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ABSTRACT

A number of time stepping algorithms for solving parabolic partial
differential equations (PDEs) in one and two space dimensions are
studied. The parabolic partial differential equation is transformed
into a system of ordinary differential equatiors (ODEs) via method of
lines approach (MOL). The solution of the system of ODEs satisfies a
recurrence relation which involves matrix exponential functions. Padé
approximants are empolyed to approximate such exponential terms.

It is shown [9] that methods based on (1,1) diagonal Padé
aproximant suffer with time steps restriction for problems with high
frequency components in the solution when a time discretization is
imposed with steps that are “too large” relative to the spatial
discretization. = A monotonicity property is established for all
diagonal Padé approximants from which it is shown that
corresponding higher-order methods suffer a similar time step
restriction as the (1,1) Padé . Next, various high-order methods based
on subdiagonal Padé approximations are presented which, through
a partial fraction expansion, are no more complicated to implement
than the first order implicit Euler method based on the (1,0) Padé
approximation; moreover, the resulting algorithms are free of a time
step restriction intrinsic to those based on diagonal Padé
approximations [7].

Splitting methods based on the (1,0) and (1,1) Padé approximants
are considered in two space dimension with homogeneous and time
dependent boundary conditions [9], [18].

All computations are performed on VAX machine, University of
Bahrain. Packages, such as, Mathematica and Spyglass are used for
symbolic computation and graphics.
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CHAPTER 1

INTRODUCTION

1.1 Partial Differential Equations

Second order parabolic partial differential equations (PDE’s) have
important applications in science, biomedical systems and
engineering. For instance, they occur in the mathematical modelling
of problems in heat flow in the human body, neurophysiology,
genetics, reaction-diffusion, percutaneous drug absorption, etc.
Consider the quasi-linear partial differential equation in two
independent variables = and ¢ of the form

&%u 8%u 0%u
aos +b8x8t+c(‘9t2 =e (1.1.1)

where u = u(z,t) and a,b,c,e, may be functions of z,t,u, %, %%

R R . 2 2 2
but not of the second derivatives. Denoting g—g, 2_1:, g—;%, 585%, ‘?373 by

D,q, 7,8, w respectively, (1.1.1) may be written as
ar +bs+cw =e. (1.1.2)

Suppose that the values of u,p,q at all points (z,t) onsome smooth
curve in the (z,t) plane are known, then these values must satisfy
the total differential formula
0 0
du = e - Tt = pdzx + qdt, (1.1.3)
ox Oy

similarly, p and ¢ satisfy the formula

de + 8pdt = rdzx + sdt,
Oz 0Ot (1.1.4)

dq = O —dx + Q—dt = sdzx + wdt.
oz ot

dp =



Equations (1.1.2) and (1.1.4) are combined in a matrix-vector form as
follows

a b ¢ r e
dr dt 0 s|=|dp (1.1.5)
0 dzr dt w dq

which will not have a unique solution at any point at which the
determinant of the coefficients of r,s,w vanish. That is, whenever,

a b c
de dt 0 | =0 (1.1.6)
0 dr dt

holds. The determinant of (1.1.6) is

a(j—i)z - b(%) +e=0 (1.1.7)

which has two real distinct, one real repeated, or conjugate complex
roots in g—; according to the discriminant b? —4ac is greater than,
equal to, or less than zero. In a domain in the =zt -plane in which
u,p,q are defined, and throughout which equation (1.1.7) has two,
one , or no real roots, the partial differential equation (1.1.1) is said
to be hyperbolic, parabolic or elliptic, respectively. For example, the

partial differential equation

8271/ 827.1/ 2 8271/
1 — =0 1.1.
5$2+u8x8y+( +u)ay2 (1.1.8)
is elliptic as a = 1, b = u, ¢ = 1+u% e = 0 and

b? —4ac = —(4+3u?) < 0. Similarly, the partial differential equation

5%y 9% &

+2 +(1—z%—t?) o = z? +t2 (1.1.9)

is hyperbolic since a = 1,b = 2,c =1 — 2% —t?,e = 22 + t2 and
b? — 4ac = 4(z? +t?) > 0 except at the point (0,0) where it is
parabolic. The most widely used parabolic equation is obtained by
writing a=1,b=c=0 and e= %—’t‘ in (1.1.1) to give

ou 9%

5 = 522 (1.1.10)
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in some region 2. Equation (1.1.10) is called the one dimensional
heat equa'tion ..Writing a= Rie, b=c=0 and e= % +¢g_g gives
the one dimensional diffusion-convection equation

ou ou 1 0%u
— b = —
ot Or  Re dz?
in which Re is the Reynolds number and % > 0 is the convection
coefficient. Equation (1.1.1) is said to be linear if a,b,c,e do not
depend on wu, otherwise it is nonlinear. When a,b,c,e depend
on x and/or t only , (1.1.1) is said to be of the linear, variable
coefficient type and when a,b,c,e are constants , (1.1.1) is termed
a constant coefficient partial differential equation. The heat equation

ou 0 ou '
5 = B2 [a(x,t)a;} —y(z, t)u (1.1.12)

is an example of self-adjoint parabolic partial differential equation
whenever « is a function of x only and (§ is a constant.

(1.1.11)

Bz, t)

1.2 The Method of Lines

The method of lines, MOL, is an approach to the numerical
solution of quite general partial differential equations, PDEs, that
involve a time variable ¢ and one or more space variables z,y,... .
The partial derivatives with respect to the space variables are
discretized to result in an approximating system of ODEs in the
variable ¢. Such a semi-discretization is often an intermediate step in
the derivation of a fully discrete scheme, but in the MOL
approach, the ODEs are integrated directly with a standard code
for the task. The convenience and power of readily available ODE
solvers permits complicated PDEs to be solved with comparative ease
in this manner, especially when there is only one space variable.
It might well be more efficient to solve a given PDE by a method
particularly suited to the equation, but the easy solution of rather
problems with acceptable efficiency makes the approach
attractive. (see, Shampine [16] )

Consider the one dimensional heat equation

2
%%:% . Xo<z<Xi, t>0 (1.2.1)



together with the boundary conditions

u(Xo,t) = u(X1,t) =0, t>0, (1.2.2)
and initial conditions

u(z,0) =g(z) ; Xo<z< Xy, (1.2.3)

where g(z) is a given continuous function of z and it is not specified
that g(Xo) = 0 or g(Xi) = 0 so that discontinuities between
initial conditions and boundary conditions may occur. The interval
Xo <z < X; isdivided into N+1 subintervals each of width A so
that (N +1)h = X; — Xy and the time variable ¢ is incremented
in steps of length 7. The open region 2 and its boundary 89
consisting of the lines =z = Xy, z = X; and the axis t =0 have
thus been covered by a rectangular mesh, the mesh points having co-
ordinates x,, = Xo+mh and t, =n7t where m=0,1,..., N+1
and n=0,1,2,....

The space derivative in (1.2.1) is replaced by its second-order
central difference approximation

(92'1.14 -9 2

i h™ [u(z — h,t) — 2u(z,t) + u(z + h,t) | + O(R?), (1.2.4)
and (1.2.1) together with the boundary condition (1.2.2) are applied
toall N interior mesh points at time level ¢t =nr (n=0,1,2,...)
to give

% = h™2 [Up(t) — 2U1(t) + Us(t) |
d—:;? = 12 [U(t) — 2Un(t) + Us(t)
d_dl%'g = 12 [Us(t) — 2Us(t) + Us(t) |
: (1.2.5)
AUm _ 52 [Um—1(t) = 2Up (£) + U1 (¢) ]
dt
dUg;-l = h™2 [Un_(t) — 2Un_1(t) + Un(¢) ]
%ftﬁ — B2 [Un_1(t) — 2Un () + Un11(t) |



where U, (t) is the (semi-discrete) solution of {(1.2.1),(1.2.2),
(1.2.3)} when z = z,,, for any t > 0. Equations (1.2.5) may be
written in the form

dU (t)

— - =AU U0) =g, (1.2.6)

where U(t) = [Ui(t),Us(t),...,Un(t) ¥, T denoting transpose,
is the vector of approximations to the solution of the PDE (1.2.1) at
t=t, =n7t and g is the vector of initial conditions. The matrix
A s tridiagonal of order N and is given by

(-2 1 )

A:h-2 '.‘ ; (1.2.7)

it has real and negative eigenvalues given by

-4 1T :
;= — — |, i=1,2,...,N. 1.2.7
A 7 sin {Q(N—}—l)} i (1.2.7)

This method of transforming the initial/boundary-value problem
{(1.2.1),(1.2.2), (1.2.3)} into the initial value problem (1.2.6) is known
as the Method of Lines .

The solution of the system of first-order, linear ordinary differential
equations (1.2.6) is
U(t) = exp(tA)g (1.2.8)

which satisfies the recurrence relation

Ut+r7)=exp(tA)U() ; t=0,1,27,37,... (1.2.9)

1.3 A Family of Numerical Methods

The development of this family of numerical methods will be based
on making rational approximations to the matrix exponential term in
(1.2.9) . A commonly used family of approximants is

5



exp(TA)~ [[—07A ][I+ (1-0)TA] (1.3.1)

in which 0 <6 <1 is a parameter. Putting (1.3.1) in (1.2.9) leads
to the family of methods

(I—0rAU(t+7)= [[+(1-60)rA]U). (1.3.2)

The three well known methods of solving (1.2.1) with (1.2.2) and
(1.2.3) are obtained by setting 6 =0,1, 3.

1.3.1 An explicit method
Writing 6 =0 in (1.3.2) gives

Ut +71) =T +7A)U(t) (1.3.3)

which, when applied to the general mesh point (z,,t,) gives the
four-point, two-time level explicit scheme

Uptt =pUp_1 + (1 =2p)US +pUp 1, (1.3.4)

where p=;5,m=1,2,...,N and n=20,1,..., and U} is the
fully discrete solution of {(1.2.1), (1.2.2),(1.2.3)} at the general mesh
point. Clearly, U]} 1is an approximation to ], = u(zm,t,), the
analytical solution of {(1.2.1), (1.2.2), (1.2.3)}.

1.3.2 A fully implicit method
Writing, next, 6§ =1 in (1.3.2) gives

(I -7A)UEt+71)=U(t) (1.3.5)

which, when applied to the general mesh point (z,,,t,), gives the
four-point, two-time level , fully implicit scheme

—pUp 5 + (1 +2p) Ut = pUnts = UL, (1.3.6)

This method requires the application of a tridiagonal solver at each
time step.



1.3.3 The Crank-Nicolson method
Putting 6 = % in (1.3.2) gives the well-known method

1 1
(I — §TA)U(t +7)={+ —2-7'A)U(t) (1.3.7)
which, on application to the general mesh point (z,,,t,) leads to
the six-point, two-time level, implicit scheme

~SUREL + U+ pURT = SUREY = SUR L+ (L= U + SR,

(1.3.8)
This formula is known as the Crank-Nicolson method (Crank and
Nicolson, [1]). It is unconditionally stable but the restriction (see

chapter 2)

. T X1 - X()y
r=4 < - (1.3.9)

must be imposed for problems with discontinuities between initial and
boundary conditions.

1.4 Padé Approximants

The methods used in this thesis are mainly based on the use of Padé
approximants of the matrix-exponential in the recurrence relation.
The Padé approximants (Padé [12]) are now defined.

A Padé approximant R,, x(z) to an analytic function f(z) in a
region of the complex plane containing the origin z =0 is given by

_ P(2)
Qm(2)

(Graves-Morris, [3]) where Pg(z) and Qn,(z) are polynomialsin z
of degrees k and m respectively having leading coefficient unity,
and k,m are nonnegative integers. For each pair of m and &k, Px(z)
and Qp,(z) are those polynomials for which the Taylor series
expansion of Rp, x(z) about the origin agrees with the Taylor
series of f(z) for as many terms as possible. The ratio (1.4.1)
contains essentially m + k& + 1 unknown coefficients, therefore the
requirement

Qm(2)f(2) = Pu(2) = O(|2|™ 1), 2] - 0 (1.4.2)

Rm,k(z)

(1.4.1)

7



results in m + k& + 1 linear equations for the coefficients. For
f(z) = exp(z), the entries in the Padé Table are given explicitly
by Varga [21] as

N (m+k—j)m!
; o T T =571 (1.4.3)
and .
m+k J)k! Ry
; CE T (1.4.4)
and if Pu(2)
k
exp(z) = Ol )-I-R p(2) (1.4.5)

then the remainder R; ,(2) is given by

(_1)k+1z(m+k+1)

b

m,k(z) = (m—+—k)‘Qm(z)

/ exp(z(1 —u))uf (1 —u)™du. (1.4.6)

The first twenty-four entries of the Padé Table for f(z) = exp(z) are
given in the appendix.

Some Properties of the Padé approximants are given by Lambert [§]
as follows :

“let Rpmk(2) be the (m,k) Padé approximant to exp(z), then
Ry k(z) is A —acceptable if m =k,

Ao — acceptable if m >k,

L —acceptable if m=k+1 or m=k+2"

The region of acceptability of R,, x(z) is that area of the complex
plane within which the approximant R, (z) satisfies

|Rm.x(2)] < 1. (1.4.7)
1.5 Stability Analyses
1.5.1 Conventional stability analyses

The concept of stability is concerned with the boundedness of
the solution of the finite difference equations and is examined by

8



finding conditions under which the diference between the analytical
and numerical solution of the difference equation given at the mesh
point (Zm,t,) by

Zr = Un —Un (1.5.1)

remains bounded as n increases, for fixed h and 7. In(1.5.1), 5’ ™
denotes the actual numerical solution obtained at the general mesh
point (zm,,t,). It is an approximation to U? which incorporates
computer round-off errors. A stability analysis considers the growth
of a perturbation in initial data or the growth of errors introduced
at the mesh points at a given time level. There are three commonly
used methods to investigate stability, namely the energy method, the
matrix method, and the von-Neumann or Fourier method.

The energy method is mainly applicable to most initial /boundary-
value problems including variable coefficient problems and nonlinear
problems. Its succesful application depends largely on the
ingenuity of the user because of its complicated nature. But
despite proving the stability of numerical methods, the energy
methods indicate the correct choice of a method. The method,
however, provides only sufficient conditions for stability which may
be far removed from what is necessary in certain initial/boundary-
value problem. The method entails calculating the squares of the
errors  Z[ at a time level ¢ = n7 called the energy (hence the
name of the method). The method determines criteria under which
the energy (not the physical energy of the system) remains bounded
as the computation proceeds.

The matrix method is applicable to initial-value problems. A
necessary and sufficient condition for stability is

maz|As| <1 , s=1,2,...,N (1.5.2)

where As are the distinct eigenvalues of the matrix A in (1.2.6).
For more details on this method see for example Smith [17] or Mitchell
and Griffiths [10].

The von-Neumann method, developed by J. von Neumann in the
early 1940’s and first discussed by O’Brien et al. [11], provides a simple
necessary condition for numerical stability which essentially depends
on the uniform boundedness of the Fourier coefficients of the solution



of the difference equation. It is assumed that there exist harmonic

decompositions of the grid functions ug of the initial time level

up = ZAj exp(ifzk) (1.5.3)
J

where ¢ = /=1, the frequencies B; are, in general use, arbitrary
and a uniform grid is used. It is only necessary to consider the single
term exp(i@x) where [ may be investigated by finding a solution
of the difference equation which reduce to exp(ifz) when ¢ = 0.
Such a solution is

exp(at) exp(ifz) (1.5.4)

where a = «(f8) is, in general, complex. The original grid function
exp(ifz) will not grow with time if

lexp(ar)| <1 (1.5.5)

Equation (1.5.5) is called the wvon-Neumann criterion for stability,
sometimes called the von-Neumann necessary condition for stability.

It is noted, however, that von-Neumann’s method applies only
to linear difference equations with constant coefficients, and to be
more precise only to initial-value problems with periodic data. If the
difference scheme has variable coefficients the method can still be
applied at every mesh point, individually, of the mesh (this is known
as examining the local stability) and it is reasonable to assume that
the difference scheme is stable globally if it is stable at every mesh
point. The criterion (1.5.5) is necessary and sufficient for two time
level difference equations but is not always sufficient for three or more
level equations although it is always necessary. This also applies to
problems with more than one space variable.

Since Z  satisfies the original difference equation, the
von-Neumann analysis may be applied using Z7 in place of UR.
Thus the criterion (1.5.5) ensures that the rounding errors introduced
will not grow as the computation proceeds in time.

For example, consider the explicit scheme (1.3.4), the computed
solution satisfies

Untl = pUn™ |+ (1 - 2p) U + Uy (1.5.6)

10



and the error
Zpy =Ul —Ur = exp(ant) exp(iBmh) | (1.5.7)

satisfies ,
Zptt =pZp _ 4+ (1—2p) 27, +pZy (1.5.8)

which may be simplified to
.91
¢ =exp(ar) =1—4psin 5ﬁh. (1.5.9)

the von-Neumann stability requirement |exp(ar)| <1 leads to

1
—1 <1 — 4psin? 50k <1 (1.5.10)
which is satisfied by
1
0<p<s. (1.5.11)

In (1.5.9) ¢ iscalled the amplification symbol of the numerical method.

Similarly, the amplification symbols of the fully implicit method
(1.3.6) and the Crank-Nicolson method (1.3.8) are

1

¢= — 7 (1.5.12)
1 + 4psin”® 5 Bh
and,
1 —2psin® 1R
¢=—P0 iﬁ , (1.5.13)
1 + 2psin® 5 8h
respectively.
1.5.2 Ao — stability and Lg — stability

Each of the numerical methods (1.3.3), (1.3.5) and (1.3.7) is of the

form
Uit+71)=R(TAUt) ; t=0,7,27,... (1.5.14)

where R(7A) is the amplification matriz. For example, the
amplification matrices for the explicit, fully implicit and Crank-
Nicolson  methods are I + 1A, - 7A)7! and
(I = 37A)~Y I+ 4rA), respectively.

11



Definition 1.1 If U(t + 7) = R(tA)U(t), where A is
a symmetric matrix of order N with negative, real eigenvalues
(As,s = 1,2,...,N), then the resulting numerical method is said
to be Ag — stable if

I R(TA)[S1 or [R(TA)I <1 or |R(-25)] <1  (1.5.15)

where R(7A;) or R(—zs) is the amplification symbol of the
numerical method and 2z = —7As > 0.

It follows that Ay — stability guarantees unconditional stability
in the von-Neumann sense and absolute stability in the terminology
of ordinary differential equations (Lambert, [8])

Definition 1.2 An Ay —stable method for which , additionally,

lim R(—2)=0 (1.5.16)

Z—00

is called an Lo — stable method.

An Ly — stable method has the advantage of damping all
components of the numerical solution to zero as ¢t — oo. It can
therefore be seen that the Crank-Nicolson method (1.3.8) is Ay —
stable while the fully implicit scheme (1.3.6) is Lo — stable. For an
Ao — stable method such as the Crank-Nicolson method,
discontinuities between initial and boundary conditions are
propagated as ¢t — oo but for an Ly — stable method they are
not.

1.6 Local Truncation Errors

The local truncation error of a finite difference scheme at a mesh
point (mh,nt) is the difference between the finite difference scheme
and the differential equation it is replacing. The difference between the
analytical solution of the differential and difference equations is called
the local discretization error and is represented at the mesh point
(mh,nt) by u} — U where ul' = u(mh,nt) is the analytical
solution of the partial differential equation.

A difference equation is said to be consistent if the local
truncation error tends to zero as the mesh is refined, thatis h,7 — 0

12



simultaneously. For example, consider the general finite difference
method arising from the family (1.3.2). It can be seen that the method
takes the form

UT?L+1 — UTTrLL - n n n
————T = h 2lo(Upty —2uptt 1 Untl)
+ (1 =0)(Up_y —2Un +UR 1) ]
(1.6.1)
from which it follows that the left hand side approximates %t‘- while

the right hand side gives a weighted approximation to %. The local
truncation error of (1.6.1) is given by

u(z,t + 1) — u(x, t)

L(z,t) = -
_Olul@—ht+7)=2u(z,t+7)+u(c+ht+7)]
H2
~ (1=0) [ulz = h,t) = 2u(x,t) +u(z + h,t) |
2
ou  0%u
((79; - @) (1.6.2)

The Taylor series expansion of (1.6.2) about wu(z,t) leads to

04u o2 , O3u
L(z,t) = (——hza + Cyr 8;) + Cpr1 T = + ... (1.6.3)

where C;, = Cy = % —0 and Cyy1 = C5 = %— g. Note that

ou __ 9% u _ _du and &Lu — _8%u
ot — Ox2 otz — dz2dt Bt T dz2ot2”

The term in the parentheses in (1.6.3) is called the principal part

of the local truncation error. The component —1—h2 ax’i is due to

the space discretization and use of (1.2.4) in (1.2.1). This term will
always appear in the principal part of the local truncation error of
every method arising from (1.3.2) in which 0 <6 < 1.

The term C; in (1.6.3) is the time error constant of the method.
For the explicit scheme (1.3.4), 6 is set to zero giving the time error
constant (5 = % while for the fully implicit scheme (1.3.6) 6 =1
giving Cs = —%; thus the two methods are both first-order accurate

in time. As for the Crank-Nicolson method (1.3.8), 6 = 1 causing

13



C2 to vanish and the time error constant is consequently given by
C3 = Tli Thus the Crank-Nicolson method is second-order accurate
in time and therefore more accurate. From (1.6.3) it can easily be seen
that L(z,t) - 0 as h,7 — 0 simultaneously therefore every finite
difference method arising from (1.3.2) with 0 < § < 1 is consistent

with the partial differential equation (1.2.1).

1.7 Outline of Thesis

In Chapter 2, factorization and partial fraction decomposition of
higher order Padé approximants are studied. @ Time stepping
algorithms in serial and parallel forms are obtained. In Chapter 3
the extrapolation of first order methods fcr parabolic PDEs based
on (1,0) Padé approximations in one and two space is analysed. In
Chapter 4 the numerical solution of parabolic PDEs with time
dependent boundary and interior forcing by locally one dimensional
shemes (LOD) is considered.
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CHAPTER 1I

TIME STEPPING ALGORITHMS FOR
PARABOLIC PDEs BASED
ON PADE APPROXIMATIONS

2.1 Introduction

In recent years much attention has been given in literature to the
development, analysis and implementation of Lg—stable methods for
the numerical solution of second-order parabolic partial
differential equations for which Ay — stable methods such as the
Crank-Nicolson method are unsatisfactory when a time
discretization is imposed with time steps that are too large relative
to the spatial discretization. For example, Lawson and Morris [9]
developed a second-order Ly — stable method as an extrapolation
of a first-order backward difference method in one and two space
dimensions (see chapter 3). This idea was developed further for one
space variable by Gourlay and Morris [4] achieving third and fourth
order accuracy in time via a multistage process. Most recently, Khaliq
et al. [7] developed some parallel algorithms for semidiscretized
parabolic partial differential equations based on higher-order
subdiagonal Padé approximations. By establishing a monotonicity
property on all the diagonal Padé approximants they showed that
higher-order diagonal Padé approximants suffer similar time step
restrictions as the second-order diagonal (1,1) Padé approximant (the
Crank-Nicolson method) given by (1.3.9).

In this chapter, higher-order methods (in time) based on Padé
approximants are considered . As in chapter 1, the method of
lines is used to transform the parabolic partial differential equation
into a system of first-order, linear, ordinary differential equations
(ODEs) the solution of which satisfies a certain recurrence relation
(Lawson and Morris, [9]) involving a matrix exponential term. The
development of numerical methods will be based on making
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rational  approximations using higher-order diagonal Padé
approximants to the exponential term. The resulting finite difference
schemes are implicit in nature and require the application of higher-
diagonal solvers (five, seven, nine, ect) to determine the solution, but
the parallel and sequential methods of the same schemes obtained via
the partial fraction decomposition technique need only the application
of tridiagonal solvers with complex arithmetic [6],[7].

In section 2.2 a necessary constraint on the time step for the method
based on the (1,1) Padé approximant is given. In section 2.3 higher
order Padé approximants are presented in factored form along with
time step restriction on them. Partial fraction decompostion is given
in section 2.4 and their parallel implementation is presented in section
2.5. Numerical results are presented in 2.6.

2.2 Time Step Restriction for (1,1) Padé Approximation

Lawson and Morris [9], have shown that some well known methods
which are based on the second order diagonal (1,1) Padé
approximation (Crank-Nicolson) behave poorly on such problems when
the time discretization is assumed to be too large relative to the space
discretization.

Consider a constant coefficient heat equation in one space variable

2
%:% {210 <z <X} x{t]t>0}, (2.2.1)

with boundary conditions
u(0,t) = u(X,t) =0,
and initial conditions

u(z,0) = g(),

where g(z) is a given continuous function of z. It is not specified
that g(0) =0 or g(X) =0, so that discontinuities between initial
conditions and boundary conditions may exist.

Subdivid the interval 0 <z < X into N + 1 equal subintervals
by the grid lines z; =ih,i=0,...,N where (N +1)h = X. Then
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the space derivative in (2.2.1) is replaced by the central difference
operator (1.2.4) so that (2.2.1) becomes

du 62
- = ﬁu(a:,t) + O(h?), (2.2.2)

where 62u(z,t) = u(z — h,t) — 2u(z,t) +u(z + h, t).

Equation (2.2.2) is then applied to all interior mesh points to produce
a system of ordinary differential equations

dU
= = AU®), (2.2.3)

where U = (Uy,Us,...,Uyx)T is an N— vector of the (unknown)
approximation to u and A is the tridiagonal matrix of order N
given by (1.2.7) of which the eigenvalues are given by (1.2.7). Solving
(2.2.3) with the initial vector U(0) =g gives

U(t) = exp(TA) U(0) (2.2.4)
which satisfies a recurrence relation of the form

U(t+7) =exp(tA)U(t), t=0,7,27,... . (2.2.5)

If the diagonal (1,1) Padé approximation

<1 - %A) i (I + %A) = exp(TA)

is used to approximate exp(TA), we get the Crank-Nicolson method

-1
Ult+71) = (I — %A) <I+ %A) Ul(t) (2.2.6)
or
T T
(1= 5AYotee = (1+ 5aYot0
in which the error in time is O(73). Since the eigenvalues
Ai,t=1,2,...,N of the matrix A are all different, the N

eigenvectors w; of A are linearly independent and can be used as
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a basis for all N dimensional spaces of the vector g of the initial
values. In other words, g can be expressed as

N
g= E oWy
=1

where the «;(i = 1,2,...,N) are constants. Writing (2.2.6) over a
second time step

Ut+27)=(I - %A)‘l(l + gA)U(t +7)

- [(1 - gA)“l(I + gA)rU(t).

In general after n-time steps (2.2.6) becomes

Ut +nr) = {(1 - %A)‘I(I + —;—A)} U(t).

Putting t =0 we get

U(nr) = F(I _ %A)‘I(I+ %A)- U(0)
e
= _([— EA)—1(1+ 514)‘ ;aiwi

Sincs Aw; = A\w;, f(A) w; = f(A\;)w;; it follows that

Unr) = [(HTA ] Zazwz

Then the analytical solution of (2.2.6) may be written as

N n
U(nt) = ;ai {8 i_ E:;?AZ)] wi, (2.2.7)

Equation (2.2.7) shows explicity that there is no stability restriction on
7 for the Crank-Nicolson scheme since the growth factor associated
with the eigenvectors w; is

Rl,l(T/\) = (1 — —72:/\1')_1(1 + %)\Z)
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This function is less than 1 in modulus for all 7, since all \; < 0.
However, the amplification symbol of the method is

L
2

with |Ri1(—2)| <1 forall 2 >0 and

lim Rlyl(—Z) =-1

z— 00

showing that the method is Ay — stable. This will be the case if A

is small for those A; corresponding to i =,N,N —1,... (since, for
example, sin’[N7/(2(N +1))]~1 and Ay ~ = ).

Accordingly, one may expect to see components
apWN,AN—1WN—1,... of the initial condition preserved at

subsequent solution steps, but with alternating sign. For problems
with smooth initial data such an effect may not be noticed. But, for
initial conditions with discontinuities such discontinuities are
preserved and distorted rather than damped out, large values of
QN,aN_1,... characterize discontinuous problems.

Because of this oscillatory behaviour for sufficiently large 7, it is
commonly suggested that the time step 7 should be restricted so
as to prevent oscillatory solutions. This would imply preventing the
numerator of the growth factor in (2.2.7) becoming negative which
imposes the condition

-2

which in turn imposes the condition (approximately)

h2
2

(see [22]).However, Lawson and Morris [9] show that this restriction is
not strictly necessary, oscillatory components are permissible provided
they decay to zero faster than the decay of the primary components.
Thus, to ensure that the higher frequency component, is oscillatory or
not, and damped to zero faster than the lowest frequency component,
the inequality

TS (2.2.8)

‘1 + (T/Q)/\N‘ ‘1+ (1/2) M
].—-(7‘/2)>\N 1—(7‘/2)/\1
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is required. That is,

-1 - (7’/2)/\1 < 1+(T/2)/\N < 1+ (7’/2)/\1
1= (r/2A 1=(r/2 vy 1- (/2N

(2.2.9)

The right-hand side inequality in (2.2.9) is trivially satisfied, whereas
the left-hand side inequality gives

My < 4

For large values of NV |

TR NI T RANFI?

(since, for any small angle 6 , sin@ =), and

e
Thus,
72 _Xﬂj ;;1<4
2 X22’12 (2.2.10)
Xh

T < — (approximately).
7

So that , to produce solutions which damp high frequency components
at faster rate than the low frequency components we have a linear
relation between 7 and h (not second order as is commonly used)
This restriction is less severe than that implied by (2.2.8) but still
restricts 7 to being small. However, as it will be discussed in the
next section, higher order diagonal Padé approximations also suffer a
time step restriction similar to that in (2.2.10).
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2.3 Factorized Padé Approximations

High order diagonal Padé methods were implemented in an efficient
manner for serial machines by Reusch et al. [14] In this case, since
@m(z) = Pp(—2), these have the form

P, (z ~1-2z/c
R m(z) = m—(_% :ETE;T: (2.3.1)

where ¢y are the roots of P,(z) and ¢ is the
complex conjugate of c¢;. Numerical values of these roots are listed
in [14] for m = 1(1)11. For the resulting algorithm, each substep
of a given time step has the form of the Crank-Nicolson expression
(2.2.6), that is,

(I+ZAyF = (I - Z A+, (2.3.2)
Cr Ck

where 1 < k < m,y° = y(¢), and y(t +7) = y™. This approach
incurs the extra cost of complex arithmetic but preserves Ag—stability
without forming matrix products, thereby ensuring that the condition
number of each of the substeps remains tolerable. However, to ensure
proper damping, a linear relation exists between 7 and h similar
to that in (2.1.10). Specifically, approximating the matrix exponential
function (2.1.5) with the (m,m) Padé approximation requires

| R m(TAN)] < |Rm,m(TA1)], (2.3.3)

as with the (1,1) Padé approximation.

Theorem 2.1 Khaliq, et al.[7] For diagonal Padé approzimants to
e, and w<v <0,

IRm,m(w)I < IRm,m(U)la if wuv < lglzisnm,ckp.

Proof. Using the factored form of R,, ,,(z) given in (2.3.1), we
need to show that

(2.3.4)
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Inequality (2.3.4) is true provided

‘1_—% 1—v/c

—_— kE=1(1
1+w/c L+v/ct|’ (L)m,

or

(1 —w/e) 1 —w/e)) _ (1= v/en)(1 = v/cj)
/)T +w/a) (1 +o/e)(T+v/a)

k=1(1)m. (2.3.5)

Denoting c¢x = ay + 0 ,(2.3.5) becomes

—dag(w —v)(vw — af — %)
(V2 + 2040 + af + 52)(w? + 205w + of + B2)

> 0. (2.3.6)

Noting that ar <0 (2.3.6) will be true provided

vw < of + BF = |er]?,  k=1(1)m, (2.3.7)
and the result follows.
Since
m+1< min |cgl? (2.3.8)
1<k<m

(see [15]) , we get the following corollary :

Corollary 2.1  For a diagonal Padé approzimants to e*, and
w < v <0,

|Rm,m(W)] < |Rmm ()], if wv<(m+1)>2

with the use of the central discretization in space, the extension of
time step restriction (2.2.10) corresponding to higher order diagonal
Padé approximations now follows from Theorem 1 by setting v = 7)1,
and w =Ty, where A; and Ay aregiven in (1.2.7). Now, (2.3.3)
is true if

wy < min |cl?
1<k<m

T2)\1)\N < min Ick|2

1<k<m
2
TxT Rz S Bl (2.3.9)
— min |cgl®—
h = 1<k<m' ™ 42
% < . g]lgzgm!ck] oy (approximately).
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Analogs of (2.3.9) corresponding to other spatial discretizations of this
problem depend on the eigenvalues of the associated matrix.

Setting m =1, the time step restriction given in inequality (2.2.10)
results from (2.3.9). For m =2 and m = 3, we get the follwing
linear relations

7:- < \/ﬁg£
”X (2.3.10)
~1.73—
T
and
16 +c/3 — (/5 -1)c?/3 X
T < +c (v5 = 1)c X e 4Eid
h 4 2m (2.3.11)
~ 2.32—
T

2.4 Partial Fraction Decmposition of Padé Approximations

Letting
Py(2)

- Qm(2)

denote the (m, k) Padé approximation to e*. If R, y(z) possesses
q1 real poles and 2¢gy complex poles ,where ¢; +2¢go = m, then, as
noted by Zakian [25], Rm, k(z) can be expanded in partial fraction
form resulting in approximating the matrix exponential function in
(2.2.5) by

Rm,k(z)

(2.4.1)

q1 q1+4q2
e = Zwi(TA —a)7 42 Z Re {w;(tA - cI)™'}. (2.4.2)
i=1 i=q1+1

where the w; (i = 1,2,...,q1 + q2) are weights. The above
expansion (2.4.2) is particularly useful in parallel computing
environments because it can be used to solve a corresponding linear
algebraic systems on processors operating concurrently. Using this
expansion, parallel algorithms may be implemented on machines with
q1+4g2 processors (only). For the diagonal (m,m) Padé approximants,
the form of the partial fraction expansion to the matrix exponential
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as suggested by Gallopoulous and Saad [2], becomes

q1 q1+qz2
AR ()M I+ Y wirA—al)T +2 Y Re {wi(rA—c )71,
i=1 i=q1+1

(2.4.3)
with the resulting methods being Ag —stable and suffering the time
step restriction .

Since the poles of the subdiagonal Padé approximations

R k(2) = Pe(2)/Qm(2)

are distinct, Ry, x(2),m > k, can be expanded in terms of partial
fractions to give

Rop(z) = =) > - Qi’c (2.4.4)
H(z —c) =t '
where b
w; = Q,’“ ((C;)), (2.4.5)

Noting that, if ¢; is a complex pole of Ry, ;(z) then so is c*
(its complex conjugate), and the expansion coefficients associated
with this conjugate pair must also be conjugate. The corresponding
contribution to (2.4.4) can be written

*

Dy w$*=2Re( D ) (2.4.6)

zZ—cs z—ck Z — Cg

and consequently, if R, possesses q; realpolesand 2¢; complex
poles, where gq; 4+ 2g2 = m, then (2.4.4) has the form

Rm,k(z)zqzl i +2q§2 Re< Wi ) (2.4.7)

z—C; zZ— ¢
i=1 v i=q1+1 v

Using this expanded form, the approximation to the matrix
exponential function occuring in (2.2.5) is given in (2.4.2), and the
resulting algorithm is given in the next section.
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2.5 The Implementation

Algorithm developed in section 2.4 may be implemented on
parallel computers in the following manner .

Algorithm 1

1 )For i=1,2,...,q1 + q2, solve (1A —c;I)v; = y(t) in parallel.
2 ) Compute

q1+4q2

y(t+71) Z w;v; + 2 Z Re(w;v;).

1=q1+1

A similar algorithm arises for diagonal Padé approximations
resulting from the approximation to the matrix exponential given
n (2.4.3). When these algorithms resulting from the use of (m,k)
Padé approximations m > k are applied to (2.2.1), the principal
part of the local truncation error (PLTE) is given by

84 aq—}-l

1

PLTE: ——h? —

5" g=m+k. (2.5.1)

where the error constants C,11 together with the poles ¢, are
given in Table 1 for several values of ¢ < 4. Note that all of
the corresponding methods require the solution of at most two
complex linear systems of equations. Implementing these in
parallel on machine with at least two processors, as described by
Algorithm 1, enables methods arising from Ly — stable
subdiagonal Padé approximations to be competitive with those
arising from diagonal Padé approximations even on problems
possessing smooth initial data.
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error at the mesh point (mh,n7) given by (2.5.1) with Cyy; = 1.

In (2.5.1) the component —1—12h2§471f is due to the use of (1.2.4) in
(2.2.1); this term will appear in the local truncation error of every
finite difference scheme arising from the use of Padé approximants to
the matrix exponential in the recurrence relation (2.2.5) . Applying
(2.5.3) to the general mesh point (mh,n7) at time ¢=nr leads to

a linear system of the form
GU({t+r1)=B" (2.5.4)
where G is a quin-diagonal matrix of order N and is given by

[94 g2 93 0 7
g2 g1 g2 g3
93 92 91 G2 g3

g3 g2 g1 g2 g3
G = L (2.5.5)

gs g2 g1 g2
0 93 92 G4

with
g1 =3 +2p+1

g2 = —(2p? +p)

2
_p (2.5.6)
g3 5
5 2
gi=2-+2p+1

and p = 7. Thevector B™ isgiven by B" = [B?, Bg,...,B%]7,
where T denotes transpose. It is easily seen from (2.5.3) that the
vector B™ is U(t,). The solution vector U(t + 7) of this linear
system is found by the application of a quin-diagonal solver with real
arithmetic at every time step.

Parallel impelementation

To achieve the parallel implementation, (2.5.2) is expressed in its
partial fraction form to give

Ult+7)=[ki(I = ri7A) ™ + ko(I — rar A)7YU(2), (2.5.7)
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where r; and 7y are the poles of the expression (I —7A4+ 17242)

and are given by
1 .
ry = 5(1 + 1)

T2 =T1

(2.5.8)

and k1 and ky are the constants resulting from the partial fraction
splitting given by

1
ki ==(1—1
' 3( ) (2.5.9)
ko =k
The tridiagonal matrix (I —r;7A) has the form
[a d 0 17
c a d
c a d
(I -rTA)= - (2.5.10)
c a d
| 0 c a |
where
a=1+2rp
c=-rp (2.5.11)
d=—rip

The solution vector U(t +7) may be obtained via the algorithm

Processor 1: (I —ri7A)z=kU(t)
Processor 2: (I —rerA)w = koU(t) (2.5.12)
Ut+1)=z+w

Here z and w are intermediate vectors to be determined and need
not be stored once the solution, obtained using two tridiagonal solvers,
is found.

The algorithm above involves the use of two processors to solve the
two linear systems using complex arithmetic. This approach has the
advantage of avoiding the difficulties arising from squaring the matrix

A.
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A Sequential algorithm
Alternatively, (2.5.2) may be written as

1
(I —-—1A+ 572A2)U(t +7) =U(t), (2.5.13)
which factorized as
(I —rm AT — roTA)U(t + 1) = U(t), (2.5.14)

and the solution vector U(t+7) obtained via the two stage process

(I —r7A)v =U(t)

(I — T‘QTA)U(t -+ 7') =, (2515)

where the intermediate vector v need not be stored once the solution
is determined. Here, also, two linear systems are solved using two
tridiagonal solvers at every time step involving complex arithmetic.

An Alternative sequential algorithm

For the (2,0) Padé approximant, ¢; =0 and ¢ = 1, and using
(2.4.7) the solution vector U(t+7) may be obtained as follows

U(t+7) =2 Re(v) (2.5.16)
where v is determined by solving the tridiagonal system
(I —ri7Av=kU(t (2.5.17)

2.5.2 Fourth-order methods

Fourth-order accuracy in time may be achieved by approximating
the matrix exponential in (2.2.5) by the (3,1) and (4,0) Padé approx-
imants. These method are easily shown to be Lg — stable.

Methods based on the (3,1) Padé approximant

Replacing now the exponential term in the recurrence relation (2.2.5)
by its (3,1) Padé approximant gives

Ut+7)=01~- Z—TA + 372A2 —~ 5‘%73.43)—1(1 + iTA)U(t) (2.5.18)
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The resulting implicit, Lo — stable scheme is given by

PANU(E 4 7) = (I + SrA)U(), (2.5.19)

1
(I — ZTA +=72A% - — 1

4 24

which, on application to the general mesh point (mh,n7) at time
t = nr1, leads to a linear system of the form

EU(t+7)= B". (2.5.20)
where the coefficient matrix E is seven diagonal and is given by

[[e5 €5 €3 e4 0 ]
€6 €1 €2 €3 €4

€3 €2 €1 €2 €3 €4

€4 €3 €2 €1 €2 €3 €4

(2.5.21)
€4 €3 €2 €1 €2 €3 ¢4
€4 €3 €2 e ez e3
€4 €3 €2 €1 €4
L 0 €4 €3 €g €5 |
where 08 352 3
14 14 D
= — 4+ — 4+ = +1
€1 o4 + 9 + 9 + 3
15p3 9 3D
6 3 2
3 (2.5.22)
€4 — _2_
24’
14p®>  5p%  3p
= — + — + — + 1,
es Y + 1 + 5 +
14p3 3p
= —(S +7 )

and the vectors B™ are given by

B?=u—§W?+ﬂw
B;C;:QU” L+ (11— )U”+4U;’}H_1 ;m=2,...,N -1 (2.5.23)

BJT\Lr:—UN p+ (1 - )UN
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The solution is determined by the application of seven-diagonal solvers.

A Parallel implementation

The partial fraction splitting of (2.5.18) takes the form

U(t+7) = [ks(I =17 A) "t +ko(I — 19T A) ™  + kyo(1 — r10TA) U ().

(2.5.24)
Closed form expressions for r, and k., (m = 8,9,10) are not
available and they have the approximate values

rg = 0.38083387729959
rg = 0.18458306140401 — 0.27447791814622 1 (2.5.25)

10 = Tg,

and
ks = 2.11011239736648
kg = —0.55506198683241 + 0.73103036838333 3 (2.5.26)

k1o = ko.

The solution vector may be determined as follows :
Processor 1: (I —rgtA)y = kgU(t)
Processor 2: (I —rgTA)q = koU(t)
Processor 3: (I —riorA)b = k1oU(t)

Ut+71)=y+q+b.

(2.5.27)

Here again the three processors determine the intermediate vectors
y,q and b concurrently with processor 1 using real arithmetic while
processors 2 and 3 use complex arithmetic.

An Alternative parallel implementation

For the (3,1) Padé approximant, ¢; = go = 1, therefore the
algorithm may be implemented on a machine with two processors

as follows :
Processor 1: (I —rgTA)y = kgU(t)

Processor 2:G** =2 Re(Gs) (2.5.28)
Ut+71)=y+G**
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where G isobtained by solving the system (I—rg7A4)Go = koU (t).

A sequential algorithm based on the (3,1)Padé approxzimant

Equation (2.5.18) may be factorized to given
1
(I —rsTAYI — 19T A)(I — o7 A)U(t+7) = (I + ZTA)U(t> (2.5.29)
and the solution determined via the three stage process

1
(I —rg7A)y; = (I + ZTA)U(t)’ (2.5.30)

(I —reTA)ys = y1,

(I—‘TloTA)U(t—’rT) = Y2,

where the intermediate vectors y; and s need not be stored once
the solution is found.

Methods based on the (4,0) Padé approximant

Approximating now the matrix exponential term in the recurrence
relation (2.2.5) by the (4,0) Padé approximant gives

1 1
Ult+7)= (I —rA+ 5774 — 'A% ¢ 2—1474A4)“1U(t)- (2.5.31)

This suggest the fully implicit, Lo — stable scheme

1 1
(I —T1A+ ETQAQ - —é—TSA?' + ﬁT4A4)U(t +7)=U(t). (2.5.32)

applying (2.5.32) to the general mesh point (mh,nr) at time t = nr
leads to a linear system of the form

FU({t+71)=B" (2.5.33)
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where the matrix F' is nine-diagonal and is given by

[ fe
i
s
Ja
fs

with

fr fs fa fs 0
fo fo fz fa fs
fo fi fo fs fi fs
fs fo fi o fs f1 fs
fao f3 fo i fo fs fa fs
e (2.5.34)
fs fa f3 fo i f2 f3 fa
fs fa f3 fo fi fo fs
s fa f3 fo fo fr
fs fa fs fr fo
70 20p3
fi= 2Z +——6£+3p +2p+1
. Tt 5p3
f2~—(—3—+7+2p +p)
74
f3:%+293+%
ot P
f4—~(§+g)
P’ 2.5.35)
f5=ﬂ (2.5.
_ 42p*  14p®  5p?
fe = 24 + 6 + 5 +2p+1
48p* 14
fr=—(e+ §+2p +p)
_27]74 2
fs = o +p 3B 5
_ 69p* | 20p° 2
fo = i T T L

The vectors B™ are seen from (2.5.32) to be U(t,), and the
solution will be determined via the application of nine-diagonal solver
at each time step. The principal part of the local truncation error is
given by (2.5.1) with ¢ =4 and C;5 = 120
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Parallel implementation

Equation (2.5.31) may be expressed in its partial fraction form to
give

Ut+7)=[91(I —c17A)™! 4 go(I — camA)L + g3(I —c3T7A)™!
+ 94(I — camA)"U(2), (2.5.36)

where

c1 = 4.2626656502702F — 2 4 0.39463295317211 ¢

Co =C1

c3 = 0.45737334349730 4+ 0.23510048999854 1 (2'5'37)

Cq4 = aa

and

g1 = —0.2116960248671 — 0.20306415938099 ;
2=9 (2.5.38
g3 = 0.62116960248677 — 0.59941529409522 1 -5.38)
g4 = G3.

Closed form expressions for ¢, and g,, (m = 1,2,3,4) are not
available. Four processors will be used to compute the solution
concurrently as follows :

1:(I—c7A)s=qiU(1),

2: (I —carA)f = g2U (),

Processor 3: (I —c3tA)g = g3U(t), (2.5.39)
4: (I —caTtA)m = g4U(2),
Ut+7)=s+f+g+m.

Processor

Processor

Processor

Here all the processors carry out complex arithmetic to solve the four
linear systems each using a tridiagonal solver.
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An alternative parallel implementation

Here g2 = 2 and using (2.5.1), two processors may be used to
implement the parallel algorithm based on the (4,0) Padé approximant

as follows :
Processor 1:d; = 2Re(s)

Processor 2 :dy; = 2Re(g) (2.3.40)
Ult+71)=d +ds

where s and ¢ are determined using processors 1 and 2 in (2.5.39)
respectively.

A sequential algorithm based on the (4,0). Padé approzimants
The sequential algorithm based on the (4,0) Padé approximant is
obtained by expressing (2.5.32) in its complex factors to give
I —arA)(I —corA)I = c37A)(I — car A)U(t+ 1) = U(t), (2.3.41)
The solution vector U(t+ 7) may be obtained via the algorithm

(I —cTA)sy = U(t),
(I - CQTA)SQ = 81,
(I —c37A)s3 = s9, (2:5.42)

(I —c4TtA)U(t + 7) = s3.

This algorithm requires the application of four tridiagonal solvers with
complex arithmetic to compute the solution at every time step.

2.6 Numerical Results

We consider a test problem from the literature which has high-
frequency components in the solution.

ou  O%u
— == 0 2, t>0, 2.6.1
o oz TS (2.6.1a)
with boundary conditions
u(0,t) = u(2,t) =0,t > 0, (2.6.1d)
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and initial condition
u(z,0) =1,0< z < 2. (2.6.1c)

The problem has a discontinuity between initial and boundary
conditions and the exact solution is given by

u(z,t) = i 1= (=1)" |- sin (TQE) exp (‘”z”2t> . (26.2)

nmw
n=1

Methods corresponding to diagonal Padé approximations through
fourth-order were implemented on this example problem together with
those corresponding to the same order subdiagonal Padé

approximations refrenced in Table 1. Letting r = 7, the
approximate time step restriction for the methods correspoing to (1,1)
and (2,2) Padé approximations become

r < 0.637, r < 1.103, (2.6.3)

respectively. Table 2 contains the maximum errors between the
exact solution and the approximate solution on various spatial meshes
at time ¢ = 1.2. Both 7 and h are refind keeping their ratios
constant on one side (r =1/2) and then on the other side (r = 2)
of the bound in (2.6.1).

TABLE 2A.
Second-order methods.

r h T (1,1) (2,0)

1/2 0.1 0.05 348E-04 7.18E-04
0.05 0.025 3.61E-04 1.84E-04
0.025 0.0125 3.61E-04 4.71E-05

2 0.05 0.1 3.44E-01 1.74E-03
0.025 0.05 244E-01 4.69E-04
0.0125 0.025 2.44E-01 1.16E-04
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TABLE 2B.
Fourth-order methods.

r h T (371) (4v0)

1/2 0.1 0.05 2.66E-04 2.67E-04
0.05 0.025 6.50E-05  6.72E-05
0.025 0.0125 1.39E-05 1.51E-05

2 0.05 0.1 6.44E-05 7.13E-05
0.025 0.05 1.10E-056 1.65E-05
0.0125 0.025 2.49E-05 1.32E-05

A visual analysis of Table 2 demonstrates that for problems with
incompatibility between initial and boundary data, the unrestricted
subdiagonal Padé schemes offer better error behavior than the
diagonal schemes when they fail to meet the condition on =
deduced from Theorem 1. This is contrary to what one might
expect based solely on the comparison of the error constants (see

Table 1) of diagonal and subdiagonal methods of the same order.
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CHAPTER III

THE EXTRAPOLATION OF FIRST ORDER
METHODS FOR PARABOLIC PDEs BASED
ON (1,0) PADE APPROXIMATIONS

The Component of the local trucation error due to the
approximation of the derivative by its central difference replacement
will not be changed, however, the component due to the chosen Padé
approximant can be improved by at least one power of 7 by the
process of extrapolation (see,[9],[20]).

This process is illustrated in this chapter for the finite difference
schemes based on (1,0) Padé approximations in one space variable
and in two space variables.

3.1 Extrapolation of the Fully Implicit Scheme

In this section a novel algorithm for a constant coefficicent equation
in one space variable, is analyzed.
Consider equation (1.3.5) written over a time interval 27 so that

vD(t 4+ 27) = (I — 2rA) " Iv(2). (3.1.1)
and if (1.3.5) is applied twice, each over a time-interval 7 , we have
v(2)(t +27) =T -7A) Wt +71)

=(I-1A)~1I - TA)"Iv(t),
= (I -T1A)%v(t). (3.1.2)

Equations (3.1.1) and (3.1.2) are two different backward difference
schemes for copmuting the solution at time ¢+ 27 .

The binomial expansion of the matrix inverse in (3.1.1) and (3.1.2)
produces
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v (t 4+ 27) = (I 4274+ 472 A%)v(t) + O(73), (3.1.3)
v (t+27) = (I + 274 + 3r242)v(t) + O(r9). (3.1.4)

But the Maclaurin expansion of exp(274) in
v(t +27) = exp(27A)v(¢t),
result in
V(t+27) = (I 4+ 27A + 272 A%)v(t) + O(7). (3.1.5)

Comparison of equations (3.1.3),(3.1.4), and (3.1.5) shows that neither
(3.1.3) nor (3.1.4) is accurate to terms of order 72. However, if we
combine the expansions in (3.1.3) and (3.1.4) then by extrapolation,
a vector v which is second order accurate in 7 is produced. The
algorithm for the extrapolation is therefore

v (t+2r) = (I - 27A) v (t),
v@(t+27) = (I - 7A) 71T = rA) " v(t), (3.1.6)
v(t +27) = 2v(® — v,
v(t + 27) is now a seconed order approximation to the solution
u(t + 27).

The analysis of stability of the algorithm defined by (3.1.6)
indicates that the method is stable for all positive 7, and the
amplification symbol for the method is

Ryo(—2) = 2<1iz>2_(1 +12z)

_ 1+ 22 — 22
144245224923

with ‘Rl,O(_Z)’ < 1 for all z > 0. This implies that the
extrapolated form of (1,0) method is stable for all 7 > 0; that
is , the method is Ay — stable. Moreover,

lim Rllo(—-z) =0
z—00

39



so that (3.1.6) is Lg — stable.

In Fig. 3.1 we have plotted the amplification symbols R(—2z)
aginst z for the backward-difference scheme, (graph 1), the Crank-
Nicolson method (graph 2) and the novel extrapolated scheme
(graph 3). As it can be ssen, the asymptotic behaviour of the
backward-difference scheme produces a growth factor which tends to
zero monotonically. In contrast, the extrapolated scheme has a growth
factor which tends to zero asymptotically but has a small
negative value for z > 2(1 + v/2). This implies that small
oscillations could theoretically appear but these should be damped
with increasing t¢. The Crank-Nicolson method has a growth
factor which tends asymptotically to —1. Consequently errors which
occur during the computation will tend: to be damped at a
considerably lower rate than the rate at which the analytical
solution tends to zero.

3.2. Numerical Results 1

We applied the numerical techniques (1.3.5), (1.3.7) and (3.1.6) to
the model probelm (2.6.1a),(2.6.1b) and (2.6.1c), which has an
analytical solution given by (2.6.2). The resulting numerical solutions
( with h = 0.05 ) were compared to the analytical one.

The computed solutions at time ¢ = 1.0 are depicted in Fig. 3.2.
In the figure, curve 1 is the graph of the analytical solution, curve
2 is the graph of the backward-difference solution (1.3.5), curve 3
is the graph of the Crank-Nicolson solution (1.3.7) and curve 4 is
the graph of the extrapolated solution (3.1.6). In all these cases the
value of the time step 7 =0.1 was used.

As it can be seen from the figure, the Crank-Nicolson scheme is
accurate in the interior of the region but has a large residual
error near the boundary. If h were to be reduced, keeping 7
constant, the amplitude of this residual error would increase. The
backward difference scheme portrays a smooth behaviour but is
inaccurate uniformly across the interval. In contrast the novel scheme
has a smooth representation of the analytical solution over the whole
region. It is considerably more accurate than the backward-difference
scheme and is comparable with the Crank-Nicolson scheme in the
interior of the region. We have tabulated (in Table 1) the maximum
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errors (the difference between the analytical and numerical solutions)
for three values of h for each of the three methods with 7 = 0.1 .
Note that the actual solution at z =1 and ¢t =1 is about 0.1.

TABLE 1.
Errors in solving the model problem at t = 1.

Method h=0.1 h =0.05 h =0.025

Crank-Nicolson S6E — 01 28F + 00 B5E + 00
Backward-difference B3E - 01 B2E - 01 32F — 01
Extrapolation method .63E — 02 61F — 02 60E — 02
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R(-2)

40 60 80 100 120

Fic. 3.1. Amplification factors for the schemes : Backward-difference
(1) , Crank-Nicolson (2) , and extrapolation (3) .
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F1Gc. 3.2. Model probelm solutions with h = 0.05 and 7 = 0.1

Fourier sum (1) , backward-difference (2) , Crank-Nicolson (3) , and

extrapolation (4) .

43



3.3 The Extrapolated Method in Two Space Variables

In this section, the novel algorithm is generalized to two space
variables. Thus, consider the simple heat equation in two space
variables

ou 0%u  0%u

5‘{—@+8—y2 0<z,y<?2, (3.3.1)
with homogeneous Dirichlet boundary conditions (u = 0) on the
boundary €2 of the square defined by the lines = = 0,y = 0,
r = 2,y = 2, and initial conditions u(z,y,0) = g(z,y);

(z,y) € Q x 6. Assuming further that g(z,y) # 0 for
(r,y) € 69Q, so that discontinuities between initial conditions and
boundary conditions may exist.

Replacing space derivatives in (3.3.1) by the corresponding central
differences

0?2 1
B_:cz; = zul(@ —hyt) = 2u(z,y,1) + u(z + h,y,t) + O(h?),
and
0% 1 2
we obtain a system of ordinary differential equations of the form
dv
— = Av(t 3.3.2
— = Av(t) (3.3.2)

where the vector v of unknowns is of dimension N?, and the matrix
A is N? x N? given by

B I ]
I B I O
B2 . . .
I B I
| O I B |
where B is the tridiagonal matrix of order N given by
- —4 1 -
1 -4 1 0
B= 3
1 -4 1
L 0 1 -4
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and I is the identity matrix of order N.
The solution of (3.3.2) is given by

v(t 4 7) = exp(TA)v(t)

3.3.
where, v(0) = g, the vector of initial values. (3:3.3)

As in section 1.3 a number of finite difference methods are obtained
from (3.3.3) by replacing the exponential by its Padé approximations

The backward-difference approximation is obtained by using (1,0)
Padé approximations .  But, this involves solving systems of
equations whose coefficient matrix has band width 2N, only a few
of its elements per row are nonzero. Consequently, the matrix A is
split into constituent matrices A; and A, such that A = A1+ As.
The matrix A; arises from the use of the central difference in the
x-direction, it is block diagonal with tridiagonal blocks and has the
form :

rC ]
C 0
h? '
C
L 0 ¢
where C' is the tridiagonal matrix of order N given by
[—2 1 T
1 -2 1 0
1 -2 1
L 0 1 -2

The matrix A, arises from the use of the centeral difference in the
y-direction. It is block tridiagonal with diagonal blocks and has the
form

[—21 T T
I -2 I 0
h—2 .. . .
I -2 I
L O I =21

where [ is the identity matrix of order V.

45



Hence, (3.3.3) becomes
v(t +7) = exp[r(A; + Ag)]v(t) (3.3.4)
which may be approximated by
v(t +7) = exp(TA2) exp(TA1)v(t), (3.3.5)
or
v(t +7) = exp(TA1) exp(TA2)v(t), (3.3.5")

incurring an error O(72). For each of the exponentials in (3.3.5),
(1,0) Padé approximations then are proposed

vit+71)=U—-71A) I - TA1) " tv(t)

If we let
v = (I -71A;) " v(t)

then
vit+71)= 1 - 714" v

hence, a split form of the implicit scheme is
(I —=T1A)VV" =v(t), ([—-T1A)v(t+T1)=v" (3.3.6)

where v* is an intermediate vector.

This two step procedure has the advantage of being easily solved,
when the components of the second step of (3.3.6) are reordered.
In particular, if the second order derivatives in (3.3.1) are replaced
by central differences then A is an N? x N? matrix which has 5
nonzero bands. The matrices A; and A; may be written as tensor
products of N x N tridiagonal matrices so that (3.3.6) may be solved
by implementing sequences of tridiagonal matrix solvers.

The algorithm is first order accurate in time, unconditionally stable
and has a growth factor which tends asymptotically to zero. Hence no
residual boundary errors will be exhibited and the method is
Lg — stable.

In contrast to (3.3.5), (3.3.4) may be approximated to O(72%)
accuracy by

v(it+7) = exp(%Al) exp(TAs) exp(%Al)v(t).
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Then, by approximating the matrix exponential by (1,0), (1,1) and
(0,1) Padé approximations , we get

v(t+7) = (I - %Al)“l(I + gAz)(I _ —72:142)_1([ + gAl)v(t)

Let - -
v* = (I - §A2)”1(1 + §A1)v(t)

we get

v(t+T) = (1= ZA)THI + ~Az)v"

Hence, we get the following implicit method

(I - %12) vt = (I + ;—A1>v(t),
(I - %A1>v(t +71)= (I + %A2>V*

Which is known as the Peaceman-Rachford method [13].

(3.3.7)

This algorithm is second order accurate in time, and the one
dimensional amplification symbol of the method is given by
1+ %z
1—

Rl,l(—z) =

z

D=

with |R(—z)] <1 forall z>0 and lim, ., R(-z) = —1. This
implies that the method is unconditionally stable (A — stable) but
has the same restriction on the time step 7 as in the case of the
Crank-Nicolson method.

To obtain the two dimensional analogue of the extrapolated scheme
described in the previous section, consider (3.3.6) written over two
single steps as

(I —TA)V =v(t), (I-T1A)v(t+7)=0"

3.3.8

(I =TA)V* =v(t+71), (I —-7A)VOEt+27) = v ( )
System (3.3.8) is a symmetrized application of the method (3.3.6) in
that the order in which the matrices A; and A, appear in the
tridiagonal solutions alternates. Eliminating the intermediate vectors
in (3.3.8) gives
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VOt +27) = (I = 7A) "N = 7A2) ™ (I — 7A2) (I — 74,) " y(1)
=(I —7A1) NI —7A2) (I —7A1) " Iv(t)

and expanding the matrix inverses to O(72) we find

VO (t427) = (47 A1 +77 A7) (1427 Ap+372A43) (I4+7 A, +72 A2)+0(73)
which leads to

vO(t +27) = [I +27(A; + Ap) + 72 (3A2 + 342+
241 Ay + 242 A1)]v(t) + O(73). (3.3.9)

If the Maclaurin expansion of exp(27(A4; 4+ Az2)) in (3.3.4) is written
over a time interval 27 we get

v(t+27) = [T+ 27(A; + Ag) + 27%(A? + A2

+ A1A2 + AQAl)]V(t) -+ 0(7'3).
(3.3.10)

so that (3.3.8) is O(72) accurate.
Writing equations (3.3.5),(3.3.5") over a time interval 27 we get
v (t 4+ 27) = exp(27A;) exp(27A2)v(t)

and
v (t + 27) = exp(274;) exp(2r A1 )v(t)

then the matrix exponential functions are all replaced by (1,0) Padé
approximations , giving,

v (t 4 27) = (I = 27 A1)~ (I = 274) " v (¢) (3.3.11)

and
v (t +27) = (I — 27 42) 7 (I — 27 A1) " Hu(1). (3.3.12)
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Expanding the inverses in (3.3.11) and (3.3.12) to O(72) we find
that

v (t+27) = (I + 274, + AT AT)(I + 27 Ag + 472 A%)v(¢) + o(r?)

= [I+27(A1 + A2) + 477 (A + A1 A5 + AD)v() + O(7%). (3.3.13)

and
v (t+27) = (I + 2745 + AT AZ)(I + 27 Ay + 472 A2)v(t) + o(r?)

= [I +27(A; + Ag) + 47%(AT + Az Ay + ADv() + O(%). (3.3.14)

Comparing (3.3.13), (3.3.14) with (3.3.10) it is seen that, in addition
to v(O(t+27), the approximations v(1(¢+ 2r) and v (t +27)
are first order accurate in time, their errors being O(72).

Now, consider the linear combination of the three first order schemes
(3.3.8), (3.3.11) and (3.3.12), defined by

1
v(t+27) = 200 - S (v 1 v2) (3.3.15)

Applying this weighting to the expansions in (3.3.9), (3.3.13) and
(3.3.14) and comparing with(3.3.10) we find that v(¢t+ 27) defined
by (3.3.15) is second order accurate. That is , we have extrapolated
the first order methods to achieve second order accuracy.

This novel method (3.3.15) is unconditionally stable and has a
growth factor similar to the one dimensional analogue

The novel algorithm requires 4 tridiagonal solutions per time
step. This compares with the two required by the Peaceman-Rachford
method. However, the time step 7 is unrestricted in the novel scheme
and consequently we may take time steps (at least) twice as large as
the Peaceman-Rachford scheme, for a given .

3.4. Numerical Results 11

To demonstrate the numerical properties of the novel algorithm we
computed the solution of the problem

Ou 0%*u  O%u
— = 4~ 2 3.4.1
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subject to the initial conditions

u(z,y,0) =sin(ry/2), 0<z,y<2y
and the boundary conditions

u(z,y,0) =0, V(z,y) €69, Vi>O0.

The initial function is shown in Fig. 3.3 The Fourier solution of this
problem is

u(z, ,) = sin Ty g - (1) = sin<”fx> exp(—_gi(nz—l—l)t).

nm P2
(3.4.2)
The maximum value of u at time ¢ = 1.0 sec occurs for z = 1,
y =1 and is approximately 0.00916.

The solution was computed using the bakward-difference scheme
(3.3.8), the Peaceman-Rachford scheme (3.3.7) and the novel
algorithm {(3.3.8), (3.3.11), (3.3.12) and (3.3.15)} using a fixed time
step 7 = 0.1. The analytical solution at ¢ = 1.0 sec is depicted in
Fig. 3.4. The solution due to the backward-difference scheme (3.3.8)
is depicted in Fig. 3.5 using h = 0.05. The general appearance of
the solution is good although the inaccuracy due to the first order
accuracy of the scheme is apparent as shown by results in Table 2.
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TABLE 2.

E'rrors in solving the two-dimensional
model problem at t = 1.

7=0.1
Method h=0.1 h = 0.05 h = 0.025
Backward-difference .64E — 02 63F — 02 63E — 02
Peaceman-Rachford .47F — 02 23F — 01 46F — 01
Novel scheme 94F — 03 B8F — 03 S7TE — 03

Figure 3.6 shows the results obtained by the Peaceman-Rachford
scheme using A = 0.05.
It should be emphasized that the central portion of this figure is
an accurate approximation to the solution so that rescaling has
apparently decreased this portion of the solution in order to show
the large peaks adjacent to the boundary on a graph of the same size.
The numerical results obtained using the novel algorithm are depicted
in Fig. 3.7 using h = 0.05. The maximum errors which ocurred are
summarized in Table 2.
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Fic. 3.3. Initial data for the two-dimensional model problem.
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Fic. 3.4. Analytical solution to the model problem at t = 1.0.
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Fi1c. 3.5. Backward-difference solution with h =0.05 and 7 =0.1.
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Fi1G. 3.6. Peaceman-Rachford solution with h = 0.05 and 7 =0.1.

55



Fi1Gc. 3.7. Extrapolation solution with h =0.05 and T =0.1.



CHAPTER IV

TIME-DEPENDENT BOUNDARY AND
INTERIOR FORCING IN LOCALLY
ONE-DIMENSIONAL SCHEMES

4.1 Introduction

In this chapter we investigate some of the reasons for the

difficulty of maintaining the accuracy in the numerical solutions of
parabolic equations with time-dependent Dirichlet boundary
conditions, when locally one-dimensional (LOD) tecniques are
employed, see for example, Swayne [18],[19].
The investigation arose from consideration of an alternative
formulation for LOD algorithms for the solution of linear differential
equations such as those used in the approximation of the heat
equation, u; = V?u, by the method of lines (see Zafarullah [24]).
For such equations, approximations may be derived by superimposing
a uniform grid over the domain of interest. On such a grid, the spatial
operator is replaced by a finite difference operator which produces an
ordinary differential equation (d/dt)u = Lu. Thus over the given
domain, the semidiscrete solution w is given by

u(t + 7) = exp(7L) u(t). (4.1.1)
where 7 is some convenient time-step.

It is possible to split the matrix L into two or more constituents,
L = L; + Ly, where L; and L, result in physically
meaningful problems which can be solved and recombined into an
approximate solution to (4.1.1). One must assume that LiLy # LoLq.
This strategy has a payoff whenever the numbers of operations and
the associated copmuting overhead for the one-dimensional strategy
produces numerical solutions with the same accuracy in a shorter
time than similar numerical methods associated with the “full” matrix
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L. LOD methods are now classical (see Gourlay and Mitchell [5],
Mitchell and Griffiths [10], and Yanenko [23]). However, it is known
in the literature that time-dependent Dirichlet boundary conditions
can reduced the efficiency of LOD methods. Methods which have local
truncation error O(73), are known to show sever deterioration in the
error constant as far as O(792%) (Yanenko, [23]) from the influence
of time-dependent boundary conditions.

Swayne [18] proposed an approach which corrects the past
defect, and permits flexibility in the evaluation of the forcing terms.
There are many cases for which freedom in the location of forcing
evaluation is advantageous. The forcing terms can only evaluated for
main time-point {t¢;,7 = 1,..., N} where accurate values of u are
to be calculated. ‘

The Process of developing numerical schemes involves the
replacement of exp(7L) in (4.1.1) by combinations of exp(rL;) and
exp(7Ls2) in such a way as to obtain order in the approximation to
exp(7L). For example, it is known that

exp(TL) = % [eXp(TLl) exp(tLg) + exp(7Ly) exp(rL1)] + o(r3).

(4.1.2)
We say that (4.1.2) defines a second-order approximation to exp(rL)
because O(1), O(7), and O(72?) terms match on both sides of
(4.1.2).
A more common LOD splitting, defined by

exp(rL) = exp(5L1) exp(5La) exp(FLa) exp(5L1) + O(r?), (4.1.3)

results in numerical schemes which have poor convergence as 7 — 0
near the boundaries of the solution domain when forcing is time
dependent. Interior forcing terms are integrated to full accuracy.
The schemes derived from (4.1.2) have the opposite shortcoming.
Boundary conditions are accurately incorporated into the numerical
solution. It is, rather, the forcing terms affecting equations in the
interior of the solution domain which behave poorly. A scheme based
on (4.1.2) is called parallel alternating LOD (or PALOD ) method.
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4.2 An Example of Boundary Forcing

In this section time-dependent Dirichlet boundary conditions for
the linear heat conduction equation is considered.
Consider

Ou _ 0%u. 9%y

ot 0z2  9y?
with specified initial and boundary conditions. MOL reduces the PDE
into inhomogeneous system of ODEs

d
—u = Lu+1(t), (4.2.1)

which has the following solution :
t
u(t) = exp(Lt)/ exp(—L0){(6)do.
0
After a time step 7 the solution u(t) becomes
t+7
u(t + 7) = exp(L(t + 7)) / exp(—L6){(0)do
0

which can be written as

t t+T
u(t + 1) = exp(L(t + 7)) [/0 exp(—L0){(6)do +/t exp(—L0)f(0)do

t+T
= exp(TL)u(t) + exp(L(t + 7)) /t exp(—LO)f(6)do

Now, let 6 =t+ s, we get
‘ 1

ut+7) = eXP(TL)U(t)+TeXP(L(t+T))/ exp(—L(t+s7))f(t+s7)ds

0
so (4.2.1) has the following integral representation
1
u(t +7) = exp(rL)u(t) + 7'/ exp(7(1 — s)L)f(¢t + sT)ds, (4.2.2)

0

where u(t) is known and wu(t +7) is to be computed.
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The first term on the right-hand side of (4.2.2) is called the
complementary function and it represents the solution of the
unforced or homogeneous problem (f = 0). The second term of
(4.2.2) is called the particular integral which satisfies the forced or
inhomogeneous differential equation (f # 0). The known
boundary values for the heat equation are incorporated into
inhomogeneous terms through change in the normal definition of the
coefficient matrix L and the complementary function term is given
boundary values identically zero.

A simple domain is considered with a uniform grid, mesh size A,
superimposed along (z,y) coordinate directions. The usual central
difference approximation to V2w is applied on the grid to give a
spatial semidiscretization of the original equation.

The discretized differential equation is :

d 1 1

=33 (Ui—l,j_2Uij+Ui+l,j) +§ (Ui,j_1—2Uij+Ui,j+1> +1(t, 24, y5)
The unknowns {U;;,7 = 1,2,7 = 1,2} together with the boundary
values are laid out in a table thus :

. U13 U23 .
U Uiz Uz Usy
Uorn Ui Uz Usy

U Uz

If U;; is a boundary point, the boundary condition is given by
f(t,zi,y;) = fi;(t). If we organize the solution components into

interior points
Ur = (U1, Us1, Ura, Uz) T

and boundary points
Uip = (Uo1,Us1, Una, Usz) 7, Uz = (Uro, Uso, Usz, Uaz) T

and define U by
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The discretized differential equation can be written as

d
V= L(U + f(1)),

with initial conditions given by

U(0) = (Ur(0)T01438)7.

The coeflicient matrix L is built up from

-4 1 1 0
11 -2 1 -4 0 1
L= =h 1 0 —4 1
0 1 1 -4
and
1 00 01000
12,201 0 0 01 00
L™ =h 0O 01 00 010
0O 0O 01 0 0 0 1
Then

i L12>
L=
( Osx12

The forcing function is made up of

f1 = (01xa, fo1, f31, fo2, f32,01x4)7

and
fo = (01xs, f10, f20, f13, f23)7,

and f is defined by
f(t) = f1(¢t) + f2(t).

L, is defined by

(4.2.3)

(4.2.4)

(4.2.5)

(4.2.6)

(4.2.7)

-2 1 0 0
_ 1 -2 0 0 _
Li'=h"2 0 o0 -2 1 |° Li% = h?(I4x404x4)
0 0 1 =2
and

Ly = (Lil L%g).
O8><12



Finally, Ly =L —L;. We have the following :
Lf = Lif; + Lgfg, (428)

and
Lify = Lof; = 0. (4.2.9)

Split (4.2.3) into two one-dimensional equations

1d

5&U—L1(U+f1)a (4.2.10)
and

1—d—U—L(U%—f) 4.2.11

2dt —_— 2 2_. ( e )

This splitting dose not result in an increase in the effective size of
the computation. We have not added m unknowns to the problem
( m Dbeing the number of boundary points). Rather we are
attempting to simplify splitting of some of the (known) boundary
values in the one-dimensional subproblems.

Definition 4.2.1 Swayne [18] For a differential equation which may
be split into locally one dimensional subproblems, separable
boundary forcing is defined to be a forcing function f(¢) in
(d/dt)U = L(U+1(t)) for which L =L;+Ly and f(¢) = f,(¢)+£2(2)
satisfy (4.2.8) and (4.2.9).

4.3 One Dimensional Approximations

Numerical methods from (4.2.2) are constructed by replacing the
integral by a finite sum (quadrature rule). We write

7'/1 exp(7(1—s)L)f(t+s7)ds = T Wlf(t+T81)+W2f(t+T82)] +0(13).
’ (4.3.1)

Then the exponential in (4.2.2) is replaced by an approximation E(7L),
to give

U(t+7) = B(rL)U(t) + 7[Waf(t + 7s1) + Waf(t + 752)].  (4.3.2)
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In order to derive a quadrature rule for the particular points {s1, s2},
welet f(s) =1 and f(s) =s in (4.3.1) . The matrix argument 7L
is replaced by the scalar parameter z. Then if f(s) = 1, (4.3.1)
gives

- Wi(z) + Wa(z) = z”l(exp(z) - 1), (4.3.3a)
and if f(s)=s, (4.3.1) gives
51W1(2) + oWy (z) = 271 (z"l(exp(z) —~1) — 1). (4.3.3b)
Now let
Mo(z) = 27 (exp(z) — 1), (4.3.4a)
and
M;(z) = 271 (Mp(z) — 1), (4.3.4b)

so (4.3.3a) and (4.3.3b) become :
W1 (Z) + Wz(z) = Mo(z),

51W1(Z) + SQWQ(Z) = Ml(z) (434,)

Any exponential approximation E(z) which is at least second order
in z may be used to develop a method of LOD type using formula
(4.1.2). The exponential approximation Pjq(z) = (1—2/2)"1(142/2)
will be examined. Replacing E(z) in (4.3.4) by Pi;; we get

Mo(z) = 2~ [(1 —2/2)7" Y1+ 2/2) — 1} - (1 _ §>_1,

and

The numerators of My and M; are independent of the matrix

argument, and so if we solve (4.3.4) we see that P;; is a special

case for which s; = s = %

For the midpoint rule together with P;;, the integral in (4.3.1)
becomes :

T/l exp(7(1 —s)L) f(t + st)ds =7 [Wlf(t + %) + Wof(t + %)}
=T [Wl +W2}f(t+ -;-)
= 7 Mo(z) f(t + §>
=7 (1-2)7" f(t+ )
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hence (4.3.2) gives :

2

which can be written in the form,

U(t+7):(1—%L)‘1(I+ZL)U()+T(I 2L) 1f(t+2)

(I - %L)U(t vr)=(1+ %L)U(t) +rf(t + %). (4.3.5)
Noting that (I—ZL)"' I+ ZL)=2(I1-ZL)"! -1

5 , then U(t+ 1)
becomes :

Ut + 7 [2(1——L> L 1u® + - J1 7 e+ )
21 L) 70(0) = U(®) + 7l - Z1)7 £t + ).
If we let
U* = (I- %L)‘lU(t) + %(I - %L)‘l f(t + %)

then (4.3.5) can be written as :

(1 - gL)U* = U(t) + gf(t + g), Ut+7)=20" —U(t). (4.3.6)

We may also apply s; =0 and sy =1 (

a “trapezoidal rule ”) then
(4.3.4°) gives

1 r \ !
=M, ==-(1-"L
Wy =M, 2(1 2)
1 r \ 1
W1=M0—M1=§ I--L

and (4.3.1) gives



Using this result and the expression of P;; in (4.3.2) we get,

L)y~ M1+ Znyu@e) + 2

Ut+71)=(1- (I- 22--L)_l {f(t) +f(t—i—r)J

(\]

= [2<I - gL)”1 - JU(t) + g(I - gL)‘l [f(t) +f(t + T)J
2

T

=2(I—- EL)‘lU(t) -U(t) + g-(I — g—L)‘l [f(t) + f(t + T)}

Then we have

(I - %L)U* = U(t) + i—(f(t) it +7)),  Ut+1)=20" — U(1).

(4.3.6")
Now, the LOD scheme defined by (4.1.2) is implemented using (4.3.5).
Following (4.2.10) and (4.2.11), considering matrix arguments for the
one-dimensional calculation to be 2L; and 2L2, with time step %
The results, for boundary forcing, will be shown to be equivalent,

within  O(7®), to a two-dimensional two-point rule with 51 = %
and s, = 3. We procced, setting f;(a) = f;(t + ar),i=1,2.

The algorithm is the following

and finally,



We substitue (4.3.7a)—(4.3.7d) into (4.3.7¢) and collect terms
containing U(t) , fi(%) , and fi(%) , respectively, we get

U(t+7)=EU(t) +7 {Tlf(zll-) + Tgf(g)} ,

where

EU(t) = E(r, L1, L2)U(t)

. (4.3.8)
= i(Pll(TLl)Pll(’/"Lz) + Pll(TLQ)Pll(TLl))U(t)’

-1 -1
T T T 1
(- 7) " (1 ) (1-50) e (3)

(4.3.9)
and
)= 51) w0 (-3 s3]
(4.3.10)

We see immediately that formula (4.3.8) defines a particular case of
(4.1.2).

Now the moment equations (4.3.3) for (4.3.8) are expanded directly.
Because L is a singular matrix, it is necessary to work with Mg7L
and M;7L2 .

MorL = E(7,L1,L2) — I, is expanded using the partial fraction form
of P]_l

E(T,Ll,Lg) ~-I=

N —
N

2(1-2Ly) "~ —1>
(2(1—%L2)_1—I
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which simplifies to

hence,

-1 -1 | -1 -1
(E—I):(k%Ll) (I—%L2> TL2+(I—%L2> (I—%L1> 7Ly

The first moment equation is applied to separable boundary forcing
function f=f(¢) (Definition 4.2.1) which leads to

= (1= 31) 7 (1= gLa) 7 rLaf+ (1= 5La) ™ (1 5L0) oLt
= (1= 3La) " (L= 3La) Lo + )

+ (I — ZLQ)_I(I — %L1)~1TL1(f1 + fg)

= (- 5L) 7 (1 - 5La) 'rlafy + (1- SLo) " (1- SLi) rlafy.

(4.3.11)
Now M;7L? , which must be derived from M;7Lf(t) is examined.
The singularity of L in the formulation of the heat equation, makes
it impossible to assume that there exists a g(t) satisfying Lg = f.
However, for the semidiscretized heat equation, a solution exists for

L2g(t) = Lf(¢) (4.3.12)

We need an expression for g(¢) only for t— values corresponding
to s; and sg, since g is again replaced by f in the derivation
of M; applied to separable boundary forcing. For a fixed t— value,
if g is partitioned into components defined on the boundary points
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8y, and interior points g;, then g, may be freely chosen and g
satisfies L''L1'g; = L12f, —~L11L'2g,. Here L'! and L!? are given
by (4.2.5) and (4.2.6), and f, denotes the restriction of f on the
boundary points. Choosing gy =0, to get L!'Lllg; = L12f,.

For separable forcing, we may similarly define components g;(¢) and
ga2(t) of g satisfying Li'L''g;; = Li*f;, and Li'Lllg, ; = L%,
and note that

g(t) = &1(t) + g2(t)

g1 and go also satisfy

Ll(Ll -+ LZ)gl = Llfl, (4313)
LQ(Ll + Lz)gl =0, (4.3.14)
La(L1 + La)g2 = Lofs, (4.3.15)
and
Li(L1 + Lo)gz = 0, (4.3.16)

from (4.3.13)—(4.3.16) we obtain

(LiLo + L2)g = Ly fy, (4.3.17)

and
(LQLl + Lg)g = Lgfg, (4318)

From (4.3.4b) M; z =Mg(z) —1. Let z=7L then

MlTLIMo—I,
M;7L2 = (Mo — I)L,
=MoL -L,
1
= (E-I)-L
T(E I)-L,



We apply M;7L? to g to get
T T -1 T -1
M;7L2%g = 3 (1 — §L1> (1 — §L2> L2g
T T —t T -1
w3(1-5m) (1-5m) s

-1 -1
T T
+ —2- (I — §L1> Lngg + = (I — §L2) Lngg.

Using the following substitutions deduced from (4.3.17) and (4.3.18)

1 1 1
~Lig+ §L1f— =L;Laog,

[2g =
6= 3 2

1 1 1
LiLog = §L1L2g + §L1f— §L%g,

1 1 1
L%g— Lg—l— Lgf——-Lngg,

and 1 . !
LoLig = §L2L1g + §L2f— -2—L§g.
Leads to
1 ey 1 T -1
M;7Lf = 1 ( 5 Lo TL2f+ 1 <I - §L1> TLAf
1

-1 -1
T T
1 T -t T -1
+ "(I— §L2> <I— —2-L1> TL1f+ TR(t).
Where R(t) is given by :

R(t) =



R(?) further simplifies, when terms in (L2 -1;L;) are collected, to

TL T -1 -1
R(t) = 71 (I - —2—L1> (I - ng> (Lg - L2L1>g

7L T -1 T -1
+ ?2 <I - §L2> (1 - §L1> (L% - L1L2>g

R(t) is an expression whose order is O(7). The variation of f(¢)
over the interval is assumed to be O(7) (i.e. f is assumed to be
linear for a two-point quadrature). As aresult M;7Lf(¢) contributes
O(7?) to the numerical integration of the forcing, and the omission
of R(7) affects the solution only in the O(73) terms.

The solution of (4.3.3a),(4.3.3b) for sy = %, S = % is

Wl(z) = 2M1(Z) - %Mo(z)

and
Walz) = gMO(z) — OM,(2).

Equations (4.3.10),(4.3.11), and (4.3.20) may be substitued into

3\ 3 1 3 3
TTlf(Z) =27 MlLf(Z) - §TMOLf(Z> + O(1°)

to verify the correctness of the result,(4.3.9),(4.3.11) and (4.3.20) are
substituted into

1 3 1 1
TT2f<Z)> = é-TMoLf(Z) - 27‘M1Lf<z) + O(T3).

In order to simplify this second expression, observe that the six terms
resulting from the substitution of My and M; simplify to :

3 T -1 T B T -1 T B T -t

°(1- 2 _ _ (1= L _ L _ 1= 1y,
(1-5m) (-50) -5(-5m) (-51w) -3(-51)
1 T -1 T T -1

e zn) (o 2 (- )

and
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t\l)lb—l

3 T -1 T -1 -1 T B T -1
21— ZL I-_L _ I _ T R
(1-50) (1-50) -5(=5m) (1-3m) - 3(- )
_ o1y - T+ 1, ) (1= TL -

) 92 9 2 o)

When the forcing function is entirely due to Dirichlet boundary
conditions, and no boundary terms are “shared” between the two
systems of one-dimensional differential equations, the method based
n (4.1.2) have local error O(73) at the boundary.

[\]

4.4 Interior Forcing

The boundary forcing method of the previous section has the effect
of halving the contributions of the O(7) term in the boundary values.
In this section the same result for interior forcing is induced.
Suppose that there is an interior forcing term f(¢) in the differential
equation (4.2.3).

Then the algorithm becoms
fy (¢ (4.4.1)

o= (1+ 51 Juo + 360
(I——L2> :<I+§L2>U +;f2 (4.4.2)
ie)
)

(I——L2>U2 (I+ U1+ fz t+7’)

(4.4.3)
T T

(I — §L1>U12 = <I+ §L1 Us + = f1 t+T),

(4.4.4)
and finally,
1

Ult+7)= §(U12 + Ua1). (4.4.5)

Note that the weights and abscissae, do not relate intuitively to a
known quadrature rule. In order to derive (4.4.1)-(4.4.4), we
return to the original definition of the one dimensional quadrature
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using (4.3.3a), (4.3.3b), and modify M;(z) by a factor of one half in
the two-dimensional solution without modifying Mg(z). Equations
(4.4.1) and (4.4.2) are derived by altering the trapezoidal weights W,
and Wy by the addition of p; and py satisfying

p1+p2=0 and sip;+ sop2 = —M;.

W; and W; in (4.4.3) and (4.4.4) are corrected by p; and p,
satisfying

p1+p2=0 and s1p; + s9p2 = Mg — M;.

The flexibility of the forcing evaluation may now be increased. If
(4.3.7) and (4.4.1)-(4.4.4) are solved together, then the interior forcing
is incorporated in one dimensional two-point rules and the boundary
forcing corresponding midpoint rule.

4.5. Numerical Results

The following test problem is examined using the standard finite
difference approximation to one dimensional heat equations

%ut = ugy and %ut = uyy on the two-dimensional problem

U = Ugg + Uyy ON a uniform square mesh. The initial and boundary

values are :
(t,z,y) € [0,1] x (0,1)?,

s T
0 ) = sin — in — 3
u(0,z,y) sin 5 sin 5y

u(t,z,1) = exp(—gt
u(t, 1,y) = exp (—%t

U(t,x’ 0) = ’U:(t,O, ) =

The exact solution is

(t,z,y) ™) sin "z sin
= e —_—— Sin — I S111 — .
u(t,z,y) = exp( — S@sin 5y

In Table 1 the numerical results for the problem are reproduced
using Swayne [18] method, labeled PALOD (Parallel Alternating LOD),
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L T - T -
R(t) = ?1- (I — §L1> (I - §L2> (L% - L2L1>g
TL T -t -t
+ —8—2 (I - §L2) (I - %L1> <L% - L1L2>g

with a locally one-dimensional midpoint rule for boundary forcing
compared to a standard LOD, based on (4.1.3), at time ¢ = 1. The
step size referred to in the tables is that for the total calculation (four
individual LOD steps plus averaging).

TABLE 1.
PALOD versus LOD (midpoint quadrature).
Mazimum absolute error at t = 1.

PALOD (1,1) error LOD error

1 h=0.1 h=0.05 | h=0.025 T h=10.1 h=0.05 | h=0.025

0.2 | 2.2E-03 | 8.9E-03 | 1.7E-02 | 0.2 | 1.1E-01 | 6.3E-01 2.9

0.1 | 6.6E-05 | 5.4E-06 ; 2.2E-03 | 0.1 | 2.0E-02 | 2.1E-01 1.2

| 0.05 | 1.3E-05 | 7.5E-06 | 1.7E-05

0.05

6.6E-03

3.8E-02

4.2E-01

1 0.02 ; 1.9E-06 | 2.1E-06 | 2.3E-06

0.02

3.5E-03

9.4E-03

4.4E-02
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APPENDIX

The first twenty four entries of the Pade' Table for f(z) = &

& k=0 k=1 k=2
m=0 1 1+2z2 2
1+e+52
z 2 1
m=1 1 1+3 1+ 2+ 52
1-z z 1
1.2 1-‘52
1
-2 — 1+§ 1+52- +T12-12
Lz +32 2 1 2 1
1-§z+gzz 1-E+Ezz
1
m=3 1, 1 “%' “%’*%’2
Lz +g3-5o 3 1, 1 3 3 1
1-4-z+;zz-§z3 1-§z+—2-622-6—023
1 1 1 1
m=4 1, 1,5 1 4 1+5® 1+3%+ 367
1oz +52% -2+ =7
27 67 24 1. 4,,3 2 L3, 1 4,2 19 13 14
5" 107 " 15% *3s0* "3%* ST - 307 t360*
e* k=3 k=4
1,1 1 1 1.4
m=0 1+z+222+623 1+z+222+623+24:
3 1 1 4 3 1 1 4
1+4z+4zz+2423 1+sz+1021+1523+1202
m=1 1 1
1-42 1-52
3 3 1 2 1 1 1 4
1+5z+2022+6013 1+3z+5zz+3013+3602
m=2 1 1 1
1-5z+2022 1-31+3022
1 1 1 4 1 2 1
1+2Z+1022+120 1+7z+712+10523+mz4
m=3 1 1 1 3 .1 2 i
1-32+357 - 139 1-52+5 2 - 1557 g%
3 1 1 1 3 1 1 4
1+7z+1422+21013 1+21+28‘2+8423+16801
m =4 4 1 2 1 4 1,3 2 13 1 4
1-7z+722-105z3+84oz 1'2“'2812'84’3)'1680'
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