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Abstract

Finite-difference numerical methods are developed for the solution of some systems
in the biomedical sciences; namely, a predator-prey model and the SEIR (Suscepti-
ble/Exposed/ Infectious/Recovered) measles model. First-order methods are devel-
oped to solve the predator-prey model and one second-order method is developed to

solve the SEIR measles model.

The predator-prey model is extended to one-space dimension to incorporate dif-
fusion. The SEIR measles model is extended to one-space dimension to incorporate
(1) diffusion, (ii) convection and (iii) diffusion-convection. The SEIR measles model is

extended further to model diffusion in two-space dimensions.

The reaction terms in these systems of partial differntial equations contain non-
linear expressions. Nevetheless, it is seen that the numerical solutions are obtained
by solving a linear algebraic system at each time step, as opposed to solving a non-
linear algebraic systems, which is often required when integrating non-linear partial
differential equations. The development of each numerical method is made in the light
of experience gained in solving the system of ordinary differential equations for each

system.

The numerical methods proposed for the solution of the initial-value problem for
the predator-prey and measles models are characterized to be implicit. However, in
each case it is seen that the numerical solutions are obtained ezplicitly. In a series of
numerical experiments, in which the ordinary differential equations are solved first of
all, it is seen that the proposed methods have superior stability properties to those of
the well-known, first-order, Euler method to which they are compared. Incorporating
the proposed methods into the numerical solution of partial differential equations is

scen to lead to economical and reliable methods for solving the systems.
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Chapter 1

Preliminaries

1.1 Introduction

Chaos can be observed in many areas of the chemical, physical and biological sciences
and in many areas of engineering. Some examples can be found in such areas as cataly-
sis, turbulent fluid flows, predator-prey interactions, epidemiology, flame propagation,
electronic circuits, meteorology, neurophysiological reactions, and ship dynamics. A
profusion of examples of chaos are given in the popular book by Gleick[19], which gives

those interested a worthy introduction to the phenomenon.

The examples given above are of dynamic behaviour. In recent times, the phenom-
enon of chaos has brought about useful collaboration between biologists and math-
ematicians. Such collaboration has usually resulted in the mathematical modelling
of a biological system by a non-linear, time-dependent differential equation, ordinary
or partial, or by a system of such equations. Often, the aim of such a model is to

successfully reproduce laboratory findings before using the model to make predictions.

Careful analysis must, however, be carried out to ensure that the mathematical
model does not predict chaos in the system under investigation, when chaos is not a

feature of that system. Further care must be taken to ensure that a numerical method
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chosen to solve the model equations does not predict chaos. Such chaos, when it is
a feature of neither the system nor the theoretical solution of the associated model

equations, was described as contrived chaos in the article by Twizell et al.[69].

It is the purpose of the present thesis to develop simple and inexpensive computa-
tional techniques that may be employed to produce numerical results of mathematical
models in the biomedical sciences in which chaotic behaviour is not inherent. The
model equations that will feature in the illustrations will be a system of ordinary differ-

ential equations, herein denoted as ODEs, and systems of partial differential equations

(hereafter abbreviated PDEs).

In the case of the system of ODEs, the Euler forward-difference method, arguably
the best-known and most widely used, low-order, explicit, numerical method, which is
also inexpensive to implement, can induce chaos whenever parameter(s) exceed crit-
ical value(s). Explicit methods are also well known to be inexpensive to implement
when used to compute the solutions of non-linear ODEs. However, for the ODEs and
PDEs, explicit methods have poor numerical-stability properties (see, for instance,
Lambert[31] and Twizell et al.[69]) and the user may be forced to use an implicit

numerical method.

Implicit methods are more expensive to implement and are usually used as the
corrector formula in a predictor-corrector combination, which employs a low-order ex-
plicit formula as predictor. Such combinations have enjoyed considerable success with
systems of ODEs, for which they were originally intended, but they have also been

used to great effect in solving non-linear PDEs.

The restricted stability intervals of predictor-corrector combinations in PECE mode
(see Lambert[31, p.117]) often lead the user to employ implicit methods directly, so
that their good stability properties may be exploited fully. Solving systems of non-

linear ODISs or PDEs requires the solution of a non-linear algebraic system using, for
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example, the well known Newton-Raphson method for a system.

In order to obviate the need to use a relatively expensive, non-linear algebraic solver
such as the Newton-Raphson method for a system, while continuing to benefit from the
superior stability properties of implicit methods, Twizell et al.[69] proposed numerical

methods for the solution of differential equations of the forms

t =dz/dt = f(z) (1.1.1)
ou  0%u

in (1.1.1) z = z(t) and in (1.1.2) u = u(z, t) are real-valued functions, z € IR is a space
variable and ¢ € IR" represents time. In their paper Twizell et al.[69] approximated
the non-linear functions f(z) and ¢(u) by splitting them and evaluating terms in the
splittings at different time levels. This idea will be employed in subsequent chapters of
this thesis in ways which permit the solutions of ODEs to be determined ezplicitly from
what appear to be implicit numerical methods and the solutions of non-linear PDEs

to be obtained by solving a linear algebraic system at each time step.

The subsequent sections of Chapter 1 outline the various preliminary definitions
and theorems needed in the development and analyses of the numerical methods in

later chapters.

In Chapter 2, three numerical methods are proposed for the solution of the system
of partial differential equations of reaction-diffusion type, which model the behaviour
of a continuous predator-prey system on a spatial gradient that affects the intrinsic
growth rate of the prey. The numerical methods which are first-order accurate in time
and second-order accurate in space, are seen to require the solution of only a linear
algebraic system at each time step, even though the PDEs in the model are non-linear.
This analogue is modelled mathematically by a system of two non-linear ODEs, which
are solved by the Euler forward-difference method, and by two alternative methods

of the same order. The system of ODEs is solved in Section 2.4, while the system of
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PDEs is solved in Section 2.5.

The SEIR (Susceptibles/Exposed/Infectious/Recovered) measles model will be dis-
cussed in Chapter 3 where the stationary (equilibrium) points are found and analysed.
Two numerical methods are developed, analysed and tested to solve the SEIR measles
model. The first method is the well-known first-order explicit Euler method and the
other is a second-order method. Numerical results will be given and compared for the

two methods using two experiments.

In Chapter 4, the SEIR measles model is extended to one-space dimension. The
reaction-diffusion SEIR measles model is analysed and solved numerically for different

values of the time step, £.

Two-space dimensions of the SEIR measles model is analysed and solved numer-
ically in Chapter 5. Different numerical results are found for different values of the

diffusion rates.

In Chapter 6, a one-dimensional measles model of convection type is analysed and
solved. The maximum principle analysis is used to examine convergence for the devel-

oped method and numerical results are given for susceptibles, exposed and infectives.

A mixed initial/boundary-value problem for measles dynamics of diffusion-convection
type is given in Chapter 7. As in Chapter 6, the maximum principle analysis is used
to prove convergence of the developed methods. Four sets of numerical results for

different values of diffusion and convection rates are obtained and discussed.
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1.2 Some Definitions and Theorems

Given an independent variable ¢ and a function f(¢,z), a typical (single) first-order

initial-value problem associated with the biomedical sciences takes the general form

o(t) = f(t,z), t>to; z(to) =g (1.2.1)

The following theorem outlined in Lambert[31], with proof contained in Henrici[24],
states conditions on f(¢,z) which guarantee the existence of a unique solution of the

initial-value problem (1.2.1).

Theorem 1.2.1 Let f(t,z), where f : IR X IR — IR, be defined and continuous for
all points (t,z) in the region D defined by to <t <, —0o <z < 00, to and 1y finile,
and let there exist a constant L such that, for every t, z, * such that (t,z) and (¢, z*)
are both in D,

| ft) ~ [(t,57)| < Llz—a"]. (122)

Then, if to is any given number, there exists a unique solution x(t) of the initial-value

problem (1.2.1), where z(t) is continuous and differentiable for all (t,z) in D.

The requirement (1.2.2) is known as the Lipschitz condition, and the constant L as
a Lipschitz constant. This condition may be thought of as being intermediate between

differentiability and continuity (see Khaliq[27]) in the sense that
f(t,z) contiuously differentiable with respect to z for all (¢,z) in D
— f(t,z) satisfies a Lipschitz condition with respect to z for all (t,z) in D
— f(t,z) continuous with respect to z for all (¢,z) in D.

In particular, if f(¢,z) possesses a continuous derivative with respect to z for all
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(t,z) in D, then, by the Mean Value Theorem,

f(t2) — (62t = L2 ooy,

where Z is a point in the interior of the interval having endpoints z and z*, and (¢, z)

and (¢,z*) are both in D. Clearly, (1.2.2) is then satisfied if L is chosen to be

ofha)) (1.23)

L = sup 3
x

(t,z)€D

The next theorem is of fundamental importance in deriving methods for error es-
timation. The proof of this theorem may be found in any standard calculus text (see,

for example, Faires & Faires[17]).

Theorem 1.2.2 (Mean Value Theorem) If f € Cla,b] and f is differentiable on

(a,b), then a number ¢, a < ¢ < b, exists such that

f(b) = fla) = f'(c) (b—a).

The following theorem is a generalization of the Mean Value Theorem, Theorem
1.2.2, in two variables which will be used frequently in the stability analyses in Chapters
4—T7. This theorem may be found in Lynch et al.[39] or Sandefur[56]).

Theorem 1.2.3 (Mean Value Theorem in two variables) If f(z,y) is differen-
tiable, then there exists a point (zo,Yyo) on the line connecting the points (x1,y1) and

(z2,y2) such that

flza,y2) = flz1,11) = fe(zo,y0) (z2 — 21) + fy(T0,0) (Y2 — y1) -

One of the most important theorems in numerical analysis is due to Taylor (Brook
Taylor 1685—1731, Iinglish mathematician) which will be stated here and may be found
in Burden & Faires[9, p.240].
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Theorem 1.2.4 (Taylor, one-dimensional) Suppose f € C"[a,b] and f(*+1) exists
on [a,b]. Let zo € [a,b]. For every z € [a,b], there exists £(x) between zo and z with

f(z) = Pu(z) + Ru(z), (1.24)
where ®
n fk To
Pe) =3 I e
and

(n+1) (¢(
JEOEE)

Fle) = =20

Here P,(z) is called the nth Taylor polynomial for f about zo and R, (z) is called the
remainder term (or truncation error) associated with P,(z). The infinite series obtained
by taking the limit of P,(z) as n — oo is called the Taylor series for f about zo. In
the case o = 0, the Taylor polynomial is often called a Maclaurin polynomial and the
Taylor series is called a Maclaurin series. Usually Taylor’s formula is used to express a

function in a power series.

Theorem 1.2.5 (Taylor, two-dimensional) Suppose f(z,y) and all of its first par-
tial derivatives of order less than or equal to n+1 are continuous on D = {(z,y)|a <z < b,
c<y<d}. Let (zo,y0) € D. For every (z,y) € D, there exist & between x and o and
n between y and yo with
f(z,y) = Pu(z,y) + Ba(z,y) (1.2.5)
where
Pulz,y) = flzo,y0) + [(z — zo)2LlEem) 4 (y — yo)2lzoml
th (o o) Pz 49 (o — zo)(y — yo) e o (y — yo)? 2Lz -

2! oz dy dy?
1 n - k 8" f(zo,y0)
+ nl ZZ:O ( k ) ($ - j"o)n k (y - yO) Br"_];coay;k

and

| n+1 1 ’ ‘)n+1 ,
Ro(z,y) = ——— > ( n: ) (2 — ao) ' (y — o) SEm)

(n+ 1) = Qurtl=k gyk
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The function P,(z,y) is called the nth Taylor polynomial in two variables for the

function f about (zo,y0) and Rn,(z,y) is the remainder term associated with P,(z,y).

The truncation error generally refers to the error involved in using a truncated or

finite summation to approximate the sum of an infinite series.

In connection with Taylor’s expansion (1.2.4) it is useful to introduce the rate of
convergence of a function limit, say lim,;,co f(z). This is done by comparison with a
reference function, say g(z), see Wiktor[71], using the classical Landau order symbols

O and o:

Definition 1.2.1 (Rate of convergence) Let f(z) and g(z) be real continuous func-
tions of z € (0, al.
(i) f(z) = O (g(z)) for £ — 0 if there exist positive constants k and ¢ such that

| f(z)] <k|g(z)] for O0<z<c (1.2.6)

(11)  f(z) =o(g(z)) of }T%{g((ii} exists and equals zero. (1.2.7)

The idea of finite-difference methods is to replace the differential of a function, say

f(z), which is defined in terms of a limit

(1.2.8)

by a finite-difference approximation. Not taking the limit in (1.2.8) (which a com-
puter couldn’t do anyway) but stopping at a sufficiently small value of A leads to a

discretization or truncation error. The Taylor series gives

2

[lo 1) = (@) + h (@) + o (@) 4 (129)

and
2

flz —h)= f(z)—=hf(z)+ }_L_

S RACOEER (1.2.10)
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It is easy then, using the ”O”-notation defined in (1.2.6) to derive the following

formulae with which to approximate gi and 51%.
T €T

First-order backward derivative replacement, f € C?*[z — h, z]

o _ f(e)~ flz—h)
dz h

+O(h) as h—0. (1.2.11)

First-order forward derivative replacement, f € C*[z,z + h]

i _ flath) ~ f(2)
dz h

+O(h) as h—0. (1.2.12)

Second-order centred derivative replacement, f € C?[z — h,z + R]

%: f($+h)2_hf(m_h) +O(h2) as h —s 0. ( 1‘2.13)

Second-order centred second derivative replacement, f € C*[z — h,z + h]

Bf  fz—h)—2f(a)+ flz—h)
dx? h?

+O0(h*) as h—0. (1.2.14)

1.3 General Theory

In many areas such as chemical kinetics and biology, the dynamic behaviour is mod-
elled with a system of n simultaneous first-order equations in n dependent variables
T1,Z3, ..., &y If each of these variables satisfies a given condition at the same value to

of t, then the initial-value problem for a first-order system may be written as

{.El = f](t,iEl,Iz,...,.'En), t>t0, xl(to) =g
ig = fg(t,fEl,CL‘Q, .. .,In), t> to, xg(to) = g2

, (1.3.1)
T = [folt,Z1, 70, Tn), L>to, Zn(lo) = gn

where cach f;: D C IR x IR — IR* (2 = 1,2,...,n).
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Introducing the vector notations x = (z1,z2, .. La), = (f1, fas--- ,fn)T =
f(t,x), g = (gl,gg,...,gn)T, where T' denotes transpose, the initial-value problem
(1.3.1) may be written as

x=f(t,x), t>to, x(to)=8g. (1.3.2)

Equations where time does not appear explicitly on the right-hand side are called au-
tonomous or time-invariant differential equations, whilst if time does appear explicitly

they will be called non-autonomous or time-variant.

Theorem 1.2.1 generalizes immediately to give necessary conditions for the existence
of a unique solution to (1.3.2); all that is required is that the region D now defined by
a<t<b—oc0<z <o00,i=1,2,...,n,and (1.2.2) be replaced by the condition

| £(t,x) —f(t,x") || < L |[x —x7|, (1.33)

where (¢,x) and (¢,x*) are in D, and ||.|| denotes a vector norm. For the properties of
vector and matrix norms see, for example, Twizell[67]. In the case when each of the
filzy,22,...,2,),0 =1,2,...,n, possesses a continuous derivative with respect to each
of the z; (1 =1,2,...,n) then

of

e (1.3.4)

L = sup
(t,x)eD

may be chosen analogously to (1.2.3), where 2 is the Jacobian of f with respect to x

and is given by

6f1/6$1 8f1/62:2 e af1/6$n
af 5f2/8x1 8f2/5x2 AN (9fg/6xn
= | (1.35)

Ofn/0xy Ofn/0zy -+ Ofn/0z,

The first-order initial-value problem (1.3.2) is said to be non-linear if f depends

non-linearly on x. If f depends linearly on x the system 1s said to be linear.
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In many situations the natural rest points of a dynamic system are as much of
interest as the mechanism of change. These points are called equilibrium points. The
general definition, applied to both discrete- and continuous-time systems and to non-

linear as well as linear systems, is given by

Definition 1.3.1 (Equilibrium point) A vector X is an equlibrium point for a dy-
namic system if, once the state vector is equal to X, it remaines equal to X for all future

time.

In particular, if a system is described by a set of differential equations (continuous-

time system) as in (1.3.2), an equilibrium point is a state X satisfying
f(t,x) =0

for all £. The case for a discrete-time system will be given below when a one-step

discrete system is discussed.

In most situations of practical interest the system is time-invariant, in which case the
equilibrium points X are solutions of an n-dimensional system of algebraic equations.

Specifically, in a continuous-time system,

f(x)=0.

Stability properties characterize how a system behaves if its state is initiated close
to, but not precisely at, a given equilibrium point. If a system is initiated with the state
exactly equal to an equilibrium point, then it will never move. When initiated close
by, however, the state may remain close by, or it may move away. Roughly speaking,
an equilibrium point is stable if, whenever the system state is initiated near that point,
the state remains near it, perhaps even tending toward the equilibrium point as time

Increases.
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In the following the notion of (asymptotically) stable and unstable equilibrium

points of a continuous-time system is introduced (see Luenberger|[38]).

Definition 1.3.2 (Stable point) An equilibrium point X is called (asymptotically)
stable if there exists a number € > 0 such that Vxo € R™ with || X — xo|| <€

t]im f(x) =x.
Definition 1.3.3 (Unstable point) An equilibrium point X is called unstable if it is

not stable. Equivalently, X 1s unstable if there ezxists a number r > 0 such that for all

e>0 with0 < ||[X—%o| <e

|x—-f(X)|| >r for some t.

The following theorem states a necessary and suflicient condition for an equilibrium
point of system (1.3.2) to be asymptotically stable by assuming that the function f in
Definitions 1.3.2 and 1.3.3 is sufficiently smooth.

Theorem 1.3.1 Let J = % be the Jacobian of f at X as in (1.3.5) with eigenvalues
A, A2, Ay € €. A necessary and sufficient condition for an equilibrium point X of
the continuous-time system (1.3.2) to be asymptotically stable is that the eigenvalues
of J all have negative real part (that is, the eigenvalues must lie in the left-half of the
complez plane). If at least one eigenvalue has positive real part, the equilibrium point

X 15 unstable.

Definition 1.3.4 Suppose { is a function defined from D C IR"™ into IR™ with f(x) =
(f1(x), fa(x), ..., fn(x))T, The function f is said to be continuous at xo € D provided
limy x, f(X) czists and limx_x, £(x) = f(xo). In addition, f is said to be continuous
on the sel D iof  is conlinuous al each point in D. Thus concept s expressed by writing

feC(n).
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The following theorem relates the continuity of the function f of n variables at a

point to the partial derivatives of the function at the given point.

Theorem 1.3.2 Let f be a function from D C IR™ into IR and suppose that xo € D.
Suppose that 6 and k > 0 are constants such that
laf(X)

—a:;:i— Sk, i:1,2,...,n,

wherever ||x —Xo|| < 6 and x € D. Then f is continuous at Xo.

Depending on which approximations for the first and second derivatives equations
(1.2.11)—(1.2.14) are chosen, a differential equation can be transformed into an m-step

discrete dynamical system of the form (Herges[25])
Xitm = F (Xktm—1, Xkpm—2y---,Xk), k=0,1,2,....
with F': R™™ — IR™ and initial values x¢,X1,...,X,_1 € IR™.
When solving numerically an initial-value problem of the form
x=1f(t,x), a<t<b, x(a)=x, (1.3.6)

with x : [a,b] — IR™ and f : [a,b] x IR* — IR™, the approximating discrete

dynamical system is often only a one-step difference equation of the form
Xk+1 — Xk :hG(t,Xk; h) ( 1.3.7 )

with A > 0 the steplength of equidistant grid points t; =a+1h(z=1,2,..., M), M =
(b — a)/h. The solution x(t) of equation (1.3.6) at t;, = a+ih(z = 1,2,..., M) is
approximated by the numerical solution x; € IR" (1 = 1,2, ..., M) obtained by iterating
the difference equation (1.3.7), where G : [a, b] x IR* — IR™ and xo = X, € IR" is the
initial value. Scheme (1.3.7) is a special case of the general one-step discrete dynamical

system.
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The local truncation error at a specified grid point measures the amount by which
the exact solution of the differential equation (1.3.6) fails to satisfy the difference
equation. Hence, the local truncation error L{z(¢;);h] at t;, = a+1h,1=1,2,..., M
for scheme (1.3.7) is defined by

Llz(t;); k] = z(t;) — z(tic1) — RG (t,z(tizy);h), =1,2,..., M

and gives the accuracy of the numerical method at grid point ¢;,¢: = 1,2,..., M as-

suming the method was exact in the previous step.

Definition 1.3.5 (Order of a one-step difference method) Let the solution x(t)
of equation (1.3.6) be (p + 1)-times continuously differentiable, p € IN, then the local
truncation errors L[z (t;); h],1 = 1,2,..., M can be expressed in terms of a finite Taylor

series of the form

p+1 dk t.
Llz(t;); h] = Z ci b M, 1 =1,2,..., M.
P dt

The local truncation errors and with them the associated one-step difference method are

said to be of orderp if co=c1=---=¢, =0 and cp41 # 0.

Definition 1.3.6 (Consistency of a one-step difference method) A one-step dif-
ference method with local truncation errors Llz(t:);h],1 = 1,2,..., M is said to be
consistent with the differential equation it approximates if

lim max VAR
h—0 1<i<M h

A one-step difference method is consistent precisely when the function G (¢, zx; k)
in equation (1.3.7) approaches f(¢,x), the right-hand side of the differential equation
(1.3.6), as the step size h goes to zero. Clearly, a one-step difference method is consis-

tent if it is of order p > 1 and d”*'z/dt?*" is bounded on [a, b].
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Definition 1.3.7 (Convergence of a one-step difference method) A one-step dif-
ference method is said to be convergent with respect to the differential equation it ap-
prorimates if

fimg gy o =l =0,

where z(t;) is the value of the solution of the differential equation at t; = a + 1 h and

z; is the approzimation obtained from the difference method at the ith step.

A one-step method is convergent precisely when the solution to the difference equa-

tion approaches the solution of the differential equation as the step size goes to zero.

Another type of error, known as round-off error, is introduced to the solution ob-
tained when implementing a numerical scheme on a computer; neither the initial con-
dition nor the arithmetic performed subsequently is represented exactly. Consequently,
a numerical method must be used that is stable in the sense that small perturbations
in the initial conditions cause only small perturbations in the subsequent approxima-
tions; that is, a stable method is one that depends continuously on the initial data.
The following theorem (see Burden & Faires[9]) connects the notions of consistency,
convergence and stability of a one-step difference method and states an error bound of

the numerical solution.

Theorem 1.3.3 Suppose the initial-value problem (1.8.6) is approzimated by the one-
step difference method (1.8.7). Suppose also there ezist numbers ¢ > 0 and hg > 0 such
that G (t,x; h) is continuous and satisfies a Lipschitz condition with respect to x € IR"
with Lipschitz constant L on the set D = {(t,x,h)|a <t < b,||x —%o|| < ¢,0 < h < ho}.
Then

1. the one-step difference method depends continuously on the initial value,

2. the one-step difference method is convergent if and only if il is consistent; that
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is, if and only if
G (t,x;0) = f(t,x), Vte [a,b];
3. if for each 1 = 1,2,..., M the local truncation error L[z(t;); k] satisfies

| Llz(t:); ]|l < g(k) for 0<h<hy and g:[0,ho] — IR, then
g(h)
L

la(t) — il < 82 eap (L (1 —a)) .

The notion of stable and unstable fixed points of a one-step discrete dynamical
system is similar to the continuous systems. Here the definition of a fixed point of
a discrete dynamical system and the criteria to test that a fixed point of a discrete

dynamical system is stable or not will be given

Definition 1.3.8 (Fixed point) Let X441 = F(x),k = 0,1,2,..., be a one-step
discrete dynamical system with F': IR® — IR". Then X € IR" is called a fized point
of the dynamical system if F'(X) = X.

Theorem 1.3.4 Let X be a fized point of the one-step dicrete dynamical system Xgy1 =

F(xx),k=0,1,2,...,F : IR* — IR" continuously differentiable. Let J = % be the
Jacobian of F' at X with eigenvalues A\, Ay, ..., A\, € €. The spectral radius p of J 1s
defined by p(J) = maxici<n |Ai|. Then a necessary and sufficient condition for X to be

asymptotically stable is that p(J) < 1. If p(J) > 1 then X is unstable.

1.4 Partial Differential Equations

Consider a partial differential equation (PDE) in which the independent variables are

denoted by z,y, z,... and the dependent variables by u,v,w,....

w = u(z,y,z),
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which, in this particular case, designates u as a function of the independent variables

z,y, and z. Partial derivatives are often denoted as follows

sz_ ou 0%u 0%u

Y oz2’ Oz dy

= — 'U,xl, =
oy’
Employing the above notations, a PDE can be represented in the general form

F(Z,y, U, Ugy Uy, Uggy Uyy, Ugy, - - -) = 0, (1.4.1)

where F' is a function of the indicated quantities and at least one partial derivative

exists.

1.4.1 Second-Order PDE

Second-order partial differential equations arise in many mathematical models of bio-
medical systems; for example, in the study of heat flow in the human body, in neuro-

physiological problems, in genetics, and in drug absorption problems.

Consider the following second-order PDE written in two independent variables
a(+) tzs + 2b(-) tiay + c(-) uyy + d(-) uz + e(-)uy + f(-)u+9(-) =0 (1.42)

The linearity of this equation is established by the functionality of the coeflicients
a(+),b(+),- -, and g(-). In the case of (1.4.2), if the coefficients are constants or functions
of the independent variables only, the PDE is linear; quasilinear if the coefficients are
functions of z,¥,u,u, and u,; and non-linear otherwise. Typical examples of second-

order PDEs are the following well-known equations

Upp + Uyy =0 Laplace's equation
Upr + Uyy = f(2,9) Poisson’s equation
Uy = Uy heal flow or dif fusion equation

Uy = Uy + sy heat flow or dif fusion equation
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Ugy = Uyy wave equation.

There exists an extensive body of knowledge regarding linear PDEs, see, for ex-
ample, Lapidus & Pinder[32]. This information is generally catalogued according to
the form of the PDE. Every linear second-order PDE in two independent variables can
be converted into one of three standard or canonical forms which is identified as hy-
perbolic, parabolic, or elliptic. In this canonical form at least one of the second-order

terms in (1.4.2) is not present.
The classification takes the forms that if
b* —ac>0 the PDE 1is hyperbolic

B —ac=0 the PDE s parabolic

b —ac<0 the PDE s elliptic.

The analytical solution of a PDE, which may be written

u = u(:’C?y)?

denotes a function that, when substituted back into the PDE, generates an identity. Of
course, when the solution of a PDE is discussed, it is necessary to consider appropriate

auxiliary initial and boundary conditions.

The concept of stability is concerned with the boundedness of the solution of the fi-
nite difference equations that approximate the differential equations. Perhaps the most
widely used procedure for determining stability (or instability) of a finite difference ap-
proximation is called the von Neumann stability analysis. In essence, it introduces an
initial line of errors as represented by a finite Fourier series and considers the growth
(or decay) of thesc errors as time increases. The method applies, in a theoretical
sense, only to pure initial value problems with periodic initial data; as such it neglects

completely the influence of boundary conditions. IFurther, it applies only to linear,
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constant coefficient, finite difference approximations. If the linearization condition is
not met, some form of local linearization is necessary. Because of the linearity, each
Fourier component can be treated separately and superposition used to add all other
components. It is of practical interest that the von Neumann approach always yields
a necessary condition for stability and in many cases this is also a sufficient condition.
In Chapter 2, some other methods to discuss the stability are introduced along with

the von Neumann method which is applied to prove stability.

One of the most useful and best known tools employed in the study of partial
differential equations is the mazimum principle. This principle is a generalization of
the elementary fact of calculus that any function f(z) which satisfies the inequality
f” > 0 on an interval [a,b] achieves its maximum value at one of the endpoints of
the interval. The solutions of the inequality f” > 0 are said to satisfy a maximum
principle. More generally, functions which satisfy a differential inequality in a domain
D and, because of it, achieve their maxima on the boundary of D are said to be possess

a maximum principle.

The maximum principle enables information about solutions of differential equa-
tions to be obtained without any explicit knowledge of the solutions themselves. In
particular, the maximum principle is a useful tool in the approximation of solutions, a

subject of great interest to many scientists.

In the following, convergence of solutions of mixed initial/boundary-value problems
for a certain class of non-linear parabolic equations will be estimated using a maximum

principle. Similar estimations will be found in Chapters 4, 5 and 7.

Consider the non-linear parabolic differential equation

2
O (:z:,t,u Ou 8u> . u=u(z,t), (1.4.3)

o b 92 ot

in the strip 0 < ¢t < T, 0 < z < X, with the initial condition

—Bo(z)u(z,0) = fo(z) (1.4.4)
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and boundary conditions
ar(t)ug(0,t) — Bi(t)u(0,t) = fi(t),
a(t)us(X,t) — B)u(X,t) = falt),

assuming that the solution u(z,t) is unique and exists with suitable regularity proper-

(1.45)

ties in the strip.

Consider the non-linear parabolic operator
52
Llu] = 5—:;% — F(z,t,u, ug, uy) . (1.4.6)
In (1.4.6), F'(z,t,u,us, us) denotes a fixed continuous function of its variables (z, )

in a region € in the (z,t)-plane and for all u, u, and u;. Assume that the partial

derivatives F,, F,, and F),, exist, are continuous and satisfy

0 <ag< < ay < oo,

F,,

< by < o0, ( 1.4.7 )

F,,

0<co <|F| < <oo,

where ag, a1, b1, co and ¢; are fixed constants.

Let [0 <z < X,0 <t <T] be bounded by the coordinate lines z = 0, ¢t = 0
and the lines ¢ = X and t = T; the closure of Q will be denoted by Q. The set
composed of the segments 0(0 < z < X,t = 0), 0% (z = 0,0 < ¢ < T) and
00y (z = X,0 <t <T) will be denoted by 0§ and called the boundary of €.

The boundary operators are Ay, A; and A, and are defined by
Nolu] = —Po(z)u(z,0) on 0%
Mfu] = oq(t)u(0,t) — Ba(t) u(0,1) on 0§y (1.4.8)
Aolu]l = ap(t)u (X, t) — Ba(t) u( X, t) on 0.
Here By, 1 and B3 are continuous positive functions, and «; and ay are continuous
non-negative functions on 08, I and d,. Let fo, fi and f, be fixed functions

defined on 9, J; and 08Q,, respectively.
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A mixed initial /boundary-value problem P may be formulated as follows: for fixed
T, determine a function u(z,t) defined in 2 with certain regularity properties satisfying

the equation

Lu]=0 in )
and the initial and boundary conditions
Aifu]l = f; on 08 (¢=0,1,2).
It is assumed that this problem has at most one solution which exists with suitable
regularity properties under appropriate regularity conditions on the operators L, A; (z =

0,1,2) and on the initial and boundary data; specifically, it is assumed that uzezz, Uz,

uy; and lower-order mixed partial derivatives exists and are continuous in 2.

Next, let Py, be the approximate solution of the problem P which consists of finding

a function u® defined on  and satisfying the equation
Ly, {uh] =0 i )
and the initial and boundary conditions
Al [th = fr on 00, (:=0,1,2),

where f! is a given function on 89, and L; and A" will be defined in (7.4.3)—(7.4.4).

Rose[33] approximated the differential equation (1.4.6) by a family of implicit-

difference equations
¢V*U(z,t) + (1—¢)V?U(z,t —k)=F (z,t,V(z,1), ¢V, V(z,t)
+ (1= )V, U(z, 1), V. U(z, 1)), (1.4.9)
with 0 < ¢ < 1 and V2, V,, and V, as defined in (7.4.4). Rose[53] showed that

lu =Wl =0 (h*+7)
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for any value of the mesh ratio p = £/h? provided that

0<2(1-4¢)p < ao.

The following theorem which may be found in Rose[53] and Lees[33] will be used
frequently in the analysis in Chapters 4, 5 and 7.

Theorem 1.4.1 Let problem P be approzimated by Py, in the sense that

:{ arO(h) if a #0,

fim O(h?) if o =0.

max max
D 982

Then, if h,£ — 0 in such a way that

f ag
- <2
p h2 — 2 bl
the solution u" of Py approzimates the solution u of problem P uniformly in Q; that
18,

lu—u"| =a"O(h)+0(h* +1). (1.4.10)

Here o* = max; maxagq, |a;| (¢ =1,2).




Chapter 2

Predator-Prey Model

2.1 Introduction

When species interact the population dynamics of each species is affected. In general
there is a web of interacting species, called a trophic web (see May[41] and Murray[48]),
leading to structurally complicated communities. There are three main types of inter-

action:

1. If the growth rate of one population is decreased and the other is increased the
populations are in a predator-prey situation; examples include sharks-food fish,

foxes-rabbits and ladybird-cottony cushion.

2. If the growth rate of each population is decreased then it is competition, example

is paramecium aurelia and paramecium caudatum.

3. If each population’s growth rate is enhanced then it is called mutualism or sym-

biosis. Plant and seed is an example.

A system of the first type is discussed and analysed in detail and some numerical

results are given in this chapter.
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The classical model for the predator-prey system (see, for instance, Comins &
Blatt[11]; May[41]; Murray[48]; Sandefur[56]) with continuous growth is that of Lotka[37]
and Volterra[70] (L-V)

dP
E:P(a—aH), (2.1.1)
%{j— = H(—M + BP). (2.1.2)

Here P = P(t) and H = H(t) are the populations (densities) of prey and predators,
respectively, at time t. The parameter a relates to the birth rate of the prey, M to
the death rate of the predator and «, S to the interaction between the species: all
are positive numbers. These equations constitute the simplest representation of the

essentials of a non-linear predator-prey interaction.

Some assumptions have been considered for the L-V model, (2.1.1) and (2.1.2).
These assumptions (see Murray[48]; Sandefur[56]) are:

e The prey in the absence of any predation grows unboundedly; this is modelled

by the term aP in (2.1.1).

e The prey’s contribution to the predator’s growth rate is fPH; that is, it is
proportional to the available prey as well as to the size of the predator population.
This means that the number of species P that are eaten by species H during time
period ¢ depends on both P and H. Specifically, since each individual animal of
species H is hunting for prey, the larger H, the more of species P that are eaten.
Also, the larger P, the easier it is to find animals of species P, and thus each
predator will eat more prey. In short, the number of species P that is eaten 1s

proportional to both P and H.

e The effect of the predation is to reduce the prey’s per capita growth rate by a

term proportional to the prey and predator populations so that the prey do not
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inhibit their own growth; this is modelled by the term —a P H in (2.1.1).

e In the absence of any prey for sustenance the predator’s death rate results in

exponential decay: this is modelled by the term —M H in (2.1.2).

The P H terms can be thought of as representing the conversion of energy from one

source to another: o P H is taken from the prey and 8 P H accrues to the predators.

The L-V model exhibits neutrally stable dynamics (Britton[7]; May[42]): predator
and prey populations oscillate with constant amplitudes that are determined by their
initial distances from equilibrium. Because of its neutral stability, the L-V model has

been criticized as a poor description of persisting systems (May[42]).

Dispersal of predators and prey has also been well studied, both as a potentially
stabilizing mechanism and as a means to generate or maintain spatial heterogeneity in
species distributions. Most models of dispersing populations can be divided into two
classes according to the way that they treat space. Discrete space or patch models
partition the environment into two or more compartments the dynamics of which are
coupled by migration (examples are given by Chewing[10]; Hastings[22]; McMurtie[45]).
The second class of models treat space as an explicit and continuous variable (Comins

& Blatt[11]; McLaughlin & Roughgarden[44]; Pascual[52]).

2.2 A More Realistic Predator-Prey Model

The Lotka-Volterra (L-V) model, (2.1.1) and (2.1.2), unrealistic though it is, does show
that simple predator-prey interaction can result in oscillatory behaviour of the densities.
Reasoning heuristically (Murray[48]) this is not unexpected since, if a prey density
increases, it encourages growth of its predator. More predators, however, consume
more prey, the population of which starts to decline. With less food available the

predator population declines and when it is low enough, this allows the prey population
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to increase and the whole cycle starts over again. Depending on the detailed system
such oscillations can grow or decay or go into a limit cycle or even exhibit chaotic

behaviour.

One of the unrealistic assumptions in the L-V model (2.1.1) and (2.1.2) is that the
prey growth is unbounded in the absence of predation. In the form that equations
(2.1.1) and (2.1.2) have been written, the bracketed terms on the right-hand sides are
the density dependent per capita growth rates. To be more realistic, Kolmogorov[29]

(see May[41], p.86) has written these growth rates as

dP

— =PF(P,H), (2.2.1)
dH
— = HG(PH), (222)

where the forms of F' and G depend on the interaction, the species and so on, and
then set out, in general terms, conditions which necessarily lead to the systems having

either a stable point or a stable limit cycle.

Theorem 2.2.1 (Kolmogorov) Predator-prey systems of the form (2.2.1) and (2.2.2)
have either a stable equilibrium point or a stable limit cycle, provided that F' and G
are continuous functions of H and P, with continuous first derivatives, throughout the
domain H > 0, P > 0 and that

(i) OF/O0H < 0

(ii) H(OF/0H)+ P (0F/0P) < 0

(ii1) 0G/O0H < 0

(iv) H (0G| OH)+ P (0G/dP) > 0

(v) F(0,0) > 0

It is also required that there exist quantities A, B, and C such that

(vi) F(0,A) = 0, with A > 0

(vir) I°(3,0) = 0, with B > 0
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(viii) G(C,0) = 0, withC > 0
(iz) B > C.

The proof follows straight forwardly from the Poincaré-Bendixon theorem, one of the
key theorems of non-linear stability analysis. The proof of the Kolmogorov theorem
will not be given here, because the necessary theory is covered well in Minorsky[46].
The theorem also usually holds when certain of the above conditions are equalities

rather than inequalities.

In more biological terms, Kolmogorov’s conditions are that (i) for any given popu-
lation size (as measured by numbers, etc.), the per capita rate of increase of the prey
species is a decreasing function of the number of predators. For any given ratio between
the two species, (ii), the rate of increase of the prey is a decreasing function of popu-
lation size. Condition (iii) states that the the rate of increase of predators decreases
with their population size. For any given ratio between the two species, (iv), the rate
of increase of the predators is an increasing function. It also requires, (v), that when
both populations are small the prey have a positive rate of increase, and that (vi) there
can be a predator population size sufficiently large to stop further prey increase, even
when the prey are rare. Condition (vii) requires a critical prey population size B, be-
yond which they cannot increase even in the absence of predators (a resource or other
self limitation), and (viii) requires a critical prey size C' that stops further increase in

predators, even if they are rare; unless (ix) B > C, the system will collapse.

As a reasonable step (see Murray[48]; p.71), the prey might be expected to satisfy
a logistic growth rate, say, in the absence of any predators. So, for example, a more

realistic prey population equation might take the form

dpP r f
—o =P re ), F(PH) =1 (1= 52) = HE(P), (2.23)

where K is the constant carrying capacity for the prey when H = 0 and [J(P) is one
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of the predation terms, which are the functional responses of the predator to change

in the prey density. Some examples are (May[41], Ch.4; Murray[48], Ch.3):
AC,y

E(P)=m7 (2.24)
E(P) = %%2—, (2.2.5)
E(P) = A[l_Tf_aP], (2.2.6)

in which A, C; and C; are positive constants.

The predator population equation, (2.1.2), could also be made more realistic by

taking, for example,

G(P,H)=d(l — %), (2.2.7)
G(P,H) = —f+gE(P), (2.2.8)

in which d, e, f and ¢ are positive constants and E(P) has one of the forms given in

(2.2.4)-(2.2.6).

Many models of prey-predator interactions have been suggested; some with very
complicated terms depending, for example, on resource limitations and random fluc-
tuations in time (see May[41]). In most of these the spatial environments have been
completely homogeneous, with populations assumed uniform in space, although the
case of migration between a number of these spatially nonvarying environments has

also been considered (Levins[35]; Maynard Smith[43]).

Some models which exhibit chaotic dynamics because of non-linearities in popula-
tion growth and interspecific interaction are being reported in the literature, see, for
example, Hastings & Powell[23]. The models have, for the most part, ignored space.
Explicit consideration of space, however, can alter the dynamics of non-linear interac-

tions fundamentally (Levin & Segel[34]; Segel & Jackson[60]).




F.N.M. Al-Showatkh, 1998, Chapter 2 29

The effect of environmental heterogeneity on models of prey-predator systems was
investigated by Comins & Blatt[11], McLaughlin & Roughgarden[44] and Pascual[52].
It was found by Comins & Blatt[11] that environmental heterogeneity can have im-
portant effects on prey-predator population dynamics. It is not necessary to have
inaccessible regions or discontinuities in the environment in order to observe refuge
features. In addition, Comins & Blatt[11] found that the heterogeneity has an impor-
tant stabilizing effect, not produced by simple diffusion. In contrast, Pascual[52] found
that local oscillations gave rise to complex temporal dynamics. This was because of
the scaled diffusion coefficient. Chaos and quasiperiodicity occurred for the diffusion

coefficient in the order of 10~% to 1073.

The few existing ecological studies of chaos in spatial systems consider models in
discrete time and space (Hassell et al.[21]; Solé & Valls[61]) or in discrete time and
continuous space (Kot[30]). In all these models, the diffusive dispersal of organisms

drives a predator-prey or a host-parasitoid system into chaotic dynamics.

The results of discrete models cannot be applied to non-linear interactions and
dispersal in continuous time and space. It is well known that discrete models exhibit
chaos more readily than their continuous counterparts. For instance, chaotic dynamics
is possible for discrete time models of even a single species, but requires at least three

variables in continuous time.
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2.3 The Model

The mathematical model, in its simplest form, which will be studied in the following
sections is the predator-prey model which was given by Pascual[52] in which a single
spatial dimension is considered along which both species diffuse at the same rate D. At
any point X and time T, the dynamics of the prey (P(X,T)) and predator (H(X,T))
populations are given by a reaction-diffusion model with logistic growth of the prey, as

described by Pascual[52], and a ”type II functional response” of the predator:

apP P ACP 8P
ar =RPO-2) - oo+ Do (2.3.1)
OH P o*H
T p o MHAD 5 (23.2)

The parameters R, K, M and 1/A denote the intrinsic growth rate and carrying
capacity of the prey, the death rate of the predator, and the yield coefficient of prey to
predator, respectively. The constants C; and Cy parametrize the saturating functional

response. All parameters and constants are positive.

To describe an environment surrounded by dispersal barriers, Pascual[52] assumed
zero flux at the boundaries. Hence, at the boundaries X =0 and X = L, for all T,
oP 0H
g T = 2.3.3
oX 0X 0 (2.3.3)
A simple form of environmental heterogeneity can be introduced by allowing the

parameters in (2.3.1) and (2.3.2) to vary with X. Thus, the case where the prey rate

of increase R is a linear function of X is considered.

In order to decrease the number of parameters, the model described by (2.3.1)
and (2.3.2) can be simplified by introducing the dimensionless variables p = % and
h = "T\]i Space is scaled by the total length of the gradient L, and time is scaled by
a characteristic value of the prey growth rate R. Thus, z = % and t = RT where

R = R(X,) for some Xo in (0, L). System (2.3.1) and (2.3.2) thus becomes
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9p ap 0%p
= = 1—p)— h
o~ PP -k dg (234)
oh ap 0%h ‘
== h—mh+d s 3.
in which the new parameters are r = % =e+ fz,a = %12%, b = CL;, m = % and
d= L?E‘ At the boundaries, given now by z =0 and z = 1, and for all ¢,
dp  Oh
—a—;—a—m~0. (2.3.6)

Following Pascual[52], the set of parameters considered in numerical experiments

will be

a = 5.0
b = 5.0
m = 0.6
e — 90 (2.3.7)
fo= —14
z = 0.85.
The initial conditions (see May[41], p.43), 0 < z < 1, are
p(z,0) = 0.5,
h(z,0) = 1.0. (238)

2.4 The Initial-Value Problem

In the absence of diffusion, the system (2.3.1) and (2.3.2) is a standard predator-prey
system, which exhibits, using the set of parameters given in (2.3.7), stable equilibria
or limit cycles (May[41]), see Figure 2.1'. Therefore the resulting system is the initial-
value problem (IVP)

dp ap
— —p) — h 2.4.1

'Figure 2.1 was drawn by the software package ”mathematica”, version 2.2, (©1988-93 by Wolfram
Research, Inc. The other graphs were drawn using the software package "matlab”, version 4.0a,

(©1984-92 The Math Works, Inc.
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d_ _ap

(2.4.2)

with the intial conditions

v (2.43)

prey

L

4 2 . L £ redat
0.2 0.4 0.6 0.8 p | Pprecater

Figure 2.1: Predator-prey dynamics in the absence of diffusion

2.4.1 Stationary Points

The first thing to investigate when analysing a dynamical system is the existence
of stationary or equilibrium or critical points. For the predator-prey system {(2.4.1),
(2.4.2)}, the stationary points are determined by equating the right-hand sides of (2.4.1)

and (2.4.2) to zero. Clearly there are three distinct stationary points, namely,

s1=(0,0) (trivial stationary point), s, =(1,0), and s3=(ps, hs) ,
(2.4.4)
a—m—bm)r

where p, = —"— and h; = (aimjz—- Lhe first two are not of interest since then there

would not be two species remaining,
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Using the set of parameters in (2.3.7), the stationary point s3 becomes

s3 = (0.3,0.2835). (2.4.5)

The Jacobian of the system is given by

abh ah a
@rtep iy T (L= P)T —pr ~Tibp
J(p,h) = ) h . (2.4.6)
_(1+b§)2 + i ~m +

Using the equilibrium points s, s, and s; and the set of parameters given in
(2.3.7), it is easy to show that for s; and s;, the Jacobian has one positive eigenvalue
and one negative eigenvalue showing that these are unstable stationary points (these
are called saddle points) while for sz, the Jacobian has a pair of complex eigenvalues
with positive real parts, namely 0.0486 4 0.36572. Thus, s3 is an unstable equilibrium
point. However, Kolmogorov’s theorem shows that for this particular model there is
either a stable equilibrium point or a stable limit cycle. Thus, the system has a stable

limit cycle, as shown in Figure2.1.

2.4.2 Numerical Methods

The solution of the predator-prey model given by (2.4.1)-(2.4.3) is sought for ¢ > 0
and to obtain a numerical solution, the time interval ¢ > 0 is discretized at the points
t, =nl (n=0,1,2,...); £is called the time step. The theoretical solutions of the
system at the typical point ¢t = ¢, are given, respectively, by p(t,) and h(t,), while
the corresponding solutions of a numerical method will be denoted by P™ and H",

respectively.

The numerical methods are based on the replacement of ‘—:ﬁ and 5;—}; by the first-

order approximations

dp(t)
dl

=[plt+4)—plt)]/t+0O(), (2.4.7)
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and

—— = [h(t+£) — h(t)]/L+ O (L), (24.8)
as { — 0.

Method 1 (Euler’s Method):
Using (2.4.7) in (2.4.1) and (2.4.8) in (2.4.2) with t = ¢, and evaluating p and % on the
right-hand side of (2.4.1) and (2.4.2) at t = ¢, leads to

La P H"
Pn+1:Pn—+—€7‘Pn(1—Pn)—‘1g“W, n:0,1,2,, (249)
La P H"

which is the familiar Euler explicit method.

Method 2:
Here the linear factor 1 — p on the right-hand side of (2.4.1) is evaluated at time ¢t = ¢,

while the other factor, p, is evaluated at time ¢t = ¢,4,. Replacing % in (2.4.1) by

2.4.7) and % in (2.4.2) by (2.4.8) then gives the implicit formulae
dt

La P H™

=0 24.11
1_+_an ’ n 71,27 ) ( )

P™H = PY oy gy P (1~ P —

g Pn+1 Hn+1
H”+1:H”+~‘L1+T—£mm“; n=01,2,.... (2.4.12)

which, provided that both Zr(1 — P™) — ffﬁ; # 1 and % —{fm # 1, may be

rearranged to give the explicit method

Pn
P"H:E; n=0,1,2,..., (2.4.13)
Hr
A = — n=0,1,2,..., 2.4.14
LaP

1 +€m - (1+an)En

where " =1 —2r (1 — P") + 184:11)1?"'
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Method 3:
Now, replacing the derivatives in (2.4.1) and (2.4.2) once more by (2.4.7) and (2.4.8),
respectively, evaluating the linear factor 1 — p on the right- hand side of (2.4.1) at time

t = t,4+1 and the linear factor p at time ¢ = ¢,, gives the second pair of implicit formulae

{a P*H"
Pt =Pt 4 UlrP*(1 - P - ————; n=0,1,2,... 4.
+4r P ( ) ey n=0,1,2,..., (2.4.15)
{q Prtl fntl
H"+1:H"+W—emf{"ﬂ; n=01,2,..., (2.4.16 )
which, provided that both £r P* # —1 and 61“4_]2;11 —{¢m # 1, may be rearranged to
give the method
14 &r — 200 pr
P”“:( 1+£1+1§) ; n=0,12,..., (2.4.17)
r
La P (1 + 07— £a”
HY = H"/ |1 +4m — ( Libp) n=0,1,2,.... (24.18)

(I +6P") (1 +LrPry |
Clearly, this method generates the solution explicitly.

2.4.3 Local Truncation Errors

Method 1:

The local truncation errors (l.t.e.’s) of this method at time ¢ = ¢, may be determined
(see, for example, Lambert[31], p.48) from (2.4.9) and (2.4.10) and are given by

L,lp(t), h(t); ] = p(t +£) — p(t) — Lrp(t) [L — p(t)] + MZ)

1+bp(t)”’




F.N.M. Al-Showaikh, 1998, Chapter 2 36

from which it follows that, after expanding the functions p(t + ¢) and h(t + ¢) using

Taylor’s expansion,

1
Lolp(t), h(t); ) = 5 & 5" + O () as ¢ — 0, (2.4.19 )
and
1
Lalp(t), h(£); ) = 5 £ K" +0 () s —0 (2.4.20 )
at some point ¢t = t,, verifying that this familiar numerical method is first-order
accurate.
Method 2:

The local truncation errors (l.t.e.’s) of this method at time ¢ = ¢, are obtained from

(2.4.11) and (2.4.12) and are given by

Lylp(t), h(t);£] = p(t +€) — p(t) — Lrp(t + ) [L = p(t)] +

?

Cap(t+£)h(t)
L+ bp(t)

_Lap(t+Oh(t+1)

Emh(t+4

Lulp(t), h(t); €] = h(t +£) — h(t)

in which ¢t = ¢, , which, after simplifying, give

/

1 h
%Wﬂﬁ@ﬂ=(§ﬂ—wq4m%-ap)ﬁ+0@ﬂ as L —0

1+bp
(2.4.21)
and
. 1 ’ ahp’—}—ah'p 1 2 3
Lhlp(t), h(1); £] = (511/ quLmh) fro(f)  as L—0
(2.4.22)

verifying that this method is also first-order accurate.
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Method 3:
The local truncation errors of this method at time t = ¢, are obtained from (2.4.15)

and (2.4.16) and are given by

Lolp(), h(1); £] = plt +£) — p(t) — £r p(t)[1 = p(t + 0) + %
. Lap(t+Dh(t+0)
Lulp(t),h(t);£] = h(t +£) — h(t) — T (1) +Lm h(t +4),
which, after simplifying, give
L,[p(t), h(t); 4] = (%p” + rpp') 24+ 0 (€3> as £ — 0 (2.4.23)

and

ah'p 4+ ahp'

! £2 3
5 +mh> +0(6)  as £—0

Calpte) b = (51 -
(2.4.24 )

at time t = t,,, revealing that this method is first-order accurate, too.

2.4.4 Analysis of the Fixed Points of the Methods

Finding the fixed points of the finite-difference method is equivalent to finding the
stationary points of the initial-value problem (2.4.1)-(2.4.3). It can be shown that
the fixed points of each finite-difference method, as n — oo, are the same as the

stationary points of the system.

Method 1 (Euler’s Method):

This method is explicit and hence can be written in the form
Pt — g (P* HY), (2.4.25)

[ = gy (P™, H™); (2.4.26)
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n=20,1,2,.... Associate, now, with (2.4.25) and (2.4.26) the functions
P =g (P,H) (2.4.27)

and

H =g, (P H), (2.4.28)

then from (2.4.9) and (2.4.10) ¢g; and g, have the forms

faHP

PHY=P+/¢rP(1—-P)— 4.
o (PH) =P erP(1-P) - B0 (2429)
{a HP
H)=H-/¢ —_— 4.
g2 (P, H) mH+1+bP, (2.4.30)

provided that 1 + 6P # 0.

To examine the stability of the fixed points s; (¢ = 1,2,3) in (2.4.4) of (2.4.9),
(2.4.10) or (2.4.11), (2.4.12) or (2.4.15) and (2.4.16), the eigenvalues A; € €'(z = 1,2)

of the Jacobian

agl(PsyH.s) 8.91(P5,Hs)
aP 8H
J(Ps,H,;) = (2.4.31)
892(Ps,Hs) 8ga(Pe,Hs)
8P 8H
must be calculated, where
S = 1-4Pr+ir(1-P)+ 385 — {ho
991 . __ atP
8H 1+6P
892 __ aHE _ abHLP (2‘4'32)
8P T 1+bP (14+8P)2 »
15} LaP

Evaluating the derivatives in (2.4.32) at the fixed points s; (2 = 1,2,3) and sub-
stituting, using the set of parameters in (2.3.7), in the Jacobian matrix (2.4.31) gives

the following results
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140817 0
Jy = ,
0 1-0.674

1-081¢ -2/
Jy = ,
0 14+ L2

30

and

140.0972¢ —0.64
Jg - .
0.226874 1

39

For the trivial fixed points, s; and s;, the eigenvalues of J; and J, are equal to

unity at £ = 0, while for £ > 0, the spectral radius is greater than unity.

Considering the nontrivial point ss, the eigenvalues of the Jacobian are equal to

unity for £ = 0. When £ > 0, the eigenvalues are complex with positive real part;

the spectral radius is greater than unity. Thus all the fixed points of this method are

unstable for all £ > 0.

Method 2:

This method can be written explicitly in the form
Pn+1 =q (Pn’ Hn)’
H™"' =g, (P",H");

n=0,1,2,.... Associate with (2.4.33) and (2.4.34) the functions

b ? bl

P:gl(P,H)

and

H =g, (P11},

(2.4.33)

(2.4.34)

(2.4.35)

(2.4.36 )
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then (2.4.11) and (2.4.12) can be written in the forms

P
n(PH)=—, (2.4.37)
E
H
P H)= , 2.4.38
g2 ( ) 1+€m_£a§D ( 38 )
where )
D = bl
Her . (2.4.39)
EF = 1—€r(1—P)+H‘be.
Note that, 22 = —bD?, 2E =/r—fabHD* and 3§ ={laD.
It may be shown that
891 1-£r+£aHD(14+bDP)
3P E? )
g1 _ ¢aDP
3H B2
892 _  LaH[-bD? EP+DE—{DPr+£abD® HP] ( 2.4.40 )
8P (1+gm_%)2 E2 )
392 (14+£m)E?~¢aDP(E+£aDH)
OH (H_gm_!%)z E2

Evaluating the derivatives in (2.4.40) at the fixed points s; (2 = 1,2, 3) and substi-
tuting, using the set of parameters in (2.3.7), in the Jacobian matrix given in (2.4.31)

gives the following results:

For sy, the eigenvalues are all equal to unity at £ = 0. The spectral radius is greater
than unity for 0 < £ < 2.466, while it is less than unity provided £ > 2.466. The trivial
fixed point s; is unstable for 0 < £ < 2.466 and stable for £ > 2.466.

Considering the fixed point ss, the spectral radius is greater than unity for all £ > 0

and equals unity at £ = 0.

For s3, the spectral radius equals unity at £ = 0. When 0 < £ < 0.287, the
eigenvalues are complex with positive real part; the spectral radius of the Jacobian,
p(J), is greater than unity. For 0.287 < £ < 2.895, p(J) < 1 and p(J) > 1 provided
7 > 2.895.
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Method 3:

This method can be written in the form
P = gy (PHY),
H™ = g, (P", H");
n=0,1,2,.... Associate with (2.4.41) and (2.4.42) the functions
P=g¢g (P,H)
and
H =g, (P H)

then (2.4.17) and (2.4.18) can be written in the forms
FP
P H)= ———
g1 ( ) ) 1 + { Pr )
H

LaDFP »
1 +£ T 144Pr

g2 (P,H) =

where

D = 2

THP
F = 14+€r—faDH.

Note that, 48 = —bD?, 28 = abD* H and 3& = —LaD.

It may be shown that

991 _ F + LabD? HP
aP T (1+€Pr)? 1+£Pr
891 _ __ £aDP
8H — 1+£Pr

£FPr
0 _ ¢aDH[F+¢abD* HP—bDFP— {55
8P (1+em—E2BEEN2 (140 Pr) )
892 _  (1+£m)(14+£LPr)—£aDP(F+£aDH)
oH (ttem-LBEE2 (1rePr) 0

41

(2.4.41)

(2.4.42)

(2.4.43)

(2.4.44)

(2.4.45 )

(2.4.46 )

(2.4.47)

(2.4.48)

Iovaluating the derivatives in (2.4.48) at the fixed points s; (¢ = 1,2, 3) and substi-

tuting, using the sct of parameters in (2.3.7), in the Jacobian matrix given in (2.4.31),

the following results are obtained:
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For all s;

spectral radius, p(J), is greater than unity whenever £ > 0.

42

(z =1,2,3), all the eigenvalues are equal to unity at £ = 0. For s;, the

Using s2, p(J) is greater than unity whenever 0 < £ < 8.582, while for £ > 8.582,

the spectral radius, p(J), is less than unity.

Considering s3, the eigenvalues are complex with real part equal to unity for £ = 0;

the spectral radius is greater than unity for 0 < £ < 3.173. When 3.173 < £ < 3.986,

the spectral radius is less than unity and greater than unity for £ > 3.986.

These findings are summarized in Table 2.1.

Table 2.1: Stability properties of fized points of Methods 1, 2 and 3, where unst. denotes

unstable.
fixed Method 1 Method 2 Method 3
point | stable | unst. stable | unst. stable | unst.
S1 - £>0 £ > 2.466 0 < €< 2.466 - £>0
89 - £>0 - £>0 £ > 8.582 0 < €< 8.582
S3 - £>0]0287T<£<2985 | 0<£<0.287 |3.173<£<3.986 |0 < £<3.173
AL > 2.895 AL > 3.986

2.4.5 Numerical Results

Table 2.1 summarizes the stability properties of the fixed points of Methods 1, 2 and

3. All methods have the same fixed points but, whereas for Method 1 these fixed

points eventually become unstable as the time step £ is increased both Methods 2 and

3 show the opposite behaviour: as £ is increased the fixed point, s3, always becomes

attracting. The results represented here are based on the numerical methods for the set

of parameters given in (2.3.7), chosen to obtain limit cycles in the absence of diffusion.

Method 1 (the Euler method) gives limit cycles for small values of the time step £.
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Using £ = 0.2, the predator-prey phase-plane for this method is shown in Figure 2.2.
As £ is increased (i.e. £ > 0.29), Method 1 gives negative values of prey population
(which are not a feature of the theoretical solution) and chaos was observed in the

numerical solution.

Numerical solutions computed using Methods 2 and 3 converged to the stationary
point s3 = (hs,ps) = (0.2835,0.3) as the time step is increased. That is, the higher the
value of £, the quicker the stable stationary point s3 is reached. All these findings are

depicted in Figures 2.3—2.6

The profiles in Figure 2.3 illustrate that, in reaching the stationary point, the prey
attains a lower value for a larger time step (¢ = 1.0) than it does for a smaller time
step (¢ = 0.05). This suggests that Methods 2 and 3 always converge to the fixed point
using an arbitrarily large time step, unlike Method 1 which permits the use of only a

small time step if convergence is to be attained.

¢} 0.2 0.4 0.6 0.8 1 1.2
Predator

Figure 2.2: Limit cycles obtained using Method 1 with ¢ = 0.2 .
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04 08
Predator

1=0.2

05 06 07 08 09 1
Predator

1=0.4

02 02 04 08 07 08 09 t

08
Pradator

0.7

os o8 07 o8 o9 1
Fradator

05
Predator

1=0.3

05
Predator

105

08 07 o8 03

03 04 0§
Predator

=10

08 07 08 o9

Figure 2.3 Numerical solution compuled using Method 2.
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0.5 0.6 0.7 0.8 0.9 1
Predator

Figure 2.4: Solution obtained using Method 3 with £ = 0.4 .

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Predator

Figure 2.5: Stable stationary point is reached using Method 3 with £ = 0.5 .
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O 1 1 1 1 A 1 1 1 1
0 O.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Predator

Figure 2.6: Quicker convergence to the fized point using Method 8 with £ = 0.6 .

46




F.N.M. Al-Showaikh, 1998, Chapter 2 47

2.5 The Reaction-Diffusion Equations

The predator-prey system to be considered is the system given in (2.3.4) and (2.3.5)

which involves the reaction-diffusion equations, namely,

dp ap p

—_ = 1—-p)-— h+d : 1, ¢ 9.

Y rp(l—p) 1+ bp + PR 0<z<l, >0 (2.5.1)
oh ap 0%h
= h—mh+da; 5.
3 = T+obp m +d8:c2’ O<z<l, t>0 (25.2)

in which p = p(z,t) and A = h(z,t) are the densities in dimensionless forms of prey
and predator, respectively; r, a, b and m are dimensionless parameters and d > 0 is

the diffusion rate.

The boundary conditions (see Pascual[52]) have the form

9p(0,t) _ dp(1,t) _

e — 5 _O; t>0, (253)
h(0,¢ h(1.t
6(0’):6(’):0; t>0, (2.5.4)
oz ox

and the initial conditions, 0 < z < 1, are given by (2.4.3).

2.5.1 Numerical Methods

The problem {(2.5.1)-(2.5.4) and (2.4.3)} is solved by finite-difference methods by
discretizing the space interval 0 < z <1 into N + 1 subintervals each of width ¢ so
that (N+1)6 = 1, and by discretizing the time interval ¢ > 0 into steps each of length
{ as in Section 2.4.2. The open region R = [0 < z < 1] x [t > 0] and its boundary 0 R
consisting of the lines x =0, z =1 and ¢ = 0 are thus covered by a rectangular mesh,
the mesh points having coordinates (z4,t,) wherez, =ké§ (k=0,1,2,... N, N+1)
and t, =nf (n=20,1,2,...). The notations P/ and H} will be used to distinguish

the solution of an approximating finite-difference method from the theoretical solutions
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p(zk,tn) and h(zk,t,) at the mesh point (zx,¢,), while the values actually obtained,

which may be subject to round-off errors, for example, will be denoted by 13,5 and le

Finite-difference methods are developed by approximating the time derivative in
(2.5.1) by the first-order forward difference replacement

Op(z, 1)
ot

=[p(z,t+¢) — p(z,t)]/€+ O (L) as £ — 0 (2.5.5)

and the space derivative by the weighted approximant

0*p(z,1)

oz?

~ 672 (¢ {p(z—b6,t+4) —2p(z,t+ &)+ p(z+6,t+4£)}
b= 8) {pla—6,6)— 2p(et) +ple +6,0))] (256)

in which z =2, (k=0,1,2,... NNN+1), t=1t, (n=0,1,2,...)and ¢(0 <
¢ <1) 1is a parameter. Similar replacements are used to approximate the derivatives

in (2.5.2).

The terms in (2.5.1) and (2.5.2) may be replaced in the three ways used in Section

2.4.2, giving
" n  aP"H" aP™ H" .
(a) rP"(1—-P )—m in (2.5.1) and —m—mH in (2.5.2)
(2.5.7)
or
il on _aPn+l Hn ‘ . d aPn+l Hn+1 B 1 '
(b) r P"T (1-P™) T ™ (2.5.1) an Ry m H in (2.5.2)
(2.58)
or
2 n¢q _ pntly alP™ H" ; ) d G’Pn+1 Hn+1 _ n+1 : 259
(¢) r P"(1—-P") rapn (2.5.1) an s m H i (2.5.2).
(2.5.9)

These approximations, together with the replacements for the derivatives of p and

hgive rise to three families of numerical methods, to be named A(¢), B (¢) and
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C(¢) for the numerical solution of {(2.5.1)-(2.5.4) and (2.4.3)}. These methods are

as follows:

Method A(¢), 0 <4 < 1:

prt_pr o aPpHY  d .
S = RSB - et e [R ety B
+ -¢) [Pry—2Pr+P, ]}, (25.00)

which can be rearranged to give

~dq¢ P + (1+2dq¢) PIY' —dqo Pl =(1—¢)dg P,

LaH}
1+bPF

n

k

+ {1—2(1~¢)dq+€r(1~])§)—

+ (1-¢)dq Py, (2.5.11)

where ¢ = £/6%, and
HY'— Hp  aP} H}
; 140 pp

n d n n n
mH + o {6 [ B — 20" + HE
+ (I—¢) [Hp, —2Hp +H, |}, (2512)
which can be rearranged to give

—dg¢ HiY} + (1+2dqe) H{™' —dqd i = (1 ¢) dgH},

La Pl
1+ bP;

n

k

+ [1-2(1—-¢)dg—4¢m +

+ (1—¢)dqH,, . (2.5.13)

Method B(4), 0 <¢ <1:

a PPYYHY L
L+bPr 62
+ (—¢) [Pry—2k+ P b, (2504)

Pkn-H _ pn

= P (- P {o [P —2rpt 4 PR
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which can be rearranged to give

La H}
~dq¢ PR 4+ [1—tr (1—P£>+1j—b;n+2dq¢] Pt = dgg Prt = (1-¢)dg P,
k
+ =201 - ¢)dg] B+ (1 - @) da Py, (2.515)
and
Hp*' — Hp o PPH HpY

n d k3 n n
m M 4 o {6 [H - 2Ht + HEH

+ (1—¢) [Hy, —2H; + Hyy |}, (25.16)

¢ 1+4bPp

which can be rearranged to give

g Pn-l—l

—dg@Hi 4+ |1 -2 tm2ded| HPT' —dqd HEFL = (1 ¢)dgq HE,
1+bP;

+ -2 —¢)dg) HY +(1-¢)dgH},, . (2.5.17)

Method C(¢),0< ¢ < 1:

Pt — pp
‘

a P} Hp
1+bPp
+ (—¢) |[Pr—2Pr+PLy ]}, (2508)

=Py (1-PptY) q —gl; {6 [Pett —2pr + PIH

which can be rearranged to give

~dg¢Pil 4+ [L+erP+2dg¢] PP —dqo PR = (1—¢)dq P,

La H}
— —2(1—-¢)d P
+ |1+dr 1 oPr (1-4¢) Q} k
v (1—¢)dgPp,. (2.5.19)

and

HEH — H} _ aPk”J“] H,:“Ll
/¢ 1+ 6P

d n
mH {¢ [Hrt —2mpt + HEY

(=) [ —2mp L, (25.20)




F.N.M. Al-Showaikh, 1998, Chapter 2 51

which can be rearranged to give

la PP

—dg¢ HiXl + 1= prim+2dqg | Hi™ —dqg i = (1-¢)dq H,
k

+ =20 —¢)dq] Hf + (1~ ¢)dqHy, . (2.5.21)

In (2.5.10)-(2.5.21), k=0,1,2,... ,N,N+1 and n =0,1,2,... .

Computationally, methods A(¢ ), B(¢) and C(¢) are very economical in that they
allow the solution of the non-linear partial differential equations (2.5.1) and (2.5.2) to
be obtained by solving a linear algebraic systems at each time step (the solutions are

obtained explicitly when ¢ =0).

2.5.2 Local Truncation Errors

9k
at

g;—éi in (2.5.2). The local truncation errors (l.t.e.s) associated with (2.5.10), (2.5.14)

Consider the use of (2.5.5) and (2.5.6) in (2.5.1) and analogous replacements for %¢ and

and (2.5.18) are given by

Ly[p(z,1),h(z,1);6,4] = [p(z,t+£) —p(z,t)]/¢
— d¢5‘2[p($~6,t+€)—2p(az,t+€)+p(x+5,t—+—€)]

— d(1-¢)8 " [p(z —6,t) = 2p(z,t) + p(z + 6,1)]
ap(z,t +al)h(z,t)

— rp(z,t+al)[l —plz,t +54)]+

1 +bp(z,t)
- {2 e - 0]
ap(z,t) h(z,t) d*p(z,t) .
e e } (2.5.22)

where

(a) for family A(¢), a = =0,
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(b) for family B(¢),a =1 and =0,
(c) for family C(¢), =0 and B =1.

The local truncation errors associated with (2.5.12), (2.5.16) and (2.5.20) are given

by
Lulple,0), bz, 0):6,6] = [h(z, i+ ) — bz 1)]/¢
— d¢6 7 [h(z —6,t+£) —2h(z,t +£) + h(z + 6,t +£)]
— d(1—=¢)8 2 [h(z —6t) —2h(z,t) + h(z + 6,1)]
ap(z,t+~4)h(z,t+nl)
— 11 bp(z,1) +mh(z,t+nf)
B { Oh(z,t) 3 ap(z,t)h(z,t)
ot 1+ bp(z,t)
+ mh(z,t)—d%}, (2.5.23)
where

(a) for family A(¢),y=n=0,
(b) for families B(¢) and C(¢), vy =n=1.

It is then easy to verify that all three families are O (6% + £) accurate as § ,4 — 0
with
(1) for family A(¢):

1, 0% 1 0% dp

s = 29 (L0 e 5.24

Lo lp hid,t] = =56 8m4+<28t2 P omar) tT (25.24)
1 L 0% (18 &h

Culp hidt] = =358 %Jr(iaxz—dqbaxzat ke (2525)

(i1) for family B(¢):

1, d% 1 0%p »p

2012 "7 9x20t

r(l —p)—+

dp ah ()_p I
a1+ bp ot

(12.5.26 )
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o (1% #h  alpl+h®)  on
h; 6,4 _—52 S X — | £+
Lalp b 6,L] = 9z (2 L oy T Trep e )
(2.5.27)
(iii) for family C(¢):
1L, 1 d%*p &°p 9p
L,[p, h;6,0] = 5(% +(§at2_d¢azat+ pat L4 - (2.5.28)
9*h 1 6%h 93h (p +hap) Oh
: _ 82 ~Zr ot il ..
Ln[p,b; 6,4] = 5 Fyva (2 52 158 T+op " o
(2.5.29)

2.5.3 Stability Analysis

The concept of stability (see Twizell[67], p.200) is concerned with the boundedness of
the solution of the finite difference equations and this is examined by finding conditions
under which Z} = U} — 6,?, where U represents P’ or H}}!, remains bounded as n
increases, for fixed § and £. A stability analysis considers the growth of perturbations
in initial data or the growth of errors introduced at mesh points at a given time level.
It will be convenient to define the vector U™ = [UF, U7, -+ ,Ur, U, )", T denoting

transpose, with similar definitions of Z" and U™.

There are three common methods of investigating stability: the energy method,
the matriz method, and the von Neumann or Fourier method. The energy method is
powerful in dealing with boundary conditions, variable coefficient problems and non-
linear problems. Its application can, unfortunately, become extremely complicated and
its successful use will be due in no small part to the ingenuity of the user. Besides
proving the stability of a finite-difference scheme, the energy method can indicate the
correct choice of a method. However, the method provides only sufficient conditions for
stability which may be far removed from what is necessary in certain initial/boundary-

value problems.
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The method calculates the sum of the squares of the errors Z7* at time level t = nf.
This sum of squared errors is called the energy, from which the method gets its name,
and the method determines criteria under which this energy remains bounded as the

computation proceeds.

The matrix method of analysis is applicable to initial /boundary-value problems and

is very popular among users. Unfortunately it can give erroneous results.

The correct stability interval may usually be found using the von Neumann or
Fourier method developed by J.von Neumann in the early 1940s (see Twizell[67], p.201).
A Fourier stability analysis determines the criterion governing the growth of a function

which reduces to this Fourier series for t = 0.

- The von Neumann condition is necessary only for three-level schemes; for two-
level schemes the condition is sufficient as well as necessary. This also applies to
problems with more than one space variable. Strictly speaking, the von Neumann
or Fourier method applies only to pure initial-value problems with periodic initial
data. In practice, however, it is used to analyse finite-difference schemes applied to

initial/boundary-value problems also.

The von Neumann method of analysing stability will be used to give some insight
into the stability of the families A(¢), B(¢) and C(¢). This method entails considering

a small error Z of the form
re=Pp — PP =enlelft (25.30)

and

Zpe = Hp — Hp = et et*? (2531)

where o and p are complex, § and v are real and 1 = ++/—1. The errors in (2.5.30)
and (2.5.31) will not grow if
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| <1+ Myt and || < 14 My, (25.32)

where M, and M} are non-negative constants independent of 6 ,£. Inequalities (2.5.32)
are the von Neumann necessary conditions for stability; they make no allowances for

growing solutions if M, =0 and M, =0.

Method A(¢):
Substituting Z, into (2.5.11) leads to the (local) stability equation

La H}

C14+bP°
(2.5.33)

in which P and H}' are treated as (local) constants and £, = ¢**. The von Neumann

[1+4dq¢ sinz(%ﬂ& EL=1—-4(1—¢)dgq sinz(%ﬁcs)-l-fr(l — P7)

necessary condition for stability is |£,| < 1. That is, the stability restrictions are

2+Z’r(1—P")—fQ—H;—
0<¢<3, dgq < T
aH
$=1 ol <24 dr(1-Pp);
: R * (2.5.34)
LaHD
2481 (1-PP ) =15 pr
% < ql) S 15 dq Z (4(1_k2)¢) +bPk )
0<¢<1 dq>l(£r(1—P”)—ﬂ>
=% =" =~ 4 k +ePr )
Now substituting Z, into (2.5.13) gives the (local) stability equation
1 1 la P}
[1 T 4dgo sin2(§y6)] & =1—4(1—¢)dqsin’(;v9) _€m+lj—kag’ (2.5.35)

in which P} is treated as a (local) constant and ¢, = e*!, with the consequent
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stability restrictions

La P

2—fmt

1 1456 P,
0 < ¢< 2 dq < 4(1-2¢4)

La P
p=1, rpe > dm —2;
? R ’ (12.5.36 )

2——€m+ﬂﬁ
1 1+ P
§<¢§1, dq 4(1.~2¢,)k ’

Method B(¢):
Substituting Z, into (2.5.15) gives the (local) stability equation

la H}

. 1
k

1
| & =1-10-6)dq sin7(3 55),
(2.5.37)
in which P and H} are treated as (local) constants and ¢, = e**, with the conse-

quent stability restrictions

2—¢r (1 P”)+“H’?

T\ i+ P

0 S ¢ < %? dq S 4(1_2¢) s & ;

La H?
b=1 £ > gr(1-Pp)-2;
2 L (2.5.38)
2—er(1—Pg)+fLng
1 +b P, X
D) < ¢ < 1, dq 2 4(1-2¢) k 3

0<$<1, dq2§<er(1—Pg) “H?),

i
and substituting 7 into (2.5.17) leads to the stability equation

la PP

. 1
1+4d(]¢81n2(§y6)—m

-I-Em] Eh=1-4(1—¢)dgq siHQ(%I/é), (2.5.39)

in which P/ and Pl are treated as (local) constants and £, = ¢**. It may be shown
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that, for stability,

apntl
2+‘m——1+—b'%;r

1 :
0<¢<3, 95 —3asaey
£q P!
=1 —k_ < 24 4m;
? TR (2.5.40)
la.Pn+1
24l m— ——E
1 1+b P, .
2 < ¢ <1, dg> —Fmat;
0<$<1 dg > 1 (@B _,

Method C(¢):
Substituting Z, into (2.5.19) gives the (local) stability equation, in which P and HJ

are treated as (local) constants,

201 n 1 {a H}
[ sint(G86) 407 B | 6= 1 4(1 = 6)da in(; o) + br — il
(2.5.41)
where £, = e*¢,  with the consequent stability restrictions
LaHT
2481 PP +Er— oo
OS¢<%’ dg < 4(1-29¢) A
a H
¢=1, Z—’%§2+ETP"+€7“;
’ e ‘ (2.5.42)
eaHD
24Lr PRlr— — ke
1 k TToPT
§<¢§1, qu 1(1-29) k.

LaH}
dqg > 3 (ET—KTP,?— 1+bp‘:?> .

Now substituting Z;, into (2.5.21) gives the (local) stability equation

1
1 +4dqg¢ sinz(%yé)— +€m} fh=1-4(1—-¢)dg sin2(§u6),

(2.5.43)
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where ), = e#*. For stability, it may be shown that the restrictions are given by

fapnt!
24+4m~— '—”—1+ka

1 .
0 < QS < 2 dq S 4(1-2¢) )

¢=1 tabi? o 24+ 4m;
2’ MR = ’ (2.5.44)
24e eapptl
1 M TP
5 < ¢ S 1) dq 2 4(1_2¢) )
1 Lo prt!

Note, P}t is treated as a local constant when analysing H for stability, because

P has already been analysed for stability.

2.5.4 Implementation

The derivative boundary conditions in (2.5.3) and (2.5.4), on the boundary z = 0, may

be approximated by the second-order, central-difference replacements

——apg:t) = [p(z +6,t) —p(z — 6,¢)]/(26) + O (52) (2.5.45)
and
8%1’“ — [h(e+6,t) = h(z — 6,8)] /(28) + O (82) (2.5.46 )

as 6 — 0. These replacements reveal that, to second order,

Pt = Pr and H", = HT (n=0,1,2,...). (2.5.47)

Approximating the space derivatives in (2.5.3) and (2.5.4), once again, on the

boundary = = 1, by its second-order, central-difference replacements, gives

Pi,=Pr and  Hj,,=Hy (n=0,1,2...). (2.5.48)

The modifications to the formulae of the three families of numerical methods are

as follows
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Method A(¢):
Taking k = 0 in (2.5.11) and (2.5.13) and using (2.5.47) and (2.5.48) gives

(1+2dg¢) P —2dqd PP = |1 -2(1—¢)dg +br (1- B )= 6| pn
11 6Py
+ 2(1-¢)depy, (2.5.49 )
and
(1+2dqe) Ho*' —2dqd 7" = [1-2(1— ¢)dq—tm+ 25| gn
11 0Py
+ 2(1-¢)dqH]. (2.5.50 )

When k£ =1,2,... ,N, equations (2.5.11) and (2.5.13) are applied and when k =
N +1 they become
—2dq¢ Pyt +(1+2dq¢) PRl =2(1-¢)dgé Py

La H}
+1

and
—2dq¢ HY"' + (1+2dqg¢) HWt, =2(1 —¢)dqHy

+ [1—2(1—¢)dq—€m+ ] Hy .,y . (2.5.52)

The solution vectors P**' and H**' may be obtained using the following parallel
algorithm
Processor 1 : Solve E, P = P for P (2.5.53)

Processor 2 . Solve [y H' = Gy H” for H"', (2.5.51)

where [9) 1s a constant, tridiagonal squarc matrix of order N + 2 and is of the form
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14+2dgq¢d —2dq¢
—dgq¢ 142dq¢ —dg¢

—dq¢ 14+2dqé —dq¢
Ey : i .

Il

(2.5.55)

—dq¢ 1+4+2dqé —dgo
—2dqé 142dqe

The square matrices F; = F; (P",H") and Gy = G (P™) are also of order (N +2)

and are of the forms

Ao 2(1-¢)dg

(1—¢)dq Ay (1-¢)dg
(1-¢)dg Az (1-¢)dg
Iy = . . .. >
(1—¢)dq An (1—¢)dg
2(1 —¢)dg ANt
(2.5.56 )
and
Be  2(1-¢)dg
(1-¢)dq By (1-¢)dg
(1—-¢)dg B, (1-¢)dq
Gl: . .. . )
(1-¢)dq By (1-¢)dg
2(1-¢)dg By 1
(2.5.57)
where .
By = 1——2(1—¢)dq—€m+%ﬁ;
ko= 01,2,... N N+1.
Method B(¢):
Taking £ = 0 in (2.5.15) and (2.5.17) and using (2.5.47) and (2.5.48) gives
la H}
Lo lr (1= PP )+ —20 4 9dgg| PMY — 2dg¢ P =[1—2(1 - ¢)dq] PL
1 +bPg

+ 2(l —¢)dqg P, (2.5.58 )
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and

La PyT!
1+bPF

1+4m+2dq¢— H}Y' — 2dqéHT =[1-2(1—¢)dq] HY

+ 2(1—¢)dgHr. (2.5.59 )

Equations (2.5.15) and (2.5.17) are applied with k = 1,2,... N, and when k = N+1

they become

La HY
n+1 _ n N+1 n+l
—2dq ¢ P} [1 er PN+1)+———1+bPﬁ+l+2dqq§] il
= 2(1-¢)dgPy+[1—2(1—8)da) Piyy,  (25.60)
and
n+1 EaP]’\}ill n+1 n
—2dqo Hy + 1+4m+2dqép — ———— ]{N+1:2(1—¢)quN
Ry
£ o[-2(1-g)dg) B, (2.5.61)

The solution vectors P**! and H™*' may be obtained using the following parallel

algorithm

Processor 1 : Solve E, P! = F, P" for P™1 (2.5.62)

Processor 2 : Solve J,H"! = p, H" for H™, (2.5.63)

where F, is a constant, tridiagonal square matrix of the form

X 2(1—¢)dg

(1—-¢)dg X (1—-¢)dg
(1-¢)dq X (1—-¢)dq
Fy = . >
(1—¢)dg X (I1—-¢)dg

2(1 —¢)dg X
(2.5.61)
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and F, and J, are square matrices of order (N +2) and are of the forms

Yo —2dq¢
—dg¢ Y1 —dq¢
—dg¢ Y —dq¢
E, = ) .f ) , (2.5.65)
—dq¢ Yy —dq¢
Zo —2dq¢
—dq¢ Z1 —dq¢
“dgd 7y —d
7, = e o .?¢ , (2.5.66 )
—dg¢ Zy  —dq¢
—2dq¢ Zni
where £y = Ey (P*,H"), J, = Jo (P**!,P™) and
X = 1-2(1-¢)dg,
Y, = 1—€r(1—f?)+2dq¢+i%£%,
a P!
Zry = 1+€m+2dq¢—el—+~];‘P—£;
o= 0,1,2,... N+1.
Method C(¢):
Taking £ =0 in (2.5.19) and (2.5.21) and using (2.5.47) and (2.5.48) gives
la HY
L +£0rPp+2dg¢) PPP —2dqé PP = |1+0r—2(1 —¢)dg— ——02 | Pr
1+ bE7
+ 2(1—¢)dgPr, (2.5.67)
and
EGIDOn+1 n+1 n+1 n
14+4m+2dqg¢— H] — 2dqoH! =[1-2(1—¢)dq] H
Y

+ 2(1—¢)dgHT. (2.5.68 )

Equations (2.5.19) and (2.5.21) are applied with & = 1,2,... | N, and when k =
N + 1 they become
—2dqo Py [T+ PRy +2de)| PRV =2(1—¢)dq Py

Ca Il .
o N+1} Ph, (2569)

| +4r —2(1—¢)dg — —2+1—
* { o ( ¢)da 1+;)p;\}+]
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and

apy)

L+bP5,
+ [1-2(1-¢)dq] Hyyy (2.5.70)

—2dgq¢Hyt' + |1 +4m+2dqé— HtY =2(1—¢)dqHY
+ N

The solution vectors P** and H"*' may be obtained using the following parallel

algorithm
Processor 1 : Solve Es P! = F PP for P (2.5.71)

Processor 2 : Solve JsH" = [;H" for H™ (2.5.72)

where Ls , is a constant, tridiagonal square matrix of order (IV + 2) and is of the form

X 2(1—¢)dg

(1—¢)dq X (1-¢)dg
L I-¢)dg X (1—é)dg
(1-¢)dg X  (1-¢)dg

2(1-¢)dq X
(2.5.73 )

and F3 = B3 (P"), F3= F5 (P",H") and J; = J; (P**!,P") are square matrices
of order (N +2) and are of the forms

—dq¢ U —dgq¢
Es = Hfl_qqﬁ .Uf _fi_q(/) , (2.5.74 )
—dg¢ Uy  —dq¢
—2dq¢ Unp
Vo 2(1—¢)dg
(1-¢)dq Vi (1-¢)dq
o 1-¢)dg Vi  (1-¢)dg
(I —¢)dg Vn (1-¢)dq

2(1 —¢)dq Vi
(2.5.75)
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Zo —2dq¢
—dq¢ Zy —dq¢

J3

—dqé¢ Zy —dq¢ (2.5.76)
—dq¢ Zn —dqo
—2dq¢ ZN+41

in which

X = 1-2(1-4¢)dg;

Uy = 14+4rPl+2dqd;
a H?
Vi = 1+€r—2(1—¢)dq—la_b—l,’:?;
a n+1
Zr = 1+€m+2dq¢—e1+’+}3:;

k= 0,1,2,...,N+1.

2.5.5 Numerical Results and Discussion

Numerical results were obtained using Methods A(¢), B(¢) and C(¢) with ¢ =1,
d = 10~* and the set of parameters given in (2.3.7). Methods A(¢) and B(¢) give
constant populations for both prey and predators (see Figure 2.7). As £ is increased
from zero using Method A(¢), the number of prey is decreased whereas that of the
predator is increased till £ = 0.22. At this value of £, the number of prey is more than
that of the predator. When £ > 0.22, the prey population is less than the predator

population. For £ > 0.29, overflow occurs.

For small values of £, Method B(¢) converges to the fixed point (0.3,0.2835) as

shown in Figure 2.7. When ¢ > 2.5 negative values of prey populations were obtained.

Method C(#) converges to the fixed point (0.3,0.2835) for £ = 3.5. For £ = 4.5,
the prey appear to exceed their maximum size, at ¢t = 210, see Figure 2.8. This is
because of the low order of the numerical method; the excess above unity may be
accounted for by the O (¢*) local truncation error. I‘or this value of £, i.e. £ = 4.5,
hecause predators become extinet at ¢~ 340, see Iligure 2.8, the prey quickly achieve

their maximum density of unity. When ¢ = 4.65, the behaviour in Figure 2.9 can
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be elucidated as follows: the predators ate so many of the prey that, at time ¢ = 45
(approximately), there were fewer prey than predators. Because they could not get
food some of the predators died. This gave the prey the chance to recover and at time
t =60 (approximately) the number of prey again exceeded the number of predators.
This continued until ¢ =~ 240 after which the pattern began to repeat itself. At £ =4.7,
both prey and predator populations exceed their maximum values, unity, for ¢ > 60

(approximately) as shown in Figure 2.10.
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0.4 .

T

0.3

prey

0.2

0.1

T

O i 1 1 L
0 100 200 300 400 500 600 700

time

0.5 T T T T T T
0.4+

S 0.3F

redat

£ o2t

01r

0 100 200 300 400 500 600 700
time

Figure 2.7: Method B(¢ ) with £ = 0.7 and z = 0.85.
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Figure 2.10: Method C(¢ ) with { = 4.7 and z = 0.85.
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2.6 Conclusion

In the absence of diffusion, the predator-prey model, system (2.4.1)—(2.4.3), becomes
an initial-value problem which was solved numerically using three methods. The first
method is the Euler method and the other two methods were constructed by evaluating
some factors at the time level t = ¢, and some at ¢t = #,,7. All the three methods
are first-order accurate. It has been shown that Method 1 (Euler Method) gives limit
cycles for small values of the time step £ and for larger values of £, chaos has been

observed.

Methods 2 and 3 converged to the stationary point s3 = (0.3,0.2835) as the time
step £ is increased; that is the higher the value of £, the quicker the stable stationary

point s3 is reached.

For the reaction-diffusion predator-prey system which is given in equations (2.5.1)-
(2.5.4), three numerical methods have been introduced, analysed, implemented and
used to solve the system. Numerical results showed that, for the first and the second
methods, Methods A(¢) and B(¢), a constant populations for both prey and predators
has been found for small value of the time step £. As £ > 0.29, overflow occurred for

Method A(¢).

Method B(¢), for small value of £, converged to the fixed point (0.3,0.2835) and

negative values of prey populations were obtained when £ > 2.5).

Method C(¢) behaved much better than both Methods A(#) and B(#) as it con-
verged to the fixed point (0.3,0.2835) for £ = 3.5.




Chapter 3

Measles Dynamics

3.1 Introduction

Measles, a common, acute, contagious disease, chiefly of children, is characterized by
fever, sore eyes, catarrh (inflammation and excessive mucus in nose and throat), and
a spotty rash. Unlike the case in industrialized nations, measles is a common cause
of death in children in underdeveloped countries, where they are likely to be already
suffering from malnutrition and poor health. The disease is also highly contagious in

monkeys, the only other known host in which measles develops spontaneously.

Measles is a disease of all climates and races, and susceptibility is universal. It must
have been common in the ancient world, but no accurate account occurs in history
until the classical description by Rhazes in A.D. 915. Thomas Sydenham, in the 17th
century, clearly distinguished it from scarlet fever, with which it had been confused.
P. L. Panum, in 1847, published the results of his brilliant study of a measles epidemic
in the Faroe Islands, definitely establishing the incubation and infectivity periods of

measles, see Mathews[40].

Measles is caused by an RNA virus of the paramyxovirus group, a group also con-

taining the human mumps virus, the canine distemper virus, and the cattle rinderpest

69
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virus. The measles virus is closely related to the latter two, and, indeed, it is believed

that the measles virus evolved from the canine distemper virus.

Measles is one of the most infectious diseases known. It is estimated that 95 percent
of the world’s urbanized population contract measles before the age of 21. The disease
is transmitted largely by the inhalation of respiratory droplets from the nose, throat,
and mouth of an infected individual and also by the inhalation of contaminated dust.
The attack rate is very high: almost all those who are susceptible develop the disease
when exposed. One attack confers lifelong immunity; second attacks are extremely
rare. Infants whose mothers had measles will be immune up to the age of four or
possibly six months because of the presence in their blood of protective antibodies
derived from their mothers. The seasonal peak incidence of measles is late winter. For
some obscure reason, in certain cities every second or third winter presents a much
higher measles peak. Measles is commonly acquired in school, in one of the primary

classes.

The incubation period, or the time from exposure to the virus to the onset of symp-
toms, is eight to 13 days (Anderson & May[2]): usually 10 days. The first symptom
is fever; about 12 hours later the eyes become sore and bloodshot, and after a further
12 hours the catarrhal signs develop. Small, scattered, white spots (Koplik’s spots)
appear inside the cheeks approximately two to four days after the first symptoms. One
or two days after the appearance of the Koplik’s spots (three to five days after the first
symptoms), the rash suddenly appears. It starts behind the ears and on the forehead,
spreading down the body and limbs. When the rash is at its maximum, two to three
days after it begins, body temperature may be very high, reaching 40.5°C". The rash
lasts about four to seven days, disappearing from parts of the body in the order of
its appearance. It leaves behind a brownish discolouration, which fades in seven to 10

days.

Greatest communicability, or likelihood of transmitting the disease, 1s from 11 to
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16 days after exposure to the virus: that is, approximately from the onset of fever until

about the fourth day of the rash.

The mortality of uncomplicated measles i1s very low, but the complications are

frequent and important. In the order of frequency of occurrence they are (Mathews([40]):

1) middle-ear infection, often with mastoiditis,

2) bronchopneumonia (inflammation of the lungs),
3) inflamed lymph nodes in the neck,

4) laryngitis (inflammation of the larynx), and

5) encephalitis (inflammation of the brain).

There is no specific drug directly useful in the treatment of measles. Isolation, bed
rest, and a fluid diet are necessary. Darkening the room is not necessary. Antibiotics

are often given to prevent bacterial complications.

Research to find a measles vaccine began in 1954 when a measles virus, the Ed-
monston strain, was successfully grown in tissue culture for the first time. From this
strain the first line-virus vaccine was developed by Dr. John F. Enders (Mathews[40]).
A field trial in 1961 proved the vaccine to be highly effective. In 1963 the U.S. Public
Health Service licenced for manufacture two types of measles vaccine: a live, atten-
nated (weakened), virus vaccine and an inactivated (’killed’) virus vaccine. The use
of the short-term inactivated vaccine is not recommended, and none has been used in
the United States since 1968. Passive immunization (with gamma globulin antibodies)
is effective for prevention and attenuation of measles, but the immune serum globulin
must be infected within five days — preferably as soon as possible — after exposure
to the virus to prevent the development of the disease. Despite earlier predictions,
however, that immunization would eliminate the disease, measles is actually increasing

on a world-wide basis.
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3.2 Mathematical Epidemiology

The application of mathematics to the study of infectious diseases appears to have been
initiated by Daniel Bernoulli in 1760 (Anderson & May|[2]). He used a mathematical
method to evaluate the effectiveness of the techniques of variolation against smallpox,
with the aim of influencing public health policy. There then followed a long gap until
the middle of the nineteenth century when, in 1840, William Farr effectively fitted a
normal curve to smoothed quarterly data on deaths from smallpox in England and
Wales over the period 1837-1839. This descriptive approach was developed further by
John Brownlee[8] who published a paper entitled ” Statistical studies in tmmunity; the
theory of an epidemic” in 1906, in which he fitted a Pearsonian frequency distribution
curve to a large series of epidemics. The empirical approaches adopted by Farr and
Brownlee (Anderson & May[2]) were in great contrast to the work of two other scientists
of the same period, Hamer and Ross. Their contribution was to apply post-germ-
theory-thinking towards the solution of two specific quantitative problems: the regular
occurrence of measles epidemics and the relationship between numbers of mosquitoes
and the incidence of malaria (Hamer[20]; Ross[54]; Moshkovskii[47]). They were the
first to formulate specific theories about the transmission of infectious diseases in simple
but precise mathematical statements and to investigate the properties of the resulting
models. Their work, in conjunction with the studies of Ross & Hudson [55], Soper[62],
and Kermack & McKendrick[28] began to provide a firm theoretical framework for the

investigation of observed patterns.

amer[20] postulated that the course of an epidemic depends on the rate of contact
between susceptible and infectious individuals. This notion has become one of the
most important concepts in mathematical epidemiology; it is the so-called mass action
principle in which the net rate of spread of infection is assumed to be proportional to
the product of the density of susceptible people multiplied by the density of infectious

individuals. The principle was originally formulated in a discrete-time model, but in
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1908 Ronald Ross (celebrated as the discoverer of malaria transmission by mosquitoes)
translated the problem into a continous-time framework in his pioneering work on the

dynamics of malaria (Anderson & May[2]).

The ideas of Hamer and Ross were extended and explored in more detail by Soper|[62]
who deduced the underlying mechanisms responsible for the often-observed periodic-
ity of epidemics, and by Kermack & McKendrick[28] who established the celebrated
threshold theory. This theory, according to which the introduction of a few infectious
individuals into a community of susceptibles will not give rise to an epidemic out-
break unless the density or number of susceptibles is above a certain critical value,
is, in conjunction with the mass action principle, a cornerstone of modern theoretical

epidemiology (Anderson & May|[2]).

Since this early beginning, the growth in the literature concerned with mathemat-
ical epidemiology has been very rapid indeed. Recent reviews of the literature have
been published by Bailey[4], Bolker & Grenfell[6], Dietz[14], Dietz & Schenzle[13],
Schenzle[57] and Tidd et al.[64]. In particular, models incorporating seasonality (Aron
& Schwartz[3]; Fine & Clarkson[18]; London & Yorke[36]; Olsen & Schaffer[50]) and
age structure (Anderson & May|1]; Dietz & Schenzle[12]; Schenzle[57]) generate impor-
tant predictions both about the likely performance of vaccination strategies and the

observed dynamics of infection.

3.3 Compartmental Models

Measles epidemics may be described using compartmental models (see, for example,
Anderson & May[2]; Jansen[26, p.5]). This approach divides the population into certain
classes: susceptible, exposed, infectious and recovered individuals. In the course of an
epidemic a person will then ”flow” from the susceptible compartment into the exposed,

the infectious and finally into the recovered compartment, as in the following diagram.
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Birth
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" o o B
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Figure 3.1: Schematic representation of the flow of hosts through the compartments.

Note that hosts both die and reproduce at the per capita rate, u. It is assumed that
nobody dies of measles, therefore the infected hosts do not experience a higher mortality
rate. Recovered individuals do not flow back into the susceptibles compartment, as life-

long immunity is supposed.
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3.4 The SEIR Model

The SEIR (Susceptible/Exposed/Infectious/Recovered) model is expressed mathemat-
ically, from the compartmental model depicted in Figure 3.1, as a set of three non-linear

ordinary differential equations given by

d—flit—) = uN—(u+ BI()S()
%ﬁﬁ = BI(t)S(t)— (p+0)E(t) (3.41)
d_Ide—t) = oB(t)— (p+)I(t)

5(0)=5° E(0)=E° 1(0)=1° (3.4.2)

in the domain

D={(S,E,])e RL|S+E+1 < N}. (3.4.3)

Here, S = S(t), E = E(t), I = I(t) and R = R(t) represent, respectively, the
density of susceptible, exposed, infectious and recovered individuals at time ¢ n a
constant population of size N = S+ E + I + R. Thus, R is determined by S, E
and I and the fourth differential equation derived from the compartmental model and

describing the rate of change of R does not need to be considered. The terms 111

L ooty
are the average life expectancy, disease incubation and infectious period, respectively;
B denotes the infection rate. It is assumed that the incubation period coincides with
the latent period. All time-related parameters are measured in years. The incubation

period is the period from the point of infection to the appearance of symptoms of

discase, whercas the latent period is the period from the point of infection to the
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beginning of the state of infectiousness, see Anderson & May/(2, p.14]. They estimated,
for measles, the incubation period to be 8-13 days, the latent period to be 6-9 days and
6-7 days for the infectious period. Hence, in their view, the incubation time does not
coincide with the latent period. However, they state that the consideration of latent
times does not contribute much to the dynamics of the system (Anderson & May/2,
p.59]). The infection rate 8 will be varied in the analysis and in essence will serve as

a bifurcation parameter.

The SEIR model will be considered for the following set of parameter values

N = 5x 107,
p = 0.02 years™ ', (34.4)
o = 45.6years™,

v = 73.0years .

Theses values represent a population size of 50 million, average life expectancy of 50
years and incubation and infectious periods of roughly eight and five days, respectively,

as considered by Bolker & Grenfell[6].

3.5 Qualitative Analysis

3.5.1 Stationary Points

To study the stationary points of the SEIR model, the system (3.4.1) is written as

du
2T f
7 (u)

where
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f(u) = (fi(w),fa(w), fr(w)"
= (uN = (u+BI)S,BIS — (p+0)E,0E— (u+7))", (351)
and T denotes transpose.

Equating fi, fo and f3 to zero reveals the existence of two stationary points. The

first stationary point, which is trivial, is given by

S = (?1,E1,71>T = (N,O,O)T; ( 3.5.2 )

the phrase ”critical point” may also be used to describe s;.

This steady-state is trivial in the sense that it corresponds to the case of the exis-
tence of no exposed or infectious individuals in the population. Hence, all individuals

are healthy and clearly stay healthy for all time.
The second, non-trivial, stationary point is
S2 = (gz,E%Tz)T
where

5, = wtaety)

op
= _ uN p(et)
E, = i T (35.3)
7, = po N B
(pto)utr) B

It is noted that, due to the magnitude of N, only S varies significantly with 3.

Using the set of parameters in (3.4.4), this stationary point 1s

73.052 0.032 0.02\"
, = 91920.21 — ——= 13688.874 — — | . 3.5.4
S, ( e 1920.21 i 3688874 7 ) (3.5.4)
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A graph of stationary points for 8 € [107%,107%] is shown in Figure 3.2 (Jansen[26,

p.14]).

10°E

-
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[=2)
T

-
o
T

steady state
[

-
o
n
—
\

10}

[¢] 0.2 0.4 0.6 0.8
infection rate

1

Figure 3.2: Non-trivial steady-states for various infection rates on a logarithmic scale;

susceptible[dots], exposed[dashes], infectious/dash-dot].

3.5.2 Stability

The Jacobian of the system (3.4.1) is given by

~(p+B1I) 0 )
Jy(u) = p1 ~(p+o) BS
0 o —(p+7)

(3.5.5)

Using the parameter set in (3.4.4), the Jacobian at the trivial critical point is given

by
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—0.02 0 —5x1078
Jis)=| 0 —4562 5x1078 |. (3.5.6)
0 456  —73.02

The eigenvalues! of J¢(s;) are all distinct and real for all 8 € [0,00). For 8 <
1.46104 x 107%, all are negative, whereas for larger values of , one eigenvalue is

positive and two eigenvalues are negative.

Therefore, the trivial steady-state is asymptotically stable for g € [0,1.46104 X
107%) and unstable for larger 3. The value

B, = 1.46104 x 107° (3.5.7)

thus denotes a bifurcation point of the system.

Considering the non-trivial stationary point s; leads to

—13688.874 3 0 —73.052
Ji(s;) = | 13688.8748 —0.02 —45.62 73.052 |. (3.58)
0 45.60  —73.02

Here, numerical computation of the eigenvalues revealed them to be distinct and
real for B < 1.45975 x 107¢. In this range, one eigenvalue is positive while two are
negative. For 1.45975 X 107 < B < 1.46043 x 1075, the Jacobian has distinct,
real and negative eigenvalues, while for larger values of §, it has a pair of complex

eigenvalues with negative real part and one real, negative eigenvalue.

It follows that the non-trivial steady-state is unstable for g € [0,1.45975 x 107°)
and asymptotically stable for 8 € [1.45975 x 107°,00).

LAl numerical computations were carried out by the soflware package "mathematica”, version 2.2,

(© 1988-93 by Wolfram Rescarch, Inc.




F.N.M. Al-Showaikh, 1998, Chapter 8 80

The value
By = 1.45975 x 107° (3.5.9)

therefore denotes a bifurcation point of the system.

The bifurcation value concerning the non-trivial steady-state 8, , however, is likely
to coincide with B;. The difference appears to be of a computational nature, as
the matrices involved are very poorly conditioned (the condition number K(J) =

|1l JlJ~1 |l >> 1) and the calculated values differ by only 1.29 x 107° (Jansen[26]).

As the relevant eigenvalues of the system’s Jacobian at the trivial and the non-trivial
stationary points change from real and negative to real and positive or vice versa, the
bifurcation point may be determined to be the point at which the determinants of

J¢(s1) and Jy(sz) vanish.

In this way, it is seen that the stationary points change their stability properties,

simultaneously, so that

. (ptao)ety)
g = o (3.5.10 )

is the unique bifurcation point of the system.

Using the parameter set in (3.4.4), the bifurcation point is calculated as

B* = 1.46104 x 107°. (3.5.11)

For 3 = B*, there is only one steady state since the coordinates of s; and s, coincide.
This stationary point, s, is non-hyperbolic as the Jacobian at this point has eigenvalues
{-118.64,-0.02,0}. Therefore, the stability cannot be determined using Theorem 1.3.1.
It is estimated (Jansen[26]), however, that this steady-state is neutrally stable. The

stability properties of the model are summarized in Table 3.1.
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Table 3.1: Stability properties of stationary points.

[ 8 | 51 | 52 |
B < pB* | asymptotically stable unstable
g > g unstable asymptotically stable

3.6 Numerical Methods

The solution of the SEIR model given by (3.4.1) and (3.4.2) is required for ¢ > 0 and
to obtain a numerical solution, the time interval ¢ > 0 is discretized at the points
t, =nf (n=0,1,2,...); £ is called the time step. The theoretical solution of the
system at any typical point ¢ = ¢, is given by u(t,) = (S(tn), £(tn), I(tn) )T, while the
solution of an approximating numerical method will be denoted by u* = (S, E", I" )T

at the same point t,. The numerical methods are based on the replacement of the

derivatives %, %}tg and % in (3.4.1) by the first-order approximations
s
B = S0 - S+ 00),
t
dFE
il [E(t+¢)— E)] /L + O), (3.6.1)
dl
o = [I(t+£)—1(t)] /L + O¥),

as £ — 0.

3.6.1 Method 1 (Euler Method)

Using (3.6.1) in (3.4.1) with ¢ = ¢, and evaluating S, E and I on the right-hand side
of (3.4.1) at t = t,, leads to
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EY = EM44BI"S" —0(p+ o) E" (3.6.2)
I = "4 o E" —L(p+7)I7;

n=20,1,2,..., which is the familiar Euler explicit method.

The local truncation error (l.t.e.) of S in (3.6.2) at t = ¢, is given by

Ls[SE),Et),[(t);)=S{t+4)—St)—LuN +L(p+B1(t))S(t). (3.6.3)
Similar expressions for the local truncation errors of £ and I are obtained at ¢ = ¢, .

Using Taylor’s expansion of S(t +£), E(t +£) and I(t + £) about ¢, it follows that the

1.t.e.’s are

1 ..

Ls[S(),E(t),I(t);4] = ~2—€25(t)+0(€3) as £ — 0,
Cp[S(), B@), [(1):4] = %EZE(t)qLO(ZB') s £ — 0,  (3.64)
1 ..

Li[S®),E(t),1(t);4) = 5221(t)+0(£3) as £ — 0,

at some point ¢ = t, . This verifies that this familiar numerical method is first-order

accurate.

Stability of Fixed Points of Method 1

Method 1 is explicit and hence the expressions for S™*', ™! and I™*! in (3.6.2) can

he written, respectively, in the forms
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Sn+1 — gl(Sn’En’In))
E™ = gy (S™ EM T, (3.6.5)
In+l — gg(Sn,E", In)’

n=0,1,2,.... The fixed points of (3.6.5) are the same as the stationary points of the

system (3.4.1)-(3.4.2); that is, one is trivial @; = (N,0,0)7 and the other is non-trivial
a, = (52,E2,12)T, where

(p+o)(p+)

52 = ’
op
B - Lf_\famu(i;v), (3.6.6)
L - op N K
(wto)ut+y) B

Using the set of parameters given in (3.4.4) gives

T = (5x107,0,0)" (3.6.7)
73.052 0.032 02\7
T, = (—3%5—,21920.21 -5 13688.874 — 9%) : (3.6.8)

To analyse the stability of this method, consider the associated functions

(S, 1) = E+EB1S —b(uto)b, (3.6.9)
gy(S, 1) = T+loli—0(p+)T,
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so that the Jacobian of the Euler method is

L= f(u+BL) 0 188,
J(T,) = LB 1, 1—4(p+o) LB S . (3.6.10)
0 Lo 1—4(p+7)

Evaluating J at Uy, using the set of parameters in (3.4.4), gives

1-0.02¢ 0 —5 x 107 84
J(t) = 0 1-45.620 5x10780 |. (3.6.11)
0 4560  1—-73.024

When £ = 0 and for all 3, all the eigenvalues are equal to unity. When g = 0, all
the eigenvalues are positive provided 0 < £ < 0.0136949, two are positive and one is
negative for 0.0136949 < ¢ < 0.0219202, while for larger ¢, one eigenvalue is positive
and two eigenvalues are negative. For this value of 3, the spectral radius is less than
unity provided 0 < £ < 0.0273898. When ¢ = 0.0273898, one eigenvalue equals -1,
one eigenvalue is positive and less than unity and the other eigenvalue is negative; the
spectral radius is unity. The spectral radius is greater than unity for £ > 0.0273898. If
£ is increased further, one eigenvalue vanishes at £ = 50 and again equals -1 at £ = 100.
For ¢ > 50, all the eigenvalues are negative and still the spectral radius is greater than

unity.

For B =1 x 107%(< (%), all the eigenvalues are real, positive and less than unity
for 0 < £ < 0.00917466; two are positive and one is negative provided 0.00917466 <
2 < 0.018349324. Onme eigenvalue equals -1 and two eigenvalues are positive and less
than unity for £ = 0.018349324. The spectral radius is less than unity provided /¢ <
0.018349324 while it equals 1 for £ = 0.018349324. Ior 0.018349324 < ¢ < 0.10369,

the eigenvalues are distinct and real; one is negative and two are positive, while one is
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positive and two are negative provided 0.10369 < Z < 50. One eigenvalue equals zero
at £ = 50 and equals -1 at £ = 100. For this value of 3, the spectral radius passes
through unity as £ exceeds 0.018349324.

For B = 1.46104 x 10~%(= (%), the eigenvalues are real, positive and distinct with
one eigenvalue equal to unity and two less than unity provided 0 < £ < 0.00842886. For
0.00824886 < £ < 0.016857723, one eigenvalue equals unity, one eigenvalue is positive
and less than unity and the other eigenvalue is negative. One eigenvalue equals -1,
one eigenvalue equals unity and the other is positive and less than unity provided
£ = 0.016857723. For larger values of /, two eigenvalues are positive and less than
unity while the third eigenvalue is negative. For £ = 50, one eigenvalue vanishes. The

spectral radius is greater than unity provided ¢ > 0.016857723.

For B =5 x 107*(> $*), all the eigenvalues are real and positive with one greater
than unity provided 0 < £ < 0.00088722. For a larger time step, £, one eigenvalue
is negative and the other eigenvalues are positive. At ¢ = 50, one eigenvalue equals
zero, one eigenvalue is negative and the third is positive. For £ > 50, one eigenvalue
is positive and two eigenvalues are negative. For this value of 3, the spectral radius is

larger than unity for all positive time steps (£ > 0).

Considering the non-trivial fixed point T, and the set of parameters given in (3.4.4),

the Jacobian in (3.6.10) becomes

1 — 13688.874 B4 0 —73.052¢
J(i,) = | (13688.8748 —0.02)¢ 1—45.620 73.052¢ |. (3.6.12)
0 4560 1 —73.02¢

If # =0, all the cigenvalues are equal to unity. For 0 < £ < co and 0 < 8 < 7, all
the cigenvalues are real and distinct. When 0 < £ < 0.00842897, the eigenvalues are

all positive: one is greater than unity while two are less than unity. One eigenvalue is
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negative and two eigenvalues are positive provided 0.00842897 < ¢ < 2.33306, while two
eigenvalues are negative and one eigenvalue 1s positive for £ > 2.33306. The spectral

radius is greater than unity for all £ > 0.

For B = 1.46104 x 107%(= B3*), all the eigenvalues are real and distinct provided
the time step, £, is positive. When 0 < ¢ < 0.00842887, one eigenvalue equals unity
and two eigenvalues are positive and less than unity, while one eigenvalue equals unity,
one eigenvalue is positive and one eigenvalue is negative provided 0.00842887 < / <
0.016857723. When ¢ = 0.016857723, one eigenvalue equals -1, one eigenvalue equals
1 and the third eigenvalue is negative. One eigenvalue is negative, one eigenvalue is
positive and less than unity and the other eigenvalue is positive and greater than unity
provided 0.016857723 < £ < 49.9735. For £ > 49.9736, one eigenvalue is positive
and less than unity and two eigenvalues are negative. The spectral radius, for this
value of 3, equals unity provided ¢ < 0.016857723 while it is greater than unity for
£ > 0.016857723.

For § = 5 x 107*(> f*), the Jacobian, J(U;), has a pair of complex conjugate
eigenvalues with positive real part and one real and positive eigenvalue provided 0 <
£ < 0.00831218. When 0.00831218 < ¢ < 0.01662435, two of the eigenvalues are
complex with positive real part and one is real and negative, while two are complex
with positive real part and one is real and equal to -1 provided ¢ = 0.01662435. When
0.01662435 < £ < 0.38617601, the Jacobian has a pair of complex conjugate eigenvalues
with positive real part and one real and negative eigenvalue. Two of the eigenvalues are
complex with negative real part and one is real and negative provided ¢ > 0.38617601.
The spectral radius of the Jacobian, p (J(Uz)), passes through unity as the time step,
¢, becomes larger than 0.01662435; p(J(T2)) < 1 when £ < 0.01662435, p (J(uz)) = 1
when £ = 0.01662435 and p (J(W,)) > 1 when £ > 0.01662435.

Table 3.2 gives a summary of these observations.




F.N.M. Al-Showatkh, 1998, Chapter &

87

Table 3.2: Stability properties of fized points of Method 1. Entries in different rows of
the same type of stability correspond to alternative conditions.

[ | trivial fixed point non-trivial fixed point ||
=0 & VB =0 & V3
neutral £=10.0273898 & [ < fB* 0<2£<0.016857723 & B =pB*

=0.018349324 & pB<p*
0 <£<0.016857723 & p(=p*

¢ =0.01662435 & B> p*

attracting | 0 < /< 0.0273898 & p<fB*
(stable) |0 <£<0.018349324 & f<p"

0<?<0.01662435 & B> pB*

£>0.0273898 & B < pB*
repelling 2> 0.018349324 & B < p*
(unstable) > 0.016857723 & [ =p*
(>0 & pB>p*

¢ >0.016857723 & B =p*
¢>0.01662435 & (> 5*
>0 & p<p*

Time Step

]
Y

>
I
2
Sdtey
RN
7
¢)

‘:
A\
'}
2
2;
£y ;

3
)
¥

8,
53
3

5,

3
o
25!
22,
%

b\

k3
3
%,
5
2!
s,

)
St
2 A
3 s
0% (14T
¢15]
U,ya

N
4
5
4,
s
73
S
g2.
21
o

@g&

5

b
A

SB5
2000,
LTS
IR
IR
507

‘%@

5
b,
5
X
S,

IR
¥,
@g@

K73
PRI
22043
S5 200y
& 5 &@ :
Qge '

3
%,
2,
8,

8,
28,
2y
5
0
8@5 2,

3

8
e
@g&
28,

Figure 3.3: Spectral radius of the Jacobian of Method 1 at the trivial fized point.
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Figure 3.4: Spectral radius of the Jacobian of Method I at the non-trivial fized point.
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3.6.2 Method 2 (Second-order Method)

To achieve second-order accuracy when solving non-linear ODEs in (3.4.1), a linear

combination of first-order methods is used so that the resulting method will be second-

order accurate.

Second-order Method for S™t!

Using the finite-difference approximation for 4 from (3.6.1) in (3.4.1) and approxi-

mating as follows

St S AuN+L(p+ IS =0; n=0,1,2,..., (3.6.13)

gives the explicit formulation

n ST+ Llu N
S = gy MO L)

The local truncation error, £} = L3 [S(t), E(t), I(¢); 4], associated with (3.6.14) is
obtained from (3.6.13) and is given by

Lt = St+8)—=S{t)—LuN+L(p+BI(t)S(t+E)
= (38+w+8D3) £+ 0E) (3.6.15)

as / —» 0, at some point ¢ = t,,.

Now, using the difference approximation for % from (3.6.1) in (3.4.1) again, S may

he approximated alternatively as
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SMlS* U N+ L(p+BI"H S =0; (3.6.16 )

n=0,1,2,..., which, also, can be solved explicitly for S™*! to get

S = [1—t(u+BI")| S +LuN; n=012,.... (3.6.17)

The local truncation error, £% = L%[S(¢), E(t), I(t);£], associated with (3.6.16) is

given, at some point ¢t = t,,, by

Ls = St+4)—S{t)—LuN+L(p+pI(t+1)S(t)
= (%5+[3I5)) &+ 06 (3.6.18)

as £ — 0. Differentiating the first equation in (3.4.1) with respect to time, ¢, gives

S+(u+B81)S+pIS=0. (3.6.19)

By defining the quantity £§ = L% [S(t), E(t), 1(t); €] by
5 =Ls+ L5, (3.6.20 )
it is easy to see that
S=(S+(u+BNS+BIS) C+0(6%) (3.6.21)

as £ — 0, so that, using (3.6.19),

Li=00%) as £ —0. (3.6.22 )
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The construction of the associated second-order method follows from (3.6.20). Thus,

adding (3.6.13) and (3.6.16), the numerical method associated with (3.6.15) and (3.6.18)
which are used in (3.6.20), gives

24 L(p+BIM)] S™ —28uN +L(p+BI")S"=25" (3.6.23)

which can be written as

1 1
[1 F Lt BI] S = LN 4 S+ BT 87 = 7 (3.6.24)

Second-order Method for F"t!

Now using the difference approximation for % from (3.6.1) in (3.4.1) and approximat-

ing as follows

EMY — E™ —4BI"S™ 4 4 (p+ o) BV =0, (3.6.25)

n=0,1,2,..., gives the explicit expression

E" 4+ €I 571
L+ 4(pn+0)

EMt! = o on=0,1,2,... (13.6.26 )

for E™!. The local truncation error, L = L [S(t), E(t), I(¢); 4], at some point t = 1,

associated with (3.6.25) is given by

LL = B+ —E@)—L8I1)St+8)+L(p+o)E(L+1)

1 . . N ,
(5 = BIS+ (s +0)E> 4 o) (3.6.27)




F.N.M. Al-Showaikh, 1998, Chapter 3 92

as £ — 0. A second approximation to the differential equation involving % gives the

following

E —Er (BT S" 4l (p+ o) E" =0; (3.6.28)

n=0,1,2,..., which may be solved explicitly for E"*'.

The local truncation error, £% = L% [S(t), E(t),1(t);£], at some point t = i,
associated with (3.6.28) is given by

LY = Et+0—E®)—LBSH)It+0)+L(p+0)E(t)
- (%E—ﬂSi) 210, (3.6.29)

as £ —> 0. Differentiating the second equation in (3.4.1) with respect to time, ¢, gives

E—BIS—BIS+ (u+o0)E=0. (13.6.30)

The expressions in (3.6.27) and (3.46.29) verify that both equations (3.6.26) and
(3.6.28) are first-order approximations to £. However, it is easy to show that the

quantity £% = L% [S(t), E(t), I(t);£] defined by
C=Lp+ L =0 as £L—0 (3.6.31)

so that the numerical method associated with (3.6.31), which may be constructed

simply by adding (3.6.25) and (3.6.28) to give

D4 0(pt o) B — 0BT B ST (o) BT = 28", (3.6.32)
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is second-order accurate; equation (3.6.32) can be written in the form

1 1 1 1
[1 +54(p+o) E”“—#ﬂl" S”+1—§€ﬁl”+15‘”+§€(u+a) E"=E™. (3.6.33)

Second-order Method for /™!

One suitable approximation to the differential equation in (3.4.1) involving ‘;—f is given

by

I " Ao BT 4l (p ) T =0; n=0,1,2,..., (3.6.34)

which may be solved explicitly for I"*! to give

e It Lo B

T i 20,1,2,.. 3.6.35
L+4(p+7) ( )

The local truncation error, £} = L3[S(t), E(t), I(t);{], associated with (3.6.34) is

given, at some point ¢ = t,, by

[Z} = I(t+0)—I(t)—LoE(t+0) +L(p+v)I(t+9)

= (Gi-ob+(utni) £+0() (36.36)

as £ —» 0. A second approximation to this differential equation is given by

[t Ao "+ A (p ) =05 n=0,1,2,..., (3.6.37)

which may also be written explicitly for /™.
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The local truncation error, £2 = L£%[S(t), E(t), I(t); £], at some point ¢ = t,, asso-
ciated with (3.6.37) is given by

L2 = It+0)—I1{t)—LoE(t)+L(n+7)I(t)

1 -
= 12 +0@) (3.6.38)

as £ —» 0. Differentiating the third equation in (3.4.1) with respect to time, ¢, gives

I—cE+(u+v)I=0. (3.6.39)

The expressions in (3.6.36) and (3.6.38) verify that both (3.6.35) and (3.6.37) are
first-order approximations to I. However, it is easy to show that the quantity £ =

LS [S(t), E(t),1(t); €] defined by
LE=LY+L2=00%) as £—0, (3.6.40 )

so that the numerical method associated with (3.6.40), which may be constructed
simply by adding (3.6.34) and (3.6.37) to give
R4+L(p+y)] [ — Lo B —Ulo B+l (p+y) " =217, (3.6.41)

is second-order accurate; equation (3.6.41) can be written in the form

1 1 1 1
[1 b ()| P S B o B st (u ) M =T (36.42)

To solve the linear algebraic system (3.6.23), (3.6.32) and (3.6.41) for S*+!, pnt!

and /™! the system may be written for simplicity in the form

WS N ST LB S =267 (3.6.43)
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bE™ — BT S™ — 4B ST+ 4 (p+ o) BN =2E", (3.6.44)

I o B g Bh 4 b (p ) " =217, (3.6.45)

where

a = 2+4L(p+BI%),
b = 244(p+o0), (3.6.46 )
c = 24L(p+7).

Solving? the equations (3.6.43)-(3.6.46), gives

[(2—Lp)S™ +20uN][bc—2Bo S — 402 B S*E" — LB [2~L(u+ )] I"S™

n+l __
ST = A )
(3.6.47)
e eLB[2 W) S 4 2uN] I ac (2= E(u+ ) + £ Bo (24 L) S) BV
a A
LB(2+2u)[2—4 Insn
n B2+ Lp)| (L+ ™S ’ (3.6.48)
A
and
]n+1:€2ﬂ0[(2~€p)5”+2€uN] I"+4alo E"+ab2—L(p+7)] "
A ]
(3.6.49)
where a, b and ¢ are as in (3.6.46) and
A=abc—0Bo(2+0u)S™. (3.6.50 )

2Solving the equations were carried oul by the software package "mathematica”, wversion 2.2,
© 1988-93 by Walfram Research, Inc.
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Stability of Fixed Points of Method 2

The expressions for S™*!, E™*1 and I™*! in (3.6.47)-(3.6.49) may be written in the

forms
Sn+1 — gl(Sn,Em,]n)7
E™ = gy (S” EN T, (3.6.51)
It = gs(S",ENIM);

n = 0,1,2,..., respectively. The fixed points of (3.6.51) are given by solving the

following equations

S:gl(‘g)EuI)a
E = ¢.(S,E, 1), (3.6.52)
I:g3(S,E,I)

Computations®, using the set of parameters in (3.4.4), revealed that the fixed points
of this method, Method 2, are the same as the stationary points of the system (3.4.1)-
(3.4.2); that is the fixed points are

@ = (N,0,0) (3.6.53)

and

052 0.032 0.02
T, = (7325 ,21920.21 — 5 13688.874 — 70) . (3.6.54)

To examine the stability of this method, consider the associated functions in (3.6.51),

so that the Jacobian of this method at some fixed point, Uy, 1is

3 The computations were carried out by the software package "mathematica”, version 2.2, (0)1988-93
by Wolfram Rescarch, Inc.
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891 891 ;1
as oF al
Ju)=| %% % & | (3.6.55)
993 093 8gs
as oF al
where
9y 12— w)S+2LuN] (~Bo)+(2—Lp)(be—FBaS)—4rBoE
05 A
b2 L(u+) 1 [2~£p)S+2LpN] (be—LBa8)(—*Ba)(2+Lp)
B A A?
40 B P2+ SE+ PR ob(24+Lp) 2—L(p+7)] ST
_ N ’
g _4€2ﬁ05
0E A ’
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(3.6.56 )

Considering the trivial fixed point, T, in (3.6.53), the Jacobian in (3.6.55) becomes

2—fu -4 85N —448bN
244 (2+€p) X (2+2u) X
— — 2
J(ul) — 0 c(2 E(u+(}))+l Bo N 4f§N ,
0 440 £2BaN+b(2-L(uto))  £B8b2c(2—£(ut+n))
X X (2+ep) X

(3.6.57)

where

X =be—£*BoN.

The eigenvalues of the Jacobian, (3.6.57), using the set of parameters in (3.4.4), are
all real for all £, € [0,1]. When £ = 0, all the eigenvalues are equal to unity for all

B €0,1].

For B = 1 x 107%(< B*), all the eigenvalues are real, positive, distinct and less
than unity provided 0 < ¢ < 0.018349323, while, for 0.018349323 < / < 0.20737959,

one cigenvalue is negative and two eigenvalues are positive and less than unity. When
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0.20737959 < ¢ < 100, one eigenvalue is positive and less than unity and two are
negative. All the eigenvalues are negative provided ¢ > 100. For this value of 3, the
spectral radius of the Jacobian, p(J(Ty)), is less than unity for all positive time steps,

L.

For g =1.5 x 10‘6(% B*), all the eigenvalues are equal to unity provided ¢ = 0.
When 0 < £ < 6.71 x 107°%, two eigenvalues are equal to unity and one eigenvalue
is less than unity. One eigenvalue is greater than unity, one eigenvalue equals unity
and one eigenvalue is less than unity provided 6.71 x 1076 < ¢ < 2.5 x 107%. When
2.5 x 107° < £ < 0.01675657, two eigenvalues are less than unity and one eigenvalue is
greater than unity. One eigenvalue is negative and less than unity in magnitude and two
eigenvalues are positive; one is greater than unity and the other one is less than unity
provided 0.016752657 < £ < 2.688. For 2.688 < ¢ < 100, one eigenvalue is positive and
less than unity and two eigenvalues are negative; one is less than unity in magnitude
and the other one is greater than unity in magnitude. All the eigenvalues are negative;
one is less than unity in magnitude, one equals unity and the third is greater than
unity in magnitude, provided 100 < £ < 2 x 10°. When £ > 2 x 10°, all the eigenvalues
are negative; two are equal to unity in magnitude and the third is less than unity in
magnitude. For this value of 3, the spectral radius equals unity for 0 < £ < 6.71 x 107°
and £ > 2 x 10° and is greater than unity provided 6.71 x 1078 < £ < 2 x 10°.

Using B = 5x 107%(> B*), one eigenvalue is positive and greater than unity and two
eigenvalues are positive and less than unity for 0 < £ < 0.0017745. For 0.0017745 <
£ < 0.019832, one eigenvalue is positive and less than unity, one eigenvalue is negative
and less than unity in magnitude and one eigenvalue is positive and greater than unity.
Two eigenvalues are negative; one is greater than unity in magnitude and the other
is less than unity in magnitude, and one eigenvalue is positive and less than unity
provided 0.0019832 < £ < 100. At ¢ = 100, one eigenvalue vanishes and equals -1 for

2> 794, For £ > 100, all the cigenvalues are negative with one greater than unity in
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magnitude. For this value of 3, the spectral radius is greater than unity for 0 < £ < 794

and equal to unity whenever £ > 794.

&g,

o SRE AR
ZELY %ﬁﬂwéﬁm& 7
27 Ealfleg

EERES IS, % &,

Time Step

Figure 3.5: Spectral radius of the Jacobian of Method 2 at the trivial fized point.

Now, evaluating the derivatives in (3.6.56) at the non-trivial fixed point, Wy, and
substituting, using the set of parameters in (3.4.4), in the Jacobian (3.6.55) gives the

following results:
The spectral radius of the Jacobian equals unity at £ = 0 and for all A € [0, 1].

For B = 1 x 107%(< f*), some of the eigenvalues are real and the others are
complex. When 0 < £ < 0.000012, one eigenvalue equals unity and two eigenvalues are
less than unity. One eigenvalue is greater than unity and two eigenvalues are less than
unity provided 0.000012 < ¢ < 0.01685794. When 0.01685794 < ¢ < 4.6730198, one
eigenvalue is negative and less than unity in magnitude and two eigenvalues are positive;
one is less than unity and one is greater than unity, while, for 4.6730198 < ¢ < 4.830043,

two eigenvalues are negative and one eigenvalue is positive and greater than unity.
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For 4.830043 < ¢ < 4.83345903, one eigenvalue is negative and two eigenvalues are
positive and greater than unity. For 4.83345903 < ¢ < 4.8334823494, the Jacobian has
two complex eigenvalues with positive real part and one real and positive eigenvalue;
it has two complex eigenvalues with negative real part and one real and negative
eigenvalue provided 4.8334823494 < ¢ < 4.83350769. All the eigenvalues are negative
for ¢ > 4.83350769 and one eigenvalue equals -1 for £ > 2 x 10”. The spectral radius,
for this value of 3, is greater than unity for 1.2 x 10™° < £ < 2 x 107 and is equal to
unity for 0 < £ < 1.2 x 107% and £ > 2 x 107.

For 8 = 1.5x107%(~ %), all the eigenvalues are real and positive: each equals unity
provided £ = 0. Two eigenvalues are equal to unity and one eigenvalue is less than
unity when 0 < £ < 1 x 107!, When 1 x 107" < £ < 2.5 x 107°, all the eigenvalues are
positive; one eigenvalue is less than unity, one equals unity and the other is greater than
unity. All the eigenvalues are greater than unity provided 2.5 x 107® < ¢ < 7. When
7 < { < 17, two eigenvalues are complex with positive real part and one eigenvalue
is real and negative. The Jacobian has a pair of complex-conjugate eigenvalues with
negative real part and one real and negative eigenvalue provided £ > 17. The spectral
radius, for this value of 3, equals unity provided 0 < ¢ < 1 x 107" and is greater than

unity for £ > 1 x 107!, as shown in Table 3.3 and Figure 3.6.

For B =5 x 107*(> B*), the eigenvalues are a pair of complex conjugates and one
real. When 0 < £ < 0.0166244, two eigenvalues are complex with positive real part
and there is one real and positive eigenvalue, while, for 0.0166244 < ¢ < 0.145925, one
eigenvalue is negative and two eigenvalues are complex with positive real part. The
Jacobian has a pair of complex eigenvalues with negative real part and one real and
negative eigenvalue. For this value of §, the spectral radius is less than unity for all

positive time steps, Z.

Overall, the previous discussions can be summarized as in Table 3.3.
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Table 3.3: Stability properties of fized points of Method 2. Entries in different rows of
the same type of stability correspond to alternative conditions.

[ | trivial fixed point l non-trivial fixed point |
(=0&Vp £=0&Vp
neutral 0<0<6.71x107°& 3 =p" 0<2<1x107 N &B=p"
£>794& B > B* 0<l<12x1073&8 < fB*
£>2x10%& B =p6* £>2x107& 6 < B~
attracting {>0&8<p* £>0&08> 6"
(stable)
repelling [ 6.71 x 1078 <{<2x10°& 3 = p* (>1x10711& B =p*
(unstable) 0<l<T94&p > 6" 12x107° <0 <2x107&pB < B*

Time Step

Figure 3.6: Spectral radius of Method 2 at the non-trivial fized point.
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Figure 3.7: Spectral radius of Method 2 at the non-trivial fized point.
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3.7 Numerical Results

The numerical methods are tested, using the set of parameters in (3.4.4), to solve the
SEIR model. The infection rate, 3, was chosen to be # = 1 x 1078 first and then

B =5 x 1074, hence testing values of 3 smaller and larger than the bifurcation value

B in (3.5.11).

Experiments are carried out with two sets of initial data. These initial data are

given by

e Experiment A

SO = 1.25x10" = 025N
E° = 5x10* = 0.001N
I° = 3x10* = 0.0006 N

e Experiment B

S0 = 1.25x 107
E° = 0
° = 0

Experiment A corresponds to a mid-epidemic situation, while experiment B refers

to the case where measles is not present at all.

Method 1

In experiment A, this method converges to the trivial fixed point for 8 < § and to

the non-trivial fixed point for § > g~

Taking # = 1 x 107% results in correct convergence for £ < 0.019. For £ €
[0.017,0.018], convergence takes place, but intermediate negative values are observed.

For ¢ € [0.019,0.027], the method does not converge; it exhibits oscillations. [t is seen
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in Figure 3.10 that up to time ¢ = 250, the method seems to converge correctly. Note
that, in Figure 3.11, the method settles down much more quickly than with £ = 0.019
and the oscillations first have significantly larger amplitudes; the infectives range up
to 5 x 107. The method produces overflow at £ = 0.028. These findings are illustrated
in Figures 3.8—3.11.

Now, with 8 = 5x10~*, the method converges to the non-trivial fixed point provided
¢ < 0.0015 although intermediate oscillations are observed for susceptibles and exposed
individuals when ¢ = 0.0014 as shown in Figure 3.13. Overflow occurs for susceptibles,

exposed and infectives when ¢ > 0.0015.

x 10"
T T T T T T T
w
D 1.4 .
=
a
S1.2f =
[22]
=
D
1 i 1 1 i 1 1 ]
(o] 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Time
X 104
6 T T T T T T T
Bar .
w
o
ot _
(i}
ot 1 i 1 1 1 . 1 1
o] 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Time
x 10*
6 T T T T T T T
I
£4r _
S
D2 —
=
ot 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Time

Figure 3.8: Method 1, ezperiment A, f =1 x 1075, £ = 0.01. Correct convergence to
the trivial fized point.
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Figure 3.9: Method 1, experiment A, f =1 x 107°%,¢ = 0.018. Oscillatory convergence.
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Figure 3.10: Mecthod 1, czperiment A, f =1 x 107°, 0 = 0.019. The method swings

into ocsillations.
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In experiment B, the method approaches the trivial fixed point for both values of
B. In fact, in this case, monotonic convergence takes place whenever ¢ < 50. For
50 < £ < 100, convergence to the correct point takes place, but is oscillatory with
susceptibles temporarily exceeding the size of the model, see Figures 3.14-3.16. When
¢ =100, the method does not converge but oscillates around the fixed point, thereby
producing numbers of susceptibles exceeding the population size, as shown in Figure
3.17. Larger steplengths result in oscillations with increasing amplitude and eventually
produce overflow, see Figure 3.18. They are connected to the fact that one eigenvalue
of the Jacobian at the trivial fixed point is positive with magnitude smaller than unity
for 0 < £ < 50, vanishes at ¢ = 50, and equals -1 at £ = 100, being of magnitude greater
than unity for larger steplengths. Although the other two eigenvalues are of magnitude
greater than unity, it is this eigenvalue that is responsible for the convergence to the
fixed point. While the eigenvalue is positive, the method converges monotonically,
then switches to oscillatory behaviour when the eigenvalue turns negative and finally

diverges when the magnitude of the eigenvalue exceeds unity.
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Figure 3.14: Method 1, czperiment B, =1 x10"%orf =5 x 107", £ = 30.




F.N.M. Al-Showaikh, 1998, Chapter 3 110

Susceptibles

1 L ! 1 1

1 1
0 100 200 300 400 500 600 700
Time

Figure 3.15: Method 1, experiment B, 8 =1 x 107%0or § =5 x 107*,£ =170,
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Figure 3.16: Method [, experiment B, §=1x 10" or f =5 x 107", ¢ = 99.
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Figure 3.17: Method 1, experiment B, f =1 x 107%0r 8 =5x107%,¢ = 100. Note that
the method oscillates between exactly two points. The higher value exceeds the correct
number by 3.75 x 107 while the lower value underestimates it by the same amount.
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Figure 3.18: Method 1, experiment B, f = 1 x 107 %0or § = 5 x 107*,£ = 101. The
method clearly diverges.
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Method 2

This method is seen to be very restrictive on stepsize, as for experiment A with § =
5 x 10™* it produces overflow when £ > 0.01. For smaller stepsizes, however, correct

convergence to (0,0,0) occurs, as shown in Figures 3.19—3.23.

When B =1 x 107%, this method converges to the trivial fixed point for £ < 0.04.
When ¢ > 0.04, some negative values for exposed and infectives are observed. When
¢ > 3, this method converges to the trivial fixed point, although oscillations occur for

exposed and infectives, see Figures 3.24—-3.27.
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Figure 3.19: Method 2, experiment A, =5 x 107%,¢ = 0.0001.
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Figure 3.20: Method 2, ezperiment A, f =5 x 1074, £ = 0.0005.
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Figure 3.21: Method 2, experiment A, f =5 x 107* ¢ = 0.005.
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Figure 3.22: Method 2, experiment A, f = 5x107*,£ = 5. Clearly this method diverges
as the exposed and infectives diverge.
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Figure 3.23: Method 2, ezperiment A, f=15 x 107", 4 =795
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Figure 3.24: Method 2, experiment A, f =1 x 107%,£ = 0.0001.
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Figure 3.25: Method 2, ezperiment A, =1 x107° ¢ = 0.005.
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Figure 3.26: Method 2, experiment A, f =1 x 107%,¢ = 10.
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Figure 3.27: Method 2, cxperiment A, f =1 x 107% ¢ = 50.
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In experiment B, the behaviour of this method is the same for both values of 3. The
method converges to the correct fixed point for £ < 1 x 10° with monotonic convergence
provided ¢ < 100. For ¢ = 100, the method converges much faster to the trivial fixed
point. For 100 < £ < 1 x 10°, convergence is oscillatory, thereby producing number
of susceptibles exceeding the population size. When £ > 1 x 10°%, convergence does
not take place; instead, this method produces periodic cycles around the fixed point.

These findings are shown in Figures 3.28—3.34.

It is seen from the above results and discussions that the second method behaves
much better than that of the well known Euler method, as the Euler method is first-
order accurate, whereas the second method is second-order accurate. The maximum
time step permitted with Method 2, especially in experiment B, is larger than that of
the Euler method. Moreover, method 2 does not produce overflow, in experiment B,

even with a very large steplength (see, again, Table 3.3).
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Figure 3.28: Method 2, cxperiment B, =1 x 10"%or =15 x 1071, ¢ = 10.
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Figure 3.29: Method 2, ezperiment B, f =1 x 107%0r f =5 x 107*,£ = 100.
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Figure 3.30: Method 2, czperiment B, =1 x 107" or # =5 x 107", £ = 200.
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Figure 3.31: Method 2, experiment B, f=1x10"%0r f =5 x 107%,£ = 470.
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Figure 3.32: Mcthod 2, ceperiment B, f =1 x 10 %or g =5x 107" ¢ ="700.
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Figure 3.33: Method 2, experiment B, f =1 x 107%0or f =5 x 107*,£ = 794.
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Figure 3.34: Method 2, czperiment B, =1 x10" or f=5x107* ¢ =1 x 10°.
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3.8 Conclusion

Two finite-difference methods have been considered for computing the solutions of
the SEIR measles model which is given by a non-linear system of equations (3.4.1).
Bifurcation analysis showed that there are two stationary points; one is trivial and the
other is non-trivial. It has been shown that the trivial steady-state is asymptotically
stable for 8 € [0,1.46104 x 107°) and unstable for § > 1.46104 x 107% and the non-
trivial steady-state is unstable for 8 € [0,1.45975 x 107°) and asymptotically stable
for B € [1.45975 x 107°,00), where 3 is the infection rate.

Two initial conditions (experiments) have been used to test the methods; the first
corresponds to a mid-epidemic situation and the second refers to the case where measles

is not present at all.

Using a sufficiently small value of the time step £, in the first experiment, with the
first method (the familiar explicit Euler method), the solutions obtained converged to
the trivial fixed point for B < 1.46104 x 107® and to the non-trivial fixed point for
B > 1.46104 x 1075, While, in the second experiment, the method converged to the
trivial fixed point for both values 8 =1 x 107% and B =5 x 107

As with most problems solved using it, the first-order explicit method requires a

severe restriction on the time stepsize.

An alternative second-order method has been used to solve the SEIR measles model.
It has been seen that this method is very restrictive on stepsize, for the first experiment,
with 8 = 5 x 107% > 1.46104 x 107% and converged to the trivial fixed point for
B =1x10"% < 1.46104 x 1075 and large values of stepsize. In the second experiment,

convergence Lo the correct fixed point has been seen for large values of the time step.

Finally, it has been scen that the second method behaves much better than that

of the well-known Euler method, as the Buler method is first-order accurate, whereas
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the second method is second-order accurate. The maximum time step permitted with
method 2, especially in experiment B, is larger than that of the Euler method. More-
over, method 2 dose not produce overflow, in experiment B, as in the Euler method,

with a very large time step.




Chapter 4

One-Dimensional Measles
Dynamics

4.1 Introduction

In the previous chapter the SEIR model which consists of three non-linear ordinary dif-
ferential equations (ODEs) was considered. In this chapter and the next two chapters
some realistic phenomena (complexities), such as one- and two-space dimension distri-
butions, will be considered. In this chapter a spatially-structured (reaction-diffusion)
measles model will be studied. A two-dimensional measles model will be considered
in the following chapter and a one-dimensional-structure measles model of hyperbolic

type will be given in Chapter 6.

Recent extensions of the SEIR model have included heterogeneities in terms of
age (Anderson & May([l]; Dietz & Schenzle[13]; Schenzle[57]; Tudor[65]), seasonality
(Aron & Schwartz(3]; Schenzle[57]; Schwartz & Smith [59]; Schwartz[58]), and spatial
structure (Bartlett[5]); Murray & Cliff[49]; Schwartz[58]).
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4.2 The Reaction-Diffusion System

The partial differential equation (PDE) model which encompasses a variety of the
models in the literature and gives a formal structure for the reaction-diffusion system
is given below. It captures the basic feature of measles epidemiology discussed in
the previous chapter and allows for differences in transmission according to space and
time. In order to proceed, the epidemic is assumed to diffuse through space. Also, it is
assumed that all births are into the susceptible class, and that births exactly balance

deaths so that the total population size, IV, is constant.

The reaction-diffusion equations are given by

0S5 %S

il pN = (p+BI)S+azs

oE O*E

i ﬂ]S—(u+J)E+aaxz (4.2.1)
oI 0%

in which S = S(z,t), E = E(z,t) and I = I(z,t) are the number of susceptibles,
exposed and infectious individuals, respectively, at time ¢ and distance z from the
origin; o > 0 is the diffusion rate. The parameters y, 3,0 and «y are as in the previous

chapter.
The initial conditions are of the form
S(z,0)=S° E(z,0)=E° I(z,0)=1% —-L<z<L (4.2.2)
and the boundary conditions are

OS(£L,t)  OB(+L,0)  OI(£L,1)

dx B A N dx

—0; £>0. (4.2.3)
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On differentiating with respect to ¢, the equations in (4.2.1) give'

St —aSert+(p+BI)S:e+6LS = 0,
Ett—aEmt—F(,u—{—a)Et—BISt—,BItS - 0, (424)

ILi—alyp+ (p+y)Li—0E = 0,

It will be assumed that the PDEs in (4.2.1) are defined for —L <z < L, t > 0
and so, for these ranges, the initial/boundary-value problem (IBVP) {(4.2.1)-(4.2.3)}

is symmetric about the line z = 0. This may be exploited in deriving a numerical

method by taking

S.(0,8) = E(0,8) = L,(0,) =0; ¢>0,
(4.2.5)

So(L,t) = Eo(L,t) = I,(L,t) =0; t>0,

as the boundary conditions and equations (4.2.2) as the initial conditions for 0 <z < L

and solving the PDEs in (4.2.1) for 0 < z < L, ¢ > 0 subject to (4.2.2) and (4.2.5).

4.3 Discretization and Notations

The interval 0 < z < L is divided into M + 1 subintervals each of width A so that
(M + 1)k = L and the time interval ¢ > 0 is discretized in steps of length £. The
open region = [0 < = < L] x [t > 0] and its boundary 9 consisting of the lines
z =0,z = L and t = 0 have thus been covered by a rectangular mesh having
coordinates of the form (zn,t,) where z,, = mh (m = 0,1,2,...,M,M + 1) and
lp =nl (n=20,1,2,...).

INote that from now on the notations S; and Sg, will be used to represent %—f and gzﬁ respectively.

Similarly for other functions.
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The solutions of (4.2.1), (4.2.2) and (4.2.5) at the typical mesh point (z,t,) are,
of course, S(zm,tn), E(Tm,ts) and I(zm,t,): these may be denoted by 57, E and
ITL

m?

respectively. The theoretical solutions of numerical approximations to (4.2.1) at
the same mesh point will be denoted by A%, B and C7, respectively, while the values
actually obtained, which may be subject, for example, to round-off errors, will be

denoted by ;11, EZLL and @, respectively.

4.4 Numerical Methods

4.4.1 Numerical Method for S

Finite-difference methods are developed by approximating the time derivative in the

first equation in (4.2.1) by the first-order forward-difference replacement

Su(z,t) ~ [S(z,t+ ) — S(z,1)]/1 (4.4.1)

and the space derivative by the weighted approximant

Soe ~ R2[¢{S(z—ht+l)—2S(x,t+0)+S(z+ht+L)}
+ (1= ¢) {S(z—h,t)—25(z,t) + S(z + h, 1)} ], (4.4.2)

in whichz =2, (m=0,1,2,...,M,M +1),t =t,(n=0,1,2,...) and p(0<¢<1)
is a parameter. When ¢ = 0, (4.4.2) is O(h?) as h — 0 and O(h* +£) as h, £ —> 0

when 0 < ¢ < 1.

Equations (3.6.13) and (3.6.16) will be used to obtain approximations to STy bnt1)
for use in the first equation in (4.2.1). Now, using cquations (3.6.13), (4.4.1) and (4.4.2)

in the first equation in (4.2.1) gives
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Artl — An o
m m n n+1 n+1 n+1 n

+ (1—¢) {AL —2AL AL} - e N =0, (4.4.3)

while using equations (3.6.16), (4.4.1) and (4.4.2) gives

ATy (urpop) An - o (A 2 A A )
+ (1-¢) {An —2An + AL ] uN =0, (4.4.4)

In order to obtain a second-order approximation to S(z.,t.+1), equations (4.4.3)
and (4.4.4) should be added, as in Section 3.6.2. Averaging equations (4.4.3) and
(4.4.4) gives

An+1‘An 1 1

R S (ut BCT) A;;“+§(ﬂ+ﬂc;;+1)A;—%¢{Am_2,4;+1+A;111}
(6%

— - {2 AL e N =0, (4.45)

which, after rearranging, becomes

—a¢pALTy + 1+2a¢p+%f(u+ﬁc’ﬁi)} AL —adp AT
— (- QapAy 4120 gap- L (s+ i) A
(- @) apA,, +EuN, (4.4.6)
where p = £/h2.

The local truncation error Lg = Lg|S(x, 1), [(x,t), [(z,1); h,{] associated with

(4.4.6) al the point (. 1) = (2., 1,) may be written down from (4.4.5): it is
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- S(:c,t+€z—5(a:,t)+%(M+6I($’t))5(%t+£)

+ %(Hm(x,tw))S(x,t)—fg{S(x—h,t+e)—25(m,t+e)+5(x+h,t+e)}
- (l—gb)%{S(az—h,t)—QS(m,t)+S(:c+h,t)}—uN
— {Si(z,t) + (p+ BI(z,t)) S(z,t) — a Seu(z,t) —pu N } . (4.4.7)

Expanding S(z,t + £), S(z + h,t +£), S(z £ h,t) and I(z,t + £) in (4.4.7) about
(z,t) leads to

1 1 1 L
L5 = [5Sutqg(i+BDS+ 58S L - 0S| = 5 ah® Suuns

1 1 1 1
+ {ggttt‘FZ(u+ﬂl)5tt+ZﬂS]tt—§¢OéSmtt] &
4o (44.8)

Clearly, Ls = O(h* + £) as h, £ — 0 except when ¢ = % for then the term in ¢

vanishes in (4.4.8), see the first equation in (4.2.4), leaving

1 1 1 1 1
Ls=——=0ah®Spgs+ gsttt+_(ﬂ+,8[)5tt+zﬁ51tt__aSa:ztt ot

12 4 4
(4.4.9)
which is O(h2 + £2) as h, £ —» 0. It may be concluded that the unique O(h* + %)
method, as h, £ —> 0, contained in the family (4.4.6) arises when ¢ = 1 and is given
by
1 1 1 1
Lapat 4 [Lapt sl ON)] A - Sap A+ S eACT A,
= §oszm_1 + [1 —ap-— 55/4] A+ Eoszm+1
+ LuN. (4.4.10)

The finite-difference method (4.4.10) may be applied for rn = 1,2,... M and n =

0,1,2,.... In the case m = 0 it requires some modification and may be simplified a
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little when m = M + 1. Applying (4.4.10) with m = 0 introduces the terms A™1 and
A™,. Now, the points (z_1,tn41) and (z_1,t,) are outside the grid superimposed on
Q U 69. However, the boundary conditions (4.2.5) give, to second order, A", = A}
and A"t! = AT*! so that, for m = 0, equation (4.4.10) may be modified to give

1 1
[L+ap + S€(u+BCH]AT —ap AT + S EACTT A
1
= 1—ap—§£u A+ apAf +L4u N . (4.4.11)

Now with m = M + 1, it follows from (4.2.5) that A%, = A%, and Ajf, = At

and so (4.4.10) may be written as

1 1
_ap AT+ [1+ap+§e(u+ﬁcx4+l)]Ay;1+§wcg;+ll -
1
= apAK,,—%[l»—ap—gﬁu] M1 LN (4.4.12)
4.4.2 Numerical Method for £

The time derivative in the second equation in (4.2.1) is approximated by the first-order

forward-difference replacement

By~ [E(z,t + ) — E(z,1)] /£ (4.4.13)

and the space derivative by the weighted approximant

h? ¢ {E(x—ht+l)—2E(z,t+0)+ E(z+ht+0)}
4 (= @) {Ele—ht)—2E(z, 1)+ Bz + ht)}], (4.4.14)

Ly

Q
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in whichz =z, (m=0,1,2,..., M,M + 1), t =t,(n=0,1,2,...) and ¢ (0 < ¢ < 1)
is a parameter. When ¢ = 0, (4.4.14) is O(h?) as h —» O and is O(h*+¢) as h,{ — 0

when 0 < ¢ < 1.

Using equations (3.6.25), (4.4.13) and (4.4.14) in the second equation in (4.2.1)

gives
Bn-l—l _ Bn o
S BOR A (o) B oy [0 { BR —2 BT 4 B
+ (1-¢) {Bn—2BL+ B}, }] =0, (4.4.15)

while using (3.6.28), (4.4.13) and (4.4.14) in the second equation in (4.2.1) gives

n+1 n
Bm * Bm

n+l 4n n o n+1 n+ n+1
/ ﬂcm Am+(/‘L+O—>Bm*ﬁ[¢{Bm—1_23m1+Bm—:—l}

+ (1—¢){BL ., —2BL+Bp, | =0. (4.4.16)

Following Section 4.4.1, to obtain a second-order approximation to E(Zm,tnt1),
equations (4.4.15) and (4.4.16) should be added. Averaging equations (4.4.15) and
(4.4.16) gives

n+1 n
Bm - Bm

1 1 1 1
; — B AT =S BCTT AL 4 o (it o) B 4 5 (u o) By

- % |6 { By — 2B + B+ (1—¢) { By, - 28],

+ B} =0, (4.4.17)

which, after rearranging, becomes
—adpBRy + (14 2agpd Lt o) B - adp B - S eCH AT
- %Z[iCTT’ Al =(1—¢)apBl_, +[1—-2(1 —¢)ap
- ;f(/z,Jra)} B+ (1= @) apBr,,, (1418 )

where p = £/h*.
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The local truncation error Lg = Lg[S(z,t),E(z,t),I(z,t);h,£] associated with
(4.4.18) at the point (z,t) = (zm, t,) may be written down from (4.4.17): it is

GBI+ O) S 0) 4 5 (h o) Bw, 140 + 5 (n+0) Bs,)

- %[q‘;{E(az—h,t+€)—2E(x,t+€)+E(m+h,t—|—€)}
+ (1-¢){E(x—h,t)=2E(z,t)+ E(z +h,t)}]
— {Ei(z,t)— BI(z,t)S(z,t)+ (p+0)E(z,t) —aEyr } - (4.4.19)

Expanding E(z,t + ¢), E(z £ h,t + £), E(z + h,t), I(z,t + £) and S(z,t + £) in
(4.4.19), using Taylor’s expansion, about the point (z,t) leads to

1 1 1 1
Lg = iEtt+§(N+U)Et—‘2‘ﬂSIt“iﬁstl—aﬁsEmt 4
1 1 1 1
- ﬁahQExzzx+l:gEttt+Z(ﬂ+g)Ett—ZﬂIStt
1 1
— ZSI“_EQQSEITM] [2-{- (4420)

The second equation in (4.2.4) reveals that the coefficient of £ in (4.4.20) vanishes

provided ¢ = %, leaving

1 1 1
ﬁE = _EahQE:cm:z’*'I:GEttt+zL'(/l’+‘U)Ett
1 1 1
- Zﬁlstt_aﬂsjttZaEzmt:‘ g (4.4.21)

which is O(h? 4 ¢?) as h,¢{ — 0. It may be concluded that the unique O(h* + £2)

method, as h, ¢ — 0, contained in the family (4.4.18) arises when ¢ = % and is given

by
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1 1 1 1
—5ap Bt + 1+ap+§e(ﬂ+a)] Bt = Sap Bl — S LA Oy A
1 1 1
— SLBOE AL = SapBi + [L—ap—t(uto)| Bl
1

withm=1,2,...,M and n=0,1,2,....

As in the case of S, equation (4.4.22) may be modified for use with m = 0 and
m = M + 1 using equations in (4.2.5) to obtain, respectively,

1 1
£+ 0)| By — ap By — D08 Cy AT — B CEY A
1
l—apﬁgf(u—l—a)]Bg+apBl", (4.4.23)

and

n

—apBit 4 [t apt 3t o)| Bifh = 508 Gl ARt — 3 LB Rl Afras

1
= apB}\l,IJr[l—ap—gf(u—FU)] Bl (4.4.24)

4.4.3 Numerical Method for [

The time deivative in the third equation in (4.2.1) is approximated by the first-order

forward-difference replacement

Lo~ [I(z,t+£) — I(z,1)]/¢ (4.4.25)

and the space derivative by the weighted approximant

B2 g {I(z—ht+0) —21(z, b+ 0)+ [(z+h 1+ 1)}
(V=) {[(x—ht)=20(x, )+ [(z+h ) }], (4.4.26 )

P

&Q
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in whichz = z,, (m =0,1,2,...,M,M+1), t=t,(n=0,1,2,...)and ¢(0 < ¢ <1)
is a parameter. As before, when ¢ = 0, (4.4.26) is O(h?) as h — 0 and O(h? 4 £) as
h,4 —s 0 when 0 < ¢ < 1. Now equations (3.6.34) and (3.6.37) will be used to obtain
an approximation to I(Zm,t.11) for use in the third equation in (4.2.1). To reach this
approximation, equations (3.6.34), (4.4.25) and (4.4.26) are used in the third equation
in (4.2.1) to give

n+1l n
GI G _om 4 ot - [e{oan 2o v oni )
+ (1—¢) {Cn —20n+Ch}| =0, (4.427)

and equations (3.6.37), (4.4.25) and (4.4.26) are used in the third equation in (4.2.1)
to give

n+1 n
Cm B Cm

n a n n n

+ Q- {Cn,—2Cn+Ch}] =0 (4.4.28)

In order to obtain a second-order approximation to I(Zm,t.+1), equations (4.4.27)

and (4.4.28) are averaged to obtain

C7TYLL+1 — C;”;L 1 n+1 1 n 1 n+1 1 YN
= = o B~ B, okt Cn + 5 ()L
«
-2 (¢ {opty —2cnt vt b+ —-¢) {Cn,
— 20n +Chy ] =0, (4.4.29)

which, after rearranging, becomes

, 1 1 o
—a¢ppCltl + | 14+2adp+ 52(/1, +’y)] CrH —agpCrtl — 5/@01)’;“

] .
= (L= g)apChoy + [1-20 = dJap— 5 E(u+7)| C0

1 ,
+ (1= @) apChyy + 500 By, (4.4.30 )
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where p = £/h%.

The local truncation error £; = L;[S(z,t),E(z,t),I(z,t); h,£] associated with
(4.4.30) at the point (z,t) = (zm,?n) may be written down from (4.4.29): it is

I(z,t+4)— t 1

St Tt 40+ 2+ ) I(ost) = 1 [ {1 = byt +€) = 2I(a,t+1)
+ I(z+ht+0)}+(1—9¢) {I(x — h,t) = 21(z,t)+ I(z+ h,t) }]
— {L(z,t)— o E(z,t)+ (p+7)I(z,t) —ala.} . (4.4.31)

Expanding I(z,t+£), I(z £ h,t + £), I(z £+ h,t) and E(z,t+ £) in (4.4.31), using

Taylor’s expansion, about the point (z,t), gives

1 1 1
Ly = |:§Itt+§(,u+7)lt—§0Et_a¢1xmtt 14
1 1 1 1
— 1_2ah21ma:xz+[gjttt+1(/i+7)1tt_zl‘o'Ett
1
— §a¢]mt]gz+..._ (4.4.32)

The third equation in (4.2.4) reveals that the coefficient of £ in (4.4.32) vanishes
provided ¢ = %, leaving

1 1o 1 1
Lr= s @b Lssat | g Lt g (0 7) T = 0 B = 0 Loane | 4o, (4:433)

which is O(h? + £2) as h, £ — 0. The unique O(h* 4 £?) method in (4.4.30), when

¢ = %, is thus given by

1 1 1 1
*iapC:ill + [1+ap+§€(/u+7)] Cﬁ“—iapc;fl—gfal?mﬂ
1 1 1
= SapCit[1-ap— gt )| Ch+ japChu
1
+ —to B, (4.4.31)

2
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withm=1,2,...,M and n =0,1,2,....

Equation (4.4.34) may be modified, as in the case of S and E, for use with m =0
and m = M + 1 using the boundary conditions in (4.2.5), respectively, to obtain

1 1 |
[1+ap+—€(u+7)]08“ - GPC?+1—§€033“2[1—ap—5€(ﬂ+7) C

2
1
+ apC§+§€(IB§, (4.4.35)
and
n+1 1 n+1 1 n+1 n
—apCy + |14+ap+ §£(ﬂ+7) CM+1‘§EUBM+1:04PCM
1 1

+ [1—ap—§£(/z+’y)] C]T\L/I+1+§EO'BX/[+I. (4.4.36)

4.5 Implementation

T T
Let At = [A(T)H—la Arll+17 T 7AT](;_-|1—1} ) B! = {B(T)H—a B{H_la T 7B]T\L/I++}l] and Cn+1 =
T
[03+1,C{L+1,--~,C§,{++11] , where 7" denotes transpose. Then the price to be paid in

using (4.4.10)-(4.4.12), (4.4.22)-(4.4.24), (4.4.34), (4.4.35) and (4.4.36) to obtain O(h?+
%) solutions to (4.2.1) as h,{ —» 0 is that A™+', B**! and C™*! cannot be obtained
by solving three linear algebraic systems of order (M + 2) at each time step, either
in sequence or in parallel (see, analogously, Twizell et al.[69]). Instead, because of
the appearance of the elements of C**! in (4.4.10)-(4.4.12), the elements of A™*! and
C™ in (4.4.22)-(4.4.24) and the elements of B™" in (4.4.34)-(4.4.36), the vectors
A" B™ and C™*' must be obtained simultaneously by solving a linear algebraic

system of order (3 M + 6) at each time step.

. . T . g1 T

Let Urtl = [(A"“)F? (]37%*—1)1"7 (Cn—{—l)T} and U™ = [(An)T’ (BH)F, (Cn)J } ,

where T denotes transpose.  Then it may be scen that (4.4.10)-(4.4.12), (1.4.22)-
(4.4.24), (4.4.34), (1.4.35) and (4.4.36) may be written in maltrix-vector form as
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wrU™! = M"U" +b

in which

X~ O Hr
wr=| Fr oy~ Fp |,
o Hy zn
Pt 0 O
Mr=| 0 @ O |,
O Hf R

137

(4.5.1)

(45.2)

(453)

where O is the zero matrix of order (M + 2) and the vector b is a column-vector of

order (3 M + 6) and is given by

b= |fuN,....¢uN,0,....0

(M +2) times

(4.5.4)

The matrices W™ and M™ are both of order (3 M + 6) and their submatrices are of

orders (M + 2) and are given by

Vo —ap
—3ap U1 —3ap
1 1
Xn —50[;0 Vo —EOZI'D
1 1
—20(]7 VM —2()[[?

—ap Uyl
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vy, —ap
-1 v —sa
gap Y 2 p
Y™ =
1
v, —ap
1 _1
—5Qp 'UZ Zap
—EO[p 'UZ
7" =
1
v, ap
1 1
Eap UP 2Ozp
lCt v
2 4P P
P" =
1
2ap
v, ap
1 1
§Ozp UQ 2(¥p
1
24P Vg
Q" =
1
2ap

1
2P
1
Uy —2O£p
—ap Uy
1
’l)Z —‘5
—ap v
2aP
1
vp ;ap
ap Up
1
2 &P
1
v gO(p
ap Vg
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(4.5.6)

(4.5.7)

(4.58)

(4.5.9)
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Vg ap

1 1

zap ’UR 2CYp

sap v, Sap
R" =
1 1
EO{p Vp 3
ap Vg

ap
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: (4.5.10)

” . 1 n " . " . 1
H] :dzag{§€ﬂAm}, H; :dzag{—%ﬁal(MH)}, H; zdzag{gﬁaf(MH)},

I = diag {

where

I(M2) is the identity matrix of order (M +2) and p = 75

Ui

—545(1;;} and F} = diag {~10 A7} |

I
Lt+ap+ ol (n+pCT);

1
1+ap+§€(p,+a),

1
1

1—C!p—§£/,t,

1
1—ap—§£([l+0'),

1
1—0P—‘2‘€(N+’7)a

i=0,1,2,..

(4.5.11)

GMoM 41,

(4.5.12)

Further research reveals that it is not necessary to compute A™*!, B**! and C™*!

simultaneously by solving the linear algebraic system (4.5.1), which is of order (3 N +6),

on a single processor. It is possible after all to compute A", B™*! and C™*! in parallel

on an architecture with three processors; this is made possible because I*, X™ Y™, F}',

Zn, X™ Z7 I FPoand Y™ commute with X™, Hy, 2", HY, I7 2" X", H and HZ,

respectively.
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Equation (4.5.1) may be split to give the following equations

Xn An+1 +H1n Cn+1 — Pn An + b ,
Fln An+1 +Yn Bn+1 +F2'n. Cn+1 — Qn Bn , ( 4513 )
H;l Bn+1 +Zn Cn+1 — Hg, B” + Rn Cn ,

which may be solved for A"+ B™*! and C™*!. These vectors may then be obtained
using an architecture with three processors on which to implement the following algo-

rithm.
Algorithm :
Processor 1: Solve

(Y"Z" X — Hp (Fp X" — HpFP)) A™ = [Y" 2" — H} Fy'] P" A"
+ [YrZr— Hy FPlb+ [Hy Hp Q" — Y™ Hy H} | B" — Y™ H} R" C”

for AntL,

Processor 2: Solve

(X" (Z"Y" — FPHY) + FpHPHP)B™ = (X" (Z"Q" - F} Hy )+ F} H Hy | B"
+ [FrHM— X"F}|R"C" — F} Z" P"A™ — F' Z"b

for B*t1.

Processor 3: Solve
| Hy (X”FQ"fF]"Hf) - X”Y”Z”]C”H = [[I;X”Q”—X”Y"HQ}B"
— H;LF{LP“A”—X”Y”R"C"—HQ”F{Lb
for C**1.

All the three processors solve a linear algebraic system of order (M + 2) at each

time step.
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4.6 Stability Analysis

The von Neumann and matrix stability analysis methods both failed to give a criterion

for the stability of the methods involved in this chapter as shown below.

To discuss the von Neumann method of analysing stability, consider a small error

Z of the form

) h
o1 n ewlm

n _ n —

ZS,m - Am - A;L'L = ¢ )
n . n n agnl _ivgmh
Zpm=DBn—Bp = e e ,
no __ /n ~n aznl _ivzmh
Z[,m = C’rn - CTT;LL = € e 5

where «; are complex and v; (z = 1,2,3) are real and ¢ = ++/—1.
Substituting Z%,, and Z7,, into (4.4.10) gives

;lapeal (n+1)¢ eiul (m—=1)h + [1 +ap+ le ([U, + ﬂeaa né eius mh):| e (n+1)¢ 6iu1 mh

2 2
_ %apem (n+1)¢ ein (m+1)h + %M 0003 (n+1)L givsmh joant yin mh
1 ‘ ~ 1 A
— '“Olpealng(iwi(m 1)h+[1~ap——€ﬂ] 6a1n£ew1mh
2 2
1 .
+ 5 Ozpeal n{ 61,1/1 (m+1)h + gﬂ N )

As the underlined term cannot be uncoupled, an explicit expression for £, = e

cannot be found; likewise, it is not possibe to find £, = e*2¢ and ¢, = e®3t explicitly.

Hence the von Neumann method is not appropriate for the stability analysis.
When the matrix stability analysis is applied to equation (4.5.1), the quantity

H (VV”)_I M

<1

is required in some norm. That is, stability of the finite-difference approximation is

. . _1 .
cnsured if all the eigenvalues of (W™)™ M™ are, in absolute value, less than or equal
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to 1. But W™ and M" are both block matrices and it is very difficult to find the

eigenvalues of (VV”)_1 M™. So the matrix stability analysis is not practical either.

Therefore, the maximum principle analysis will be used to discuss the stability of the
finite-difference approximations (4.4.10)—(4.4.12), (4.4.22)—(4.4.24), (4.4.34), (4.4.35)
and (4.4.36).

Assume that a solution of (4.2.1), (4.2.2) and (4.2.5) exists in the closed region
[CR:0 < e < L,0 <t < T] such that 8*S/dz*, 0'E/dz*, 0*1/9z*, 9*S/0z?,
O*E/0z* and 0?1 /0z* exist and are bounded in CR.

In order to use the maximum principle analysis to examine convergence and stabil-

ity, the first equation in (4.2.1) may be written as

1 1 1
50 (Soot Sez) = S pN 45 (p+B1)St5 (n+BI)S
= S, —puN+Gy+Ga, (4.6.1)

with initial and boundary conditions are as in (4.2.2) and (4.2.5) and where Gy and
G, are assumed to be boundedly-differentiable with respect to S and 1.

The difference equation to be studied to approximate (4.6.1) is (¢ = 1/2)
1 1
SaV? (A 4+ AL) = VAL N 45 (pt+BCL) AT
1
+ 5 (prpert) AL, n>o, (462)

where A" is an approximation to S7, at the point (z,t) = (zm,ts) defined on CR and
agrees with S(z,t) on the boundaries and V? and V, are defined by

VRAL = (An — 245+ A ) B
(4.6.3)
VAL = (An - An) /e

[t is known that
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Gi = G (Tmytnir, SEHLIE) = Gi(@mytags, ST IR ) + (ST — 57 ) 241

m) m

3\

= L(u+BI) S+ (Spt—5n) 2

-

_ 1 _ 1 G
G2 = GZ (xm’tn+175:;a[17rl1+ ) - G2 (xmvtn-%-la rTer vTrLz, ) + (I:1+ - I;Lm 7[2_
— l( +ﬂ1n)5n +(In+1_[n)8Gz
- 2 K m m m m aI
8Sn+1 . n+1_Sn 1 W
= et iR,
1 2 n+1 n . 1 82577:;{-1 1 528m 1 72 64Sn+1 a4 8n
2V (Smt+55) = 2 dx? 2 Bo2 24h oot T gt )
(4.6.4)

where the barred derivatives are evaluated at intermediate argument values as called

for by the Mean Value Theorem.

Substituting (4.6.4) into (4.6.1) gives

LoV (S SL) = VSh N b (4 BIR) SE 45 (st BI) S

2 2
1o, (oS 045 1 0253+ . .\ 0G1
! {24h ( gzt Bat >+2 5~ (27 =50) 53
e
n+1 n 2
(1 —17) W}' (4.6.5)

The assumption on S above requires the boundedness of all the derivatives ap-
pearing inside the bracket along with (S™*' — S") and (I2*!' — I") in the region
0<z<L,0<t<T. Hence, in this region,

1

1
SV (SE 4 Sh) = ViSL—uN g (w4 BI) S

+os(pt Bty S+ (4.66)

Do | —

with

gt = O(h? + 1), (1.6.7)
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Now, let
Zr = Sp —An
Zy = Ep —Bp . (4.6.8)
z, = In-Cn

Then, if (4.6.2) is subtracted from (4.6.6),

1 1
eV (4 2n) = VL 5 (w+BI) S -5 (et BOY) AT
+ l(/L+,BI”+1>S”—1(,LL+,BC’”+1)A"

2 m m 2 m m

+ Im> (4.6.9)

with Z7'  and Z{*! vanishing on the boundary. As

0Gy
n+1 n _ n+1 n n+l n+1
Cr (i tapr, SELIL) = G (@ tagr, AR, O ) + 55 (Sm— An)
0G,
—= (I —-C" 4.6.1
T NY oS (4610)
and
n n n n 8G n n
G2 <$M7tn+17 m>lm+1> = GZ (mmatn+l7Am7Cm+1> + 8—52 (Sm - Am)
an n+1 n+1
e (1 —cnt ), (4.6.11)
it follows that equation (4.6.9) may be written as
1 2 [ ntl " B " 100Gy 010Gy, 10G,y .,
sove (4 +20,) = VLt ae Lt 5 Dt 5 ag P
1 0G,
/- 4.6.1

Assume that ZI and 73+ are bounded. Then equation (4.6.12) may be written

in the form

%oz VA2 2r) = VI + % Ms (24 + 27

1 , .
oM (20 7z )+ g (4.6.13)
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_ 3G, 9G _ 3G, 3G
where Ms = max {_las , S and M; = max { Z3#, FF

It is known that g, is bounded and Z]' and Z7*! vanish on the boundary. Hence,

by Theorem 1.4.1, A" and A™'! converge uniformly to S} and SEH.

Now, the second equation in (4.2.1) may be written as

1 1 1 1 1
0 (Buwt Bug) = Bim 5 BIS=BIS+ 5 (uto)E+ o (pto)E

1

with initial and boundary conditions as given in (4.2.2) and (4.2.5) and where G3, G4
and G5 are assumed to be boundedly-differentiable with respect to S, E and I. The
difference equation to approximate (4.6.14) is (¢ = 1/2)

1
+§(M+U)BZZ+1

1
+ (u+o) By, n>0, (4.6.15 )

where V2 and V, are defined in (4.6.3).

1 2 n+1 n _ n 1 n n+1 1 n+1 n
sav (Bxt'+By) = V.B}, — 5 BCL AR — D ORI AT,

It is easy to see that

Gs = GS(xm» n+175n+1 In) = G3($m> ﬂ+175‘gz7]721)+(531+1 —STZ)%ES

= %HIZTLLS;—}-(SZJH SrTer) EXR)
Ga = G (Tmstnet, ST IMHY) = G (T bngr, ST, I ) + (12— 17 ) %

mytm m>+m oI
= LBInSh+ (I 1) B,

GS:G5(xm7tn+1)E::z+l) = GS(mmatn+1,E )+(En+1 En)—ag%—
= L(uto)Bn+(Bx - En) 5

oERT BN 1P
at - 4 o2 3
172 n+1 n 1 82ERtY | 1 8%ER 2 [ 9tERYY | BtER
iv (Em +Em) 2 8xm2 2 8:‘2 h —8_1:% # ’
(4.6.16 )

where the barred derivatives are evaluated at intermediate argument values as called

for by the Mean Value Theorem.
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Substituting (4.6.16) into equation (4.6.14) gives

1 1 1
sa Vi (B BL) = VL - AL S —55121“5%1(#“)%“

2 2
+ %(#+0)Eﬁ+{§ih2 (04i%+1+a;ff) % T
+ (s - S”)??Jr(fg“ ) 8(54
—~ (E;“-Ej;)%}, (4.6.17 )

The assumption on E requires the boundedness of all the derivatives appearing
inside the bracket along with (S**t — S7), (E™t! — E) and (/! — I7) in the region
0<z<L,0<t<T. Hence, in this region,

1 1 1
oV (B BL) = V- S BILSE - S BT Sh 4 5 (ut o) B
1 n n
+ S (eto) By +gn, (4.6.18)
with
g = O(h* +0). (4.6.19)

If equation (4.6.15) is subtracted from equation (4.6.18) and using the definitions

n (4.6.8) for the truncation errors,
1 2 n+1 n n ] n gon+1 1 n n+1
5oV (z3' +25,) = ViZ5, — GBS+ S PO AT,
1 n+1 gon 1 n+l 4gn 1 n+1
- ;jﬂlm Sm+§ﬁcm Am+§(ﬂ+‘7)22m

1 :
+ 5t )z, +an, (4.6.20)

with Z7 and Z5*1 vanishing on the boundary. As Gz and G4 can be written as in the
form of (4.6.10) and (4.6.11), if follows that equation (4.6.20) becomes

U ol om N oo 1 OGs . 100, 1dG4w
SV (Bl ) = N s T S B s
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1 0G4 1 1
-z Zn+1 - n+1 - n
+ m- (4.6.21)

Let Ms = max {%,% and M; = max {%, @}. Then equation (4.6.21) may

be written in the form
1 n n n 1 n n 1 n n
5 (Xv2 (Z2:l'1 + sz) = VtZ2m — 5 MS (erjl + Zlm) — 5 MI (ZS,:l + ZBm)

1 n 1 n n
S (u+0) 25+ 5 (w0 2, + (4.6.22)

Assume that Z7 |, Z¢, Z7 and Z5+! are bounded. Since Z} and Z3* vanish
on the boundary, it follows, by Theorem 1.4.1, that B}, and B™*! converge to E7, and

E™! uniformly.

The third equation in (4.2.1) can be written in the form

1 1 1 1 1

o zT ]:z:ac - ——cF—-0ok o .

50 (Lt lon) = Limgob—gobto(utn)I+o(ptn)]
1 1

with initial and boundary conditions as given in (4.2.2) and (4.2.5) and where, as
before, Gg and G are assumed to be boundedly-differentiable with respect to E and
I, respectively. The difference equation to approximate (4.6.23) is (¢ = 1/2)

1 2 n+1 n _ n 1 n 1 n+1 1 n+1
Eav (Cm +Cm> = VtCm—gaBm—gaBm +§(;¢+7)Cm
1
+ §(u+’y) o, n >0, (4.6.24 )

where V2 and V, are as in (4.6.3).
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It is easy to show that

Go = Go (Tmytns1, Bt ) = Go(Tmstapr, B, ) + (B — E;)%
= Jom (5B T,
G7 G7($m, ”+17In+1) = G7($m>tn+1,ﬂ;)+(fgz+1—IZ)%
= Y(u+ NI+ (I -1z 5,
azéz:l _ I"'“ n+ 5825;7
LV (4T = PEET 1SR 1w (ZED L BE)

(4.6.25)
where the barred derivatives are evaluated at intermediate argument values as called

for by the Mean Value Theorem.

Substituting (4.6.25) into equation (4.6.23) gives

]‘ 2 n+1 n . no__ _]; no__ l n+1 _1_ n+1 l n
5oV (I +1m) = VI, 50 Lm — 5o BnT S (w4 5 () I
1 o4+l gin 1 02[n+1 0Gs
____h2 m m _é m _ n+l n
! {24 ( gat 5x4>+2 i AT
0G,
— (1T 4.6.26
( ") 57 } (46.26)

The assumption on [ requires the boundedness of all the derivatives appearing inside
the bracket along with (E™™ — E™ ) and (I”*' —1I")in theregion 0 <z < L,0 <t < T.

Hence, in this region,

1 1
jaV? (24 1n) = Vi —coBL— o ER7 4 S (u+y) I3

with, again,
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If equation (4.6.24) is subtracted from equation (4.6.27) and using the definitions

in (4.6.8) for the truncaion errors,

1 1 1
gaV? (zg +23) = V23, ~ 504, — 5027

n 1 n n
(Bt M) 257+ 5 () 25, + gh > (46.29)

NN

+

with Z3 and 73+ vanishing on the boundary.

Assume that Z7 and Z3*' are bounded. Moreover, Z7 and Z5*' vanish on the
boundary. Therefore, by Theorem 1.4.1, C™ and C*! converge uniformly to [} and

n+1
I+

4.7 Numerical Results and Discussions

To test the second-order methods (4.4.10)—(4.4.12), (4.4.22)—(4.4.24) and (4.4.34)-
(4.4.36) for susceptibles, exposed and infectives, respectively, the initial/boundary-

value problem

E: = BIS—(p+0)E+aFE,, (4.7.1)
I, = O-E—(//'+7)E+alx:c

with the initial conditions
S(z,0) = S%=z), E(z,0)=E%z), I(z,0)=1°(z);0<z<1 (4.7.2)

and the boundary conditions
S.(0,t) = E;0,t) = I;0,t) = 0; t>0,
(4.7.3)
SH(1,t) = E.(1,t) = IL(1,t) = 0; t>0,

was solved using the set of parameters given in (3.4.4) for N, g, o and v with the

=

infection rate, 3, chosen to be =15 x 107" and the diffusion rate, «, to be a = 0.01.
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In the following numerical experiments the total numbers of susceptibles, exposed
and infected individuals are taken to be 1.25 x 107, 5 x 10* and 3 x 10%, respectively.

The ways in which each is distributed over the interval 0 < z < 1 give the functions

S%(z), E°(z) and I°(z) in (4.7.2).

e Experiment A

In this experiment, hat-shaped initial distributions are used for S, £ and I. Taking
h = 0.025 so that M = 39, giving the discretization z; (z = 0, 1,...,40) of the interval
0 < z < 1, the initial conditions in (4.7.2) are distributed as follows (see Figures 4.1

w42 312501 , 0<i <M
S(mi’o):{312so(M+1—i) MM,

1254 , 0<i< M
E(xi’o):{125(M+l—i) ML,

7514 , 0<i< M
](%0)2{75(M+1—z’) ,ME iy

Initially, the maximum value of each class of individuals is concentrated at the
middle of the interval (0 < z < 1) and the numbers decrease linearly to zero at the

boundaries £ = 0 and z = 1.

As time is increased, the number of susceptibles is decreased whereas the numbers
of both exposed and infectious individuals are increased until the time ¢ = 0.09 after
which the number of susceptibles becomes less than the number of exposed individuals,
near the middle of the interval, see Figure 4.3. This reveals the dynamic behaviour of

measles and is as would be expected.

[Figure 4.3 shows the distribution of susceptibles, exposed and infectious individuals
at time t = 0.1. Figures 4.4—4.7, respectively, give three-dimensional plots of suscep-

tible, exposed, infectious and recovered individuals for 0 < 2z < 1 and 0 < < 0.1
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The profiles in Figure 4.3 can be seen clearly in Figures 4.4—4.6 by locating the plane
t = 0.1 in each figure.

As the diffusion rate, «, increases, the dynamic behaviour of measles changes as
shown in Figures 4.8-4.13; as the diffusion rate, «, increases, the number of susceptibles
becomes larger than both the numbers of exposed and infected individuals and both

the exposed and infected individuals spread on the z-axis.
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Figure 4.1: Ezperiment A, initial distributions of susceptibles, ezposed and infectives.
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Population
A
I

W
T

i - L —t - 1 1

(e} 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Space

Figure 4.2: Ezperiment A, initial distributions of susceptibles(—), exposed(——) and
infectives(—.).

Population

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Space

Figure 4.3: Bzperiment A, dynamics of measles at time t = 0.1, o = 0.01, £ = 0.001
and h = 0.025; susceptibles (— ), exposed (——) and infeclives (—.).
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Figure 4.4: Ezperiment A, three-dimensional distribution of susceptibles; £ = 0.001 and
h =0.025.
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Figure 4.5: Ezperiment A, three-dimensional distribution of erposed individuals; £ =
0.001 and h = 0.025.
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Figure 4.6: Ezperiment A, three-dimensional distribution of infectives; £ = 0.001 and
h =0.025.
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Figure 4.7: Ezperiment A, three-dimenstonal distribution of recovered individuals; ¢ =
0.001 and h = 0.025.
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2.5
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Figure 4.8: Ezperiment A, dynamics of measles at timet = 0.1, o = 0.0001, £ = 0.001
and h = 0.025; susceptibles(—), exposed(——) and infectives(—.).
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Figure 4.9: Ezperiment A, dynamics of measles at time t = 0.1, o = 0.001, £ = 0.001
and h = 0.025; susceplibles(—), czposed(——) and infeclives(—.).
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x 10
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Figure 4.10: Fzperiment A, dynamics of measles at time t = 0.1, o = 0.03, £ = 0.001
and h = 0.025; susceptibles(—), exposed(——) and infectives(—.).
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Figure 4.11: Ezperiment A, dynamics of measles at time t = 0.1, o = 0.04, ¢ = 0.001
and h = 0.025; susceptibles(—), exzposed(——) and infectives(—.).
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Figure 4.12: Ezperiment A, dynamics of measles at time t = 0.1, o = 0.05, £ = 0.001
and h = 0.025; susceptibles(—), exposed(——) and infectives(—.).
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Figure 4.13: [Fzperiment A, dynamics of measles at time = 0.1, o = 0.09, £ = 0.001
and = 0.025; susceptibles(—), exposed(——) and infectives(—.).
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e Experiment B

In this experiment, h is chosen to be 0.05 so that M = 19 and the initial conditions
are distributed as in Figures 4.14 and 4.15; they are of the form

569048 = Ml
S(z;,0) =< 589048 , i= M-3 M2—1’ M2+3’ M2+5

2
599048 , 0<i<M=2 & MIT LG M4

N‘

104 M-3 < 5 < Mt

’ 2

0 , 0<i<M=3 & ME 3 M41

2 2
2x 10t , i=MH
I(z;,0) = 0.5 x 10* | i:%77+3
0 , 0<i< ML g ME oy <M 41

where the exposed and infectious individuals are concentrated in the middle of the
interval (0 < z < 1) and the susceptibles are distributed along the whole interval such
that the number of susceptible individuals in the middle of the interval is less than the

other parts of the interval.

As in experiment A, the number of susceptibles is seen to decrease and those of
exposed and infectious individuals are increased as time is increased. This behaviour
continues till the time ¢ = 0.06 after which the numbers of exposed and infectious
individuals become greater than that of susceptibles, as may be expected from the
dynamics of the disease. The profiles of the three classes of individual, as predicted
by the model, at time ¢ = 0.1 are shown in Figure 4.16. Three-dimensional plots of

susceptible, exposed, infectious and recovered individuals are shown, respectively, in

Figures 4.17-4.20.

As the diffusion rate, o, increases, the number of susceptibles decreases and the
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numbers of exposed and infected individuals increase and take a larger area on the

x-axis, see Figures 4.21-4.24.

From these experiments, it is seen that the dynamic behaviour of measles depends

on the initial distributions and the diffusion rate.
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Figure 4.14: Experiment B, initial disributions of susceptibles,

exposed and infectives.
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Figure 4.15: Ezperiment B, initial distributions of susceptibles (—), exposed (——) and
infectious (—.) individuals.
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Figure 4.16: Brzperiment B, distribution of susceptibles (=), cxposed (——) and infec-
Lives (—.) after 100 iterations (1 =0.1); £ = 0.001 and I = 0.05.
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Figure 4.17: Ezperiment B, three-dimensional distribution of susceptibles; £ = 0.001
and h = 0.05.
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IFigure 4.18: Ezperiment B, three-dimensional distribution of ezposed; £ = 0.001 and
f=0.05.
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Space Time

Figure 4.19: Ezperiment B, three-dimensional distribution of infectives; £ = 0.001 and
h = 0.05.
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Figure 4.20: Ezperiment B, three-dimensional distribution of recovered; ¢ =0.001 and
lo=0.05.
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Figure 4.21: Ezperiment B, dynamics of measles at time t = 0.1, o = 0.03, £ = 0.001
and h = 0.05; susceptibles (—), ezposed (——) and infectives (—.).
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Figure 4.22: [Szperiment B, dynamics of measles at time t = 0.1, o = 0.04, £ = 0.001

and h = 0.05; susceplibles (—), cxposed (——) and infeclives (—.).
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Figure 4.23: Ezperiment B, dynamics of measles at time t = 0.1, a = 0.05, £ = 0.001
and h = 0.05; susceptibles (—), exposed (——) and infectives (—.).
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Figure 4.24: Ezperiment B, dynamics of measles at time £ = 0.1, o = 0.09, ¢ = 0.001
and I = 0.05; susceptibles (—), exposed (——) and infectives (—.).
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4.8 Conclusion

A second-order finite-difference method has been developed and implemented in this
chapter for computing the solutions of the SEIR measles model in one dimension (4.2. 1).
A stability analysis revealed that both the von Neumann and matrix stability methods
failed to give a criterion for the stability of the method so the maximum principle
analysis was used to show that the method is stable and consistent and thus convergent.
Two numerical experiments were chosen to investigate the dynamic behaviour of the
model for different steplengths and diffusion rates. It was seen that the dynamic

behaviour of measles depends on the initial distributions and the diffusion rate.




Chapter 5

Two-Dimensional Measles
Dynamics

5.1 Introduction

In this chapter the SEIR model of measles dynamics will be extended to consider the
spread of the disease in two space dimensions. Till the work on this thesis the literature

has contained no references to this aspect of the disease.

The partial differential equation (PDE) model in two dimensions retains the features
of measles epidemiology discussed in Chapters 3 and 4. Of course, like Chapter 4, in
order to proceed, the epidemic is assumed to diffuse through space in two dimensions.
Also it is assumed that all births are into the susceptible class, and that births exactly

balance deaths so that the total population size, NV, is constant.
The reaction-diffusion equations are given by
Se = uN—(p+BI)S+aSe+ Sy
I, = BSI—(p+o)FE+aly,+ )k, (5.1.1)
I[{ = ol —(p+vy)+al,+ A1,

166
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in which S = S(z,y,t), E = E(z,y,t) and I = I(z,y,t) are the number of susceptibles,
exposed and infectious individuals, respectively, at time ¢ and distances z and y from
the origin; o > 0 and A > 0 are the diffusion rates. The parameters p, o, v and § are

as defined previously.

The initial conditions are of the forms
S(z,y,0)=S° E(z,y,0)=E°, I(z,y5,00=1% 0<z,y<L (5.1.2)
and the boundary conditions are
uy(0,y,t) = uz(L,y,t) =0; t>0 (5.1.3)

uy(z,0,t) = uy(z,L,t)=0; t>0 (5.1.4)
where u(z,y,t) represents S(z,y,t), E(z,y,t) or I(z,y,t).

It will be assumed that the PDEs in (5.1.1) are defined for 0 < z,y < L, ¢ > 0 and

the initial/boundary-value problem (5.1.1)—(5.1.4) will be solved in these ranges.

Following Twizell[66], both intervals 0 < z < L and 0 < y < L are divided into
M + 1 subintervals each of width %, so that (M + 1)k = L and the time variable ¢ is
incremented in steps of length £. At each levelt = t, = nf(n =0,1,2,...) the square {2,
defined by the lines z =0,y = 0, z = L, y = L, together with its boundary 01, have
thus been superimposed by a square of M? points within  and M + 2 equally-spaced
points along each side of 9.

The solutions S(z,y,t), E(z,y,t) and I(z,y,t)of (5.1.1)—(5.1.4) are sought at each
point (kh,mh,nf) in QU 9N for t > 0 where k,m = 0,1,2,... . M, M + 1 and n =
1,2,.... Asin the one-dimensional case, the solutions S(z,y,t), E(z,y,t) and I(z,y,1)
of (5.1.1) at the mesh point (kh,mh,nt) will be denoted by S, Ef., and I} .,
respectively, while the theoretical solutions of an approximating scheme will be denoted

by A% s BE

k,m

and C},,, respectively. The values actually obtained, which may be




F.N.M. Al-Showaikh, 1998, Chapter 5 168

subject, for example, to round-off errors, will be denoted by A’}Zm, Br,fm and @Tm’

respectively.

Introduce, now, three vectors A™, B™ and C™ the elements of which will be ordered
in rows parallel to the z-axis. The vector A™ which is of order (M + 2)? thus takes the

form

A" = A0,07‘41,07 ’ ’AM,07AM+1,07A0,17A1,17 7AM,17AM+1,1’
T
AT n n n
y 40,M+1 41 ,M+1> y AAMM+1 A M4+1,M+1 )

with equivalent definitions for B™ and C™. It will be convenient to use the vector U"

of order 3(M + 2)? given by
Un = (A, (B, (e)T)
where T' denotes transpose.
On differentiating with respect to ¢, the equations in (5.1.1) give

Stt—Olszzt*/\gyyt+(/L+5I)St+ﬂ5’]t = 0,
Ett—aEmt*)\Eyyt‘{"(M"FU)Et‘BSIt—ﬁSt[

Il
o

(5.1.5)

]tt—afmt—/\]yyt+(,u+’y)]t—aEt = 0.

5.2 Numerical Methods
5.2.1 Numerical Method for S

Finite-difference methods are developed by approximating the time derivative in the

first equation in (5.1.1) by the first-order forward-difference replacement

Sy(r vy, ) =[Sy, b+ £) = S(z,y, 1))/ (5.2.1)
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and the space derivatives by the weighted approximants

See = R [¢{S(z = h,y,t +£) =25(z,y,t +£) + S(z + h,y, t +£)}
+ (1=¢){S(z = h,y,t) = 25(z,y,t) + S(z + by, t)}], (5.2.2)

and

Sy~ B [G{S(zy— byt 40— 2S(a,y,t 40 + S(ayy + byt + )
+ (1‘¢){5($>y—h»t)_25(337%0+5(33,y+h,t)}], (523)

in which 2 = zx, ¥y = ym (bym = 0,1,2,... ., MM +1), ¢t = t,(n = 0,1,2,...) and
¢ (0 < ¢ < 1) is a parameter. When ¢ = 0, (5.2.2) and (5.2.3) are O(h*) approximants
as h —» 0 and are O(h? + {) approximants as h,{ — 0 when 0 < ¢ < 1.

As in Section 4.4.1, equations (3.6.13) and (3.6.16) are used to obtain approxima-
tions to S(Zg, Ym, tny1) for use in the first equation in (5.1.1). Using equations (3.6.13)
and (5.2.1) in the first equation in (5.1.1) gives

An—}—l*An
St Ty (4 BOF,) AR = aSe— XSy —pN =0, (524)

while using equations (3.6.16) and (5.2.1) gives
ARt — A}

14 Sy (#+50173,jnl> Afm — @S2z = ASyy — N =0. (5.25)

In order to obtain a second-order approximation to S(zx, Ym, tni1), equations (5.2.4)
and (5.2.5) should be added. Averaging the equations and substituting for Sz, and Sy,
from (5.2.2) and (5.2.3), respectively, gives

‘7— 5 (M + B Ck,m) Ak,f,f + 5 </1, + ij%‘) k.m
(87 n . n n (@4 n n n
- _/)—2_ (b {Akjll,m —2 Ak,—t_ﬂ] + Ak—tll,m} - /}_2 (1 - d)) {Ar’c—l,m —2 Ak.m + Ak—+—1.m}
A

n ¢ n n A D ‘ n
/17 (/) {Akjrg—l -2 Akjnl + Ak:’:%—l} - 7}7 (l - d)) {Akl.mfl -2 /lk,m +

— N =0

n
A ko1 }

(5.2.6)
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which, after rearranging, becomes

NGPATE, — adp AR+ (LSl +BCL,) + 20 (an+ )] AT
— abp AT AP AT = (1= $) AP AL+ (1= $)ap AL
(1 52+ pomh 20 - ap+2p)] AL,
b (1= ) ap ALyt (L= AP ATy +La N, (5:2.7)

where p = £/h*.

The local truncation error Ls = Ls[S(z,y,t), E(z,y,t),1(z,y,t); h,{] associated
with (5.2.7) at the point (z,y,t) = (zx, Ym, tn) may be written down from (5.2.6): it is

Sz yt+0) —S(z,y,8) 1
gy = St OZS@HY 4 2y 5 1(e,y,0) 800+ 0)
1

+ 5(ﬂ+ﬂ[($,y,t+£>)5($,y,t)~% {S(.T—h,y,t+£)—25($,y7t+€)

1—
b8t 0} = S (S by, t) ~25(e,0,0) + S+ by, 0)
A
— —hg) {S(x,y—h,t+€)—25(fc,y,t+€)+S(x,y+iz,t+€)}

_ (i%/l {S(x’y_h,t)_QS(x’y’t)+S(x,y+h,t)}_ﬂN

- {St(:c,y,t)—k(,u+ﬂ](m,y,t))5(x,y,t)—asm(m,y,t)
— AS,(z,y,¢t) —puN} . (5.2.8)

Expanding S(x,y,t+€),5(mih,y,t+£),S(:I:ih,y,t),S(:E,yj:h,tJrﬁ),S(x,y:i:h,t)
and I(z,y,t+ ¢) about (z,y,t) leads to

1 1 1 ,
Ls = §Stt+5(ﬂ+ﬂ1)5t+§ﬂ51t—¢a5xzt—d))‘éyyt 14
h? 1 1 1
- _(aSzxzz+/\Syyyy)+[—Sttt+_(ﬂ+/gl)5tt+_ﬁ51tt
12 6 4 4
1 1
_ iqsasmu,gwsym] Ci... (52.9)

Clearly, L3 = O(h* 4+ 0) as h, £ — 0 excepl when ¢ = 1/2 for then the term in 4
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in (5.2.9) vanishes (see the first equation in (5.1.5)) leaving

h? 1 1 1
ES = _—(a xzrr+)\5yyyy)+ [_Sttt+_(ﬂ+ﬂ1)stt+“ﬂ51tt
12 6 4 4
1 1
- ZOZ Trtt — Z)‘Syytt] AR (5.2.10)

which is O(h? + £2) as h, £ — 0. It may be concluded that the unique O(h* + £2)
method, as h, £ — 0, contained in the family (5.2.7) arises when ¢ = 1/2 and is given

by

1 1 1
—gAPARLL — Gap AR+ 14 S (et BCL,) +apt+Ap] AT

2
- ’z‘apAkﬁ,m - §>‘pAk,_+7:73+1 = 5/\PAk,m—1 + §aPAk—1,m
- ggﬁck,jnl k,m+(1—'Q‘EN—OP—)\P)Ak,m+§apAk+1,m

1
+ 5/\pAZYm+1—|—€p,N. (5.2.11)

The finite-difference method (5.2.11) may be applied for k,m = 1,2,..., M and
n=20,1,2,...; for k or m =0 and for k or m = M + 1 it requires some modification.
Applying (5.2.11) with £ = 0 and m = 0 introduces the terms ATYh, ATy o, AstY
and AF _,. Now the points (z_1, Y0, tns1)s (T-1,Y0,tn), (To,Y—1,tns+1) and (2o, y-1,%n)
are outside the grid superimposed on Q U 0f). However, the boundary conditions in
(5.1.3) and (5.1.4) give, to second order, A™| o = A},, A™YG = ATS', A, = Af, and
Agfl = Agjl. Thus, for £ = 0 and m = 0, equation (5.2.11) may be modified to give

1 n n n 1 n n
L+ ol + BCo) +ap+Ap] AT —apATE = ApAGY + 5 L8 Gy AR

1
= [1—§€;L—ap—)\p] Ago+apAlo+ApAg, +EuN . (5.2.12)

Form =0 and k=1,2,..., M, equation (5.2.11) gives
*gaPAZirll,o + {1+§€(/¢+ﬂ(]k10)+ap+)\p} Akzl_§apAki},O—)‘pAkjl

1 n 1 n 1 n
+ 5@[3(],?’"5] Apo = §ap/1k_1’0—+— {1 - ifu, —ap—Ap| AL,

1 o
+ g(xp/lz+]’()+/\p/lzy()—{-f{/J,N. (5.2.13)
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When m = 0, k = M + 1, it follows from (5.1.3) and (5.1.4) that A}f = ARjf s, and

A%y o = Alsya0 and so equation (5.2.11) may be written as

1
_OIPA”-H + 1+§£(/‘+/BCJT\L/I+1,0)+QP+)‘P] AT](/I+-|]-1,0_/\pAnM++11,1

1 Y1 n 1 n
+ 2£56M++11,0 +1o*apAMo+[ —Efﬂ—ap—)\P AM+1,0
+ /\pAR,,H,l-}—ﬁuN. (5.2.14)

For k=0 and m =1,2,..., M, equation (5.2.11) can be written as

1 1 1

CEAPATTLL + [1 30+ BCE) b ap+ ] AT - S AP AT,
1 1

P AT+ B O A = AP AT+ |1 - S - ap—p| A,

1
+ 5/\pAg‘m+1+osz’f’m—|—€,uN. (5.2.15)

For k = 0 and m = M + 1, equation (5.2.11) gives
1 n n n n
[1 + 55(/‘ + B CO,M—H) +ap+ )\p] Aoj\}ﬂ Ap Ag +1 OZPAJ\/}H

1 n n 1 n n
+ 56600,JIK/II+1A0,M+1:[1‘§€H—ap_/\17 Ao,M+1+/\PA0,M

+ apAlyg +LuN. (5.2.16 )

When m = M + 1 and k=1,2,..., M, equation (5.2.11) becomes

1 o1 n n 1
—iaPAk 1,M+1 + [l+§£(#+5ck,M+1)+aP+)‘P] Ak:{;\/}+l_2apAk+1M+l

- /\pAk,J]rle + §£ﬂ0k,—]t/}+l kM41 — B O‘pAk—l,M+1

1 n ! n
+ {1,.2_5#—(139—)\;)] Ak,M+1+§O‘7’Ak+1»M+1
b APATy FLuN (5.2.17)

For k=M 4+ 1 and m = 1,2,..., M, equation (5.2.11) gives

1 7 1 37 7, l i
_5/\7)/‘1/(/;%4]—],”17! + l _+_5/{(//’+/j)(//\’//+]‘m,)+(yll)+)\7) A/’\v/l_i——{l],'m,*;/\II)A/J—:—I./H—%]
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n 1 n n 1 n
- apA]\/?:rln + _égﬂCM_:ll,m AM+1,m = 5 /\pAM+l,m—l

1 n 1 n
+ {1-— ié,u—ap—)\p Ayriam T é‘/\pAM-i-l,m-H

+ apAy, +ipN, (5.2.18)

and, when £k =M + 1 and m = M + 1, it gives

n 1 n n n
—)‘PAM+J:1,M + [1 + §£(ﬂ + 8 CM+1,M+1) +ap+Ap AM++11,M+1 - QPA]\/}L,JIV[H
l n n n
+ _EﬂCM+-|—11,M+1 AM+1,M+1 = )‘pAM+1,M

2
1 n n
+ [1 - ‘2‘5/1 —ap=Ap| Aypimn T ap Ay HEu N .(5.2.19)

5.2.2 Numerical Method for £

Now the time derivative in the second equation in (5.1.1) is approximated by the first-

order forward-difference replacement
Bu(a,y,t) ~ Bzt +£) — Bz, y, 1)/, (5.2.20)
The z-derivative is approximated by the weighted approximant

B, ~ b2 [¢{BE(x— hy,t+0) —2E(z,y,t +£)+ E(z+ h,y,t +£)}
+ (1=¢){E(z = h,y,t) —2E(z,y,t) + E(z + h,y,1)}], (5.2.21)

and the y-derivative is approximated by the weighted approximant

[, =~ h* (¢ {E(z,y — ht+0) —2F(z,y,t + )+ E(z,y+ h,t +£)}

b (- (Bley —h )~ 2By 4 By + A0}, (5.222)
i which 2 = 24,y =y (kym = 0,1,2, ..., MM + 1), t = 1, (n =0,1,2,...) and

$ (0 < ¢ < 1)isaparameter. Both equations (5.2.21) and (5.2.22) arc O(h*)ash — 0

when ¢ = 0 and arc O(h? + /) as h, 0 — 0 when 0 < ¢ < 1.
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Using equations (3.6.25) and (5.2.20) in the second equation in (5.1.1) gives

k,m

14

B’I‘L+1 “B,ﬁ?m . X
Zhm  Tkm B CR AT 4 (4 o) Bitl — a By — A Eyy =0, (5.2.23)

while using equations (3.6.28) and (5.2.20) in the second equation in (5.1.1) gives

Bn+1 o Bn
- V4 L ﬂcg,j;zl Az,m + (ﬂ + (7) Bl?,m — o sz —A Eyy =0. ( 5224 )

In order to obtain a second-order approximation to E(z,Ym,tnt1), as in Section
5.2.1, equations (5.2.23) and (5.2.24) should be added. Averaging equations (5.2.23)
and (5.2.24) and substituting for E;, and Eyy from (5.2.21) and (5.2.22), respectively,

gives

B B Lpp, apt - Lport a5 (nr o) BEY
bt o) Bl — o8 (B, -2 BLE B
— (1-9) % (B — 2B + Biiim) — A}Tf {Bptl, —2Bpl+ B
— (1-9) % {Bf = 2B} + Bimisf =0 (5.2.25
which, after rearranging, becomes
~Xpp Bt — adpBii, + {1 + %f(u +o)+2¢(ap+ Ap)] Bp

n n 1 n n
- a¢kai-ll,m7)\¢ka,:11+l——Q—Eﬁck,m/sk;‘}

1
 LeBO AL = (1= 9)Ap By + (1~ Hap B,
1
1— EE(N + U) - 2(1 o (]5)(0[}7'{— /\p):\ B:,m + (l o ¢)QPBZ+1,‘m
(L =) ApBL i1 (5.2.26 )
where p = £/h?.

The local truncation error L = Lp[S(z,y, 1), E(z,y,0), [(x,y,1); h,f] associated

with (5.2.26) at the point (2,9, 1) = (2k, Yo, b,) may be written down from (5.2.25): it
I Y ) Y
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18

E(z,y,t+0) — E(z,y,t) 1
1 1 1

- iﬂl(w,y,t—i—E)S(:c,y,t)—l-§(p+a)E(x,y,t+£)+§(u+0‘)E(az,y,t)
ag¢

19 {E(IE—h,y,t—l—f)—?E(:L‘,y,t—{—f)—{—E(l‘-l—h,y,t—}—f)}
— (1= )7 1B = hy,1) = 2B(z,y, 1) + Bz + by, 1)}

20 (Bla,y bt +0) = 2Bla,,t+ ) + B,y + bt +0)
A

— (1— qﬁ)ﬁ {E(z,y — h,t) —2E(z,y,t)+ E(z,y + h, 1)}

- {Et(xayat)_ﬂ](xay>t) S(i’,y,f)—l—(ﬂ-{-O’)E(LE,y,i)

- aEmI(:U)y?t) - )‘Eyy(xay’t)} . ( 5.2.27 )

Expanding E(z,y,t+£), E(zth,y,1+£), E(zth,y,t), E(z,yxh,1+L), E(z,y+h,1),
S(z,y,t+¢) and I(z,y,t+ £) about (z,y,1) leads to

1 1 1 1
Lg = §Ett+§(M+U)Et_§ﬁSt1_aﬁS]t*¢aEmt‘¢5)\Eyyt 1
h? 1 1 1
— 1_2"(aE1’a:xr+)\Eyyyy)+|:"6Ettt+2(,uf+0-)Ett_Z/BS]tt
1

1 1
- Zﬂsttf—‘iafﬁEmtt—E)\Eyytt] Gt (5.2.28)

The second equation in (5.1.5) reveals that the coefficient of £ in (5.2.28) vanishes

provided ¢ = 1/2, leaving

h? 1 1 1
*CE = 41—2(O~/E:czza:+)‘Eyyyy)+ l:gEttt_%Z(,lf'%_U)Ett*ZﬁS[tt
1 1 1
- ZﬂS“I—ZaEmt~;l—/\Eyyﬁ] oy (5.2.29)

which is O(h? 4 £2) as h, £ — 0. It may be concluded that the unique O(h? + %)
method, as h, £ — 0, contained in the family (5.2.26) arises when ¢ = 1/2 and is

given by
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1 1
—5APBILL = GapBili, + [ C(p+0o)+ap+Ap| Biy,
1 n 1 n n
- aaPBkLl,m_g/\ Bk—:nl—}—l_ gﬂckmAk,—{—ml
1

- §£ﬁ Ok,;;l km = g ApBg,q t+ 5 apBi_in,

) 1
+ 1—5€(u+0)—ap—kp] Bim + §O‘PBZ+1vm

ApBL i1 (5.2.30)

[N

+
with £, m =1,2,...,M and n =0,1,2,....

As in the case of S, Section 5.2.1, equation (5.2.30) must be modified for use with
korm=0and kor m = M + 1. Applying (5.2.30) with k&, m = 0 introduces the
terms BT o, B”lo, Bg 4 and B”+1 Now, as noted earlier, the points (z_1,yo,n),
(Z_1,Y0, tnt1)s (T0,y=1,tn) and (zo,y_1,tn41) are outside the grid superimposed on
0 U 9. Nevertheless, the boundary conditions in (5.1.3) and (5.1.4) give, to second
order, B , = Bf, By = B, By_, = Bj, and B3ty = Bgi'. Thus applying

equation (5.2.30) with k, m = 0 gives

1 1
L+5l(p+o) + aptip Byt —apBift — Ap BT — 5B Cgo AGY

1
— LeBCgt Aje=[1- 5 e(ut o) —ap—Ap| B
+ ozpBlyO%—)\pBgyl. (5.2.31)

Applying equation (5.2.30) with m =0 and k =1,2,..., M gives

1 1
—AapB;:ﬂlyo + {1+2€(u+0)+ap+)\p] B"Jrl QCYPBZ:;,O )\pB"Jrl
1

1
- 56,601?,0142,31 "*gﬁ(mﬂ An = iaPB/?—l,o

1 n 1 "
{1 - ‘2‘6(/1""0)*0‘79")\?} Bio+ 5opBiy o

2
+ ApBp,. (5.2.32)
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For m = 0 and k = M + 1, equation (5.2.30) gives

—QPBMf(} + |1+ ‘2‘£(¢“ + U) +ap+ /\p] BM+4}1,0 - /\PBA/;T1,1 - 56180M+1,0 AIV?:I,O

1 n n n 1 n
- EEIBCM+_+}1,0AM+1,0:QPBM,0+|:1_§€('u+0-)—ap_/\p Biriio
+ ApBls- (5.2.33)

When k=0 and m =1,2,..., M, equation (5.2.30) gives

—5/\1730;;1—1 + [1+§E(N+U)+QP+/\P] Bo,fnl—g)‘pBo,jnlﬂ
I 1
— apBIY — LB O, AR — 5 LA CE AL,
1 1
= 5)\pB&m_1+[1»—56(,u-|—0)—ap—)\p Bg ..

1
+ 5)\pBgym+1 +apBf,,. (5.2.34)

Equation (5.2.30) gives, for k =0 and m = M +1,

“ApBih 4+ |1+ z4(pt+o)+ap+Ap Bojv}H—O‘PBJ/IlH—_fﬁCO,MJrlAO,JJF\}H
2

2
1 n n n 1 n
- §£ﬂco,ﬁ+1 0,M+1:)‘PBO,M+[1_54(#4‘0)—0‘1@—)‘? BO,M+1
+ apr7M+1. ( 5.2.35 )

Form=M+1and k=1,2,..., M, equation (5.2.30) gives

—%O‘szjll,M—H + 1+ %f(# +o)+ap+ Ap] Bitra — %QPB/?I;,M+1
— ApBE — 5 LB Chars AT — 508 Ot Afari
= LapBia 1= 5+ o)~ ap = Ap| B,
+ %QPBZ+1,M+1 + /\PB/:L,M- ( 5.2.36 )

When k= M + 1 and m =1,2,..., M, equation (5.2.30) gives
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1 n 1 n 1 n
) )\PBM++11,m—1 + |1+ Eg(ﬂ + U) +ap+ /\P] BM++11,m -5 )‘PBM++11,m+1

2
n 1 n n 1 n n
— apByf, - §€ﬂ Chrsrm A 1m — 555 Crttm Abr1,m
1. . 1
= AP Bl + 1= 5+ o) —ap—Ap| Bira
1 n n
+ 9 APByiimer T ap By m (5.2.37)

and finally, when k = M + 1 and m = M + 1, equation (5.2.30) gives

n n 1 n
ApByhm — epBifiat [1 + 54k +o)+ap+ Ap] Byl v

1 1
n n+1 n+1 n n
- ’Q‘Kﬂ CM+1,M+1 AM+1,M+1 T 9 tp CM++1,M+1 AM+1,M+1 = )‘pBM+1,M

1
+ apBumr + {1 - §ﬁ(p+a) —ap— )\p] By mi1- (5.2.38)

5.2.3 Numerical Method for /

The time derivative in the third equation in (5.1.1) is approximated by the first-order

forward-difference replacement
It(mayat)%[I(x7y7t+£)_1(xayat)]/£' (5239)
The z-derivative is approximated by the weighted approximant

Lo ~ h72[¢{I(z—hy,t+€) —21(z,y,t+£)+ I(z + by, t + £)}
+ (1=¢){I(z —h,y,t)—21(z,y,t)+ I(z+ h,y, 1)} ], (5.2.40 )

and the y-derivative is approximated by the weighted approximant

I, = W2 (p{l(z,y —ht+0) —21(z,y,t+£)+ [(z,y+h,t+L)}
+ (L=¢){I(z,y — hyt) =2 [(z,y, )+ [(z,y + h, 1)} ], (5.241)
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in which z = 24,y = ym (k,,m = 0,1,2,... MM +1),t =1t,(n =0,1,2,...) and
#(0 < ¢ < 1) is a parameter. Both equations (5.2.40) and (5.2.41) are O(h?) as h — 0
when ¢ = 0 and are O(h? +¢) as h,{ — 0 when 0 < ¢ <1.

Now equations (3.6.34) and (3.6.37) will be used to obtain an approximation to
I(zk, Ym, tne1) for use in the third equation in (5.1.1). To reach this approximation,
equations (3.6.34) and (5.2.39) are used in the third equation in (5.1.1) to give

crl—cCp
—g—’“’ﬂ o BIE 4 (p+7) Optl — oLy — Ay = 0 (5.2.42)

while using equations (3.6.37) and (5.2.39) gives

Cn-{—l _[n
i — Ok B (44 7) Ol — @ Low = ALy = 0. (5243)

In order to obtain a second-order approximation to I(Z, Ym, tnt1), €quations (5.2.42)
and (5.2.43) must be added. Averaging equations (5.2.42) and (5.2.43) and substituting
for I, and I, from (5.2.40) and (5.2.41), respectively, gives

TL+1 n
C - Ck,m

k,m

; B+1—§aBkm+ (+7) i

(4 7) CF — {Ck”*f,m — 200 4+ Ol
1 — ]7,_2 {Ck——l,m -2 Ck,m + Cg-i-l,m}

e {O:t} - 2CEE + CE)

[\3|_.M|H

l
\y/—\

— (1-¢) h—2 {CF s =20+ Oy } =0 (5.2.44 )
which, after rearranging, becomes

1
CNGpCIEL — adpCPtL 4 [1 50 +) +2¢<ap+xp)} Cop
) 1
o (’YQS/) /ylni‘]]ﬂ” /\d)pcyg,jnl-kl - —F [3”“’1 - (l - d)) )\p / ym—1
1 1
+ (l - (/)) ”7’(/’221,7;1 + [l - i{/(ﬂ + ﬁ)/) - 2(1 o d))((lf’ + )\p):l (//c,'m.

+ (I =d)apCly, ., + (]—(f))/\7)(,,m+]+ V(f/f,”,,a (5.2.45)
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where p = £/h%.

The local truncation error £; = L[S(z,y,t), E(z,y,t),I(z,y,t);h,£] associated
with (5.2.45) at the point (z,y,t) = (2, Ym, tn) may be written down from (5.2.44): it

18

Iz, y,t+ 0 —I(z,y,t) 1 1 |
£ = Lot O T@0Y Lo gy i)~ o Byt + 4 (0t 9) 129,04+ 0)
1 o
+ 5(#+7)1(x,y,t)—7?{I(ﬂf—h,y,tH)~2I(:v,y,t+15)+-’($+h,y,t+f)}

— (1= 9) 55 {Ile—hy,0) = 20(2,9,0) + 1z + by, 1)}

- ﬁ{I(:c,y—h,t+é’)-2](:E,y,t+€)+I(x,y+h,t+€)}
A

- (1—¢)ﬁ{I(m,y—h,t)—2](3:,y,t)+](:c,y+h,t)}

- {If(x>y7t) - O-E(mayat) + (ﬂ + 7) ](:L‘,y,t)
— al(z,y,t) — Ay(z,y,t)} . (5.2.46)

Expanding I(z,y,t+£€), [(z£h,y,t+£), [(zLh,y,t), I(z,y£h,t+£), [(z,y L h,t)
and E(z,y,t+¢) about (z,y,t) leads to

1 1 1
Ly = iltt_gaEt+—Q_(N'f'?’)lt_‘f’a]”t_gﬁ/\lyyt ¢
h2

1 1 1
-~ (a Lpzzz + A Lyyyy) + [6 Ty — ZUEtt + 1 (p+7) I

1 1
- iéalmtt—§¢/\fyytt] A T (5.2.47)

The third equation in (5.1.5) shows that, for ¢ = 1/2, the coefficient of £ in (5.2.47)

vanishes leaving

h? 1 1 1
ﬁl = ~1—2_(C¥]J:asr:x7%“A-[yyyy)_*_ {glttt*ZO’Ett"*'Z(#’—%’y) ]tt
I 1
— Za[”“ — 1)\ [yytt:\ 62 + - ( 5248 )

which is O(h* + £%) as h, £ — 0. It may be concluded that the unique O(h* + )

method, as b, £ — 0, contained in the family (5.2.45) arises when ¢ = 1/2 and 1s
) y
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given by
]‘ n+1 1 n+1 ]‘ n+1 1 n+1
_gApck,m—l - §ap0k lm 1+'2‘£(/£+’)’)+Olp+/\p Ck,m _§ap0k+1,m

1 n 1 n 1 n 1 n

- EAPCk;le 2€0B +1:§)\Pck,m-1+§apck_1,m

1 1 n

+ 1”‘5[(#-*-7)—&])—)\]9] Cl?,m—{'gapck-}-l,m
1 1

b APl + 500 By (5.2.49)

The finite-difference method (5.2.49) may be applied for k, m = 1,2,..., M and
n=20,1,2,.... For korm =0 and k or m = M + 1 it requires some modification.
Applying (5 2.49) with k and m = 0 introduces the terms C” g, C™Me, Co_y and gt
‘Now, as before, the points (z_1,Y0,tn), (Z-1,%0,tnt1), (z0,Y—-1,tn) and (2o, Y—-1,tn+1)
are outside the grid superimposed on U 9. However, the boundary conditions in
(5.1.3) and (5.1.4) give, to second order, CT; ;, = CTy, criy=Crét, Cy_y = Cf, and
Cytl = C31'. Thus applying equation (5.2.49) with k, m = 0 gives

1
1+ 53(11 + 7)+ap+Ap] Copt —apCigt = ApCil’ — 540 By
1 n 3 n
= [1 —5tpta)—ap- Ap} Coo+apCio+ApCo,

1

Applying equation (5.2.49) with m =0 and k= 1,2,..., M gives

1 n 1 n 1 n YT
—iapckjl{o + [1+§€(u+7)+ap+)\P] Ck,$1—§ap0k++f,o pCit!
1 n 1 n 1 n
— §€JBk‘€1:§aka_1'0+ 1—§€(M+7)_QP—)‘P Cro
1 1
+ iozpC,zlJrLO%—/\pCﬁl—1—5503};0. (5.2.51)

For m = 0 and k = M + 1, equation (5.2.49) gives

1 Yn l n
—apCis VgLt r) top+dp| Ciflio = ApCRE, = 5 Lo Bifi
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n 1 n n
= apCio+ [1 — §€(u +79)—ap—Ap| Crry10+APChiaa
1

+ .Q_go- Bii1o- (5.2.52)

When k£ =0 and m = 1,2,..., M, equation (5.2.49) gives

1 1 1
—5APCEn + [1+§€(u+7)+ap+kp] Com = 5 AP Comis — ap Oy
1 1 1
- 55033121=§Ap0&m_1+[1—§€(u+7)—ap—kp Com
1 1
+ EApC&m+1+apCfm+§£aBg'm. (5.2.53)

Equation (5.2.49), for £ =0 and m = M + 1, gives
1 1
—)\PC’&;} + [1 + ig(lﬁ +7) +ap+ )‘P] CS)};}H - apOfX,}H - 58033,41(/}“
n 1 n n
= ApCoyt [L= 300 +7) —ap = 3p| Clarsr +apClarss

1
+ §€0B3,M+1 . ( 5254 )

When m = M +1 and k=1,2,..., M, equation (5.2.49) gives

_’Q‘OZPijll,MH + |1+ 55(/‘ +7) +ap+ )\p] Ck,-}\-ll+l ) apckj—_ll,M+1 - )‘pck}(/}
1 il 1 n 1 "
- §£UBk,M+1:§aPOk—1,M+1+[1"§€(M+’7)—‘1P—/\P CE
1 n 1 n |4
+ §aPCIZ+1,M+1 +ApCenm + §£UBk,M+1 : (5.2.55)

Fork=M +1and m =1,2,..., M, equation (5.2.49) gives

1 1 n 1 n n
*5 )‘pC;\IJ++11,m—1 + 1 + §€(M + ’7) + ap + /\le CM+—{-11,m - 5 )\pCM-{::l,mﬁ-l - apCMfrln

1 1 1 .
- QKUB&TLm:?)\pCMH}m_lJr[1,—§€(y,+7)‘ap—)\p Chrsim

1 | (
+ 5/\1’00;\5}+1,m+1 +(XPO;\14,7n+;Z_‘€U[3;\LA+I,m7 (52’56)
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and finally, when k& and m = M + 1, equation (5.2.49) gives

—/\pCM++11,M - O‘pCM-I,_}%/IH + [1 + Ef(ﬂ +7)+ap+ /\P] OM++11,M+1 — 550 BM+J31,M+1
n n 1 n
= /\PCM+1,M + O‘PCM,MH + [1 - é‘e(/‘ + '7) —ap-— /\P] C’M+1,M+1
1
+ 5503&“,]\“1_ ( 5.2.57)

5.3 Implementation

Let Urt! — [(AnJrl)T) (B"+1)T, (Cn+1)T]T and U" = [(An)T’ (Bn)T’ (Cn)T]T7 where
A", B", C*, A™1 B"*! and C™*! are as defined in Section 5.1 and T denotes trans-
pose. Then equations (5.2.11)—(5.2.19), (5.2.30)— (5.2.38) and (5.2.49)—(5.2.57) may

be written in matrix-vector form as

wru™ = M"U"+b (5.3.1)
in which
X" O H"
wWr=| F* Y™ G* |, (53.2)
o Jp zn
P O O
M= 0 @ 0 |, (5.3.3)
O Jp R"

where O is the zero matrix of order (M + 2)? and the vector b is a column-vector of

order 3(M + 2)* and is given by

b= |{uN,....¢0puN,0,...,0| . (5.3.4)
(M+2)? times

The matrices W™ and M™ are both of order 3(M + 2)? and their submatrices are

as given below. The submatrices X7, Y™, 727, P", Q)" and R™ arc block tridiagonal
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of order (M + 2)? with tridiagonal blocks on the diagonal and block diagonal off the

diagonal and are given by

XDy, X1
X2 XD X2
X2 XD, X2
X" = , (5.3.5)
X2 XDy X2
Xl XDM+1
where
V0,: —Qap
~%ozp (. —%ap
top wi —hap
XD, = _ , (5.3.6)
—%O{p UM, —%Olp
AP UM+1i ) (M42)x(M+2)
in which

1 ..
vii=1h o lp+ ACR) Fap+Ap (55,=01L2. ., MM+1),  (537)

—% Apliv42) and Ipryg) is the identity matrix of order

X1 = =Apliya), X2 =
(M + 2),
YD Y1
Y2 YD Y2
Y2 YD Y2
Y" = , (5.3.8)

Y2 YD Y2
Y1 YD
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where

YD =

in which

Y —ap
1
ap Uy —Sap
1
—zap vy —3ap
1
—3ap Vy —5ap
—ap vy

1
vY:1+§€(u+0)—l—ap+)\p,

Yl = —)\p](M+2), Y2 = —-% )xp[(M+2),

where

ZD =

in which

A A
72 ZD 72
72 ZD 72
7" =
72 7D Z2
71 ZD
z —ap
ap v, —3@p
—sap v, —%ap
—tap v, —zap
—ap v,

1
vz:1+§f(u+7)+ap+kp>

(M+2)x (M+2)

(M+2)x (M+2)

185

(5.3.9)

(5.3.10 )

(5.3.11)

(5.3.12)

(5.3.13)
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Z1 = =Aplim+2), 72 = —%)\PI(MH)’
PD Pl
P2 PD P2
P2 PD P2
P = ,
P2 PD P2
P1 PD
where
v, ap
%ap v, %ap
%ozp vy %ap
PD =
%ap v, %ap
ap Up (M+2)x(M+2)
in which
1

vP:1——2—€—ap—)\p,

Pl = /\pI(M+2)7 P2 = %/\I(M-f-?);

QD Q1
02 QD Q2
Q2 QD Q2

Q2 QD Q2
Q1 QD

186

(5.3.14 )

(5.3.15)

(5.3.16)

(5.3.17)
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where
Vv, ap
%ap v, QP
1
5ap ’UQ Eap
QD = : (5.3.18)
0P v, FQp
AP Yo /] (Mt2)x(M+2)
in which

1
vQ:1—§£(,u+a)-—ap—)\p, (5.3.19)

QL = ApIr+2), Q2= 5 AP (m+2),

RD RI1
R2 RD R2
R2 RD R2
R = , (5.3.20 )
R2 RD R2
R1 RD
where
Vg ap
%ap Vg %ap
Lap v Lap
RD — 2 o , (5.3.21)
sap vy S Op
ap  Yr ) (My2)x(M+2)
in which
1
1)H:I—§€(y+7)—ap—)\p, (5.3.22)

R1 = )\P[(M+2) and 2 = l;)\p[(M+2)
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The matrices F™, G*, H", J* and J} are block-diagonal of order (M + 2)? and are

of the form
L o , ) S
Pr = diag {~L0BCL, ), Gt =diag{-30BAL} . H = diag{5CB ALY |

: 1 :
Jp = diag{—5 05 loasny) and Jg = diag {300 Tnrin} | (5.3.23)
where A}, and C},, are diagonal matrices of orders (M + 2) and are given by

P = diag{AL,} and C, =diag{C}.}. (5.3.24)

5.4 Stability Analysis

As in the previous chapter, the maximum principle analysis will be used to discuss the
stability of the finite-difference approximation as both the von Neumann and matrix

stability methods are not practical.

In order to use the maximum principle analysis to examine convergence and stabil-
ity, assume that a solution of the initial/boundary-value problem (5.1.1)—(5.1.4) exists
in the closed region [CR:0<z <1,0<y<1,0<t<T]and that the solution is six

times continuously differentiable in the closed region.

Let the first equation in (5.1.1) be written in the form

1 1

= S, uN+Gi+Gy (5.4.1)

with initial and boundary conditions given in (5.1.2)—(5.1.4). The terms G, and Go

are assumed to be boundedly-differentiable with respect to S and 1.

Consider, as a direct extension of the procedure given in (4.6.2), the difference
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equations
A, = S
'n+l An
2V (ARt + AL+ VR (Ap 4 ap,) = Bt N
L+ BCr) AR + 3 (u+BCHI) ARy 120,

(5.4.2)
where A}, is an approximation to S(z,y,t) at the typical point (kh,mh,nf) which
agrees with S on the boundaries. The operators VZ and V2 are defined as follows

Va2: Z,'m = ( k—1,m 2A k—}-lm)/hz
VIAL . = (Af. —24f,.+ AL in) I (5.4.3)

Following Section 4.6 of Chapter 4, it is easy to see that

A S”+1 Sp
%VZ (S'n,-H + Skm> + = v2(5n+l + S]gm) _ e k,m o ,LLN
1 1 )
5t BIL) Sind + 5+ BLL) Si + gim (544
with
9 m = O +1). (5.4.5)
Let

Zinkm = Sl?,m - Az,m
5 = BB, b (5.46)

ng'm = I/?,m - Cl?,m

then the basic truncation error equation is obtained, by subtracting equation (5.4.2)

from (5.4.4), as follows

z0 =0,
o 72 ( 7ntl 7n A 72 n+1 n 7?:1 Zlnk m
5 VT (Alkﬂn + Zl'k,'m,) + E v (Zl + Jlk ) = l
+ L+ B Sihl =5 (n+ BCEL) ARL
+ S B SE, — 5 (e BOEE) Al + G
Z.. =0 (on boundary) .
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As the underlined terms can be written in the form of equations (4.6.10) and

(4.6.11), respectively, it follows that equation (5.4.7) can be written as

n-tl n —_—
X 9 (ot n Ao n+1 n _ Zlk,m — 7 " Gy .,
5 vx (Zlk,m + Zlk,m) + 5 Vy (Zlk,m + Zlk,m) - Vi : 5 a8 Zlk-l,-nlq
1 0Gy ., 104G, ,,, 10G;y ,, "
2 91 Bem T 298 Do T 33T Dm H S (548)

Assume that Z3, and Z3*! are bounded, then the above equation may be written

as
vZ (Zn+1 Zn /\ v? Zn+1 Zn . 2 Z{Llj,_ri - Z{lk,m
@ z 1k,m + 1k,'m> + Yy ( 1k,m _+_ 1k,m> - E
aGl n+1 8G2 n n
85 Zlk,m + %_Zlk,m +MI+2gk,m ( 549 )
where

aG; . 0Gs .
M] :m&X{?j—‘Zakym,WZ3::l} .

The following lemma and theorem which may be found in Douglas[15] will be used

in relating the magnitude of ka’L"ll to that of Z7% .

Lemma 5.4.1 If V2Zim + V2Zim — p(2,Y) Zkm = Gem; 0 < 2,y <1, p > 0, and
Z =0 on the boundary, then

max | Z(z,y)| < max

g(z,y) } |

p(z,y)

Theorem 5.4.1 (Douglas) If there exists a solulion w of (5.4.1) such that u s siz
times continuously differentiable in the region 0 < z,y < 1,0 < 1 < T, then the

solulion of (5.4.2) converges uniformly to u in the region with the truncation error

being nol worse than O(F).
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Douglas[15] has expressed Z7, = Z, as a sum of functions satisfying homogeneous

equations of the form

n—1
Zn =Y 2% (5.4.10)
1=0
where
ZH =0  (m<i) )

a2z 4 aviz® -2 28 2gi+M;  (m=i+1)

. . . . (1) _ 7
aV2ZO 4 AV2Z0 + a2zl 4 Avizl) =9 Tnlnn
+ %Z( +@Z() (m>i+2)

VA,

|

0 (on boundary) .
(5.4.11)

To show that Z, as defined by (5.4.10) satisfies the difference equation (5.4.9),
substituting directly yields

s — Zn OGh 3G,

i 98 Znt1 = HE Zn

n . n—1 )
~ (@2 +AV?) {z 29,43 z,(;)}
1=0 =1

2 ; G G
- E{ZZ}‘L-H ZZ} z{aSIZnH 85227(1)}

=1

n 2 n
= aVZZ(Ql + AVf/Z,Sﬁl 7 Z£,+)1

|
—

n

4 {(av2+Av2) (20, + 700) — Do = A0

1=0 ﬁ
Gy 0Gy g

Sk AN ZOV =24, 5.4.12
(r)S n+1 (95 9 +M[? ( D )

by (5.4.11). Thus, (5.1.9) is satisfied. Next, a bound for Z,,(ﬁr)] will be obtained using
LLemma 541,

1
7+, l < /. max | g, | + -0 max | M | (5.4.13)

max
1
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Since each term on the right-hand side of (5.4.13) is bounded, max;

Zi(j—)l ’ iS
bounded, too.

Applying Theorem 5.4.1, it follows that the solution of (5.4.2) converges uniformly
to S in the region.

The second equation in (5.1.1) may be written in the form

1 1 1 1

2
1
= Et—G3—G4+§(M+O’)E+G5 (5414)

with initial and boundary conditions given in (5.1.2)—(5.1.4). The terms G3 and G4
are assumed to be boundedly-differentiable with respect to S and I and G is assumed

to be boundedly-differentiable with respect to £.

Consider the difference equations
B, = E°

n+1 Bn

v (Bt + Bp,) + 3VI (B 4 BL,) = mpe — LBCE, AL

— lpepttAr 4+ s (wto)Bit +5(wt+o) B, n=0,
(5.4.15)

N

[N

where By, is an approximation to E(z,y,t) at the typical point (kh,mh,nf) which
agrees with E on the boundaries. The operators V2 and Vz are defined as in (5.4.3).

It is easy to see that

A Ept - By
“ VZ (En+1 + Ek m) + — vz(En—}—l + Ekm) — k,m k,m

— g, SiH
9 E 5 k,m

1 1
- —ﬁf"“ (n+ o) Egh + 5 (n+0) Bl + gi (5416

2
with
Grm = O(R* +10). (54.17)

Subtracting equation (5.4.15) from equation (5.4.16) and using the definitions for
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the truncation errors in (5.4.6) gives

0 _

sz,m = 0,
a2 (gntt 7mn v2 (zn+l Zn _Z;:;_Z;km Lgn gntl
2 Ve 2k,m+ 2k,m Y 2k,m+ 2k,m)— ¢ _Eﬂ km ~Mkm

n n+1 1 n+1 n 1 n+1 n
Ck,m Ak,m ) ﬁ]k,m Sk,m + 2 B Ck,m k,m

(wt+o)Zsh +5(u+0) 25, +Gim

+ 4+ +
= N N
e

Z'I’L

2k,m

If
o

(on boundary). )
(5.4.18)

As the underlined terms can be written in the form of equations (4.6.10) and

(4.6.11), respectively, it follows that equation (5.4.18) may be written as

n+1 n o~
@ G2 n+1 n A 2 n+1 n o Z2k,m - ZQ m 1 aGS n
3 Ve (zz22+ 25, ) + 5V (23t + 23, ) = %G zi
1 9G; 1 6G, 1 3G, 1
_ = /- 7 - gntl o Zntl
331 D "3 g5 Ziem T g a1 Zam ¥t O) B
1 n n
+ oot o) 2y, T G - (5.4.19)

Assume that Z7, pHl 73 and Z;:Ti are bounded. Then equation (5.4.19)

1k m?

may be written in the form

n+l Zn
oV (7 w2y ) + AV B E,) =2 o M 4 My
+ (pto)Zst F(pto)Z;,  +208m, (5.4.20 )

— 89G3 7n  9Gy pntl _ 89G; 7n 9G4 n+l}
where M5 —max{ o I 0 ae Dl and My = max {52 Z3, 51 L3, J-

Following Douglas[15], Z3, == Z, may be written in the form of (5.4.10)—(5.4.12)
and applying Lemma 5.4.1 and Theorem 5.4.1 shows that the solution of (5.4.15)

converges uniformly to £ in the region.

Similar analysis may be applied to the third equation in (5.1.1) to conclude that

the approximate solution, CF' ., converges uniformly to [.
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5.5 Numerical Results

The second-order methods (5.2.11)—(5.2.19), (5.2.30)—(5.2.38) and (5.2.49)—(5.2.57)

were tested on the initial/boundary-value problem

Sy = uN—(u+B8)S+aSe+ A5y,
E, = BIS—(p+o0)E+aE,+AEy, (5.5.1)
I, = cE—(p+7)I+al+ A1,

with the initial conditions

S(z,y,0) = 5%=z,y), E(z,y,0) = E%=,y), I(z,y,0)=1"(z,9);0<z,y<1

and the boundary conditions

us(0,y,t) = ug(l,y,t) = 05 ¢>0
(5.5.3)
uy(z,0,t) = wuy(z,1,t) = 0; >0,
where u(z,y,t) represents S(z,y,t), E(z,y,t) or I(z,y,t). The set of parameters

given in (3.4.4) for N, g, o and vy was used. The infection rate, [, was chosen to

be B =5 x 107%; the diffusion rates were o = 0.01 and A = 0.01.

In the following numerical experiment the total numbers of susceptibles, exposed
and infected individuals are taken to be 1.25 x 107, 5 x 10* and 3 x 10*, respectively.
The way in which each is distributed over the square 0 < z,y <1 gives the functions
S0(z,y), E°(z,y) and I°(z,y) in (5.5.2).

Taking h = 0.1 so that M = 9, giving the discretizations z; andy; (i = 0,1,2,...,10)
of the square 0 < z,y < 1. The initial conditions are distributed as in Figures 5.1-5.3,
where the numbers of exposed and infected individuals are concentrated in the centre
of the square 0 < z,y < 1 and the number of susceptibles is distributed over the whole

square such that the number of susceptible individuals in the centre of the square s
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less than the other parts of the square; they are distributed as follows

S'(:ci, Y5, 0) =

](:Ci,y]‘,O) =

103967

101967

100717

81967

E(xi, Yis 0)
1250

b

b

7

9

20000

0<i<M4+1 & 0<j< M3,

0<i< M= & M3 <5 <M

Mt <i<M+1 & M2 <5<

0<i<M+1 & ML < ;< M+

MR <i<ME & =R

=M M g M g M

MR iR L= AR

i=M & =

i:Mzi3 & ]:@

i=ME g =M,

2000 , M2 < < MES

, Mel <M g = ML
Mol << M3 g 5= MAS,
1= & g =M
z:T+3 & ]:-2—+1
>@7j:T
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Figure 5.4 shows the distribution of susceptibles, exposed and infected individuals in

one dimension at ¢t = 0.1. Figures 5.5—5.7 give three-dimensional plots of susceptibles,

exposed and infected individuals, respectively, for 0 < z,y < 1 and t = 0.3. Comparing

Figure 5.4, which was compiled using the one-dimension model of Chapter 4, and

Figures 5.5—5.7 in two dimensions, it is seen that the profiles in Figures 5.5-5.7 are

similar to those in Figure 5.4. The time taken to compile Figures 5.5—5.7 is larger

than that taken for Figure 5.4; this is expected because in two dimensions, the time

taken for the disease to spread out is larger than that in one dimension. The profiles in

Figure 5.4 can be scen clearly in Figures 5.5—5.7 by taking the cross-sections z = 0.5

or y = 0.5.
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Figures 5.8—5.10 show the dynamic behaviour of measles in two dimensions at time

t =0.4.

Although M was chosen small, M = 9, the computer required extensive time to
compute the results. For M > 9, the computer used was unable to compute the results
since the matrices involved are block matrices and very large so the factorization of
these block-matrices into lower- and upper- (LU) matrices and finding the inverses of

L and U at every time step need more advanced architecture.

10‘5ﬁ

104

Susceptibles
[(s]
o
/

©
/

8.5

0.4

Y axis X axis

Figure 5.1: Initial distribution of susceptibles.
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/
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N

1500

000

ummmaxm

500

X axis

Y axis

Figure 5.2: Initial distribution of exposed individuals.

x 10*

~

7
1
-

SOARIBJY|

0.5 4

X axis

Y axis

Figure 5.3: Initial distribution of infectives.
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Population

Figure 5.4: Dynamical behaviour of measles in one dimension att = 0.1 using h = 0.1;
susceptibles(—), exposed(——) and infectives(—.).
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Susceptibles

Y axis X axis

Figure 5.5: Distribution of susceptibles after 300 time steps (t = 0.3); £ = 0.001 and
h =0.1.

Y axis

Figure 5.6: Distribution of exposed individuals after 300 time steps (t = 0.3); £ = 0.001
and h =0.1.
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Infectives

(¢] .
X axis

Figure 5.7: Distribution of infectives after 300 time steps (t = 0.3); £ = 0.001 and
h=0.1.

Susceptibles

(0] .
X axis

[Figure 5.8: Distribution of susceptibles after J00 time steps (1 = 0.4); ¢ = 0.001 and
Iy =0.1.
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x 10*

Exposed

Y axis X axis

Figure 5.9: Distribution of ezposed individuals after 400 time steps (t = 0.4); £ = 0.001
and h =0.1.

L )
L L

®
[

Infectives

-0 < N
L1

Figure 5.10: Distribution of infectives after 400 time steps (1 = 0.4); £ = 0.001 and
I =0.1.
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5.6 Conclusion

The SEIR measles model of Chapter 3 has been extended to two dimensions and the
same parameter values have been used in numerical experiments. The model equations
have not been seen in the literature and are a mathematical extension to the SEIR
measles model. Block-tridiagonal matrices were obtained after implementing a second-
order finite-difference method and the maximum principle analysis was used to reveal
that the developed numerical method is convergent. Numerical results have shown that
the dynamic behaviour of measles in two dimensions is similar to that in one dimension

but takes more time to spread.




Chapter 6

One-Dimensional Measles
Dynamics of Convection Type

6.1 Introduction
In this chapter, a one-dimensional model of measles of hyperbolic type will be discussed,
which assumes that the measles might be spread in a wave form.

The system to be considered is

Si+pSe = pN—(p+pBI)S
E.+pE, = BIS—(p+o0)E (6.1.1)
Lipl = oB—(uty)]

in which S = S(z,t), E = E(z,t) and I = I(z,t) are the numbers of susceptibles,
exposed and infectious individuals, respectively, at time ¢ and distance z from the

origin; p > 0 is the convection rate. The other parameters are as before.
The initial conditions are of the form

Sz, 0) = S%x), B(z,0) = E%z), I(z,0) = [(z); 0<z<L (6.1.2)

203
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and the boundary conditions are

5(0,¢) = S(t), E(0,t) = E(t), 1(0,¢) = I(t); t>0 (6.1.3)

Suppose that the solutions S(z,t), F(z,t) and I(z,t) of (6.1.1)—(6.1.3) are sought
in some region ) = [0 < z < L, t > 0] of the first quadrant. The interval 0 <z < L is
divided into M subintervals each of width h so that Mh = L and the time variable ¢ is
discretized in steps of length £ such that t, = nf(n =0,1,2,...). The z-coordinates
of the M points of this discretization are zx = kh(k=0,1,2,..., M); clearly, o = 0

is the z-coordinate of every point on the t-axis.

The solutions of (6.1.1), (6.1.2) and (6.1.3) at the typical point (zx,t,) are S(zx,tn),
E(xy, t,) and I(zk,t,): these will be denoted by Sf, El and If, respectively. The
theoretical solutions of numerical approximations to (6.1.1) at the same mesh point
will be denoted by A%Z, B and CF, respectively, while the values actually obtained,
which may be subject, for example, to round-off errors, will be denoted by ZE, E}’j and

6’,?, respectively. These were the notations used in Chapter 4.

6.2 Numerical Methods

6.2.1 Numerical Method for S

Finite-difference methods are developed by approximating the time derivative in the

first equation in (6.1.1) by the first-order forward-difference replacement
Sy~ [S(z,t +4) — S(z,t))/¢ (6.2.1)

and the space derivative by the approximant

|, { S(a,t) = S(e —hyt) | Sle,t+8) = S(e = byt +0) }

S, ~ —
” 2 h h

in which z =z, (k=1,2,... , M)and L =1, (n=0,1,2,...).
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By substituting equations (6.2.1) and (6.2.2) in the first equation in (6.1.1) and
approximating as follows

Apt — Ay
4

T 57 {Ak — Ap_ AT - Akﬂ} + (v + ﬂck)(—k—Q—_k)

— pN=0 (6.2.3)
gives

—§P7"Akf} + [1+§€(ﬂ+50k)+§/”‘} Ak+1:§PTAk_1

1 1
+ [1—§£(u+ﬂ0,?)—§pr] Ay +Ep N, (6.2.4)

where r = £/h, which is a four-point, two-time level, implicit, finite-difference method.

Note that, although the method in (6.2.4) is implicit it may be implemented explicitly.

The local truncation error £s = Ls[S(z,t), E(z,t),I(z,t); h,£] associated with
(6.2.4) at the point (z,t) = (2k,t,) may be written down from (6.2.3): it is

Ls = S(x’th_s(x’t) +§’% (S(z,8) = S(z — h,t) + S(z, L+ £) — S(z — h,t + )}
bt BTG, 0) (o4 )+ 5 (ot BI(@,1) S(ayt) — N
—{Su(z, ) 4 pSulz,t) + (i + BI(2,1) S(z,t) — p N} (6.25)

Expanding S(z — h,t), S(z,t +£) and S(z — h,t +£) as Taylor series about (z,t)

results in
Ls = {15 cruesns+t s*]e—l hes
S - 2 tt 9 Y t 2kat 4P zxt
1 1 1 1 )
— §phszx+[65i1t+Z(ﬂ+ﬁj)8tt+zp5ztt]g + (6'2-6)

Equation (6.2.6) reveals that the implicit method in (6.2.4) is first order because
Ls=0(h+1)as h,{ — Q.
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6.2.2 Numerical Method for E

The time derivative in the second equation in (6.1.1) is approximated by the first-order

forward-difference replacement
E; ~ [E(z,t+0) — E(z,t)}/4 (6.2.7)

and the space derivative by the approximant

1 {E(x,t)—E(m—h,t) . E(z,t+¢) —E(x—h,t+£)}

Be g h 3

(6.2.8)
inwhichz =z, (k=1,2,...,M)and t =t,(n=10,1,2,...).

By substituting equations (6.2.7) and (6.2.8) in the second equation in (6.1.1) and
approximating as follows
Bt — By

— o+ {BL - By + B - Bt} - B ALCE

n+1 n
+ (b )(B—;—Bk) =0 (6.2.9)

gives
1 n+1 1 n+1 1 n
—§per_1 + [1+ E(u+0)+2/07“} By _§P7'Bk—1
1 1 n n om
+ [1—52(/¢+0)—§pr] By + LB AL CY, (6.2.10)

where r = £/h, which is a four-point, two-time level, implicit, finite-difference method.

As before, this method, although implicit, may be implemented explicitly.

The local truncation error L = Lg[S(z,t), E(z,t),I(z,t); h,£] associated with
(6.2.10) at the point (z,t) = (zx,t,) may be written down from (6.2.9): it is

/ 't - 1 .
rp = Zo Mi Blet) 2/ (B(e,t) — Bz — hyt) + E(z,t+£) — E(x — h,t + )}

= BS(a ) e 0) 4 (o) Bl L+ € 4 5 (o) B, t)
— Bz ) 4 p Bz, t) = BS(a ) [, L)+ (4 o) Bz, 8)} (6.2.11)
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Expanding E(z — h,t), E(z,t + £) and E(z — h,t+ £) as Taylor series about (z,?)

leads to

1 1 1 L L
Ly = [—Ett+§(p+0)Et+§PEzt] {= Pl B = 5 ph B

2
1 1 1 )
+ [gEttt‘l'Z(ﬂ‘*'U)Ett‘*‘zl‘pEztt]E + - (6.2.12)

which is O(h + £) as h, — 0. This reveals that the implicit method (6.2.10) is

first-order accurate in time as well as in space.

6.2.3 Numerical Method for [

Now, the time derivative in the third equation in (6.1.1) is approximated by the first-

order forward-difference replacement
I~ [I(z,t+¢) — I(z,1)] /4 (6.2.13)

and the space derivative by the approximant

I~ % { I(:I;,t)—}fl(a:—h,t) N I(x,t+€)—lll(a:—h,t+f) } (62.14)

in which z =2 (k=1,2,...,M) and t =t, (n =0,1,2,...).

Using the above finite-difference approximations for I; and I, in the third equation

in (6.1.1) and approximating as follows

CTH'l - Cy P n n n n n
“k—e—i T 97 {Ck "“Ck~1+0k+l_ckj11}_03k
e

k) (6.2.15 )

+ (e )

gives

o 1 1 I
—5pr Gl {1+§f(ﬂ+7)+507’] CE™ =5 pr iy

1 1 v
+ [1f§£(/1,+fy)—§pr} Cl+4o By, (6.2.16 )
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where r = £/h, which is a four-point, two-time level, implicit, finite-difference method.

This method may also be implemented explicitly, although it is, by nature, implicit.

The local truncation error £; = Li[S(z,t), E(z,t),I(z,t); h,£] associated with
(6.2.16) at the point (z,t) = (zx,1,) may be written down from (6.2.15): it is
I(z,t+£)—I(z,t) p

Ly = J +2—h{](:c,t)—I(x—h,t)+](ac,t+€)—](w—h,t+€)}
o B0+ 5 () [+ )+ 5 (n ) I(e,)
— {L(z,t) + pL(z,t) — o E(z,t) + (4 7) [(z,1)} . (6.2.17 )

Expanding I(z — h,t), I(z,t + £) and I(z — h,t + £) as Taylor series about (z,t)

results in
1 1 1 1 1
L = [gftt+§(ﬂ+7)lt+§pfm]f—zphffmt—ﬁph]m
1 1 | )
+ [glttt-’r‘z(u—*-?’)]tt‘FZplztt}g + - (6.2.18)

which reveals that the implicit method in (6.2.16) is first-order accurate in time and

space since L1 = O(h +{) as h,{ — 0.

6.3 Stability Analysis

As in Section 4.6 of Chapter 4, because the term I S in the first and second equations in
(6.1.1) cannot be uncoupled, it follows that the von Neumann and the matrix methods
are not appropriate for the stability analysis. Therefore, the maximum principle analy-
sis will be used to discuss the stability of the finite-difference approximations (6.2.4),
(6.2.10) and (6.2.16).

To use the maximum principle analysis to examine convergence, assume that a

solution of (6.1.1)—(6.1.3) exists in the closed region [CR:0<2<L,0<t<T]such

921
ZE

n2 o 2
that &35 2°L

" 9x2) Hx?

and exist and are bounded in CR.
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Let the first equation in (6.1.1)—(6.1.3) be written as

St gp(Sa4S) = uN—L(u+pI)S— (ntpI)S
= ﬂN—Gl'—Gz (631)
with
S(z,0) = S%=), S(0,1) = S(1), (6.3.2)

where G; and G5 are assumed to be boundedly-differentiable with respect to S and I.

Consider the following difference equations to approximate equations (6.3.1) and

(6.3.2)
n 1 n+1 n 1 n n
VtAk+§PV (Ak +Ak> = ﬂN—E(N‘{'ﬂCk)Ak

1
- ZWHBCHAT; a0 (633)

with

A% = S%z), AL =S(t) (6.3.4)

where V, and V are, respectively, the forward- and backward- difference operators with

VeAp = (At -ap) /e,
(6.3.5)
VA = (AF— AL /b

It is known that

Gy = G, tayr, SETLIE) = Galwi, tays, SE ) + (SET = SE) %%

= L(u+BIYSE+ (ST - 5E) BE

psptt  sptl_gp n lga2sg+l
at - ¢ 2 otz
n4l n > antl o on
1 yn+1 n _ 1 aS 1 as 1 0%S, 025
2 Y% (‘Sk + ‘Sk> - 2 9=z + 2 Oz 4 h oz? Dx? ’

(6.3.6)
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where the barred derivatives are evaluated at intermediate argument values as called
for by the Mean Value Theorem.

Substituting (6.3.6) into (6.3.1) gives

1 n n 1 n n 1 n n
ViSp 5oV (P SE) = wN =g (e BI)SE -5 (n et BI) ST

2 2
1, (02SpF  ESE) 1, 0050
t {—Zh( ozx? + Oz? _56 ot?
0G,
n+1 n
+ @p-—&)gg}. (6.3.7)

The assumption on S above requires the boundedness of all derivatives appearing
inside the bracket along with S+ — S in the region 0 <z < L, 0 <t < T. Hence,

in this region,

7L l T n 1 n n
ViSi+5pV (SE74SE) = ulN -5 (u+ 8IS

2

1

=SBRS4 (6.3.8)
with
gr=0(h+1). (6.3.9)
Now let

Zp = Sp- A}
7y = Ep—Bp . (6.3.10)

Zp = Ip—Cp

Then, if (6.3.3) is subtracted from (6.3.8),
1 n n 1 Yn n 1 ny qn+l
L BIST AL (h o BC AL 5+ BE) S,

1 s a , e
+ S+ BCY) AT + gk (6.3.11)

n ] n T
Vi Zlk + —2—/)V(Z]k+l + Z1k> =

[N

0 rrn
4y =0, 7

=0
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As
len

G](a’.k,tn-}—luSlZLaI:) = Gl(xkatn+17 Z)CI?) 851 (Sk -

dGy n

+ a]l (]k Ck)

and
n+l rn n+1 n aG? n+1
G (xka n+1aS I ) = G2($k7tn+17Ak 70 )+¥(S
3G2

it follows that equation (6.3.11) may be written as
S| " n 10G, ,, 190Gy,
Vi 4y e VAT E) = 55 ATy g A

139G, 0y 170Gy

2 98 "% 2 98I

Rewriting equation (6.3.14) yields

1 [0G oG
( : - A + g

thFkJrPVZE-FMlZi:—g 5]+a[

where

7y, = % (zy2' + 21,)

, 0G, 0G
M1 = maXx {8—51’8—52} .

211

A¥)
(6.3.12)
— AP
(6.3.13)

Dbl (6.3.14)

(6.3.15)

(6.3.16)

The following lemma, the proof of which may be found in Thomée[63], will be used

to find a bound for equation (6.3.15).

Lemma 6.3.1 (Thomée) Assume that Z} salisfies
V. Zr DNV Zp G = Iy
/(J _ (J

N A

(6.3.1

=1

)
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where D can be written as
D~ 0
o=(% )
and for some Ko > 0, —Kol~ < D™ < —Kg'I~, K;'It < Dt < —KoIt, |G| < Ko;
lDZ - DZHl + ‘DZ — DZHi < Ko h. Then there are constants K and § independent of
hot,Z F f° f~ and ft such that for h <6

120 < KNP0+ 171+ IAH I+ IR (6.3.18)

Now, assume that Z3 is bounded and applying Lemma 6.3.1 to equation (6.3.15),
with Z) = 0and Z] = Z7, =0, gives

n
| 22,

7z < K1, (6.3.19)

= max
00 k

9% and g}. Therefore the theoretical

where K; > 0 depends on the bounds of 5—;@1{, 7
(6.3

5
solution A7 of the approximating method .3) converges to the solution S} of the

equation (6.3.1) as h — 0.

Now, the second equation in (6.1.1)—(6.1.3) may be written as
1 1 1
Et+5p(Ex+Ez) = ﬂIS——Q—(u—I-a)E— 5(,u+o)E

N =

with
E(z,0) = E°(z), E(0,t) = E(t), (6.3.21)

where G5 is assumed to be boundedly-differentiable with respect to S and I and (G4 18
assumed to be boundedly-differentiable with respect to £ only.

Consider the following difference equations

n n n n 1 n
ViBy +pV By = ﬁCkAk"g(N‘FU)Bk

— (p+o)BF n>0, (6.3.22)

<

o | —
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BY = E°(z), By = E(t) (6.3.23 )

where V, B® and BJ are as in (6.3.5) and (6.3.16), respectively.

It is easy to see that

Gy = Ga(Tp, by, BiT') = Ga(zk,tnsa, EY) + (EJ?H - E,’j) %

= L(u+o)Ep+ (B - Bp) 5

n Py 6.3.24
aEpt? Ep 1@3”575“ ( )
at = Vib 2% TBr
/\ n+1 n gt 3ZEn
- 1 OE" 1 8E 1 52E 82E
VE;, = ;7% 290 —al | Ta s )

where the barred derivatives are evaluated at intermediate argument values as called

for by the Mean Value Theorem.

Substituting (6.3.24) into (6.3.20) yields

VVEp +pVEr = BIFSE “5(#"“7)Ek _§(ﬂ+U)Ek+l

1 (02EPT  O%E} 1 02Ept!
* {_Zh( o T o | T2t e
3G,
n+1 n
+ (Bft - Ep) 6_}3} . (6.3.25)

As before, I/EE is defined in (6.3.16). The assumption on £ above requires the
boundedness of all the derivatives appearing inside the bracket along with Eptt — ET

in the region CR. Hence, in this region,

— 1
VB4 pVEE = BIESE o (ut o) BE
1 N, n
— k) B 4 g (63.26)
with

gr = O(h+1£). (6.3.27)




F.N.M. Al-Showaikh, 1998, Chapter 6 214

If equation (6.3.22) is subtracted from equation (6.3.26) and using the definitions
in (6.3.10) for the truncation errors, then
n 7n n qn noAn 1 n
ViZig +pV 25 = BISE—BCF AL — 5(#+‘7)sz
1 n n
— §(u+a) Zyt + gi . (6.3.28)
As the term B I} SP can be written down in the form of equation (6.3.12), it follows

that equation (6.3.28) becomes

. _ 9Gs . 0Gs .
ViZy +pVZ5 = 3—§Z1k+a—;zsk
- (u—I—U)ZZ”\qugZ. (6.3.29)

where ZQ\} is defined as in (6.3.16).

Assume that Z7 and Z3, are bounded. Moreover, Z3 = 0 and Z3 = Zy, = 0.

Then, by Lemma 6.3.1,
| 2.

= max 1z | < Ko (6.3.30)
for some K, > 0 which depends on the bounds of %, % and g7.

Therefore the theoretical solution B} of the approximating method (6.3.22) con-
verges to the solution K} of the equation (6.3.2) as b — 0.

The third equation in (6.1.1)—(6.1.3) may be written in the form

1 1 1
]t+§p(]z+[r) = 0E—g(ﬂ+7)]—§(ﬂ+7)]

1

with
[(z,0) = I[°(z), 1(0,t)=1(1), (6.3.32)

where, as belore, G is assumed to be boundedly-differentiable with respect to /.
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Consider the following difference approximations to equations (6.3.31)~(6.3.32)

— 1
ViCi+pVCE = 0By =5 (n+7)Cc

|
= NG 20, (6.3.33)

with
CY=1%4), C§=I() (6.3.34)

where V, C}} and CT are as in (6.3.5) and (6.3.16), respectively.

Writing I;, I, and G at the point (kk,(n+1)€) as in (6.3.24) and substituting into
(6.3.31) gives

Vilp + pVIp=oEp—o(n+)l; — =~ (p+y) [T

2
1 (orptt  9rp 1 ottt
+ {_Zh( 520 T am ) T2t or
0Gs
n+1 n Qe

The assumption on I above requires the boundedness of all the derivatives appearing

inside the bracket along with I¢™" — I in the region CR. Hence, in this region,

b+ 49k (6.3.36 )

DO | —

— 1
Vil +pVIE=oBf —o(pt+y) e -

with, again,

g =0h+0). (6.3.37)

If cquation (6.3.33) is subtracted from equation (6.3.36) and using the definitions
in (6.3.10) for the truncation errors, then
1 r7n
9 (1 +7) A:sk

| , .
5 (pp+7) Z,Q:“] + g5 - (6.3.38)

V75 4 pV L = oy -
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This equation may be rearranged to obtain
Vi Z5 4 pN 23, =0 75+ (n ) 25 + g (6.3.39)

Since ng =0 and Z§ = Z3, = 0, it follows that, by applying Lemma 6.3.1 to equation
(6.3.39), assuming Z7' is bounded,

|z,

< K (6.3.40 )

= max ‘Z?)k
for some K5 > 0 which depends on ¢} only.

Therefore the theoretical solution CF of the difference method (6.3.33) converges
to the solution I7 of the equation (6.3.31) as h —» 0.

6.4 Numerical Results

In this section, the initial /boundary-value problem (6.1.1)—(6.1.3) was solved using the
set of parameters given in (3.4.4) for N, y, 0 and « with the infection rate, 3, chosen to
be 8 =5 x 10~* and the convection rate p = 0.01. Taking ~ = 0.025 so that M = 40,
giving the discretization z; (1 = 0,1,2,...,40) of the interval 0 < z < 1, the initial

conditions in (6.1.2) were distributed as follows (see Figure 6.4)
S(z:,0) = 625000(1.0 — ;) ,
B(z:,0) = 2500(1.0 — z;), (6.4.1)
I(z;,0) = 1500(1.0 — z;);

i=0,1,2,...,40, and the boundary conditions are given by

S(0,1) = 624984.53 — 307593.99 ¢ — 19050772.40 12 4+ 1166543986.44 1°
—36484106091.98 t* + 221651249075.76 ¢° |

[£(0,1) = 1492.96 + 650903.17¢ — 19644625.80 t? + 388568240.19 ¢°
+8182794371.50 ¢ — 88931566812.11 1%,

[(0,1) = 1703.66 — 107358.36 1 + 19484101 8312 — 675809159.84 1
+13016185133.41 41 — 7037630784196 17 .

(6.4.2)
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The boundary conditions given in (6.4.2) were obtained from experiment A in Chap-
ter 4 by taking the numbers of susceptibles, exposed and infectives at z = 0.5 and

0 <t < 0.1 from Figures 4.4, 4.5 and 4.6, respectively, and fitting' them as in Figures
6.1-6.3.

As time increases, the number of susceptibles decreases whereas the numbers of
exposed individuals and infectives increase near z = 0, where, initially, the number of
each individual is large. Although some negative values for susceptibles were seen (see
Figure 6.5) for small number of iterations (¢ & 0.005), the method works satisfactorily,

as shown in Figures 6.5—6.7.

! Fitting the curves were done by the software package ”Cricket Graph”, version 3.1, ©Maucrosoft

Corporation.
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Figure 6.1: Fifth-degree polynomial fitting of susceptibles; the regression coefficrent is
1.0. O data points; — polynomial fitting.
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200000

100000 ]

0 ’ T 1 ] 1 I ' T | 1“T”1—‘[ I | ]
OE+40 1Ei2 282 3E-2 4ER2 5SE2 6E-2 7E2 8E2 9E-2 1EM
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Figure 6.2: Fifth-degree polynomial fitting of ezposed; the regression coefficient 1s 1.0.
O data points; — polynomual fitting.
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Figure 6.3: Fifth-degree polynomial fitting of infectives; the regression coeffictent s 1.0.
O data points; — polynomial fitting.
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Figure 6.4: [nitial distributions for susceptibles, ezposed and infectives.
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Chapter 7

Diffusion-Convection Measles
Model

7.1 Introduction

The object of this chapter is to study the solutions of mixed initial /boundary-value
problems for measles dynamics of diffusion-convection type, which is a composite of

Chapters 4 and 6. The system is the class of non-linear parabolic equations given by

aFE, = Ei4+pE,—BIS+(p+o)E (7.1.1)
aly = Li+pl,—cE+(p+v)1

in which S = S(z,t), E = E(z,t) and I = I(z,t) are the number of susceptibles,
exposed and infectious individuals, respectively, at time ¢ and distance z from the
origin; a > 0 and p > 0 are, respectively, the diffusion and convection rates. The

parameters p, 3, o and v are as before.

The initial conditions are of the form

S(z,0) = S%z), E(z,0)=Ez), I(z,0)= Pz); 0<z<L (7.1.2)

225
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and the boundary conditions are

5,(0,1) = E(0,8) = I,(0,£) =0; >0,

(7.1.3)
So(L,t) = E(L,t) = I,(L,t) =0; t>0.
Differentiating the three equations in (7.1.1) with respect to ¢ gives
& Spzt — Stt — p St —(#+5])St—ﬁ]ts = 0
@By —Ew —pEy + 8IS+ BLS—(p+o)Ey = 0 (7.1.4)

alpgi— Iy —ployy+ o By —(p+v) L, = 0.

Let the open region @ = [0 < ¢ < L,t > 0] be bounded by the lines z = 0,
t = 0 and & = L; the closure of Q will be denoted by Q. The set composed of the
segments (0 < z < L,t = 0), 0 (z = 0,4 > 0) and %(z = L,t > 0) will be
denoted by 90 and called the boundary of €. The interval 0 < = < L is divided
into M + 1 subintervals each of width h so that (M + 1)h = L and the time interval
¢t > 0 is discretized in steps of length £. The open region Q and its boundary have
thus been covered by a rectangular mesh having coordinates of the form (z,,,t,) where

Tm=mh(m=0,1,2,...,M,M+1) and t, =nl(n=0,1,2,...).

The solutions of (7.1.1)—(7.1.3) at the typical point (z.,t,) are, of course, S(@m, tn),
E(€m,t,) and I(2m,ts): these may be denoted by S7, E7 and I7, respectively. The
theoretical solutions of numerical approximations to (7.1.1) at the same mesh point
will be denoted, respectively, by A%, BY and C}, while the values actually obtained,
which may be subject, for example, to round-off errors, will be denoted by Z?/n, Ej’,ﬁ

and O

m?

respectively.
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7.2 Numerical Methods

7.2.1 Numerical Method for S

The time derivative in the first equation in (7.1.1) is approximated by the first-order
forward-difference replacement in (4.4.1), S;; by the weighted approximant as given in
(4.4.2) with ¢ = 7 and S; by the central-difference approximant

1 (S(z+h,t+4)—S(x—ht+4{) S(z + h,t) — S(z — h,t)
. +
2h 2h

S, ~ } (7.2.1)

N

in which z = 2., (m =0,1,2,..., M, M + 1) and t=1t,(n=0,1,2,...).

Equations (4.4.1), (4.4.2) (¢ = 1) and (7.2.1) are used in the first equation in (7.1.1)
and approximating that equation as follows

APHL AT 1 [AMRL — ARt AR — AR 1
e { e Y 1}+5(u+ﬁCZ)AZ“

7 9 F

1 «
Sk BOT A — o {ATE 2470 + ATE,
An = 2A% + AL P —uN =0, (7.22)

gives, after rearranging,

1 1 1 1 1
—<ZPT+§QP> AML [1+§£(p+ﬂ02)+ap:| A:n+1+<zp7"—§ap) AT
! +1 1 1 1
= TTEAT = | - — n _ - _ A"
+ 2€5Cm m <4,07'+20ép> Am_l—i—\il 2£,u o_/p} .
1 1
+ (—gf”’+§ap> App HEp N, (7.2.3)

where r = £/h and p = £/h*.

The local truncation error Ls = Ls[S(z,t), E(z,1),I(z,1); h,£] associated with
(7.2.3) at the point (z,1) = (zm,1,) may be written down from (7.2.2): 1t 1s

Sle L +0)— S(x,t
ﬁs _ S(Iaf‘l- ‘)p S(I? )—1”5()}_ {S('L‘{’h,t-{’*(}—ASV('L—h,,f,—{—é)
4 - 1

l
+ S+ ht) =Sz —ht)}+ 5 (pp+ B 1(x, 1)) S(x, L +4)
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%(u+ﬂ](x,t+£))5(x,) S = hyt+) ~28(z,t+0)
S(z+h,t+£)+ S(z—h,t)—25(z,t) + S(z+h,t)} —p N
- {St(‘rvt)+p5x($7t)+(H+ﬂl(x)t))5($>t)

— aSy(z,t)—puN}. (7.24)

Expanding S(z,t +£), S(z & h,t +£), S(x + h,t) and I(z,t + £) as Taylor series
about (z,t) leads to

1
Ls = [ Sut = pszt+ (u+61)5t+ ﬂfts— L oS e+—pmsm

4 4

,BI“ S — aSmtt] (2 + e ( 7.2.5 )

1
+ (6)0 zTT T aSa:rrx) h +{gsttt_{'_psztt_}__(ﬂ_{_ﬁl)sﬂ
Ll
4

The first quation in (7.1.4) reveals that the termin £ in the equation (7.2.5) vanishes.
Thus Ls = O(h% + £?) as h,{ — 0, leaving

1 1 1 1 1
Ls = Ephzesxa:xt‘l'(gps:cxz_ﬁasxxzr> h2+[”6‘5ttt+zpsxtt
1 1
+ Z(N‘*‘ﬂl)stt"}'zﬂ[tts_Zasz:ctt} A (7.2.6)

The finite-difference method (7.2.3) may be applied for m = 1,2,...,M and n =
0,1,2,.... When m = 0 it requires some modification and may be simplified a little
when m = M + 1. Applying (7.2.3) with m = 0 introduces the terms A™1 and A",
but the points (z_y,tn41) and (z_1,1,) are outside the grid superimposed on 2 U of.

However, applying the central-difference approximant
S(z+ h,t) — S(z — h,t)
2h
to the boundary conditions (7.1.3) give, to second order, A", = AT and At = ATH

Sy &

so that equation (7.2.3) yields
L45ep + BCH+apl AT —ap AT+ L5 Cott AG

1 .
= [l—gf/zf(xp Ay +ap AT +L4u N . (7.2.7)
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With m = M + 1, the terms A}/, and A}, are obtained which may be replaced
by, using similar discussion as above, A} and A}, and so equation (7.2.3) gives, for

m=M+1,
7 1 n n 1 n n
_C“PAJ\/;rl + [1+§€(N+ﬂCM+1)+aP] AJil+§gﬂCM+—:1AM+1

1
— aprJ+[1—§eu—ap] Ay + N . (7.2.8)

7.2.2 Numerical Method for F

In this section the time derivative in the second equation in (7.1.1) is approximated

1

using (4.4.13), E,, is approximated as in (4.4.14) (¢ = 3) and E; is approximated by

1 {E(x+h,t+£)~E(x—h,t+€) N E(z + h,t) — E(z — h,t)

E =~ —
* 2h 2h

5 } (7.2.9)

in whichz =z, (m =0,1,2,...,M,M+1)and t =t, (n =0,1,2,...).

Using equations (4.4.13), (4.4.14) (¢ = ;) and (7.2.9) in the second equation in

(7.1.1) and approximating as follows

2 2h oh

B, (BB e
¢ 2

1
= n n+1
} S BCH AL,

1 1 1 o
- n+l 4n - n+1 - n n+1
- 260771 Am+2(lu+0-)B'm +2(/’I’+U)Bm 2h2 {Bm—l
— 2B 4+ BMY 4 Bo_, —2BL + Bl =0, (7.2.10)

gives, after rearranging,
1 " 1 Bn—‘rl 1 16 ] Bn+1 1 1 Bn+1
—\zP"tyaP) Pma + T3 (M+0’)+ap_ m TAgPT T 59P) Pm

1 1 1
LBCH AT = SUBCTT AT, = (pr 5@;)) B"_,

1 1,
+ {1——/5(/L+0)4ap B

J 1 ‘
+ <—— pr+ 5&'{)) By, (7.2.11)
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where r = £/h and p = £/h*.

The local truncation error Lg = Lg[S(z,t), E(z,t),I(z,t); h,{] associated with
(7.2.11) at the point (z,t) = (zm,ts) may be written down from (7.2.10): it is

E(z,t+0) — E(z,t
r, = B +z (z )+ip—h{E(x+h,t+£)—E(m—h,t+€)+E(:c+h,t)

— E(z—h )} - %ﬂ](m,t)S(x,t-l—é) - %ﬁ](x,tww(x,t)

+ é(ﬂ-FO')E(:E,t—I—E)+-;—(/1,+0')E($,t)—é% {E(z — h,t +¥¢) —2E(z,t + ¢)
+ E(z+ht+4)+E(@—hit)=2E(z,t)+ E(x + h,t)} = {E(z,t) + p Ex(2,1)
— BI(z,t)S(z,t)+ (p+ o) E(z,t) — a Ege(z,1)} . (7.2.12)

After expanding E(z,t+4£), E(z £ h,t 4+ ), E(z £ h,t), S(z,t+£) and I(z,t+£),

using Taylor’s expansion, about the point (z,t), equation (7.2.12) becomes

1 1 1 . 1 1 1
Lg = iEtt—FgﬂExt—551t5—5515t+§(ﬂ+0>Et_§O‘Ew ¢
1 1 1 1 1 1
+ ﬁphZEExmt—F(EPExmx—ﬁaszzgu) h2+[€Ettt+ZPEa:tt~ZﬁIStt
1 1 1
- Zﬂ]tt’s_{_Z(ﬂ+U)Ett_ZaExztt:| G (7.2.13)

The second equation in (7.1.4) reveals that the coefficient of £ in (7.2.13) vanishes,

leaving
1 1 1 1 1
*CE — 1_2 ,0 h2 EEmz‘:ct + (6 pEa:a:z - ]_2 aE:z:a:a:a:) h2 _I' l:g Ettt + Z pEztt
1 1 1 1
— SBISu-7BluS+ Z(u+a)Ett—ZaEm“] P, (7.214)

which is O(h? + £*) as h,{ — 0.

The finite-difference method (7.2.11) may be applied for m = 1,2,..., M and n =
0,1,2,.... When m = 0 it requires some modification and may be simplified a little

when m = M+1. Asin the case of S, with . = 0, equation (7.2.11) produces the terms
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B™' and B", which may be replaced to second order by B! and BT, respectively,

so that

1 1
—5LBCTATT + [1+§f0i+a)+ap]Bg“-—apB?“——%fﬂcgﬂfg

1
= [1~§E(u+a)—ap] Bi +apB} (7.2.15)
and with m = M + 1 equation (7.2.11) becomes
1 n n n 1 n 1 n n
"§£ﬂCM+1 Aivﬂl — apBif' + [1 + gz(ﬂ +0) +ap] BM++11 - §€ﬂCM++11 M+1

1
= apBX,[+[1—-2~€(u+a)—ap] Bhiri (7.2.16)

7.2.3 Numerical Method for [

The time derivative in the third equation in (7.1.1) is approximated by (4.4.25), I,

is approximated by (4.4.26) (¢ = }) and I, is approximated by the central-difference

replacement
1 {1(x+ hot+4) — [(z — h,t +4) N I(z + h,t) — I(z — h,t)

I =~ =
) 2h 2h

in which z =z (m=0,1,2,...,M,M +1)and t =t, (n=0,1,2,...).

} (7.2.17)

Using equations (4.4.25), (4.4.26) (¢ =

N [

) and (7.2.17) in the third equation in

(7.1.1) and approximating as follows

COntl _ (O 1 OTL+1 _ n+l n _n 1
m m + { m+1 m—1 + Om+12hcm—~1 = O'B:.L+l . ';_O'B,ZL

] 2f 2h 2

1 n 1 n a 3 n n
SN S (O - 535 {om —2cm + opfh
Cr_y =200 +Cnyy} =0, (7.2.18)

yields, after rearranging,

1 1 - 1 " 1 1 o
— (ZPT+§QP> Cmtll + [1+§€(u+’7)+ap] Cm+1 + <Zpr—§ap> Cmfl

1 1 1 4
o B = (Zpr+§ap> Con + [1 _56(,1,+7)—ap} B,

1
2
1 1 n 1 27
+ (— pr 4+ 50{;}) Chii + gfalim, (7.2.19
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where r = £/h and p = £/Rh*.

The local truncation error L; = L[S(z,t),E(z,t),I(z,t);h,£] associated with
(7.2.19) at the point (z,t) = (zm,t,) may be written down from (7.2.18): it is
]($7t+€)_—l($at) P

Ly = / —I—H{I(m+h,t+€)—[(:c—-h,t+€)+](x+h,t)
1 1 1
- I(:c—h,t)}—§aE(m,t+E)— iaE(wat)—}_i(P’_}_V)I(Jj?t_&'e)

L) T = 55 U~ Rt 40 =20, 40 4 (o b1 +0)
I(z — h,t) —21(z,t) + I(z + h,t)} = {L(z,t) + p L(z,1)
— o E(z, )+ (p+7)I(z,t) — al(z,t)}. (7.2.20)

Expanding I(z,t +£), I(z & h,t + £), I(z £ h,t) and E(z,t + £), using Taylor’s

expansion, about the point (z, t) gives

1 1 1 1 1
£ = [—Jtt+—p1ﬂ OB+ S (AN = 5o Lo| £+ 15 ph? L Lo

2
_ 1
+ ( a::cz - ]xxzz> h2 + {6 ]ttt + Z,D[zft — ZGEH
1 1
+ (e ) e — @ sztt] O (7.2.21)

This reveals that £; = O(h? +£2) as h,£ — 0 because the term in £ vanishes (see
the third equation in (7.1.4)).

The finite-difference method (7.2.19) may be applied for m =1,2,..., M and n =
0,1,2,.... When m = 0 it needs some modification and may be simplified a little when
m = M +1. As in Subsections 7.2.1 and 7.2.2, with m = 0, equation (7.2.19) becomes

1 1 1
Lo B 4 {1 F0(ut) + ap] O3 —apCit = S0 B
1
- [1~§€(,u+'y)—ozp] Cog+apCl, (7.2.22)
while for m = M + 1 1t gives

| 1 ,
—Qﬁ,alfﬁ'ﬁl — apCi' + [1+§€(/1+’Y)+ap] Chity = apCly
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1 I
+ 1—§€(/L+7)—ap CX4+1+§€UBJT\L/I+1- (7.2.23)

7.3 Implementation

Adapting the notations of Section 4.5 it is easy to implement equations (7.2.3), (7.2.11)

and (7.2.19) which may be written in matrix-vector form as

wrU™ = M"U"+b (7.3.1)
in which W™ and M™ are both of order 3 (M + 2) and are of the forms

X" O Hp

wr=| F oYr Fp |, (7.3.2)
O Hp} 7v
P O O

M= O Q@ O |, (7.3.3)
O H} R

where O is the zero matrix of order (M + 2) and the vector b is a column-vector of

order 3 (M + 2) given by

b= |luN,....4pN,0,...,0,|
(M +2) timmes

(7.3.4)

T denoting transpose.

The sub-matrices of W™ and M™ are each of order (M + 2) and are given by

Vo

X" =
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(o —ap
—3pr—3Qp vy ipr—zap
. ~tpr—tap v, ler—fap
—3PT —F0p (o Zpr——%ap
k ey
(7.3.6)
v, —ap
—%pr—%ap v, ipr———ap
—%pr—%ap v, iPT —Zap
Z’n: ?
1 1
—aPT T @p Uz I PT T ap
\ —ap Uy
(7.3.7)
Vp ap
%pr%—%ap Vp —%pr%—%ap
o %pr—l—%ap Vp —ipr%—%ap
%pr+%ap Vp —ipr—%—%ap
ap Vp

(7.38)
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Vg ap
iprHsap vg  —yprdgap
ipTtgap Vg —iprtzap

iprtzap Vg —iprt+gap
ap Vg
(7.3.9)
Vg ap
%pr+%ap Uy —%pr%—%ap
ipr#—%ap Vg —ipr+%ap
R" = :
%pr+%ap Uy —ipr—‘r%ap
ap (.
(7.3.10)

Hp, Hp, H}, FP and F} are given in (4.5.11) and v; (¢ = 0,1,2,..., M, M + 1), vy, v,

v, v, and v, are as in (4.5.12).

Q

7.4 Stability Analysis

As in Sections 4.6, 5.4 and 6.3, the maximum principle analysis will be used in this
section to prove convergence of the numerical method developed in this chapter. The
theorem which will be used as a tool to prove convergence is due to Rose[53], Theorem

1.4.1.

Now, by comparing system (7.1.1)—(7.1.3) with equations ( 1.4.6 ) and (1.41.8),
i, is easily scen that uw = S, [for [, fy = —l,ap = ay = L and 3 = 3, = 0. Also

conditions (1.4.7) are satisfied for all functions S, v and [.
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The first equation in (7.1.1) is written in the form

1 1

= St+g(Sz—|—Sx)—pN+G1+Gz (7.4.1)

with initial and boundary conditions
S(z,0)=S5%4z); 0<z<L
(7.4.2)

S.(0,t) = Sz(L,t) =0; t>0
where G, and G, are assumed to be boundedly-differentiable with respect to S and 1.

The solution S(z,t) is approximated by A7 defined on 2 which agrees with S(z,t)
on 0; (1 = 0,1,2) and satisfies the difference equation

SV AL) = Vet VL (AR 4+ AL) — N+ % (p+BCR) AR

1
+ Z(+BCTNAL, n20, (7.4.3)

where
VIAL = (An - 2An 4 AL /R
VoAL = (An, —AL) 2k, (7.4.4)
VAL = (Ant—An) /e
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It is known that
Gi = C1(Tmo bg1, ST IE) = Gr(@my tag, Soy I2) + (S — 1) 52

m n+ls Mms Ly 55

= L+ BIL)Sh+ (S - S5) 5

Gy = GZ(xm, tnt1s Sy In+1) = G2(1m7’5n+1, m) ﬁ)*’(ITHnH”[n)E

mytm m ol

= L(p+BIn)Sh 4 (Int — 1) %2

™m a8l
bV 4 sh) = BT SR (T 5R)
LVL(SE b Sy) = BEEC 2R L (BET L IR
N e L

(7.4.5)
where the barred derivatives are evaluated at intermediate argument values as called

for by the Mean Value Theorem.

Substituting (7.4.5) into (7.4.1) yields

« 2 n+1 n o n E_ n+1 n l n n+1
SV (SE A Sn) = ViSnt GV (SiF Sh) - uN 4 5wt BI) S

1 wity on , J 1o (OMSEFY O'SRN 1 9250
+ 2(/1+[3] ) S + { h ( Oz* * Jz? 2€ ot?
o3Sn+l g3Sn oG
_ . 2 m _ n+1 . n 1
12}‘ ( 9z T axs) (si' = 51) g
0G,
n+1 n \
— (-1 B } . (7.4.6)

The assumption on S above requires the boundedness of all the derivatives appear-
ing inside the bracket along with S7t! — S7 and I%*! — I7 in the region Q. Hence, in

this region,

& 2 v+ 1 " o n n+1 I ] n 41
_Q_-V (‘Sm +‘Sm> - v Sm_{_ v <Sm +‘Sm) _/1N+§(/1+/)’[m)sm
] . , .
+ §(ﬂ+ﬁ1&“)5£ﬁ, + g, (7.4.7)
with

gn = O(h* + 1), (7.4.8)
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Now, if (7.4.3) is subtracted from (7.4.7) and using the definitions of the truncation
errors in (4.6.8),

OV (e z,) = VB DV (B ) 4 e B S

2 2

1 1
(u+ﬂ0”)A"“ + - (p+BIxY) S

2 2
1
5 (Bt BCT) AL+ g, (7.4.9)

with Z7 and Z{! vanishing on 0§ (i = 0,1,2). As

G,
Gl(xrrn n+175::7‘+1 [n) = Gl(mma n-+-1>14ﬂ+1 Cn) 851 (Sn+1 A?n_H)
3G
+ o7 (I =Ch) (7.4.10)

and

G
GZ(xm,tn-{—l, m,In-H) - GZ(xm7 n+17An Cn+1) €~_2 (S:Ln_An)

a5 m
%

+ o (- cnty, (7.4.11)

m

it follows that equation (7.4.9) may be written as
1 0Gy Z 1 Gy

a p
_VZ Zn+1 zn AV Zn _v Zn+1 Zn - -2l 7n
2 (z0 + 21,) it (2 + )+28S 2 a1 Jom
190G, 1 0G,
A zZiH . 4.
+ 295 +28[ + g, (7.4.12)
Rewriting equation (7.4.12) gives
o n n n P n n T
5 v? <Z1:1 + Zlm) - VtZlm + 9 Ve (erj:l + Zlm> + Ms Zlm
+ M;Z3 +g, (7.4.13 )

where Mg = max {%%l, %%1}, M = max {ga—%_l,%glz_} and Z/ln\m and Z/gfn are as in (6.3.16).
Assume that Z/’;\ is bounded. It is known that ¢7 is bounded. Moreover, Z{' and
Z{l:fl vanish on 0. Hence, by Theoreml.4.1, A? and AXt' converge to S, and Sn+l

uniformly.




F.N.M. Al-Showatkh, 1998, Chapter 7 239

The second equation in (7.1.1) may be written in the form

% (Epw + Epp) = Et+g- (EI+EI)—%[HS— %[315+—%(N+U)E+%(M+U)E
= &+gU%+EJ—Q—GrH%+%W+®E (7.4.14)
with initial and boundary conditions
E(z,0)=E%=z); 0<z<L
(7.4.15)

E.(0,t) = E(L,t) =0; t>0

where G5 and G4 are assumed to have bounded derivatives with respect to S and [

and G5 is assumed to be boundedly-differentiable with respect to F only.

The solution E(z,t) is approximated by B defined on Q, agrees with E(z,t) on
09 (1 = 0,1,2) and satisfies the difference equation

g 2 n+1 n _ n ﬁ n+1 n ]_ Y7 n+l £ n+1 n

+ (,u+a)§§t, n>0, (7.4.16)
where V2, V, and V, are defined in (7.4.4) and B7 is defined as in (6.3.16).

It is easy to see that

172 ( Al ny _ 18BN | 108%ER | 139 [9ERTY | 8%En
2 Vv (Em + Em) - 2 09z? 2 Oz? + 24 h ozt + ozt ’
1 anl ny _ LoEpt' | 108Ep | 1 12 (02ERtt | 8%En 7.4.17
2 VT (bm + E”TL) - 2 dz + 2 Oz + 12 h dz3 + ox3 ) ( )
-n . aEu+1 1_ azEn-}-l
Vil = at 2 ¢ EIC

where the barred derivatives are evaluated at intermediate argument values as called
for by the Mean Value Theorem. Morcover, Gy, (4 and (5 may be written in the form
Y ] 39 4 Y

of (1.6.16).
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Substituting the expressions for G3, G4, Gs from (4.6.16) and the expressions in
(7.4.17) into (7.4.14) gives

g 2 n+1 n _ n n+1 n - n n+1 1‘_ n+l gn
2V(Em +EL) = V., +2v( +E)— I ShH — S AL S,
GERH am;;) 1, L

N ERY L
T (uto) mJ“{ h ( gzt et ) T2 o

83En+1 3E'I’I.

12 0z oz 39S
+ (1) a;“ (Bt - EL) %%5} (7.4.18)

The assumption on E above requires the boundedness of all the derivatives appear-
ing inside the bracket along with S+t — Sn Emt! — Er and [+ — I7 in the region

Q. Hence, in this region,

SVI(E +EL) = VB4 Ly, (Bpr +EL) - %ﬂ[;;g Spit — %m;;fl s,

2
+ (p+0)En+an, (7.4.19)
with
g = O(h* +1). (7.4.20)

Now, if (7.4.16) is subtracted from (7.4.19) and using the definitions of the trunca-
tion errors in (4.6.8),

o 2 n+1 n _ n f)_ r7n+1 n 1 n gon+l l n n+1
5V (z34'+23) = ViZ5, + 5 Ve (234 +735,) - SBIL ST+ S BCL AT

1 1 , .
— SBDTS A SBC ALt (o) Z, g (T421)

As
~ Y n n IO 17 ({)G_g n n
(J,’i = (l,’&(ffivna n+]a6 ! [ ) = GS(II"” n+l’A . ( )+ ();Sv <S " Am+l)
a9y

al
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and
0
G4 G4($m, n+17577:1;[:;+1) = G4($m, n—{-l,An Cn+1) ai4 (S"r,rll - A:Ln)
8G4 n+1 n+1
+ W(Im - o) (7.4.23)

it follows that equation (7.4.21) may be written as

« 2 n+1 n _ n p n+1 n 1 8G3 n+1 1 8G3 n

7V (zp + 23,) = vtzzm+-§vz(z +75) - 555 2t =5 51 B

1 0G4 1 0G4

5 A i+ (p+0) 2y, +on  (T424)
2 0S 2 oI

with Z7 and Zy*! vanishing on 9Q;.

Let Mg = max E,G——G—; and M; = max E,E . Then equation (7.4.24) ma,
35 » 85 3l » a8l q Y

be written in the form

SVt 4 z,) = VI 4 V. (% +2;,) - Ms 2,

— MiZ5 +(n+0) 75, + gy (7.4.25)

Assume that Z7 | Ze ) ZF and Z3*! are bounded. Since Z7 , Z3** vanish on
A9, it follows that, by Theorem1.4.1, BZ and BJ*! converge uniformly to E7. and
Ertt

Let the third equation in (7.1.1) be written in the form

1 1 1
S Lo+ L) = L+ 2 (L+L)-coE—-oE+= (bt 1+5 (u+7)1
2 2 2 2 2
1
= L4 L (L L) = Cot 5 (ut) [+ Gr (7.4.26)

with initial and boundary conditions
[(z,0) = I°(z); 0<z<L
(7.4.27)

1,(0,1) = 1,(L,1)=0; >0
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where, as before, Gg and (7 are assumed to be boundedly-differentiable with respect

to F£ and I, respectively.

Consider the difference equation which approximates equation (7.4.26)

%v? (Cott+cp) = ViCr+ gvx (Cott+cn) - %UB;; - %o— Bt

+ (p+v)Cp, n>0, (7.4.28)

where V2, V, and V; are defined in (7.4.4) and Cr is as in (6.3.16). The term CZ.
is an approximate solution for I at the point (z,t) in £ which agrees with [ on the

boundaries. The terms Gg and G may be written as in (4.6.25).

It is easy to show that

12/ Tn+l ny o 182IRtt 1 2% 12 [ 8tpt! atin
2 \% (Im + [m> - 2 Oz? + 2 82:7271 24 h Azt + ozt )
1 n+l ny o Lralptt  18lp 1 po [83ptt | 8%In 7.4.29
2 Ve (I + I) = 2 or T 285 T 12 h Frai Pl B ( )
aInt! 198215t
n P -— = 1
VfIm - ot 2 ¢ at2

where the barred derivatives are evaluated at intermediate argument values as called

for by the Mean Value Theorem.

Substituting the expressions for Gg and G7 from (4.6.25) and the expressions in
(7.4.29) into (7.4.26) yields

g 2 n+1 n - n B n+1 n £ n l n+1 /\n
5V (I +17) = vtlm+2v$(fm +Im)—20Em—20Em F(p+y) I

i 4 In+1 4[71 1 A3 Tn+1 37Tn
. {1h2(81m L7 m> hz(dlm +alm>

24 ozt ozt | 12 0z3 Ox3
1 82[:#1 n+1 n aGG
+ gt (B - BL) 5
= G,
(o) 2T 7.4.3

The assumption on [ above requires the boundedness of all the derivatives appearing

inside the bracket along with f240 — [ and 1240 — [ in the region Q. Hence, in this

‘.
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region,
g 2 [ tn+1 n - n _e o yn+1 n 1 n 1 n+1
5V (I +13) = Ve + 5 V- (It +17) - 50 B~ oI,
+ (NI +9m, (7.4.31)
with
g = O(h* +0). (7.4.32)

If equation (7.4.28) is subtracted from (7.4.31) and using the definitions of the

truncation errors in (4.6.8),

o4 n n n /0 n n 1 n 1 n
5 V2 (Z3:1 + ZSm> = VtZ3m + §Vz (Zgil + Z3m) — 50’ Z2m — 5 g Z27-:1
+ (p+7) 25, + 9m (7.4.33)

which may be rearranged to yield

%vz (zp v 23) = vz + gvx (25 + 2z) 0 75,

+ (p+7) 75, +ap (7.4.34)
where Z/g‘: and Z/B’i are defined as in (6.3.16).

Assume Z7 and Z3*! in equation (7.4.34) are bounded. Moreover, Z7 and zitt

vanish on 89;. Therefore, by Theorem1.4.1, C* and C™*! converge to I7 and I

uniformly.

7.5 Numerical Results

Following Chapter 4, experiment A was carried out to solve the initial /boundary-
value problem (7.1.1)—(7.1.3) using the second-order methods (7.2.3), (7.2.11) and
(7.2.19) for susceptibles, exposed and infectives, respectively, with the same set of
parameters given in (3.4.4) for N, p1, 0 and v and with the infection rate, B3, chosen to

he B =5 x 107", Four sets of results were obtained for different values of o and p.
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In the first set with o = p = 0.01, the methods were seen to give reasonable results
when £ < 0.04 and negative values otherwise. When ¢ = 0.001, similar results to those
found in Chapter 4 were obtained (see Figures 4.4—4.7). When ¢ was increased, the
number of iterations was kept as before (100 iterations), the dynamics of the model
became clearer; as the number of exposed and infectives was increased the number of
susceptibles was decreased. These findings are shown in Figures 7.1, 7.3, and 7.5 while
Figures 7.2, 7.4 and 7.6 are different angle views of susceptibles, exposed and infectives,

respectively.

In the second set of results with a = p = 2.0 and £ = 0.01 the profiles are as shown
in Figures 7.7—7.11. In this case, it is seen from profiles 7.7, 7.8 and 7.10 that as
the numbers of exposed and infectious individuals increase the number of susceptible
individuals decreases. This is seen clearly at ¢ &~ 0.2 (approximately) after which the
number of susceptible individuals increases because of birth and the numbers of exposed
and infectious individuals decrease because of death. This behaviour continues until

the dynamics of the model reach a steady state as ¢ gets large.

When the convection rate was increased to p = 2.0 and the diffusion rate kept at
a = 0.01, the behaviour of the measles dynamics changed as may be seen in Figures
7.12—7.17. In this case the symmetry about the line z = 0.5 was completely changed

as t increased.

In the fourth set with ¢ = 2.0 and p = 0.01, the methods were seen to give
negative results when £ > 0.05. With £ = 0.04 it is seen from Figures 7.18—7.23 that
all susceptible, exposed and infectious individuals converge in a damped oscillatory

manner to the steady state.
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Figure 7.1: Three-dimensional profile of susceptibles; o« = p = 0.01, £ = 0.01 and
h = 0.025.
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Figure 7.2: Different angle view of Figure 7.1; view([95,50]).
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Figure 7.3: Three-dimensional profile of ezposed; o = p = 0.01, £ = 0.01 and h = 0.025.
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Figure 7.4: Different angle view of Figure 7.8; view([35,30]).
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Figure 7.10: Three-dimensional profile of infectives; a = p = 2.0, £ = 0.01 and h =
0.025.
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7.6 Conclusion

Second-order methods have been developed for the numerical solution of the initial/boundary-
value problem (7.1.1)—(7.1.3) and the maximum principle analysis was used to prove

that the methods developed are convergent.

The approach adapted was used to solve the non-linear partial differential system
(7.1.1)—(7.1.3) with appropriate initial and boundary conditions specified. Numerical
results were obtained for the adapted SEIR model for different values of the convection
and diffusion rates. It was seen from the results obtained that when the convection
and diffusion rates p and « are equal the model behaved as expected and when p is

larger than « the dynamics of the model change unexpectedly.




Chapter 8

Conclusion

Finite-difference numerical methods have been developed for the solution of some sys-
temns in the biomedical sciences; namely, a predator-prey model and the SEIR (Sus-

ceptibles/ Exposed/ Infectious/ Recovered) measles model.

The familiar Euler forward-difference method is well known to induce chaos in
the solution of certain initial-value problems whenever the parameter of the time-
discretization exceeds a certain value. To avoid this, while retaining the use of a
large time-step, two alternative explicit finite-difference methods were proposed each
of which gave convergence to the non-trivial stationary point for a range of values of
the parameters in the differential equations of the predator-prey model. The findings
relating to all three numerical methods were seen to carry over to a study of the
behaviour of the numerical solution of the of the reaction-diffusion equations of the

predator-prey model.

A second-order explicit finite-difference method was proposed and compared to the
familiar Euler method for the solution of the SEIR measles model using two numerical
experiments. It has been seen that this method is very restrictive on stepsize for the
first of two experiments and converged to the trivial stationary point for large values

—6

of the stepsize and with the infection rate § = 10 Convergence to the correct
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stationary point has been seen, in the second experiment, for large values of the time

step and for any value of the infection rate.

The SEIR measles model has been extended to a one- and two-space dimension dif-
fusion model, a one dimensional convection type and a one-space dimension diffusion-
convection type. For the reaction-diffusion problems, Chapters 4, 5 and 7, a second-
order method, based on the proposed numerical method to solve the ordinary differen-
tial equations of the SEIR model, has been developed, analysed and implemented. A
first-order method has been developed for the numerical solution of the SEIR measles
model of convection type. In all the numerical methods developed to solve the partial
differential equations of the SEIR measles model, the maximum principle analysis has

been used to to prove convergence and stability.

It has been seen, from the numerical results, that all the numerical methods de-
veloped to solve the partial differential equations for the models depend on the initial
conditions and the set of parameters. The major benefit of the numerical methods
developed for solving the non-linear partial differential equations was the need to solve
only a linear algebraic system at each time step in order to obtain the solution rather

than a non-linear algebraic system as often happens.

Overall, these results illustrate the general point that introducing extra biologi-
cal complexity into the biomedical systems can simplify rather than complicate their

behaviour.

The proposed SEIR measles model can be refined further in a number of ways,
namely, by adding realistic age structure, maternal antibodies, natural mortality and

non-constant population size.
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