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ABSTRACT

The effects of heating and an applied axial magnetic field on the
stability of viscous incompressible flow between two concentric rotating
cylinders (Couette flow) are examined. The equations governing the
marginal stability state of the flow are solved numerically and the results
are presented in both tabular and graphical forms. Our pre&ictions for
some special cases of the problems considered exhibit a good agreement with
those previously reported by various authors.

In chapter one, a general introduction on the topic of hydrodynamic
stability is given. The introduction describes:

(i) The first systematic experiments in this field.
(ii) The assumptions employed in order to simplify the mathematical

treatment of a stability problem.

(1ii) The patterns of flow observed at the onset of instability.

(iv) The numerical methods used in solving different types of stability
equations.

(v) The practical importance of the studies in the field of

hydrodynamic stability.
(vi) The problems that are investigated in thié thesis.

In chapter two, the stability of Couette flow in the presence of a
radial temperature gradient due to constant heat flux at the inner
cylinders is studied. In formulating the stability equations we assume
that the gap between the two cylinders is of small and arbitrary sizes.
All three types of rotation of the two cylinders are considered. The two
cylinders may rotate in the same or in the opposite directions or only the
inner cylinder is rotating.

In chapter three, we examine the combined effect of a radial




temperature gradient and an axial magnetic field on the stability of an
electrically conducting Couette flow. The narrow gap ammulus is assumed
and the critical angular velocities are calculated for all types of
rotation of the two cylinders. It is found that while the magnetic field
always stabilizes the flow, the temperature gradient, depending on the
direction of heat flow, may stabilize or destabilize the flow.

In chapter four, we explore, in the presence of various gap sizes
between the cylinders, the stability effect of (i) a radial temperature
gradient, (ii) axial magnetic field and (iii) the type of rotation of the
two cylinders. The important role that different gap sizes play in the
stability of Couette flow is manifested through the strong dependence of

the critical velocity on their values.
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CHAPTER 1

INTRODUCTION

The topic of hydrodynamic stability is related to the concept of
transition of a fluid from one hydrodynamic state to another. Osborne
Reynolds (1833) was the first scientist/engineer who showed, by systematic
experimental investigations, the essential features of this problem. In
his experiment, Reynolds used a glass tube through which water was drawn
from a large glass tank. The flow pattern was observed by injecting a thin
filament of dye into the main stream. It was noticed that as long as the
velocity of the water remains sufficiently low, the dye streak remains
straight and parallel to the walls of the tube. As the velocity is
increased beyond a certain value, the dye streak begins to oscillate and it
mixes up with the surrounding water.

The first case is known as the laminar flow and the second case, which
is characterized by rapid and continuous mixing of the fluid, is known as
the turbulent flow. Reynolds discovered that a fluid undergoes a
transition from a laminar to a turbulent flow when the non-dimensional
number R, (Va/V) called the Reynolds number exceeds some critical wvalue
(Ro) where V denotes the maximum velocity of the water, a the radius of the
tube, and V the kinematic viscosity of the water.

For values of R below R,, all disturbances in the fluid decay, whereas
for R > R, at least some disturbances are amplified. The value of Ro
itself is found to be very sensitive to disturbances in the water entering
the tube. It has been demonstrated experimentally that for fluid entering
the tube with disturbances of some finite magnitude, R, has a value of
about 2300. But for a very smooth flow, R, may exceed a value of 40,000.
Thus, by keeping the disturbances very small, it is possible to maintain a
laminar flow up to a very high Reynolds number, i.e., a fluid which

undergoes a transition process for disturbances of some magnitude, will




remain in its initial state for smaller disturbances.

The following question arises from the above discussion; if a laminar
flow is assumed to be subjected to infinitesimally small disturbances, will
the disturbances gradually die out or will they grow in amplitude in such a
way that the fluid progressively departs from its initial state, thus
breaking down into turbulent flow or some other forms of laminar flow? this
is the basic problem of hydrodynamic stability. The fluid is said to be
stable or unstable depending, respectively, on whether it changes its
initial state or not. Determining the critical conditions which separate
two classes of states is one of the prime objects of hydrodynamic stability
studies.

Mathematically, the ©problem of hydrodynamic stability can be
abbreviated as follows: Suppose a system of hydrodynamic equations has a
basic steady solution Uj (x3) Pj (x;) and Tj (x;) for the components of
velocity, pressure and temperature respectively. The system is then
subjected to infinitesimal disturbances and the solution of the new
perturbed state is obtained. If the solution approaches a steady state as
the time t goes to infinity, then the fluid is said to be stable.
Otherwise it is said to be unstable.

It is quite difficult to obtain a solution of a hydrodynamic stability
problem which is based on an exact mathematical treatment. Therefore,.it
was necessary to employ various simplifying assumptions which emerge from
valid theoretical concepts and experimental observations. The first of
these assumptions comes from the fact that the super-imposed disturbances
are very small compared with the corresponding quanfities of the main flow.
Thus, in obtaining the equations governing the perturbed state, the
products and powers greater than one of the disturbances are neglected.

The theory based on this linearization process is called the linear theory




of stability.

A substantial simplification is achieved by analysing the solution of
the perturbation equations in terms of a complete set of functions of a
particular form. For example in the stability problem of a fluid between
two coaxial rotating cylinders (known as Couette flow) a disturbance U can

be expressed as:
U=zU(r) exp [st + i (n 6 + kz)] (1)

where U(r) denotes the amplitude of the disturbances in the radial
direction r, k the wave number of the disturbance in the axial direction z,
t the time, © the azimuthal angle, n is an integer and s is a complex
constant. The disturbances are damped and the laminar flow is stable when
real s < 0, whereas the flow is unstable when real s > 0. The imaginary
part of s represents the angular frequency of the oscillation of the
disturbance.

The state where real s = 0 is known as the state of marginal stability.
It separates the stable flow from the unstable one. Depending on how the
amplitudes of the disturbances grow at the onset of instability, the
marginal state can be one of two kinds. If they grow periodically then the
transition from stability to instability takes place via marginal state by
exhibiting a staﬁionary pattern of motion. In this case, the principle of
exchange of instabilities is said to be valid. The instability sets in the
fluid as a stationary secondary flow. If the disturbances grow by
oscillations of increasing amplitudes then the transition takes place via a
marginal state by exhibiting oscillatory motion with a certain
characteristic frequency given by the imaginary part of s. This case is

known as overstability.




Determining which of the two kinds of marginal stability states occurs
is usually a matter of experimental observations and it is different for
different problems. For example, in the stability problem of Couette flow,
Taylor -(1923) showed experimentally that, for a narrow gap between the
cylinders and for velocities ratio u = ©,/Q; (where @, and @, are the
angular velocities of the outer and inner cylinders respectively) positive
or slighly negative, the principle of exchange of instabilities is valid
and thus the marginal state is stationary. 1In his experiment, Taylor used
a single outer cylinder made of glass and various inner cylinders in
different runs of his experiment. The ratio u was fixed in each run. The
angular velocities were then gradually increased until the onset of
instability. To detect instability, Taylor injected a dye into the fluid
through six small holes near the middle of the inner cylinder. The motion
pattern could then be viewed through the glass walls of the outer cylinder.
At the onset of instability a steady secondary motion in the form of
cellular toroidal vortices (now known as Taylor vortices) spaced regularly
along the cylinder’s axisvwas observed.

Taylor confirmed his measurement of the critical angular velocity at
which the flow becomes unstable by a theoretical prediction. The agreement
between his experimental and theoretical results was remarkable. His work
was the basis for various researches in hydrodynamic stability. A study by
Kruger, Gross and DiPrima (1964) emphasized the validity of the principle
of exchange of instabilities for all values of U greater than about -0.78
for both narrow and finite gap between the cylinders. These predictions
were then supported experimentally by Snyder (1968). The principle, as
pointed out by Stuart (1985), is now widely believed to be true in the
specified range of wu.

To determine the critical conditions at the onset of instability of




Couette flow, an eigenvalue problem, which is defined by the stability
equations and two boundary equations, has to be solved. It comes out that
it is quite difficult to have an analytical solution of such a problem.
However, the rapid development of high-speed digital computers in recent
years made it possible to develop various numerical methods which overcome
many difficulties and obtain quite accurate solution of the stability
problem. Out of these methods, three have been widely used and these
proved to be effective in dealing with different types of stability
equations. These methods are:

(i) the Galerkin method.

(ii) the finite difference method.

(iii) the Harris and Reid method.

In the Galerkin method, the disturbances in the governing equations are
expanded 1in complete sets of functions which satisfy the boundary
conditions. The coefficients in the series are determined by the
requirement that the governing equations be orthogonal to the expansion
functions of the disturbances. This leads to infinitely many linear,
homogeneous equations for the various coefficients in the series. For
non-trivial solution it is necessary that the determinant of this system of
the equations equals zero. This condition gives a determinant equation for
the critical conditions. In practice only a finite number of terms are
used in the series of the disturbances.

Chandrasekhar (1954) was the first to develop a Galerkin-type method
for solving the stability equations. Since 1954, this method has been used
- for a wide variety of problems in hydrodynamic and hydromagnetic stability.
For example, Walowit, Tsao and DiPrima (1964) employed this method to study
the effect of heating on the stability of Couette flow, whereas Kurzweg

(1961) and Hassard, Chang and Ludford (1972) used it to predict the




instability of an electrically conducting fluid under the influence of a
constant magnetic field applied in the axial direction of the cylinders. A
general study of the application of Galerkin method to stability problems
can be found in a paper given by DiPrima (1955).

The finite <iifference; procedure starts by introducing the vorticity
stream functions into the unsteady Navier-Stokes equations governing the
perturbed state of the problem. The derivatives are then approximated by
central differences in the space coordinates and by forward differences in
time. In view of the behaviour of the perturbed flow with time the
critical state can be determined. The perturbations will decay or grow
with successive time steps depending on whether given parameters are below
or above their critical wvalues. Thus, by a proper adjustment of these
parameters, the critical values can be found. A full description of this
method and its application to the instability of Couette flow is given by
Astill and Chang (1976).

The method developed by Harris and Reid (i964) converts the two-point
boundary value stability problem into an initial wvalue problem. The
procedure starts by rewriting the governing equations as a system of first
order equations. A set of linearly independent solutions of the system
which satisfies the first boundary condition is constructed by imposing the
initial conditions. Any solution of the system of equations satisfying the
first boundary condition can then be represented as a linear combination of
the constructed solutions. A necessary condition that this linear
combination also satisfies the second boundary condition (say at x = a) is
that the determinant of the system of the boundary conditions vanishes at x
= a. This requirement provides the characteristic equation from which the
critical conditions can be found.

Different aspects of the stability of Couette flow problem were studied




by employing the Harris and Reid method of solution, for example, in
examining the stability effects of radii ratio of the two cylinders and of
constant temperature gradient between the cylinders by Sparrow, Munro and
Jonsson (1965) and Takhar, Smith and Soundalgekar (1985) respectively. We
have adopted this method in all our problems. We find it is relatively
simple, gives quite accurate results and uses less computer time.

As noted above, the development of various numerical techniques has
simplified the study of the stability contributions of different factors,
such as radii and velocities ratios of the two cylinders, heating and the
applied magnetic field. The importance of these studies emerge from their
wide engineering applications, especially in the design of journal
bearings. Torque measurements show that journal bearings operating in
Taylor votrices flow regime generate more torque than in laminar flow
conditions and this results in an increase in frictional power loss and
bearing metal temperature. These factors are important in running costs
and the bearing life.

The presence of Taylor votrices, which is not beneficial in journal
bearings, plays a positive and useful role in some other applications such

as;

1. Drying machines.
2. Rotary heat exchangers.

3. Chemical mixing machines.

Therefore, it is of great importance to examine the various factors which
can alter the critical velocity of a fluid and to determine the extent of
the stability changes that occur due to the action of one or more of these

influencing factors.




In Chapter Two, we study the stability effect of heating due to the
presence of a constant heat flux at the inner cylinder. All three possible
types of rotation of the two cylinders are considered. The inner cylinder
only is rotating while the outer one is kept stationary or both the
cylinders are rotating, with different velocities ratios, in the same or
opposite direction. In formulating the equations governing the marginal
stability state, the cylinders are assumed i) to have a narrow gap and
ii) to have different gap sizes. Hence, this problem explores the
stability interaction between the constant heat flux and velocities ratio
in the first part and the addition of the radii ratio in the second part.
The results obtained by a numerical method indicate that, as compared with
isothermal flow and stationary outer cylinder, the presence of a constant
heat flux at the inner cylinder and co-rotating cylinders always lead to a
more stable flow. For counter-rotating cylinders, the stabilization with
increasing magnitudes of u starts after the flow attains its minimum stable
state. This minimum point is found to be a function of the radii ratio n
and it moves slowly towards larger negative values of U as N decreases.

In Chapter Three, the fluid is assumed to be electrically conducting
and it is under the influence of a magnetic field applied in the axial
direction and also a radial temperature gradient maintained by keeping the
cylinders at different constant temperatures. This hydromagnetic stability
problem is solved for the narrow gap case and for all the three types of
rotation. The variations of the critical parameters with the different
influencing factors, presented in tabular and graphical forms, reveal that
the axially applied magnetic field H inhibits the onset of the instability.
The critical angular velocity &; needed to bring about instability in the
flow, increases steadily with larger magnitudes of H. Moreover, the

inhibiting power of H is strengthened by the stabilization tendency of the




negative temperatures graident (temperature of the outer cylinder is less
than that of the inner one) and weakened by the destabilization tendency of
the positive temperature gradient. It is also worth mentioning here that
the predicted critical conditions exhibit a good agreement with those
previously reported for the special cases (a) isothermal non-magnetic flow,
(b) isothermal magnetic flow and (c) thermal non-magnetic flow.

In Chapter Four, we remove the restriction of narrow gap and the
stability effect of different radii ratios is considered. We therefore,
present the simultaneous effects of the axial magnetic field, radial
temperature gradient, velocities ratio and radii ratio. The stability
equations were written in such a way that for a given fluid and fixed outer
cylinder radius R,, the critical parameter determines the angular velocity
Q;, which sets instability in the flow. This allowed us to examine
explicitely the stability contribution of one or more of the influencing
factors. The important role that the radii ratio n plays in this problem,
is manifested through the strong quantitative dependence of the stability
potentials of the other factors on its value. The critical angular
velocity associated with a fixed magnetic field, temperature gradient and
velocities ratio undergoes a considerable change with the alteration of the
gap size between the cylinders. Our problem also includes, as a special
case, the problem of the stability effect of different n on an axially

magnetic isothermal flow.
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CHAPTER 2
THE EFFECT OF CONSTANT HEAT FLUX AT THE INNER
CYLINDER ON THE STABILITY OF COUETTE FLOW

2.1 Introduction

Since the early investigation of Taylor (1923), the problem of
instability of viscous flow between rotating concentric cylinders has been
studied by several authors. In particular, different aspects of the
isothermal case were examined by Chandrasekhar (1954, 1958), Walowit, Tsao
and DiPrima (1964), Sparrow, Munro and Jansson (1964) and Astill and Chung
(1976). Chandrasekhar (1954, 1958) considered two cylinders with narrow
gap (i.e. n ~ 1) and a finite gap that corresponds to n = ¥ (i.e. Ry = ¥
R>). The critical Taylor number, To» at which the flow becomes unstable,
was obtained for values of u in the range of - 0.5 < u < 0.25. Using the
Galerkin method, Walowit et al (1964) predicted instability for a wider
range of n (0.1 £ n < 1.0). However, the T,, which is defined as a
function of n and U, was found for values of u only between - ¥ and nZ2.

Sparrow et al (1964) defined the Taylor number as,

T = 93—5}32 (1)
Thus for a given fluid and fixed R,, the T, determines the angular velocity
©; at the onset of instability. It was, therefore, possible to examine
explicitly the stability contribution of n and u. The Te, calculated by
employing the Harris and Reid method, indicated that the greatest and
lowest stable state of the fluid is achieved when n ~ 1 and n = %
respectively. The T, decreases as N drops from 1.0 to 0.5 and then
increases for n > 0.5, In relation to the velocities ratio wu, the T,
attains its minimum when u is slightly negative. For all other values of
M, the stability curves are seen to rise monotonically with increasing
values of |u]. Finally, using finite difference technique, Chang and

Astill (1976) confirmed the findings of Sparrow et al (1964). Moreover,
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the cell patterns at the_onset of instability were presented for different
gap sizes.

Turning next to the non-isothermal case, we find that the stabilizing
effects of radial temperature gradient sustained by two cylinders with
different constant temperatures have received great attention. The
mathematical treatment of this problem was considered by Yih (1061), Becker
and Kaye (1962a), Walowit, Tsao and DiPrima (1964), Bahl (1972),
Soundalgekar, Takhar and Smith (1981) and Takhar, Soundalgekar and Smith
(1985). Experimental results were obtained by Bjorklund and Kays (1959),
Haas and Nissan (1961), Becker and Kaye (1962b) and Ho, Nardacci and Nissan
(1964). In all these studies, it was observed that the positive
temperature gradient (the temperature of the outer cylinder is higher than
that of the inner one) destabilizes the flow, while the negative
temperature gradient stabilizes it.

The analysis of Becker and Kaye (1962a) was limited to the situation
where the outer cylinder is stationary and the gap between the cylinders
(R, - Ry) is much smaller than the mean radius (¥ (R; + R,)). Hence, they
explored the stability reaction of the flqid to the presence of heating
alone. Walowit et al (1964) extended this problem and included the case of
finite gap between the cylinders that corresponds to radii ratio n = %.
The role of velocities ratio i in the thermal instability of the fluid was
later examined by Bahl (1972) and then by Takhar, Smith and Soundalgekar
(1985). Their results indicated that as the negative value of u is
increased in magnitude, the tendencies of temperature gradients to induce
stability changes are reduced considerably.

In the present study, we consider the effect of heating due to a
constant heat flux at the inner cylinder, on the stability of Couette flow.

All different types of rotation of the two cylinders are considered and the

13




stability equations are formulated for both cases, i.e. , narrow gap and
wide gap. Using a numerical procedure similar to the one described by
Harris and Reid (1964), the critical conditions characterizing the
stationary marginal state are determined. Our results for the special
isothermal case exhibit a good agreement with those given by Chandrasekhar
(1961), Sparrow et al (1964) and Astill and Chung (1976). The presence of
constant heat flux at the inner cylinder enhances the stability state of
the flow and hence postpones the appearance of the Taylor vortex flow to a
higher critical angular velocity €;. In the wide gap problem, we analyse
the stabilizing interaction between the three influencing factors, viz.
velocities ratio U, radii ratio n and heating. The value of To for given
values of U4 and N in the isothermal case is raised owing to the action of

heating.

2.2 Problem Formulation

We consider a viscous incompressible fluid between two coaxial rotating
cylinders. Heat is supplied to the inner cylinder at a constant rate
whereas the outer cylinder being kept at a constant temperature T,. In a
cylindrical co-ordinate system (r, ©, z), with z measured along the common
axis of the cylinders and associated (u, v, w) velocities in these
directions, the Navier Stokes equations are given by,

Momentum Eqguations

du vi __13p > 2 v u
a+(u.grad)u—r =-53 +V(Vu-;f“—ae';f) (2)
v u _ _112dp 2 2 du_v
——at+(u.gra.d)v+——r = I\pae+v(Vv+=-—§ae ;5) (3)
v --12p 2

3¢ + (u.grad) w = paZ+VVw (4)
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Continuity Equation :

QJ'QJ
Hic
+
Hic
+
H =
1b

<&
+
QJIQJ
N|Z
n
o
o

Energy Equation

aT -k g2
5t + (u.grad) T = ocr V2T (6)

Equation of State

=065 (1 -« (T=-"T,5)) (7)
where
_ d v d d
u-grad-u.a—r+r=£+w-a-g
2 2 (8)
3 123 1 a2 3
2 - o e
VeEmEtrar Tz e T2

Here p denotes the pressure, ¢ the density, V the kinematic viscosity, T
the temperature, k the thermal conductivity, and Cp the specific heat at a
constant pressure of the fluid. In the above equations VvV, k and cp are
assumed to be constant. The heat due to viscous dissipation is also
neglected in equation (6).

In the absence of transverse pressure gradient, equations (2) - (6)

allow a stationary solution of the form,

u=w=0, v=V(r), T=T(r), P=P(r) (9)

dp _ li
ir - e - (10)
and
ov _ V. _ .
vey == 0 (11)
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In view of equation (11), the most general form of V(r} is given by

= B
V= Ar+ - (12)

The constants A and B are determined by imposing the boundary conditions on
V. 1If ;. &, Ry and R, denote the angular velocities and the radii of the

inner and the outer cylinder respectively, then, we have

B
Q’iRl = ARl + E (13)
_ B

solving equations (13) and (14) for A and B, we obtain

2.2
_RIRS (@ - ©,)

A o Q2R3 - QR
R - R2

R - R?

, B . (15)

The steady temperature, T, is assumed to vary along the radial

direction only, and according to equation (6), it is governed by

. _
The boundary conditions on T are
dt =-3 at r = Ry
dr k
(17)
T:T2 atrsz

where q is the constant heat flux at the immer cylinder. Solving the

differential equation (16) and imposing the boundary conditions (17), gives

T-r, - B g, L
T=T, klnR2 . (18)
2.3 Perturbation Equations
If infinitesimal disturbances u’, v’, w’, p°, e and T  are
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superimposed on the steady state solution defined by (9), then the

perturbed flow is described by the variables,

u’, v +V(r), w, p +P(r), e  +e, T + T(r). (19)

The various perturbations are assumed to be axisymmetric along the common
axis of the cylinders and thus independent of e. To obtain the
perturbation equations we substitute (19) into the governing equations (2)
- (7), and taking into consideration the relations, (11) and (16). We

obtain, upon simplification,

S rw ey e LAYy vy L Y (21)
%+u‘g%'+w’gz':pip,g§’+vvzw’ (22)
g—‘;-'+‘;—+g‘;_'=o (23)
-g{—;+u'%lj('f‘+T')+w'gz—’=%V2T’ (24)
e+e =pp [1 -« (T-Ts +T)] . (25)

The above equations are linearized by neglecting product and powers
(greater than one) of the disturbances. They are also simplified by
imposing the usual Boussinesq approximation. The density can be treated as

constant except when it is multiplied by the centrifugal acceleration term,
v2
r
coefficient «. For fluids, which we shall be mostly concerned (such as

This approximation is valid for small value of the thermal expansion

water), « lies in the range of 1072 to 10™%. Therefore, equations (20) -

(24) reduce to
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du ,VZ A% - 1§L > u’

31 + T i 2 T vi = - S 3r + Vv (V2 u - ;5) (26)
v + 200" =V (V3 vy - Vl) (27)
at - re

ow' _ _13p° 2

3t - " paz TVVUW (28)
dJu’ , u’ | dw  _

F - P (29)
3T 3T . _ k oo m-

Tt Tar Y T ecp veT . (30)

in view of equation (12), the term (g¥ + ¥) has been replaced by 2A in
equation (27).

The dependence on pressure in (26) - (30), can be eliminated by
differentiating (26) and (28) with respect to z and r respectively. This

leads to

1 19 du’ V av’ V2 aT”’ 1 3%p°
2 _ _ 19y ou vev _ ve s
v (V e v at) az t2 r 3z r dz o dzdr (31)
1 13 3w’ 1 32p~
2 _ _ 28 y89wW _ 19D
v (v e " v at) r © dzdr (32)
Eliminati éEE; hi
iminating 3557 We have
1 13 aw’ au’ V av’ V2 3T’
2 - 28 5y (8w __cu, _ ~ & X,
v (v 2 1% at) (ar az ) 2 r 39z « r dz (33)

Equations (27), (29), (30) and (33) constitute the perturbation equations.

2.4 Analysis in Terms of Normal Modes

The perturbation equations are linear, independent of e, and have

coefficients that depend on r only. Also, the disturbances are periodic in
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the axial direction. Thus by analysing the disturbances into normal modes,

we seek solutions of the form,

w(r) et sin Az

= u(r) et cos 2z W’

e
|

(34)

= T(r) €t cos Xz

=
!

v’ = v(r) et cos Az

where » is the wave number of the disturbance, ¢ a constant which may be
complex and u(r), v(r), w(r) and T(r) are the amplitudes of the
corresponding disturbances. Substituting (34) into (27), (29), (30) and

{33) we obtain

42 1d 1 > O, ,4w _ V 2 V2 2 -
(Ez-f-;-d—r——f—k ——)(E+)\u) ——2;—V+CX'——T (35)
az2 1d 2 =4 A

(drj-l-;'d—r——-z—)\ —;)V—ZVU (36)
d 1 _ -
(Fp+Pus=-w (37)
& ,1d _,2_op g _epdl (38)
ar? " r ar k k dr

In equation (35), w, can be replaced by using its value from (37) and the

above equations can then be re-written in the following form,

¥ _s2 _ 9 X _ 32 S, Va2 V22
(DD A V)(DD A€) u = 2 T V-« iy (39)
x _~>2 _ G _ 2A
(DD A V) v=g-u (40)
c Cc .=
fp - 32 %Py pn_0pdl
(D*D - 2 " YT = T 5 U (41)
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d d 1
where D= = D¥ = = + <,
% _ d? ld 1
gt rEm @ (42)
fp - &2, 1d
D:D-F-i-rdr
To convert equations (39) - (41) into non-dimensional form, we introduce

the following dimensionless variables and quantities,

r - R R
X = ————1 a = xd n==t
d 1 ? RZ
_r_ Y -V ve
€= g o ME=gE g =g, Prs ~F (43)
T < i N, 4 e-—zA—-— k yo
Y Qle ! - 91R2 ' - 91 qu ’

where d = R, - R; and Pr is the Prandtl number.

The following relations are direct consequences of relations (43)

D; and g(x) = A + b (44)

Qul

7>
[ve
i

M- o B, = AT
1 -nZ 3¢ 51 77 n2
In terms of the new variables (43) and replacing g% by its value in (18),

equations (39) - (41) become

2 4
¥ _ 2 _ 9d< ¥ _ .2y o - 2AQ,d% 5 S
(D1D1 a > )(D1D1 a?) u ——$i~— a? g(x) v

2 - - .
DF -a2 -2 73 (46)

N
(&)




opc,d?

p _ a2 - - 1= .
(D1D1 a ———E——) 6 = g u . (47)
Defining the Taylor and Rayleigh numbers as

4AQ, d4 9234 (ggl) «
Tg=--4— , Ry=Pr — : (48)

Equation (45) can now be written as

(D,D¥ - a2 + 2)(DD* - a2) U= -a2 T, (g(x) v - NE (g(x))2 ©)  (49)

where N = Ry
Ty

(lR.L)
Pr «* k
- 4A,

2.5 Stationary Marginal State

According to equation (34), the disturbances will grow or decay with
time depending on whether the real part of o is positive or negative
respectively. If the real part of ¢ (Re 0) and the imaginary part of ©
{Im o) are both equal to zero, then the transition from stability to
instability takes place via the marginal state by exhibiting a stationary
pattern of motion. The transition exhibits an oscillatéry motion with a
certain definite characteristic frequency when Re ¢ = 0 but Im ¢ # 0. 1In
this work, we assume that the marginal state is stationary. Therefore
equations (49), (46) and (47) reduce to, after dropping bars and the

subscripts on D and D*,

(DD* - a2)2 u = - a2 T, (g(x) v - NE (g(x))2 e). (51)
(DD¥ - a2) v = u (52)
(D*D - a2) e = é u (53)
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Solution of equations (51) - (53) are to be found which satisfy the no
slip condition at the walls. Thus, from (19), u, v and w equal zero on the
cylindrical walls. Also, in view of equation (37) and since u = 0 and w =

0, it follows that Du = 0. Similarly, for temperature, we assume that the

walls are better conductors of heat. Thus on the outer cylinder, T + ©

T -9 . ae _
(T + &) = o ieeey Ir - 0.

T, i.e., 6 = 0. On the inner cylinder,

R~

Therefore, the boundary conditions are,

The governing equations (51) - (54) along with the boundary conditions

(54) define an eigenvalue problem of the form

F (n, u, N, a, Ta) =0 . (55)

2.6 The Narrow Gap Approximation

We shall restrict our discussion of equation (55) first to the
situation when the gap, 4 = R, - R;, between the cylinders is small
compared to the mean radius Ry = ¥ (R; + R,). In this case, the following

approximations are valid

(56)

(iii) D* = D (iv) g(x) = 1 - (1 - u) x ,
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The validity of part (i) follows from the fact that d << Ry, i.e. R; ~ R,.

Since € = %— y i.e., €=n+ (1 -n) x, it will follow from (i) that € = 1
2

which is part (ii). Part (iii) follows directly from (i), (ii) and the

definition of D*. To satisfy relation (iv), we first notice in view of

equation (11), that the basic velocity V(r) is governed by

DD¥ V(r) = O (57)

For a narrow gap and in view of (iii), equation (57) reduces to

D2V = 0 (58)
Since g(x) = R—VQ—, it follows that D2 g(x) = 0. Thus
2%°1

g(x) =Ex + F . (59)
The constants E and F are determined by imposing the following boundary

conditions on g(x),

(60)

It can be easily shown, from (59) and (60), that g(x) takes the form given
in (iv).
Under the approximation (56), the govérning equations (51) - (53)

reduce to
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(D2 - a%)% u = - a2 T, (g(x) v = N (g(x)2 e) (61)

(D2 - a2) v = u (62)

(D2 - a2) & = u (63)
Equations (61) - (63) and the boundary conditions (54) determine an
eigenvalue problem of the form

H (4, N, a, Tg) =0 (64)

For given values of u and N, we would determine the minimum positive value
of T, over all real positive value of a. This value of T, is the critical
value of T, which determines the critical speed Q; at which the flow goes
through a transition from its initial state to its final unstable state.
The corresponding critical wave number, a, determines the spacing of the

vortices in the axial direction.

2.7 Method of Solution

We adopt the Harris and Reid method to solve the two-point eigenvalue
problem defined by equation (61) - (64) and the boundary conditions (54).

(a) Solution Procedure

The procedure starts by rewriting the governing equations (61) - (63)

as a system of first order differential equations in the form,

&%
élj

IR

2a2C - a%A - a2T [g(x).E - N(g(x))3G]

218
]
)
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dE _ a _ >
= - F , > -2 E + A
dG _ dH _ - .
= C H , &= -2 G+ A (65)
ds d2 dz2
where A=zu , B= aﬁ y C = a;% y D= a;% ’
d de
E:v,anv,Gze , H=
The boundary conditions (54) require that
A=B=zE=H=0 at x = 0
(66)
A=B=E=G=0 at x = 1.

We define four linearly independent solutions, Uj, V;y and Ty, (i = 1,2,3,4)

of equations (61) - (63) by imposing the initial conditions

Up = = = %i]z 0 i=1,2,3,4 (67)
and
(1,0,0,0) for i =1
T E e 00T et L s (68)
(0,0,0,1) for i =. 4
at x = 0
A solution of equations (61) - (63) which automatically satisfies the

boundary condition at x = 0 can be written in the form,

NV 5 e = §

MjUj » v = t by

b1 PiTy (69)

=1

where M;j, Nj and P; are constants. The boundary condition at x = 1

requires that
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=1
du;
9y
é:l Mj dx ~ 0
(70)
£, NMvi=o0
§=1 PiTi =0

If the constants M;, N; and P; are not to vanish identically then it is

necessary that the determinant of Us, gg%, V; and T; vanishes at x = 1,

i.e.,

c
[

e

H (4, N, a, Ta)'= = 0, at x = 1 (71)

H o<

Equation (71) is the characteristic equation from which the critical Taylor
number and the corresponding wave number can be obtained.

In terms of the variables defined in (65), if we put A; = U;, E = Vi
and G; = Ty (i = 1,2,3,4), then there are thirty two equations to be
integrated numerically using the initial conditions (67) and (68). These

can be written as,

[ A; = Bj = E; = Hi]= 0 i=1,2,3,4
(1,0,0,0) for i =1
(0,1,0,0) for i = 2
Cis Di, Fi, Gy = (0,0,1,0) for i = 3 (72)
(0,0,0,1) for i = 4
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Equation (71) becomes

H (4, N, a, Ty) = B; =0 (73)

(b) Numerical Integration Procedure

The system of ordinary differential equations (65) is integrated by
using the Merson form of the Runga-Kutta method (Hall and Watt (1976)). We
divided the range of integration into twenty equal increments. The
integration was advanced from x = 0, over successive increments. The final
values of one increment provide the initial values for the next. Within
each increment the integration process can be outlined as follows,

The procedure advances the solution of the differential equations

= fi (x, Vis Y23 eeees ’ yh) (74)

s

from x, to x, + H (= x41), where H is the integration increment (i.e.,

H using a number of steps of the Merson form of the Runga-Kutta

- L
—20)9
method. This can be described as

h -

Yn+l = ¥n + 5 (ky + 4ky4 + kg) (75)
where
k1 = f(Xn, Yis You5 oo yn)

h k k k

k2 = f(Xn + §, y1 + ‘§l, yz + Z);l) e e g yn + §l)

_ h 1 1 1
k3 = f(Xn + §, yy + g (k1 + k2)’ vy + g (kl + kz), eve 3 Yn t g (k1 + kz))
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h 1
Ky = £y + 3, vy + glky + 3k3), vy + é_(ki $35), ee y vyt -33:(k1 + 3ks))
- 1 1

—(ky; - 3ky + 3kg)).
The procedure obtains an estimate of the local truncation error at each
step and varies the step length automatically to keep this estimate below a
specified error bound. If the step length becomes less than 10~% times the
initial step length, the procedure stops the calculation and an error
message is printed. If E; is the estimated magnitude of the truncation
error at the end of a particular step, then the step length will be halved

until

El < TOL x max (1'0’ IY(I)I; IY(Z)Iy eee ’Y(n)l> (76)

where TOL, is the specified error bound. For all our calculations, the
value of TOL, is set equal to 10™4. The truncation error per step length
is controlled by varying the step length. Over a number of steps the
errors can accumulate in various ways and the total error may exceed the
specified error bound. This can be controlled by reducing the error bound
for a large number of steps. This was found to be unnecessary in our

problem.

(c) Determination of Critical Taylor and Wave Numbers

The critical Taylor number, Tes is the minimum positive value, which
satisfies equation (73), over all positive wave numbers. We employed the
bisection method to obtain the critical Taylor number, Tey» for a given

wave number, a;. The method proceeds as follows,
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i) For a given small Taylor number, Tgq1s equations (65) are integrated, as

in section a, and the value of the determinant (71), 8(Tgy) 1is
obtained.

ii) An increment AT, is added to T,; and for T,; + AT, (= T,), $(Ty,) is
found.

1iii)The signs of $(Ty; and £(T,,) are then compared. If they have the same
sign, then T,, is again incremented by ATy . The addition of AT,
continues until ®(Ty,_,) and ®(T,,) have opposite signs (This will
indicate that T,; is between Ty, ; and Ty,). At this stage AT, is
halved and Ty, is set to equal a new Tg,.

iv) The steps (ii) and (iii) are repeated until the value of 8(T,) becomes

less than 107%. This value is the critical Taylor number, T.,.

The wave number, a, and the critical Taylor number, Toy define a point
on the neutral curve which separates the stable and the unstable regions.
The critical wave number, 8-, is the minimum point on the neutral curve.
Following a procedure similar to the one described in the last paragraph,
the value of a, can be determined. For a given value of a;, T, is
obtained as described previously. The value of a, is then successively
incremented by a given amount, Aa;, until the minimum is passed. That is
when To, becomes greater than To,_;. The increment Aa, is then halved and
the process is repeated until Aa; becomes less than 10™*. The value of a,
along with T, define the critical conditions at which instability first
sets in the fluid. We repeated the calculations for different values of wu

and N.
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2.8 The Wide Gap

It has been common practice to start the mathematical treatment of
Couette flow stability problem under the narrow gap restriction. Even
through this restriction simplifies the underlying problem, but it also
cancels out the important role that different values of n can play in
varying the critical conditions of a fluid. Hence, we propose, in the wide
gap problem to examine the stability influence of n and its relation with
other factors.

For an arbitrary value of n, the equations governing the marginal state
are given by (51) - (53) and the boundary conditions by (54). In order to
analyse the stability effects of n, u and heating explicitely, we re-write

equation (51) as

(DD* - a2)2 u = - 22T, (- 4 A; (1 -n)* g(x) v-NER (1 - n)* (g(x))2 e)

where now the Taylor number T, and N are defined as

T, = 02 RIn? N=pPro(-32) . (78)

The other equations remain unchanged. Following a solution procedure
similar to the one described in section 2.8 the critical Taylor number ib
and the corresponding wave number a, can be determined for any assigned

values of n, u and N. It is sufficient here to show>the transformation of

equations (52), (53) and (77) to a system of first order equations. We put
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C = (DD* - a2) u E = D¥(DD¥ - a2) u (79)
F=w G = D¥v
H=z»® I = De

The following relations can be now easily derived from (79),

(m = 12
B =DA + mA C = DB - a?A
E = DC + mC (DD* - a2)2 u = DE - a2C (80)
G = DF + mF (DD¥ - a2)v = DG - a2F

(DD¥ - a2)e = DI + mI - a2H

In view of (80), the governing equations can be now written as a system of

first order equations in the form, (% = D)

%% =B - m

%:C+a2A (81)
S—}%:E-mc

gg = a2C - a2 Ta (-4A,(1 - n)* g(x)F - Nen(1 - n)* (g(x))2H)
gg =G - mF

g—gzazF+A

gg -1

%:ml+a2H+éA‘
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The boundary conditions (54), then require

(82)

2.9 Results and Discussion

The results which have been derived by the application of the foregoing
solution procedure are listed in Tables 1 and 2-5 respectively for narrow
and wide gap cases. Also, the variation of To with different parameters
are presented graphically in Figures 1 through 17. It is obvious from the
type of dependence of T, on N, that the constant heat flux on the inner
cylinder has a stabilizing effect on the flow. With N # 0, the flow stays
in its initial laminar state under the transition velocity @, of the
isothermal case. Thus, the supply of heat to the imner cylinder at a
constant rate may prove to be one solution to a physical problem where the
presence of Taylor vortex flow is not desirable and it is necessary to
delay its appearance to a higher critical velocity .

We now examine, for the narrow gap situation and as compared with the
isothermal case, the stabilizing potential of N which is a function of u.
Inspection of Table (1) and Figures (1) and (2) reveals that the critical
Taylor number T, is an increasing function of N. This indicates that for
greater supply of heat at the imner cylinder, larger values of & are
required to set instability in the fluid. For the stationary outer
cylinder (M = 0), T, at N = 0.25 is about one and half times that for N =
0. It rises to three times as much when N = 1.0. When the two cylinders

rotate in the same direction (u > 0), the rate of stabilization of the flow
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with N is faster than that for u = 0. Although when N = 0, the To for any

M > 0 is less than that of wu 0. But as N gradually increases the

difference between the two T. gets smaller and eventually, the To of > 0
becomes greater than that of u = 0. This feaﬁure is evident from Table (1)
and Figure (1). It is also clear that the higher the value of positive u,
the higher is the changes in To. Hence we may state that the presence of
constant heat flux at the inner cylinder is most effective, in terms of
flow stability, when the two cylinders rotate in the same direction with
high velocity ratio u. Finally, for counter-rotating cylinders, the
stabilization with N occurs but with a rate lower than that for u > 0. As
N rises from 0 to 1.0, the T. increases to three times as much when u = -
0.5, whereas it increases to more than seven times when u = 0.5.

It appears that by continuously increasing the value of N, we can keep
the flow stable up to any high angular velocity £, . This situation has its
limitations. Larger values of N mean greater supply of heat at the inner
cylinder and this will cause a variation in the physical properties of the
fluid which are assumed to be constant. Hence to be consistent with our
assumptions, the supply of heat should be such that the physical properties
viz. viscosity, density, thermal conductivity and specific heat at constant
pressure, remain constant.

Attention may now be given to the critical wave number a. associated
with the onset of instability. As Table (1) reveals, the a, undergoes a
gradual increase with greater supply of heat at the inner cylinder. The
pattern of change of a, with different N and u is the same as described
before for T,. A greater effect of N on a, is predicted when u > 0 as
compared with u < 0 or u = 0. It is also interesting to note, as
previously reported by different authors, (Walowit et al (1967) and Astill

and Chung (1976)), and also presented here, that in the absence of heating,
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the value of a. is fixed around 3.12 for positive and slightly negative

values of wu.

We now turn to analyse the results obtained for the wide gap problem.

For this case, we have re-defined the Taylor number in such a way that for

a given fluid and fixed R,, the'Tb determines the critical angular velocity

Q40 occurring at the onset of instability. This allows us to examine

explicitly the stabilizing effect of u and n on Qo First, from the

variations of EE with N for different u and n, presented in Table 2 and

Figures (3) - (17), we may state the following conclusions,

1. It can readily be seen that the stabilizing effect of constant heat
flux described before for the narrow gap case also appears for all
different values of n.

2. The stabilizing contribution of N is greater in the presence of (a)
co-rotating cylinders (u > 0) and (b) small radii ratio n. For
example, as N rises from 0 to 3.0, the ig increases by about (i) 20%
when n = 0.85 and 4 = 0, (ii) 190% when n = 0.2 and 4 = 0 and (iii)
330% when n = 0.2, u = 0.01.

3. For counter-rotating cylinders (u < 0), the effect of N is very small
as compared with the same positive magnitude of u. Heating the fluid
by an amount that corresponds to ﬁ = 2 enhances its stability by more
than four times when n = 0.5 and u = 0.1 and by less than 50% when n =
0.5 but 4 = - 0.1. Also as negative U increases in magnitude, the
tendancy of N to stabilize the flow is reduced considerably. This
phenomenon has been predicted by Bahl (1972) in connection with the

problem of two cylinders with different constant temperatures.
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Turning next to the relation between TI‘C and n, we note that n plays an
important role in determining the value of TF-C. Moreover, the stabilizing
potential of N or M is strongly related to the value of n. For any given
ﬁ, the maximum Tc is predicted when N is very large (narrow gap between the
cylinders). But as n then gets smaller, the -T-C also gets smaller at a
deccelerating rate. At n around 0.5 (R; = % R,), the Tc attains its
minimum. Any further decrease in n will cause ?C to incfease, but now, at
accelerating rate. As represented in Figures (10) - (13) the minimum -T—C
occurs at about n = 0.5 not only for N = 0, as first predicted by Sparrow
‘et al (1964), but also for N = 0. However, the value of -'fc at this minimum
point, as well as all other points, increases with increasing values of N.
For negative U, the minimum point moves slightly toward the right side of n
= 0.5.

The above mentioned -'fc - N relationship can also be deduced from
Figures (3) - (9). For the specified values of u and for N between zero
and three, the range of T, at n = 0.95 is between 15 x 10° and 21 x 10P.
The T, then decreases with smaller n and becomes below 6 x 105 at n = 0.5.
For n lower than 0.5, Tc rises and we have the range of 2 x 10% to 8 x 10©
when n = 0.1.

Finally, the variation of -’f‘c with U shown in Table (2) and Figures (14)
- (17), indicates the following,

i) For a given N and n, the value of u could be adjusted in order to
maximize or minimize the critical angular velocity €, needed to bring
about instability in the fluid. To achieve the most stable flow, the
value of u should be close to n?, where for the lowest stable flow, wu
depends on n. For large n (narrow gap between the cylinders) the
minimum ?c is detected when u = 0 (stationary outer cylinder). But as

n gradually decreases the minimum ?c moves slowly toward negative
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values of #, When n = 0.75, the minimum occurs at U = - 0.1, and when

n=0.2 it occurs at u = - 0.02.

ii) Driving the two cylinders in the same direction (u > 0) always leads to

a more stable flow, as compared with the stationary outer cylinder case
(4 = 0). Also the higher the positive WU, the greater the stability of

the flow.

iii)For counter-rotating cylinders (u < 0), the flow starts to stabilize

iv)

with larger magnitudes of negative u after Tc attains its minimum.
However, the rate of this stabilization process is smaller than that
for positive u.

It is interesting to note that the stability curves presented in
Figures (14) - (17) are of parabolic character with the vertex moving
slowly  towards negative u as N decreases. The spreading of these
curves is wide for large n and narrow for small n. This indicates that
the change in T, with u is faster with small n. Also the stabilizing
effect of larger N is manifested through the rising of all the curves

up the'TC axis.

We now examine the effects of wvarious factors; N M4 and n on the

critical wave number a, associated with Tb. Inspection of Table (2) shows

that these effects are quite small and we state them as follows,

(a)

(b)

The slow rate of increase of a, with increasing values of N is enhanced
by the presence of positive u and small n.

For isothermal flow (ﬁ = 0), as compared with the stationary outer
cylinder case (¢4 = 0), the a, decreases with the co-rotating cylinders
and increases with the counter-rotating cylinders. This process is

predicted for all n but with different rates.
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(c) The a, suffers a small reduction on its value as the gap size between

the cylinders gets smaller. Narrowing the gap fromn = 0.1 to n = 0.95

at N = 0, causes a, to lose about 6% of its original value.

It is significant at this stage to report Rayleigh’s criterion for
stability of inviscid flow and how the presence of viscosity and radial
temperature gradient modify this criterion. By a simple physical argument
Rayleigh (1920) derived a stability criterion which states that a necessary
and sufficient condition for stability of axisymmetric disturbances is that
the square of the circulation does not decrease anywhere, i.e. that & ) 0
everywhere in the field of the flow, where ® is the Rayleigh discriminant
defined by

&(r) = (r2 Q2) (83)

QJH
Cl

here @ is the angular velocity which is an arbitrary function of r, the
distance from the axis of rotation. When & takes the wparticular

distribution described by (12), ¢ takes the form

O = 4A (A + %—E) (84)

with the values of A and B given in (15), we have

_ - n2 2 - n2
e G D (89

=149 (
For two cylinders rotating in the same direction, it is easily shown that

for all rinn (r €1

®>0 if u > n2
(86)
® <0 if 0 < u < n2
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Therefore, Rayleight criterion applied to distribution (12) requires that
for stability, the outer cylinder must rotate with an angular speed greater
than n? times that of the inner cylinder and in the same sense.

When the two cylinders are rotating in opposite direction (i.e., u <

0), we have

® >0 for all r inng < r ¢ 1
(87)

® <0 for all r inn ¢ r < ng

where the nodal surface r = Ng on which @ and ® vanish is given by

1+ 15
Mo =N (2 +“lJlel) ' e

Thus Rayleigh criterion is violated only in the layer between the inner
cylinder and the nodal surface. The instability which is predicted for all
negative U is to be associated with the instability of the flow interior to
Ng. As can be seen from (88), if U » - ®, then Ny, » N and thus the
unstable layer becomes vanishingly small.

Yih (1961) has pointed out that if the density of the fluid has aradial
variation, then the arguments of Vonkdrman, as presented in Lin’s book
(1955), can be used to show that, in the absence of viscosity, the flow in
the case of a liquid is always stable Lf p 2 increases with the radial
distance, with @ denoting the density. However, this criterion is violated
when viscosity along with radial density variation are present. That is
even if p ¢2 increases with the radial distance, the flow can become less
stable or even unstable;

(1) for‘ increasing kinematic viscosity if ¢ increases but @ decreases

outward, and
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(2) for increasing thermal diffusivity if ¢ decreases but © ‘1lncreases
outward.

The right stability criterion which counts for this case, as shown by Yih

(1961) is that both e and ¢ increase outward with the radial distance r.

In our present problem, the constant heat flux at the inner cylinder
gives rise to an outward increase of the density with r. Thus, according
to Yih’s criterion, the flow is stable for ¢ > 0 (i.e., U4 > n?) and we
determine the instability conditions only for values of U ( nZ2. For
counter-rotating cylinders (i.e. # < 0), the increase in the magnitude of u
reduces the unstable layer between the nodal surface and the inner
cylinder, thus it contributes to more stable flow. This feature is clear

from the results obtained for u < O.
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TABLE 1: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF u AND N

- NARROW GAP PROBLEM -

(9]

8o Te u N ac To
0 3.127 3389 -0.25 0 3.144 4461
0.25 3.251 4196 0.25 3.266 5435
0.5  3.419 5432 0.5  3.424 6867
0.75  3.637 7470 0.75 3.625 9096
1.0 3.910 11106 1.0  3.868 12757
0 3.119 2725 -0.5 0 3.198 6414
0.25 3.256 3473 0.25 3.342 17882
0.5  3.448 4708 0.5  3.533 10082
0.75 3.716 7000 0.75 3.783 13597
1.0 4.073 11937 1.0  4.101 19605
0 3.119 2275 -0.75 0 3.407 10518
0.25 3.268 3009 0.25 3.669 13501
0.5  3.499 4348 0.5  4.018 18132
0.75 3.848 7302 0.75  4.450 25642
1.0 4.349 16146 1.0  4.942 38352
0 3.117 1952 -1.0 0 3.999 18663
0.25 3.288 2694 0.25 4.382 24215
0.5  3.564 4221 0.5  4.783 32323
0.75 4.044 8532 0.75 5.216 44917
1.0 4.787 33164 1.0  5.696 65865
0 3.117 1708
0.25 3.308 2472
0.5  3.652 4286
0.7

4.347 11673
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TABLE 2: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, u AND N
- WIDE GAP PROBLEM -

n u N ac Te n u N ac Te

0.95 0.0 0.0 3.127 1.517 (7)x 0.95 -0.75 0.0 3.503 2.899 (7)
0.5 3.132 1.532 (7) 0.5 3.511 2.918 (7)

1.0 3.139 1.547 (7) 1.0 3.520 2.937 (7)

1.5 3.144 1.562 (7) 1.5 3.525 2.956 (7)

2.0 3.150 1.578 (7) 2.0 3.533 2.976 (7)

2.5 3,155 1.594 (7) 2.5 3.541 2.996 (7)

3.0 3.162 1.610 (7) 3.0 3.547 3.016 (7)

0.1 0.0 3.123 1.545 (7) 0.85 0.0 0.0 3.130 7.217 (5)
0.5 3.130 1.563 (7) 0.5 3.147 7.433 (5)

1.0 3.136 1.581 (7) 1.0 3.163 7.661 (5)

1.5 3.144 1.60 (7) 1.6 3.181 7.902 (5)

2.0 3.150 1.619 (7) 2.0 3.199 8.158 (5)

2.5 3.156 1.638 (7) 2,5 3.218 8.429 (5)

3.0 3.162 1.658 (7) 3.0 3.237 8.717 (5)

0.5 0.0 3.118 2.231 (7) 0.1 0.0 3.125 7.474 (5)
0.5 3.133 2.295 (7) 0.5 3.145 7.749 (5)

1.0 3.146 2.363 (7) 1.0 3.166 8.043 (5)

1.5 3.162 2.435 (7) 1.5 3.188 8.358 (5)

2.0 3.176 2.511 (7) 2.0 3.210 8.697 (5)

2.5 3.187 2.592 (7) 2.5 3.230 9.062 (5)

3.0 3.215 2.678 (7) 3.0 3.259 9.457 (5)

-0.1 0.0 3.134 1.523 (7) 0.5 0.0 3.120 1.457 (6)
0.5 3.138 1.536 (7) 0.5 3.188 1.665 (6)

1.0 3.143 1.549 (7) 1.0 3.270 1.937 (6)

1.5 3.149 1.562 (7) 1.5 3.372 2.306 (6)

2.0 3.152 1.576 (7) 2.0 3.501 2.826 (6)

2.5 3.157 1.590 (7) 2.5 3.661 3.602 (6)

3.0 3.163 1.604 (7) 3.0 3.859 4.838 (6)

-0.5 0.0 3.216 1.962 (7) -0.1 0.0 3.138 7.202 (H)
0.5 3.220 1.974 (7) 0.5 3.152 7.383 (5)

1.0 3.225 1.987 (7) 1.0 3.166 7.573 (5)

1.5 3.229 1.999 (7) 1.5 3.179 7.771 (5)

2.0 3.233 2.012 (7) 2,0 3.196 7.979 (5)

2.5 3.238 2.025 (7) 2.5 3.212 8.198 (5)

3.0 3.243 2.038 (7) 3.0 3.219 8.428 (5)

¥  numbers in the parenthesis denote powers of 10
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TABLE 3: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, &4 AND N
- WIDE GAP PROBLEM -

n u N ac Ta n H N an Te
0.8 -0.5 0.0 3.276 1.004 (6)x 0.75 -0.1 0.0 3.145 2.069 (5)
0.5 3.290 1.023 (6) 0.5 3.168 2.153 (5)
1.0 3.304 1.042 (6) 1.0 3.191 2.244 (5)
1.5 3.319 1.062 (6) 1.5 3.216 2.342 (5)
2.0 3.334 1.083 (6) 2.0 3.240 2.448 (5)
2.5 3.348 1.104 (6) 2.5 3.269 2.563 (5)
3.0 3.365 1.127 (6) 3.0 3.296 2.688 (5)
0.8 -0.75 0.0 3.829 1.661 (6) 0.75 -0.25 0.0 3.175 2.226 (5)
0.5 3.856 1.693 (6) 0.5 3.194 2.298 (5)
1.0 3.882 1.725 (6) 1.0 3.215 2.375 (5)
1.5 3.910 1.758 (6) 1.5 3.235  2.457 (5)
2.0 3.936 1.792 (6) 2.0 3.257 2.544 (5)
2.5 3.964 1.827 (6) 2.5 3.280 2.637 (5)
3.0 3.991 1.863 (6) 3.0 3.303 2.736 (5)
0.75 0 0.0 3.136 2.083 (5) 0.75 -0.5 0.0 3.413 3.290 (5)
0.5 3.161 2.199 (5) 0.5 3.442 3.393 (5)
1.0 3.192 2.314 (5) 1.0 3.471 3.502 (5)
1.5 3.218 2.442 (5) 1.5 3.503 3.616 (b)
2.0 3.254 2.583 (5) 2.0 3.534 3.738 (5)
2.5 3.290 2.739 (5) 2.5 3.569 3.866 (5)
3.0 3.324 2.914 (5) 3.0 3.604 4.002 (5)
0.75 6.1 0.0 3.128 2.228 (5) 0.75 -0.75 0.0 4.318 5.968 (5)
0.5 3.164 2.375 (5) 0.5 4.355 6.133 (5)
1.0 3.201 2.541 (5) 1.0 4.005 6.304 (5)
1.5 3.241 2.730 (5) 1.5 4.441 6.481 (5)
2.0 3.287 2.945 (5) 2.0 4.479 6.666 (5)
2.5 3.332 3.194 (5) 2.5 4.525 6.858 (5)
3.0 3.390 3.483 (5) 3.0 4.566 7.059 (5)
0.75 0.25 0.0 3.125 2.774 (5) 0.5 0.0 0.0 3.161 7.439 (4)
0.5 3.181 3.086 (5) 0.5 3.213 8.208 (4)
1.0 3.244 3.470 (5) 1.0 3.270 9.133 (4)
1.5 3.314 3.952 (5) 1.5 3.339 1.026 (5)
2.0 3.405 4.571 (5) 2.0 3.414 1.165 (5)
2.5 3.517 5.386 (5) 2.5 3.502 1.339 (5)
3.0 3.636 6.487 (5) 3.0 3.599 1.559 (5)

¥  numbers in the parenthesis denote powers of 10
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TABLE 4: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, {4 AND N
- WIDE GAP PROBLEM -

n u N ac Te n u N ac T,
0.5 0.1 0.0 3.151 9.949 (4)x 0.35  0.05 0.0 3.182 1.331 (5)
0.5 3.246 1.198 (5) 0.5 3.302 1.682 (5)
1.0 3.371  1.490 (5) 1.0 3.464 2.232 (5)
1.5 3.533 1.933 (5) 1.5 3.674 3.139 (5)
2.0 3.732 2.635 (5) 2.0 3.899 4.623 (5)
2.5 3.946 3.769 (5) 2.5 4.071 6.852 (5)
3.0 4.125 5.547 (5) 3.0 4.156 9.894 (5)
0.5 -0.1 0.0 3.189 7.008 (4) 0.35 -0.05 0.0 3.222 8.381 (4)
0.5 3.225 7.492 (4) 0.5 3.264 9.137 (4)
1.0 3.264 8.041 (4) 1.0 3.313 1.002 (5)
1.5 3.307 8.666 (4) 1.5 3.367 1.107 (5)
2.0 3.354 9.383 (4) 2.0 3.430 1.232 (5)
2.5 3.405 1.021 (5) 2.5 3.50  1.383 (5)
3.0 3.462 1.116 (5) 3.0 3.573 1.563 (5)
0.5 -0.25 0.0 3.358 8.867 (4) 0.35 -0.1 0.0 3.278 8.537 (4)
0.5 3.397 9.372 (4) 0.5 3.316 9.159 (4)
1.0 3.441 9.932 (5) 1.0 3.358 9.868 (4)
1.5 3.489 1.056 (5) 1.5 3.404 1.068 (4)
2.0 3.542 1.125 (5) 2.0 3.455 1.162 (5)
2.5 3.599 1.203 (5) 2.5 3.511 1.271 (5)
3.0 3.661 1.246 (5) 3.0 3.575 1.399 (5)
0.5 -0.5 0.0 4.801 2.089 (5) 0.35 -0.25 0.0 4.334 1.628
0.5 4.867 2.185 (5) 0.5 4.420 1.731
1.0 4.936 2.288 (5) 1.0 4.508 1.843
1.5 5.004 2.399 (5) 1.5 4.599  1.966
2.0 5.076 2.518 (5) 2.0 4.693 2.103
2.5 5.150 2.646 (5) 2.5 4.790 2.255
3.0 5.225 2.784 (5) 3.0 4.891 2.423
0.35 0.0 0.0 3.196 9.464 (4) 0.35 -0.5 0.0 6.606 4.218 (5)
0.5 3.258 1.073 (5) 0.5 6.692 4.396 (5)
1.0 3.332  1.233 (5) 1.0 6.778 4.585 (5)
1.5 3.421 1.439 (5) 1.5 6.865 4.787 (5)
2.0 3.524 1.707 (5) 2.0 6.957 5.002 (5)
2.5 3.636 2.057 (5) 2.5 7.028 5.234 (5)
3.0 3.755 2.512 (5) 3.0 7.150 5.481 (5)

¥  numbers in the parenthesis denote powers of 10
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TABLE 5: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, u AND N
~ WIDE GAP PROBLEM -

n M N ac Ta n M N ac Te
0.2 0.0 0.0 3.263 3.035 (5)% 0.1 0.0 0.0 3.339 2.437 (6)
0.5 3.326 3.506 (5) 0.5 3.391 2.799 (6)
1.0 3.407 4.118 (5) 1.0 3.455 3.253 (6)
1.5 3.502 4.918 (5) 1.5 3.531 3.821 (6)
2.0 3.612 5.961 (5) 2.0 3.618 4.514 (6)
2.5 3.725 7.284 (5) 2.5 3.707 5.325 (6)
3.0 3.831 8.888 (5) 3.0 3.790 6.227 (6)
0.01 0.0 3.253 3.709 (5) 0.005 0.0 3.315 4.286 (6)
0.5 3.346 4.520 (5) 0.5 3.436 5.690 (6)
1.0 3.466 5.677 (5) 1.0 3.604 7.850 (6)
1.5 3.608 7.337 (5) 1.5 3.779 1.082 (7)
2.0 3.762 9.638 (5) 2.0 3.916 1.429 (7)
2.5 3.900 1.257 (6) 2.5 3.985 1.802 (7)
3.0 3.992 1.600 (6) 3.0 4.039 2.207 (7)
-0.01 0.0 3.275 2.668 (5) -0.005 0.0 3.371 1.877 (6)
0.5 3.326 2.992 (5) 0.5 3.407 2.064 (6)
1.0 3.386 3.391 (5) 1.0 3.445 2.285 (6)
1.5 3.456 3.884 (5) 1.5 3.491 2.544 (6)
2.0 3.535 4.496 (5) 2.0 3.542 2.847 (6)
2.5 3.623 5.251 (5) 2.5 3.600 3.198 (6)
3.0 3.712 6.164 (5) 3.0 3.662 3.599 (6)
-0.1 0.0 4.250 3.436 (5) -0.01 0.0 3.423 1.657
0.5 4.334 3.673 (5) 0.5 3.453 1.789 (6
1.0 4.424  3.938 (5) 1.0 3.487 1.940
1.5 4.517 4.234 (5) 1.5 3.520 2.113
2.0 4.616 4.568 (5) 2.0 3.563 2.311
2.5 4.722 4.944 (5) 2.5 3.606 2.537
3.0 4.830 5.371 (5) 3.0 3.655 2.794
-0.25 0.0 7.238 8.893 (5) -0.1 0.0 8.120 4.181
0.5 7.330 9.278 (5) 0.5 8.184 4.341
1.0 7.422 9.689 (5) 1.0 8.261 4.511
1.5 7.512 1.013 (6) 1.5 8.339 4.694
2.0 7.626 1.060 (6) 2.0 8.425 4.887
2.5 T7.717 1.111 (6) 2.5 8.603 5.096
3.0 7.821 1.166 (6) 3.0 8.694 5.317

X numbers in the parenthesis denote powers of 10
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Fig.2. Variation of Tc with N for different values of .
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CHAPTER 3
THE EFFECT OF RADIAL TEMPERATURE GRADIENT AND AXIAL MAGNETIC
FIELD ON THE STABILITY OF COUETTE FLOW - NARROW GAP PROBLEM.

3.1 Introduction

The theory of stability of viscous flow between two rotating coaxial
cylinders was first developed by Taylor (1923). It was then extended by
Chandrasekhar (1953, 1961) to the case when the fluid is an electrical
conductor and a magnetic field along the common axis of the cylinders is
present. Chandrasekhar formulated his problem under the assumprions of a

narrow gap and a conducting fluid of very small magentic Prandtl number
Pm = g—, where V and Vyj are the kinematic and magentic viscosities of the

fluid respectively. for perfect electrically conducting walls and
perfectly insulated walls, appropriate boundary conditions on the magnetic
field were derived. The Galerkin type method was employed to solve the
underlying characteristic value problem and to determine the critical
Taylor number T,. It was shown that the effect of the magnetic field is to
inhibit the onset of instability. This inhibiting effect becomes more
pronounced as the strength of the magnetic field H and the electrical
conductivity ¢ are increased. The non-dimensional number

2.2 .2

Q = Eegag;g, where ¢ is the density, WU, is the magnetic permeability and

d is the difference in the radii of the cylinders, was introduced as a
measure for the effect of the magnetic field. (here Q = (Ha)2, where Ha is
the Hartmann number).

The experimental investigation of Chandrasekhar’s problem was carried
out by Donnelly and Ozima (1960). In their experiment, they used an inner
rotating cylinder viscometer and a suspended outer cylinder. Both
cylinders were made of stainless steel and the electrically conducting
fluid was mercury. The overall height of the viscometer was 8% inches and

could just be fitted between the pole pieces of 8% inches magnet. A
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variable-speed transmission was used to drive the inner cylinder and the
speed of rotation was maintained as constant to well within 0.1 percent.
It is known that so long as the flow between the cylinders is laminar and
conforms to the expression (11) given in Section 2.2, the relation between
torque and the angular velocity of the inner cylinder €, is linear and

takes the following form:

2 .2
torq\.le=ll‘l'rpl/EJZ—RZ—%Q:l , (1)
Rz - Ry

where L is the length of the suspended cylinder. At the onset of
instability, the effective viscosity will abruptly start increasing, and
this will be reflected in a sudden break in the relation (1). In
conducting the experiment, the speed of the inner cylinder was slowly
increased from the lowest setting until a sudden increase in the torque
measurement was detected. This characterizes the beginning of transition
of the fluid to the unstable state. The speed @, measured there is the
critical speed. It is found that the experimental measurements confirm the
broad aspects of the theoretical calculatior_ms. Moreover, for the case of
non-conducting walls, the measured velocities at the onset of instability
come out close to those predicted theoretically.

Chang and Sartory (1965) considered the instability of a conducting
fluid but with no restriction on the gap width between the cylinders.

However, they assumed the presence of perfectly conducting walls and a pure

vortex flow (i.e. vortex flow with % - transverse velocity profile). Their
conclusions, based on results obtained by a finite difference technique, is
"that an increase in the magnetic field can be either stabilizing or
destabilizing, while an increase in the electrical conductivity is never

stabilizing but can sometimes be destabilizing".
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The instability'of fluids of arbitrary magnetic Prandtl number Pp was
studied by Kurzweg (1962) for the case of perfectly non-conducting walls
and co-rotating cylinders with narrow gap. To solve the underlying
characteristic equation, the Galerkin method was employed and the predicted
critical Taylor numbers T, confirm the findings of Chandrasekhar for fluids
of very small Pm. In general, it was found that, for sufficiently large

magnetic fields, T, is directly proportional to Q when Pm < 0.1 and

242
directly proportional to the parameter R = ge %— when Pm > 0.1.

The contribution of a circular, rather than an axial, magnetic field to
the stability of Couette flow has been examined by Edmonds (1958). A
circular magnetic field is one whose lines of force are concentric with the
walls of the cylinders. This kind of field is produced by an electric
current which is distributed symmetrically about the flows parallel to the

common axis of rotation. The steady state solution is described by

u=u=z0 , v=V(r) , fT=z=h=0 , g=0G(r) (2)

where (u, v, w) and (f, g, h) are the components of the velocity and
magnetic fields in the cylindrical coordinate directions (r, o, =z)
respectively. The radial functions V(r) and G(r) are determined by
substituting (2) in the general magnetohydrodynamic equations and imposing
the boundary conditions appropriate to rotating and perfectly conducting
cylinders. Narrow gap simplifications were assumed and the characteristic
eigenvalue problem was solved by the Galerkin method for the situations of
co-rotating and counter-rotating cylinders. The results reveal that the
circular megnetic field inhibits the onset of instability, but this effect
turns out to be quite small when it is compared with the effect of the

axial magnetic field.
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Lai (1962) extended the work of Edmonds by adding the effect of heating
to that of the circular magnetic field. The temperature was assumed to
vary along the radial direction only and the heat generated through viscous
and magnetic dissipations was neglected. It was shown that a negative
temperature gradient (i.e. temperature of the outer cylinder is less than
that of the inner one) enhances the stabilizing effect of the magnetic
field, where the positive temperature gradient destabilizes the flow.

The combined effect of the temperature gradient and the axial magnetic
field has not yet been investigated. Thus we propose here to consider this
problem in a manner that will include some aspects, not previously studied,
of the special isothermal case. In this chapter, we will examine for the
narrow gap situation and for all types of rotation of the two cylinders,
the cases of perfectly conducting walls and perfectly non-conducting walls.
In section 2, we derive the momentum and energy equations that describe the
flow of an electircally conducting fluid moving through electric and
magnetic fields. In deriving these megnetofluid-dynamic equations,
knowledge of the usual fluid dynamic equations is assumed. In section 3
through 9, the mathematical analysis is presented. Starting from the known
steady state solution, we obtain the perturbation equations for fluids (i)
with very small magnetic Prandtl number Pp, (ii) between two cylinders with
a narrow gap between them and (iii) when the marginal stability state is
stationary. In section 10, the method of solution is described and in

section 11, the discussion of the results is set out.

3.2 Derivation of the Magnetohydrodynamic Equations

The subject of magnetohydrodynamic (MHD) concerns with the study of
flow of electrically conducting fluid across a magnetic field (H). It

combines in a common framework the electromagnetic and fluid dynamic
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theories to yield a description of the simultaneous effect of H on the flow
and the flow on H. The motion of a fluid across H contributes to effect of
two kinds: first, electric currents are generated and the associated
induced magnetic field contributes to changes in the existing fields; and
second, the resulting currents and the magnetic fields combine to produce
an electromagnetic force on the field which acts to resist the fluid
motion.

Faraday and Ritchie (1832) were the first scientists who demonstrated
experimentally the principal MHD effects. In his experiment, Faraday
allowed the electrically conducting fluid mercury to flow in glass tubes
placed between poles of magnets. He found that a voltage is induced across
the tubes which is perpendicular to the directions of the flow and the
magnetic field. The generated current produces its own magnetic field
which distorts the field of the magnets and slows down the motion of the
fluid. Faraday, then suggested that electric power could be generated in a
closed circuit by the interaction of a flowing conducting fluid and a
maghetic field.

The counterpart of Faraday’s conclusion was discovered by Ritchie
(1832). He showed that wheh an electric field is applied to a conducting
fluid perpendicular to a magnetic field, the fluid is pumped in a direction
perpendicular to both the magnetic and the electric fields.

The relations Dbetween various electromagnetic parameters were
discovered as results of experiments conducted around the beginning of the
nineteenth century. These physical laws are known as Maxwell equations and
when the displacement currents ére neglected, they take the following

forms:
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VH = 0 (4)
curl H = 4nJd (5)
curl E = - kg S (6)

Here E and H are the intensities of the electric and the magnetic fields, J
is the current density and W, is the magnetic permeability. Equations (3)
and (4) are respectively the electric current and the magnetic field
continuity equations. Equation (5), known as Amperés Law, describes the
magnetic field strength produced by a current. Faraday’s law (6) states
that for any closed conducting path, which is subjected to a changing
magnetic field, the induced voltage around the path is equal to the
negative, time rate of change of the total magnetic flux through the closed
path.

The current density J produced by a fluid moving with velocity U across

H is given by

J=0 (E+ U Ux H) (7)

where ¢ is the electrical conductivity of the fluid. The current and the
magnetic field interact to produce a magnetic force on the fluid. This
force is known as Lorentz force and is given by

L=u JxH (8)

By adding the Lorentz force to the other forces acting on the fluid in the
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usual hydrodynamic equation, we obtain, for viscous incompressible fluid

and in vector form, the following magnetodydrodynamic equation of motion.

U

DU . _ 2
epr=-gradP+uUV2U+ e JxH (9)

We now derive the equation of motion for the magnetic field. In view

of equations (6) and (7), we have

9H _ 1 1 .
at-—uecurl(og_—ueyxﬂ) (10)

making use of equation (5), we have

_g% - curl (Ux H) = - curL (e curl H) , ()

where 1

- 4'nue

e (12)

The parameter e 1is called the resistivity of the fluid and has the
dimension of cm?sec™!. If e is assumed to be a constant, then the equation

of motion of the magnetic field (11) reduces to

ELI—curl (Ux H) = - e V3H (13)
at

To formulate the MHD energy equation, we first note that a single
charge q moving with velocity U across a magnetic field experiences the
electromagnetic force gq. (E + 44U x H), which does work on it at a rate
qQU.E + aquU (U x H). The second term vanishes because the force is
perpendicular to the motion. Next, a moving charge is equivalent to a
current J. Thus the electromagnetic field does work on the charges, and

via them on the fluid, at a rate of E J. According to equation (7)
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J2
EJ=5-J (LU x H) (14)

The first term is called the joule heating and is due to the resistance of
the fluid to the flow of currents. For the second term, - J (MU x H) =
U(uJ x H) and this represents the rate at which the magnetic force (MJ x H)
does work on the fluid as a whole. |
Including the term E J in the hydrodynamic energy equation gives, for
viscous incompressible flow, the following complete MHD energy equation
U2

D_ Usy - - di - 2 5
e It (cp T + 5 ) =EJ-divQ-Ugrad P+ Vv Vey + ¢ (15)

where Q is the heat flux and ¢ is the viscous dissipation. If the transfer
of heat by radiation is neglected then according to Fourier’s law, @ = - k
grad T, k being the thermal conductivity. If k is constant, then div Q = -

k V2T. Thus equation (15) reduces to

2
o] %E (cp T + g-) =EJ+kV2T -Ugrad P+ Vv VeU + ¢ (16)

The mechanical energy equation can be derived by forming the scalar

product of the velocity vector U and the equation of motion

2
02 (&) = -Ugrad P+ VUV + U (4ed x 1) (17)

subtracting (17) from the complete energy equation (16) leaves the entropy

equation

e cp A V3T + 22 4 o (18)

The complete energy equation, the equation of motion and the entropy

equation are not all independent. We have deduced the entropy equation
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from the other two. Thus we need only to use two of them in any problem.
When the Joule and viscous dissipations are neglected, equation (18)

reduce to

oo 2.y v2
,Apcht_kVE (19)

Since we are dealing with a fluid between two concentric rotating
cylinders, it is appropriate to rewrite the various MHD equations in the
cylindrical coordinate system. Thus if (u, v, w) and (f, g, h) represents
the components of the velocity and the magnetic fields in (r, ©, =z2)
directions respectively, then with the aid of equation (5), the three

components of the Lorentz force (8) take the following form:

Lez%ﬁ[fg—i+§%§+hg-§-+¥j—§ﬁ%g—elﬂlz (21)
L,=bere R4 880, 3y e d pp (22)
Making use of equations (20) - (22), the momentum equations can be written

as:

RroeR iR BT e i g ani-5
:—g—f—_+V(V2u—%§g—g-%§) (23)

g—z+ug—z+¥%+w%+?—-1‘%(fg—§+§g§+hg—§+g)
-%gg+v(v2v+§zg-‘—;-¥§) (24)
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= - 24y v (25)
= e (V2f - %z g% - %z) (26)
=e(vzg+ 5 L&, (27)
%% +udly v,y & gg -3 & = e veh (28)
where
s:é(p+ﬂe’§,',2) , (29)
and V2 stands for the Laplacian operator.
vz - g;z + % %; " %§ ggf + ggf (30)

The continuity equations of the velocity and the magnetic fields take the

form
du ,u, 13v k6 3w _
-a—r+;+;£+$—o {31)
af  f,13g, 3h_
ar + r + rae " az 0 (32)

Finally the energy equation (19) in cylindrical coordinates becomes

aT 3T . v aT AT, _ 1 s
QCp(-a—t+u-a—r+;ae+Wa—z)—kVT (33)

and the equation of state is given by
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e=p; [1-x(T-1Ty)1 . (34)

3.3 Steady State Solution

For an electrically conducting fluid between two coaxial cylinders with

a constant magnetic field applied in the axial direction, the MHD equations

(23) - (34) admit a steady state solution of the form
= w = , v = V(r) (35)
f=g=0 , h=H = constant
T = T(r)
provided that
ds _ Ve
Frialie (36)
and
v?—v-‘;—gzo (37)
The general solution of (36) is
V=zar+ 2 (38)
r B
where the constants A and B are as given by (15) in Section 2.2.
The steady temperature T is governed by
- -
%ﬂ»%g—r:o (39)

For cylinders with different constant temperatures, the boundary conditions

on T are

=

=T, at r = Ry
(40)

=l
"

T, at r = R,

From (39) and (40), we have

63




1n ;— (41)

3.4 Perturbation Equations

Denoting the disturbances in the velocity field by (u’, v, w’), that
in magnetic field by (f°, g, h’) and those in temperature, density and
pressure by T°, ", s’ respectively, the perturbed state of the fluid is

thus described by

u’, V+v,w, f,g,H+h', T+ T, e+pe, s+s’ (42)

.The variation in the disturbances are assumed to be axisymmetric about the
z-axis and so they are independent of e. Substituting (42) in the MHD
equations (23) - (34) and neglecting all terms that involve products, and
powers greater than one, of the disturbance quantities, we obtain the

following linearized equations.

pg%'-zpl’v'—p'g-%gﬂggz-%+pv(v2u %y 43
eq-te D u -Hepd oy (va - Y, (44)
oIl - Le I R ST (45)
S -HIE - e v - L (46)
% %—%)f—H%-e(Vzg - (47)
%-ng—-evzh (48)
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LR e Sy » (51)
pt+te =@ [1 -« (T+T -T,)1 . (52)

Due to the smallness of the thermal expansion coefficient «, a small
temperature variation will lead to a small variation in the density. Thus,

we will assume the density is a constant p, except when multiplied by the

72
centrifugal acceleration term %—. This is the classic Buossinesq

2
approximation. In view of (52), the term g’ %— in equtaion (43) can be

72
replaced by - p « T~ %—.

3.5 Analysis in Terms of Normal Modes

By analysing the disturbances into normal modes, we seek solutions of

the equations (43) - (52), of the form
u’ = u(r) et cos 2z f° = f(r) €St sin Xz
v’ = v(r) et cos Az g = g(r) et sin 2z
(53)
w’ = w(r) €%t sin 2z h” = h(r) et cos 2z
s’ = s(r) €%t cos Xz T = T(r) €t cos 2z
. . . . dav vV dv \%
Substituting 553) into (43) - (52) and replacing (a; + ;) by 2A, (a; - ;)
by 2 %g and.g% by its value from (41), we obtain
d ,1d _,2_1 _9o, _1lds_,V V2 oo Me
V(‘d?+rdr—)\ _;E-V)u_‘?dr 2rV+GrT 4anf (54)
A, ld s Ll oo M 5
Vztra M omop veu- e o)
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v(%+%%—>\2—§)w:—gs+%§Hh (56)
e(gr—zf+%g—;->2-%5-g)f=xnu (57)
e(gr—;-}-%%id;-)\Z-%z—g)g:)\Hv-Z%f (58)
e(ﬁr—zz+%%—>2-§>h=-”w (59)
(g_r,u%)u:_xw (60)
(3—;+%) =3 h (61)
%(%Jr%g—r-xz-o—kp%)'r:-(—zll;—%ilu (62)
2

The dependence of the above equations on s can be eliminated by first
differentiating (56) and then combining it with (54). Moreover, we can

rewrite the above equations as

¥ _ 32 _ Oy 1 - _2YV x V2 _1

(DD¥ =22 - DG Dw+w) = -5 ov+ g T -3 H(f-5Dh)  (63)
X _y2 _ 0 - 2A MM

(DD A V) v = 5 U 4nvag (64)
X _ 52 _ 9 -2

(DD A e) f—eHu (65)
x _y2 _0O -2 - B

(DD A e) g-eHv Zg;zf (66)

OD-»2-% nh=-24y (67)

e e
Dfu = -2 w (68)
D¥Xf =2 h (69)
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(D*D - 22 - QEEP) T = - ooy iib_:_Iﬁl u (70)
rkln=t
R,
d d 1
where D= i , D¥ = =t T - (71)
x _ d? 1d 1
Thus DD _F+rdr Ff
(72)
xp - _,14d
DD = &= T dr
In equations (63) - (70), we note that (65) and (67) are dependent. By

applying D¥ on (65) and making use of (68) and (69), we retain (67). Also,
the number of equations can be further reduced by substituting for w and h

in (63) by their values from (68) and (69). Equation (63) becomes

¥ 32 - Oypp* - x2yy = 2 22V o _xA2 V2 oy X _ 52
(DD* = 22 - Sy(ODF - 22)u =2 v 7 T - Zmes H (ODF - 22) £

(73)

3.6 Stationary Marginal State

We shall investigate the situation when instability sets in as a
stationary secondary flow. In this case, the equations governing the
marginal state can be obtained by setting ¢ = 0 in equations (64), (65),

(66), (70) and (73)

A2y A2 y2 AU
X _ y2y2 — 2oy _ o Y _ L He X _ N2
OD* -22)2u=27 v -al-—T Tros H (DD* - 2%) £ (74)
X _ \2 -0 A X U =
(DD A2) v = 2 S u Trioy Hg (75)
X 2 _ A
(DD* - 22) f = 2 Hu (76)
(DD* - %2) g =2 gy -2 B¢ (77)
e er
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(D*D _:)‘2) T = - PCp (T2 -T,) u

B . (78)
rk ln=
R,
The non-dimensional variables are introduced as follows
=L Ry = - By - & =L
X d ’ a Ad ’ n_RZ ’ U—Qz ’ E-R2
_ v B v _ 2A @2 _ 2kR,Alnn
G(x) = =, - A, + ﬁ% , us==—=—u , ] ecp =5 (T, - T,) T
~_2eAd T e
PE3eR f 0 ergpe (79
where
A, = M= B, = nz L= K (80)
1 T -n2 1 1 -n2 .

In terms of (79) and substituting for (DD* - a2) f from (76) into (74),

equation (74) - (78) become

-~

2 42 4
[(DD* - a2)2 4 Efﬁgiéé' a2l u = éé—%%—g; a? G(x) v

, xecy (T, - T,) d* @° € a2 [G(x)]2

B Vklnn © (81)
t S -7 _ Mg H2 42 L%
(DD a<) v = u inove a< g (82)
(DD¥ - a2) f = y (83)
x _ .2y o -B V1 %
(DD ac) g = A, o ] f+v (84)
(D*D) - a2) o = é u (85)

% d_ d_ l1-n )
where now D and D* stands for = and (dX + ——§—_) respectively.

Defining the Taylor number, Rayleigh number, Prandtl number, magnetic
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P%andtl number, and Q as;

-4A O, 44 - (T, - T,) a4 2
e N s
(86)
_ Vec Y _ u, H2 @2
Pr==P » Bp=g v Q= e

We can rewrite equations (81), (82) and (84), after dropping the

superscripts on 4, f and g as,

[(DD* - a2)2 + Qa2lu=-2a2 T, [G(x) v +N& (G(X))2 o] (87)
(DD* - a2) v=U-Qa2 g (88)
(DD*—aZ)gzﬁmef+v (89)
where

N = %; . Pr4°‘AITin‘nT1) . (90)

3.7 Small Magnetic Prandtl Number

For many electrically conducting fluids, the magnetic Prandtl number is
very small. As an exahple, for mercury Pp = 1.45 x 1077, Therefore we set
Pp equals zero and then substitute for v in (87) and (88) by its value from
(89). The governing equations reduce to

C(DD* - a2)2 + Q a2] u = - a2 T, [G(x)(DD* - a2) g + N € (G(x))2 6]

(91)
C(DD* - a2)2 + Q a2] g=u (92)
(DD¥ - a2) o = -é— u (93)
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3.8 Boundary Conditions

Firstly, the boundary conditions on the velocities require that they
vanish on the walls (no slip condition). According to equation (60), the
condition w = 0 can be replaced by D¥u = 0 and since u = 0, it follows that

DU = 0. Hence the conditions on u and v are

u=Du=v=0 at x =0, 1 . - (94)

Secondly, the boundary conditions on the magnetic fields depend on the
nature of the walls confining the fluid. For walls of finite electrical
conductivity, the magnetic perturbations will penetrate into the material
of the cylinder. This will complicate the problem because the interaction
of the fluid and the cylinders will not be restricted to the surfaces r =
R, and r = R,. Since our prime interest is to explore the manner in which
the magnetic field affects the onset of instability of the flow, it is
appropriate to limit the magnetic perturbation to the fluid between the
cylinders. This can be achieved if we consider the following two extreme
cases:

(a) perfectly non-conducting cylinders.
(b) perfectly conducting cylinders.

For case (a), the electrical conductivity of the walls is zero. There
is no current which can cross the walls. Therefore, the current density
normal to the walls must be zero, i.e., Jr = 0. This condition implies,

according to equation (5), that

g=0 at x =0, 1 . (95)
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For perfectly conducting walls, the electrical field tangent to the
walls must be zero so that the current density in the conductor remain
finite. Since the velocities at the walls are zero, it follows from
equation (7) that Jo = J, = 0. Using the relation between the current

Z

density and the magnetic field {5), we have

f =D¥ = 0 at x =0, 1 . (96)

6 =0 at x =0, 1 . (97)

3.9 Narrow Gap Approximation

If the gap spacing d = R, - R, is small compared to the mean radius Ro

¥ (R; + R,), then the narrow gap approximations given by (56) in Section

2.6 can be applied and the governing equations (91) - (93) reduce to

[(D% - a%)2 + Qa2 u = - a? T, [G(x)(D? - a2) g + N (G(x))2 6]  (98)

|

c
(o]
Nej

C(D? - a2)2 + Q a2] g =

(D2 - a2) e = y . (100)

Boundary Conditions

a) Conducting Walls

8 =0 atx =0, 1 (101)

u=Du=Dg = (DD¥ - a2) g
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b) Non-Conducting Walls

u=Du=gz=(DD¥ -a2) g =86 =0 at x = 0, 1 (102)
where now

G(x) =1 - (1 - u) x
N=Pro (T, ~Ty)/2 (1 - u) {103)

Equations (98) - (100) and the boundary condition (101) or (102) define

an eigenvalue problem of the form
F (Ta) a, H, Q, N) = 0 . (104)

For fixed values of u, Q and N we wish to determine the minimum positive Ty
over all real positive wave numbers, a, for which there exists a
non-trivial solution of the eigenvalue problem. The critical value of Ty
determines the critical speed at which instability first sets in the fluid.
The corresponding critical value of a, determines the spacing of the

vortices in the z-direction.

3.10 Method of Solution

The eigenvalue problem (104) is solved by the Harris and Reid Method
(1964). The method has been described in details in Section 2.7, thus it
is sufficient here to demonstrate only how the method can be adapted for
the present problem. We start by rewriting equations (98) - (100) as a

system of first order equations. So we put
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C = (D% - a2) u E=D (D2 - a2) u
F=g H = Dg (105)
I=(D?-2a%)g J;D(Dz—aZ)g
K=o8 L = De .

Thus
DA =B DB=C+ a2 A
DC = E DE = a?C - Q a2A - a2 T, [G(x).I + N (G(x))3K]
H = DF DH = I + a®F
DI = J DJ = a2 - Q a%F + A (106)
DK = L DL = a%K + A

The boundary conditions for conducting walls case (the corresponding case

of non-conducting walls is referred to in brackets) require that

at x =0, 1 (107)

]
—
"
=~
"
o

A = B = H(F)

We define five linearly independent solutions Ay, F; and K;, (i =

1,2,3,4,5) of equation (98) - (100) by imposing the initial conditions
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[Ai =Bj = Hij(Fj) =1 = K1J= 0 , i=1,2,3,4,5 (108)
and
£11,0,0,0,00 =1
(0,1,0,0,0) i=2
! _.
C; = Ej = Fi(H;) = J; = Ly = }(0,0,1,.0,0) i=3 (109)
, (0,0,0,1,0) i=4
{ (0,0,0,0,1)  i=5
\
at x =0

A solution of (98) - (100) which automatically satisfies the boundary

condition at x = 0 can be written as:
u=E£ ma; , g=f NF; o, e=F P (110)
where Mj, Nj and P; are constants. The bondary conditions at x = 1 then

require that

E MjA; =0, E MijB; =0 E NjHij(F;) = 0O
i=1 i=1 i=1

(111)

If the constants Mj, Nj and P; are not to vanish identically then it is
necessary to have

® (a) T, d, Q, N) Hl(Fl) = 0, at x = 1. (112)

This is the characteristic equation from which the critical values of a and
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T, can be obtained for any given values of M4, N and Q.
The process of numerically integrating the fifty equations defined by
(106) and the process of determining the Taylor and wave numbers that

satisfy equation (112) are the same as described in Section 2.7.

3.11 Discussion of the Results

At the beginning, we note that our stability analysis combines in one
problem the simultanecus effects of heating, axial magnetic field,
velocities ratio and radii ratio. The study includes, as special cases,
the stabilizing influence of only one or two factvors, previously examined
by different authors. Setting @ = 0 and N = 0, the governing equations
reduce to that derived first by Taylor (1923) under the narrow gap
approximations and then by Chandrasekhar (1958) and Sparrow, Munro and
Jonsson (1964) for the wide gap case. When Q@ = O but N = 0, we recover the
stability equations of radial temperature gradient first obtained by
Walowit, Tsao and DiPrima (1964) and later by Soundalgekar, Takhar and
Smith (1981). Finally, if N = 0 but @ # 0, then we come to the problem
first considered by Chandrasekhar (1953) for an electrically conducting
Couette flow with an axial magnetic field and narrow-gap assumptions. It
is worth mentioning here that the results obtained for the above special
problems are in good agreement with our predictions.

For both conducting and non-conducting walls, an inspection of Tables
1-8 and Figs.1-24 allows us to write down the following general statements
about the effect of Q, N and U on the stability of the flow.

1. The presence of an axial magnetic field inhibits the onset of
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instability. The greater the strength of the magnetic field, the greater
is the angular velocity €, needed to bring about the instability. The
reason for this inhibiting effect of @ is that the magnetic lines of force
have a tendency to be dragged with the fluid. This attachment of the fluid
to the lines of force gets stronger with large values of Q. Consequently,
it becomes difficult for the fluid to move at right angles to the magnetic
field which is required for instability.

2. When the temperature of the fluid has a radial variation then,
depending on the direction of heat flow, the fluid becomes more or less
stable. The transfer of heat from or towards the inner cylinder raises or
lowers respectively the fluid transition velocity. Consequently, the
stabilization effect of the magnetic field can be strenghtened or weakened
by the presence of heating.

3. The third factor that creates changes in T. is the angular velocities
ratio of the cylinders u. For different wvalues of wu, different
quantitative changes of the same type of effects mentioned above for @ and
N are predicted. The critical Taylor number which results from rotating
the inner cylinder only is decreased or increased when the two cylinders
rotate in the same or in the opposite direction respectively.

In view of (1), (2) and (3), we may now analyse the To’s calculated for
different values of the axial magnetic field, the temperature gradient and
the velocities ratio of the two cylinders. The case of perfectly
conducting walls will be referred to by (a) and that of non-conducting
walls by (b). Starting with the variation of To with Q for different N and

U, the tabular results and Figs.1-8 reveal the following.

1. For an isothermal flow and non-rotating outer cylinder the inhibiting

power of Q is manifested through its influence on To. As Table 1 and Fig.l
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demonstrate, for case (a) the Tc at @ = 10 is about 1% times that at @ =0.
It rises to a value more than forty times as great when @ = 300. This
indicates that the flow stabilizes at an accelerating rate with stronger
magnetic fields. For case (b), the capability of Q to maintain a stable
flow is considerably smaller than (a). With Q reaching 300, the critical
angular velocity increases by only about ten times ®, at Q = 0.

2. A further inspection of Table 1 and Fig.l also suggests that the
contribution of heating in varying the critical velocity is more effective
at high values of Q. For (a), due to the presence of a positive
temperature gradient that corresponds to N = 0.1, the T of an isothermal
flow suffers a reduction by 5% when @ = 0 and by 40% when @ = 300. The
equivalent negative temperature gradient (i.e., N = - 0.1) causes a larger
change in T,.. For @ = 0 and Q@ = 300, the T.’s rise by 6% and 97%
respectively. That the same amount of heat has a greater effect when it
transfers from the inner rather than the outer cylinder is predicted for
all calculated values of N. The difference in case (b) is that the changes
in T, created by N are less significant as compared with (a). With N = 0.1
or N = - 0.1, the To goes up or down by about 16% or 20% respectively.

3. The same type of interaction between @ and N described in (1) and (2)
is also observed when both cylinders are rotating (i.e., U # 0). However,
as one can deduce from Figs.2-8, the stabilizing role that u plays is
manifested through the quantitative dependence of the critical conditions,
associated with given temperature gradient and magnetic field, on its
value. This can be seen if we note, for example for case (a) that as the
magnitude of 4 changes from |u| = 0.25 to |u| = 1.0, the To results from
the combined effect of Q = 300 and N = - 0.1 loses about 40% of its
original value for co-rotating cylinders and about 37% for counter-rotating

cylinders.
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The variations of Tc with N, shown in tabular and graphical forms,
demonstrate the role that heating can play in the control of the velocity
at the onset of instability for an electrically conducting flow under the
influence of a fixed magnetic field and velocities ratio u. It can be
readily seen from the tabular results and Figs.9-24 that the critical
Taylor number varies smoothly and slowly with N and the fastest rate of
this variation occurs in the presence of a strong magnetic field. As an
example, for (a) and u = 0, the gain in Tos, due to reversing the
temperature gradient between the cylinders from N = 0.1 to N = - 0.1, is
about 12% when Q = 0 and it is more than 220% when Q = 300. This shows
that a greater stability reaction is obtained when the alteratibn of the
constant temperatures of the cylinders occurs in the presence of a strong
magnetic field.

A comparison between Figs.9-24 indicates that u has a quantitative role
in the changes in To created by N for a given Q. Co-rotating and
counter-rotating cylinders will respectively reduce and magnify the
forementioned effects of N on To. We note, for example, for (a) and Q =
50, that by heating the isothermal fluid to N = 0.1, the T. changes by
about 14% for u = 0, 22% for 4 = 1.0 and by 10% for u = - 1.0.

It is quite evident from our calculations that the vital contribution
to the fluid stability comes from the magnetic field rather than from
heating. This is due to the fact that while the magnetic field can be
strengthened to a large extent the heating (restricted by our assumptions
that Vv, k and Cp are. considered as constants) is to be of moderate
magnitude. Therefore, if we are to examine the effect of great heating,
then a stability study which accounts for the presence of a large
temperature gradient is needed. That such an important study has not yet

been reported is mainly attributed to its complexity.
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We now turn to analyse the effect of Q, N and u on the critical wave
number a,. With the aid of Tables 1-4, we may state the following for the
case of perfectly conducting walls,

1. When an axial magnetic field is applied to an isothermal flow with a
stationary outer cylinder, the critical wave number as for @ # 0 may move
to a higher or lower value depending on the strength of the magnetic field.
For Q leés than about 100, the 8- undergoes a gradual increase with larger
Q, where for @ > 100, the ac suffers a continuous reduction in its value.
2. Keeping the outer cylinder at a constant temperature, greater or lower
than that of the inner cylinder, causes the as, for N = 0 to decrease or
increase respectively. Also, as in the case of Toy the changes of a, with
the larger magnitude of N are accelerated in the presence of a strong
magnetic field. When a negative temperature gradient that corresponds to N
= - 0.1 is maintained between the cylinders, this causes a, to increase by
about 0.8% when Q = 10 and by more than 70% when Q = 200.

3. The type of variation of a. with 4 is a function of the temperature
gradient that prevails in the fluid. Driving the two cylinders in the same
direction with increasing values of u leads to a lower a. when the fluid is
under the influence of N = 0 or small negative N accompanied by small u,
whereas for large negative N, the a. attains higher values with u. On the
other hand, for counter-rotating cylinders, the relation between a. and U
is simpler. The a, decreases or increases according as N > 0 or N < 0.

When the cylinders are made of non-conducting materials, the e
exhibits a smooth pattern of variation with Q, N and 4. For any fixed N
and u, the a. shows a gradual decrease with larger values of Q. For
rotating cylinders with u > - 0.5 and also for u < 0.5 accompanied by a
strong magnetic field (@ > 100), the a, smoothly increases or decreases

with larger magnitudes of positive or negative N respectively. It is also
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worth mentioning here that, as shown before for T., the 8. associated with
any values of 4, N and Q@ =% 0 is always smaller for the case of

non-conducting walls as compared with that of the conducting walls.
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TABLE 1: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF u, Q AND N

- CONDUCTING WALLS -

83

u Q N oac Te u Q N oag To
0.0 0.0 0.1 3.127 3210 0.25 0.0 0.1 3.121 2558
0.05 3.127 3297 0.05 3.120 2638
0.0 3.127 3390 0.0 3.120 2724
-0.05 3.126 3487 -0.05 3.120 2816
-0.1 3.126 3590 -0.1 3.120 2914
10 0.1 3.305 4934 10 0.1 3.291 3929
0.05 3.315 5119 0.05 3.303 4100
0.0 3.327 5319 0.0 3.317 4287
-0.05 3.339 5535 -0.05 3.331 4491
-0.1 3.352 5769 -0.1 3.348 4715
50 0.1 3.364 13442 50 0.1 3.317 10681
0.05 3.425 14436 0.05 3.386 11594
0.0 3.498 15576 0.0 3.471 12664
-0.05 3.584 16893 -0.05 3.573 13928
-0.1 3.687 18425 -0.1 3.699 15437
100 0.1 3.134 26817 100 0.1 3.053 21219
0.05 3.253 29939 0.05 3.180 24072
0.0 3.417 33788 0.0 3.361 27703
~0.05 3.646 38586 -0.05 3.627 32385
-0.1 3.946 44596 -0.1 4.010 38436
200 0.1 2.632 57763 200 0.1 2.53 45221
0.05 2.777 68859 0.05 2.673 55155
0.0 3.060 84806 0.0 2.949 70123
-0.05 3.768 108414 -0.05 3.667 93535
-0.1 5.207 140084 -0.1 5.307 126497
300 0.1 2.292 90274 300 0.1 2,208 70071
0.05 2.403 112843 0.05 2.306 89843
0.0 2.686 150345 0.0 2.554 124235
~0.05 4.750 219046 -0.05 4.829 195534
-0.1 6.953 295764 -0.1 7.364 276369




TABLE 2: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF u, Q AND N
- CONDUCTING WALLS -

Q N ac Tc 19 Q N a‘C TC
0.0 0.1 3.117 2114 1.0 0.0 0.1 3.116 1552
0.05 3.117 2191 0.05 3.1186 1626
0.0 3.117 2275 0.0 3.116 1707
-0.05 3.117 2364 -0.05 3.116 1797
-0.1 3.282 2462 -0.1 3.116 1897
10 0.1 3.282 3239 10 0.1 3.271 2360
0.05 3.297 3402 0.05 3.290 2515
0.0 3.312 3582 0.0 3.311 2690
-0.05 3.331 3783 -0.05 3.335 2892
-0.1 3.351 4007 -0.1 3.364 3125
50 0.1 3.285 8729 50 0.1 3.237 6211
0.05 3.362 9590 0.05 3.331 6997
0.0 3.459 10622 0.0 3.454 7990
-0.05 3.582 11875 -0.05 3.622 9271
-0.1 3.737 13416 -0.1 3.850 10960
100 0.1 2.999 17174 100 0.1 2.926 11917
0.05 3.134 19825 0.05 3.075 14248
0.0 3.338 23320 0.0 3.327 17570
-0.05 3.653 28005 -0.05 3.770 22439
-0.1 4,126 34284 -0.1 4.481 29505
200 0.1 2.479 36021 200 0.1 2.414 24109
0.05 2.613 44988 0.05 2.547 31505
0.0 2.903 59241 0.0 2.882 44711
-0.05 3.709 82777 -0.05 4.046 69448
-0.1 5.476 116446 -0.1 6.059 104850
300 0.1 2.160 55229 300 0.1 2.114 36171
0.05 2.253 72695 0.05 2.202 49974
0.0 2.502 104902 0.0 2.479 79150
-0.05 4.645 178355 -0.05 3.468 137178
-0.1 7.880 261507 -0.1 3.123 165925
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TABLE 3: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF u, Q AND N
- CONDUCTING WALLS -

M Q N ac Te M Q N aa Ta
-0.25 0.0 0.1 3.145 4251 -0.5 0.0 0.1 3.199 6115
0.05 3.145 4353 0.05 3.199 6261
0.0 3.144 4461 0.0 3.198 6413
-0.05 3.143 4574 -0.05 3.198 6574
-0.1  3.142 4693 -0.1  3.197 6742
10 0.1 3.334 6506 10 0.1 3.408 9196
0.05 3.343 6723 0.05 3.417 9493
0.0 3.352 6954 0.0 3.427 9808
-0.05 3.362 7202 -0.05 3.438 10145
-0.1 3.373 7464 -0.1 3.450 10506
50 0.1 3.442 17509 50 0.1 3.594 23667
0.05 3.499 18645 0.05 3.653 25074
0.0 3.564 19929 0.0 3.721 26643
-0.05 3.639 21386 ~0.05 3.798 28403
-0.1 3.728 23049 -0.1 3.886 30384
100 0.1 3.267 34686 100 0.1 3.499 45693
0.05 3.386 38200 0.05 3.633 49787
0.0 3.544 42419 0.0 3.801 54575
-0.05 3.754 47528 -0.05 4.012 60198
-0.1  4.035 53740 -0.1  4.272 66813
200 0.1 2.798 74765 200 0.1 3.091 97317
0.05 2.971 87323 0.05 3.340 111608
0.0 3.307 104542 0.0 3.770 129975
-0.05 4.051 128199 -0.05 4.455 153110
-0.1  5.200 157971 -0.1 5.302 181087
300 0.1 2.442 117461 300 0.1 2.716 153318
0.05 2.591 143615 0.05 2.985 183827
0.0 3.024 185058 0.0 3.700 227577
-0.05 4.840 248640 -0.05 5.076 284963
-0.1 6.663 320695 -0.1 6.511 352370
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TABLE 4: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF u, Q AND N
- CONDUCTING WALLS -

Q N ac Te u Q N ac Te
0.0 0.1 3.394 9939 -1.0 0.0 0.1 3.954 17514
0.05 3.400 10220 0.05 3.997 18075
0.0 3.406 10517 0.0 3.999 18662
-0.05 3.413 10831 -0.05 4.021 19279
-0.1  3.420 11162 -0.1 4.044 19927
10 0.1 3.622 14157 10 0.1 4.095 22680
0.05 3.641 14655 0.05 4.130 23512
0.0 3.662 15186 0.0 4.166 24390
-0.05 3.685 15754 -0.05 4.202 25319
-0.1 3.708 16362 -0.1  4.237 26302
50 0.1 3.880 32869 50 0.1 4.304 45783
0.05 3.956 34720 0.05 4.392 48192
0.0 4.038 36755 0.0 4.481 50793
-0.05 4.127 38998 -0.05 4.873 53616
-0.1  4.224 41479 -0.1 4.664 56689
100 0.1 3.872 60606 100 0.1 4.369 79969
0.05 4.030 65438 0.05 4.531 85604
0.0 4.210 70919 0.0 4.699 91849
-0.05 4.412 77158 -0.05 4.873 98812
-0.1 4.638 84283 -0.1 5.058 106618
200 0.1 3.597 126145 200 0.1 4.293 161005
0.05 3.993 141920 0.05 4.611 187110
0.0 4.370 160853 0.0 4.964 197195
-0.05 4.904 183468 -0.05 5.364 219879
-0.1 5.516 210320 -0.1 5.820 246469
300 0.1 3.252 198958 300 0.1 4.071 252426
0.05 3.716 232622 0.05 4.522 287034
0.0 4.439 275447 0.0 5.085 328983
~0.05 5.408 328472 -0.05 5.792 379814
-0.1 6.504 392037 -0.1 6.631 440823
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TABLE 5: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF i, Q AND N
- NON-CONDUCTING WALLS -

Q N ac Te u Q N ac T,
0.0 0.1 3.128 3210 0.25 0.0 0.1 3.119 2558
0.05 3.127 3297 0.05 3.119 2639
0.0 3.127 3390 0.0 3.119 2725
-0.05 3.126 3487 -0.05 3.118 2817
-0.1  3.125 3590 -0.1  3.118 2915
10 0.1 2.997 4410 10 0.1 2.98 3511
0.05 2.995 4559 0.05 2.985 3649
0.0 2.993 4719 0.0 2.983 3798
-0.05 2.992 4890 -0.05 2.983 3959
-0.1  2.990 5073 -0.1 2.980 4135
50 0.1 2.426 10162 50 0.1 2.408 8063
0.05 2.398 10742 0.05 2.378 8595
0.0 2.365 11390 0.0 2.341 9199
-0.05 2.326 12120 -0.05 2.295 9891
-0.1  2.278 12943 -0.1 2.238 10689
100 0.1 1.879 18364 100 0.1 1.870 14518
0.05 1.807 19741 0.05 1.792 15769
0.0 1.725 21296 0.0 1.701 17212
-0.05 1.635 23053 -0.05 1.601 18872
-0.1 1.542 25029 -0.1  1.497 20776
200 0.1 1.340 25534 200 0.1 1.342 27989
0.05 1.249 38666 0.05 1.243 30832
0.0 1.162 42146 0.0 1.147 34052
-0.05 1.082 45995 -0.05 1.061 37677
-0.1 1.010 50238 -0.1  0.981 41744
300 0.1 1.088 52906 300 0.1 1.094 41609
0.05 1.002 57814 0.05 0.999 46068
0.0 0.926 63206 0.0 0.915 51056
~0.05 0.860 69115 -0.05 0.843 56618
-0.1 0.803 75588 -0.1 0.781 62815
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TABLE 6: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF i, Q AND N
- NON-CONDUCTING WALLS -

Q N ac T u Q N 2c Te
0.0 0.1 3.118 2114 1.0 0.0 0.1 3.116 1588
0.05 3.118 2192 0.05 3.118 1626
0.0 3.119 2275 0.0 3.118 1707
-0.05 3.118 2365 -0.05 3.118 1797
-0.1  3.118 2462 -0.1  3.117 1897
10 0.1 2.982 2897 10 0.1 2.981 2117
0.05 2.981 3028 0.05 2.980 2241
0.0 2.981 3172 0.0 2.978 2382
-0.05 2.978 3331 -0.05 2.976 2541
-0.1 2.976 3506 -0.1 2.974 2722
50 0.1 2.407 6609 50 0.1 2.419 4752
0.05 2.374 7112 0.05 2.380 5217
0.0 2.332 7695 0.0 2.327 5780
-0.05 2.278 8377 -0.05 2.254 6473
-0.1  2.208 9183 -0.1 2.151 7339
100 0.1 1.879 11837 100 0.1 1.919 8408
0.05 1.794 13013 0.05 1.818 9484
0.0 1.692 14401 0.0 1.688 10820
~0.05 1.578 16035 -0.05 1.537 12476
-0.1 1.458 17951 -0.1 1.383 14514
200 0.1 1.142 28487 200 0.1 1.422 15959
0.05 1.251 25390 0.05 1.281 18414
0.0 1.142 22715 0.0 1.138 21402
-0.05 1.042 32045 -0.05 1.012 24993
-0.1 0.955 36117 -0.1 0.905 29282
300 0.1 1.115 33705 300 0.1 1.178 25414
0.05 1.007 37908 0.05 1.038 27444
0.0 0.911 42709 0.0 0.910 32086
-0.05 0.829 48164 -0.05 0.805 37584
-0.1 0.760 54362 -0.1  0.721 44097
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TABLE 7: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF u, Q AND N
- NON-CONDUCTING WALLS -

Q N ac Te M Q N ac Te
-0.25 0.0 0.1 3.146 4251 -0.5 0.0 0.1 3.199 6115
0.05 3.145 4353 0.05 3.199 6261
0.0 3.144 4461 0.0 3.198 6413
-0.05 3.143 4574 -0.05 3.198 6574
-0.1 3.142 4693 -0.1  3.197 6742
10 0.1 3.020 6829 10 0.1 3.100 8308
0.05 3.022 6004 0.05 3.100 8551
0.0 3.020 6190 0.0 3.100 8810
-0.05 3.018 6387 -0.05 3.099 9084
-0.1 3.016 6597 -0.1 3.098 9376
50 0.1 2.500 13377 50 0.1 2.654 18594
0.05 2.458 14057 0.05 2.639 19503
0.0 2.429 14808 0.0 2.621 20505
-0.05 2.395 15642 -0.05 2.599 21615
-0.1 2.354 16570 -0.1 2.573 22850
100 0.1 1.941 24171 100 0.1 2.159 33214
0.05 1.872 25799 0.05 2.097 35414
0.0 1.793 27620 0.0 2.020 37893
-0.05 1.705 29651 -0.05 1.927 40687
-0.1 1.614 31911 -0.1 1.820 43828
200 0.1 1.385 46847 200 0.1 1.580 64090
0.05 1.292 50593 0.05 1.466 69356
0.0 1.204 54704 0.0 1.351 75919
-0.05 1.123 59194 -0.05 1.244 81593
-0.1 1.051 64082 -0.1 1.150 88573
300 0.1 1.121 69820 300 0.1 1.288 95461
0.05 1.034 75706 : 0.05 1.169 103886
0.0 0.957 82088 0.0 1.064 113055
-0.05 0.890 88991 -0.05 0.976 122967
-0.1 0.833 96456 -0.1 0.902 133660
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TABLE 8: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF u, Q AND N
- NON-CONDUCTING WALLS -

Q N ac Te u Q N ac Te
0.0 0.1 3.394 10078 -1.0 0.0 0.1 3.954 17514
0.05 3.400 10221 0.05 3.976 18075

0.0 3.407 10517 0.0 3.999 18662

-0.05 3.413 10831 -0.05 4.021 19279

-0.1 3.420 11163 ~0.1 4.044 19927

10 0.1 3.351 13063 10 0.1 3.918 21485
0.05 3.362 13497 0.05 3.947 22248

0.0 3.373 13959 0.0 3.976 23052

-0.05 3.384 14452 ~0.05 4.005 23902

-0.1  3.397 14978 -0.1 4.034 24800

50 0.1 2.080 26977 50 0.1 3.661 38844
0.05 3.101 28332 0.05 3.711 40733

0.0 3.125 29820 0.0 3.761 42769

-0.05 3.152 31460 -0.05 3.813 44972

-0.1 3.183 33275 -0.1 3.866 47363

100 0.1 2.679 46307 100 0.1 3.263 63015
0.05 2.683 49441 0.05 3.321 67038

0.0 2.685 53003 0.0 3.380 71498

~0.05 2.684 57082 ~0.05 3.442 76472

-0.1 2.678 61797 -0.1 3.507 82056

200 0.1 2.070 87364 200 0.1 2.576 115275
0.05 1.999 95282 0.05 2.586 125480

0.0 1.900 104547 0.0 2.589 137311
-0.05 1.770 115380 -0.05 2.554 151172

-0.1 1.616 127935 -0.1 2.489 167581
300 0.1 1.720 129273 300 0.1 2.137 169216
0.05 1.609 142555 0.05 2.090 186916
0.0 1.474 158006 0.0 2.041 207776
-0.05 1.331 175731 -0.05 1.904 232413

-0.1 1.198 195743 -0.1 1.767 261381
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CHAPTER 4
THE EFFECT OF RADIAL TEMPERATURE GRADIENT AND AXTAL MAGNETIC
FIELD ON THE STABILITY OF COUETTE FLOW - WIDE GAP PROBLEM.

4.1 Introduction

Under the restriction of a narrow gap between the cylinders, the
stability of a Couette flow under various influencing factors has received
great attention. Out of an enormous number of studies in this field, we
mention that of Taylor (1923), Chandrasekhar (1953, 1954, ;1961), Edmonds
(1958), Yih (1961), Becker and Kaye (1962), Lai (1962), Kurzweg (1962),
Harris and Reid (1964), Walowit, Tsao and DiPrima (1964), Krueger, Gross
and DiPrima (1966), Hassard, Chang and Ludford (1972), Bahl (1972), Sastry
and Rama (1977), Soundalgekar, Takhar and Smith (1981) and Takhar, Smith
and Soundalgekar (1985). In Chapter Three, we have presented the
concurrent stability effects of an applied axial magnetic field,
temperature gradient and velocities ratio.

Considerably less investigations have been carried out for the finite
gap problem. The complementary part of the narrow gap case. For
isothermal flow, the problem was studied by Chandrasekhar (1958),
Chandrasekhar and Elbert (1962), Walowit, Tsao and DiPrima (1964), Sparrow,
Munro and Jonsson (1964), Astill and Chung (1976) and by us, in Chapter
Two, as a special case of the constant heat flux problem. The stability
effect of heating due to the presence of a radial variation in the flow
temperature, was examined by Walowit et al (1964) and by us in Chapter Two.
In their study, Walowit et al (1964) assumed the situation of co-rotating
cylinders with different constant temperatures and with a gap width that
corresponds to n = % (i,e, R; = ¥ R,) only. In Chapter Two, we have
examined the stability contribution of heating due to the presence of a
constant heat flux at the inner cylinder. No restrictions have been made
on the type of rotation and the radii ratio of the two cylinders. The
critical conditions at the onset of instability were determined for the

stationary outer cylinder, for both the co-rotating and the
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counter-rotating cylinders and for a range of gap sizes that correspond to
values of n between 0.1 and 0.95.

When considered the stabilizing effect of an axial magnetic field in
the presence of various n, we could not find any study in this field except
for the one given by Chang and Sartory (1965). In their study, they
employed the finite difference techniques in order to determine the
critical conditions for a wide range of radii ratio n. However, their
investigation was limited to the case of perfectly conducting cylinders.

Moreover, they

assumed that the basic velocity V is of the form %, where A is a constant.
This form is only a special solution of the differential equation governing
the basic velocity V.

In this Chapter, we examine the stability of a viscous incompressible
Couette flow in an axially applied magnetic field. The flow has also a
radial temperature variation sustained by keeping the cylinders at
different constant temperatures. The equations governing the marginal
stability state are solved by employing a numerical procedure similar to
the one described by Harris and Reid (1964) for the non-magnetic isothermal
flow. We determined the critical conditions for all possible combinations

of the following:

(i) perfectly conducting walls

(ii) perfectly non-conducting walls

(iii) flow under the influence of an axially applied magnetic field
(iv) non-magnetic flow

{v) isothermal flow

(vi) flow with a radial temperature variation

(vii) stationary outer cylinder

(viii) co-rotating cylinders
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(ix) counter-rotating cylinders
(x) radii ratios ranging from 0.1 to 0.95.

We, therefore, include only as special case, the role of different n on
the stabilizing effect of the axially applied magnetic field, solved by
Chang and Sartory (1965). However, we solve this problem for both
conducting and non-conducting walls. Also, we make no restriction on the
steady state velocity V. The disturbances are super-imposed on the general
form of V.

In the narrow gap problem, the parameter n was eliminated from the
characteristic equation and the critical conditions were given as a
function of only 4, Q and N. The importance of retaining n in this wide
gap problem emerges from the following considerations.

1. In some practical situations, the gap width between the cylinders is
finite and thus the narrow gap assumption is not valid.

2. When the critical velocity, at which the Taylor vortices appear is to
be modified by means of adjusting the gap size between the cylinders only.
3. To exhibit the stability interaction between n and the other
influencing factors viz - velocities ratio, magnetic field and heating.

The variations of the critical Taylor number, T with various
parameters, presented in tabular and graphical forms, indicate that n plays
an important role in bringing about stability changes in the flow. The
type and magnitude of these changes depend on the specific value of n. In
the absence of rotation of the outer cylinder, heating and magnetic field,
incrementing a large n by a small amount results in a great decrease in the
value of the critical Taylor number T,. Where incrementing n = 0.5 (Ry = ¥
R,) by the same amount produces a relatively small effect on Te- The
influence of n on the other factors is manifested through the strong

dependence of the stabilizing potentials of these factors on its value.
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4.2 The Governing Equations

For an arbitrary value of n, the marginal stability state is governed
by equations (91) - (93) and the boundary condition (94) - (97) (Chapter 3,
Section 3.7 and 3.8). These equations have been derived by first
super-imposing infinitesimal disturbances on the steady state solution of
the velocity field, magnetic field and temperature. Then, substituting the
new quantities in the general hydromagnetic equations, we obtained the
equations that describe the perturbed state of the flow. These equations
are simplified by (i) neglecting products and powers greater than one of
the disturbances and (ii) analysing the disturbances into normal modes.
Finally, the assumptions that the principle of exchange of instabilities is
valid and the electrical conducting fluid between the cylinders is of very
small magnetic Prandtl number Pp, reduced the governing equations to that
given by (91) - (93) (Section 3.7).

The Taylor number T, and the parameters N and Q were defined as a
function of u and n. However, in order to examine the stabilizing
influence of various factors separately as well as simultaneously, we
redefine the Taylor number, the magnetic field parameter and the

temperature gradient parameter as follows:

(1)
Q _ He H2 RZZ
~  4mpve

N

Hence for a given fluid and fixed outer cylinder radius R,, the critical
Taylor numberlﬁc, determine, independently of u and n, the angular velocity
of ;. at which the flow becomes unstable. This simplifies the analysis of

the effect of various gap sizes and velocities ratios in the stability of
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the flow. We should mention here that this definition of the Taylor number
was used before Sparrow et al (1964) and Astill and Chang (1976) in their
studies about the effect of finite gap in the stability of isothermal flow.

In terms of the new quantities (1), the governing equations (91) - (93)

{Section 3.7) take the following form,

[(DD* - 22)2 + @ (1 - n)2 a2 u = a2 T,.44, (1 - n)* [G(x)(DD¥ - a2) g
1 3 2
* AT N (Gx)) ] (2)

[(DD* - a2)2 + Q@ (1 -n)2 a2l g=u (3)

X 2 -1
(DD* - a<) 6 = gu (4)
The boundary conditions are:
a. Conducting Walls

u=Du=D¥g = (DD¥ -a2) g=6 =0 at x = 0, 1 (5)
b. Non-Conducting Walls

u=Du=g-= (DD¥ - a2) g=© =0 at x = 0, 1 (6)

where the variables have the same meaning as given in Chapter Three.

The equations (2) - (4) and the boundary conditions (5) or (6) define an

eigenvalue problem of the form

-3
~—

S(i‘a, a, H, ﬂ,ﬁ,é)=0 . (
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For fixed values of u, n, N and @, we determined the minimum positive Eg
over all real positive a for which there exists a non-trivial solution of
the eigenvalue problem. The critical value of ig determined the velocity
Q; at the onset of instability, and the corresponding critical value of a

determined the spacing of the vortices in the z-direction.

4.3 Method of Solution.

To solve the eigenvalue problem (7), we adopt the numerical procedure
described by Harris and Reid for isothermal non-magnetic Couette flow. The
procedure starts by rewriting the governing equations as a system of first

order equations. For that, we put

A = u, B = Du,

C = (DD¥ - a2?) u, E = D¥X(DD* - a2) u,

F=g, G = D*g,

H = (DD* - a2?) g, I = D¥(DD* - a2) g,

J=e, K = De (8)

In view of (8), we may easily prove the following relations:

DB + mB - (m? + a2) A

H-
Q
"

(ii) E =DC + mC
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(iii) (DD¥ - a2)2 u = DE - a2 C (9)

(iv) G = DF + mF
(v) H=DG-a2?F
(vi) I = DH + mH

(vii) (DD¥ - a2)2 g = DI - a2 H

(ix) (D*D - a2) 6 = DK + mK - a2 J ,

where m = 1-n . (10)

Equations (2) - (4) can now be transformed into a system of first order

equations as follows:

DA = B
DB=C-mB+ (m2 + a2) A
DC = E - mC

IE=2a2C-Q(1-n)2a2a+a?T,.44, (1 - n)* [G(x).H

1

+ ZZI_TB_H NE (G(X))z J] (11)

DF = G - mF

=H+ a2 F

3
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DH =1 - mH

|
mN
ja sy

1
o\
=

|
pou
Y
ml\)
]
+
>

DI =

DJ = K

DK = - nK + a2 J + é A

The boundary conditions for the case of conducting walls (the
corresponding case of non-conducting walls is referred to in brackets)

require that
[A:B:G(F):H:J]:O at x =0, 1 (12)

We now define five linearly independent solutions Aj, Fj and J;, (i =

1,2,3,4,5) of equations (2) - (4) by imposing the initial conditions

[Ai =By =Gy (Fj) = H = J-l]= 0 (i = 1,2,3,4,5) (13)

and
(1,0,0,0,0) i=1
(0,1,0,0,0) i=2

[Cis Ej, F3 (Gy), H;] = (0,0,1,0,0) i=3 (14)

(0,0,0,1,0) i=4
(0,0,0,0,1) i=5

at x = 0.
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. A solution of equations (2) - (4), which autométically satisfies the

boundary conditions at x = 0 can be now written in the form

where Mj, Niy and P; are constants. The boundary conditions at x = 1

require that

For non-trivial solution, it is'necessary that the determinant of the above

system vanishes, i.e.,
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s(Tay &, 4, N, N, Q) = Gy (F3) | =0 , atx=1  (17)

Equation (17) is the characteristic equation from which the critical
Taylor number "I"c and the corresponding wave number can be obtained for any
assigned values of u, n, TQ and N. The solution procedures followed to
integrate the fifty equations defined by (11) and to evaluate the

determinant (17) are same as described before in Chapter Two, Section 2.7.

4.4 Discussion of the Results

Since for a given fluid and fixed R,, the values of T,, @ and N
determine respectively the critical angular velocity Q. the strength of
the magnetic field and the quantity of heating, we find that the stability
effect of various values of @, N, U4 and N are best measured through a
comparison with the stability condition of a Couette flow with @ = O (no
axial magnetic field is present), N = o (isothermal flow), u = O
(stationary outer cylinder) and n ~ 1 (narrow gap between the cylinders).
For such flow, it has been reported previously and in Chapter Three, that
the critical Taylor number T, = 3390. (If we take n = 0.95, then the
corresponding value of Tc equals 1.517 x 107 and we will denote this number
by %c) . The calculated changes on :']E: due to the action of various factors
are presented in Tables 1-17 and in Figs. 1-38 for the case of conducting
walls and in Tables 18-34 and Figs. 39-76 for the case of non-conducting
walls (in these Tables and Figures, we have dropped the bars from Tc’ Q and

N). From a general inspection of the results presented, we may state that
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for various values of n, the type of reaction of —'I-‘c to the presence of
heating and axial magnetic field is the same as described before in Chapter
Three for the narrow gap case (i.e., n ~ 1). However, the quantitative
influences of @, N and u are strongly dependent on the value of n.

If we give our attention first to the case of conducting walls, then a
close examination of the corresponding Tables and Figures reveals the
following.

1. In general, a fixed negative temperature gradient between the cylinders
(i.e. temperature of the outer cylinder is less than that of the inner one)
has a greater effect on the stability of the flow than the equivalent
positive temperature gradient. This difference between the effects of
negative N and positive N is more pronounced in the presence of (i) a large
gap between the cylinders (small n), (ii) co-rotating cylinders with high
velocities ratio u4 and (iii) strong magnetic field. However, for negative
4 and large n, equal magnitudes of + N and - N destabilize and stabilize
the flow respectively by nearly the same amount. These features are
demonstrated in Figs. 1-30. These figures also indicate that the effect of
heating on E‘c is enhanced when it is accompanied by the above three
factors, (i), (ii) and (iii). As an example in Fig.6 and Table 4, for n =
0.85, 1 = 0.0 and 6 = 100, the presence of a temperature gradient that
corresponds to N = - 0.1 induces a variation in the E‘c of N =0 by about
0.3% more than that induced by‘IZI = 0.1 whereas, as shown in Table 14, for n
= 0.2, 4 = 0.01 and Q = 1000, the "I-‘C for N = 0 varies by about 190% more
when N = - 0.1 than when N = O.1. The dependence of the stability
contribution of heating on the gap size between the cylinders‘ can be
realized if we note, for example, that as ‘I:I is raised from 0 to 0.1 (when wu
= 0 and Q@ = 500) the TC suffers a reduction by about 4% when n = 0.85

(Table 4 and Fig.6) and by more than 35% when n = 0.2 (Table 13 and
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Fig.24). This effect of heating on TPC increases with co-rotating cylinders
(1 > 0) and decreases with counter-rotating cylinders (u < 0).

2. In the absence of heating, magnetic field and rotation of the outer
cylinder (i.e., N = Q= u-= 0), the critical angular velocity @3 can be
controlled by adjusting the ratio of the radii of the two cylinders. It is
found that the most stable state of the flow is achieved by having n close
to one (i.e., narrow gap between the cylinders). However, as n then
slightly decreases, the flow suffers a great reduction in its stability
condition and this is reflected by the changes in -T_c' The TI"C loses about
20% of its original value as n drops by 0.1 from n = 0.95 to n = 0.85.
This fast rate of destabilization slows down as N gets smaller and when n
equals about 0.5 (i.e. Ry = ¥ R,) the flow reaches its minimum stable
state. Any further decrease in n will then bring stability, rather than
instability in the flow. For n < 0.5, the rate of increase of -'fc becomes
higher as n becomes smaller. When n drops from 0.5 to 0.35, the E‘C rises

by about 27%, whereas it rises by about seven times when n drops from 0.2

to 0.1. 1In Fig.35, the stability curves for u between n = 0.35 and n

0.75 show that the minimum value of -'i’c, for -é =N = 0, occurs around n

0.5, not only for n = 0 but also for some other values of 14 > 0 and u < O.
The presence of the magnetic field affects the stability action of n in

two ways.

(a) It increases the stability potential of the fluid for all values of n.

(b) It shifts the minimum value of -'i:c towards a value of n latger than 0.5,

this shifting being greater, the greater the _strength of the magnetic

field. A

The phenomenon (a) can be readily seen from Figs.36-38. These Figures also

indicate that the degree of stabilization of the fluid with @ is not the

same for different values of n, but it increases with lower values of n.
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Inspection of Fig.6 and Fig.19 shows that for 4 = 0 and N = 0, raising-a
from 0 to 500 stabilizes the flow by about 60% for n = 0.85 and by more
than twenty times for n = 0.35. As regards the dependence of minimum--'i‘C on
75, Figs.35-38 reveal that this minimum, which occurs about n = 0.5 when Q =
0, moves to a value of N between 0.65 and 0.75 when @ = 500 and to n
between 0.7 and 0.8 when Q = 1000.
3. The variation of Eg with 4 shown in Figs.31-34 clearly suggests that,
as compared with the stationary outer cylinder, driving the two cylinders
in the same direction always leads to a more stable flow. The stability
curves are seen to rise monotonically with increasing values of positive u.
Hence, with large u > 0, greater angular velocity ®,; is needed to bring
about instability in the flow. On the other hand, for counter-rotating
cylinders, the stabilization of the flow with larger magnitudes of u
occurs, provided that |u| > |upijnl, where Mpin denotes the value of u at
which the flow is in its lowest stable state. This Mnin» @s can be deduced
from the tabular results and Figs.31-34, is a function of n and-é. For
large n (narrow gap size), Upin occurs at about 4 = 0. But as n gradually
decreases Mpi, slowly moves towards the negative values of u. The
parameter @ has a similar effect to that of N on Hpin+ The departure of
Mpin from u = 0 is accelerated in the presence of a stronger magnetic
field. This effect can be seen if we note, as an example, from Tables 24 -
26, that for N = 0 and n = 0.75, the upi, is predicted at about u = - 0.1
when Q = 0 and at about i = - 0.25 when Q = 100.

Some other interesting and inter-connected relations between the flow
stability and u can be outlined as follows.
1. For any fixai-é and.ﬁ, the rate of stabilization of the flow with
larger magnitudes of positive U is greater than that of negative wu.

Consequently, rotating the two cylinders in the same direction with a given
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ratio 4 of the angular velocities always contributes to a more stable flow
than rotating them with the same magnitude of u in the opposite direction.
As can be deduced from Tables 7, 8 and 9, with @ = 0, I—\T = 0and n = 0.75,
the %c for 4 = 0 increases by about 33% when 1 = 0.25 and by less than 7%
when 4 = - 0.25.

2. As the negative value of i is increased in magnitude, the tendencies of
6 and N to bring about changes in the stability of the flow are reduced
considerably. In Tables 5 and 6, for n = 0.85 and N = 0.1, raising 6 from
0 to 1000 causes —fc to inqrease by about 130% when u = - 0.1 and by less
than 80% when u = - 0.75.

We now turn to the situation when the cylindrical walls are made of
non-conducting materials. The variations of EC with n, u, TQ and ﬁ, shown
in Tables 18 - 34 and Figs. 9 - 18, indicate that the reaction of the flow
stability to the presence of various factors is of the same nature as that
described before for the case of conducting walls. The type of stability
contribution of radii ratio, velocities ratio, magnetic field and
temperature gradient, mentioned above in (1), (2) and (3) for conducting
walls is also predicted for non-conducting walls. However, for any fixed
values of n, U and ?\I, the degree of stabilization of flow due to the
presence of magnetic field of a given strength is smaller when the
cylinders are electrically non-conducting than when they are perfectly
conducting. For example, for n = 0.5, u = 0.0 and N = 0.1, the effect of
applying an axial magnetic field that corresponds to _6 = 1000 is to
increase the critical angular velocity Q; by about twenty five times when
the walls are conducting and by less than fourteen times when they are
non-conducting.

Finally, we discuss the effects of different values of n, u, —é and N on

the critical wave number ac. From Tables 1 - 17, we may state the
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following related conclusions for the case of conducting walls.

1. For fixed u, _é, n, the a, exhibits a gradual increase or decrease with
larger magnitudes of negative or positive temperature gradients
respectively. The rate of wvariation of a, with N is greater in the
presence of (i) large -Q, {(ii) positive i and (iii) small n. Also, with
(i), (ii) and (i1i) it becomesr more evident that a given positive
temperature gradient has a smaller effect on the value a, of the isothermal
flow than the equivalent negative temperature gradient. In Table 7, the ac
value for n = 0.75, u = 0.0, E} = 1000 and N = 0.0 increases by about 3%
when N = 0.1 and by about 3.8% when -IG = - 0.1. Whereas, it is evident from

Table 14 that the a, value for n = 0.2, Q = 1000 and N = 0.0 increases by

- 0.1,

i

about (a) 53% when u = 0.0 and N = 0.1, (b) 99% when 4 = 0.0 and N

- Oolo

(c) 56% when 4 = 0.01 and N = 0.1 and (d) 176% when u = 0.01 and N
2. For fixed n, u and _I:I, the a, slowly increases with higher values of E)

provided that n is large. But as N gets smaller, the a, decreases with Q

. —

when (a) -I:I > 0, (b) 4 > 0 or slightly negative and (c) —Q_;) > —E), where Q

700. But as n decreases, 6 moves toward

o0
R

depends on n. For n = 0.75,

[}

smaller values. For n = 0.5, @ = 300 and for n = 0.35, @ = 100.
3. For fixed n, Q and ‘I:I, the increasing values of positive u cause the ag
to decrease when N is positive and to increase when N is negative, provided

thata > 6 This @ is a function of n. For large n (n ~ 0.85) 'C—Q is around

—~
—

1000. But as n becomes smaller, .6 also becomes smaller. For n = 0.35, Q =
100. On the other hand, with increasing magnitudes of negative u, the ag
value always increases except when n is small and -6-2 is large. In that
case, the a, value increases when N » 0 and decreases when N < 0. In Table
15, as 4 goes from - 0.01 to - 0.1, the a, value for n = 0.2, a = 100
increases by about 120% at'ﬁ = 0.1 and decreases by 23% at -N- = - 0.1.

When the cylindrical walls are electrically non-conducting, the an
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values exhibit small and smooth variation with different values of n, u,‘a
and N. We outline the variation of a, with each parameter as follows.

1. For fixed n, U and Q increasing the magnitudes of positive or negative
N causes the a. (in contrast to the case of conducting walls) to increase
or decrease respectively. The only exception to this occurs at large
negatve U. Here, the opposite phenomenon is predicted. For examples, when
(i) n = 0.85 and 1 = - 0.75 (Table 23), (ii) n = 0.5 and u = - 0.5 (Table
28) and (iii) n = 0.35 and 4 = - 0.5 (Table 30), the a. value decreases or
increases according as positive'ﬁ or negative N increases in magnitude.

2. For fixed n, 4 and ﬁ, the a, continuously decreases as the axial
magnetic field gets stronger. The rate of this decrease is accelerated as
n gets smaller.

3. TFor fixed n,-@, andfﬁ, driving the two cylinders with larger magnitudes

of U causes the a, to increase when (a) u < 0 and (b) u > 0 provided that'a

> 300,3& > 0 and n £ 0.5. The a, decreases under all other situations.

4.5 Conclusions

If the contribution of each factor to the stability of the Couette flow

~

is measured according to its effect on Tc (i.e. To for u = 0,-b = 0,.§ =0
and n ~ 1), then we find the following statements to be true.

1. Applying a magnetic field in the axial direction always leads to a more
stable flow. The greater the strength of the magnetic field, the greater
is the angular velocity &; needed to bring about instability in the flow.
2. The presence of a positive temperature gradient between the cylinders
(temperature of the outer cylinder greater than that of the inner one)
destabilizes the flow, while the negative temperature gradient stabilizes
it.

3. The stability of a flow is continuously enhanced when the two cylinders
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are rotated in the same or the opposite direction with an increasing
magnitude of i, However, in the case of counter-rotating cylinders, the
rate of the stabilization is slower and it starts after the flow attains
its maximum stable state. This minimum point is a function of n and'a.
For large n (n ~ 1) it occurs at about & = 0. But as n becomes smaller and
.5 becomes larger, the minimum point moves gradually toward the negative
values of wu.

4. In relation to the effect of various gap sizes between the cylinders on
the critical Taylor number'Té, we have established that the maximum and the
minimum TZ are achieved when n ~ 1 (narrow gap size) and n ~ % (R, ~ ¥ R,)
respectively. The ﬁb decreases at decelerating rate from n ~ 1 to n ~ %.

It then increases at an accelerating rate with smaller values of n.
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TABLE 1: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, u, Q AND N
- CONDUCTING WALLS -

* Numbers in the parenthesis denote powers of 10

117

n M Q N ac T n MoQ N ac T
0.95 0.0 O 0.1 3.128 1.475 (7)x 0.95 0.1 O 0.1 3.125 1.494 (7)
0.05 3.128 1.495 (7) 0.05 3.124 1.518 (7)
0.0 3.128 1.517 (7) 0.0 3.124 1.545 (7)
-0.05 3.127 1.539 (7) -0.05 3.124 1.572 (7)
-0.1  3.127 1.561 (7) -0.1 3.122 1.600 (7)
100 0.1 3.135 1.494 (7) 100 0.1 3.132 1.513 (7)
0.05 3.135 1.515 (7) 0.05 3.132 1.539 (7)
0.0 3.135 1.5837 (7) 0.0 3.132 1.566 (T7)
-0.05 3.135 1.560 (7) -0.05 3.131 1.583 (7)
-0.1 3.135 1.583 (7) -0.1 3.131 1.622 (7)
300 0.1 3.149 1.533 (7) 300 0.1 3.146 1.553 (7)
0.05 3.149 1.555 (7) 0.05 3.146 1.580 (7)
0.0 3.150 1.578 (7) 0.0 3.146 1.607 (7)
-0.05 3.150 1.602 (7) -0.05 3.146 1.636 (7)
-0.1 3.150 1.626 (7) -0.1 3.146 1.666 (7)
500 0.1 3.163 1.572 (7) 500 0.1 3.158 1.592 (7)
0.05 3.163 1.595 (7) 0.05 3.159 1.620 (7)
0.0 3.163 1.619 (7) 0.0 3.159 1.649 (7)
-0.05 3.164 1.644 (7) -0.05 3.160 1.680 (7)
-0.1 3.164 1.669 (7) -0.1 3.161 1.711 (7)
700 0.1 3.175 1.611 (7) 700 0.1 3.171 1.632 (7)
0.05 3.176 1.635 (7) 0.05 3.171 1.661 (7)
0.0 3.177 1.660 (7) 0.0 3.173 1.692 (7)
-0.05 3.178 1.686 (7) -0.05 3.174 1.725 (7)
-0.1 3.178 1.713 (7) -0.1 3.175 1.756 (7)
1000 0.1 3.193 1.670 (7) 1000 0.1 3.188 1.692 (7)
0.05 3.194 1.696 (7) 0.05 3.190 1.723 (7)
0.0 3.185 1.723 (7) 0.0 3.191 1.755 (7)
-0.05 3.197 1.750 (7) -0.05 3.193 1.789 (7)
-0.1 3.198 1.779 (7) -0.1 3.195 1.824 (7)




TABLE 2: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, U, Q AND N
- CONDUCTING WALLS -

n H Q N ac Te n Mo Q N ac To
0.95 0.5 O 0.1 3.118 2.049 (7)%¥ 0.95 -0.10 0.1 3.134 1.487 (7)
0.05 3.117 2.136 (7) 0.05 3.133 1.505 (7)
0.0 3.117 2.231 (7) 0.0 3.133 1.523 (7)
-0.05 3.117 2.334 (7) -0.05 3.133 1.542 (7)
-0.1 3.117 2.447 (7) -0.1 3.132 1.561 (7)
100 0.1 3.125 2.075 (7) 100 0.1 3.141 1.506 (7)
0.05 3.125 2.164 (7) 0.05 3.141 1.525 (7)
0.0 3.125 2.261 (7) 0.0 3.141 1.543 (7)
-0.05 3.126 2.367 (7) -0.05 3.141 1.562 (7)
-0.1 3.126 2.483 (7) -0.1 3.140 1.582 (7)
300 0.1 3.137 2.127 (7) 300 0.1 3.155 1.546 (7)
0.05 3.138 2.220 (7) 0.05 3.155 1.565 (7)
0.0 3.140 2.321 (7) 0.0 3.155 1.584 (7)
-0.05 3.141 2.433 (7) -0.05 3.155 1.604 (7)
-0.1 3.142 2.555 (7) -0.1 3.155 1.625 (7)
500 0.1 3.149 2.179 (7) 500 0.1 3.169 1.585 (7)
0.05 3.151 2.276 (7) , 0.05 3.169 1.605 (7)
0.0 3.153 2.382 (7) 0.0 3.169 1.625 (7)
-0.05 3.155 2.499 (7) -0.05 3.170 1.646 (7)
-0.1 3.158 2.627 (7) -0.1 3.170 1.668 (7)
700 0.1 3.160 2.231 (7) 700 0.1 3.182 1.624 (7)
0.05 3.163 2.332 (7) 0.05 3.182 1.645 (7)
0.0 3.166 2.444 (7) 0.0 3.183 1.689 (7)
-0.05 3.169 2.566 (7) -0.05 3.183 1.689 (7)
-0.1 3.173 2.700 (7) -0.1 3.184 1.711 (7)
1000 0.1 3.176 2.310 (7) 1000 0.1 3.200 1.684 (7)
0.05 3.180 2.418 (7) 0.05 3.201 1.706 (7)
0.0 3.184 2.536 (7) 0.0 3.202 1.729 (7)
-0.05 3.189 2.667 (7) -0.05 3.203 1.753 (7)
-0.1  3.194 2.811 (7) -0.1  3.203 1.777 (7)

¥  numbers in the parenthesis denote powers of 10
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TABLE 3: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, d4, Q@ AND N
- CONDUCTING WALLS -

n Mo Q N ac Te n uoQ N ac Te
0.95 -0.50 0.1 3.216 1.931 (7)x 0.95 -0.75 0 0.1 3.498 2.850
0.05 3.216 1.946 (7) 0.05 3.501 2.874
0.0 3.216 1.962 (7) 0.0 3.501 2.898
-0.05 3.216 1.978 (7) -0.05 3.504 2.923
-0.1 3.216 1.995 (7) -0.1 3.509 2.949
100 0.1 3.225 1.954 (7) 100 0.1 3.507 2.879
0.05 3.224 1.970 (7) 0.05 3.509 2.903
0.0 3.224 1.987 (7) 0.0 3.512 2.928
-0.05 3.224 2.003 (7) -0.05 3.515 2.953
-0.1 3.224 2.020 (7) -0.1 3.517 2.979
300 0.1 3.240 2.003 (7) 300 0.1 3.523 2.937
0.05 3.240 2.019 (7) 0.05 3.526 2.962
0.0 3.241 2.036 (7) 0.0 3.530 2.988
-0.05 3.241 2.053 (7) -0.05 3.533 3.014
-0.1 3.241 2.071 (7) -0.1 3.536 3.040
500 0.1 3.256 2.051 (7) 500 0.1 3.539 2.995
0.05 3.256 2.068 (7) 0.05 3.558 3.021
0.0 3.256 2.086 (7) 0.0 3.562 3.047
-0.05 3.257 2.104 (7) -0.05 3.566 3.074
-0.1 3.257 2.122 (7) -0.1 3.569 3.101
700 0.1 3.270 2.099 (7) 700 0.1 3.555 3.053
0.05 3.271 2.117 (7) 0.05 3.558 3.080
0.0 3.271 2.135 (7) 0.0 38.562 3.107
-0.05 3.272 2.154 (7) -0.05 3.566 3.135
-0.1  3.272 2.173 (7) -0.1 3.569 3.163
1000 0.1 3.291 2.172 (7) 1000 0.1 3.577 3.140
0.05 3.292 2.191 (7) 0.05 3.581 3.168
0.0 3.292 2.221 (7) 0.0 3.585 3.196
-0.05 3.283 2.230 (7) -0.05 3.589 3.225
-0.1 3.294 2.251 (7) -0.1 3.593 3.255

¥  numbers in the parenthesis denote powers of 10
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TABLE 4: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, M, Q AND N
- CONDUCTING WALLS -

noou Q N &, T noou Q N 8y T
0.85 0.0 0 0.1 3.132 7.007 (5)% 0.85 0.1 0 0.1 8.127 7.205 (5)
0.05 3.131 7.111 (5) 0.05 3.126 7.337 (5)

0.0 3.131 7.217 (5) 0.0 3.126 7.474 (5)

-0.05 3.130 7.326 (5) -0.05 3.126 7.616 (5)

-0.1 3.129 7.439 (5) -0.1 3.125 7.764 (5)

100 0.1 3.190 7.841 (5) 100 0.1 3.185 8.060 (5)
0.05 3.192 7.967 (5) 0.05 3.186 8.221 (5)

0.0 3.193 8.097 (5) 0.0 3.188 8.389 (5)

-0.05 3.194 8.232 (5) -0.05 3.189 8.564 (5)

-0.1 3.195 8.371 (5) -0.1 3.191 8.746 (5)

300 0.1 3.277 9.565 (5) 300 0.1 3.268 9.828 (5)
0.05 3.280 9.744 (5) 0.05 3.273 1.006 (6)

0.0 3.284 9.930 (5) 0.0 3.278 1.029 (6)

-0.05 3.288 1.012 (6) ~0.05 3.283 1.054 (6)

-0.1 3.292 1.032 (6) -0.1 3.288 1.081 (6)

500 0.1 3.334 1.137 (6) 500 0.1 3.324 1.168 (6)
0.05 3.342 1.162 (6) 0.05 3.332 1.199 (8)

0.0 3.348 1.187 (6) 0.0 3.341 1.231 (6)

~0.05 3.356 1.213 (6) -0.05 3.350 1.265 (6)

~0.1 3.363 1.240 (6) -0.1 3.360 1.301 (6)

700 0.1 3.376 1.327 (6) 700 0.1 3.362 1.362 (6)
0.05 3.385 1.358 (6) 0.05 3.374 1.402 (6)

0.0 3.395 1.391 (6) 0.0 3.386 1.444 (6)

~0.05 3.405 1.425 (6) -0.05 3.400 1.489 (6)

-0.1 3.417 1.461 (6) -0.1 3.414 1.536 (6)

1000 0.1 3.415 1.628 (6) 1000 0.1 3.397 1.670 (6)
0.05 3.429 1.672 (6) 0.05 3.414 1.726 (6)

0.0 3.444 1.719 (6) 0.0 3.433 1.786 (6)

~0.05 3.460 1.768 (6) -0.05 3.454 1.850 (6)

-0.1 3.477 1.820 (6) ~0.1 3.476 1.919 (6)

X numbers in the parenthesis denote powers of 10
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TABLE 5: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, U, Q AND N
- CONDUCTING WALLS -

nooouoQ N 8, T noou o Q N &, T
0.85 0.5 0 0.1 3.119 1.278 (6)% 0.85 -0.10 0.1 3.138 7.029 (5)
0.05 3.119 1.361 (6) 0.05 3.138 7.115 (5)

0.0 3.119 1.457 (6) 0.0 3.138 7.202 (5)

-0.05 3.119 1.567 (6) -0.05 3.137 7.292 (5)

-0.1 3.119 1.695 (6) -0.1 3.137 7.384 (5)

100 0.1 3.168 1.418 (6) 100 0.1 3.199 7.864 (5)
0.05 3.173 1.519 (6) 0.05 3.200 7.969 (5)

0.0 8.179 1.636 (6) 0.0 3.201 8.076 (5)

~0.05 3.187 1.772 (6) -0.05 3.201 8.186 (5)

-0.1 3.195 1.933 (6) -0.1 3.202 8.299 (5)

300 0.1 3.233 1.705 (6) 300 0.1 3.287 9.592 (5)
0.05 3.249 1.845 (6) 0.05 3.291 9.740 (5)

0.0 3.268 2.010 (6) 0.0 3.293 9.892 (5)

-0.05 3.290 2.206 (6) ~0.05 3.297 1.005 (6)

-0.1 3.318 2.445 (6) ~0.1  3.300 1.021 (6)

500 0.1 3.270 2.000 (6) 500 0.1 3.349 1.140 (6)
0.05 3.297 2.184 (6) 0.05 3.354 1.160 (6)

0.0 3.329 2.406 (6) 0.0 3.360 1.181 (6)

-0.05 3.369 2.676 (6) ~0.05 3.365 1.202 (6)

-0.1 3.418 3.013 (6) -0.1 3.371 1.224 (6)

700 0.1 3.289 2.303 (6) 700 0.1 3.392 1.330 (6)
0.05 3.326 2.538 (6) 0.05 3.400 1.356 (6)

0.0 3.372 2.825 (6) 0.0 3.408 1.383 (6)

~0.05 3.430 3.183 (6) -0.05 3.417 1.411 (6)

-0.1 3.505 3.640 (6) ~0.1 3.425 1.440 (6)

1000 0.1 3.295 2.773 (6) 1000 0.1 3.436 1.632 (6)
0.05 3.348 3.096 (6) 0.05 3.448 1.668 (6)

0.0 3.416 3.499 (6) 0.0 3.460 1.706 (6)

-0.05 3.504 4.018 (6) -0.05 3.473 1.746 (6)

~0.1 3.623 4.703 (6) ~0.1 3.487 1.787 (6)

¥  numbers in the parenthesis denote powers of 10

121




TABLE 6: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, u, Q AND N
- CONDUCTING WALLS -

n H Q N ac Te n Mo Q N ac To
0.85 -0.50 0.1 3.275 9.877 (5)x 0.85 -0.75 0 0.1 3.819 1.633
0.05 3.276 9.958 (5) 0.05 3.824 1.647
0.0 3.276 1.004 (6) 0.0 3.829 1.661
-0.05 3.276 1.013 (6) -0.05 3.834 1.676
-0.1 3.276 1.021 (6) -0.1 3.840 1.690
100 0.1 3.347 1.094 (6) 100 0.1 3.877 1.755
0.05 3.348 1.104 (6) 0.05 3.883 1.771
0.0 3.350 1.114 (6) 0.0 3.889 1.787
-0.05 3.351 1.124 (6) -0.05 3.835 1.803
-0.1 3.352 1.134 (6) -0.1 3.901 1.819
300 0.1 3.458 1.311 (6) 300 0.1 3.971 2.002
0.05 3.461 1.324 (6) 0.05 3.979 2.021
0.0 3.464 1.337 (6) 0.0 3.986 2.041
-0.05 3.467 1.351 (6) -0.05 3.994 2.060
-0.1 3.470 1.365 (6) -0.1 4.002 2.080
500 0.1 3.540 1.533 (6) 500 0.1 4.044 2.253
0.05 3.546 1.550 (6) 0.05 4.054 2.276
0.0 3.550 1.568 (6) 0.0 4.063 2.299
-0.05 3.555 1.586 (6) -0.05 4.072 2.323
-0.1 3.560 1.604 (6) -0.1 4.081 2.347
700 0.1 3.606 1.762 (6) 700 0.1 4.104 2.510
0.05 3.613 1.784 (6) 0.05 4.114 2.537
0.0 3.619 1.806 (6) 0.0 4.126 2.564
-0.05 3.626 1.828 (6) -0.05 4.137 2.592
-0.1 3.633 1.851 (6) -0.1 4.148 2.620
1000 0.1 3.682 2.119 (6) 1000 0.1 4.177 2.906
0.05 3.691 2.148 (6) 0.05 4.190 2.939
0.0 3.701 2.163 (6) 0.0 4.203 2.973
-0.05 3.711 2.208 (6) -0.05 4.217 3.007
-0.1 3.722 2.240 (6) -0.1 4.230 3.043

¥ numbers in the parenthesis denote powers of 10
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TABLE 7: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, d, Q AND N
~ CONDUCTING WALILS -

3.131 2.139
5 3.130 2.182

3.136 2.029 (5)%¥ 0.75 0.1 0 1 (
0 (
0 3.130 2.228 (
0 (
1 (

0.75 0.0 O 0.1 0
0.05 3.136 2.060 (5) 0
0.0 3.136 2.093 (5) 0.
0.0 0.05 3.129 2.275 (5
0.1 0

3.129 2.325

5 3.136 2.126 (5) -0.
3.136 2.161 (5) -0.

100 0.1 3.274 2.709 (5) 100 0.1 3.263 2.852 (5)
0.05 3.277 2.762 (5) 0.05 3.268 2.925 (5)

0.0 3.281 2.816 (5) 0.0 3.273 3.001 (5)

-0.05 3.284 2.873 (5) -0.05 3.278 3.082 (5)

-0.1 3.288 2.932 (5) -0.1 3.284 3.167 (5)

300 0.1 3.402 4.210 (5) 300 0.1 3.381 4.422 (5)
0.05 3.414 4.321 (5) 0.05 3.397 4.576 (5)

0.0 3.427 4.438 (5) 0.0 3.414 4.740 (5)

-0.05 3.440 4.562 (5) -0.05 3.433 4.916 (5)

-0.1 3.454 4.692 (5) -0.1 3.453 5.105 (5)

500 0.1 3.448 5.902 (5) 500 0.1 3.417 6.188 (5)
0.05 3.470 6.097 (5) 0.05 3.445 6.457 (5)

0.0 3.494 6.306 (5) 0.0 3.476 6.749 (5)

-0.05 3.519 6.528 (5) -0.05 3.510 7.067 (5)

-0.1 3.546 6.766 (5) -0.1 3.548 7.414 (5)

700 0.1 3.456 7.775 (5) 700 0.1 3.413 8.137 (b5)
0.05 3.489 8.083 (5) 0.05 3.453 8.559 (5)

0.0 3.525 8.416 (5) 0.0 3.501 9.025 (5)

-0.05 3.563 8.774 (5) -0.05 3.554 9.539 (5)

-0.1 3.606 9.162 (5) -0.1 3.613 1.011 (6)

1000 0.1 3.428 1.089 (6) 1000 0.1 3.366 1.136 (6)
0.05 3.478 1.143 (6) 0.05 3.429 1.210 (6)

0.0 3.535 1.202 (6) 0.0 3.501 1.292 (6)

-0.05 3.597 1.266 (6) -0.05 3.586 1.385 (6)

-0.1 3.668 1.337 (6) -0.1 3.685 1.491 (6)

¥  numbers in the parenthesis denote powers of 10
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TABLE 8: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, M, Q@ AND N
- CONDUCTING WALILS -

M Q N an Te n M Q N ac Te

0.25 0 0.1 3.126 2.592 (5)x 0.75 -0.10 0.1 3.146 2.019 (5) .
0.05 3.125 2.680 (5) 0.05 3.146 2.044 (5) -

0.0 3.125 2.774 (5) 0.0 3.145 2.069 (5)

-0.05 3.125 2.875 (5) -0.05 3.144 2.095 (5)

-0.1 3.124 2.984 (5) -0.1 3.144 2.122 (5)

100 0.1 3.250 3.438 (5) 100 0.1 3.288 2.695 (5)

0.05 3.258 3.583 (5) 0.05 3.291 2.736 (5)

0.0 3.266 3.741 (5) 0.0 3.294 2.779 (5)

-0.05 3.276 3.913 (5) -0.05 3.296 2.823 (5)

-0.1 3.286 4.102 (5) -0.1 3.299 2.868 (5)

300 0.1 3.349 5.279 (5) 300 0.1 3.428 4.184 (5)

0.05 3.375 5.581 (5) 0.05 3.437 4.272 (5)

0.0 3.404 5.918 (5) 0.0 3.447 4.363 (5)

-0.05 3.436 6.298 (5) -0.05 3.457 4.458 (5)

-0.1 3.474 6.727 (5) -0.1 3.468 4.558 (5)

500 0.1 3.365 7.320 (5) 500 0.1 3.486 5.861 (5)

0.05 3.409 7.842 (5) 0.05 3.503 6.016 (5)

0.0 3.461 8.440 (5) 0.0 3.552 6.177 (5)

-0.05 3.522 9.130 (5) -0.05 3.541 6.348 (5)

-0.1  3.593 9.933 (5) -0.1 3.562 6.527 (5)

700 0.1 3.340 9.542 (5) 700 0.1 3.506 7.718 (5)

0.05 3.404 1.035 (6) 0.05 3.533 7.961 (5)

0.0 3.480 1.130 (6) 0.0 3.561 8.218 (5)

-0.05 3.573 1.243 (6) -0.05 3.592 8.491 (5)

-0.1 3.687 1.377 (6) -0.1 3.624 8.781 (5)

1000 0.1 3.263 1.316 (6) 1000 0.1 3.499 1.081 (6)

0.05 3.355 1.455 (6) 0.05 3.540 1.123 (6)

0.0 3.472 1.622 (6) 0.0 3.586 1.168 (6)

-0.05 3.622 1.828 (6) -0.05 3.635 1.217 (6)

-0.1 3.817 2.082 (6) -0.1 3.689 1.269 (6)

numbers in the parenthesis denote powers of 10
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TABLE 9: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, 4, Q AND N
- CONDUCTING WALLS -

noou Q N a, Tg no e Q N 8, T
0.75 -0.25 0 0.1 3.177- 2.183 (5)% 0.75 0.5 0 0.1 3.410 3.233
0.05 3.176 2.204 (5) 0.05 3.411 3.262

0.0 3.176 2.225 (5) 0.0 3.413 3.290

~0.05 3.175 2.247 (5) -0.05 3.414 3.319

-0.1 3.175 2.269 (5) ~0.1 3.416 3.349

100 0.1 3.330 2.900 (5) 100 0.1 3.593 4.120
0.05 3.332 2.934 (5) 0.05 3.597 4.162

0.0 3.334 2.969 (5) 0.0 3.601 4.204

-0.05 3.336 3.005 (5) ~0.05 3.606 4.248

-0.1 3.338 3.042 (5) -0.1 3.610 4.292

300 0.1 3.491 4.463 (5) 300 0.1 3.808 5.962
0.05 3.499 4.534 (5) 0.05 3.817 6.038

0.0 3.506 4.608 (5) 0.0 3.828 6.114

-0.05 3.514 4.684 (5) -0.05 3.838 6.193

-0.1 3.522 4.762 (5) 0.1 3.849 6.274

500 0.1 3.573 6.205 (5) 500 0.1 3.940 7.932
0.05 3.587 6.328 (5) 0.05 3.955 8.048

0.0 3.602 6.456 (5) 0.0 3.971 8.168

-0.05 3.617 6.589 (5) -0.05 3.987 8.292

-0.1 3.633 6.728 (5) -0.1 4.003 8.418

700 0.1 3.619 8.118 (b) 700 0.1 4.030 1.004
0.05 3.641 8.309 (5) 0.05 4.052 1.020

0.0 3.662 8.510 (5) 0.0 4.074 1.038

~0.05 3.686 8.719 (5) ~0.05 4.096 1.055

~0.1 3.711 8.938 (5) -0.1 4.119 1.074

1000 0.1 3.649 1.128 (6) 1000 0.1 4.126 1.344
0.05 3.683 1.161 (6) 0.05 4.157 1.370

0.0 3.720 1.195 (6) 0.0 4.190 1.398

-0.05 3.758 1.232 (6) -0.05 4.223 1.426

0.1 3.800 1.270 (6) -0.1 4.257 1.455

¥  numbers in the parenthesis denote powers of 10
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TABLE 10: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, M, Q AND N
- CONDUCTING WALLS ~-

n H Q N ac Te n MoQ N ac Te
0.5 0.0 O 0.1 3.164 7.168 (4)x 0.5 0.1 O 0.1 3.152 9.283
0.05 3.163 7.301 (4) 0.05 3.151 9.441
0.0 3.163 7.439 (4) 0.0 3.151 9.949
-0.05 3.162 7.582 (4) -0.05 3.150 1.013
-0.1 3.161 7.731 (4) -0.1 3.150 1.072
100 0.1 3.463 1.740 (5) 100 0.1 3.397 2.208
0.05 3.482 1.802 (5) 0.05 3.431 2.352
0.0 3.502 1.867 (5) 0.0 3.469 2.515
-0.05 3.524 1.938 (5) -0.05 3.514 2.701
-0.1 3.548 2.014 (5) -0.1 3.566 2.915
300 0.1 3.463 4.456 (5) 300 0.1 3.272 5.464
0.05 3.535 4.748 (5) 0.05 3.382 6.116
0.0 3.620 5.076 (5) 0.0 3.529 6.926
-0.05 3.719 5.448 (5) -0.05 3.726 7.945
-0.1 3.834 5.869 (5) -0.1 3.990 9.242
500 0.1 3.304 7.813 (5) 500 0.1 3.016 9.269
0.05 3.434 8.552 (5) 0.05 3.178 1.085
0.0 3.605 9.423 (5) 0.0 3.441 1.298
-0.05 3.833 1.046 (6) -0.05 3.886 1.594
-0.1 4.128 1.168 (6) -0.1 4.586 1.996
700 0.1 3.107 1.157 (6) 700 0.1 2.774 1.331
0.05 3.284 1.299 (6) 0.05 2.951 1.618
0.0 3.556 1.475 (6) 0.0 3.308 2.046
-0.05 3.987 1.692 (6) -0.05 4.161 2.693
-0.1 4.605 1.956 (6) -0.1 5.575 3.581
1000 0.1 2.825 1.763 (6) 1000 0.1 2.492 1.950
0.05 3.036 2.049 (6) 0.05 2.651 2.485
0.0 3.473 2.431 (6) 0.0 3.081 3.393
-0.05 5.002 3.212 (6) -0.05 4.605 4.965
-0.1 5.570 3.514 (6) -0.1 6.205 1.536

X  numbers in the parenthesis denote powers of 10
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TABLE 11: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, 4, Q AND N
- CONDUCTING WALLS -

nooou4 o Q N  a, T n o4 Q N 8, T
0.5 =0.10 0.1 3.191 6.839 (4)x 0.5 -0.5 0 0.1 4.791 2.055 (5)
0.05 3.191 6.922 (4) 0.05 4.796 2.072 (5)

0.0 3.189 7.008 (4) 0.0 4.801 2.089 (5)

-0.05 3.188 7.095 (4) -0.05 4.806 2.106 (5)

-0.1 3.188 7.185 (4) -0.1 4.811 2.123 (5)

100 0.1 3.546 1.650 (5) 100 0.1 5.053 3.189 (5)
0.05 3.558 1.688 (5) 0.05 5.064 3.222 (5)

0.0 3.571 1.728 (5) 0.0 5.077 3.256 (5)

-0.05 3.585 1.770 (5) -0.05 5.089 3.291 (5)

-0.1 3.599 1.813 (5) -0.1 5.101 3.326 (5)

300 0.1 3.677 4.194 (5) 300 0.1 5.442 5.838 (5)
0.05 3.731 4.731 (5) 0.05 5.468 5.921 (5)

0.0 3.791 4.562 (5) 0.0 5.495 6.007 (5)

-0.05 3.856 4.769 (5) -0.05 5.522 6.094 (5)

-0.1 3.929 4.994 (5) -0.1 5.548 6.184 (5)

500 0.1 3.648 7.360 (5) 500 0.1 5.718 8.906 (5)
0.05 3.759 7.803 (5) 0.05 5.759 9.064 (5)

0.0 3.891 8.294 (5) 0.0 5.804 9.227 (5)

-0.05 4.044 8.839 (5) -0.05 5.846 9.395 (5)

-0.1 4.223 9.444 (5) -0.1 5.889 9.567 (5)

700 0.1 3.555 1.097 (6) 700 0.1 5.914 1.233 (6)
0.05 3.732 1.182 (6) 0.05 5.975 1.259 (6)

0.0 3.958 1.279 (6) 0.0 6.037 1.286 (6)

-0.05 4.241 1.388 (6) -0.05 6.100 1.314 (6)

-0.1  4.577 1.511 (6) -0.1 6.163 1.343 (6)

1000 0.1 3.356 1.698 (6) 1000 0.1 6.112 1.806 (6)
0.05 3.630 1.873 (6) 0.05 6.204 1.853 (6)

0.0 4.034 2.077 (6) 0.0 6.299 1.901 (6)

-0.05 4.576 2.313 (6) ~-0.05 6.396 1.952 (6)

~0.1 5.192 2.579 (6) -0.1 6.497 2.005 (6)

X numbers in the parenthesis denote powers of 10
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TABLE 12: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, u, Q AND N

- CONDUCTING WALLS -

X

numbers in the parenthesis denote powers of 10
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no oK Q N a, T n Q N &, T
0.35 0.0 0 0.1 3.199 9.062 (4)% 0.35 0.05 0 0.1 3.186 1.230 (5)
0.05 3.198 9.259 (4) 0.05 3.185 1.279 (5)

0.0 3.198 9.464 (4) 0.0 3.184 1.331 (5)

-0.05 3.197 9.679 (4) -0.05 3.183 1.388 (5)

-0.1 3.196 9.903 (4) -0.1 3.183 1.450 (5)

100 0.1 3.547 3.145 (5) 100 0.1 3.428 4.122 (5)
0.05 3.586 3.311 (5) 0.05 3.493 4.511 (5)

0.0 3.630 3.495 (5) 0.0 3.572 4.976 (5)

~0.05 3.679 3.699 (5) ~0.05 3.668 5.537 (5)

-0.1 3.734 3.926 (5) -0.1 3.789 6.224 (5)

300 0.1 3.472 9.364 (5) 300 0.1 3.100 1.157 (6)
0.05 3.585 1.038 (6) 0.05 3.285 1.377 (6)

0.0 3.799 1.161 (6) 0.0 3.603 1.687 (6)

-0.05 4.090 1.311 (6) -0.05 4.173 2.132 (6)

-0.1 4.472 1.492 (6) -0.1 5.049 2.761 (6)

500 0.1 3.158 1.676 (6) 500 0.1 2.750 1.870 (6)
0.05 3.425 1.943 (6) 0.05 2.964 2.501 (6)

0.0 3.915 2.294 (6) 0.0 3.548 3.380 (6)

-0.05 4.729 2.744 (6) -0.05 5.247 4.799 (6)

-0.1 5.699 3.295 (6) 0.1 7.108 6.752 (6)

700 0.1 2.895 2.461 (6) 700 0.1 2.496 2.781 (6)
0.05 3.217 2.966 (6) 0.05 2.687 3.706 (6)

0.0 4.052 3.683 (6) 0.0 3.549 5.486 (6)

-0.05 5.462 4.616 (6) -0.05 6.399 8.453 (6)

-0.1 6.879 5.743 (6) -0.1 8.865 1.246 (7)

1000 0.1 2.587 3.661 (6) 1000 0.1 2.243 3.967 (7)
0.05 2.909 4.624 (6) 0.05 2.386 5.557 (7)

0.0 4,155 6.170 (6) 0.0 3.775 9.299 (7)

-0.05 6.426 8.189 (6) -0.05 7.840 1.568 (8)

-0.1 8.454 1.060 (7) -0.1 11.195 2.430 (8)




TABLE 13: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, u, @ AND N
- CONDUCTING WALLS -

noouQ N a, T nooou o Q N o oa. T
0.35 -0.05 0 0.1 3.225 8.138 (4)% 0.35 -0.50 0.1 6.596 4.160 (5)
0.05 3.225 8.258 (4) 0.05 6.602 4.189 (5)

0.0 3.224 8.381 (4) 0.0 6.607 4.218 (5)

-0.05 3.223 8.507 (4) ~0.05 6.613 4.248 (5)

-0.1 3.222 8.637 (4) 0.1 6.619 4.278 (3)

100 0.1 3.672 2.813 (5) 100 0.1 6.984 6.202 (5)
0.05 3.699 2.913 (5) 0.05 6.998 6.256 (5)

0.0 3.730 3.020 (5) 0.0 7.010 6.310 (5)

~0.05 3.762 3.135 (5) ~0.05 7.023 6.366 (5)

0.1 3.797 3.258 (5) ~0.1 7.035 6.422 (5)

300 0.1 3.783 8.397 (5) 300 0.1 7.542 1.086 (6)
0.05 3.918 8.997 (5) 0.05 7.570 1.099 (6)

0.0 4,080 9.674 (bH) 0.0 7.595 1.111 (6)

-0.05 4.273 1.044 (6) -0.05 7.622 1.125 (6)

-0.1 4,499 1.131 (6) -0.1 7.648 1.138 (6)

500 0.1 3.687 1.524 (6) 500 0.1 7.939 1.617 (6)
0.05 3.966 1.682 (6) 0.05 7.980 1.640 (6)

0.0 4.345 1.868 (6) 0.0 8.023 1.664 (6)

~0.05 4.821 2.085 (6) -0.05 8.064 1.688 (6)

-0.1 5.365 2.335 (6) -0.1 8.109 1.713 (6)

700 0.1 3.498 2.280 (6) 700 0.1 8.238 2.205 (6)
0.05 3.913 2.586 (6) 0.05 8.292 2.242 (6)

6.0 4,549 2.957 (6) 0.0 8.356 2.281 (6)

~0.05 5.351 3.397 (6) -0.05 8.418 2.320 (6)

-0.1 6.213 3.905 (6) -0.1 8.482 2.360 (6)

1000 0.1 3.179 3.483 (6) 1000 0.1 8.559 3.183 (6)
0.05 3.721 4.100 (6) 0.05 8.647 3.249 (6)

0.0 4.751 4.893 (6) 0.0 8.743 3.316 (6)

-0.05 6.060 5.839 (6) -0.0b 8.838 3.386 (6)

-0.1 7.387 6.928 (6) -0.1 8.935 3.458 (6)

ES nuﬁbers in the parenthesis denote powers of 10
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TABLE 14: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, U, Q AND N
-~ CONDUCTING WALLS -

n M Q N ac Te n MoQ N ac T
0.2 0.0 O 0.1 3.266 2.871 (5)x 0.2 0.01 O 0.1 3.254 3.441 (5)
0.05 3.265 2.950 (5) 0.05 3.255 3.570 (5)
0.0 3.263 3.035 (5) 0.0 3.253 3.709 (5)
-0.05 3.262 3.123 (5) -0.05 3.252 3.859 (5)
-0.1 3.261 3.217 (5) -0.1 3.251 4.021 (5)
100 0.1 3.673 1.316 (6) 100 0.1 3.560 1.540 (6)
0.05 3.747 1.425 (6) 0.05 3.653 1.712 (6)
0.0 3.838 1.553 (6) 0.0 3.772 1.923 (6)
-0.05 3.947 1.704 (6) -0.05 3.925 2.185 (6)
-0.1 4.077 1.881 (6) -0.1 4.119 2.517 (6)
300 0.1 3.595 4.036 (6) 300 0.1 3.288 4.548 (6)
0.05 3.941 4.740 (6) 0.05 3.620 5.601 (6)
0.0 4.514 5.682 (6) 0.0 4.326 7.178 (6)
-0.05 5.330 6.938 (6) -0.05 5.535 9.519 (6)
-0.1 6.282 8.589 (6) -0.1 6.915 1.288 (7)
500 0.1 3.320 6.984 (6) 500 0.1 2.966 7.641 (6)
0.05 3.871 8.711 (6) 0.05 3.393 1.010 (7)
0.0 5.081 1.126 (7) 0.0 4.877 1.438 (7)
-0.05 6.761 1.485 (7) -0.05 7.296 2.116 (7)
-0.1 8.517 1.974 (7) -0.1 9.684 3.134 (7)
700 0.1 3.048 9.925 (6) 700 0.1 2.725 1.063 (7)
0.05 3.642 1.299 (7) 0.05 3.121 1.478 (7)
0.0 5.451 1.797 (7) 0.0 5.236 2.306 (7)
-0.05 8.037 2.522 (7) -0.05 8.871 3.684 (7)
-0.1 10.564 3.530 (7) -0.1 12.168 5.809 (7)
1000 0.1 2.745 1.422 (7) 1000 0.1  2.483 1.491 (7)
0.05 3.261 1.962 (7) 0.05 2.784 2.182 (7)
0.0 5.848 2.987 (7) 0.0 5.630 3.851 (7)
-0.05 9.793 4.525 (7) -0.05 11.028 6.784 (7)
-0.1 11.626 6.704 (7) -0.1 15.526 1.143 (8)

¥  numbers in the parenthesis denote powers of 10
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TABLE 15: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, u, Q AND N
- CONDUCTING WALLS -

n M Q N ac Te n M Q N an Te
0.2 -0.010 0.1 3.279 2.553 (5)* 0.2 -0.1 © 0.1 4.237 3.353 (5)
0.05 3.278 2.609 (5) 0.05 4.243 3.394 (5)
0.0 3.277 2.668 (5) 0.0 4.250 3.436 (5)
-0.05 3.276 2.729 (5) -0.05 4.257 3.479 (5)
-0.1  3.274 2.793 (5) -0.1  4.263 3.523 (5)
100 0.1 3.780 1.177 (6) 100 0.1 5.197 9.695 (5)
0.05 3.844 1.255 (6) 0.05 5.228 9.907 (5)
0.0 3.918 1.343 (6) 0.0 5.260 1.013 (6)
-0.05 4.003 1.442 (6) -0.05 5.292 1.036 (6)
-0.1 4.100 1.556 (6) -0.1 5.326 1.059 (6)
300 0.1 3.908 3.668 (6) 300 0.1 6.077 2.544 (6)
0.05 4.239 4.169 (6) 0.05 6.181 2.639 (6)
0.0 4.701 4.796 (6) 0.0 6.292 2.741 (6)
-0.05 5.294 5.580 (6) -0.05 6.409 2.850 (6)
-0.1 5.983 6.556 (6) -0.1 6.532 2.966 (6)
500 0.1 3.725 6.463 (6) 500 0.1 6.500 4.415 (6)
0.05 4.313 7.720 (6) 0.05 6.712 4.640 (6)
0.0 5.282 9.406 (6) 0.0 6.931 4.885 (6)
-0.05 6.520 1.161 (7) -0.05 7.168 5.152 (6)
-0.1 7.860 1.445 (7) -0.1 7.421 5.442 (6)
700 0.1 3.447 9.334 (6) 700 0.1 6.718 6.510 (6)
0.05 4.172 1.163 (7) 0.05 7.036 6.924 (6)
0.0 5.664 1.493 (7) 0.0 7.386 7.381 (6)
-0.05 7.603 1.937 (7) -0.05 7.768 7.885 (6)
-0.1 9.584 2.517 (7) -0.1 8.182 8.440 (6)
1000 0.1 3.083 1.361 (7) 1000 0.1 6.792 9.980 (6)
0.05 3.819 1.788 (7) 0.05 7.299 1.079 (7)
0.0 6.067 2.470 (7) 0.0 7.876 1.170 (7)
-0.05 9.090 3.410 (7) -0.05 8.512 1.273 (7)
-0.1 11.966 4.654 (7) -0.1 9.206 1.387 (7)

X numbers in the parenthesis denote powers of 10
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TABLE 16: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, U, Q AND N
- CONDUCTING WALLS -

n HooQ N ac T n T N ac Te
0.1 0.0 O 0.1 3.345 2.265 (6)x 0.1 0.001 0 0.1 3.340 2.431 (6)
0.05 3.341 2.348 (6) 0.05 3.337 2.529 (6)
0.0 3.340 2.437 (6) 0.0 3.335 2.636 (6)
-0.05 3.338 2.532 (6) -0.05 3.332 2.751 (6)
-0.1 3.335 2.635 (6) -0.1 3.332 2.875 (6)
100 0.1 3.877 1.121 (7) 100 0.1 3.821 1.191 (7)
0.05 3.991 1.257 (7) 0.05 3.940 1.351 (7)
0.0 4.137 1.427 (7) 0.0 4.099 1.555 (7)
-0.05 4.325 1.642 (7) -0.05 4.312 1.819 (7)
-0.1 4.565 1.917 (7) -0.1 4.588 2.1868 (7)
300 0.1 4.170 3.179 (7) 300 0.1 4.017 3.331 (7)
0.05 4.711 3.943 (7) 0.05 4.565 4.211 (7)
0.0 5.613 5.094 (7) 0.0 5.559 5.596 (7)
-0.05 6.889 6.874 (7) -0.05 7.018 7.845 (7)
-0.1 8.350 9.608 (7) -0.1 8.643 1.144 (8)
500 0.1 4.040 5.182 (7) 500 0.1 3.859 5.375 (7
0.05 4.858 6.865 (7) 0.05 4.647 7.281 (7)
0.0 6.603 9.752 (7) 0.0 6.550 1.074 (8)
-0.05 9.173 1.148 (8) -0.05 9.463 1.717 (8)
-0.1 11.763 2.323 (8) -0.1 12.194 2.829 (8)
700 0.1 3.820 7.082 (7) 700 0.1 3.656 7.293 (7)
0.05 4.733 9.862 (7) 0.05 4.480 1.039 (8)
0.0 7.329 1.519 (8) 6.0 7.276 1.676 (8)
-0.05 11.281 2.534 (8) -0.05 11.725 2.978 (8)
-0.1 14.765 4.310 (8) -0.1 15.131 5.294 (8)
1000 0.1  3.537 9.756 (7) 1000 0.1 3.391 9.973 (7)
0.05 4.383 1.435 (8) 0.05 4.120 1.499 (8)
0.0 8.148 2.461 (8) 0.0 8.095 2.717 (8)
-0.05 14.224 4.617 (8) -0.05 14.874 5.498 (8)
-0.1 18.443 8.454 (8) -0.1 19.325 1.039 (9)

¥  numbers in the parenthesis denote powers of 10
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TABLE 17: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, ud, Q AND N
— CONDUCTING WALLS -

n M Q N ac Te n M Q N ac
0.1 -0.001 0 0.1 3.349 2.130 (6)x 0.1 -0.1 O 0.1 8.071 (6)
0.05 3.347 2.201 (6) 0.05 8.080 (6)
0.0 3.345 2.277 (6) 0.0 8.088 (6)
-0.05 3.342 2.358 (6) -0.05 8.096 (6)
-0.1  3.340 2.444 (6) -0.1 8.105 (6)
100 0.1 3.932 1.062 (7) 100 0.1 8.605 (6)
0.05 4.040 1.179 (7) 0.05 8.866 (6)
0.0 4.175 1.324 (7) 0.0 8.887 (6)
-0.05 4.346 1.502 (7) -0.05 8.908 (6)
-0.1  4.557 1.725 (7) -0.1  8.929 (6)
300 0.1 4.317 3.042 (7) 300 0.1 9.429 (7)
0.05 4.843 3.711 (7) 0.05 9.994 (7)
0.0 5.666 4.684 (7) 0.0 10.044 (7)
-0.05 6.796 6.127 (7) -0.05 10.095 (7)
-0.1 8.106 8.270 (7) -0.1 10.146 (7)
500 0.1 4.221 5.002 (7) 500 0.1 10.646 (7)
0.05 5.051 6.498 (7) 0.05 10.815 (7)
0.0 6.656 8.942 (7) 0.0 10.901 (7)
-0.05 8.945 1.300 (8) -0.05 10.991 (7)
-0.1 11.358 1.955 (8) -0.1 11.083 (7)
700 0.1 3.999 6.882 (7) 700 0.1 11.332 (7)
0.05 4.971 9.385 (7) 0.05 11.458 (7)
0.0 7.382 1.391 (8) 0.0 11.589 (7)
-0.05 10.923 2.204 (8) -0.05 11.725 (7)
-0.1 14.290 3.587 (8) -0.1 11.867 (7)
1000 0.1  3.691 9.546 (7) 1000 0.1 12.013 (7)
0.05 4.646 1.376 (8) 0.05 12.212 (7)
0.0 8.201 2.250 (8) 0.0 12.422 (7)
-0.05 13.685 3.970 (8) -0.05 12.642 (7)
-0.1 18.106 7.003 (8) -0.1 12.873 (7)

X numbers in the parenthesis denote powers of 10

133




TABLE 18: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, U4, @ AND N
- NON-CONDUCTING WALLS -

n M Q N ac Te n M Q N an
0.95 0.0 O 0.1 3.128 1.475 (7)x 0.95 0.1 O© 0.1 3.125 (7)
0.05 3.128 1.495 (7) 0.05 3.124 7)
0.0 3.128 1.517 (7) 0.0 3.124 7)
-0.05 3.127 1.539 (7) -0.05 3.124 7)
-0.1  3.127 1.561 (7) -0.1  3.122 1)
100 0.1 3.125 1.488 (7) 100 0.1 3.121 (7)
0.05 3.124 1.509 (7) 0.05 3.121 (7)
0.0 3.124 1.531 (7) 0.0 3.121 (7)
-0.05 3.124 1.553 (7) -0.05 3.121 (7)
-0.1 3.123 1.576 (7) -0.1 3.120 (7)
300 0.1 3.119 1.515 (7) 300 0.1 3.115 (7)
0.05 3.119 1.536 (7) 0.05 3.115 (7)
0.0 3.118 1.559 (7) 0.0 3.115 (7)
-0.05 3.117 1.582 (7) -0.05 3.114 (7)
-0.1 3.117 1.605 (7) -0.1 3.114 {(7)
500 0.1 3.113 1.541 (7) 500 0.1 3.109 (7)
0.05 3.112 1.564 (7) 0.05 3.109 (7)
0.0 3.112 1.587 (7) 0.0 3.108 (7)
-0.05 3.112 1.611 (7) -0.05 3.108 (7)
-0.1 3.110 1.635 (7) -0.1  3.108 (7)
700 0.1 3.106 1.568 (7) 700 0.1 3.103 (7)
0.05 3.105 1.592 (7) 0.05 3.102 (7)
0.0 3.105 1.615 (7) 0.0 3.102 (7)
-0.05 3.105 1.640 (7) -0.05 3.101 (7)
-0.1 3.105 1.665 (7) -0.1 3.101 (7)
1000 0.1  3.097 1.609 (7) 1000 0.1 3.092 (7)
0.05 3.096 1.633 (7) 0.05 3.092 (7)
0.0 3.096 1.658 (7) 0.0 3.091 (7)
-0.05 3.096 1.684 (7) -0.05 3.092 (7)
-0.1 3.095 1.710 (7) -0.1 3.091 (7)

*  numbers in the parenthesis denote powers of 10
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TABLE 19: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, U, Q AND N
- NON-CONDUCTING WALLS -

n T N ac Te n HoQ N ac Te
6.85 0.5 O 0.1 3.118 2.049 (7)x 0.95 -0.1 O 0.1 3.134 1.487
0.05 3.117 2.136 (7) 0.05 3.133 1.505
0.0 3.117 2.231 (7) 0.0 3.133 1.523
-0.05 3.117 2.334 (7) -0.05 3.133 1.542
-0.1  3.117 2.447 (7) -0.1 3.132 1.561
100 0.1 3.115 2.067 (7) 100 0.1 3.131 1.500
0.05 3.114 2.155 (7) 0.05 3.130 1.518
0.0 3.114 2.251 (7) 0.0 3.129 1.537
-0.05 3.114 2.356 (7) -0.05 3.129 1.556
-0.1 3.114 2.472 (7) -0.1  3.129 1.575
300 0.1 3.109 2.103 (7) 300 0.1 3.125 1.527
0.05 3.108 2.194 (7) 0.05 3.124 1.546
0.0 3.108 2.293 (7) 0.0 3.123 1.565
-0.05 3.108 2.401 (7) -0.05 3.123 1.585
-0.1 3.108 2.520 (7) -0.1 3.123 1.605
500 0.1 3.102 2.139 (7) 500 0.1 3.118 1.554 (7)
0.05 3.102 2.232 (7) 0.05 3.118 1.574 (7)
0.0 3.102 2.334 (7) 0.0 3.117 1.593 (7)
-0.05 3.101 2.446 (7) -0.05 3.117 1.613 (7)
-0.1 3.101 2.569 (7) -0.1 3.117 1.634 (7)
700 0.1  3.097 2.175 (7) 700 0.1 3.113 1.582 (7)
0.05 3.096 2.271 (7) 0.05 3.112 1.601 (7)
0.0 3.095 2.376 (7) 0.0 3.111 1.822 (7)
-0.05 3.095 2.492 (7) -0.05 3.111 1.642 (7)
-0.1 3.094 2.619 (7) -0.1 3.111 1.664 (7)
1000 0.1 3.086 2.230 (7) 1000 0.1 3.103 1.623 (7)
0.05 3.085 2.330 (7) 0.05 3.103 1.643 (7)
0.0 3.085 2.440 (7) 0.0 3.102 1.665 (7)
-0.05 3.084 2.560 (7) -0.05 3.101 1.686 (7)
-0.1 3.084 2.694 (7) -0.1 3.101 1.709 (7)

¥  numbers in the parenthesis denote powers of 10
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TABLE 20: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, M, Q AND N
—~ NON-CONDUCTING WALLS -

n u Q N an Te n u Q N as Ta
0.95 -0.5 O 0.1 3.216 1.931 (7)x% 0.95 -0.75 0 0.1 3.498 2.805 (7)
0.05 3.216 1.946 (7) 0.05 3.501 2.874 (7)
0.0 3.216 1.962 (7) 0.0 3.501 2.898 (7)
-0.05 3.216 1.978 (7) -0.05 3.504 2.923 (7)
-0.1 3.216 1.995 (7) -0.1 3.509 2.949 (7)
100 0.1 3.214 1.947 (7) 100 0.1 3.497 2.871 (7)
0.05 3.214 1.963 (7) 0.05 3.500 2.895 (7)
0.0 3.214 1.979 (7) 0.0 3.503 2.820 (7)
-0.05 3.214 1.996 (7) -0.05 3.506 2.945 (7)
-0.1 3.214 2.012 (7) -0.1 3.509 2.971 (7)
300 0.1 3.210 1.981 (7) 300 0.1 3.497 2.914 (7)
0.05 3.210 1.997 (7) 0.05 3.500 2.938 (7)
0.0 3.210 2.014 (7) 0.0 3.503 2.964 (T)
-0.05 3.210 2.031 (7) -0.05 3.505 2.989 (7)
-0.1 3.209 2.048 (7) -0.1 3.509 3.016 (7)
500 0.1 3.206 2.015 (7) 500 0.1 3.496 2.956 (7)
0.05 3.205 2.031 (7) 0.05 3.499 2.982 (7)
0.0 3.205 2.048 (7) 0.0 3.502 3.007 (7)
-0.05 3.205 2.066 (7) -0.05 3.505 3.034 (7)
-0.1 3.205 2.083 (7) -0.1 3.509 3.060 (7)
700 0.1 3.201 2.049 (7) 700 0.1 3.495 2.999 (7)
0.05 3.201 2.066 (7) 0.05 3.498 3.025 (7)
0.0 3.200 2.083 (7) 0.0 3.502 3.051 (7)
-0.05 3.200 2.101 (7) -0.05 3.505 3.078 (7)
-0.1 3.200 2.119 (7) -0.1 3.508 3.105 (7)
1000 0.1 3.194 2.100 (7) 1000 0.1 3.494 3.063 (7)
0.05 3.194 2.118 (7) 0.05 3.497 3.090 (7)
0.0 3.195 2.136 (7) 0.0 3.501 3.117 (7)
-0.05 3.194 2.155 (7) -0.05 3.504 3.145 (7)
-0.1 3.194 2.174 (7) -0.1 3.507 3.173 (7)

X numbers in the parenthesis denote powers of 10
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TABLE 21: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
. FOR VARIOUS VALUES OF n, M4, Q AND N
- NON-CONDUCTING WALLS -

n u Q N ac Ta n u Q N ac To
0.8 0.0 O 0.1 3.132 7.007 (5)% 0.8 0.1 O 0.1 3.127 17.205 (5)
0.05 3.131 7.111 ( ) 0.05 3.126 7.337 (5)
0.0 3.131 7.217 (b5) 0.0 3.126 7.474 (5)
-0.05 3.130 7.326 (5) -0.05 3.126 2.616 (5)
-0.1 3.129 7.439 (5) -0.1 3.125 7.764 (5)
100 0.1 3.103 7.581 (5) 100 0.1 3.098 7.793 (5)
0.05 3.103 7.699 (5) 0.05 3.098 7.944 (5)
0.0 3.103 7.821 (5) 0.0 3.097 8.101 (5)
-0.05 3.102 7.946 (5) -0.05 3.097 8.264 (5)
-0.1 3.101 8.076 (5) -0.1 3.097 8.434 (5)
300 0.1 3.045 8.776 (5) 300 0.1 3.038 9.018
0.05 3.044 8.927 (5) 0.05 3.038 9.211
0.0 3.043 9.083 (5) 0.0 3.037 9.412
-0.05 3.043 9.245 (5) -0.05 3.037 9.622
-0.1 3.042 9.412 (5) -0.1 3.036 9.842
500 0.1 2.983 1.003 (6) 500 0.1 2.976 1.030
0.05 2.982 1.022 (6) 0.05 2.975 1.054
0.0 2.981 1.042 (6) 0.0 2.974 1.080
-0.05 2.980 1.062 (6) -0.05 2.972 1.106
-0.1 2.978 1.083 (6) -0.1 2.971 1.134
700 0.1 2.919 1.134 (6) 700 0.1 2.911 1.164
0.05 2.918 1.157 (6) 0.05 2.909 1.194
0.0 2.916 1.181 (6) 0.0 2.907 1.225
-0.05 2.914 1.207 (©6) -0.05 2.905 1.258
-0.1 2.911 1.233 (6) -0.1 2.902 1.292
1000 0.1 2.820 1.340 (6) 1000 0.1 2.812 1.375
0.05 2.817 1.371 (6) 0.05 2.807 1.414
0.0 2.813 1.403 (6) 0.0 2.803 1.455
-0.05 2.809 1.436 (6) -0.05 2.798 1.499
-0.1 2.805 1.471 (6) -0.1 2.793 1.545

¥ numbers in the parenthesis denote powers of 10
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TABLE 22: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, U, Q@ AND N
- NON-CONDUCTING WALLS -

n M Q N ac Te n MHoQ N ag Te
0.85 0.5 0 0.1 3.119 1.278 (6)x 0.8 -0.1 O 0.1 © 3.138 7.029
' 0.05 3.119 1.361 (6) 0.05 3.138 7.115
0.0 3.119 1.457 (6) 0.0 3.138 7.202
-0.05 3.119 1.567 (6) -0.05 3.137 7.292
-0.1 3.119 1.695 (6) -0.1 3.137 7.384
100 0.1 3.090 1.376 (6) 100 0.1 3.111 7.604
0.05 3.090 1.471 (6) 0.05 3.111 7.702
0.0 3.090 1.580 (6) 0.0 3.110 7.802
-0.05 3.089 1.706 (6) -0.05 3.110 7.905
-0.1 3.089 1.855 (6) -0.1 3.109 8.010
300 0.1 3.029 1.577 (6) 300 0.1 3.054 8.802
0.05 3.029 1.697 (6) 0.05 3.054 8.927
0.0 3.028 1.836 (6) 0.0 3.053 9.056
-0.05 3.027 2.000 (6) -0.05 3.052 9.188
-0.1 3.025 2.197 (6) -0.1 3.052 9.324
500 0.1 2.968 1.786 (6) 500 0.1 2.994 1.006
0.05 2.965 1.934 (6) 0.05 2.993 1.022
0.0 2.962 2.108 (6) 0.0 2.992 1.038
-0.05 2.959 2.316 (6) -0.05 2.991 1.054
-0.1 2.954 2.570 (6) -0.1 2.990 1.072
700 0.1 2.905 2.001 (6) 700 0.1 2.932 1.137
0.05 2.900 2.179 (6) 0.05 2.930 1.157
0.0 2.894 2.393 (6) 0.0 2.929 1.177
-0.05 2.887 2.652 (6) -0.05 2.927 1.197
-0.1 2.876 2.974 (6) -0.1 2.925 1.218
1000 0.1 2.810 2.334 (6) 1000 0.1 2.836 1.344 (
0.05 2.800 2.564 (6) 0.05 2.832 1.370
0.0 2.787 2.844 (6) 0.0 2.829 1.396
-0.05 2.769 3.193 (6) -0.05 2.826 1.423
-0.1 2.745 3.639 (6) -0.1 2.822 1.451

X numbers in the parenthesis denote powers of 10
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TABLE 23: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, M4, Q AND N
- NON-CONDUCTING WALLS -

n M Q N ac Te n I Q N ag To
0.85 -0.5 0 0.1 3.275 9.877 (5)%x 0.85 -0.75 0 0.1 3.819 1.633 (6)
0.05 3.276 9.958 (5) 0.05 3.824 1.647 (6)
0.0 3.276 1.004 (6) 0.0 3.829 1.661 (6)
-0.05 3.276 1.013 (&) -0.05 3.834 1.676 (6)
-0.1 3.276 1.021 (6) -0.1 3.840 1.690 (6)
100 0.1 3.261 1.063 (6) 100 0.1 3.818 1.725 (6)
0.05 3.261 1.072 (6) 0.05 3.824 1.740 (6)
0.0 3.261 1.082 (6) 0.0 3.829 1.756 (6)
-0.05 3.262 1.091 (6) -0.05 3.835 1.771 (6)
-0.1 3.262 1.110 (6) -0.1 3.841 1.787 (6)
300 0.1 3.229 1.218 (6) 300 0.1 3.813 1.912 (6)
0.05 3.230 1.230 (6) 0.05 3.820 1.930 (6)
0.0 3.231 1.241 (6) 0.0 3.826 1.948 (6)
-0.05 3.231 1.253 (6) -0.05 3.832 1.966 (6)
-0.1 3.232 1.266 (6) -0.1 3.839 1.985 (6)
500 0.1 3.196 1.379 (6) 500 0.1 3.804 2.103 (6)
0.05 3.197 1.393 (6) 0.05 3.810 2.124 (6)
0.0 3.198 1.408 (6) 0.0 3.818 2.144 (6)
-0.05 3.199 1.423 (6) -0.05 3.825 2.165 (6)
-0.1 3.199 1.438 (6) -0.1 3.832 2.187 (6)
700 0.1 3.161 1.546 (6) 700 0.1 3.790 2.298 (6)
0.05 3.162 1.563 (6) 0.05 3.798 2.321 (6)
0.0 3.163 1.580 (6) 0.0 3.806 2.345 (6)
-0.05 3.164 1.598 (6) -0.05 3.814 2.369 (6)
-0.1 3.165 1.616 (6) -0.1 3.822 2.394 (6)
1000 0.1 3.105 1.805 (6) 1000 0.1 3.765 2.597 (6)
0.05 3.106 1.827 (6) 0.05 3.773 2.625 (6)
0.0 3.108 1.850 (6) 0.0 3.783 2.654 (6)
-0.05 3.109 1.873 (6) -0.05 3.792 2.683 (6)
-0.1 3.110 1.896 (6) -0.1 3.801 2.712 (6)

¥  numbers in the parenthesis denote powers of 10
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TABLE 24: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, u, Q AND N
- NON-CONDUCTING WALLS -

X

numbers in the parenthesis

denote powers of 10
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n M Q N ac Te n H Q N ac Te
0.75 0.0 0 0.1 3.136 2.029 (5)x 0.75 0.1 0 0.1 3.131 2.139 (5)
0.05 3.136 2.060 (5) 0.05 3.130 2.182 (5)
0.0 3.135 2.093 (5) 0.0 3.130 2.228 (5)
-0.05 3.135 2.126 (5) -0.05 3.129 2.275 (5)
-0.1 3.135 2.161 (5) -0.1 3.129 2.325 (5)
100 0.1 3.057 2.499 (5) 100 0.1 3.050 2.632 (5)
0.05 3.056 2.544 (5) 0.05 3.049 2.694 (5)
0.0 3.056 2.590 (5) 0.0 3.048 2.759 (5)
-0.05 3.055 2.638 (5) -0.05 3.047 2.827 (5)
-0.1 3.054 2.688 (5) -0.1 3.046 2.899 (5)
300 0.1 2.883 3.535 (5) 300 0.1 2.873 3.716 (5)
0.05 2.880 3.615 (5) 0.05 2.870 3.827 (5)
0.0 2.877 3.698 (5) 0.0 2.866 3.944 (5)
-0.05 2.874 3.786 (5) -0.05 2.862 4.068 (5)
-0.1 2.871 3.878 (5) -0.1 2.856 4.201 (5)
500 0.1 2.698 4.677 (5) 500 0.1 2.685 4.910 (5)
0.05 2.691 4.804 (5) 0.05 2.677 5.084 (5)
0.0 2.683 4.938 (5) 0.0 2.668 5.271 (5)
-0.05 2.675 5.079 (5) -0.05 2.657 5.472 (5)
-0.1 2.666 5.228 (5) -0.1 2.645 5.688 (5)
700 0.1 2.512 5.903 (5) 700 0.1 2.501 6.186 (5)
0.05 2.498 6.087 (5) 0.05 2.483 6.438 (5)
0.0 2.483 6.282 (5) 0.0 2.464 6.711 (5)
-0.05 2.467 6.490 (5) -0.05 2.442 7.007 (5)
-0.1 2.449 6.712 (5) -0.1 2.417 7.330 (5)
1000 0.1 2.251 7.852 (5) 1000 0.1 2.244 8.209 (5)
0.05 2.225 8.137 (5) 0.05 2.211 8.598 (5)
0.0 2.196 8.442 (5) 0.0 2.174 9.024 (5)
-0.05 2.164 8.769 (5) -0.05 2.132 9.490 (5)
-0.1 2.128 9.119 (5) -0.1 2.083 1.000 (6)




TABLE 25: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
’ FOR VARIOUS VAILUES OF n, M4, @ AND N
- NON-CONDUCTING WALLS -

n H Q N ac Te n MoQ N ac Te
0.75 0.25 0 0.1 3.126 2.592 (5)x 0.75 -0.1 O 0.1 3.146 2.019 (5)
0.05 3.125 2.680 (5) 0.05 3.146 2.044 (5)
0.0 3.125 2.774 (5) 0.0 3.145 2.069 (5)
-0.05 3.125 2.875 (5) -0.05 3.144 2.095 (5)
-0.1 3.124 2.984 (5) -0.1 3.144 2.122 (5)
100 0.1 3.044 3.178 (5) 100 0.1 3.070 2.486 (5)
0.05 3.043 3.303 (5) 0.05 3.069 2.522 (5)
0.0 3.042 3.437 (5) 0.0 3.068 2.558 (5)
-0.05 3.041 3.583 (5) -0.05 3.067 2.595 (b)
-0.1 3.040 3.742 (5) -0.1 3.066 2.634 (5)
300 0.1 2.865 4.459 (5) 300 0.1 2.901 3.517 (5)
0.05 2.861 4.677 (5) 0.05 2.899 3.580 (5)
0.0 2.856 4.919 (5) 0.0 2.897 3.645 (5)
-0.05 2.850 5.186 (5) -0.05 2.894 3.713 (5)
-0.1 2.844 5.484 (5) -0.1 2.891 3.783 (5)
500 0.1 2.682 5.835 (5) 500 0.1 2.721 4.654 (5)
0.05 2.669 6.195 (5) 0.05 2.716 4.754 (5)
0.0 2.655 6.579 (5) 0.0 2.709 4.859 (5)
-0.05 2.637 7.013 (5) -0.05 2.703 4.967 (5)
-0.1 2.615 7.507 (5) -0.1 2.696 5.081 (5)
700 0.1 2.504 7.332 (5) 700 0.1 2.540 5.876 (5)
0.05 2.479 17.822 (5) 0.05 2.528 6.021 (5)
0.0 2.448 8.381 (5) 0.0 2.516 6.174 (b)
-0.05 2.410 9.024 (5) -0.05 2.503 6.334 (5)
-0.1 2.363 9.768 (5) -0.1 2.489 6.503 (5)
1000 0.1 2.261 9.657 (5) 1000 0.1 2.280 7.823 (5)
0.05 2.214 1.041 (6) 0.05 2.258 8.049 (5)
0.0 2.155 1.128 (6) 0.0 2.235 8.287 (5)
-0.05 2.082 1.229 (6) -0.05 2.209 8.539 (5)
-0.1 1.994 1.347 (6) -0.1 2.181 8.806 (5)

¥  numbers in the parenthesis denote powers of 10
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TABLE 26: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, 4, Q AND N
- NON-CONDUCTING WALLS -

n M Q N ac Te n Mo Q N ac To
0.75 -0.25 0 0.1 3.177 2.183 (5)% 0.75 -0.5 O 0.1 3.410 3.233 (5)
0.05 3.176 2.204 (5) 0.05 3.411 3.263 (5)
0.0 3.176 2.225 (5) 0.0 3.413 3.290 (5)
-0.05 3.175 2.247 (5) -0.05 3.414 3.319 (5)
-0.1 3.175 2.269 (5) -0.1 3.416 3.349 (5)
100 0.1 3.110 2.682 (5) 100 0.1 3.390 3.876 (5)
0.05 3.109 2.711 (5) 0.05 3.392 3.914 (5)
0.0 3.108 2.741 (5) 0.0 3.395 3.952 (5)
-0.05 3.107 2.772 (5) -0.05 3.397 3.991 (5)
-0.1 3.107 2.803 (5) -0.1 3.400 4.031 (5)
300 0.1 2.962 3.776 (5) 300 0.1 3.336 5.239 (5)
0.05 2.959 3.828 (5) 0.05 3.340 5.300 (5)
0.0 2.957 3.881 (5) 0.0 3.344 5.362 (5)
-0.05 2.955 3.936 (5) -0.05 3.348 5.425 (5)
-0.1 2.953 3.993 (5) -0.1 3.352 5.490 (5)
500 0.1 2.800 4.979 (5) 500 0.1 3.267 6.691 (5)
0.05 2.796 5.061 (5) 0.05 3.272 6.780 (5)
0.0 2.792 5.146 (5) 0.0 3.277 6.871 (5)
-0.05 2.787 5.233 (5) -0.05 3.282 6.965 (5)
-0.1 2.783 5.324 (5) -0.1 3.288 7.061 (5)
700 0.1 2.635 6.270 (5) 700 0.1 3.185 8.219 (5)
0.05 2.628 6.389 (5) 0.05 3.191 8.342 (5)
0.0 2.620 6.513 (5) 0.0 3.197 8.468 (5)
-0.05 2.610 6.641 (5) -0.05 3.204 8.599 (5)
-0.1 2.601 6.774 (5) -0.1  3.211 8.733 (5)
1000 0.1 2.393 8.329 (5) 1000 0.1 3.047 1.063 (6)
0.05 2.376 8.515 (5) 0.05 3.053 1.082 (6)
0.0 2.359 8.708 (5) 0.0 3.058 1.101 (6)
-0.05 2.340 8.910 (5) -0.05 3.065 1.120 (6)
-0.1 2.320 9.121 (5) -0.1 3.072 1.141 (6)

¥  numbers in the parenthesis denote powers of 10
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TABLE 27: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, U, Q@ AND N
- NON-CONDUCTING WALLS -

nooouoQ N s, T nooou o Q N a, T
0.5 0.0 0 0.1 3.164 7.168 (4)x 0.5 0.1 0 0.1 3.152 9.283 (4)
0.05 3.163 7.301 (4) 0.05 3.151 9.441 (4)

0.0 3.163 7.439 (4) 0.0 3.151 9.949 (4)

-0.05 3.162 7.582 (4) -0.05 3.150 1.013 (5)

-0.1 3.161 7.731 (4) -0.1 3.150 1.072 (5)

100 0.1 2.828 1.419 (5) 100 0.1 2.807 1.814 (5)
0.05 2.824 1.461 (5) 0.05 2.798 1.912 (5)

0.0 2.817 1.505 (5) 0.0 2.789 2.022 (5)

-0.05 2.811 1.552 (5) -0.05 2.777 2.145 (5)

-0.1 2.804 1.602 (5) -0.1 2.764 2.284 (5)

300 0.1 2,161 3.136 (5) 300 0.1 2.169 3.920 (5)
0.05 2.121 3.280 (5) 0.05 2.106 4.250 (5)

0.0 2.079 3.437 (5) 0.0 2.030 4.635 (5)

-0.05 2.025 3.608 (5) -0.05 1.937 5.086 (5)

-0.1 1.970 3.793 (5) -0.1 1.826 5.615 (5)

500 0.1 1.714 5.011 (5) 500 0.1 1.761 6.182 (5)
0.05 1.656 5.284 (5) 0.05 1.659 6.803 (5)

0.0 1.591 5.580 (5) 0.0 1.548 7.526 (5)

-0.05 1.524 5.899 (5) -0.05 1.432 8.363 (5)

-0.1 1.459 6.243 (5) -0.1 1.321 9.327 (5)

700 0.1 1.441 6.930 (5) 700 0.1 1.506 8.487 (5)
0.05 1.379 7.336 (5) 0.05 1.392 9.413 (5)

0.0 1.308 7.772 (b) 0.0 1.277 1.048 (6)

-0.05 1.251 8.240 (5) -0.05 1.173 1.170 (6)

-0.1 1.192 8.740 (5) -0.1 1.079 1.309 (6)

1000 0.1 1.201 9.835 (5) 1000 0.1 1.267 1.197 (6)
0.05 1.127 1.044 (6) 0.05 1.148 1.336 (B)

0.0 1.068 1.109 (6) 0.0 1.046 1.494 (6)

-0.05 1.014 1.177 (6) -0.05 0.955 1.673 (6)

-0.1 0.965 1.250 (6) -0.1 0.877 1.875 (6)

X numbers in the parenthesis denote powers of 10
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TABLE 28: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, U, Q AND N
- NON-CONDUCTING WALLS -

n TR N ac Te n u o Q N ac
0.5 -0.1 0 0.1 3.191 6.839 (4)* 0.5 -0.5 0 0.1 4.791 (5)
0.05 3.191 6.922 (4) 0.05 4.796 (5)

0.0 3.189 7.008 (4) 0.0 4.801 (5)

-0.05 3.188 7.095 (4) ~0.05 4.806 (5)

-0.1 3.188 7.185 (4) -0.1  4.811 (5)

100 0.1 2.886 1.350 (5) 100 0.1  4.665 (5)
0.05 2.883 1.376 (5) 0.05 4.673 (5)

0.0 2.879 1.403 (5) 0.0 4.681 (5)

-0.05 2.874 1.431 (5) -0.05 4.691 (5)

-0.1 2.870 1.461 (5) -0.1  4.699 (5)

300 0.1 2.248 2.985 (5) 300 0.1 4.413 (5)
0.05 2.220 3.076 (5) 0.05 4.429 (5)

0.0 2.187 3.173 (5) 0.0 4.444 (5)

-0.05 2.153 3.275 (5) -0.05 4.459 (5)

-0.1 2.118 3.383 (5) -0.1  4.474 (5)

500 0.1 1.781 4.787 (5) 500 0.1 4.152 (5)
0.05 1.733 4.962 (5) 0.05 4.170 (5)

0.0 1.682 5.147 (5) 0.0 4.189 (5)

-0.05 1.630 5.342 (5) -0.05 4.207 (5)

-0.1 1.577 5.546 (5) -0.1  4.225 (5)

700 0.1 1.489 6.638 (5) 700 0.1  3.880 (5)
0.05 1.436 6.900 (5) 0.05 3.898 (5)

0.0 1.382 7.175 (5) 0.0 3.916 (5)

-0.05 1.332 7.462 (5) -0.05 3.933 (5)

-0.1 1.285 7.761 (5) -0.1  3.950 (6)

1000 0.1 1.222 9.444 (5) 1000 0.1  3.481 (6)
0.05 1.172 9.835 (5) 0.05 3.490 (6)

0.0 1.125 1.024 (6) 0.0  3.497 (6)

-0.05 1.081 1.067 (6) -0.05 3.503 (6)

-0.1 1.040 1.111 (6) -0.1 3.508 (6)

X numbers in the parenthesis denote powers of 10
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TABLE 29: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, i, @ AND N
- NON-CONDUCTING WALLS -

nooou o Q N ae T noouQ N a, T,
0.35 0.0 0 0.1 3.199 9.062 (4)* 0.35 0.05 0 0.1 3.186 1.230
0.05 3.198 9.259 (4) 0.05 3.185 1.279

0.0 3.198 9.464 (4) 0.0 3.184 1.331

-0.05 3.197 9.679 (4) -0.05 3.183 1.388

-0.1 3.197 9.903 (4) ~-0.1 3.183 1.450

100 0.1 2.638 2.417 (5) 100 0.1 2.618 3.206
0.05 2.619 2.518 (5) 0.05 2.591 3.445

0.0 2.602 2.627 (5) 0.0 2.558 3.721

-0.05 2.578 2.745 (5) -0.05 2.518 4.043

-0.1 2.552 2.874 (5) -0.1 2.468 4.424

300 0.1 1.790 6.079 (5) 300 0.1 1.835 7.831
0.05 1.711 6.167 (5) 0.05 1.721 8.723

0.0 1.632 6.892 (5) 0.0 1.590 9.786

~-0.05. 1.558 7.358 (5) -0.05 1.454 1.164

-0.1 1.471 7.866 (5) -0.1 1.328 1.252

500 0.1 1.385 9.921 (5) 500 0.1 1.468 1.262
0.05 1.299 1.063 (6) 0.05 1.325 1.426

0.0 1.221 1.139 (6) 0.0 1.191 1.617

-0.05 1.156 1.222 (6) -0.05 1.075 1.838

-0.1 1.091 1.311 (6) -0.1 0.977 2.094

700 0.1 1.164 1.380 (6) 700 0.1 1.256 1.743
0.05 1.083 1.482 (6) 0.05 1.110 1.983

0.0 1.010 1.593 (6) 0.0 0.989 2.260

-0.05 0.949 1.711 (6) -0.05 0.888 2.576

-0.1 0.894 1.838 (6) -0.1 0.809 2.939

1000 0.1 0.968 1.963 (6) 1000 0.1 1.064 2.467
0.05 0.894 2.114 (6) 0.05 0.923 2.822

0.0 0.832 2.275 (6) 0.0 0.815 3.226

-0.05 0.781 2.446 (6) -0.05 0.730 3.684

-0.1 0.735 2.630 (6) -0.1 0.663 4.207

¥  numbers in the parenthesis denote powers of 10
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TABLE 30: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, M, Q AND N
- NON-CONDUCTING WALLS -

n M Q N ac To n H Q N ac Te
0.35 -0.05 0O 0.1 3.225 8.138 (4)*x 0.35 -0.5 O 0.1 6.596 4.160
~ 0.05 3.225 8.258 (4) 0.05 6.602 4.189
0.0 3.224 8.381 (4) 0.0 6.607 4.218
-0.05 3.223 8.507 (4) -0.05 6.613 4.248
-0.1  3.222 8.637 (4) -0.1 6.619 4.278
100 0.1 2.706 2.168 (5) 100 0.1 6.468 5.666
0.05 2.696 2.229 (5) 0.05 6.477 5.713
0.0 2.682 2.294 (5) 0.0 6.487 5.760
-0.05 2.668 2.362 (5) -0.05 6.497 5.809
-0.1 2.652 2.434 (5) -0.1 6.502 5.858
300 0.1 1.856 5.489 (5) 300 0.1 6.228 9.047 (5)
0.05 1.795 5.986 (5) 0.05 6.243 9.143 (5)
0.0 1.731 5.986 (5) 0.0 6.259 9.242 (5)
-0.05 1.667 6.259 (5) -0.05 6.274 9.342 (5)
-0.1 1.604 6.549 (5) -0.1 6.290 9.444 (5)
500 0.1 1.416 8.998 (5) 500 0.1 5.967 1.280 (6)
0.05 1.349 9.440 (5) 0.05 5.985 1.296 (6)
0.0 1.284 9.905 (5) 0.0 6.003 1.313 (6)
-0.05 1.233 1.039 (6) -0.05 6.021 1.330 (6)
-0.1 1.179 1.091 (6) -0.1 6.038 1.348 (6)
700 0.1 1.183 1.254 (6) 700 0.1 5.684 1.682 (6)
0.05 1.127 1.319 (6) 0.05 5.701 1.707 (6)
0.0 1.061 1.386 (6) 0.0 5.717 1.733 (6)
-0.05 1.010 1.456 (6) -0.05 5.734 1.759 (6)
-0.1 0.964 1.529 (6) -0.1 5.750 1.786 (6)
1000 0.1 0.877 1.788 (6) 1000 0.1 5.246 2.323 (6)
0.05 0.920 1.882 (6) 0.05 5.253 2.364 (6)
0.0 0.870 1.980 (6) 0.0 5.260 2.407 (6)
-0.05 0.827 2.082 (6) -0.05 5.265 2.451 (6)
-0.1 0.790 2.188 (6) -0.1 5.270 2.497 (6)

¥  numbers in the parenthesis denote powers of 10
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TABLE 31: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, M, Q@ AND N
- NON-CONDUCTING WALLS -

nooouQ N a. T noou Q N as T
0.2 0.0 0 0.1 3.266 2.871 (5)x 0.2 0.01 0 0.1 3.254 3.441 (5)
0.05 3.265 2.950 (5) 0.05 3.255 3.570 (5)
0.0 3.263 3.035 (5) 0.0 3.253 3.709 (5)
-0.05 3.262 3.123 (5) -0.05 3.252 3.859 (5)
-0.1 3.261 3.217 (D) -0.1 3.251 4.021 (5)
100 0.1 2.497 9.694 (5) 100 0.1 2.480 1.144 (6)
0.05 2.456 1.029 (6) 0.05 2.432 1.238 (6)
0.0 2.402 1.096 (6) 0.0 2.368 1.348 (6)
-0.05 2.342 1.171 () -0.05 2.283 1.477 (6)
-0.1 2.279 1.256 (6) -0.1 2.185 1.630 (6)
300 0.1 1.647 2.551 (6) 300 0.1 1.679 2.962 (6)
0.05 1.515 2.783 (6) 0.05 1.515 3.323 (6)
0.0 1.396 3.041 (6) 0.0 1.365 3.744 (6)
-0.05 1.289 3.326 (6) ~0.05 1.236 4.228 (6)
-0.1 1.198 3.641 (6) -0.1 1.123 4.784 (6)
500 0.1 1.294 4.168 (6) 500 0.1 1.353 4.807 (6)
0.05 1.159 4.586 (6) 0.05 1.170 5.462 (6)
0.0 1.050 5.041 (6) 0.0 1.028 6.204 (6)
-0.05 0.964 5.536 (6) -0.05 0.924 7.043 (6)
-0.1 0.892 6.077 (6) -0.1 0.841 7.993 (6)
700 0.1 1.105 5.791 (6) 700 0.1 1.181 6.653 (6)
0.05 0.971 6.396 (6) 0.05 0.984 7.609 (6)
0.0 0.876 7.048 (6) 0.0 0.859 8.673 (6)
~0.05 0.802 7.752 (6) -0.05 0.767 9.863 (6)
-0.1 0.741 8.517 (6) -0.1 0.698 1.121 (7)
1000 0.1 0.932 8.226 (6) 1000 0.1 1.010 9.418 (6)
0.05 0.807 9.116 (6) 0.05 0.820 1.083 (7)
0.0 0.722 1.006 (7) 0.0 0.712 1.238 (7)
-0.05 0.662 1.108 (7) -0.05 0.635 1.410 (7)
-0.1 0.614 1.218 (7) -0.1 0.578 1.603 (7)

X numbers in the parenthesis denote powers of 10
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TABLE 32: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, U, Q AND N
- NON-CONDUCTING WALLS -

nooou o Q N a, T nooou o Q N ag
0.2 -0.010 0.1 3.279 2.553 (5)x 0.2 -0.1 0 0.1 4.237
0.05 3.278 2.609 (5) 0.05 4.243

0.0 3.277 2.668 (5) 0.0  4.250

~0.05 3.276 2.729 (5) -0.05 4.257

-0.1 3.274 2.793 (5) -0.1  4.263

100 0.1 2.533 8.661 (5) 100 0.1 4.108
0.05 2.495 9.084 (5) 0.05 4.121

0.0 2.458 9.549 (5) 0.0 4,133

-0.05 2.407 1.006 (6) -0.05 4.146

-0.1 2.359 1.062 (6) -0.1  4.160

300 0.1 1.654 2.298 (6) 300 0.1 3.541
0.05 1.541 2.465 (6) 0.05 3.542

0.0 1.437 2.646 (6) 0.0 3.542

-0.05 1.342 2.843 (6) -0.05 3.541

-0.1 1.258 3.055 (6) -0.1 3.538

500 0.1 1.291 3.768 (6) 500 0.1 2.994
0.05 1.173 4.069 (6) 0.05 2.955

0.0 1.078 4.389 (8) 0.0  2.907

-0.05 0.999 4.731 (6) -0.05 2.849

-0.1 0.938 5.096 (6) ~0.1  2.777

700 0.1 1.094 5.244 (6) 700 0.1 2.585
0.05 0.981 5.680 (6) 0.05 2.506

0.0 0.895 6.139 (6) 0.0 2.413

-0.05 0.830 6.625 (6) ~0.05 2.304

-0.1 0.780 7.142 () -0.1 2.183

1000 0.1 0.916 7.461 (6) 1000 0.1 2.177
0.05 0.809 8.099 (6) 0.05 2.061

0.0 0.739 8.765 (6) 0.0 1.932

-0.05 0.683 9.467 (6) -0.05 1.801

-0.1 0.641 1.021 (7) -0.1 1.676

X numbers in the parenthesis denote powers of 10
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TABLE 33: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, U, Q AND N
~ NON-CONDUCTING WALLS -

u Q N ac Ta n U Q N ac To
0.0 O 0.1 3.345 2.265 (6)% 0.1 0.0010 0.1 3.340 2.431 (6)
0.05 3.341 2.348 (6) 0.05 3.337 2.529 (6)
0.0 3.340 2.437 (6) 0.0 3.335 2.636 (6)
-0.05 3.338 2.532 (6) -0.05 3.332 2.751 (6)
-0.1 3.335 2.635 (8) -0.1 3.332 2.875 (6)
100 0.1 2.534 8.268 (6) 100 0.1 2.529 8.817 (6)
0.05 2.462 8.984 (6) 0.05 2.449 9.659 (6)
0.0 2.368 9.819 (6) 0.0 2.340 1.066 (7)
-0.05 2.258 1.080 (7) -0.05 2.225 1.185 (7)
-0.1 2.130 1.195 (7) -0.1 2.085 1.327 (7)
300 0.1 1.876 2.134 (7) 300 0.1 1.890 2.260 (7)
0.05 1.583 2.419 (7) 0.05 1.592 2.593 (7)
0.0 1.368 2.744 (7) 0.0 1.355 2.979 (7)
-0.05 1.228 3.110 (7) -0.05 1.185 3.421 (7)
-0.1 1.088 3.520 (7) -0.1 1.072 3.925 (7)
500 0.1 1.741 3.425 (7) 500 0.1 1.768 3.612 (7)
0.05 1.262 3.967 (7) 0.05 1.267 4.247 (7)
0.0 1.032 4.544 (7) 0.0 1.021 4.933 (7)
-0.05 0.906 5.175 (7) -0.05 0.888 5.694 (7)
-0.1 0.818 5.876 (7) -0.1 0.797 6.553 (7)
700 0.1 1.795 4.678 (7) 700 0.1 1.832 4.916 (7)
0.05 1.066 5.518 (7) 0.05 1.082 5.903 (7)
0.0 0.861 6.348 (7) 0.0 0.853 6.892 (7)
-0.05 0.756 7.243 (7) -0.05 0.743 7.972 (7T)
-0.1 0.683 8.236 (7) -0.1 0.603 9.184 (7)
1000 0.1 1.817 6.487 (7) 1000 0.1 1.854 6.792 (7)
0.05 0.901 7.847 (7) 0.05 0.913 8.389 (7)
0.0 0.714 9.057 (7) 0.0 0.706 9.832 (7)
-0.05 0.626 1.035 (8) -0.05 0.614 1.139 (8)
-0.1 0.564 1.177 (8) -0.1 0.552 1.313 (8)

numbers in the parenthesis denote powers of 10
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TABLE 34: CRITICAL VALUES OF TAYLOR NUMBERS AND WAVE NUMBERS
FOR VARIOUS VALUES OF n, U, Q@ AND N
-~ NON-CONDUCTING WALLS -

X

numbers in the parenthesis

denote powers of 10
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nooou o Q N a, T noouoQ N s, T
0.1 -0.001 O 0.1 3.349 2.130 (6)% 0.1 -0.1 O 0.1 8.071 4.100 (8B)
0.05 3.347 2.201 (6) 0.05 8.080 4.140 (6)

0.0 3.345 2.277 (6) 0.0 8.088 4.181 (6)

-0.05 3.342 2.358 (6) -0.05 8.096 4.223 (6)

-0.1 3.340 2.444 (6) -0.1 8.105 4.265 (6)

100 0.1 2.550 7.809 (6) 100 0.1 7.949 5.932 (6)
0.05 2.478 8.428 (6) 0.05 7.963 6.003 (6)

0.0 2.391 9.142 (6) 0.0 7.976 6.076 (6)

-0.5 2.289 9.966 (6) -0.05 7.990 6.150 (6)

-0.1 2.164 1.092 (7) -0.1 8.004 6.226 (6)

300 0.1 1.871 2.027 (7) 300 0.1 7.722 9.963 (6)
0.05 1.600 2.275 (7) 0.05 7.742 1.012 (7)

0.0 1.388 2.553 (7) 0.0 7.761 1.029 (7)

-0.05 1.232 2.863 (7) -0.05 7.781 1.046 (7)

-0.1 1.116 3.207 (7) -0.1 7.800 1.063 (7)

500 0.1 1.718 3.262 (7) 500 0.1 7.436 1.431 (7)
0.05 1.0863 3.734 (7) 0.05 7.455 1.459 (7)

0.0 0.939 4.229 (7) 0.0 7.474 1.489 (7)

~-0.05 0.808 4.764 (7) -0.05 7.493 1.519 (7)

-0.1 0.733 5.352 (7) -0.1 7.513 1.551 (7)

700 0.1 1.790 4.467 (7) 700 0.1 7.102 1.431 (7)
0.05 0.953 5.196 (7) 0.05 7.115 1.459 (7)

0.0 0.762 5.912 (7) 0.0 7.127 1.489 (7)

-0.05 0.675 6.670 (7) ~-0.05 7.138 1.519 (7)

-0.1 0.613 7.501 (7) -0.1 7.150 1.551 (7)

1000 0.1 1.789 6.214 (7) 1000 0.1 6.570 2.597 (7)
0.05 0.890 7.392 (7) 0.05 6.562 2.669 (7)

0.0 0.756 8.441 (7) 0.0 6.551 2.746 (7)

-0.05 0.634 9.527 (7) -0.05 6.537 2.826 (7)

-0.1 0.579 1.072 (8) -0.1 6.517 2.912 (7)
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Fig.39. Variation of Tc with Q for p=0-0,7=0-95 and different values of N
=non conducting walls-
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Fig.40.Variation of Tc with Q for p=025, N) =095 and different values of N. Fig.41.Variation of Tc with Q for w=-0-25,1 =095 and different values of N
~non conducting walls- ~non conducting walls-
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Fig.42. Variation of Tc with Q for p=05,7 =095 and different values of N
=non conducting walls-

Fig.43.Variation of Tc with Q for y=-05,7 =095 and different values of N
=non conducting walls-
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Fig. &4 Variation of Tc with Q for u=0-0,7M =0-85 and different values of N.
=non conducting walls-
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Fig.45.Variation of Tc with Q for p=025,7 =0-85 and different values of N.
-non conducting walls-
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Fig.46 Variation of Tc with Q for p=-025,7=085 and different values of N
=non conducting walts-
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Fig.L7, Variation of Tc with Q for #=05,7=0-85 and different values of N.
=non ronducting walls-
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APPZWDEX A
Aed A PROGHAM USED Tu STUWY THE LFFEZCT OF COuSTAAY
HEAT FLUA AT THE ILNER CYLINDER UM TuE
STA3ILITY OF COUKTIE FiLlu
Aelel =MNARZOW, GAP PRuUSLEM-
A PRuGRAM TO CALCULATE THE CRITICAL TAYLGR NUMBERCIC)
ANo THL COaRESPCEDING WAWE NUMSIRCAC) FGR aSSIGNED
VALUES OF EMUCAU ), aNaN )
PRUGKAIM CHFIGCWCiNPUT SUTPUT ,TAPLS=I1uPuUT TAPEG=0UTPUT)
COMMULN ZART/ iU , AN
EXTZANAL FuCuw
THZ ASSIGNLD VALUES GF EMU,AN
EMu=3d.5
=063
5T uP THE PARAMETERS TO FIND THE MI&INMUM TC OWER ALL
RZAL PUSITLVI AC
ad=3.90
80=5.0
£E1=0.00001
2=0.00001
lAd=510
<FAalie=d
CALlaillo A SUBRGUTIILE WdICH FIND THE MININUSA TIC
CALl EO4ASFCFUWNSEL,E2,A40,00 ,MMAX,AC,TIC,IFALLD
TH: YALUES OF IC AuD AC FOR THE ASSIGNED VALVES OF
EMU, AN
WRITe(L, 2L )EMU,AN AL ,,TC

v FOMATCY ZiUSY ,F7ed, 24,7 Au=%,F8.2,24," AC=TY,
+F5,3,2%,% IC=% F3.,.1) '

ERD

SUBROUT I «E FUCLWILXC,FC)

RZAL XC,FC

COMMUN /aR3/ E&,iu,TC3)

RIAL YC 3.2 ,u4€32,32),wKkSPACCB80),0€¢5,5),0TC3)
<OMMUN AR/ AERD,Kk,2CHN

COMMUN ZART/ EilU LAR

cXTERNAL FoN,TWUT

TNITELLZATIOW GF THE PARAMETERS FOH BISECTION METHGD
=l

RQLI=d00.0

TC1)=3G0J.4

icI=4

TC2I=STC1I240LT

aCT=4iCT+ 4

SET LP THE PARAMEZTLRS Fla INTIGRATING THE S5YLTEM 3IF FIasIt

GROE]R SQUATICANS

X=043

AExD=1.9

PES S 3°8 NE 'S I fe N IRV

ICa=.49

TOL=1.0E-5

iRE=g¢

HEGQ=32

THE LNiTIAL CCNOITIOWS

@29 2 I=1,NEQ

Y(I)=0.,90

¥Y(2)=1.0

YC1l48J)=1.0

C233=1,0

¥Y(23i=1,0

IFAIL=g¢

EX=Xo

CALLIAL A SUSTUUTILE WHICH IWTEGRATIZ THE SYSTEM OF
Fid3l CRULR €GuRTIULNS

CALL DO20L2FCX ,XE&D NEQ,Y,TOL ,IREFCN,OUT, WL,IFAIL)
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0

GET UP ARRALY FUR EWALUATION OF DETERMILEAT
CCi,10=Y¢C1)

DC1,2)=Y(2)

DCL,3)=Y(3)

BCL,4)=Y(4)

D€2,13=Y(53

002,2)=Y¥(61

DC2,32=YC7)

SC2,43=Y¢3)

0€C3,31)=YC17)

DL3,2)=¥YC13)

©C3,3)=Y(13)

DC3,43=¥YL23)

0C4,L1)=YC25) "

DC4,2)=Y(26)

0€(4,33=Y(22)

DC4,4)=Y(28)

18=5

lt=4

iFAIL=1

CALLING A SUBRUUTINE WHICH EVALUATL THE DETZRMINENT
CALL FO3AAFCD,IB,Id,DET ,WKSPAC ,IFAIL)

IF CLiFAIL .EG. 130iT7T=90.0

SET UP THE B1SECIION METEID TO DETERMILE THE TC FOR
A GIVCH WAVE NUMEBER &X

LUTC(NI=DET

=+l

IF{N.Cue2)60 TQ 20 , .

IFCASSCDET) «LTe 0.000001260 TO 30

IFCICT «uTo1202Ga IC 490

IFCDTC2) o5Te 0e0 oAuDe LTC1) LT. 00,0060 TO 50
IFCDTCL) oGTae 040 LAGDe DTC2) JLT. 0.0J)GU IC 50
TC1)=TC2)

DTC1I=LTC2)

=2

60 TO0 20

DLI=0,5%DLT

IFLABSC(DET) .LT. 0.000004)60 TG 30

IFCDLT +.lT. 0.013G0 TIC 30

w=2

IcT=1

G0 To 20

WRITS THE VALUES OF THL PARAMETERS IF COMVIRGEWLCE
GF THE DIToLRMI&EE&ST I5 &O0T OBTAINED
WRITEC(G,22222CT, JC&),,DLT, ,DET ,EX

2 FORMAT(® ICT=",T4,2X%,° Ta=",Fl4.4,2X,* DET=" Flis.s,

o

+2X," DET=",FiBa5,2X,* EX="Y,F6e3)
THE ¥ALUE OF TaZ TavlOa WUM3IER FOR THE WAVE NUMBER XC
FC=T(2Z)
RZTURN
ENG
SUBROUTILE FCNC(S,Y,F)
RE&AL .S
RZAL FC32),Y(32)
COMMUN ZARZY/ EX,&,TC(3)
COMMUN ZARZ/ LML L A4
EXI=LEX®EX
EX4=EXI%*EX2
GR=1e0=C ied=EMUI%5
PT=—[LXI*TC & )I®GX
RT=—PTxAlixGX ‘
EVALUATING THE CERAVATIVES
FCL)=Y(5)
FC2)=Y¢E)
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ryLS5)=YC7J

FC4)=¥C3)

F(5)3=Y¢9)

FCS)I=¥C10)

FCZ))=y¥C1L)

FCB)I)=YC12)

FC9)=Y(13)

FOCLl0)=YCl4)

FC11)=YCLS)

FC121=YC.6)

FLLl3)0=00 SREX2%Y( P I—EXBXY( LI+PTEYC17I+RTI*Y(25)
FORE)=2 ., 0%EX2%YCLOI—EX4*YCZI+PTRY( 1B8I4+RT*Y(26)
FCi5)=2.0%EX2YC 1 )=EXSHYC3I+PTRYC L9 IH+RTHYC27)
FCOlE)=24 0%EXI*YC 12 )=EX4* (A I4+PTRY(20 I+ RTXRYC( 2L )
FCL1l7i=YC21)

FelBi=veaz)

FC19)=YC23)

FC20)=Y424)

FC210=EX2%¥C(1T)+¥(Ll)

FC22I=EX2%Y(.BI+Y(2)

FCL3)=EX2*¥C19)+Y(3)

FC24)=CX2%YC.0)+¥(&)

FC235)=YC29)

FC26)=Y¥C30)

FC27)=Y€21)

FC23)=Y¥¢323

FC29)=EX2%¥(2S)+¥( L)

FU30)=SEX2XYC(LE2+Y(2)

FC31)=EX2*xyC2T)+4Y(3)

FC32)=EXL%xYC28)+7(4)

RZTURN

ENG

SUDROUTINE QUTIX,YD

REAL Y€(32)

COMMON ZaR2s 2ExD,R,1CMN

X XZLDHFLOATCICN I*R

ICE=iChk-4

RETURN

Eng

A.l A PROGHRAM USED To STUDY THE EFFECT OF CLNSTAAT
HEAT FiUX AT THE INNER CYLINOCKR ON THE
STABILITY OF COUETIZ FLOM

Asla? ~WIDE GAP PROBLIM-

A PRUGRAM TO CALCULATE THE CRITICAL TAYLJUR NUMBEK(TC)

AND THE CORRISPOwWD.ING WANE NUMBIERCAC) FOR ASSIGHNCD

YALUES OF ETACT ),iMuC HUI,ANCN )

PRUGRAN CHFIWCWCINPUT ,GUTPUT ,TAPES=IuPUT , TAPEG=CUTRUT)

COMMUN ZART/ ETA,ENMU,Ad

EXTERNAL FuUCa

THE ASSIGNED VALUES OF ETA,CMU,AN

ETA=0.35

EMu=0.9

AN==0,5

SET UP THE PARAMETLERS TO FIND THE MISINMUM TC CMER ALL

REAL POSITLIVE AC

AD=3.0

8D=4a.0

£1=0.000401

£2=0.00001

MAx=350

IFaIl=}

CALLING A SUGROUTILE WHICH FIND THE MIAIMUM IC

CAll EO8ASFC(FUCN,EL,E2,AD,3D,MAX ,AC,TC,IFALL)
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THE SALUES COF TL AWLD AC FOR TH ASLIGNED VALUES JF
ETA,EMU, AN
WRITECG , 1158 )ETA,GMU,AN,AC,TC
i FORMATC® ETA=",F4.2,2X, * EMU=® ,FT.8,2%," 4N=",
HFGe3, 28 ,% AC=% ,FéaBsaX,o® TC=? ,E14.4)
£ND
SUBRUUT IWE FuCulaC,FC)
RZAL Xc,FC
COMMuN ZAR3/ EX,u,IC€3)
RZAL Y(3.),Wi80,80),8XSPACC80),DC¢5,5),0T¢C3)
LOMMUN JaRos XENO, R, IcH
LOMMUN ZART/ ETAL,ENMU A
EXTERNAL FCE,DUT
INITILIZAT.IOS OF THI PARAMETERS FOR LISECTION METHCD
a=i ‘
DLTI=20000,.0C
TCL)=80000.0
ICT=)
0 TC2I=TC13+4DLT
ICT=.CI4a
SET uUP THE PARAMETCR, FOuR INTEGRATING THE SYSTEM 3F FIasST
QARDER CaMTITONS
A=0e0
AXE&D=1,0
2= XBN—L )20 0
TCu=19
Tol=i.0E-5
IrE=y
NEQ=32
THE LNITIAL CcoaDiTicCus
20 2 I=1,N.Q
2 ¥(I)=0.0
Y(9)=1.0
Y(ilal)=i.0
Y(232= de s
Y(28)=1,39
IF&.‘&:U
EX=X{
CALLING A SURTUUTILE WHICH INTEGRATE THE SYSTEM OF
FIRST GLRIJER EQUQTIGNS
CALL DO2UBFCA,XELUD N QY+ TOLSIRE,FCR,OUT L LWLIFAIL)D
SET UP ARRAY FUR EVALUATION OF DETCRMINENT
DCL,Li=Y(1)
DCi,2)=Y(2)
DC1,3)=Y<(3)
D€y, ,4)=YC4)
DC2,4)=Y(5)
$L2,2)=YL(6)
DC2,3)=Y¢C7)
0C2,4)=YC8)
DC2,1)=YC17)
PC3,2)=¥C1le)
DC3,3)=YC19)
DC3,4)=YC2¢)
DC&,1)=YC25)
D(4,2)=YC26)
DC4,3)=Y¢(Z7)
0DC4,4)=Y¢28)
Ib=s5
In=4
IFail=4
CALLLKG & SUBRLUTIME WHICH TVALUATE TH:L DETERMINENT
CALL FUSAAFCO,iB8,1L,DET WKsPAC,IFALL)
IF CIFAIL .EQ. 1J)DET=0.0
SET UP THE B.LSECTION MoTHOU TO DETERMILE THE TC FO&
s GIuEIN WAVE HuMBZIR E€X
DTCNI=LZIT

'—l
~l!
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N=p+l
IF(R.EGa.2368 Tu 20
IFCALSIDET) oLTe D0.000001)60 TG 30
IFCICT LGT.12036G6u I0 490
IFCDTAL) +6Te 0.0 oAuDas BTC1) JLTe 0.01G65 IO 50
IFCDTCL) +4G6Te 040 .AuD. DTC2) .LT. 0.0365 IO 50
TCLI=7C2)
DTC1)=DTC2)
=2
63 T 20
OLT=0.5%oL7
IFCASS(DET) .LT. 0.00000.)263 TUQ 30
IFCOLTY JLT. 040001360 I8 30
N2 :
ICT={
€3 10 20
WRITE THE WALUES OF TH. PARAMETERS IF COMVERGEHCE
OF THE DLTERMILEEZY IS 407 OBTAINED
0 WRATECL,222)iCT,TCw),DuT,DET ,EX
4 FORMATC® ILT=® ,16,2%X,% Ta=*,Fl4.4,2X," DLY=*,Fi8.5,
+2X," DET=" ,FiB.5,2X," EX='",F6.3)
THE YALUE OF THE T4YiOd SUMBER FGR THE WAVE 8UBSIR XC
0 FC=71(2)
RETURN
END
JERCUTINLI FCNCS,Y,.F)
RZIAL 5
REAL F(32),Y(32)
COMMUR ZARS/ EK,u,JI€3)
COMMUN ZAR7/ ETA,SM A4
EX2=cx%Zgk
EX4=CX2%ER2
AX=C 1. 0-LTAISS+ETA
AY=1.0/4%
AYi=AY%AY
aM=€Ll.0-ETAI/ AR
ET2=ETA*IT4
Al=CLMU-ET2)/7€ L. G-ET2)
Bl=ZT2%( lau=EMUMI/rC1,0=-CT2)
RB2=31%aY2
uX=A,+32
GX2=0 %6 4
PT=EZX2%4 AL % (L o D~ET A I*%*4 )T (N I*GX
RT=—EX22(C 1 e 0-ETA) >4 ) TC NI XETARALSAX®G XD
EVALJATING TH4E DERIVATIVLS
FC1I=Y(5 )=-aMxyYC1)
FC2)=Y06)=alMxy(2)
FO3)=YC(T1)=-iMEYL3)
FCAI=Y( B I=aMxy(4)
FIUS)=Y(9)+EX2=¥C(L)
F o)=Y 10)+EX2%YL(2)
FC7I=Y(11)4T542%Y(3)
FL3I=YC12)+EX2%Y(4 )
FCO)I=Y(12)=A0ixyC9)
FUL0)=YCid)—aM*Y(10)
FC11=YCL15)—alMxY(1.)
FOLi2)=YCLE D= iYL 12)
FOL3I=EX2XYC I )+PIRYC LT I+RTRY(25)
FCl4)=EXZxYCL0)4PTHY(19)+RT*YC26 )
FULSO=EXEXYCL1D4PT#YC1g)+RI%xYC(2T)
FU16)=LX2*YCL12)4PT%YC 20 ) +RT %YL 28 )
FOC17)=YC21 )~aMEY(17)
FC132=Y€223-amxv(12)
FC19)=YL23)=aMxY(19)
FC20)=Y€24)-aM%xY(28)

FCL1I)=CX2%YCLT)+YC 1)
173




FCL2)=_X2%%C [8I+YL2)
FC23)=_X2x¥C{9)+Y( 23)
FC2a)=_X2%Y(20)+¥( %)

FC25)=Y(29)

F(26)=YC20)

FC2T7)=YC(31)

FC13)=Y<C 32)
FC29)=AaMRYC29I+EX2%Y(25)+AY*Y( 1)
FCR20)=aMRYC30)+ZX2¥Y (26 )4AYXY(2)
FU31)=AMRYC 31 I4+EA2%Y( 27 I+AY*Y(3)
FO32)=aAMEYC3I2I+EX2HY( 28I +AYRYC4)
RETURN

ERG

SULROUTIAE JUTCX,V2

RZAL YC(32) \

COMPMUN ZAR2/ XEXN ,R,iCu
K=XZuDtFLOATCICNI*&

ICu=ICL=J

RETURN

EnNG

A.2 A PRCGHANM VSED TG STUDY THE CFFICT OF RADIAL
TEMPLRATURE SRADIZNT AND AXIAL MAGGETIC FIELD oN THE
STABILITY JF CQUETIZ Filuw —~CUNDUCTING WALLS—-

Ae2e)l =NARkCWu GAP PRUL3BLEN-

A PRUGRAM TO CALCULATE THE CRITICAL TAYLUR NUMBERCIC)

AND THE CORKR_SPOLD.NG WAWE NUMSIRCAL) FOL ASSIGHED

VALULS oF Enmuc Ao, aneNd,a *°

PRUGRAN MHUTOCSC LHPUT ,GUTPUT ,TAPES=ILPUT , TAPLBE=0UTRPUT)

COMMUN JARTY/ LilU,Au,Q

EXTERNAL Fucs

THE ASSIGNED VALUES OF EMU,LAN,G

R

d=50.0

SET P THE PARAMETERS TC FINO THZ MILIiiUM TC CHER ALL
HEAL PSSITIVE AC

AC=3,0

Bo=4.0

Ei=0.00001

E2=0.,00001
MAX=50

iFail=1

CALLING A LUSROUTILE WHICH FIND THa MI&aIdum IC
CALL E08ABF(FULN,EI1,EQ,AD,BD ,MAX ,AC,TC, IFAIL)

THZL VALULS OF TC ALD AC FOR THE AS3IGNED YALUES GF
MU ,aN,.Q

wWRITI(O,111IEMU,ANQ,,AC,IC
i FORMATC " EMUST?,F8.,2,2X," AN=*,F5.3,2X,* Q=",FS.4,
+2ZX,7 AC="? F6.3,24,? IC=7 _F9.1)

Eilo

SULRUUTINE FUCLCKC ,FC)

RIZAL XC, FC

LOMMuN ZaRRlZ CRN,TC3)

REAL YC50),HWC50,50),uXSPACCB80),DCBE ,6),LTL3)

COMMULN Z7AR2/ XENJ,R,iCi

COMMGN Z7ARI/ LU ,AN,Q

EXTZIRNAL FCX,0LT

iNITILIZATION GF THE PARAMETERS FO& GISECTIOR METHOD
d=1

VET=4.0

5LI=2000.0

TC13=4000.0

-
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D TCZI)=TCi1J240LT
iCTI=iCT+1
SEY UP THE PARAMETLRS FQa INTEGRAT.LNG THE SYSTEM OF FIRsT
CRLE’ LaULATILNS
A= Oed
XEiaD=1.0
A= RcNe—X)l20ed
ICu=19
TOL=1.,0E-5
IRE=0
SEQ=50
THE iNITiAL COLDITIONS
CC 2 I=% ,HaG

2 ¥€¢I)=0.0 ‘
Y(11)=1.0
YCi7)=ied
¥Y€23)=l.0
Y(39)=i.0
Y(50)=1.0
iFAIl=¢Q
EX=X{
CAuiiNU & SUBTOUTIRE WHICH ISTEGRATE THE SYSIEM UF
FI#ST GROER ZQUGTICNS
CAil DOXLUBFCK,AZadD NeQ,Y,TGL ,IRE,,FCR,BUT i, IFALL)
2ET UP ARRAY FJUR EVALUATION OF DETERMIANESRT
DLL,13=YL1)
BDCi,2)=¥(2)
0C1,3)=Y(3)
Wld ,49=YC4)
UC1,3)=Y(5)
DC2,.)=Y(5)
DC2,2)=Y(7)
0€2,2)=Y(3a
bC2,4)=Y(9)
DC2,3)=YC(10)
DC3,1l)=Y(26)
DL 3,2)9=Y(27)
£C3,3)=Y(28)
0€3,4)=Y(29)
D€ 35,3)=YC35)
DL4,i)=Y(3})
DC4,2)=¥(32)
0C4,3)=YC(33)
CC4,4)=YC34a)
DC4,5)=Y(35)
DC5,L03=YC4al)
545,2)=Y(482)
DE5,3)=Y(42)
€5 ,4)=Y(4a4)
G 5,5)=Y(a35)
iB=g
IN=5
&F&Is"‘h
CALLING A SUSROUTILE WHICH EVALUATE THE SETERMINZINT
CALL FO3AAFC U ,13,I8,0ET ,WKS5PAC,IFALIL)
iF CIFal. .EQ. 1IDET=0.0
3ET UP THE BISECTIUN METHOD TO DETZRHMINE THE TC FOR
A GIVEH WAWE NUMGER EX
STCNISOET
w=hat i
IFCN.E@.20u0 T4 20
IFCABSCDET) .LT. 0000001360 TO 30
AiFCICT L6T.120363 70 40
IFCDTC(L) uTe 0.0 oAide DTC1) LTe 0.0)Gu I0 50
IFCDT(L) euTe Cod oAiDe OTC2) LTe 0.03G64 TI0 590
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FUSTISEXARYCI2 I— G iX2*YC22I4YC(2)
FC38I=EX2XYC 33 )=—a®X22YC2A3I+Y(3)
FCOI=EX2XYCI{I—QX_X2*YC 28 )+Y(4)
FC40)I=EX2%Y(35)-G«LX2%YC 25 )+YC(5)
FC41)=Y€46)

FC42)=YC4T)

FC43)=YC%8)

FC44)=YC49)

FO43)=YC50)

FC4GI=SEX2%Y€412+YC(1)
FCA4TI=EX2XYC42)+YL2)
FC4B8)=EX2%YL4324YL3)
FC49)=[X2*xY( 44 )+Y(4)
FOS50)=EX2%XYC45)+Y(5)

REIUKN

ExL

SULROUTIHE CQUTC(X,Y)

REAL Y(50)

COMMLE LARLS XEND, R, IZO/

K= XEUD+FLOATCICNI=®K

ICh=iCl~i

SZTURN

ExNu

A.2 A PRUGHAM JSED T6 5TUDY THE EFFECT OF KALIAL
TEMPERATURE GRADLENT AND AXIAL MAGHETIC FIELD OGN THE
STA3ILITY UF CUUETTE Filu —COHNOUCTING WALlLS-

AeZeZ =-WIDE AP PRUELEN-

A PRUGRAM TO CALCULATZ THE CRITICA. TAYLUGR NUMEBIRC(IC)

AL THE CORRESPOHDING WAVE NUMBERCAC) FOR ASSIGNZD

VALULS OF ETAC ),iMLCAAIANCN ) ,Q *°*

PRUGRAM fHUTOCWC iNPUT ,OQUTIPUT ,TAPES=1uPuT,TAPLE=CUTRPUT)

COMMUN ZART/Z ETA, LU, Au,

EXTZHRAL FUCH

THC ASSIGNLD VALUES UF ETA,EMULAN,Q

ETA=0.5

EMW=0.90

AK=0.1

SET UP THE PARAMIT.SRS TO FIND THE MIKIMUM TC OMER ALL

REAL PUSITLIVE AC

AD=3.0

Bo=5.0

E1=0.00001

=0.,000401 .

HaAx=50

iFAIl=a

CALLING A LUBROUTILE WHICH FIND THL MIGINUN IC

CALl EQRABF(FUCN,EL,T2,A3,8D,MAX A ,TC,IFALL)

THE VALUES OF TC A&D AL FOR THE AS3SIGNLD VALUES OF

ETAL,EMU, AN, Q

WRITE(S ,L11)TA,EMu, AN, Q,AC,TC

i FORPMATCTY ETA=" ,F4.2,2X, * EMU=" ,FT.48,24,7 4iN=",

+F643,2%," Q=" ,F6.1,2K," AC=S?,F6e3,.X," TC=*,£14.4)

€ND

SULROIUTILE FUCMCXC,FC)

REAL X<, FC

COMMEN ZARJ/ EX,Liu,I¢3)

RIAL Y€30),W(50,50),uKuPacCe3830),0¢(6,62,0TC3)
COMMUON ZaAR_/ XINJ,®,I1Cu4

COMMUN Z7ARTY ETA,,ENU,A%,Q

EXTERNAL FCXN,0UT
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=4

DLT=30000.s

T€i)=120003e0

1¢T=1

TC2)=T(1)2+0L 7T

ICI=1CI+1

3ET uP THE PARAM_T.RS FOR INTEGRATING THE SYSTEM OF FIRST
SROZR EQUATIUNS

X=0.0

AEND=1.0

R=CXEND—A) 2060

icu=iteo

I03ai=la0E-5

IRE=V

NZ@Q=50

THE TniTIAL COonliITIOWS

00 2 I=1,3.Q

YC¢I13=0,0

Y(i1)=1.0

YC 1T )=1e O

Y(213)=1.8

Ye39J)=Llao

Y(Soi=lau

IFaxl=c¢

Ex=Xx<

CALLING A SUBTOUTIWE WAICH IAKTEGRATE THE SYSTENM OF
FIRST JRJIEK EQUQTIQNS

CALl DUl2L3FCA XESD NEQ,Y,TOL ,IRE,FCN,OUT  ,IFALLD
3ET UP ARRAY FUR ENALUATION UF DETERMILZAT
O0C1,id=YC1)

0Ci,23=Y(2)

5C€1,33=¥C3)

DCi,4)=¥Y(4

9€1,52=Y(5)

6€2,i2=Y¥(6)

DCLA,L,2I=YCT D

5€z2,33=Y(38)

DC2,42=Y(9)

DC2,53=YC1Q)

DC5,id=¥(2a)

DC5,23=¥C23)

BC3,533=v¢28)

DC3,43=YC29)

DC3,5)=Y(33)

DC4,12=¥YC(31)

D¢4,23=¥Y(32)

0C4,3)=¥C(32)

D4 ,4)=Y(34%)

D€4,52=¥(35)

2¢5,1i)=vY(4ak%)

D(5,23=YC42)

DC5,3)=YC43)

DCS,4)=Y(484)

DCS5,5)=Y(43)

is=6

Iu=s

IFa1l=1L

CALLING A SUBROUTIUE WHICH EVALUATE THE oETERMINEANT
CALL FU3SAAF(D,iB,Iu,DEI, WKSPAC,IFALL)
iF CLiFAIL. eZuds 1)D.T=0.0

SET P THE BISECTIuN METHOD TO DETZIRMIKE THE TC FgOR
A GILEL WAWE NUMOEx EX

DTC NI=UET

=i+l

iFCN.EGe2)G0 TL 20

IFCALSCDET) LT 0.000001)G0 TO 30
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IFCICT a6Tel1a0)GU IC 40

IFC(DTC2) +6Te 020 oAdwdDe DOTC1) .LTe 0.016u TC 50

AFCDTIC1) eiwiTe 000 oAuDe LUTC2) oLTe 0.03Gu I0 S50

TCLI=TC(2)

DT¢1)=0T¢2)

w=2

G0 Tu 20

DLTI=0.5%uLTY

IFCASSCDET) LT. 0.000001%60 TL 30

IFCOLT oLTe 0401350 12 30

a=d

iCT=i

G0 TQ 20 .

WRITE THZ VALUES DF THE PARAMETERS IF COBYUORGELCE

GF THE DLTORMISENTY I5 &80T OBTAINED
O MWRAITE(GL ,222).0CT,TC&) BT ,DET LEX
2 FORMATC® ICT=" ,14,2X," Ta=®*_,Fl4.4,2X," D.T=",Fi8.5,
+2X," DET=" ,FiB8eS5,2U," EX=",F6.3)

TH: ¥ALUE oF THI TAYLOR @wUM2BER FUR THE WAVE &UNMBLR XC
0 FC=T(2)

fKETURKN

ENG

SUGRWUTIEE FINCS,Y,FI
RZAL S

KRTAL F(50),Y(50)

COMMUN ZaRL/ EX,i,TC(3)

COMMOGN ZARI/ ZTA,ENMULAN,Q

EXI=EX*ZX

EX4=CX2%:X2

AX=C 1 0=oTad*5+ZTA

AY=1.0/4%

AY2=AYXAY

SM=CL.0-ETadsax

AMLi=AMN%AH

ET. =ETaxETA

A1=C EMU=ETL I ClaS~-ET2)

Bl=3 . %AY .

GX=Ai4+.2

GRI=ZGAXGH

PT=CX2%a %A % (Ll 0-CTAI*X4IXTINI*GX
AT=EX2%C(Cile0-_Tad)**4I/ALOGC ETA) I*TANIXALIXQXRGHD
ZVALUATIUG THE DLRIVAT.IVES

FCl)=vY¢(6)

FLL))=YC7T)

FL{2)=Y<3J

FL4)=Y(?)

F(35)=Y(10)

FCSI=YCLLD-AMRYC oI+ C AMA+EX< IRY(L )
FCTI=¥C12)=A711%YC T I4C AMI+EX2I%Y(2 )

FCoI=YCL13)-AMRYCad+C AMIAEXNZIRY(3)
FLY9I=SYCLE)-ABXY (9 I+C AM2+EX2)%Y( )

FC102=YC 1S)I=AM*Y( 10 )+ CAMUA+EXZIXY(S)

FCili=YC . 6)—-aMeY(1i)

FCl2)=YC1iTd=aMmxY(12)

FCL3)=YC 1BI)—-AM*Y(13)

FCi4)=YC.9)-AMNXY(14)

FEi5)=¥(20)=-,M3Y(135)

FCiB)=EX2%YC 11 )=((1-ETA)I* %2 I *QREX2%Y(1)+PTAYI(31)+RT*¥(41)
FCLlTI)=EX2XxYCL12)=(C(i=ETA) %2 ) %Q¥X2%Y( 23 +PTY( 32 )+ RTI*Y¥YC 452)
FULBI=EXZRYL L3 )L L=ETA)®X2 IRQRTX2¥YCII+PTRY(32I)+RTI%RYC43)
FO19)=iX2%YCi8 )=( L 1=CTAI**2 I XQ%LC X2%Y( B3I +PTHY( 34 I+ RT%Y(44)
FC20)=£X2%YC15)—(C k—ETA)*%2 I XQRTA2FY(S5I+PTEY(3IS I+ RT*xY(45)
FL21I=Y( 26)-aMxY{(2))

FL22)=YC( 27 )=aM*Y(22)

FC23)=Y( 28)~-AT*Y(123)
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FCLEI=Y(AP? I—AMIFYL 24)

FU25)=YC30 )= AMxY(25)

FL25)=Y(ILI4EX2*¥(21)

FC2Ti=y(32I)+EX2%x¥(22)

FLAB)I)=YC 33 )+4EX2%y(23)

FL29)=YC( 34 )+EX2*xY(24)

FU30)=Y(33)+EX2%Y(215)

FO3LI=Y(36)=aMxyY(31)

FOL2)=YL3TI)=-aM%xY(32)

FO23)=YL( 38)=-aM%xY(33)

FC38)=yC(39)-aM*Y(34)

F{33)=YC%0)=AT%*Y(35)
FO38)I=EX2%xYC21)=({l-ETA)*xL ) xCxT X2%Y(2Z1)+Y(1)
FUITI=EX2*YC 32 )=(L1=ETAI*R*2 ) R %D X2%xY(22)+¥Y(2)
FLIZISEAX2RYC 33 I=LCL—ETAIXXZ IRQHTX22Y(2D3)I+YC(3)
FO3P)=EX2%3¥C28 0= (L—ETAI X2 I QR X223V 24 )¢Yi &)
FOL0I=EXN2% Y 35 )=(C1l=ETA)*x2 )% % T X2%xYL{ 25)+Y(5)
FU41)=YCa61]

FL/2)=Y¥C4Q72

FCa3i=Y<C4%8 4

FCa4q)=Y€49)

FL45)=YC4 50

FU4S)=—AMY( 96 J+EX2%RYC( 61 I+AYxY(1)
FCaTI==AMXYC 4T IEXLR*YCH2I+AYXRYC(2 )
Fu3)=—AMEYC 42 34EX2 Y L4 3I+AYXY(3)
FOR9)==AMNXY 49 )4EXZxYCH I +AY%Y( L)
FCSO0)=-AMeY(SCI+LEX22YC45244Y%RY(5)

ReTUAN

END

SUVURCUT IGE DuTL(X,Y)

wEAL Y(50)

COMMUN JAR2Q/ XEXED,, &, I

A= KEUD+FLOATCICN I *u

Icu=lch—1

RETURE

Enp
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