (YY)

g s

W STR 7 Jz

— 2 5 4> (BI(Z*))

We claim that Jz(STR) € O(W,¢*(B1(Z*))). Indeed, since £>°(Bi(Z*)) has
the metric extension property, Jy € L(Y, €°°(Bl(Y*))) is a metric injection and
JzS € L(Y,¢>°(B1(Z*))), there exists S € L= (Bi(Y™)), 0 (B1(Z*))) such that
SJy = Jz8, as illustrated by the following diagram

Jyl /
(B (Y™))

Now let us go back to the first diagram. Since Se L(e (Bl(Y*)) N (Bl(Z*))),
we obtain the commutative diagram

X — Ly I o(Bi(YY))

s Is

w SR, 7z 2, geo(By(Z7))

Consequently, Jz(STR) = S(JyT)R € O(W,{>(B1(Z*)) because O is an operator
ideal and JyT € O(X,£%°(By(Y*))). This proves that ST'R € oYW, z). O

Theorem 2.5.11. (OYX,Y),|| |lo:) is a Banach space.

Proof. Let Ty, T», ... € OYX,Y) such that Y oo [[Tu|lo: < co. Our claim
is that 5.°° T;, € O'(X,Y). By Definition 2.5.8, we have 3377, | JyTullo < oo.
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Hence S, JyT, € O(X,¢°(B1(Y*))) by completeness of O(X,£(Bi(Y™))).

n=1
Since Jy is continuous we have

(e’ k k
Z Jy Ty = lim Z Jy T = lim Jy <Z:1 Tn> = Jy <li}£n

n=1 n=1

So we get Jy (3o ; Tn) € O(X,£°(B1(Y™))). Consequently S T € OYX,Y).
Further,

‘:j Tn> = Jy (i T)

n=1 n=1

o) k

ZTnaZTn

n=1 n=1

ot n=k+1

Theorem 2.5.12. Let Y be a Banach space possessing the mctric extension prop-
erty. Then OY(X,Y) = O(X,Y).

Proof.  We first show that O(X,Y) C O'(X,Y). Let T' € O(X,Y). Then
JyT € O(X,¢°(B1(Y*))). Hence T € O'(X,Y).

For the converse we have Jy : Y — £ (Bl(Y*)) is a metric injection, Iy : ¥ —
Y € L(Y,Y) and Y has the metric extension property. Consequently, there exists
B e L(€°° (Bl(Y*)) , Y) such that BJy = Iy as shown in the following diagram :

£° (Bl(Y*))

Now let T € O X,Y). Tt follows that JyT € O(X,£* (B1(Y™*))). Since O is an
operator ideal, we have BJyT € O(X,Y). As BJy = Iy, we get T € O(X,Y).
Hence O'(X,Y) C O(X,Y). O
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Definition 2.5.13. An operator ideal O is called injective if O* = O.

Lemma 2.5.14. For 1 <p < oo, I, is an injective ideal.
Proof.  We claim that I}, = IT,. Let T' € IL,(X,Y). Then, since II, is an
operator ideal we have JyT € IT, (X, £%°(By(Y*))). Hence T € T (X,Y).

Conversely, let T' € H;(X, Y). It follows that JyT € HP(X,EOO (Bl(Y*))). Be-
cause Jy is an isometry we have T' € II,,(X,Y’). Consequently, H; =1I,. O

Theorem 2.5.15. For1 <p < oo, T} =1I,.

Proof. By Theorem 2.2.16, we have T' € II,(X, £ (Bl(Y*))) if and only if it
admits the factorization

__.l_ﬁ f° (Bl (Y*))

X
A\l /[B
C(Bi(X*)) —2— L7(By(X*), n)

Since J, € Z,(C(Bi (X*)), LP (B, (X*),n)) and I, is an operator ideal, it follows
that T = BJ,A € T,(X, (B (Y™))).

On the other hand, by Definition 2.4.1, we have T € Z, (X,EOO (Bl(Y*))) if and
only if it has the factorization

X e (Buy) ST (e (Br))

n Ts

C(By(X*)) i LP(By(X*), 1)

As J, € Hp(C(Bl(X*)),L”(Bl(X*),u)) and II, is an operator idcal, we have
Ko, (v-) T = BJpA € I, (X, (€°°(B1(Y*)))**). Since Kpoo(p,(y+)) IS an iso-
metric embedding, we get T' € I, (X, £ (B1(Y™))).
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Hence, we conclude that
(I (X, 2 (B1(Y")), || llxy) = (Zo (X, €2 (B1(Y)), || |l )-

Consequently, if T € II,(X,Y) we have JyT € Z,(X,¢°(B1(Y*))) and hence
T € T)(X,Y). Conversely, if T € IH(X,Y), then JyT € I,(X,£>(B1(Y*))) and
so JyT € I, (X, ¢°°(B1(Y*))). Because Jy is an isometry, we have T € IL,(X,Y).
Hence Z,, =1I,. O
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CHAPTER 1III

STABILITY

§1. Stability — The Definition.

In this chapter we give new and simple proofs for the stability of the p-summing,
the p-nuclear and the p-integral operators with respect to || ||c-norm, as well as for
the injective hull O* of the e-stable operator ideal O. The theorems of this chapter
are proved using the factorization theorems studied in Chapter II together with the
theorems on the p-nuclear tensor product on LP-spaces studied in Chapter 1.

Throughout, X1, X5, Y7, and Y, will denote real Banach spaces.

Definition 3.1.1. An operator ideal O is said to be tensor stable with respect to
the tensor norm || ||o (or a-tensor stable) if for all A € O(X1,Y1) and B € O(Xa,Ya),

A@B € O(X1® Xo, Y1 & Ya).
Theorem 3.1.2. L is e- and w-stable.

Proof.  Follows from Theorem 1.5.4. O

Theorem 3.1.3. Let O(X,Y) denote an ideal of operators. Then for any rea-
sonable crossnorm || |o > || ||l and operators Ty : X; — Y1, T : Xo — Ys, if

T, ®Ty € O(X1 ® X2,Y1 ® Ya) and Ty # 0 then Ti € O(X1,Y3).
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Proof.  Choose zo € X3 such that ||Thzo|| = 1 and y§ € Yy, ||y%|| = 1, such
that (Tozs,y3) = 1. Define the operators

PZXl —-—)X1(§X2

1 — 1 QX9
and

(87
Q:Y10Y, — Y
n n
Z%’ QY —> Z(y;ayz> Z;.
i=1 i=1
Then P and @ are linear bounded operators since for all z; € X3
[Pz = [|z1 ® Z2lla = [lz2]| |24

and for all Z;;l z; ®Y; €Y1 (§> Y,

oG ron)|- S

= sup Z(ysayl><yr1x’t>

yreBu(Yy) I35

n

> (ysvi) mi

i=1

Y;

n

S sup Z(y;a yz> <yik7 xz}
yIGBl (Yl*) =1
Y2 €B1(Y7)

n
= sz ® Y;
i=1

n
< sz ® Yi
i=1

Furthermore, for all z; € X; we have

(Q(T1 ® T) P)(z1) = (Q (Ty @ Ty)) (21 ® x2)
= Q(T1z1 ® Toxs)
= T1£E1.

Consequently, Q (Ty ® Ty) P =T. Since Ty 8Ty € O(X1 & X»,Y; & Y3) and O is
an operator ideal, T} € O(X;,Y7). O
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Theorem 3.1.4. IfTi: X; — Y7 and Ty: Xo — Y, are compact operators,
then sois Ty @ To: X3 éXQ — Y] éyvg

Proof.  Let By and B denote the closed unit balls B;(X;) and B;(X>) respec-
tively. Our claim is that (T} ® T)(B1(X4 ® X3)) is relatively compact.

Consider
Tl(Bl) ®T2(Bz) = {T1$®T2’y I T € Bl,y € BQ}.

Since T3 is compact, we have T7(Bp) is compact. Similarly, 75(Bs) is compact.
It follows that T7(By) ® T5(Bs2) is also compact. Hence the closed convex hull
€0 (7T1(B1) ® T»(B2) ) is compact. Furthermore, we claim that

(Ty ® Ty) (B1(X1 ® X2)) C o (T1(B1) © Ta(Bs) ).

Indeed, let z € B1 (X3 g{)Xg) Then, by Theorem 1.3.3, we have for all k£ € N there
exists ()\%k)) € ¢, (x (k)) C By and (yn (k )) C Bs such that z has the representation

2= 0 = Z AR £(6) @ (k)

n=1
where
Z AR) <1 +
Consequently,
(Ty @ Ty)( Z )\(k) lec(k) ® Tgy(k)
n=1
Let

Ve = i A
n=1

Then v, ' (Th ® T2)(2) = v (T1 ® T2)(2®) € & (T1(B:) ® Ta(Bs)) for all k.
Therefore, (71 ®@75)(z ) € €0 (T1(B1)®T3(Bs) ) since v — 1. Thus we have proved
that (Ty ® T»)(B1 (X4 ® Xo) )) €0 (T1(B1)®Ta(Bs)). As o (T1(B1) ® To(Bz)) is
compact, we have (17 ® T5) (31 (X1 ®X2 ) is relatively compact. O
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§2. Stability of p-Summing Operators.

J.R.Holub proved in 1970, [5], that the absolutely p-summing operators are e-stable
but not m-stable. In 1974, [6], Holub reproved the e-stability of the absolutely p-
summing operators using factorization techniques. This section gives details of the
latter proof. It also studies that part of the former proof showing that the absolutely
p-summing oprators are not m-stable.

Lemma 3.2.1. IfJy:Y — ¢°°(B1(Y™)) is the canonical isometry, then

Ty, ® Jyy: Y1 ® Yo — £°(By (V7)) ® £2°(B1 (V)

is an isometric embedding.

Proof. Let Y » ,%; ®y; €Y1 ®Y, Then, by Definitions 1.2.1 and 2.5.2, we
have

. n
’ (JY1 ® JY2) (Z z; &® yi)
i1=1

n
=D Tz ® Jv,yi

3 i=1

= foz ®fyi
i=1

[

€

= sup
YeE=(B1(Y)N™
l¥lI<1

n
= sup sup Z<¢, fm)(ys’yz)
Ye(™(B1(Y7)))™ ys€B1(Yy)
lpll<1

Z('@b,fw) fyi

1=1

£2°(B1(Y3))

i=1
= sup sup (Y3, yi)fﬂ:m¢>'
y3€B1(Yy) 1/1€(e°;°|ffﬁ1<(z’1*)))* <zz=;

n

> W3, vi) fa,

1=1

= sup
ys€B1 (Yz* )

£ (B1(Y7"))

n

> (w3, v (vt i)

i=1

= sup sup
y5;€B1 (Yz*) yi€B1 (Y1*)

n
in ® Y
i=1

€

This proves that Jy, <§> Jy, is an isometric embedding. O

70




Theorem 3.2.2. If Ty: X1 — Yy and Ty: Xo — Y3 are absolutely p-sumiming,
€ 13 &
1 <p <o, then so is T & 1o X4 & Xo — Y & Ys.

Proof. Let K and Ko denote the closed unit balls in X7 and X3 respectively.
Furthermore, let I’y and I'y denote the closed unit balls of Yi* and Y5" respectively.

Since T € I,(X1,Y1), then, by Theorem 2.2.16 the following diagram com-
mutes :

where p1 € Bi(M(K1)), Jy,: Y1 — £ (I';) is the natural isometric embedding,
Jip: C(K1) — LP(K1, ) is the natural inclusion map and A;: X7 — C(K1)
and By: LP(Ky, ;) — £°(I'1) are bounded operators.

Similarly, Ty € II,(X>,Y2) implies the following factorization :

where po € Bi(M(K2)), Jy,: Yo — £ (I'y) is the natural isometric embedding,
Jop: C(Ka) — LP(Ks, p2) is the natural inclusion map and As: Xo — C(K2)
and By: LP(Kjy, ug) — £°°(I'z) are continuous operators.

£
Now, Ty ® T, can be easily seen to have the factorization
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X &Xx, D9y ey, (2(I'y) ® £°(T2)
A1é>/421 TBléB‘z
€ leéJZp € p
C(K:1) ® C(K2) LP(Ky, 1) © LP (K2, p12)

13
Next, we claim that Ji, ® Ja, can be factored as

2 leEsz . € . )
C(K1) ® C(K2) DR, [Py, ) © LP (K, o)
I
¢ LP(Ky, 1) @ LP(Ka, p12)
4

C(K; x Ka) _k, LP(Ky x Ko, i1 X pt2)

where
1. ¢: C(K1) ® C(Ky) — C(K; x K3)

22;1 fi®gi—h
h(z},x3) = Y iy filz1)gi(z3).

By Corollary 1.2.5, ¢ is an isometric isomorphism of C(Ky) 669 C(K3) onto

()([&/1 X [\’2)
2. Jpl C(I(l X I(Q) — LP(I{l X I(Q,Ml X /JQ)
is the natural inclusion of C into LP.

Vp

3. 1p: LP(K1 x Ko, p1 X pia) — LP(Ky, 1) ® LP (K2, p12)
h— Z?:1 fi ® g
Sony filzt)gi(xs) = h(z1, 3).
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By Theorem 1.4.5 1 is an isometric isomorphism of LP(K; x Ks, 1 X pg)
onto LP(Ky, 1) & LP (K3, ).

Up €
4. I: Lp(Kh/'Ll) 03¢ LP(KQau’?) — Lp(Klalu’l) ® LP(KQa#Q)

is a continuous inclusion given in Corollary 1.4.4.

To verify our claim let > 0, fi ® g; € C(K1) ® C(K3). Then, we have
(J1p ® Jop) (Z fi® 91) = Z Jipfi @ J2pgi
i=1 i=1

n
=) fi®g.
i1=1

On the other hand, we have

(Iozponoqﬁ)(Zfi@gi) = (I oo Jy)(h)
= (I o9)(h)

= I(Z fi ®9¢)
i=1
= Zfi ® Gi-
i=1

Therefore, Jip é Jop = T otpoJ,o¢ as claimed. Since J,: C(K; x Kg) —
LP(Ky x Ky, 1 X pg2) is absolutely p-summing, it follows that Jy, QEZ) Jap is absolutely
p-summing.

As
(v, ® Jyy) 0 (T1 ® Ta) = (B1 @ By) o (Jip @ Jop) 0 (A1 @ As),

it follows that (Jy, ® Jy,) o (Ty ® T5) is also absolutely p-summing. But, by
Lemma 3.2.1, Jy, ® Jy, is an isometric embedding of Y; éYg into £*°(I'y) ® £ (T2).

Hence we conclude that T} é T5 is an absolutely p-summing operator. [
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Lemma 3.2.3. Let (ey,) denote the unit vector basis for £*. Then ¢! is isometri-

cally isomorphic to Span{e, ® e, : n € N} in £ ® 0.

Proof. Let X =Span{e,®e,:neN}in ! ® . Then every A € X can be
written in the form

A= Z Ay, €n Q €y, for some (a,) C R.

n=1
Further, by Corollary 1.3.5, we have
0t ® 0 = (N x N).
It follows that ”A“@éel = | Aller () = Dopey lan] < 00
Now, define
J: X — £

o0 oo
n=1 n=1

Then clearly J is an isometric isomorphism of X onto #. O

Lemma 3.2.4. Let (e,) denote the unit vector basis for £2. Then ¢! is isometri-

cally isomorphic to Span{e, ® e, : n € N} in £2 ® 02,

Proof. LetY =Span{e,®e,:n € N}in £2®¢2. Then every A € Y has the
form

e @)
A= Z aneén ®e,  for some (a,) C R.

n=1

Let C1 (£2) be the trace class operators [11, p.212]. Then, we have

2@ 2 =Cy(2).

Now, define

J: Y — ¢
o0 oo
Zan €n Qep — Zanen.
n=1 n=1
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Then, J is a linear onto map. Moreover,

o0
(o)
n=1

0o
= § Qn€n
e n=1

= ”(a’n)”a(l)

(o)
= § anen & ey
n=1

oo
- E ap n @ €n
n=1

Therefore, J is an isometry. Consequently, J is an isometric isomorphism of Y onto
¢t O

el

C1(£2)

2Qe2

Proposition (Holub, 1970) 3.2.5. Leti: {* — ¢2 be the (absolutely summing)
injection map. Then i ®i: £ ® €' — 2 & £2 is not absolutely p-summing for any
1 <p<ox.

Proof.  Suppose that @ éz is absolutely p-summing for some 1 < p < co. Let
X denote Span{e, ®e, :n € N} in £} éfl and Y denote Span{e, ®e, :n € N}
in £2® ¢2. Then since (¢ ® i)(en ® en) = e, ® ey, we have (i ® NX)=Y.

The restriction
LT 2 X 52
z®z‘X X —rR/

is an absolutely p-summing operator. As X = ¢! and Y = ¢! by Lemmas 3.2.3

T
and 3.2.4 respectively, i ® i‘x induces an isometric isomorphism
J:t — ¢t

which is absolutely p-summing. But, by Theorem 2.2.16, every absolutely p-summing
operator is weakly compact. It follows that By (£') = J(By(£')) is weakly compact.

However, ¢! is not reflexive. This contradiction shows that zéz is not absolutely
p-summing for any 1 <p <oco. O
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§3. Stability of p-Nuclear Operators.

In this section we show stability of p-nuclear operators with respect to || |l.

Theorem 3.3.1. Let1 <p < oo. If Ty € Np(X1,Y1) and Ty € N,(X,,Y3), then
Ty é T € ./\/p(Xl Q%Xz,yl é)Yg)

Proof.  Since Ty € Np(X1,Y1), then, by Definition 2.3.1, Ty has the p-nuclear
representation

Ty =) A} ®yn
n=1

where (\,) € ¢P, (z}) € £°(X{) with ||z}] = 1 for all n, and (y,) € 2" <Y;>.
Similarly, as To: X2 — Y5 is p-nuclear, it has a representation of the form

Tp=) émwh ®zm

m=1
where (&) € 27, (wk,) € £2°(X3) with [Jwk || = 1 for all m, and (zm) € £P"<Ya>.

Further, by Theorem 2.3.8, 77 has the factorization

X, L)yl

A [

o P

where
A € L(X1,£°°), Al(:cl) = (<$;,$1>),

Dy € L(£®,¢7), Dy(az) = (Anay)
and By € LU, Y1), By(bn) = S22, buym.

Similarly T5 has the factorization

X, -2 .y,

A2 | 2

go 22,
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where
Ay € L(X2,£%), Ag(z2) = ((why, 32)),
Dy € L(£°,¢P), Da(am) = (émam)

and By € L(€7,Y3), Ba(bm) = X, b zm.

m=1

First we note that T3 é) T admits the following factorization :

X; g@ Xa Lot Y é Yo
AléAzl TBléB2
I -Y LN

Indeed, let 3 € X; and x5 € X5. Then, we have

(Tl é Tg)(m‘l &® 3132) = T1£L'1 X TQ(EQ
(Z/\ Z’n,il'fl > (Zf’m Wy, T )

Z Z Mm@, 1) (Wi, T2) Y, ® 2

and

((B1® By) o (D1 @ Ds) o (A1 & A3) ) (21 ® 22)
= ((B1 ®Bz (D ®D2)) (A121 ® Aszs)
= ((B1 ® By) o (Ds ®D2)) (((zh, 1)) ® ((wr,, z2)) )
= (B1 ® By) (D1 ((zh,21)) © Da((w}, 7)) )

®B2 )((Anfzhs 21) ® (Em(wpy, 22)) )
1{(An( )®B2(§m m’m2>)

An( xn,m)yn) ® (Z €m(w;;,:cz>zm>
m=1

o0
Z A (T, 1) (W, T2) U 2.
=1

II
~—~

iM8

(

t”qg

3
[
,_.




Consequently, we have

Ty ® T, = (B ® Bs) o (D ® Dj) o (A ® Ar).

£
Next, we claim that Dy ® Do can be factored as

00 @ 0 —D—w@i PR
I,

f e e
J

¢°(Nx N) —2— P(N x N)

where
1. Ip: 62 @ €° — ¢=°(N x N)
(a;) @ (bi) — (a;bi).

I; is an inclusion map by theorem 1.4.6.

2. D: (N x N) — ¢#(N x N)

(anm> = ()‘n'fmanm)-

D is a diagonal operator from ¢°°(N x N) into ¢#(N x N). By Theorem 2.3.8,

D is p-nuclear. Further, || D] = [|(An)|4(p) | (€m )l (p)-
To see the claim, consider

b: P &P — P(N x N)
(a;) ® (bx) — (a;bk).

By Theorem 1.4.5, ¢ is an isometric isomorphism of €7 & P onto €P(N x N). Let

J =¢ 1. Then J € L(¢P(N x N),¢? ES ¢P). Also, by Corollary 1.4.4, the inclusion

map

L:P&@ — e
(aj) ® (bx) — (a;) ® (bx)
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is continuous. Now, we have

(D1 ® Dy)((a;) ® (bx)) = Di(az) ® Da(b)
= (Aja;) ® (&kbr).

On the other hand, we have

(I20JoDoli)((a;) ® (bk)) = ({20 J o D)(a;bk)
= (Iz o J)(Njéka;bi)
= I ((Aja;) ® (§kbr))
= (Aja;) ® (€kbr)-

Hence, D; é Dy =1I0Jo0Dol. Since D is p-nuclear, it follows that D1 é D5 is
p-nuclear. As
1 g g g
Ty ®T2 = (Bl & Bg) o (Dl ®D2) e} (Al X AQ),

we conclude that T3 <§€§) T5 is also p-nuclear. This completes the proof. O

84. Stability of p-Integral Operators.
Here we study the e-stability of p-integral operators. We start with:

Lemma 3.4.1. Y} ®Y;* C (Vi ® Ya)™.
Proof. By [10, p.18], for any Banach spaces X and Y we have

X*Q@Y* = F(X,Y")

where the closure is taken in the norm topology of L(X,Y*). It follows, by Theo-
rem 1.3.8, that

X*®Y*=F(X,Y) C LIX,Y*) = (X ®Y)*.
Further, we claim that
X*®Y*C(XQY)".
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Let EJ i ®y; € X*®Y*. Then forall z = S zi®y € X®Y, we have

(Zx ®y]> ZZ ot i) (Y}, vi)

jlzl

™m
< S|t 790
1=1

j=1

m
= Z 1311 ly; (
S P llw ||

< (Z 51130 ) el

vj
wi e ¥

J

Taking the infimum over all representations of 7 z7 @y in X* @Y™, we obtain

(zx CIE el

Hence ) 0, 25 ®@y; € (X ®Y)* and we conclude that X* HY* C(XRY)".

Thus, if we take X = Y{* and Y =Y} in the above argument, we obtain

Theorem 3.4.2. Let 1 < p < co. IfTy: X; — Y7 and To: Xo — Yo are
£ €
p-integral operators, then 1 é Ty: X; ® X9 — Y1 ® Y5 is also p-integral.

Proof. Let Ky and Ky denote the closed unit balls By (X7) and Bj(X7), re-
spectively. Since T} € Z,(X 1, Y1), then, by Definition 2.4.1, T} has the factorization
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where p; € B1(M(Ky)),

Ay € L(Xy,C(Ky)), Ay = fo,, fo,(27) = (27, 21),

Jip € L(C(K1), LP (K1, 1)) is the inclusion map of C into L,

By € L(LP(Ky,111),Y™), Bi(fs,) = frw, for fu, € Range(J1,Ar),

Ky, : Y7 — Y™, Ky, (v1) = fu., fy. 1) = (U1, 91), Ky, is the canonical
embedding of Y7 into Y.

~and

Similarly, as Tp: Xo — Yo is p-integral, T» has the factorization

. Ky.
X, —2 Y, —2 Yy
Azl TB2
] J2p J
C(Kz2) LP(Ky, p2)

where o € B1(M(K2)),

Ay € L(X,C(K2)), Asxa = fuy, fur(23) = (23, 22),

Jop € L(C(K>), LP (K2, p2)) is the inclusion map of C' into LP,

By € L(LP(Ka, p2),Y5™), Ba(fe,) = frow, for fo, € Range(JapAz),

Ky,: Yy — Y5*, Ky, (y2) = fya, [y (Y3) = (Y3, 92), Ky, is the canonical
embedding of Ys into Y5,

and

£
Now, our first claim is that 77 ® T» admits the factorization

£

9 € Ky, ®Ky. e
NeX, hyeyr ——2 Yyt @ vy
Alémgl ]BléBQ
Jip®Jap
C(Ky) @ C(K) 8

LP(K1, 1) @ LP (Ko, o)

Indeed, let 1 € X1 and x5 € Xo. Then we have

((Ky1 é) Ky,)o (T} Qei) T,) )(1:1 o xy) = (Ky, é Ky,) (T © Thxy)

= I(y] (Tlll) @ K'y.z (TQIEQ)
= .f’l‘lil,'l ® fﬁl’z:l:z‘
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On the other hand, we have

£

((Br & Ba) o (Jip & Jop) 0 (A1 @ A3) ) (31 ® 2)

((B1® By) o (Jip © o) ) (A121 @ Asay)
= ((B1© B2) 0 (J1p ® J2) ) (fr, ® fus)

= (B1 & B3)(Jipfu, ® Jopfus)

= (Bl ® BQ)(fm ® flz)
= BlfiL‘l ®B2fl'2
= .fT1l‘1 (23 fTQIL’Q'

Thus, we conclude that (Ky, éKYQ) o(Ty ®F2) (B4 ®B2) (leé.,]gp)o (A4 éAg)
as claimed.

£
Further, we claim that Ji, ® Jap can be factored as

——————) LP(I(1 [Ll) ® Lp(ffg,[bg)

[

¢ L”(Kl,,ul) é LP(I(Q, Mg)

E
Jp

C(I(l X KQ) —r LP([X/l X I(Q,/.L]_ X /,Lg)

where
1. ¢: C(K1) ® C(K2) — C(Ky x K3)
S fi®gi—h
h(zt,x3) = > i, filzl)gi(23).
¢, by Corollary 1.2.5, is an isometric isomorphism of C'(K) é C(K3) onto
C(K; x Ka).

2. J«pl C(Kl X 1{2) — Lp(Kl X Kg,/,bl X NQ)

is the usual inclusion map of C' into LP.
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3. ¥ LP(Ky x Ky, 1 X po) — LP(Kq, 1) g LP(Ks, p2)
h— >, fi®g
Yic1 fi(z1)gi(a3) = h(zf, 23).
By Theorem 1.4.5, ¢ is an isometric isomorphism of LP(K; x Ka, 11 X U2)
onto LP(K1, 1) % LP(Ky, pa).

Vp €
4. I: LP(K1, 1) ® LP(Ka, p2) — LP (K1, 1) ® LP (K2, po)
I is the inclusion map and by Corollary 1.4.4 it is continuous.

Thus our claim is that J;, é Jop = TotpoJ,o0¢. To see this, let Z?=1 fi®g €
C (K1) ® C(Ks3). Then, we have

(le ® JQP) (z fl ® .gi) = Z lefi & J2pgi
i=1 i=1

n
= Zfi ® gi-
i=1

On the other hand
(Iowonocb)(Zfi@gi) — (Towo J,)(h)
i=1
= (I o) (h)

-1(Y 5 ©3)
i=1
= Zfi ® 9i-
=1

Consequently, Ji, é Jop =T oo Jyo¢ as claimed.
Now, by Lemma 3.4.1, we know that Y;** ® Y™ C (1h ® Y2)**. Let
J: Yl** éyz** _ (le é YEZ)**

denote the inclusion map of Yl**<§Y2** into (Y3 éYg)** Further, let A = ¢o(A4; é)Ag)
and B = Jo(B, éBg) ofot. Our final step is establishing the following commutative
diagram
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— Y ®Y2 Lhak (11 éYQ)**

| [

LP(I(] X Kg,,ul X ,U,Q)

Let z; € X; and z9 € Xo. Then, we have

€
(I{Y]é)}/2 ®) (Tl ®T2) )(561 & fCQ) = KYléYz (flliﬁl 03¢ TQLL'Q).

On the other hand

(BoJyoA)(z1 ®z2) = (Bo Jp)(d) (A1 ® AQ(L’Q))
= (B © J’p)((b(f:m & f“))
= (B o Jp)(h)
B(h)
(J o (By éB2) o I)(fu, ® fuy)
= J(B1fe, ® Bafu,)
= J(friz, ® froe,)
= J(Ky, (Tiz1) ® Ky, (Thx2))

(Jo (Ky, ® [xyz))(’f’]:zrl ® Tyxs).

As K e =Jo(Ky, ® Ky,), it follows that
Y1®Y2

(K, 5,) 0 (T1®To) = BoJyoA

£
Hence, by Definition 2.4.1, we conclude that Ty ® Ty is indeed p-integral. 0O
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§5. Injective Hull Stability.

In this section we prove that the injective hull O* of an operator ideal O is e-stable

if O is.
Theorem 3.5.1. Let O be an e-stable operator ideal. If Ty € OY(X;,Y;) and
T € Oi(Xg,Yg), then T} é T € Ol(Xl é) Xg,Yl é) YQ)

Proof.  We claim that J,_ ¢ o (T} & Th) € O(X; ® X, (B (Y1 @ Ya)*))).
1 2
AsT, € OY(Xy,Y), it follows that Jy, T} € O(Xl,foo(Bl(Yl*))). Similarly, Jy, Ty €
O (X2, £ (B1(Y5))). Stability of O with respect to || || gives

I Ty & Jy,Ts € O(Xy & Xa, 6 (By (Y1) @ €°(B1(Y5))).

Now consider the following diagram :

Jy. Ty @Jy, T
X1 & X NP o (B(YY)) @ 60 (Bi(Y5))
Tlé)T‘z
DJ
Yi®Y, R
J e
Y18Y:

2(By1((Yi ® Y2)*))

The space £*°(B1((Y3 ® Y3)*)) has the metric extension property. By Lemma 3.2.1
Jy, ® Jy, € L(\1 ® Yo, £°( By (Y7)) ® 0°°(B,(Y5"))) is a metric injection. Turther,
since J_ . € L(V3 ® Ys, £°(B1((Va ® Y2)*))) then, by Definition 2.5.1, there

1QY2
exists an extension S € L(6®(By(Y7)) ® €2(Bi(Ys)), £(Bi((Yi ® Y2)*))) such
that S o (Jy, ® Jy,) = JY «  as illustrated by the following diagram :

1QY2

J e
Vi ®Ys (B ((Y1 ® Y2)¥))

JYI é]yzl /

02(By (V7)) ® £(B1(Y5))
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Hence, we have the following factorization for J Sy, © (Ty é Ts):
1 2

P Jy, Ty ®Jy., T:
X1 & X, MO, 0 (B(YY)) © 0°(Bi(Y5))
TléTz €
c JY1®JY2
Y ®Ys
S
J .
Y| ®Yy

Consequently,

Iy oy, 0 (OT) =So (T @ ).
As Jy, T1 & Jy, Ty € O(Xy ® X, £ (B, (Y{)) ® ¢°(B1(Y3))) and O is an operator
ideal, we have

Jylé% o (Ty éTg) € 0(X; é)XQ,fOO(Bl((Yl éY2)*)))

Hence, by Definition 2.5.6, T, @ Th € O/(X; ® X2, V1 ®Yz). O

Corollary 38.5.2. For1 <p < oo, II, = I} is e-stable.
Proof.  Follows from Theorems 3.5.1, 3.4.2 and 2.5.15. 0
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NOTATION

The symbols listed below are followed by a brief statement of t

the number of the page on which they are defined.

heir meaning and by

Symbol  Stands for . .. Page #
X* dual space of a normed space X 1
L(X,Y) space of bounded linear operators from X into Y 1
® tensor product 1
(.y-) evaluation 1
Span M  span of the set M 1
R real line 2
-l norm 2
Il lla operator-norm on the dual of (X ® Y, | ||) 2
X** second dual space of a normed space X 4
Bi(X) closed unit ball of the space X 4
[ llaa operator-norm on the second dual of (X ® Y, | ||) 5
- le least of the reasonable crossnorms 6
- e generic reasonable crossnorm 6
® completion of tensor producs with || ||, 7
C(I,X)  continuous functions from I into X 8
C(I) space of continuous functions on I 8
Supp(h)  Support of the function A 9
- = greatest of the reasonable crossnorms 11
® completion of tensor product with || ||, 13
Co space of sequences tending to zero 14
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LP(1,X)
LP(I)
L>(I, X)
L>(I)
XE
S(I,X)
S(I)
trace(T)

*

p
” ¢ ”Vp

Vp

®
F(X,Y)
A®B

a

&

A*
A®B
L
rank(7)
dim X
K

N

P (X)
P<X>
” . ”a(p)

“ . “e(p)
II

-l
JP
M(X)
LP(K, )
£°(5)
Jy

space of LP-maps from I into X

Lebesgue space on I

space of essentially bounded functions from I into X
space of essentially bounded functions on I
characteristic function of the set F

space of simple maps from I into X

space of simple functions on [

trace of the operator T’

1 1
dual exponent, — + — =1
p p
p-nuclear crossnorm
completion of tensor product with || ||,

finite rank operators from X into Y

tensor product of operators

completion of tensor product with || |,
adjoint of an operator A

continuous extension of A ® B

Ideal of all bounded linear operators

rank of an operator T’

dimension of X

ideal of compact operators

set of natural numbers

space of absolutely p-summable sequences in X
space of weakly p-summable sequences in X
norm on #?(X)

norm on <X >

ideal of absolutely p-summing operators
p-summing norm on IL,(X,Y)

canonical map from C(K) into LP(K, u)
space of regular Borel measures on X
p-integrable functions on (K, u)

bounded nets on S

canonical injection of Y into £>°(By(Y™*))
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16
16

16
16
16
17
18

22
22

26
26
27

28
29

28
31
32
32
33
33
35
35
35
35
36
36
41
42
42
42
42




closure of the set M in the norm topology

space of essentially bounded p-measurable functions on K
ideal of p-nuclear operators

p-nuclear norm on N,(X,Y)

the sequence (0,...,0,0, } ,0,0,...)

nth coordinate

ideal of p-integral operators

p-integral norm on I,(X,Y)

canonical embedding of Y into Y**

Injective hull of an operator ideal O

norm on the injective hull O*(X,Y)

norm on the component O(X,Y) of the operator ideal O
closed convex hull of the set A

trace class on H
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43
44
46
47
o4

99
99
59
62
62
62
66
72
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