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Abstract

In this Ph.D. thesis we investigate the form of three linearly
independent solutions of two types of the third-order linear

differential equations as x » =,

Asymptotic theory will be developed for these two differentiél
equations with large coefficients that are like powers of the

independent variable. The first type is the differential equation

L1
{s*(s* y")"} + gy’ + ry = O, (a<x < =) (El)

and we shall establish the asymptotic formula
Ve (x)v s () r (x) exp J [wk{g] (t)f'§ ungﬁ;g?;—(t)] dt
a

as x » », for three solutions of the differential equation (El)
subject to certain conditions on s(x), g(x) and r(x) as stated

in section 4, Theorem 4.1.

The second type is the differential equation

(s?(s? y')'} = (py")’ =y =0, (asx <) (B,

and for this differential equation we shall consider two cases,
case (1) is given in section 9, Theorem 9.1, and under this

Theorem we obtain three linearly independent solutions yk(x) of

the differential equation (EZ) such that

[N

X
Yy (%) {p(x)r(x)} 3 exp{ J [ii(r/p);z(t) -3 = (t)]dt}
a p

as x » » (k= 1,2)



iiji.
and

a

i X >.4
= (X ’ -S—r > o
o0 of Blthen ) e[ B0+ [* o] ae -

Also case (2) of the differential equation (E2) is given in
Section 13, Theorem 13.1, and under this theorem we obtain
three linearly independent solutions yk(x) of the differential

equation (E2) such that

y, (%) = ol (px)x(x) %}, as x >

X

Y, (x) ~ (p(X)r(x))-;2 exp [ 20 f 5(1+¢)dt], as X »> o

a

1 X X
y3 (x) = o{(p(x)r(x)) 2 exp[wj Sl]}»dt + (l+w)[ _Isgdt]}

a a

as X > o,
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Section 1: INTRODUCTION

(A) Previous work

A recently asymptotic theory for systems of linear diffe-
rential equations has been developed by many mathematicians, here
before we give our problem for studying the asymptotic theory
for the third-order differential equations we mentioned some

of those mathematicians which are given in our bibliography.

There were certain developments in the 1950's and 1960's
[29, 20, 24], but a major advance was made by Walker [26, 28]
and Devinatz [21] in 1971-1972. They considered the fourth-

order equation

14

(xy’")'" = (py')' + qy = Ay (a <x <=) (1.1)

and were able to deal with situations where P is large compared

to g and r as x » ». The method involved transformations of

(1.1) into suitable first-order systems, and this theory is
remarkable not only for the advance which it marked at the time
but also for the complexityvof the transformations and computations
that are involved. These difficulties in the fourth-order case
have, with the exception of [311], apparently deterred progress

to higher-order equations and other differential systems. Harris

and Lutz [9,10,11] in 1974 considered the system
Y' = (Ao + V)Y (1.2)

where AO is a constant diagonal matrix with distinct eigenvalues

and V(x) »= O as x » », They transformed (1.2) into

W o= (A + V)W (1.3)



2.

and they used two basic Lemmas as given in [9, Lemma 1 and
Lemma 21 for studying this system and expressing it in the
Levinsion form (see Part C). Of course in [9, Theorem D] they
obtained a reslut of Devinatz [20, P. 354] . Eastham [12] in
1982 considered (1.1) (with » = 0) and he identified a relation
between.v;and q that represents a critical situation in general
asymptotic theory of (1.1) (with A= 0), this critical case is
given by

{pq)’

5
5q v (const.) (g/p) (1.4)

as x » «, and he showed that (1.4) identified a borderline
between situations where all solutions have asymptotically a
certain exponential character in terms of the coefficients

and where only two solutions have this character.

Eastham [13] in 1982 investigated the asymptotic form of
n linearly independent solutions of the n-th order differential
equation

14

(rn_l...(rz(rly'fy... ) — gy =0, (as<x<w) (1.5)

where g, r‘, ey rn—l are all nowhere zero in [a,w), and he

considered the following two cases of (1.5).

Case A. As X -»> «, let
(Qrk) /Qrk = o (Q)

for 1 £k < n-1, where

1/n

Q = {q/(rt... rn-l)} .
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Case B. Let (Qrk)’ be nowhere zero in [a,~) and, as x > 9 let
— [4
Q = o{(Qrk) /Qrk}
for 1 <k <n-1.

Eastham gave case A in [13, Theorem 1] and case B in [13,
Theorem 2]. Under Theorem 1 he showed that (1.5) has solution
yk(l <k <n) with asymptotic forms, as x »> ,

X

r

-(n-1)/2 {_n-1 n-2 2 -1/n
Yyev Q {rl P S

expl ka Q(t)dt]
a

(1.6)

where Wi = exp {2(k-1)7/n} (1 <k <n), as he showed that the
asymptotic formula (1.6) agrees with Hinton's result [24, Theorem 1].

Eastham [14] in 1985 considered the linear system

Y (x) = {A(x) + R(x)} Y(x),

this system is given below in the asymptotic Theorem 1.2 (Eastham
[19, 14 p. 133]), and under this theorem he obtained the result

of M.V. Fedorjuk [25, Theorem 1]. Finally we refer to Eastham [19]
for the methods for repeating transformation in the asymptotic

theory.

(B) Subject of the Thesis

In this Ph.D. thesis we investigate the form of three linearly
independent solutions of two types of third-order differential

equations as X » «.

Asymptotic theory will be developed here for these two
differential equations with large coefficients that are like
powers of the independent variable. The first type is the

differential equation



{s%(s%y’)'y + gy’ + ry = O, (a< X <) (1.7)
and we shall investigate the asymptotic form of three linearly
independent solutions of (1.7) as x +«, wehre x is the
independent variable and the prime g;. The functions s,q and r
are defined on an interval [a,»), where s and r are nowhere zero
there. This differential equation will be given in Part (a) of

this Ph.D, thesis from Section 2 to Section 7, and our aim is

to discuss the following case:-

-\
——g—.——=o £]
r3g2/3 ls ’
SRR (60T S

As X »», let

HIR
]

This case will be given in Section 4, Theorem 4.1 and the proof

of Theorem 4.1 starts from Section 4 to Section 7 and two examples
are given at the end of Section 7. The interesting point of
studying the above case for the differential equation (1.7) is

to generalize the asymptotic form which was obtained by G.W.
Pefeifer [8, Theorem 4] in 1971, Pefeifer considered (1.7) with

s = 1 and he proved that (1.7) has solutions yk(x) (1< k < 3)

with asymptotic form, as x + =,

_1/3 1/3

% _ q
Yy VT em%J{%g‘— k;V?}dq ’ (1.9)
a

where W (1 <k <3) are the 3-rd roots of (-1), subject to

wf —

certain conditions as given in [8, Theorem 4] also these conditions
are given in Section 2, conditions (a) and (b). Pefeifer's [8]

takes r and g are real-valued functions, but here in our
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investigation of (1.7) we shall consider general s, and we shall
not restrict ourselves by considering s,q and r to be real-valued
functions. The method in outline for the above case of the
differential equation (1.7) is given in Section 2, also discussion
between our method and Pefeifer's [8] is given at the end of
Section 7. The theorem which was used toestablish the asymptotic
form of three solutions of (1.7) under this case is Theorem 1.2
[Eastham, 14 p. 133] which is stated below, andwe shall see

that Theorem 1.2 applicable in our method when we consider the

above case.

The second type of the third-order differential equation is
L L
{s?(s? y')'}r - py’)’ - xy =0, (a<s x < =) (1.10)

and we shall‘investigate the form of three linearly independent
solutions of (1.10) as x = ©, where x is the independent variable
and the prime g;. The functions s,p and r are defined on an
interval [a,») and they are nowhere zero there. This differential
equation will be considered in Part (b) of this Ph.D. thesis from
Section 8 to Section 16, and our aim is to discuss the following

two cases for (1.10):-
Case (1)

As x » », Let

y - {(5))
P P (1.11)




Case (2) (The Critical Case)

As x > » , let the critical case

U%?’m (const.) %

(1.12)

!
o

)

‘\'Jg

v (const.) %

e
0]

hold.

Case (1) will be given in Section 9, Theorem 9.1 and
the proof of Theorem 9.1 starts from Section 9 to Section 12
and for this case we shall obtain three linearly independent
solutions of (1.10) as given in Theorem 9.1. For this case we
shall also apply Theorem 1.2 [Eastham 14 p. 133] to obtain the
form of the solutions of (1.10), two examples for this case are
given at the end of Section 12 and a discussion about a different
case than case (1) and case (2) for (1.10) is given at the end

of Section 12.

Case (2) will be given in Section 13, Theorem 13.1 and
also for this case we give a method in outline in the same
section and the proof of Theorem 13.1 starts from Section 13
to Section 15 and as we shall see this critical case represents
a bcrderline between situations where two solutions of (1.10)
are small compared to algebraic functions and where two solutions
are small compared to an exponential functions while the third
solution has algebraic behaviour in both situations. Again for
this case we shall make use of Theorem 1.2 [Eastham 14, p. 133]
to obtain the form of the solutions of (1.10) under this critical
case. Two examples for this case are given in Section 16, also
at the end of Section 16 there is a discussion about a critical
case of the differential equation (1.7) and a discussion about

a second critical case of (1.10).



(C) General Asymptotic Theorems

Now before we give Part (a) of our Ph.D. thesis we start
by giving the definition of the norm |A| of a matrix A = (aij)
and by giving Levinson Theorem [23, 1 pp. 92-95, 14 pp.131-132]

and Eastham Theorem [19, 14 p. 133].

Definition 1.1

We define the norm |A| of a matrix A = (ai.) in our work by

al =1

-
1,3 1]

Levinson's Theorem 1.1 [23, 1 pp. 92-95, 14 pp. 131-132].

Let A (x) be an nxn diagonal matrix

Ax) = dg (Ayx), ..., N (x))

which satisfies the Dichotomy condition that, for each pair of

integers i and j in [1,n], either

X
IJRe DAs) = A.(s)} ds + - (x > )
a 1 J
and
X
Jt Re{Ai(s) - Aj(s)} ds skl (a st <x <w)
or
X
IT J Re {Ai(s) - Aj(s)} ds zkz (a £t <x <o)
t

where k1 and k2 are constants. Also, let the nxn matrix R(x)

satisfy

o]

J |R(x) |dx < = . (1.13)
a

Then, as x > <, the system



Y'(x) = {A(x) + R(X)}Y(x) (1.14)

has solutions Yk(x) (1 <k<n) with the asymptotic form

X B!
Y (x) = {ek-+<ﬂl)} exp[[ Ak(t)dtJ. (1.15)
a

Here e, denotes the coordinate vector with k-th component unity

and other components zero.

We shall refer toesystem (1.14) in which (1.13) holds as
having the Levinson form. A special case of the Dichotomy

condition which is useful in applications occurs when
Re'{ki(x) - Aj(xﬂ' = £(x) + g(x) (1.16)

where f(x) does not change sign in [a,»){ that is, either
f(x) 20 through [a,») or f£(x) <0 through [a,»)} and g(x) is

L(a,).

The asymptotic Theorem 1.2 (Eastham [19, 14 p. 133])

LetA(x) be an nxn diagonal matrix

A(x) = dg (xl(x),...,xn(X))

in which xi(x) - Aj(x) is nowhere zero in some interval [a,=)

for each pair of integers i and j in [1,n] with i # j.

Let R(x) be an nxn matrix such that
(i) R(x) = o {Ai(x) - xj(x)} (x +w) (1.17)
-1 /
(ii) {fli(x) - Aj(x))" R(xi} is L(a,x) (1.18)

for each i and j in [1,n] with i # j. Also let the eigenvalues

uk(x) (1 <k <n) of A(x) + R(x) satisfy the Dichotomy condition

I-II in Levinson's Theorem 1.1, then as x » «, the system



Y (x) = {Ax) + R(x)}y(x)
has solutions Yk(x) with the asymptotic form

( (X
Yk(x) = {ek‘+ dl)}eXPlJ uk(t)dtJ . (1.19)
a

We emphasise that, in the statement of Theorem 1.2, it is the
uk(x) rather than Ak(x) which appear in (1.19) and which are
obliged to satisfy the Dichotomy condition in Levinson's Theorem.

(x)

However, in practice, it may not be easy to calculate the My
and therefore it is useful to know that, if the additional

condition
|xi(x) - xj (x) |'1|R(x)|Z is L(a,) (1.20)

holds for all i % j, pk(x) can be replaced by the simple expression
Ak(x)+ rkk(x) in the statement of theoreﬁ and in the asymptotic
formula, where
2
M = At T O(ﬁii IR | /hz— Ak|) | (1.21)

and the O-term here is L(a,») if (1.20) holds.

Finally we mention that Theorem 1.2 also applies to the

more general system

Y'(x) = {A(x) + R(x) + S(x)}Y(x) (1.22)
where S(x) is L(a,~). Because the transformation Y = (I+Q)2Z
was used in [14], where Q as defined there when S(x) = 0. The

. -1
transformation system then contains the extra term (I+Q) S (I+Q),
which being L(a,«), contributes to the Levinson form and does

not influence the asymptotic formula (1.19).
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Section 2. The Method in Outline
In this section we present the main features of our method
and then, in subsequent sections, we investigate the asymptotic
form of three linearly independent solutions of 3-rd order

differential equation
’ ;2 ;é ’ ’ ' 14
{s?(s*y")'} +qgqy’" + ry =0 (a £xX <o) (2.1)

as x » », where x is the independent variable and the prime

denotes g;. The coefficients s,q and r are defined on an

interval [a,») such taht s and r are nowhere zero there.

We begin by writing (2.1) as a first-order system
Y’ = AY (2.2)
where A is 3x3 matrix.

The relationship between (2.2) and (2.1) is that the first
component of Y is y. The aim is to transform (2.2) into the

standard form
z2' = (n + R+ RZ)Z (2.3)
where Ais a diagonal matrix, say
AMx) = dgh, (%), Ax), A (x)) (2.4)

such that Riis L(a,~») for some a >0, and the matrix A+ R1

satisfies the hypotheses of Theorem 1.2, then Theorem 1.2, is

applicable and it follows that (2.3) has solutions Zk (1 <k <3)
with asymptotic forms
X
z, (x) = {e,_ to(l)} exp[ p, (t)dat (k =1,2,3) (2.5)
k k 1 k

a
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as X »> o, where e is the coordinate vector with k-th component
unity and other components zero, and.uk(z) (1 <k <£3) are the

eigenvalues of the matrix A + Rl.

The asymptotic forms of the solutions of (2.2), and hence of

(2.1), are then obtained by transforming back.
The first step in the transformation of (2.3) is to
diagonalize A; that is, we define a suitable matrix T such that

T lar =A = dg (X, 12, shg) (2.6)

say, the xk(x) (1 £k <3) being the eigenvalues of A.

The substitution

i
]

TZ (2.7)
then takes (2.2) into

Z' = (A - T '7')z (2.8)

where A(x) is given by (2.6), and the next step is to make a
detailed analysis of the matrix T—lT’, then as we shall see

(2.8) is in the required form (2.3) by writing

o lmr
T °T =R, + R, (2.9)

such that R2 is L(a,~) and the matrix A + R1 satisfies Theorem 1.2.

We note the system (2.3) is in the same form as (1.22) because
R, is L(a,~) and this is the reason we only required that A+ R1
in the above method to satisfy Theorem 1.2. 1In the case where

s =1, (2.1) is reduced to the differential equation

y'""(x) + g(x) y'(x) + r(x)y(x) =0 (a £X <») (2.10)
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This differential equation has been considered by G.W. Pfeifer [8]
in 1971, and he proved that (2.10) has solutions yk (1< k< 3)

with asymptotic forms, as x > =,
1

~-/3 (X 3 -
¥ (®)v r (%) exp[ Jf Ilwkr/':’»(t) -3 Wy ;])g/?(t)} at| , (2.11)
a
where
wy ==l, w,=% + i zg; w, = ¥ - i {g,

subject to the following conditions:-

2
(a) r and q are real-valued functions with r is C [a,=)

1
and nowhere zero in [a,»), and g is C [a,»), such that

T ’ "2
(b) 2?; ’ {%; and {% are L(a,»).
r r

If the coefficients g(x) and r(x) are given by

g(x) = BxB, r(x) = CxY, (2.12)

where B,Y,Band C(# 0) are real consEants,bthen condition (b) is

satisfied when

1
-Y+1>0, vy - 28 - 15>0. (2.13)
3
Here we consider the problem of developing an asymptotic theory
for (2.1), under certain conditions on s,q and r as stated later on

in Theorem 4.1.
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Section 3: A Transformation of the Differential Equation

Now we start our work in detail, and hence (2.1) can

be written as a first-order system (2.2) as follows.

Take
il
1
Y = yz
Y3
and
-1
o s 2 o) }
=%
A = o) 0 s (3.1)
-1

then by (2.2)

-1
! 2
= s
yl y2
-L
r=sz
yz y3
y! = -ry - asty
3 1 2
Define
Y =Y
1
hence
1
= g? v/
Y2 Y
and



L1 ’
{s*(s® y")'} = -ry - qy’
14

1 L
{SZ(S2 yl)l} +qyl +ry=o
Hence (2.2) reduced to (2.1) if we take A as in (3.1) and
L
s? vy’ (3.2)

r L
182(82 yl)l

Now the first step in the transformation to (2.3) is to

diagonalize A; hence we require the eigenvalues Aj (1 <3 <3)

and the eigenvectors Vj(l <j<3).

The characteristic equation of A is given by

-1

Aj -s * o]
det().I -A) = o =0
J 0 A -s”
j

-3
S A
r q 3

l.e.
SA% taag tr=0 (l<3<3) (3.3)

Now the eigenvector vj of the matrix A corresponding to xj

is given by
AVj = A, V.. (3.4)

Taking
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then (3.4) gives

-1 [
[ o) s * 0 ] u u
-1
' o o) s v = Aj v
-1
l-r -gs ¢ O J w w
Hence
-%
s VvV = A, u (3.5)
J
s w o=, v (3.6)
J
-y ,
-r u - gs v = Aj w o (3.7)
Define
u =1 (3.8)

then by (3.8), (3.5) gives

[N o

vV = 8?4 (3.9)

Also by (3.9), (3.6) gives

)
W = s Aj (3.10)

We note that (3.7) reduced to (3.3) if we substitute for U = 1,

L 2
VvV = g* Aj and W =g Aj. Hence by (3.8), (3.9) and (3.10) we can

define the eigenvector £ of the matrix A corresponding to Aj

which satisfy the relationship (3.4) by

A (1 <3 <3) (3.11)
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Hence we define the suitable matrix T which satisfy (2.6) by
T = (V. Vv, V] (3.12)

then by (3.11), (3.12) becomes

1 1
_ % 5 5
T = s X, s*x, s, (3.13)
2 2 2
Lsxl SK, S,

Hence the transformation (2.7) will take (2.2) into the system

(2.8).

. -1 .
Now we need to work out the matrix T T’. Writing
(1 <j,k <3), (3.14)

. ' . -1
First we consider T °, now

SorT . (3.15)
Hence by (3.3)
B 2 2 y 2 2 7]
L [SO2s = a0) 5T (,mAy) Xgm Ay
-1 S 2 2 L 2 2
T = s(xlxa - Alx3) s (13—11) AT Ay (3.16)
detT
( 2 2 ;2' 2 2
s(A x, = Alxz) s (xl—xz) Ay= Al
L }
Also by (3.13)
v/
det T = s Z(Az—kl)(x3-kl)(l3- AQ. (3.17)

Second we consider T’, then by (3.13)
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o o o 7]
S
o= | (sTAT (sTh,) (s (3.18)
(s22)7 (sag)'  (sA3)”

Hence by (3.16) , (3.18) and (3.14)

X

_ s ;2’ 2 2 ;2 ’ 2y
t1y = ForT [% (A=23) (852 )" + (4 xz)(sxk) (k =1,2,3)

1
_ 8% (%3202 (o3, _ L2 ']
Y1k T JetrT [S (A=A ) (8% )" + (A =2 ) L(s™h )}

N .
S(Szk)' [ ]
— k (A=A ) (A +2) + 22, (x =x )|
tx T T dett 2 73 2 s ks 2

hence by (3.17)
L
(s )7

I [éxk - (A2+A3)] (k =1,2,3)
s (=) (=i )

(3.19)

Similarly by (3.16), (3.18), (3.17) and (3.14), we obtain

L
(s*x,)’ _
toy = T k [x3+x1—2xg] (k =1,2,3)
sz(xe;xl)(xs-xz)
(3.20)
and
(s%xkf [ ]
t = 21, = (x,+r.) (k = 1,2,3)
3k % k 1 "2 rér
s (A3—Al)(l3—A4)

(3.21)
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4. The Asymptotic Theorem

Now we shall establish the asymptotic formula

-Y3

1 X
_/6 r _ 1 ]
yers (x) r (x) exp {J(a[wk 5] ® - 37 r‘%g@(t)] dtf
(4.1)

as x » «, where

for three solutions of the differential equation (2.1) subject
to certain conditions on s(xX), g(x) and r(x) as stated below

in Theorem 4.1. This is the case for the differential equation
(2.1) as mentioned in the introduction section. Of course if
s=1 in (4.1), then for the particular equation (2.10), the
asymptotic formula (4.1) agrees with Pfeifer result (2.11).
Discussion between Pfeifer [8] result and our result for the

differential equation (2.1) with s=1 is given at the end of §7.

Theorem 4.1

2
Let the coefficients s and r in (2.1) be C [a,x) and

1
nowhere zero in [a,~), also let g in (2.1) be C [a,x). Let

1/
—32173= o {(E}/a} as X » o (4.2)

r’s
1/,
r' = E > ©
= = o{ [s] } as x (4.3)
4
s’ _ ry’3
s = 0 {[s] } as X > w (4.4)

Let
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’ TORY 7 N e V. SENOSN V SSN -
9 r S r S S S g S
r/3 s1/3 ' ¥ {E) ’ EZ[;) '3 [;] ) ';,_ (‘T—)

2 (4.5)
and g; be L(a,e).

Finally let one of the three following cases (I), (II) and

(IITI) hold.

Case (I)

d, s and r are real-valued functions.

Case (II)

g, s and r are complex-valued functions and

r\Y: 1 £\ |
o 353 == fn (4, (ufg]"

o i) o fefe) ) el o

Case (III)

g,s and r are complex-valued functions and

<) = ofols) el o)

as X > © .

Then the differential equation (2.1) has solutions yk(x) (l<k<3)

with the asymptotic form (4.1).
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We note as a general comment in the above theorem that
conditions (4.2), (4.3) and (4.4) are equivalent to say that

. r'! !
the functions _7§7?§’ T and~§ are all small compared to the

1/3r S
function E] as x » o, Of course condition (4.2) implies that
: : . 3
the re ;7?§?? and the im ;?§;7? are both small compared to [g)

as x » » , similarly for conditions (4.3) and (4.4). 1In the

proof of Theorem 4.1, we require this remark.

Remark 4.1
Y3 ( 9%
14 4
Since by (4.5) E;?[§] ’ §52 EJ

2
and & are L(a,»), hence
2 T S sr

7 1
E § and Ea are both L(a,~») where 6 as given below in (4.12).

" To show this we use schwarz inequality

X 7 (X 2 X 2 Y
J |[£(t)g(t) ]| dt < ” |£(t)| dt ] . U lg(t) | dt]} (4.6)
a a a

1
. A _r' s)76 ' .
by taking f = ?;i;% and g = z [rJ , then 7 § is L(a,=) by (4.6).

7
Similarly E § is L(a,«).

Proof of Theorem 4.1

The first step in the proof is to solve (3.3) asymptotically

-1
as x » » , and to make a detail analysis of T T'.
Since s and r are nowhere zero in [a,») and (4.2) holds,
hence (3.3) has distinct roots, Aj(x) (1 <j <3) such that

A, = '(rl/3(1+a) 1<9<3)  (4.7)
5705 s g =ds '

where

w, = -1 (1 <5 <3) (4.8)
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and so
<) 3
wl—--l, w2=1§+1—2,w3=%—1—2- (4.9)
where
Sj(x) = o(l). (l<j<3) as x~» =
(4.10)

Now we need to show that (4.10) holds, and then to work out

dj(x) (1< 3j<3). Now by (4.7) and (4.8), (3.3) gives

1
e v T e e e o
- ) + . — L) O+ = | < §x¥°
r( +63 wj 5%3 (1 + GJ r (1< §x73)
i.e.
3
—(1+aj) + w Sl/%(1+<sj)+,1=o. (L< 3 <3)
(4.11)
Let
5=._q_, (4.12)
FA5
then by (4.2)
§ = o(l). as X - o« (4.13)

Now equation (4.11) is of the form f(x,6j) = 0, where
f(»,0) =0 and f6 (»,0) # O; hence the standard implicit function
theorem [7, p.64] guarantees the existence of a unique solution

6j = Gj(x)\to this equation such that Gj(w) = O, thus (4.10) holds.

Now to work out éj, we consider (4.11), thus (4.11) gives



22.

2
— ’ —»-j—- =
(1+38,+0(8,)) + iy Vi (1+aj)+1 0
l1.€.
2
=338 S, . ) o= <9 < .
38, + O 3)+w3;1/_3q—13/3(1+63) o) (<3 <3) (4.14)

Now we solve (4.14) in term of the dominant term 55, then (4.14)

gives
W o . _1
=4 9 £ _ Y A )
Sj 3 B (l 3 37%:/3) (1<3<3) (4.15)

Hence by (4.12), (4.15) gives

|
w . W
aj = -3—'16(1 - 3—15) (1<5<3) (4.16)

Hence by previous work, the diagonal matrix A(x) in (2.6) is

given by (4.7), (4.9) and (4.16).
We mention here that since (4.7) and (4.10) holds, hence

the case which is considered for Aj(ls j £3) is given by

(1<j<3) as x+

1
A r]/s
. v . -
3% [s

(4.17)

A.(x) (l< j<3) having same size as x -+ .

-1
Now before working in T T’ in some detail, We need to find

(S%Ak)'; now by (4.7)

1, 1
S%"k=°’k /35/6(1+6k). (L<k=<3) (4.18)
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Differentiating (4.18), then
;2' r 1/3 1/6 / 1/3 1/6 !
(s Ak) = wk{r s } (L + Gk) tow s 8y -
Since
1, 1 1, 1
e/ oy -1 M [:_r; )y §J
3 r s

Hence

5 0y - ok M W% T, . s’ Vs Yoo
(sAk)—3rs :t i3 (l+6k)+wkrsé§k.

(1<k<3) (4.19)

[
Now we have to work out Gk(x) (L<k<3) in some detail in terms
of s,r and gq, hence by (4.7) and (4.8), (3.3) becomes after

multiplying by r_1
3
-(1 + + =<2 _ (1 + +1=o0. l1<k<3
, ( Sk) u)k r2/3 81/3 ( (Sk) O ( < < )

Differentiating this equation, we obtain

w

_ 2 7 q’ _ Y% s'qg r'q
3(L + 8,) 8y + w (1 + 6;) T 7 3o(1 + ék){s%‘@r% + 2 Sygl%}

4 - O
Y BB e

(l1<kc< 3)
Hence
14 w 2 ’
- - Xk "
3 6y {l 3 ;%igg + 28, + O(ak)} + o (1 0+ 6,) 77

w

- -k s', Hr' = O
FK(L + 8,) {s+2r}1?73q?3
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’ w

= k _4ga’
ésk 3 1/3r2'/ (1 + & ) { 3 2/351/3+ 26 + O(ék)}

W _q {.& _} {__k '
T 24, + 2 (1 + 8,) 41 E7gr3s,/3+26 +0(a)}

Thus after making use of (4.12), we obtain

s, = o (45 +o[-s-'s} +o[£'a}- 1<ks<3
() o [ e o [ aewes
(4.20)

We note that the first O-term on the right hand side of (4.20)
is L(a,~) by (4.5), also the last O-terms are L(a,x) subject

to remark 4.1. Thus
4
Sk(x) is L(a,«) ., (l1<k< 3) (4.21)
We have now to work out (3.19), (3.20) and (3.21) in some detail

in terms of s,r and g in order to determine the form of (2.8) and

then make progress towards (2.1).
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-1
5. The Matrix T T’

Considering first k = 1 in (3.19), we have

5 '
(s*x;) (
t = (2. =-x_-2_1- 5.1)
11 > 1 "2 73
$*(A,=2 ) (Ag=2y)

Hence by (4.7)

Yy y
w3[§] P1+s,) - wl[E] P18 )

S

>
I

>
Il

1
/3 1
r
{g] (w3—w1) {l + o, (w363-w161)}'

Using (4.16) , then

Ay = A= (wg=w,) [’—;]1/3{1 + %(%#u_ss) + 0(53)}. (5.2)
Also by (4.7)

A, = Ay = (wg-w, [§1y3+1[§]y3(w252 - w.8)
l.e.

1

Ay = A = (wp—w) (E]/ {l * w;twfw262—w161)}.

Hence by (4.16)
o (x 73 s m 3
X, = A= (wz_wl; [g] {1+ 3‘”’:'\'“’0'* o(é )}. (5.3)
We note that by (5.2) and (5.3)
s
Ag(x) = A (x) v(ws-w,) [g] as x » =

as X » o«

]9%

’ ‘ r
Az(X) - XI(X) ’\J(wz-'d'\ [g
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Now by (5.2) and (5.3)

7 s - Lo a
(AZ-AI)(As-)\l) = ['S-] (w3—w1) (wz_u.:\ 1+ 3 (“;-i—“fz-i-awl\ + 0(sM) V.

Hence

2 21
s%(x -2 )(A,=r.) =3 r/3$ % {1 - 6§ + 0(52)}- (5.4)
2 1 3 1 §

Now by (4.19)
% ro B Yepr', L o8’ 7 SN
(s xl) = 35r"s [r + %3 ) (l+61) towr g’6 51,
where §, is given by (4.16) and 6; is given by (4.20), hence by

(4.16)

L wy Yo o lppr s’ Wy 2 Vo Ve o7
(s*2)" =3 302+ 5 241 + =28+ 0(s b+ w 3808l .
(5.5)
Now by (4.7)
V Bg
— (o _ ri’s r e L .
2)\1 )\Z“XB = (2w1 1) ESJ + [s] (2w1<§1 w2‘62 m363)
Hence by (4.16) and (4.8)
Y. Y
_ ri’3 r 3 ) 2 2 2 3
ZAI—AZ—Aa = (Zwl—l) [E} + [g] {§(Zml—w2—w3) + O(8 )},

and so by (4.9) after doing simple calculation we obtain

r1/3 Fy 3
2)\1-)\2—)\3 = -3[5] {l -3 % o(s )}‘ (5.6)
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Hence by (5.5) and (5.6)

L - ’ ’ w 2
(s%0) " (20 =2, =2,) r%s%[f#/z 2]{1 + 3—15 + 0(s )}{1 - %5 + 0(53)}

- 3u, r%s'}“’a{{l - %5 + 0(63)}7

i.e.

1l

Y
(s*2 )" (2x=25=2,) 7

7 5'76[5' + % 2']{1 - %5 + 0(52)}

1
2, -/ 3
+3r/3s’661»{1—%c5 + 0(s )}. (5.7)

Hence by (4.20), (5.4) and (5.7), (5.1) becomes

4

_l r sI SI r’ ( r
t‘n = -3-[; + % 5] + O(S§ 5 ) +O(5E ) +OI\I—.%73SSI_/5J. (5.8)

Next we consider k = 2 in (3.19), we have

5 s
M A VALY S U (5.9)

12 %
s*(A,=2,) (Ag=2y)

Now by (4.\])

% ' Y2 Y Yerr! s’ Vs _ 76 !
= I+ 2 4 , /
(s2,) 3~ ¥'’"s [ el | (1 8q) tw r' s S; ’

4
where 6, is given by (4.16) and 5, is given by (4.20), hence by

(4.16).

540 _ o 1 ’ ’ w 2 IR
(s A‘)' = 3 r/3s/6[§ + % 2 ]{1 + -526 + O($ )}+ mzr/gs/ 6; (5.10)



Now by (4.7)

2§.

and so -
A,=h, = (Ell/s(wz-mg) {1 + 8+ 0(53)}. (5.11)
i.e.
V2!
1 G0 = A0 Gy [E] as x > o -

Hence by (5.10) and (5.11)

(%2, 0,2 = 385 (Wl [ 4+ S+ v, + 06"}
+ ryés_yé(wg-w2w3)6; {l + % + 0(63)}
and so by (4.9), we obtain
(8%3,) " (,ma,) = = 3o, +1) PPSTHLE 4y 87 {1+ far, 4 05}
-((1)3+1)r9/3 s 55{1 + %5 + 0(53)} .

(5.12)



23.

Hence by (4.20), (5.4) and (5.12), (5.9) becomes

1 r' s’ s’ r’ !
= - = - b - - =
t, glogt T 2+ 5+ 2] + o(s3) + O(sz ) + O(%7§;%).

T

(5.13)
Now putting k = 3 in (3.19), hence
(S%)\ Y (A ,-=2)
£ = 3 3 2 (5.14)
1 s%( =x.) (A =a)
AP s7h .
Now by (4.\%),
%0 2 8a SN,y s Vs Vo .*
(s*xy)' =33 s [T+ 5 2] (1 +68,) +wrss,

, ,
where Y? is given by (4.16) and 8‘3 is given by (4.20), hence

by (4.16)

L w 1 1 ’
(s*x,)" = -3—3 r/3s/6[-r- + 5 2

r S

’ w 2 1 1 ’
] {1 + 335 + 0(s )} LA AR

(5.15)
Now by (5.11)
aTh, = (w,mw,) [g]%{l + %b’+ 0(53)}. (5.16)
Hence by (5.15), (5.16) and (4.9)
(53,07 Ggm,) = = Bu o +1) 705 s 2] {1 + 36 (14a) + 0(62)}

2. .
- (o +1) A Y S'{ 1+ 35400 } .
2 %1 3

(5.17)
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Hence by (4.20), (5.4) and (5.17), (5.14) becomes

1 r'! s’ s’ r’
= - - - T =2 = -
tog 9(w2+1)[r+zs] +O(5S)+_0(5r)+o[7/—q—73 3}.

(5.18)
Now considering (3.20), then for k =1, (3.20) gives
£t = (52}\1)'( 3=11) (5.19)
2 ¥ (A,-1,) (A3=1,)
Now by (5.3) and (5.16)
Nz
=) 02,0 = (B o 0gmuy) {1+ 4 (144} + 0o )

Hence

i

2 =1 ’ ‘
S70,72)) (4,72,) & (1420 -w) /8 /6{1-1- __u%s,'g +0(62)} .
(5.20)
Now by (5.2) and (5.5)

-1 ’
(553) " (=1 = 2o, (u e PAFRO Y- ]{1 + §(wg4w,) + 0(s ) {I,«

S

€

nbl Y 0(62)}+

3
+ vz, et s s 1{ (w-r ) + 0(s )}
i.e.
(s%) =) = - -(w ,tL)r 7 1/6[ S']{l +§ng—1)+ 0(62)}
- (w,+D)r e 1{1 + %(wg-él) + 0(53)'}

(5.21)
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Hence by (4.20), (5.20) and (5.21), (5.19) becomes

£, =- l L“ﬁii)_[r . E'J + 0(,52') + 0(55') + 0 [;Z/—;'L?]
l.e.
ty = - 55 WEHLE+ 527 1062 + o) + o [;739&173].
(5.22)

Next putting k=2 in (3.20), then

3
(s222) " (A3+r1-2%2)

t22 %(A Al)(k3—kz) . (5.23)
Nowfby (4.7)
, r 73 r /3
Agtd =22, = (w3¥w1-2w2) (g] + [g} (w363+w161—2w262),
Hence by (4.16) and (4.8)
1 1
13+Al—2A2 = (w3+w1-2w2) [E}/3+ [g]/3{%(m§+wi—2w§) + 0(63)}

so by (4.9)

1+2W3-wy

r 73 S 3
A3+A1-2A2 = (m3+w1—2w2) (—] {l + 3 w3+w1-2w2 + 0O(S§ )}a (5.24)

S

1
A_+x . =2x, v (R3tw,-2w,) [E /3 S as X > » o
3771 %72 312LS
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Hence by (5.10) and (5.24)

;2' ’ 2 - 4 ’ Q) - \ }
(873,) " O, #1,=20,) = e -20,) °s FLE 4 SJ{H%S(‘ 2rtan \+0(§7

i
_ 73 o6 § [2w3-wo+] 3)
+w (w +w 2w ) T | + 3 [;j;rfzﬁr + O(8 ) te
(5.25)

Hence by (4.20), (5.20) and (5.25), (5.23) becomes

1=

,{W3twy~2wy) r’ s’ s’ r' q’ \.
22 =3 *(T+20,-w,) Lz*+%5] +o00g) +003) +0 7

Now by (4.9)

wl(w3+wl-2w2) = 1+2w3—w2,

lprx s’ s’ r’ !
t, =305+ 55T+ 008" + 0Ty + o(r—%g;%)- (5.26)

Now taking k=3 in (3.20), hence

50 2) 7 (Aem
£ = {8233)"(Ay-h3) (5.27)

23 %
s (Az—xs)(x3-xz)

Now by (5.15) and (5.2)

¥ -1 ! - . - 2
(8%2) 7 (A=1,) = 22 (uy-w,) 25 AL+ y = ]{1 + %(20-034.'«9.} +0(s )

oyl -u,) /357 ’{1 + -6(3+w|) + 0(53)}
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-1
N N N R A R £

[N o

P10+ 4 (ymisor)
o] 3
+ (w —w)r il+ is (‘%"\ +0(5)}.

(5.28)

Hence by (4.20), (5.20) and (5.28), (5.27) becomes

_ 1 _(wp-w3) s r s q’
t =3 (1+2m3—w) [r E ]+O(6 )+O(6 )+O[ ]/3’1

1 14

tos :=18 (i 33)[—+%—]+0(5-v) +o(a— ) + 0 [r—%—‘i%J- (5.29)

Now we consider (3.21), hence putting k=1 in (3.21), then

.y s -
TR A2 D R TS LTS N (5.30)

31 5. _ _
s*(hg Al)(x3 }\2)

Now by (5.2) and (5.11)
()\3->\1)(>\3->\1) = (wy=0,) (wy-w,) '-] { ‘*§___+0

Hence

2

/3 o 2y .
s%(xs—xl)(xs-xi) = (wy=w,) (W -w,) i-% {1 + 9_’_3‘5_5 _\_.F)CX )}

(5.31)
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By (5.3) and (5.5)
% ’ 3 ~Vepr’ ' wy 1 e . 2
672 )" (A -2,) = 3m1(w -w) P /If + % 2]{1 + 364 §6(¢%+u)‘)+ 0(s )}
. -1 ’ ‘ : 2
- wl(wz—u)‘\ r%/3s /661{1-'* %6(w2wl) + O(S§ )}

5

(s

A )'(A [A,) = "(w +1) 7 s /6[ ’]{1 +§(¢g-2)+ 0(62)}
3

+ (m2+l) r%/3 s--]/6 6;{1 4

Wi

cs(wa"'*) + 0(53)} . (5.32)

Hence by (4.20), (5.31) and (5.32), (5.30) becomes

— 1 (wo+1) x’ s'! r' s’ ’
1 T3 W) eyt TS 21 otz +osz) o0 (;5_1‘38/3);

3

1 . r' s’ r’ s’ !
= /3= L 1 S I S . .
t, 15 (173 3)[r+ 253 + 0(87) + 0(8Z) +o(r—q—1—%,3$/3> (5.33)
Next taking k=2 in (3.21), then

5 r
= (iz}‘Z) ()‘Z_Al) " (5‘34)

s*(Ag=2,) (A53-2,)

32

Now by (5.3) and (5.10)

, 1 23 -1'6 r’ s’ w
(s%>\2) (=2 ) = 30, (ow) ¢ Iy 21 {1 + 228

wio»

)(wﬁ'““) + 0(62)}

2 1
v Y3 —_/e{ 8 (“apw. 2
+ wz(wz..wi)dz r'“s. .1 +3( ﬁ*“{) + O(¢ )}
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1 -1 ’ " '
1,07 0,70, = St,men) THIE L £ 4 S fagm Dro(BYY

’ - 3
+ ((4)2—(»3)'0‘2 r%/gs Ve {l + % (uoz__|) + O(8 )} .
(5.35)

Hence by (4.20), (5.31) and (5.35), (5.34) becomes

_1 (Wp-w3) r’ s’ s’ r’ g’
t, =3 (ay=0;) (@5, r =+ s] +0(82) +0(s2 ) + O<r2/3 Sys)

_L (344 r',y s’ s’ r’ _a’
£, = 5D+ 5 27 406 v oI 4 o(%s]/s). (5.36)

r

Finally taking k=3 in (3.21), then

1
(s*XA3)’ (2 3-21-2)

3 ) ( )
s (Aa A (ag=ay,

t (5.37;

33

Now by (4.7)

22 s

)+

Y3
H

= - - r - -
37A7h, = (2egmww,) [ (20,8 ~w,8,-w,6,)

Hence by (4.16) and (4.8)

Y3 Ys 2 2
2)\3—>\1—)\2 = (2m3-w1—m2) (g) + [g] {%(Zwi—wl—wz) + 0(53)}

so by (4.9)

1
——
nIx
Nt
—
o

- = - 8 (wi-=2wp-1 3
21 42, A, (20,-w,+1) {1 + 3 (2w3-w2+l) + 0(6 )}. (5.38)
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Now by (5.15) and (5.38)

¥ 1 ¥ ~Verx’ s’
(s*x3) " (2x4-2 -2,) = F0; (20 -0, +1)r"" s [; + % ] x

28 (4'3—20)2-1 2 } _ %3 =Y 1
X { 1+ 3 2w3—w2+l + O(87) [+ w§2w3 w,+1) r’"s §, x
8 [w3-202+1\ 3 }
X {l + 3 2w3-m2+l) +0(8)

, o /3 -V W3—-2W,-1
(s %2 3) T (2h3=2y=2y) = ‘(w 20,-1) r [r * % {l * 38(2w3-w2+l)

’ 2 PN 7 Y 4 g(wa-iwzﬂ
+ 0(s )}. t (0,-20,-1)r""s &3.;{1 + 32—(3—3_—(0—2:'1}

3
+ O(6 )}. (5.39)
Hence by (4.20), (5.31) and {5.39), (5.37) becomes

1 (w3—-2w2-1)

r' s’ r’ s’ ( g7 )
= = = 4+ 3 = + O(s= + O(8= + .
t33 3 (wy—uw, ) (0 =w,) Eir ‘s ] (6r ) (GS ) ° [193554

Now by (4.9)

(m3—wl)(w3—w2) = w3-2w2-lo

Hence

14

7 r’ s' r’
1 + O(GE ) + O(Gg ) + 0 {;735;/—3]' (5.40)

KIs
+
o

0

Now by previous work in this section we complete our discussion

of the matrix T ‘7',
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6. The system Z' = (A+R1+R2)Z

Now putting together (5.8)-(5.40), we can write (2.8) as

z' = (A+R,+R,) Z (6.1)
where
Rp(x) = (iicajp), (1 <iy j <3)
iij = 0(625) + O(dfl) + O[;?;§§;J (1l<ig j<3) (6.2)
and
R, (x) = (rij(x)\, (1 <ipj <3)
such that
n =-% [?“L g EIJ
T % (wy+1) {§’+ E E,J
Ty, =% (w,+1) (f'+ 5 2’]
r, = 75(i/3+3) {f'+ ) 2']
T2 =7 % [§’+ g E'J
Ty = 35 (3-1/3) [g% g)
ry =75 (3-1/3) [§'+ y 5'}
r, =15 (3+1/3) [§'+ . g']
Ta3 =~ % [§'+ E 2,]

(6.3)
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Now the last O-term on the right hand side of (6.2) is L(a,»)
by (4.5). Also the first two O-terms on the right of (6.2)
are L(a,~) by remark 4.1 and so"fij is L(a,»). Hence Rz(x)
is L(a,~) and so (6.1) has the required form (2.3) if A+R1

satisfies the hypothesis of Theorem 1.2.

Now we shall show that the system (6.1) satisfies Theorem
1.2, in particular the matrix A+R1 because Ry is L(a,~). To
do this, first we need to show that the eigenvalues Ai(x)

(1 <3 <3) of A(x) are distinct, this is obvious by (4.7) and (4.9)

Second we need to show that condition (i) of Theorem 1.2,

holds, in particular we need to show that

RI(X) =e {Ai(x) - Ajgx)} as x - o (6.4)

for (i#j, 1=<i, j <3).

Now by (4.7), for (i#j. 1¢(,583)

Y3 Y3

- r -1 - -1 r

ki(x) Aj(X) = Oij [s} {l + Oij Wy 6i Oij wy Gj} moij {s]
(6.5)

where Uij = w; - wj . (i#j, 1 <i,j <3)

Hence by (4.3), (4.4), (6.3) and (6.5) implies that (6.4) holds
for (i#j, 1 <i, j <3), which means that Ay T Aj (i#j, 1 <i, j <3)

dominate the matrix Rl.

Next we need to show that (ii) holds i.e.

{1Ai -Aj)—l Ri}, is L(a,=] (i#3,1<3,3 <3),

(6.6)
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Hence subject to (6.3), it suffices to show that

4 4 ’
{(x.—m S F-A )} is La,®)  (i#3, 1<i, 3<3), (6.7)
N (r )

nin

Now by (6.5)

Y3
-1 . ] - ’ r
f -1(x’ s’ -1 {s) (140.. 0.8, = 0, .w.8.) 1(5 + 1 S}
i(xi—kj) [f + % : h = {Oij t;] i Yi°1 915“5°%5 r s l
! &% 2
1 14
=Oi][]§f'} %25—%8_; +%§"+§l,
s
-t
4 r'’2 -1 -1
5[ r olensy - ofjegey )
_ _Z[S]Vs(gr N §'J[l -1 - 1
ijir Lr ‘s Ji °15¥i%1 i3°3°%5/ X
i r
)((?L . wJG
(i#3,1 <3,3 <3)s
i.e.
1 1
- ’ n) s (]/3 r ( (/3 ri
{(Ai—x.) 1{£+%§]} =o“§j z ]+o ) ")
J r s r r r s
1 1
v o I(§]/3£2] v o '§]/3§:2]
lkr r?2 rj s
1
/3 /3 NI
S r ’ S S ’
o[ £ o1 ) ol
\] / {
3
*OQ% %%) (i#3,1 ¢i,j<3). (6.8)
Now let
Vs
- r'[s
Y
_ §r s 3
Y2 - S.[r] 3 (6.10)
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then by (4.3) and (4.4), Y;=e(1l) as x » » and Y, = o (l) as

X > » . Hence by (6.9) and (6.10), (6.8) becomes
14

-1 ! s’ = Or[
{(Ai_kj) [f * 3 g ]} B

1/3 1 [
Y3 o4 Y3
~ol[g)7 8 )+ of[s T

s
r

N —

Ial Ko

He

a}

14 4 7
+ O(Ylsi) + O(Yzai) + O(Yléj)
+ o(Yzaj) (i#3,1<i,j=<3).

(6.11)

Now the first four terms on the right hand side of (6.11) are
4 4

L(a,») by (4.5), also by (4.21) 6i and Sj are L(a,»). Hence

the last four terms on (6.11) are L(a,~). Thus (6.7) holds

which makes (6.6) also holds for (i#j,1 <i,j<3).

Finally we need to show that the eigenvalues of A+R1
satisfy the Dichotomy condition I-II in Levinson's Theorem 1.1.
Now with Rl as given in (6.3), it's so difficult to calculate
the eigenvalues of A+Rl, hence we can use the simplification
(1.21), and so if uk(x) (1 <k <3) are the eigenvalues of A+R1,

then subject to (1.21),

2
= A * Ty +f O(max |Ry| /|>\2 = A ) (Lsks<3).

L7k

(6.12)

Now the Dichotomy condition I-II of Levinson's Theorem 1.1,

holds if we show that (1.16) holds. 1i.e.

Re{ﬁj(x) - (X)) = £x) + g(x), (6e13)
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where f(x) does not change sign in [a,~) and g(x) is L(a,=).

Hence we need to show that the O-term on the right hand
side of (6.12) is L(a,«), and so we need the additional condition

(1.20) holds i.e.

is L(a,=) (for all i#¥j), (6.14)

=1 1{yr y s’ 2 . 11 1+
(Ai-xj) [f + % s is L(a,«) (for all i#j)e (6.15)
Now by (6.5),
( )_l[r,+ L sl (s 1/3{1 f o0, ~ orl 71[£'+ y S
A TR LA E = = %5 |x l 9159195 T 93159385 ¥t % g

1/3:
+ o([%) 222] (i#3,1 <i,j<3).

(6.16)

Now the O-terms on the right hand side of (6.16) are L(a,~) by
(4.5) Hence (6.15) holds which makes the additional condition

(6.14) also holds, and so the O-term on the right hand side of

(6.12) is L(a,x).

Now first we need to show (6.13) holds under case I of
Theorem 4.1, i.e. when s,r and g are real-valued functions. Now
(6.12) can be written as

My = Ak + Tk +_O(fk) (1 <k 53)’ (6.17)



42

where
IR, 1710, -2, | (

f. = max |R A=A 1<k <3) (6.18)

k R#k 1 2 k
such that

fk is L(a,») (1 <k <3) (6.19)

subject to (6.14),
Now by (6.17)

- = —-— - +

(3#k,1 <j,k <3) .

since by (6.3)

1 |’ s’ ’
= = - —_ ;, =4 < < .
rkk 3 [r + 3 s ] (1 <k <3)
Hence
rjj - I, =0 (i#k,1 <3,k <3),
and so
(6.20)
since
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where
W .
I - d gy!
63 3 § (1 S) ’
3
. wd,_l.
ence ]/3
_ 1r - 1 3 . .
)\j Ak = (s] (wj wk) {l + 3(wj+wk)8+ 0($ )} (3#k,1 <3,k < 3),
since
= e
8 3 13
r s
Hence

1/3 2
- _ | X _ 1 _g 2_ 2 q
RS H AR F e Rt
(i#k,1 < j,k <3). (6.21)

2 _
since by (4.5)-§Eis L(a,~), hence the O-term on the right of

(6.21) is L(a,»). Now by (6.21), (6.20) gives

Y3
AR - 1 _g 22 q%
uj b = [s] (wj wk) + 3 r]/3 Sm (wj wk) + O((Ssr J + O(fj)

+ 0(f) (i#k,1 <3,k <3).

k
(6.22)
since r,s and g are real-valued functions, hence (6.22) gives

Y3
rr] ,

_ | - 1 _ 2_ 2 a2
k) = {s re(wj wk) + 3 r7§§?§+ﬂwj wk) + O(Gsr

- + O(f.) + O(f
re(uj u 5 (

k
(3#k,1 <3,k <3). (6.23)

Now putting j=1 and k=2 in (6.23), then

73 (g2
re(u,-u,) = (g] re(w,-u,) + % ;,3—2273- re (w]-u,) +‘O|\6§§ + O£ ) + O(£)
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Now by (4.9)

= -3
re(wl—mz) =73
re(wz—wz) = § )
1 2 2
hence
3(r & q gz
- = == |= L .
re(u1 “2) 25} + 3 73 23+ O{Gsr] + O(fl) + O(fz)

r S

Hence by (4.2)

3 (r 3 [ gf]
re(ul-uz) = -3 [g] (1 + (1)) + otésrJ + O(fl) + O(fz)-

Now putting j=1 and k=3 in (6.23), then
(r 7 1 2_ 2 ( g £
re(ul‘u3) = \g] re(wl—w3) + 3 ;y?;zg(wlfws) + okasr + O 1) + O(fa).

Again by (4.9)

3 2 3
re (w —wa) = - 3 refw, ~w,) = 5
Hence
Ly 2
_ - 3 |r 1 a_
re( —uy) = -3 [s] *oE RENPE *Ol85s] Y OUE)) +0(f)

Hence by (4.

N
~

Y73 92
{5] (1+o0(1)) + o[ars] + O(f1) + O(f3).

|
NI

re - =
(u‘ u3)

Now putting j=2 and k=3 in (6.23), then

2

1/
rl’3 1 2 2
—u) = |E - 3 i ~w3) +0lsL|+ o +0
re (u,-u,) [s] re(w2 ws) + 3 T3 7 re(w,~wg) [Gsr} (f2) (fg

Now by 4.9)

fl
O

re(wz-w )

I
o

r -
e(w2 wa)



Hence

2
re(uz-us) = O[dgz} + O(f,) + O(f;)

Hence by previous work (6.13) holds which implies that the
Dichotomy condition of Levinson's Theorem 1.1 holds under case I

if Theorem 4.1.

Next we need to show (6.13) also holds under case II of
Theorem 4.1 since r,s and g are complex-valued functions, hence

(6.22) gives

e

%
_ r|’3 - RN 4 RO -
re (uj-uk) = re{s] . re (wj wk) 1m{SJ . 1m(mj wk)

1 2

1 I 202y - L im =9 im(w?-
+ 3. re r1/3 52/3 .re(mj wk) 3 im rl/3 82/3'lm(wj wk)

+ o(a&;] + o(fj) + O(fk). (3#k,1 <3,k <£3) (6.24)
Now by (4.9)
3 : /3
re(wl—wz) == 3 1m(m1—m2) =- =

Hence (6.24), becomes for j=1 and k=2

(S S v

Ys Yy
re (u,-u,) = - % re[g] + {g im[EJ + % re jﬁgﬁ%
s

/3 .
76

2 o
im rl-%qs—%+ o) ag;) + O(£) + O(£,).

since by case II and (4.2) we have

Vs Ve
r r - 0
e igeme {mlf) ) {=elE] Ao} e
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g el ) e

r s
nfz) o feefe)'}:
im|= =06 <re|- . as X > o
s s
Hence
1
/3 2
- = - 3% q .
re(u,-u,) = 2re[s) (1+0 (1)) + o(ser +O(f) + O(f )~ (6.25)
Now by (4.9)
cetaymuy) = - into o) = 9
re(w?—wi) = g ' im(wi—wg) = ig-.

Hence (6.24), becomes for j=1 and k=3

( ) 3 {
r - = - e
e My p3 > rel

2
+ o[ai] + O(f.) + O(£f).
~ SIy 1 3
Thus by the above relations

1
73 93
re[g] (1+e(l)) + o{ssr

lw

re(y,~u,) = -

+ O(f,) + O(f ). (6.26)
3 1 3

Now considering j=2 and k=3 in (6.24), then

9@ 9%

re(uz“u3) = re[g]. fe(wz—wa) - im[g] . im(wz—w3)

1 2 2 1l . . 2 2
+ § re -W%/T. re(mz-ws) - § im %%. lm(wZ-wB)
r S r S
g’
+ O[Gsr] + O(fz) + O(fa)

Now by (4.9)
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re(w,-wz) = O, im(wz-w3) /3
2 2
re(wz—wB) = 0, im(_wg-mg) = /3.
Hence
1
- B s [ g2
re(uz‘u3) = -/3 1mng - =3 im r/‘:‘3455/3+ O[Gsr] + O(fz) + O(fa)'

"Ta4»o>k¥3 cCa e jGn
2

%
r7/3 (
re(uz—us) = =V3 im[g] (l+o(l» + Olég;} + O(fz) + O(fa)' (6.27)

Hence by (6.25), (6.26) and (6.27), (6.13) holds which implies that
the Dichotomy condition of Levinson's Theorem 1.1 holds under case II

of Theorem 4.1.

Finally we need to show (6.13) holds under case III of Theorem

4.1. Similar work for this case can be done, but here we obtain
S ()73 g
re(ul—uz) = = im g} (1+0(1)) + O[ésr + O(fl) + o(fz), (6.28)
1
3 () 7
re(ul-ua) =- = lm[g} (1+e(1)) + O(Gsr] + O(fl) + O(fa), (6.29)

1
-v/3 im z /%1+o(1)) + O 59i + O(f,) + O(f.) (6.30)
s sSY 2 37 ° :

re(p -u )
2 3

Hence by (6.28), (6.29) and (6.30), (6.13) holds and consequently
the Dichotomy condition of levinson's Theorem 1.1 holds under

case III of Theorem 4.1.



49.
7. The Asymptotic Form of Solutions

Now that (6.1) has been shown to have the form (2.3), hence

Thoerem 1.2, is applicable and it follows that as x > «, (6.1)

has three linearly independent solutions Zk(x) such that

e:s
Zk(x) = {ek + o(1)} exp[J uk(t)dt] (1 <k<3) (7.1)

a
where e is the coordinate vector with kth component unity and

other components zero. Now we need to obtain the three linearly

independent solutions of our original system (2.2).

Hence by
(2.7), (2.2) has corresponding solutions,
Yk(x) = T(x)Zk(x). (1 <k <3) (7.2)
Hence by (3.13) and (7.1), (7.2) becomes
1 1 1)
_ s 5 5 (% )
Y, () = [s®x sy, s’ay|le to(l)} exPi uk(t)dtJ
2 2 a
1SA) SX S Ay
as x » » (1 <k <3) (7.3)

and, taking the first component on each side of

(7.3), we obtain
three solutions yk(x) of [2.1) with the asymptotic forms

X
yk(x) v exp[J uk(t)dt] . as x » o (1 <k <3) (7.4)
a

Now by (4.7), (4.16) and (4.12)
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V& :
- ri’" _ 1 q-
A = wk[s] 3 T vgq'm + O[sr} (1 <k <3) (7.5)

where the O-term on the right hand side of (7.5) is L(a,®) by

(4.5).

Also by (6.3)

1
, , -/ =7
§+;§}={§__r_% (L<k<3) (7.6)

-é_yex:y§,

hence by (7.5) and (7.6), (6.19) becomes

14

N

=1 -1
1 - g (S/Gr/3] o
- 3 w T > + — — = + O
3 7k r/3s/’3 g 96r 13 sr

B (E Ys
Pk T %k .s]

+ O(fk) (1 sk <3).

(7.7)

Hence by (7.7), (7.4) becomes after adjusting a constant multiple

in yk(x) (l«ks< 3), we obtain the asymptotic forms

-1 -1 (* 73
yk(x) vos /G(X) r /3(x) exp{)[“ [wk[g]

l —_
(t) - 3 9y ;1/_3‘2;2/? (t)]dt}
as x » « (1 <k <3) (7.8)

of the differential equation (2.1). The proof of Theorem 4.1,

is now complete.

We shall now consider two examples of the differential

equation (2.1).
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Example (1)
In the familiar case we consider

s(x) = x*, gq(x) =BxP, r(x = cx'

where o, B, vy, B and C(# O) are real constants, and (a £€X <)

excluding a=0. Now

_2 __2 _l
-y = BC 70 xf T3 " 30

r/ sd
Hence (4.2) holds if
2'y + g0 - 38 >0. (7.9)
Now
r' = C_ny-l '
N
r'’ = Cy(y—l)xy_z,
r'2= C2 2x2Y—2
Also
s’ = q xa-l,
s’ = a(a-l)xa-zr
,6' 2 2(0,_1)
S = o X
Hence



Now

Hence (4.3) holds if

% (Y=a) + 1>0

Similarly (4.4) holds if (7.10) holds.

Now

’ 2/3 -%(u+2Y)+B—l

-W%ﬁ_ = BPC_ X

r S

14
Hence ??-s-ya— is L(a,*) if (7.9) holds.

Also

r 1/3 -1 l(a_Y)-2
5 [g] = vy(y-1) C ﬁ3x3

1 (g)/3
Hence ol [;] is L(a,~) if (7.10) holds.
Similarly

rlz § ]/3 §Il s ]/3 d §I2(£\|3

r? |r| ' s r ana g2 r)
are all L(a,~) under condition (7.10).
Finally

2 =1 -y -
d = B2C sz S
sTr )

is L(a,w) if

Y +oa=- 28-1 >0

51.

(7.10)

(7.11)
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Hence putting together (7.9), (7.10)and (7.11), then
conditions (4.2), (4.3), (4.4) and (4.5) are all satisfied

under a set of two conditions in o,8 and¥ which is given by

Wi+

(Y=a) + 1 >0
1 (7.12)

Y +a—- 28 - 1>0 J
Also we mention that case I of Theorem 4.1, holds for
this example.
Thus (4.1) gives after adjusting a constant multiple in Yy

-3 (Y+ka)

1 X 1 -
Yk(x) X exp'{wkc/3j t/?’(Y o)

a

dt

1
Wl

_ _1/3 X B—% (¥+2a)
Wy C B[ t dtt}

a
(1<k<3),as X » = (7.13)

Example (2).

Here we give different class of coefficients covered by our

analysis, we consider

s(x) = x* exp %2, g(x) = Bx® exp %P,

r(x) = Ccx"' exp xd

where o, 8, v, b(2 0), d(> b), B and C (# 0) are real constants

and our interval (a £x <«) excluding a=0.

Now (4.2) is given by

‘xd}= ¢(l)
)

}
]
(o]
Ol
N
>
b
wll
<
|
wl
Q
[0}
e
ol
——
wbl<N
o
1
win
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as x » », because d >b.

Now

Also

s’ = {a+ b xb} %471 exp xb,

s' = {a(a-1) + b(2a + b=1)x> + b2x2b} x*72 exp x°

r = {y+ 4 x@} C x—l exp xd,

d 2d Y-2

2
r’ = {y(y-1) + d(2y + d-1) x- +d x“"} C x exp xd

% =3 Y3 (a-y)
- b - =
X 1{a+ bx"} , g = x 1{y+ dxd} ’ [%} C X X
{
xexp(lx - lxd)
3 3

e

1 =l 1 -~ ) = _
]/3= 7373 (e -1 exp(%xb - %xd) {y + dxd}.
)

r' (sl .

ol tends to zero as x » » i.e. (4.3) holds.

B eV Y (a1 1b_ 1.4 b
] =C °x exp(3x~ - 3% )J{a + bx"} = 0(1)

> o ., Thus (4.4) holds.

- Y b, -Y32Y+a)+8-1 2.b _ 2.4
—ggiy;— = C7®B{g + bx"} x exp(5x° - £x9).
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Thus ;7537; is L(a,~).
Also
sfs)3_ -1, p o 2,2b) V3 (a-v)-2
s |t = C p(,(tl -1) + b({( + b- l)x + b"x X (l,sz
<173
Thus = [;J is L(a,~).

Also

Y
r 3 -1 1 - =
z {§] = ¢ 73y (e -2 {Y(Y-l) +a2v+a-1xd + @2x29 14
r (\r j
1b 1l .4
xexp(§x - 3% ).
»@ y. , .

r ’ 3 '2 3

Thus 5 {g] is L(a,~). Similarly E;Ti] and EZ{EJ are all

L(a,»). Also

2

. _ 2 -1 2B-0-Y b _ _d
o B C x exp(x X))
which is L(a,»). We note case I holds for this example. Since

by previous work the conditions of Theorem 4.1, are all
satisfied, hence (4.1) holds with s,r and g as given in example

(2).

Discussion:

Now if s=1 in (4.1), then for the particular equation
(2.10), the asymptotic formula (4.1) agrees with Pfeifer[S]

result which is given by (2.11), of course Pfeifer's result

obtained under conditions (a) and (b) as given in §2, it's gbvious

that condition (a) holds by our hypothesis in Theorem 4.1, and
as mentioned in condition (a) we have r and g as real-valued

functions which is related with case I of Theorem 4.1, so

)
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condition (4.5) will be reduced to Pfeifer condition (b) in §2,
r
) 2, . .

of course here we have :7315 L(a,~) also, but we can omit this

r
condition under case I by wusing the same theorem which is used
by Pfeifer for this condition this theorem is given in [8, Theorem
3] and so subject to this theorem if r nowhere zero in [a,~) and
rll rlz
1?3is L(a,»~), then ;73is L(a,»), hence (4.5) does reduce to
r
condition (b) in this case, and so the only difference between

our conditions and pfeifer [8] conditions is that we have extra

conditions (4.2) and (4.3) with s=1, i.e. 9§3+ O as X » » and

r' r
-,73+Oasx+w..

r

Now conditions (4.2) - (4.5) do however reduce to (2.13)

when the coefficients are (2.12).

Also we mention that in Pfeifer work for the differential

equation (2.10), he defines the matrix T to be

1 -1
T = dg [r/3, 1, r 73 (7.14)
L

but in owy case we define T as given in (3.13). Also in our
method we avoid changing the independent variable and this
allow us to consider a complex-valued functions as given in
case II and III of Theorem 4.1, where Pfeifer [8] did change
the independent variable, and this is the reason he considered

only real-valued functions.
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8. The second type of the third-order differential equation

In this section until §16 we present part (b) of our thesis
by considering a different class of 3-rd order differential
equation than (2.1). We are conserned with problem of developing

an asymptotic theory for the differential equation

I TR ryr
{s®(s?y")'} = (py")' - xry =0 (a<x <») (8.1)

as x > », where x is the independent variable and the prime
denotes §§' The coefficients s,p and r are defined on an
interval [a,») and are all nowhere zero there. Under part (b)
we have case (1) and case (2) of the differential equation (8.1)
which are mentioned in §1. Case (1) will be given in Theorem
9.1, §9 and case (2) will be given in Theorem 13.1, §13. The
proof of each case is given in subsequént sections. Discussion
of other two cases of the differential equation (8.1) are given
at the end of §12 and at the end of §16. Now our aim is to
determine the three linearly independent solutions of (8.1) as
X > «, under case (1) and case (2). First we carry out the
same method which was developed for the differential equation
(2.1) in §2, and the steps of the method from (2.2) until (2.9)
will be the same here for (8.1). Now (8.1) can be written as

a first-order system (2.2) as follows.

We take



and

o) s o)
A=1|o IR
= ps s
L x o o
Then (2.2) gives
-1
’ — 2
yl s yz
- -1
' = ps + s *?
Y2 P Y2 Y3
y' = ry
3 1
Define
Y =Y
1
hence
1
y =s’y'
2
and
L 1
y3 —_ s2(s2yl)l - pyl
i.e.
L 1
{SZ(Si’yI)I}I - (pyl)l _rY:O‘

5%.

(8.2)

Hence (2.2) reduced to (8.1) if we take A as in (8.2) and

[Nl

Y (x) s

[N

S

%

(s’y’)" - py

(8.3)
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Now the first step in the transformation to (2.3) is to
diagonalize the matrix A; hence we require the eigenvalues Aj

(1 £j £3) and the eigenvectors 05 (1 <3<3).

The characteristic equation of A is given by

~-%

AL ~-s ¢ o |

J

det(r.I_-A) = - -1 =0
)3 o A.-ps -s

J

~r o A

J
i.e.
3 2
sAj - pxj - r=0 (1 <35 <3), (8.4)

Now the eigenvector U} of the matrix A corresponding Aj is

given by
AV, = AV, . (8.5)
J J 3]
Taking
[
W
VJ = U"‘ ’
w
then (8.5) gives
-L
{o s * o w w
-1 - -
o ps s E v AJ v

r ° o j (%) e (8.6)
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Define

=1, (8.7)
then (8.6) gives
_ .5
U =s Aj ) (8.8)
Ww=r xgl. (8.9)

Hence by (8.7), (8.8) and (8.9) we can define the eigenvector

v5 of the matrix A corresponding Aj which satisfy the relationship

(8.5) by
1
1 :
va = |g* Aj (1 <3 <3). (8.10)
-1
r AL

Hence we define the suitable matrix T which satisfy (2.6) by

3 -1 -1 -1
T = (ml v, m1 Vo m.3 v3

) (8.11)
where mj (1 £j <3) are scalar factors to be specified in a

moment.

Hence the transformation (2.7) will take (2.2) into the

system (2.8).

Now we note that the matrix A which is given by (8.2)

satisfy the relation

(EA) = EA (8.12)

pJ
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where the superscript t denotes the transpose and the 3x3 matrix

E is defined by the elements ejk

(l<j= 3) and these elements are unity.

are all zero except when Jj+k=4

{ o o 1 )
E = o 1 o . (8.13)

1 O o

Now subject to [16 p. 260] we have

t 3 .
(Evk) vj =0 (k#3) (8.14)
where the superscript t denotes the transpose.

Now we define the scalar mj (1 <j <3) as the products

=)
I

(E\rj)t\rj (1 <3 <3). (8.15)

Let

a}
I

(E\I‘a)t (1<j<3), (8.16)

Thew we have by (8.11), (8.14) and (8.15)

T = |r, | (8.17)
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To express mj (1 £j<3) in terms of our original coefficients

we consider (8.15). Hence by (8.10) and (8.13)

r ).
J
EV, = A s;5
! J !
1
hence
t -1 1
(EV.) = (rx. A.S7? 1) . 8.18
J J J ( )

Hence by (8.18) and (8.10), (8.15) gives

-1 % ( 3
m. = (r). A.S 1 1
J ( J J ) _
L
A.S°
rkfl
¢ J J
l.€e.
2ra 714 82l (1 <3 <3) (8.19)
m. = 2rx. SA. <j<3). )
J J J J

Now by (8.4)
2rat= 2832 - 2
j J i’
hence (8.19) gives
2 ' .
m, = 3s>\j - ZP)\j (l=2j=< 3).(8.20)

J

Now by (8.16) and (8.18), the row vector rj is given by

Ngd

=1
r, = (rax. A.S 1) . 8.21
3 (_J i ) ( )
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Now we need to work out the matrix T 'T’. Writing
) (1 <j,k<3).(8.22)
Hence by (8.17) and (8.11)
= —1 ’ .
tjk rj (mk vk) (1<3j,k<3), (8.23)

First we shall consider the diagonal elements in (8.23) i.e.

when j=k, then (8.23) gives

. =1r, (m, v.,)' 1<3j<3). 8.24
33 3 5 ( J ) ( )

Now by (8.15) and (8.16)
m, = r.v 1<35<3). (8.25
3 59 ( 3 ) )

Now consider
-1 t -1 -2 .

Em. v, m. v.) = . r.v, 1<39=<3). (8.26
( mj J) ( 3 J) mj 55 ( J ) o ( )

Hence by (8.25), (8.26) gives

Differenting (8.27), then

1, gt - SIS R m} .
. ' ! . . . N = - . l_ _3 -
(En v)" (m3vy)! o+ [(Em] v,) ] (m ") (1 <4 <3)

Now by (8.18)

- - -3 - L -
(,Emjlvj)t - (ijrA; m:'a,s? ml).  (1s<35<3)  (8.29)
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Also by (8.10)

J 3 373 (1 <3=<3), (8.30)

Hence by (8.29) and (8.30)

[(Emjlv.)t]'(mflv,) . . .
J 3 J 3 J J J

I
E)
H
>
3

-1 L -1, %
+ (m. 2.s%)’' (m. As?
5 Ajs ) (mJ \ )

=1 |
+ (m. )" (m. r).)
J ) J J

- =1 1 ~1 -
= (m.lrx. m, A.s? m. ) (m.l’
J J J

-1 t,,, =1 _ -1 t , -1 , .
[(Emj vj) ] (mj vj) = (Emj vj) (mj vj) (1 <3 <3). (8.31)

Hence by (8.31), (8.28) gives

2(Em.‘v.,) ¢ (mflv.)’ = -
J J J J

U?NL?I

’
_1 m’
r (m; v,)’ =-3% -1 (1 <3 <3). (8.32)
J J mj

o~
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Hence by (8.32), (8.24) becomes

ml
t,., = -} EJ (L<3<3). (8.33)
J

Now for the non-diagonal elements we use (8.23), hence (8.23)

gives for k # j

2 —_ ’ - 14 : L)
m tjk rjmk Vi rjmk vk (3#k,1 <3, k <3) -
(8.34)
Now by (8.21) and (8.10)
- 1
rjvi = (rAs' a.s? 1) ( o) l
5 Ags’
)\IS2 _'r
k 2s”
-1 ’
(rAk ) J
i.e.
-1
) 7’ = I ; 14 r
erk sxj Ak + % Ak xjs + (r xk Y. (8.35)

Now by (8.4)

Hence
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Differentiating, then

—lyr _ o 2 r _ - ’
(r)\k ) =s A T2 4y PIA TP (8.36)
Now by (8.20)
= 3 AZ 2y
m = 3si YA -
Hence
! = 3s’ 12 + 6sA A - 2p'A - 2pA/
" k k'k T P % k
i.e.
Ti 2
= 3s’ A+ 3sA_AS - p'A - ’
7N N Sl SRV 2
then
3 2 my
- ry 7 = -2 ’ - ’ X
(v ¥t PAL) 5 s Ak 3s Akxk-+ > - (8.37)

Hence by (8.37), (8.36) gives

-1 mﬁ 2 3 2
A I = =+ DY + A AT o 2 ’ - ’
(r K ) 3 s'A L 2s M e 5 S Ak 3sAkAk
i.e.
?
-1, m, 2
: = — — L g’X. = gA_A/S
(rjk ) 5 ] K [} kxk . (8.38)

Hence by (8.38), (8.35) gives

14
rjv]'{ = S)‘jX]; + % ')k}\js' + I;i( - % s’;i‘— s).kA];
rjvi = ;E + (xj - H<) (sA + % Aks’).
Hence

rjmkvi =3 m o+ m, (Aj - Ak)(sxé + % Ay S ) o (8.39)

I ~-
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Newo b:‘ (R.2)) awnd (i)

-1 -1
’rjvk = mﬁ (rAj + sAjAk + Ay, ) . (8.40)

Hence by (8.39) and (8.40), (8.34) gives

E\

-

t'k = + jSk)
J My My

(s)\]’<+3§>\5') -

N

k

':'4'3
NN

-1 -1
(rxj + sxjxk + rxk ).(8.41)

(3¢k, vsigRed)
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! 9. Asymptotic Theory Under Case (1)

In this section until §12 we discuss case (1) of the
differential equation (8.1), this case will be given in the
statement of Theorem 9.1, which will be stated below. The
proof of Theorem 9.1 will be given through subsequent sections,
two examples on Theorem 9.1 are given in §12, during these
two examples we discuss two different class of the coefficients
s,p and r and we shall show that Theorem 9.1 applicable in each
example. Discussion of different case also given at the end of

§12.

Theorem 9.1

Let the coefficients s,p and r in (8.1) be c?la,~) and

nowhere zero in [a,»). Let
%
[E] = 0 [EJ as X » «, (9.1)
1
4 2
SR N B
%

} as x > «, (9.3)

' %
S = o{[z ad x » «, (9.4)
S p
Let
E’z p % r’2 p % SI2 {p % p”.'p %
p2 [; ’ E.Z [I, r S2 \;] ’ .E) -I-' ’
r'fo ;‘2' s’ 1 Sir3/2
T [‘f) '3 [I‘r?]z and 7 be L(a,»). (9.5)
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Finally let one of the four following cases A,B,C and D hold.

(A) r,p and s are real-valued functions with

ol 1]

(B) r,p and s are real-valued functions with

oliat

(C) s =’if;"where S real-valued function and p,r are
real-valued functions with g > O and
( 3/“‘ L "1'+r

{Iol” 181% 1z 7}

does not change sign in [a,~«).

(D) s = 1 S,where S real-valued function and p,r are real-

valued functions with % < 0.

Then (8.1) has three linearly independent solutions yk(x)

(1 <k <3) such that

yk(x) vip(x)r(x)} exp{J [ﬁi(r/p)%(t) - % §£(t)] dt}

a

as x » o (k=1,2) (9.6)

and

s
s (x)r(x) p*
a a

( V% X X
y (x) = O{L———D—QJ—J exp[J g(t)dt + Jr —r(t)dt]-} as X +» o=

(9.7)
We note in the above theorem we require no more
differentiability on s, p and r than that they are C2 [a,»), also

we note from conditions (9.1), (9.2), (9.3) and (9.4) that

lz' pr r'’ sl
, — , = and = as X » =,

the function g dominate the functions [£ B s

p
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Also our theorem covered two cases where s is pure imaginary as

given in cases (C) and (D).

In proof of Theorem 9.1, we require two remarks.

Remark 9.1

rrﬂ. ;‘2 SI li
Since by (9.5) —"|B and =, E] are L(a,~), hence
r r S er ]
% 5
p'r’[pl” 9’§’92 §£p .
p T [r] "os lr and s r |z are L(a,«).
v 5
To show this we use Schwarz inequality (4. 6), then £ £ |B is
Y Y PEAT
L L
L(a,~), by taking f = g-[;} and g = ; [r] . Similarly
14 14 ;2’ 14 14 %
g 2 [r] and z % {E] are both L(a,«).
Remark 9.2
. 3
1o (o) % 1 1% '3—/
; p’2 [p r'2 p § 1% ~_ ©
Since by (9.5) 52 l J - {r} = [r) are L(a,=),
p’ r’ st . .
hence 5 S, : § and 56 are L{a,=), where § as given below in (9.14).

To show this again we make use of Schwarz inequality (4.6),

’ 1/ 3/L+
p’ . " : _ p'[p)"" _ sr .
then b § 1is L(a,~), by taking £ D [r] and g ;ﬂ:' Similarly

r' s’ :
T § and 3 § are both L(a,~).

Proof of Theorem 9.1,

The first step in the proof is to solve (8.4) asymptotically

as x > » and to make a detailed analysis of T—lT'.

Since s,p and r are nowhere zero in [a,~) and (9.1) holds, hence

(8.4) has distinct roots kj(x) (1 <j <3) such that

A= i (r/p);2 (1 + 6.0 (9.8)
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A, = -ix/p)? (L4 8, (9.9)
and
)3: g(l +6) (9.10)
where
ch(x) = o(l). (lgj=3) as x » = (9.11)

Hence subject to (9.1)

Aj = o(x3) as x > (3=1,2), (9.12)

i.e. Xjdominate Xj (3=1,2) as x » » . Now we need to show that
(9.1) holds, and then to work out éj(x) (1 <j<3). Starting
with §, we use (9.8) and (8.4), we substitute from (9.8) into

(8.4) for Al, then

VY,
sr 3 2
-i = (1 +s.) + (1 + 5? -1 = 0. (9.13)
¥ 1
p
Let
sr%
§ = —?2 ’ (9.14)
then by (9.1)
§ = of(l)e ' as X » ® (9.15)
Now equation (9.13) is of the form f(x,S‘) = 0, where f(«,0) =0

and fa(w,o) # O; ; hence the standard implicit function theorem
1

[7 p.64] guarantees the existence of a unique solution 61 =61(x)

to this equation such that Gl(m) 0, thus (©.11) holds for j=1.
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Next we consider ¢, then by (9.9) and (8.4)

%
. STr 3 2
i =7 (L +68) + (1L +6.) -1=0 - (9.16)
p2 z 2

Again equation (9.16) is of the form f(x,GZ) = 0, where f£(«,0) = 0O
and fs (»,0) # 0; hence the standard implicit function theorem

1
[7 p.64] guarantees the existence of a unique solution 62= 8, (x)

to this equation such that §, () = O, thus (9.11) holds j=2.

Finally we consider 63, hence by (2.10) and (8.4).

2

3 2 s°r
(1 + 6 ) - (1l +¢) - — =0. (9.17)
3 3 p3
Again equation (9.17) is of the form f(x,ds) = 0, where f(«,0) =0

and f(S (2,0) # 0; hence the standard implicit function theorem
3

[7 p.64] guarantees the existence of a unique solution 63= 63(x)

to this equation such that Géw) = 0, thus (9.11) holds for j=3.

Hence by previous work (9.11) holds for (1 <3 <3).

Now to work out Gj (1 <j <3), we start with 6{ then by (9.13)

5
. 2.) 2
-i 7 {1 + 351 + 0(51)} + 261 + 0(61) = 0 (9.18).

Now we solve (9.18) in term of the dominant ternlS‘, then (9.18)
gives

i sr15 r% .
61='2-P—%,2 (l— :}r,J' (9.19)

NW
-

Eence by (9.14), (9.19) gives

-1
_ i - 3;
8, =5 5(1 218) . (9.20)
Similarly by (9.16) and (9.14)

-1
- - i 3;
§. = 28(1 +.218) . (9.21)
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Finally we consider 63, then by (9.17)

2 s’r
63 + 0(53) - ;3' = 0 (9.22)

and solving (9.22) in term of the dominant term 65, then (9.22)

gives

2
= S I
63 = =5 . (9.23)
p
Hence by (9.14), (9.23) gives
8, = 6% . (9.24)

Now by previous work, the diagonal matrix A(x) in (2.6) is
given by (9.8), (9.9), (9.10), (9.20), (9.21) and (9.24). We

note by (9.8), (9.9), (9.10) and (9.11)

L
Ay i(r/p)?, as X + o (9.25)
. %
Ay, ™ -i(r/p) ?, as x » « (9.26)
A3 v E . as X » o (9.27)

We mention here that since (9.25), (9.26), (9.27) and (9.1) holds,

hence the case which is considered for Aj (1L <j<3) is given by
) as x » » (j=1,2)

where Aj (j=1,2) having same size as X » » . i.e.

L
Ay i(g)z as x + o (j=1,2). (9.28)

-1
Now before working T "T' in some detail, we need to find ké

(k=1,2,3).

Starting with A;, and so differentiating (9.8) we obtain
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]
14

vy Y or'_p ; 5o
A = ¥ i (r/p) [r 5 1 (1 + 61) + i(r/p) 61 . (9.29)

Similarly differentiating (9.9), then

¥ ’ ' X
s o i/t IR - Bra s s - 1/, (9..30)

Also differentiating (9.10), then

r _ P (p'_ s’ P /s
x3 = % [p 3 1 (1 + 63) + < 63 . (9.31)

Now we need to work out Gé(x) (1 <k <3) in some detail in terms
of s,r and p, hence starting with 61, and so differentiating

(9.13), we obtain

L 2

L
. s’ r’'_ 3 p’y sr’ 3 _ 5. sr’ ,
-1 [s+;2'r 2 ] 3/2- (l+ 61) 3i 3/1(l+61) 61
p P
+ 2(1 +«61)6’ =0
1
X 2 5 =1
r o1 s, L £'_ 3 p', sr - 3, sr
§7 = 5 [S + % z 2 b ] 1::);/,2(1 + 61) 1 51 3&.(1 + 61)
i.e
’ El rl SI
61 = O(GP) + 0(6; ) + O(Gg )9 (9.32)
and we make use of (9.14).
Similar work can be done for 6£, then
, _ EI -E' ,‘§I
62 = O((Sp ) + 0(6r ) + O(cSS ) (9.33)

Finally we need to work out 6;, hence differentiating (9.17),

we obtain

2 2 ' ’
' - ’ s'r (3R _ X' _ .8y o
31 + 8 8! - 20 +'63)63+’p3 3p-3-221=0
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2

, s r p’_ ' s’ 2y !
62_—_——3[3p"]—:—2§]{1+463+353}r
p
i.e.
;o 2 E’ 2£I 2§r
63 = 0O(S¢ b ) + O(s > ) + O(s S ) (9.34)
and we make use of (9.14)
We note that by remark 9.2
Sﬁ(x) is L(a,x) (1 <k <3) (9.35)

We have now to work out (8.33) and (9.38) in some detail in terms
of s,r and p in order to determine the form of (2.8) and then make

progress towards (8.1).
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10. The Matrix T ‘T’

Considering first j=1 in (8.33), then

’

o
t, = -k mlf (10.1)
Now by (8.20)
2 _—
m, = 3 sx -2 px. (10.2)
1 1

Hence by (9.8), (10.2) gives

2 L 2 L

m, = -3 §§ (pr)? (1+6,)° - 2i(pr)?(1+s )
p’? !
since
L
§- 5L
o
p
hence
= =21 (pr)? {1 + 38 (1469
m, = i (pr { 61+ 53 8 ( 61)}
Hence by (9.20)
NPT SAS I RN IOCHN- FUSCEN B SRR SR §'cs)’l]z
m = -2i(pr)* {1 + 3 2 MR S 3t
i.e.
5 . 2
m, = -2i (pr)* {1 - is + 0(s )} , (10.3)
and so
m, v -2i (pr)%. as x » o (10.4)
Now by (10.2)
m{ = 2] {6sx - 2p} + x1{3s’k' - 2p'}, (10.5)

Now by (9.8), (9.14) and (9.20)
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2
6sA, - 2p = =2p {1 - 3is + O(5 )}. (10.6)

Also by (9.8) and (9.20)

/ 2 ’ 1 . 2
;\1(33’>\1 - 2p") ,—_--.-3' 51—:{1 + is + 0O(s¢ )}— Zig(pr) 2{ 1+ -:2L-6 + 0O(s )
(10.7)
Now by (9.29) and (9.20)
A =31 (z/p)? (- Ry 1o+ ds 4 0(52{} + i(r/o)%s’ (10.8)
. : p r p 2 - 1, )

where 6; is given by (9.32). Hence by (10.6) and (10.8)
, _ s ¥ r'_ p’ _ 5. 2
A1(6s‘\| 2p) = -i(pr) [r p;] {l 516 + 0(s )}
: 5 . _ 2
- 2i(pr) 61 11 - 3i8§ + O(8 ) e
(10.9)
Hence by (10.7) and (10.9), (10.5) becomes

I ( 3 Y 1 i
, sT . 2 - 2s:P 2 = 2
m! = 5— { + 16 + 0O(s )} le.(pr) { 1 + 56 + 0(8 )}

. 4 (
m’ - D ;—ril1+1<s +O(6)} —1P(pr)2{1+%16+0(6 )}

2 .
{1 - %id + 0(6 )} - 2i(pr)%g' {1 - 3is + o(az)}-

(10.10)



Hence by (10.3),

’
6{1 +

’
o1
1

nin

3
21
+ %
Hence by (10.11)

14
[z +
r

t

]

I
L

Next we consider

Now by (8.20)

Hence by (9.9) a

Hence by (9.21)

m, = 2i (pr)
m, = 2i(pr)
i.e.
Now by (10.14)
m’ =
2

El{l _ 3
r
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(10.10) and (9.14)
2is 4—.0(52)1 + % P'{l + %is + 0(52)}
) P
. 2 . . 2
5is + O(s )} + 8! {1 - 2i§ 4+ 0O(s )}.
and (9.32), (10.1) gives

p’ R’ r’ s’y .
B ] + 0(5p ) + 0(5r ) + 0(5s )

j=2 in (8.33), then

ml
2
t = =L = .
2. 2
2 m2
2 2
nd (9.14), (10.14) gives

-36 (pr)% (1 + 622 + Zi(pr);2 (1 + 62)

= 2i (pr)* {1 + 35 (145 )
= 21 (pr . 62 2i6 » .
L i 3..,-1 3 i
{1 - 38 (L +3i8) - =26 [1 - 358
1 [
2 il + is + 0(62)}-
: %
m ~ 2i (pr) as X » o

’ - ' - ’
A, {GSA2 2p} + AZ{BS Ay 2p’}.

(10.11)

(10.12)

(10.13)

(10.14)

(1 + %i@)—l]?

(10.15)

(10.16)

(10.17)
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Now by (9.9), (9.14) and (9.21)

2
6sx - 2p = -2p {1 + 3i8  + 0(s )}. (10.18)

Also by (9.9) and (9.21)

¢ 2
12(3s’12 - 2p’) '::'_.;; %5 {1 - i8§ + 0O(s )}
+ 21 B pn%® {1 - L5 4 0052 10.19
D P i 5 P ( . )
Now by (9.30) and (9.21)
;, r’ 4 O
A= -w /m)t - B {1 i 4 0(52)} - i(z/p %! (10.20)

where 8;.15 given by (9.33).

Hence by (10.18) and (10.20)

Ay {6s1, -2p} = i(rp)* [z - g ] {1 + gid + 0(52)}
. x . 2
+ 2i (rp) s} {1 + 3i86 + O(s )}. (10.21)

Hence by (10.21) and (10.19), (10.17) gives

1 ’ ’ 2
m; = i(rp)* (£ -2 {l + 516 + 0(¢8 )}

. X [ 2 s . 2
+ 2i (rp) Gé 11+3i<s +0(5)} -313—{1—15 + O(s )}

. B [ - 1 2y,
+ 2i 5 (rp) {l 38+ o(s )}

14

o . ¥ r 5. 2 .
m, =1 (rp) © ¢ { 1+ 516+ o(s ) } + 2i (rp)

N

2

2
65 {1 + 315 + O(8§ )}
/

ST _ 2 . P’ % 7 2
) {l is + 0(s )} + i b (pr) {1 t 538+ O(s )}.

0

-3

(10.22)
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Hence by (10.15), (10.22) and (9.14)

-

r’ 3. 2
z {1 + 316+ 0(s )} + 5 {1 + 2i86  + 0(62)}

E' 3
N N

Il

N

[\Jlb)
-

s’ . !
. 5{1 - 2i8  + 0(52)} + % g {1 ~ %is + 0(52)}. (10.23)

Hence by (10.23) and (9.33), (10.13) gives

I S T A - p’ r’ sy,
£, == 7 [E+ 20 +0(E) + o063 + 063 (10.24)

Finally we consider j=3 in (8.33), then

-

m3
= - 3 2.
to, 5 — (10.25)
3
Now by (8.20)
= 2 2pA, 10.2

m, = 3 Sh, = 2pA,e (10.26)

Hence by (9.10), (10.26) gives
2 2
=3B 2_ - P

ms 3 < (1 + 63) 2 s(l + 63)

and so by (9.24)
2 2 Y

m, = g {1 + 46° + O(6 )} (10.27)

i.e.
p?

mynvg as X » « (10.28)

Now by (10.26)
’ — r - ’ - ’
m, = A3 {65A3 Zp} + As{Bs Ay 2p } . (10.29)

Now by (9.10) and (9.24)

651, - 2p = 4p { 1+ %az}. (10. 30)
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Also by (9.10) and (9.24)

2 .
, _ L s’ 2 4 _ "o | 2
A, (374 2p’) = 3 ng_{l + 28° + 0O(6 )} 2 P,g 11 + 6 }.
(10.31)
Now by (9.31) and (9.24)
r _ P (p'_ s’ N
=R -2 s s) + 25! (10.32)

14

where 33 is given by (9.34). Hence by (10.30) and (10.32)

2 2
, _ _ 4 p'_ s’ 5.2 4 Py 3 521,
A s {6sA3 2p} 4 [ ] {1 + 26 + 0($ )}+4Sa3 {1 + 5 8

P s
(10.33)
Hence by (10.33) and (10.31)
2 r ’ 2 N 2 2
v - 4R (R'_ s 2 By 3
m, 4s [p S ] {1 + 58 + 0O(¢ )} + 4563 {1 + 3 8 }
2 2 .
+ 3 SR {1 + 280 + 0(54)} - 2 BP {1 + 52}
s* s
i.e
- 2 Y Ezs'»' 2 Y
o’ = zgﬂt-g.{l + 487 + O(s )} - ’ {1 + 45 + 0(s )}
3 s s .
2
R 5 3 52
+45 687 {1 + 58 } N (10.34)

Hence by (10.27) and (10.34)
", E’{l + 0(5“)} - §'{1 + 0(5”)} + 45’ {1 - 262 4 O(a“)}o
o) s 3 2

(10. 35)
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Hence by (10.35) and (9.34), (10.25) gives

14

]
[N
0 in

- P 2p’ 2r’ 2s’
t33 b + O(§ B ) + O(8 z ) + O(S s ). (10.36)

Now for nondiagonal elements we consider (8.41), hence putting

j=1 and k=2 in (8.41), then

m' A )\ ml
b o= =2 4 80772) (g 4oy g1y - = (rA 4+ sA;A, + 1A
12 2m m, 2 2 m n172

2

(10.37)

Now by (9.8) and (9.9)

Ay T oA, S 2i (r/p)% {l +'%61 + %62} . (10.38)

Hence by (9.20) and (9.21), (10.38) gives

A\, " A, = 2i (r/p) * {1 - 267 (1 + 3¢ )’1} = 2i(r/p)* {1 + 0(52} )

(10.39)
Now by (9.9) and (9.30)
1 sr;5 r’ ! sr%
sy +kas' =-21 % [E-B1 a+s) -1 8’
2 2 2 % r 2 3
p P
%
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nin
[Nod

](l+62)—i

o]

e} IU)
S ]t
[

I 41y &f = - 14 SE° x'_p’ _S.’g__i } -_r
SAZ + 2A2s si = [ + S ] 21 26 + 0(87) % .

(10.40)

{1 - is + 0(52)}. (10.41)

3
LeR 10

Hence by (9.14), (10.40) and (10.41)

()\ -)\) 14 7 I’
~1 "2 ' Py — — L4 r'_ P S _ 3, 2
m (SA2 + %Azs ) = 1is [r 5 + = ] {l 215 + O($ )}
- is &} {1 - is + 0(52)} . (10.42)
Now by (10.14)
2 . 2
m, = -4 pr {1 + 2i6 + O(S )}. (10.43)

Hence by (10.22) and (10.43)

m’ N 7 : J 2
5% = - i L. f {1 + %5 + 0(62)} - %. L -, {1 + 18 + 0($8 )}
2 (pr) (pr)

i 1 p’ 1l 3 s’ . 2
- {l + 578 + 0(8 )} t 5 52{1 - 3i8§ + O(s )}

(10.44)
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Now by (9.8)

1

- 1 -
ra]l= -1 (xp)? (1 +4) 7. (10.45)
Also by (9.8) and (9.9)
= SI
shh, = 25 (1 +6) (1 +8,), (10.46)
-1 . e -1
rx,” = 1i (rp)* (1 + §,) (10.47)

Hence by (10.45), (10.46), (16.45) and (9.14)

-1 -1 1

. L -1 -
rkl + sAIAZ + i, = - i (rp)* {(1 + 61) - (L + 62)

+ is (1 + 61)(1 + 62)}

Hence by (9.20) and (9.21)

-1
-1 -1 . 5] i 3.yt
ra + shA, +ra, =-1 (rp)z'(fl + 358 (1 - 516) ]

_ -1 .
-R-ds s %is)'l] + 15 [1+ 3600 - %i&)-l]X

x[1-3s + %ié)-l}}

-1

-1 1
rxy  + sk, + ra, = O((rp)zés) . (10.48)

Hence by (9.14), (10.44), (10.48) and (9.33)

m’
2 - - ’ ry r3

— (@] +say, + g = ods) + 08 + 0. (10.49)

m
2



Hence by (10.23), (10.42),

1
t. =3
12 4

r', p’ r’ p’ s’
[T+ 21 +o(sg) + 0(s2) + 0(s2 ).

84.

(10.49) and (9.33), (10.37) gives

(10.50)

Next we consider j=2 and k=1 in (8.41) then

=]

m Ay = A !
— -1 ("a=" ) r 1 r Y -1 -1
t21 2m1 + ™ (sx1 + % A, S ) m% (rA2 + sxlkz + r), Y.
(10.51)
Now by (10.39)
. Y 2
Ay T Al = -2i (pr) 1 +0(85 )}« (10.52)

Also by (9.8) and (9.29)

sx! + % a8’ =" 1 Ef [
1 3 pk s
Hence by (9.20)
!
sr? s’
sx! + kx.s’ = i [=+
1 1 =z p% s

Also by (10.3) and (10.52)

I'[I1 P

Hence by (9.14),

Ao
L2220 (sh1 4 5 ays’) = &

1

+ 168! {1 +is 4+ 0(52)},

W

r'_p sr*

+ = b 1 (1 + 51) + i ok 61.

r'_p’ i 2 . sr15 ’

f_p] {l+§5 + O(6 )}'*'1551.
(10.53)

+i5 + 0(52)} ) (10.54)

(10.53) and (10.54)

rl

. s’
=+
is [s T

R’ 3 2
- ] {1 + 216 + O(68 )}

(10.55)
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where 6; is given by (9.32).

Now by (10.3)

m; = -4pr {1 - 2is + 0(52)}. (10.56)

Hence by (10.10) and (10.56)

m; / 2 : ’
- =2 S—{1+3is +0(5)}+59.L;{1+1—?5+0(52)}

4 2 4 p 5 2i
m1 P (pr)

. , . .

T ST 1 . {1 - 15+ 0(52)} + 360 1 %{1 - is + 0(52)}
(pr) (pr)
(10.57)
Hence by (9.14), (10.48), (10.57) and (9.32)
m) -1 -1 s’ b p’ .3 r’ 3
;3 (rx2 + SA2, + r)y ) = 0(5 § ) + O(p §7) + O(; § ) (10.58)
1

Hence by (10.11), (10.55), (IN.58) and (9.32), (10.52) gives

r'-
[
FNT-

r’', p’ s’ p’ r'y.
” [T+ B1 + e ) +0(62) + 0(63) (10.59)

Now we consider j=1 and k=3 in (8.41) then

r 14

m A m

-} (M 3) ’ 1 ’ _ _3

t13 =50t = (sa; + % A s") = (ra
3

-1
; ) + S A, rx3 )

*

(10.60)

Now by (9.8), (9.10) and (9.14)

— - s+ B y _ P
Ay A= 1 sa (1 + 51) s(l + 63)

-3 =-B - is - i
Ay mA, = - g {1 is - i86, + 53}. (10.61)
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Hence by (9.20) and (9.24), (10.61) gives

A Ay = - g {l - is + 0(62)}¢ (10.62)

Now by (9.10) and (9.31)

s’
shy + 5r s’ = p[g - 21 (1 + %) + psL o+ % = pP(1+§,)

Hence by (9.24)

14

14
sap + 3as’ =plB -5 21 1+ 6% + ps (10.63)

P

nin

where 6; is given by (9.34).

Also by (10.27) and (10.62)

illilil - - é {1 + is + 0(52}} ) (10.64)
3

Hence by (10.63) and (10.64)

(A1-13)

m

| {1 + is  + 0(52)}
3

_ S'_ P

(sxg + %kss’) = [} S o
2

- 6; {1 + ié + O(6 )}o (10.65)

Now by (10.27)

2 4 2 u
mg = ?{1 + 8682 + 0(8 )}. (10.66)

Hence by (10.34) and (10.66)
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BNlB
w W~

’ 2 ¥ 4
-2 -S-%;{l - 45" + 0(5“)} — S, {1 ~ 487 4+ 0(5“)}

/S _ 13,2 L
+ 453 52 {1 5—5 + O(§ )}. (10.67)
Now by (9.8) and (9.10)
. %
SA A, = i(rp)® (1 + 6;) (1 + 84)4 (10.68)

Also by (9.10) and (9.14)

5 -1
(rp) “s (1 + §4) (10.69)

a}
>
i

-1 -1 . 3 -1
riy + Sh A, + rA3 = i(rp)* {-(1 + 51) + (1 + §,)(1 + %)

—i6ﬂ+6ﬁqy
and so by (9.20) and (9.24) as in (10.48) we obtain

-1 -1 ¥ L2
+ sxlxs + ri, = O((rp)? 67). (10.70)

rxl

Hence by (9.14), (10.67), (10.70) and (9.34)

-1 -1
(ra + sAIAS + I,

A )=o€5%+o§3%+oékﬂ.(mjn

5,12
w Nlws

Hence by (10.35), (10.65), (10.71) and (9.34), (10.60) gives
= o(B’ s’ r'.A
t13 = O(p §) + O(tSS ) + O(r §). (10.72)

Next we consider j=2 and k=3 in (8.41), then

ml

m4 Ao=n -1 -1
_ M3 . (Az-*3) Y o 3
Ly = 2m3+ m, (shy + % Azs™) 2 (XA, + sidy + 12y ).

3

(10.73)
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Now by (9.9), (9.10) and (9.14)
- = - B J1 4+ ; .
A Ag < {1 + 18 + 66, + 63} (106.74)

Hence by (9.21) and (9.24), (10.74) becomes

Ay = A, = - g {1 + is  + 0(52)}. (10.75)
Now by (i0.27) and (10.75)

(o=r3) _

1 2
=481 + i6 4+ O(S }. 10.76)
m, p{ (67) ( )

Hence by (10.63) and (10.76)

(A2=43) ’ o s'_p’ . 2
——éhs (sA3 + % A3s ) = [% S b 1 41 + i8 + 0O(87)
- s {1 + 18+ 0(52)} o (10.77)
Also by (9.9) and (q.10)
= —i % '
sAzxs =-i (rp)* (1 +5,) (1 + 63) (10.78)

Hence by (10.47), (10.69) and (10.78)

)—1

-1 -1 % -1
Th, 't SAh  + T =i (rp) {(1 +8,) if (1 + S

- (1 +68,)(1 + 53)}.,

and so by (9.21) and (9.24) as in (10.70) we obtain

ATl Fsaa. + Al = O((rp)%dz) (10.79)
2 2 3 3 g *
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Hence by (9.14), (10.67), (10.79) and (9.34)

ml

=3 (! -1y, _ AR s’ 3 r's
- (r)\z + sA2A3 + I, ) = O(PG) + O(S 8§ ) + O(rG )« (10.80)

w N

Hence by (10.35), (10.77), (10.80) and (9.34), (10.73) gives

- o(8' p’ r’.2
t23 = O(s §) + O(p §) + O(r §7)e (10.81)

Now we consider j=3 and k=1 in (8.41), then

mJ m’
1, (Aa-h) ' PR -1
t31 = 2m1+ ""EG" (sAl + % Als') - — (rA3 + sxsxl + ra, ) -
'
(10.82)
Now by (10.62)
_ _ P o 2
Ay = A= E {1 i6 + 0(s )}. (10.83)
Hence by (10.3) and (10.83)
(A3=21) 1 s 2
= - = L; {1 + 0O(6 )}, (10.84)
ml 21 2
ST
so by (10.53) and (10.84)
(r3=h) ' -1 ., '_p’ i 2}
= (sx] + %5as’) = -2 2+ % 2 {1 + 56 + 0(s")
-5 6y s 0(52)} : (10.85)

Also by (9.14), (10.57), (10.70) and (9.32)

mj (r2"
~— (r)
mf 3

1 _1 _ §I 3 E’ 2 ]—:’ 2
+ sxsxl + Iy, ) = O(S §°) + 0(p §°) + 0(r §")e (10.86)
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Hence by (10.11), (10.85), (10.86) and (9.32),(|Q,si)gﬁqu

-1 B'_
ta °‘p

T
nin

r S’ rl r’
+0(82) + 0(s% ) + O(GS ) (10.87)

Finally we consider j=3 and k=2 in (8.41), then

’ 14
m, Ag=2yp mjp -1 -1
. 5= + L—————)(sxé + % a,s’) - = (xa) + SA,A, + rA, ). (10.88)

m
2
2 m,

Now by (10.75)

- ) ; 2y,
Ay A, =B {1 + i6 + O(s )} (10.89)

Hence by (10.15) and (10.89)

L
a=te) 1 p? 2
m, = 53 sr% 1 + O(G,) (10.90)

So by (10.40) and (10.90)

(*3-22)
mp

N

14 14 14 :
’ L "y = - r_p,s {' _ i 2 }
(sx2 + %2,8 ) [r 5 + 3141 56+ 0(s7)

1
N

5! {1 + 0(52)}. (10.91)

Also by (9.14), (10.44), (10.79) and (9.33)

m’ ’ ’ ’
9 -1 -1. r’o s’ 3 P
—— - - + = + - .
m; (rx3 tosaga, t T, ) = 0(z¢) 0(3 67) O(p 6% (10.92)

Hence.h3(10.23), (10.91), (10.92) and (9.33), (10.88) gives

4

t =;'E—
P

’

ESNTS

S
s

El‘ §r 'El
32 5 + 0( 8) + 0(5 ¢6) + 0(p §) (10.93)

Now by previous work in this section we complete our discussion

of the matrix T—lT’.
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11. The System Z' = (A+R1+R2)Z

Now putting together (10.12)-(10.93), we can write (2.8) as

72' = (A + R1 + RZ)Z (11.1)
where
n -n 0
:R1 = -n n 0 (11.2)
-%0 =%¢ 9
such that

pr (11.3)
’ ’ _;5! ’
e=§—%§-=-‘-9§:§l (11.4)
pPs

and the matrix Rz(x) is L(a,») subject to remark 9.2, and so
(11.1) has the required form (2.3) if A + R1 satisfies the

hypothese of Theorem 1.2.

Now we shall show that the matrix A + R1 satisfying Theorem 1.2.
To do this, first we need to show that the eigenvalues xj(x)
(1L <j <3) of A(xX) are distinct, this is obvious by (9.8), (9.9)

and (9.10).

Second we need to show that condition (i) of Theorem 1,2, holds,

in particular we need to show that

Ri(x) = o{xi(x) -»Aj(x)} as x » ® (11.5)

for (i#j, 1<i,j=<3).
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Now by (10.38), (10.61), (10.74), (9.11) and (9.15) we have

L
A, T A, =21 (gge)” {1+ o)} as x> (11.6)
A, = Ay = - g {1 + o(1)} as x » « (11.7)
A, =, = - g {1 + o(1)} as x » w (11.8)

Hence by (9.1), (9.2), (9.3), (9.4), (11.2), (11.3), (11.4),
(11.6), (11.7) and (11.8) implies that (11.5) holds ‘for (i#j,1<3j,j<3)

and so Ai— Aj (i#j, 1 <i,j <3) dominate the matrix Rl,

Next we need to show that (ii) holds. i.e.

Ly - Aj)"l R,}' is Lla,®) (i#j,1<i,j<3).
(11.9)

Hence subject to (11.2), it suffices to show that

T)}' is L(a,~) (i7£jl lSjIjS?’) (11.10)
and

Ty - xj)"l oY is L(a,») (i#j,1<i,j<3) .  (11.11)

Now by (10.38)

{(A. - Az) ny = -

1
N NI
— —
2l fo]

+
W -
——
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(11.12)

%
We note by (11.3), (9.2) and (9.3), [g] n =o0(l) as x » = .,

Now

(@) - @ @) e

n r rr 12
{P]% (E -2 8- 5 ], (11.14)

% 4 ;j ” ’
HHE} } - %[E} {52’522] . (11.15)

Hence by (11.14), (11.15) and (11.13)
1 ' L 1
Ez l= PNE;,Z ;_:-" Ez Erzpz
()] = ofs" (&)%) + o (¥] +of&"(8)) +o

Thus, by (9.5),

% '
[[P] n] is L(a,»). (11.16)

Now by (11.16) and (9.35), all the terms on the right hand

side of (11.12) are L(a,»). Thus

n}’ is L(a,«). (11.17)
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Next by (10.38)

_ ’ ¥\ 5 ]
{0y = 2,) 11 = O{HE) e) } + o[[g] eé{) + O[[E) eaé). (11.18)

We note that by (11.4), (9.2) and (9.4), [E) 8 = 0(l) as X » = .

Now

(87 - {87

Also by (11.4) we have that

P ;é D ;é pn E;Z s s’2
[rJ or = [E) {5 “p2 T Eg ti ), (11.20)
;5 ’ ;2 2 14 7 ’ ’ ’ ’

G{Ig) ) = {E] [gz - E S -k 2 'S + % 2 E‘]. (11.21)

Hence by (11.20), (11.21) and (11.19) _ e

(8] = ofz"(®)") + o[g"®

rlElE% SIrIE%
+ O[E b [r] ) + O[g T {r) ) . (11.22)

[(E)ze}' is L(a,=). (11.23)
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Now by (11.23) and (9.35), all the terms on the right hand side
of (11.18) are L(a,~). Hence

-1

Ty =) "oy’ is L(a,=). (11.24)

We move now to {O‘é - Al)_ln}', then by (10.61)

/
-1

¢ l— -1 [— § - 1 - 1 ’ }

{(A3 xl) nY = {pn (1 + 6= 1 wsl)

-1

S_\, . .
(Gm " (1 + §, = 1s - iss,)

o]

- Sn(1+8; - 45 - 1661)—2{5’3— is’ (1+6,) - 166;}

-1 r _ S ’ <] ’ ' S ’ S ’
{0y =2)  nl "O{(pn)}‘fo(pnas)’fo(p“‘S)+O(p“‘3 51).

(11.25)
We note that by (11.3), (9.2), (9.3) and (9.1) §n= o(1)
as x > o, andsogns =o0(l) as x » = |
Now
S -y, S\, s ,
= = (= + =5’ 11.26
(pn) (p) n " ( )
Now, by (11.3) and (9.14) we have that
Syro Ll [E]% ® s'_pY ,rs’_ 1 p, (11.27)
p’ " T 1°%|¢ p s p?2 r s r p'! :
s o+ _ 1, [E)% R" . p2 " _ £z, (11.28)
p " T1°s P p2 r r2’- )
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Hence by (11.26), (11.27) and (11.28)

€ m = o[2"[2)%) o{l-’"{g}%a) o[z [2)

L L
’ E 2 ]_:.l §I E 2
HRIREIE R

Now by (9.5) and remark 9.1, all the terms on the right are

nin

+ o[g'

L(a,»). Thus

(g )’ is L(a,=) « (11.29)
Also by (9.14)
§" = 0(sR) + o(sE’) + 0(s2). (11.30)
P r s :
Thus by remark 9.2
§'(x) is L(a,=), (11.31)

Now by (11.29), (11.31) and (9.35), all the terms on the right

hand side of (11.25) are L(a,»). Thus

{(A3-Al)-ln}' is L(a,»). (11.32)

Now, by (10.#&t)

/
- . . -1
{(A3—k1) 16}’ = {E (1 + 63 - is§ - 1061) }
1

- LA~ § 4 § ’ § ’ § ’
) oY = o{(pe) } o+ O(pesa) + O(peé ) + 0(peesl). (11.33)

i.e.

{(A3 - A

We note that by (11.4), (9.2), (9.4) and (9.1) ge = o(1)

as x -+ «, and so %ea = 0o(l) as X +» » ,
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Now
(ge)’ = (g)'e + ge’- (11.34)

Now, by (11.4) and (9.14) we have that

i ;2' ’ ’ ” r2

DA HE ST S S
s ) ?a 2" _ B2 s” .y 87
AR N (1136

Hence by (11.36), (11.35) and (11.34)
1 L 1 L
. ’ 144 2 144 2 ’2 2 ’ 14 2

(IS_J 5)" = o[R"[R) 5] + o[g {SJ a) + 0[52 [P] 5) + 0[2 g [E) a).

\p \rJ r v

Now by (9.5) and remark 9.1), all the terms on the right are

L(a,»). Thus

(g 6)’ is L(a,=). (11.37)

Hence by (11.37), (11.31) and (9.35), all the terms on the

right hand side of (11.33) are L(a,~). Thus

{(r - 2)"Y 81 is L(a,w)e (11.38)

Finally the treatment of {(k3 - Az)_l n}’ and {(A3 - X,) g’

being similar, and so by (10.74) we have that

-1 ., _ol s}’ S _.r S o1 s '
(g = 977 =0 &)} v of2ner] wofE ner] + ofg nesy),

(11.39)
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=loyr _ s S nar S g4 s ’
{(xs— )\2) 6} -0{[P e]} +_0[p 953] +o[p es] +O[P6662].

(11.40)

Hence by (11.29), (11.31), (9.35) and (11.37)

14

{0, =2, ) 103 ,'{(A3 - 2, )" 8}’ are both L(a,=) (11.41;

Thus by previous work, (11.10) and (11.11) are both holds and
consequently (11.9) also holds. Finally we need to show that
the eigenvalues of A+ R1 satisfy the Dichotomy condition

I-II in Levinson's Theorem 1.1.

Let uk(x) (1 <k <3) are the eigenvalues of A + Rl' then by

(2.4) and (11.2) the characteristic equation of A + R, is

given by
n+k1—u -n 0
det{A+R1-uI3}= -n N+, =u 0 =0
-%p -%0 8+A3-u
l.€e.

T#ay=1) (n +3,-u) = n°} (+1,-u) = O.

Hence the eigenvalues ”j (L<j<3) of A + R1 are given by

(n + Ay - ow)(no+ A, = u) - n"=0 (11.42)
and

8 + Az~ 1 =0 . (1.43)
Thus solving (11.42) for My and My, we obtain

A4 E
wp = 48422020 4o - ) 4 an®)T, (11.44)
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(A1+X2+2n) 2 %
- Theren) _ - 2
Also by (11.43)
H, = 5 + xs. (11.46)

Now the Dichotomy condition I-II of Levinson's Theorem 1.1, holds

if we show that (1.16) holds. 1i.e.

Re{ui(x) - uj(x)} = £(x) + g(x), (11.47)

where f(x) does not change sign in [a,») and g(x) is L(a,=).

First we need to show that (11.47) holds under Case A of Theorem

9.1.

Now by (11.44) and (11.45)

y 2
——‘3—] (11.48)

U, — u. = A, = A, + O —
1 1 2 Ay Ao

Here we need to show that O-term on the right hand side of

(11.48) is L(a,«).

Now by (10.38) and (11.3)

-1 2_ P % 125)’2 _ ~fp2 [p € r2 fp g
(xl—xz) n"= 013 or —op2 T + 0|22 |T « (11.49)

Hence by (9.5), :

- - 2 ; .
(Al 12) n is L(a, ), (11.50)
which makes the O-term on the right of (11.48) is L(a,«).

Now by (9.14) and (10.39)

. .
S r ) (11.51)

. 1
_}xl—)\z = 2i (r/p)2+0[—p7/—2-
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Hence by (11.51), (11.48) becomes
2 3
72 2
s_X ] + o[——ﬂ———)* (11.52)
2

7
p/?

1
wy -, = 2i (x/p)7 + 0

Here also the second O-term is L(a,=) by (9.5).

Since r,p are real-valued functions with r/p > 0, hence (11.52)

gives

kX2 :
re{ul - u2}= O[-EJT] + O[XE_AZ]. (11.53)

Now by (11.46) and (11.44)

ny T =X, A, 0 - +o(—”——]. (11.54)
2

’

_3p s'_1r
8 - n =ip + % s iT - (11.55)

Also by (9.1), (2.2), (9.3) and (9.4)

P'a 0(9} , s’ - O{E] , r’ _ 0[9] as X » o . (11.56)
P Sj S ]

Now by (9.9), (9.10), (9.14), (9.21) and (9.24)

2 3/2
- =P i s 3 sr S X 1.5
AT A, st i (x/p) * + 5 pz + 0 —;7;-} (1 7)

Again here the O-term is L(a,«) by (9.5). Hence by (11.55),

(11.56) and (11.57), (11.54) becomes

7 2
5 3 sr s r
- =P 1+o0@)) +1i (x/P*+35= +0 + O —B—o
Mg Hy, < ( ( , p 3,7 —;7; -,
since by (9.1)
'S—I.=O,{-E] as X »> o
2 ]
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Hence
L SZI‘B/Z nz
by = om, = P (1 +0(1)) +4i (x/P)? + O|=7— | + 0|7 . (11.58)
S prz >‘1>‘2
since case A holds, hence (11.58) gives
2 % 2
- = P S I ~—n___
re{u3 “2} S (1 + o(1)) + O éMZ ] + O[A Y ]. (11.59)
11 2
Similarly
P szra/2 n’
re{p3 s } = < (1 + o(l)) + O —13772-} + O{A_I——_)\-;—] . (11.60)

Hence by (11.53), (11.59) and (11.60), (11.47) holds and
consequently the Dichotomy condition of Levinson's Theorem 1.1

holds under case A of Theorem 9.1.

Next we need to show that (11.47) also holds under case B of Theorem

9.1. Since X < 0, hence by (11.52)
Y 2 ?z 2
re{yn —u}=—2L?—L; + 0|2=—| + o|——|. (11.61)
1 2 | |2 72 'Alsz
P L Py J
Also byy (11.58)
X 23/2 2
re{u—u}=9(1+u(1))—l—r—l—;+osr + O —0— |«
3 2 S lplz p72 _)xl-)\z

Thus by (9.1)

2 ¥,
refuy - v} = £ (1 +o0(1) +_o[—i—§;—] + o[—XTQfTE]. (11.62)
Similarly
2.3, n?
refpy - u 1 =8 (1+o0()) +0|25 [+o0ofl—| . (11.63)
3 1 s p‘/z '}‘1- Ay |
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Hence by (11.61), (11.62) and (11.63), (11.47) holds and
consequently the Dichotomy condition of Levinson's Theorem

1.1 holds under case B of Theorem 9.1.

Now we need to show that (11.47) also holds under case C.

Since g > O and s = iS, hence by (11.52)

re{uy, =y }=0

1 2

2 3, 2
Srio) y oj—2—]. (11.64)
072 ATh

Here the Eerms o\q\hgr%lﬁahtL(a,w) by (9.5) and (11.50).

Now by (11.55) and (11.57), (11.54) becomes

23/ 2
_ L =R 5 ,3sr,3p", 8" _lzr', fsx? [___u_
ng —w, =g+t i (x/p)t+ 5 F 4+ g bt s "I o[ 7 | Of5r—=5—1¢
p p 1 72
(11.65)
Since s = iS, hence
P . 3 3 Sr 3p', L, 8"_1¢r' 82;%
u3_u2=—1s+1(r/p) +-2-l—2-+3p+2§—21'f+0( 7/2}
p p
t J
o
+O>\1_>‘2]~

. r .
since 5 > O where p, r and S are real-valued functions, hence

3 p’ S'_1lrx s’ 2 n’
re{u_ - u,}= = +%3z-3=+0 + O[ —
3 2 4 p S 4 r P/2 \kl X,
i.e.
23 2
’ _ 2
re{u, - u,}= g + o[§_§;—} + o[;;%;;—], (11.66)
p
where

x| . (11.67)
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Thus by case C, R’ does not change sign in [a,®). Similarly

R’ 7 02
re{u3 - U‘} = ﬁ + O[—p?z )‘l‘ O[W}. (11.68)

Hence by (11.64), (11.66) and (11.68), (11.47) holds and
consequently the Dichotomy condition of Levinson's Theorem 1.1
holds under case C.

Finally we need to show that (11.47) also holds under case D.

Since g < O and s = iS, hence by (11.52)

r% 2 2
re{u1 - 112}= -2 J—L% + O( 7]/:2)+ O(}\E_A-)‘ (11.69)

lp] P 1 M2
since g < O, p,xr and S are real-valued function, hence (11.65)
gives

S 23 2

r 3 p’ S’'_1r’ S’ r n
- = - L 4+ = + 3 = - == 4 — —_— .

relu, M, lpl2 4 p ‘s 4r © Pp& * O[Al—xz }

Now since g < O in this case, hence by (9.2), (9.3) and (9.4)

L L L
’ 2 14 2 4 2
|| lp|* Ip|*
Thus
5 2 3/ 2
re{y, - u,} IENE A g o(1)) + o|2E" 1+ o] —0—1]. (11.70)
3 2 5 Yo A,=A
P P 1 T2
Similarly
X 2. % 2
re{u3 - p‘}= 1211 (1 + o(1)) + 0 5—5}_ + 0 X—%E—_ . (11.71)
lp|* p’2 1 %2

Hence by (11.69), (11.70) and (11.71), (11.47) holds and
consequently the Dichotomy condition of Levinson's Theorem 1.1

holds under case D.
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12. The Asymptotic Form of Solutions

Now (11.1) has been shown to have the form (2.3), hence
Theorem 1.2, is applicable and it follows that as x - «,

(11.1) has three linearly independent solutions Zk(x) such that

X
Zk(x) = {ek + o(l)1} exp{J uk(t)dt] (1 =k <3)
a

(12.1)
where e is the coordinate vector with kth component unity
and other components zero. Now we need to obtain the three
linearly independent solutions of our original system (2.2).

Hence by (2.7), (2.2) has corresponding solutions,

Yk(x) = T(X)Zk(x) (1<k=<3). (12.2)

Hence by (8.11) and (12.1), (12.2) gives as x > ©

4

X
_ -1 -1 -1
Yk = (ml V} m2 V; m3 v;) {ek + o(l1)} exp{fa uk(t)dt] (1 <k <3).
(12.3)
where
( 1 3
v. = s%x. (L<j=<3).
J J
-1
\rkj J

Taking the first component on each side of (12.3), we obtain

three solutions yk(x) of (8.1l) such that as X » «,
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3
- - X
Yk(X) = {mkl (x) + .r§§ (mr1 (X))} eXPU uk(t)dt] (1 <k < 3)

a

Now takingAk-l in (12.4), then as X » o

3
- x
y = {‘M(z)+ Zo (m"‘(z))} epr u (t)dt].
1 l r=1 r 1
a

By (10.4), (10.1§) and (10.2%) we have

%

(pr) 2,

=4
2
1Y

-1 i -%

m w—%(pr) ,

Thus by (12.7) and (12.6)

nm = -ltewm
12 = )

Also by (12.8), (12.6) and (9.1)
-1
m m = o(l).
1 3

Hence by (12.9), (12.10) and (12.5)

X
Yl(X) " m;l(x) exp([ ul(t)dt)]
a

Similarly

- X
y () v m 1(x) exp{f u (t)dt]
2 2 a 2

as X » o«

as X &> o

as X »> o

as

Now taking k=3 in (12.4), then as X + =

(12.4)

(12.5)

(12.6)

(12.7)

(12.8)

(12.9)

(12.10)

(12.11)

(12.12)
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w

_\

173

_ X
(mlmrl)} exp{f us(t)dt] ) (12.13)
a

e}
r=1

Hence by (12.9) and (12.10), (12.13) gives

-1 X
ya(x) = 0 {ml (x) exp [J u3(t)dt)} as x > =, (12.14)
v a

Now we have to work out (12.11), (12.12) and (12.14) in some
detail in terms of s,p and r in order to determine the form

(9.6) and (9.7).

Now by (11.44)

2
3 n
pl = A, +n +'O[i::7;—]' (12.15)
Also by (11.45)
.
W, = ?\2 + n + 0(3\——_—3\——]. (12.16)
1 "2
Now by (9.8), (9.14) and (9.20)
2
1 2
A = i(r/p)? - & S 4 o|SE_ 1. (12.17)
1 2 2 /2
P P
Also by (9.9), (9.14) and (9.21)
2 %
A, = -i(x/p)? - £ 4 o[s L ]- (12.18)
2 52 P?&

Hence by (11.3) and (12.17), (12.15) becomes

23, 2
_ ¥ _lsr , 1 (pr)’ s r’? _n .
My = i(x/p) 5 + 2 pr + O[ 572 ]+ O{Alfxz (12.19)

o,
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Similarly by (11.3) and (12.19), (12.16) becomes

sr., 1 (pr)’ (szray2 n?
'—2+ i pr + Ok?] + 0.[>‘15A2-]' (12.20)

N1

%
M, =-i (x/p)° -

Thus by (12.6) and (12.19), (12.11) becomes after adjusting

a constant multiplein y ,
1

1
_/l+ X 1 R
y, (%) v {p(x)x(x)) exp{f Lie/m®e) - % =2 (t)]dt}. (12.21)
a

Similarly by (12.7) and (12.20), (12.12) becomes after adjusting

a constant multiple in Yy,,

- Y % 1
y,(x) ~ {p(x)r(x)} exp{]a [-i(x/p) % (1) - % li—r (t)]dt}
as x -+ o (12.22)

Now by (9.10), (9.23) and (11.4), (11.46) gives

-;2'!
- g + 2Ly iE_é:g) ) (12.23)

u
3
| P s

Hence by  (12.6) and (12.23), (12.14) gives

ol

5 X X
y, (x) = o{(E—] exp{f B(orae + Ja 2% (t)d;]} . as x »
P

sr a
(12.24)
Now by previous work in §59-12 we completes out proof of
Theorem 9.1.

Now we shall give two examples on Theorem 9.1.

Example (1)
In the familiar case we consider

s(x) = x® , pi(x) = BxB, r(x) = cxY
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where o, 8 , Y , B(#0) and C(#0) are real constants, and

(a <x < =) excluding a=0.
Now

3 B
pﬂ

Hence (9.1) holds if

38 - 20 - v>0

Now

s! = a'xa_l ,

s’ = ata-1) Xu—2'

s’? a2X2(a—l).
Also

p’ =B BxB—l,

p’’ = BB XB—2:

p'2 = B%p? x?(B71),
And.

r' =Ccyx' —, " = Cy (y-L1)x' 4, r'2 =¢

Now

’ 5
P [E] _
P Y

Thus (9.2) holds if

L L
sr? _ {C}z at+ % (y=-38)
= | x .

|
TN
'
N
W
"
W
L
™
|
=
N
|
l.-.l

(12.25)
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Y- B+ 2 >0, (12.26)

Similarly (9.3) and (9.4) are all holds if (12.26) holds.

Also

is L(a,~) if (12.26) holds.

Now

" 5
S [9]2 = [:_B_}% CY.(OL—l) X%(B_Y) - 2

S r C

is L(a,») if (114.26) holds.

Similarly

12 % 512 % rr 2 ru ;27 -
gz [E} ) (E} , P [EJ and = (S] are all L(a,») under

condition (12.26).

Finally

2
< r§’2= 3/2]3-7/2 L2a+% (3y-78) is L(a,~) if
p?z ,

78 = 40 - 3y -2 > 0. (12.27)

Hence putting together (12.25), (12.26) and (12.27), then

conditions (9.1), (9.2), (9.3), (9.4) and (9.5) are all satisfied

under a set of two conditions in «,B and y which is given by

Y-8+ 2>0 } (12.28)
78 - 4a - 3y - 250

Also we mention that either case A or case B of Theorem 9.1,

holds for this example.
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Now (9.6) gives after adjusting a constant multiple in Yy
(k=1,2)

¥ x _ _ (X
yk(x) ~J x—ym(B+Y) exp {ii[gl J t%(Y B)dt - % CB Zf
a

H ta+Y—28dt} )
a

(k=1,2) as X > o

Also (9.7) gives
| X

L R _ _ X
ys(x) = o {xz(s y=a) exp (BJ tB “ dat + B 2C J
a a

ta+y-zpdt]}

as X - e,

Example (2)

Here we give different class of coefficients covered by our

analysis, we consider

B

e}

s(x) = x exp xb, p(x) = Bx~ exp 2xd, r(x) = Cx' exp 4xd

where o, B, vy, B(#0), C(#0), b and d are real constants with
b>0 and b<d and our interval (a<x < « excluding a=0. Now

(9.1) is given by

% % 1o
Sr- _ [C ] x+2Y ?Zsexp(xb-xd) = o(l)

as X » o, because d > Db.
Now

s’ = {a + bxb} xm_l exp xb,

2 -
s = {a(a-1) +,b(2a+b—1)xb + b’x b} x472 exp P
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Also

p' ={g + 2a x%) Bxf7! exp2xd,

2 -
p” = {g(g-1) + 2d(28 + d-1)x% + 4a° x%%} Bx" 72 exp 2x9.

Similarly
r’ ={y+ 44 xd} C xY—l exp4xd,
2d

} . CxY_2 exp4xd.

2
r” = {y(y-1) + 4d(2y + d-1)x% + 16d x

Hence

vk L
S [E)z = [%)z x%(B—Y)-l{B + 2a x4 exp-xd.

e

’
Thus g [E} tends to zero as x > « ., i.e. (9.2) holds.

Similarly (9.3) and (9.4) are both holds. Also
5 _ (B)® . H(s-v) - 2

= YY) -

- g { w ety 4

2
+ b(2a + b—l)xb + b xzb} exp-xd.

S"E%-
Thus p (r) is L(a,«).

Also

e ey

)

2

+4a(2y + a-1)% + 16d x?3} exp-xd .
J

,

r’l \;é
Thus z [S) is L(a,m).

% atormy B g ¥ % 2
Now similarly IEJ (E) , §22[E) , L2 (E] , SZZ {E) and 2 72 are all
P

L(a,w) .
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Also we mention that either case A or case B of Theorem 9.1, holds
for this example. Since by previous work the conditions of Theorem
9.1, are all satisfied, hence (9.6) and (9.7) are both holds with

S, r and p as given in this example.

As general comments, we note that the main difference between the
method which is handled for the differential equation (2.1) in
§§2-7 and the method which is handled for the differential equation
(8.1) in §§8-12 is that the Aj(x) (1<3j<3) which is corresponding
to equation (3.3) having same size as x > » [i.e. (4.1) holds] under
certain condition when (4.2) holds where s and r are nowhere zero

in [a,«), but the Aj(x) which is corresponding to equation (8.4)
having different size as x > » [i.e. (9.12) and (9.28) both hold]
under certain condition when (9.1) holds where the coefficients

S, p and r are nowhere zero in [a,»). Of course. it's possible to

consider that the case for Aj(x) of equation (8.4) having same

size as X » «», but subject to have 155% - 0 as X » » , where s

s’ r
and r are nowhere xero in [a,«), then (8.4) can be solved for Aj(x)

such that 1
A v [£)3 (1<§J<3) as x » =
] “3 (s =3=

where ml =1, W, = —;2' + %'il w3 = —% - "/%—i.

This situation can be handled similarly by our methods as done for

the differential equation (2.1).
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13. Asymptotic theory under Case (2), (the critical case)

In this section until §16 we discuss case (2) of the
differential equation (8.1), this case will be given in the
statement of Theorem 13.1, which is stated below. Of course
case (2) is the critical case of the differential equation (8.1)
as mentiéned in the introduction section. As we shall see this
critical case represents a borderline between situations where
two solutions of (8.1l) are small compared to algebraic functions
and where two solutions are small compared to an exponential
functions while the third solution having algebraic behaviour in

both situations.

The proof of Theorem 13.1 will be given through subsequent
sections, two examples on Theorem 13.1 are given in 8§16 and
discussion of the form of the solutions for this case is given
at the end of §16, also discussion about a critical case of the
differential equation (2.1) and a second critical case of the
differential equation (8.1) are given at the end of §1l6. First
we shall state Theorem 13.1, and then some comments and the
method in outline of this case are given directly after the

statement of the Theorem 13.1.

Theorem 13.1

2
Let the coefficients p, r and s in (8.1]) be C [a,«) and
nowhere zero in [a,~). Let condition (9.1) of Theorem 9.1 hold,

and Let

4 4

4
g 5, g 5, § § be L(a,=) (13.1)

where 6 as given in (9.14), and let the critical case
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igf) = 40 B (1+e), (13.2)
ip“ng)' = w B (a+y) (13.3)
p s

hold, where o and w are a non-zero constants such that

o # -1 (13.4)

and

20 —~w # 1 . (13.5)

Also the functions ¢ 0 as x - » and ¢ - O as x » » , Let

{ sipr)’ }' be L(a,=), (13.6)
pr '
3/2 ";2'1’ .
{ §—123§——) } be L(a,») (13.7)
p
and
22 be L(a,=). (13.8)
p

Finally let oné€ of the three following cases A, B and C hold.

(A) r, p and s are real-valued functions.

(B) p(x) = i P(x) where P real-valued function and s

real-valued function and r is the complex-valued

ie (x)

is given by r(x) = p(x) e , where p and 6 are

real-valued, such that

m 2@z},

Feo P Plxr|
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and
s [(lx] s P N
xlé-)-oo—{ -1 }#O‘
Pl r| sp
(C) s(x) = iS(x) where S real-valued function and p real-valued

function and r is the complex-valued function as given in

case (B), such that

1p S {2lEb7) 4o
X¥> p | P|T|

and
15 §{d__l_p_5}
X> D

lr] s p
Then (8.1) has three linearly independent solutions yk(x) such

that

YI(X) O{(p(X)r(X))_%} , as x » = (13.9)
-1 X

y (x) v (p(X)r(x)) * exp {20J S(l+¢)dt} , @S X » = (13.10)
2 a

X

o {(p(x)r(x))_;2 exp[ J Ew dt + (l+w) J

= dt]}.

y (x)
3 a

as x - o (13.11)

We note that as a comment in the above theorem, that by (13.2)

the non-zero constant ¢ is given by

o =llim 5{%’—'} X (13.12)
X>oo

Also subject to (13.3), the non-zero constant w is given by
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-1
. s/(p s *)'
w = lim 13{_L:¥_ } (13.13)
X0 p S
Also by (13.2) and (13.3)
o' = ﬁ—{-—p——s( r)'} . (13.14)
Lo 2
: p Y
and
3/ -3 ’ !
Y o= %{S_%LP_&Z‘»J_} . (13.15)

b

Hence subject to (13.6) and (13.7)

¢’ is L(a,~), (13.16)
and
y' is L(a,»). (13.17)

Also we note Theorem 13.1 covered two cases where some of our
coefficeints are complex-valued functions, in particular when
P is pure imaginary and r is the complex-valued as given in
case B, and the case C which s is pure imaginary and r

complex-valued function.

Now we shall give the method in outline for this critical case,
first we note subject to Theorem 13.1, the coefficients s, r and
p are nowhere zero in [a,») and also condition (9.1) of Theorem
9.1, holds here, hence the characteristic equation (8.4) can be
solved as given in (9.8} (9.9) and (9.10), thus some of the work
whichis done earlier for case (1) during the proof of Theorem 9.1
also holds for case (2), in particular from §9 equation (9.8)

until §11 equation (11.4) where Gi and R, in this case are
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L(a,») subject to (13.1). Hence our method for this case can

be applied directly to the system (11.1), and so subject to
(13.2) and (13.3), the non-zero elements of the matrix R1 which
are given in (11.2), (11.3) and (11.4) having same size as

A3 as x > o , thus Theorem 1.2 is not applied directly to the
system (11.1) in this case because condition (i) of this theorem
doesn't hold, and so the method here is to transform again the
system (11.1) into the standard form

W= (A + M+ TIl R,T W (13.18)

where A1 is a diagonal matrix say
b)) = a9 (x), X (x), x, (x)) (13.19)

such that TflR Tlis L(a,») and the matrix Al + M satisfy the
2
hypotheses of Theorem 1.2, then Theorem 1.2 is applicable

and it follows that (13.18) has solutions W (1€kg 3) with

k
asymptotic forms
X

Wk(x) ={ek + o(l)} exp{[a

ﬁk(t)dtJ (L<k<3)

(13.20)

as x » » , where ;k (1<k<3) are the eigenvalues of the matrix
Al + M. Then the forms of the solutions of (8.1), are obtained

by transforming back.

The first step in the transformation to (13.18), is by making

use of (13.2), (13.3), (11.2), (11.3) and (11.4), we can write
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A+ R = u (S + S.) (13.21)

where S1 is a constant matrix and Sz(x) + O as X » =, thus

by (13.21) we can write (11.1) as

2’ = (u.S. + uS + R)Z. (13.22)
3 2 2

The next setp is to diagonalize the constant matrix Sl; that,

we define a suitable constant matrix T1 such that

T S T =dgl(a_,a ,a ) (13.23)
171 1 2 3

say, the a, (1<k<3) being the eigenvalues of the constant

k

matrix S1 .

The substituation

zZ = le (13.24)
takes (13.22) into
;o= -1 -1 -1
W (p,T, '8, T, + u3T‘ 52T1 + T' RZTI)W (13.25)
such that
T R2T1 is L(a,»)«
Hence by taking
-1 -~ -
- T =
A, w, T, 81T1 dg(xl, A, A3),
M =T 'ST
3 21

then (13.25) is in the required form (13.18) by showing that

A1 + M satisfies Theorem 1.2.
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Now we start our work in some detail by giving the proof of

Theorem 13.1

Proof of Theorem 13.1

Now by Theroem 13.1 condition (9.1) of Theorem 9.1 holds, hence
as explained above our method for this critical case can apply
directly to the system (11.1), and so the system (11l.1) holds
with A(x) as given by (9.8), (9.9) and (9.10), and the matrix

R as given by (11.2), (11.3) and (11.4) where &/

1 k
and R2 in this case are both L(a,») subject to (13.1).

(lgk= 3)

Since Theorem 1.2 doesn't apply directly to this system under the
critical case which is given by (13.2) and (13.3), hence it
suffices to transform again the system (11.1) into the system

(13.18).

The first step in the transformation to (13.18) is to write

A+ R1 as given in (13.21). Now since

A = dg (Al,xz,x3)

and (11.2) holds, hence

A1+n -n (0]

— - [ ]
A+ R, = n A,*n 0
-%0 -%0 A,+0

Taking Aaas a factor in theabove matrix, then
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)\ - "
(Mo, o n_ o

Xy TR, A,

A+ R = A g 22 , 1 0 (13.26)
1 3 A A A .
3 3 3
-6 -6 3]
— — ]_ + —

L 213 2X, Ay J

Now our aim is to write (13.26) as given in (13.21), i.e. is
to write the matrix which is on the right hand side of (13.26)
as a sum of twomatrix S1 and S2 such that S1 is a constant
matrix and Sz(x) + 0 as x > =,

Hence by (11.3) and (11.4)

n -1 f(pr)’ 1

T3 pr o ag (13.27)
0 s-lv2 ! 1

L = 19——:g1 L (13.28)

-3 P s - I

Now by (13.2), (13.27) becomes

L= E (1+) . XL' (13.29)
AR 3

Hence by (9.10), (13.29) becomes

n _f.p
» —{‘s <1+¢>}il

(1+53)'1} = o (1+¢) (145,

zeR1(}]

0{1 +(d=5,). (146,) 1. (13.30)

>

Now since ¢ - 0 as X - « and 63 >~ 0 as X + o , hence

fl > g as x » o . (13.31)
-3

Similarly by (13.3), (13.28) becomes
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8 - wk L
ws @+, 3 (13.32)

3

Now by (9.10), (13.32) becomes

-1 -1
%; = GB)) (146077 = w(14y) (L4sy)
l.e.
5 _ -1
v wi{l + (v 63)(l+63) . (13.33)

Since ¢y - O as x » = and 63 - 0 as x - = , hence

8

5 > W . as X > o« (13.34)
3
Also by (9.8) and (9.10)
S S : § )1 (2 1+ )7y = i % 1 1 -1
X, i(x/p) (148 )1 A3 J Tr =1 ;%Z( +6,) (1+68,)

>

A R -1
"y = i (l+61)(l+63) , (13.35)

and we make use of (9.14) in (13.35). Now since § +0 as

X > o , 61 > 0O as x ~» o= and 63 - 0 as x -+ «, hence

L>—‘
¥
O

as X > « (13.36)

>

Similarly by (9.9), (9.10) and (9.14)

>

22 - -1
As = 16(l+62)(l+63) ’ (13.37)
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thus
— - 0 as x - o, (13.38)

Now by (13.30) and (13.33) we can write the matrix (13.26) as

given in (13.21) by taking the constant matrix S1 to be

o -0 o)
S =
l—%w -%w 1+w

and the matrix 82 to be

u, u2 0
52 = |u, u, 0 (13.40)
4, 8, Ug
such that
A
= 1
ul A + p]. 3\
-3
u2 = P,
A
- -2 q
u, = AB +,pl (13.41)
= =1
u‘_’ 2 pz
us — pz J
where

1

oy SO (148 (450, (13.42)

o = w(l+s.) " (v-6_) (13.43)
2 3 3
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such that

p., > 0O, as x > o« (13.44)

p. > O as x - « (13.45)

because $ » O0Oas X » », y > 0 as X » = and 63 -+ 0 as X » o,

Hence by (13.36), (13.38), (13.44), (13.45) and (13.41) the

matrix

Sz(x) - 0 as x + » (13.46)

The next step is to diagonalize the constant matrix S1 ; which
is given by (13.39). Hence we require the eigenvalues aj

(1 =3j<3) of S1 . The characteristic equation of S, 1is given

by
o-a -0 (0]
det(S1 -a I3) = -g o-o 0 = 0
-Xu 50  l+w-a
l.e.
a(a = 20) (14w-a) = O (13.47)

Hence solving (13.47) for aj (1 <3j<3) we obtain

@, =0, o =20, o = lto. (13.48)

Now, it's obvious to see that aj (1 <j=<3) are distinct subject

to the hypotheses of Theorem 13.1 i.e. see (13.4) and (13.5)
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Now by (13.39) and (13.48) we can define the suitable constant

matrix T1 which satisfies the relation (13.23) by

T =1 1 o |. (13.49)

Also subject to (13.48), (13.23) can be written

T SlTl = dg(0,20,1+w) (13.50)

Hence the substitution (13.24) takes (13.22) into the system

(13.25).
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-1
14. The System W’ =,(A1+M+T1'R1T1)W
Now taking

-1 ~

Ay = AT USIT = dg (A LA LA L), (14.1)
_ =1

M o= 2,T ST, (14.2)

then the system (13.25) reduced to the system

-1
T = (A . .
W ( 1+ M + T1 R2T1)W (14.3)

Now since R2 is L(a,~) and T1 is a constant matrix, hence
|
“nRle is L(a,~»). Now our aim is to show that A1+ M satisfies

the hypotheses of Theorem 1.2.

‘Now by (13.50) and (14.1)

o~/

~ A
A, "}‘3) = dg(0120>\3: (l+w))\3)- (14.4)

=
Il

o]

wn

Now first we need to show that the eigenvalues Xj (1<3<3) of

'AJ are distinct; since the aj which are given by (13.48) are

distinct, hence Aj are distinct.

Second we need to show that condition (i) of Theorem 1.2, holds i.e.

M(x) = o {ii(x) —_ij(x)} as x >~ » (14.5)
for (i#j, 1<i, j=<3).

Now by (14.4)

A, - A, = 204 ,, (14.5)
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Ay = A= (Le)hy, (14.7)

A, = Ay= {20 - w=- 11 A,. (14.8)

Thus by (14.6), (14.7) and (14.8), we can write
ii(x) - Xj(x) = (const.) A(x). (ifj, 1<i, j=<3)

(14.9)

Also we note that since T1 is a constant matrix and Sz(x) >~ O

as X -+ «, hence

-1
(T1 Sle)-—) 0 as X »> o (14.10)

‘Now by (14.2) and (14.9), we have for (i#j, 1=<1i,j < 3)

-1
A
M_ _ (const.) 23Ti S2Ti) _

Ai—xj A3

(const.) (T;ISZTI) > 0 as x > o

(14.11)
and we make use of (14.10). Thus by (14.11), (14.5) holds
for (i#j, 1<i, j=<3).

Next we need to show (ii) holds i.e.
(L = 5.0y is L(a,»)  (i#j, 1<i, j<3).

(14.12)

Now by  (14.2) and (14.9), we have for (i#j, 1<i, j<3)

4

“ — -1 r -1 ,
{()\i - Aj)M}’ = (const.) (T1 Sle) = (const.) T1 Sle. (14.13)
Thus subject to (14.43), (14.12) holds if we show that

S; is (L(a,=)e (14.14)

Now to show that (14.14) holds we make
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use of (13.40) and (13.41). Differentiating (13.40) and taking

the elements in Sé individually, we begin with u{. Hence by
(13.41)

u’ =[h}' + oo’ (14.15)

1 \Ag !

Now by (13.35)

Ay . , -1 . -1 . -1,/
[ﬁ] =1 6'(1+8,) (L+65) ~ + 1676 (1+63) = i8(1+8)) (1+48;) &
i.e

h]' = 4 14 r

[)‘3 0(s') + O(s8!8) + 0(679). (14.16)

Now by (13.1) all the terms on the right of (11.30) are L(a,w).

Thus

§' (x) is L(a,«). (14.17)
Also as mentioned in the beginning of the proof
ai(x) is L(a,=) (1 <k <3). (14.18)

subject to (13.1) in this case, where Gé (1< k =3) are given

by (9.32), (9.33) and (9.34).

Hence by (14.17) and (14.18), all the terms on the right of

(14.16) are L(a, ), and so

[AJ]’ is L(a, »). (14.19)

Also by (13.42)
1

r ’ -1 -1 =
p) = ~o &5 (1+65) {1 + (48 ) (148 ) }+ op’ (1+8,)
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py = 0(83) + 0(s'). (14.20)

Thus ,by (13.16) and (14.18)

p; is L(a,=). (14.21)

Hence by (14.15), (14.19) and (14.21)

u; is L(a,»). (14.22)

Next we consider u;, then by (13.41)

Hence'by (14.21)

u; is L(a,=). (14.23)

Now we consider u;, then by (13.41)

I_>‘_2' ’
ul = (*3] + 0. (14.24)
Now by (13.37)
AsY e
(XZ] = 0(s8") + 0(525) + 0(8's). (14.25)
3 3

Hence by (14.17) and (14.18), all the terms on the right of

(14.25) are L(a,»). Thus

{A2)" .
{X’} is L(a,=). (14.26)
A3

Hence making use of (14.21) and (14.26) in (14.24), then

u; is L(a,®)e (14.27)
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Finally we consider ué and uJ, then by (13.41)

' = 919! = A1
u/ ZuH Py (14.28)

Now by (13.43)
pé = 0(6;) + 0(p'). (14.29)

So by (13.17) and (14.18)

pé is L(a,»)e (14.30)

Hence by (14.30) and (14.28)

u/ is La,=), (14.31)

and

u; is L(a,=). (14.32)

Now by (14.22), (14.23), (14.27), (14.31) and (14.32), (14.14)

holds which makes (14.12) holds.

Finally we need to show that the eigenvalues of A1+ M satisfy

the Dichotomy condition I-II in Levinson's Theorem 1.1.
Now since by (14.1) and (14.2)

AL+ M= AB(TIISITI + Tzlsle) = AaT;l(S}+SZ)T1-
Thus from the definition of an eigenvalue, we can see that the
eigenvalues of the matrix Al+ M are equal to the eigenvalues of
the matrix'A3(SJ+Sz). Hence if ﬁk(x) (1 <k <3) are the eigenvalues
of the matrix‘l‘&1 } M, then subject to the above relation ﬂk can

be obtained directly by considering the characteristic equation

of the matrlx‘As(SJ+Sz).



+
1 A3SZ

det(n, + M - {iI,) = det(r,s - ;13) = 0.

Hence by (13.39), (13.40) and (13.41), (14.33)

{[ Agloo +e) + -]l o)+ -]

X{AB(I + w+ pz) - qu
Hence the eigenvalues ﬁj (1 <3j=<3) of the matrix
given by
~ - 2
ng:ﬂ-pl) + A, - i) Dy +e) +2, = w]- 20
and
)\3(1 + o+ pz) - u = 0.
Hence solving (14.34) for ﬂl and ﬁz we obtain
1 (o-2) %)
T = = .__2:_1__—
5= o) Ho {)\3(0-*_91)} :
~ 1 [()\2—)\])2
= = +
) 2 () 2x (o 4 p)) o(xa(o+p1) ’
since
1 _1 Piy=1_
S +p1 a'(l + 6') = 0(1).
Hence
2
~ 1 (P2-21)
111 =3 _(}\1+}\2) + O{ _>\3 ’
2
~ 1 ﬁlzfll),}.
?z = 5 (Ajfxzy +_223(0 fpl) + 0 {f Ee

130

(14.33)

gives

(14.34)

(14.35)

(14.36)

(14.37)
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Also by (14.35)

iy = a4 et o). (14.38)

Now the Dichotomy condition I-II of Levinson's Theorem 1.1,

holds if we show that

Re {iy (x) ~ py(0)) = £(0) + g(x), (14.39)

where f (x) does not change sign in {[a,~) and g(x) is L(a,»).

Now by (14.36), (14.37) and (14.38)

2

- ~ Ao
Wy = W, = -2A3(o + pl) + C{l-ﬁ-lll},

As

~ 1 A + +
- = =(A + + -
u u 2( i AZ) 213(0 + pl) 3(1 w p2) (14.40)

A3

2
_1 (W RESIAEN
)3(1 et op) - 500 +a) 4 o{ = }

3

+ o{(AZ—AJ )2}'

L T

Now we shall work out (14.40) in detail, and we shall see (14.39)

holds in each case of Theorem 13.1.

Now by (9.10) and (13.42)

=¢ P . .
As(o + pl) G'S(l+¢) (14.41)

Also by (9.8), (9.9) and (9.10)

2
Ao=A ) S -
A 2}\. l) = -4 5_71' (1 + E-l +.2.2) (l+63) 1= O (h) (14.42)
- 73 P
where
h = §% . (14.43)
P

Thus by (13.8)
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h (x) is L(a,»). (14.44)

Now by (9.8), (9.9), (9.20) and (9.21)

()% is .(r e is
o, = B - ) - ] -
i.e.
1 9 -1
Aot == (/P S{ﬁ.+ Zs} = 0(h), (14.45)

and we make use of (9.14) and (14.43).

Now by (14.40), (14.41) and (14.42)

i -5 = -20 B (1+¢) + O(h). (14.46)
1 2 S

Also by (9.10), (9.24), (13.43) and (14.43)

e+ 9 ) =B 4wt ey) 4o (14.47)

Hence by (14.40), (14.41), (14.42), (14.45) and (14.47)

B, - @, = 2 g (1+¢) -fE(l +w + wp) + O(h). (14.48)

Also by (14.40), (14.42), (14.45) and (14.47)

By -, = E (1 + o + wp) + O(h). (14.49)

We note that the O-term in (14.46), (14.48), and (14.49) is

L(a,») subejct to (14.44). Now first we need to show that

(14.39) holds under case A of Theorem 13.1. Since under case A

r, p and s are real-valued functions, hence the non-zero constants
¢ and w which are given in (13.2) and (13.3) are real constants,

also ¢4 and y are real-valued. Hence by (14.46)
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Re(ﬁl - §,) = =20 g (1 + o(1)) + O(h). (14.50)

Also since (13.5) holds, hence by (14.48)

Re(ﬁz - ,) = (20 - w = 1) g{l + o(1)} + o(h). (14.51)

Also since (13.4) holds, hence by (14.49)

Re(';f3 - ml) = (1 + o) g{l + o(1)} + O(h). (14.52)

Thus by (14.50), (14.51) and (14.52), (14.39) holds under case A
and consequnetly the Dichotomy condition of Levinson's Theorem 1.1
holds under case A of Theorem 13.1.

Next we need to show that (14.39) holds under case B of Theorem
l3.l, Since under case B, p = iP, hence (14.46) gives

P

noo- u= =21 =0 (1+4) + O(h).

since P and s are real-valued, hence

Re(ﬁ1 - u) =2 {Imo + Im{o¢)} + O(h). (14.53)

nid

We note that

Im(c ¢) = {Reog.Im¢ + Re¢,Imo} =+ O as x *

because ¢ is a constant and ¢ -0 as x » «=(i.e. Re¢p > O as x » o
and Im¢ >0 as x » = ).

Now since p = iP and r =.Pele, hence (13.2) gives

14 !rll

(] ’ — ] E
+ T + ig’ = 401 S(l + ¢)

el e
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and so
SN
—-—l ] § E 3 r__ 4
o =7 lim 5 { i +1 ¥ 9 }
X0
thus
= - 1458 prl)’
Imoc = 7 iiﬂ 5 {P1r1 } #F 0 (14.54)

subject to case (B).

‘Hence by (14.54) we can write (14.53) as

Re(ii, - @, ) = 2 g Imo {1 + o(1)} + O(h). (14.55)

Now putting p = iP in (14.49), then

- f =1 P (1L + w + wy) + O(h)
3 1 S .
hence
Re(i, = ) = - g (Ime  + Imwy) + O(h)s (14.56)

We note that

Imyy {Imp.Rey + Imy.Rew} - O as x » «

because  is a constant and y + O as x + = (i.e. Rey =~ O as

X > o and Imy ~» O as x » = ).

Now since p = iP, hence (13.3) gives

w =i lim 3 l£:i§§l' . (14.57)
P 1.2 :
X+ T P °'s

Of course here w is pure imaginary, and since w is a non-zero

constant, hence (14.57) gives
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(p71s%)’
Imw = lim g ‘(—'—_l—s—; } #0 (14.58)
X+ P s

Hence by (14.58) we can write (14.56) as

Re(ii, - i, ) =-§ Imw (1 + o(1l)) + O(h). (14.59)

Now putting p = iP in (14.48), then

i - § =20 i §(1+¢) - i§(1+w+ww) + O(h).

Hence

0nid

Re (i, - fiy) =t {Ime - 2Imc + Imwy - 2Imo¢} + O(h). (14.60)

Now by (14.58) and (14.54)

-1 % ‘ ’
Imw - 2Imo = lim g{izz_gzl } + % lim g {L%LEl) }
Xr® plg* X>o x|
i.e.
1 ( P ls)’
Imy - 2Imoc = 5 lim g { s _IS) } #0 (14.61)
X+ lr| P s
subject to case (B).
Hence by (14.61) we can write (14.60) as
Re(i, - ©,) = (Ims - 2Imo) £ {1 + o(1)} + O(h). (14.62)

Thus by (14.55), (14.59) and (14.62), (14.39) holds under case B
and consequently the Dichotomy condition of Levinson's Theorem 1.1

holds under case B of Theorem 13.1.
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Finally we consider case C. Since under case C, s = iS, where

S real-valued, hence (14.46) gives

Re(ii, - ii,) = -2 g (Imo + Imoe) + O(h). (14.63)
since s = iS and r = pele , hence (13.2) gives

14

R’ r sal = — : P
b + +;+ + ie’ = <40 i S (1 + ¢)

l.e.
’ ,
o=Zlim§{1P—1.—r-J—)i—e'}
%+ P UPIT]
thus
=145, 8 rl)
Img = 7 iiz 5 { ~E ,} # O. (14.64)

subject to case C. Hence by (14.64) we can write (14.63) as
Re (i, - fi,) = -2 Is? Imo (1 + o(1)) + O(h). (14.65)

Now putting s = iS in (14.49), then

Re(ii, = i,) =2 (Imw + Imwy) + O(h). (14.66)
Now since s = iS, hence (13.3) gives
s {(p 8%’
o =i lim 2 {"%} (14.67)
X p S

Of course here w is pure imaginary, and since w is non-zero

constant, hence (14.67) gives

Ime = lim 2 {ip—s—zl } £ 0. (14.68)

X3
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Thus by (14.68) we can write (14.66) as

Re (i - al) = g Imw(l + a(1)) + O(h). (14.69)

Now putting s = iS in (14.48), then

Re(n = 1 =
e(u2 ua)

nrg

{2Imo - Imw + 2Imow - Imwy} + O(h). (14.70)

Now by (14.68) and (14.64)

2

-1

[ 2\ ?

2Tmo - Ime = = lim 2 {( DY 1im 8 {iE—§:;) }
2x+oop pir J x+oop pS

l.€.
-1 ’
2Imo - Imy = & lim 2 {12375——5—) } # 0. (14.71)
X+ P p S r

subject to case C, hence by (14.71) we can write (14.70) as

Re(ﬁz- ﬁ3) = (2Imo - Imw)

] {o]

{1+ o0(1) } + O(h). (14.72)

Thus by (14.65), (14.69) and (14.72), (14.39) holds under case C and
consequently the Dichotomy condition of Levinson's Theorem 1.1 holds

under case C of Theorem 13.1.
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15. The Form of Solutions

Now that (14.3) has been shown to have the form (13.18),
hence Theorem 1.2, is applicable and it follows that as x > « ,

(14.3) has three linearly independent solutions Wk such that

rX
Wk(X) = {ek + o(l)} exp[ J

ﬁk(t)dt] (1<k <3)
a

(15.1)

where ey is the coordinate vector with kth component unity and
other components zero. Now we need to obtain the three linearly
independent solutions of our original system (2.2). Hence by

(2.7) and (13.24), (2.2) has corresponding solutions

Yk(x) = T(x) lek(x) (L <k <3) (15.2)

where T(x) as given by (8.11) and (8.10), also the matrix T,
is given by (13.49). Hence taking the first component on each
side of (15.2), we obtain three solutions yk(x) of (8.1) such

that as x > =,

-1 - - 3 - X |
y, (x) = {ml (x) + mzl(X) + I:«')Tu mgl(x) + _Zi (mrl(X))}eXPU ul(t)dt_]
4 Y= a 7
(15.3)
_ {_ -1 -1 % -1 % JX - (4t
Y, (x) = §y-m " (x) +m, (x) + r=i (m_~ (x))p exp N u, (t) '
(15.4)
-1 3 -1 x .
ys(x) = {m3 (x) + rzi'(mr (x)% exp [Ja p3(t)dt . (15.5)
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Now by (15.3)

3 X
_ -1 -1 w -1 1 -1 ~
y, =m {1 +mm, 4+ go-mm, + L (mlmr )} exp(f ul(t)dt).

Hence by (12.9) and (12.10)

X -

yl(x) =0 {mll(x) exp [J ﬁl(t)J} as X » o . (15.6)
a

Also by (15.4)

= m_l{l - mom. 4+ Eo (m m-l)} ex [JX I (t)dt1

7 2 2™ ol S 2r P otz J

Now by (12.9)
m,m, = _l4gom. as X > = (15.7)

Also by (12.8), (12.7) and (9.1)
m mgl = o(l). as X » (15.8)

Thus by (15.7) and (15.8)

- CX 3
yz(x) = 2m21(x) {1+o (1)} exp {J uz(t)dtJ

a

as X - o«

and so after adjusting a constant multiple in y, we obtain

x
Yq(x) v mzl(x) exp [Ja ﬂz(t)dt] as x > = (15.9)

<

Finally by (15.5)

= —1{ e %0( -1} i mat]
Yy = my mlm3 L9 m, m )t exp 5 Mg ,J

Hence by (12.9) and (12.10)

fX
ys(x) = 0 {m{l(x) exp{l ﬁét)dt}} as x » = (15.10)
i/

a
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Now we have to work out (15.6), (15.9) and (15.10) in some detail
in terms of s, p and r in order to determine the forms (13.9),

(13.10) and (13.11).

Now by (14.45) and (14.42), (14.36) becomes
w, = O(h). (15.11)

Similarly by (14.45), (14.42) and (14.41), (14.37) becomes

N, = 20 E (144) + O(h). (15.12)

3

Also by (14.47), (14.38) becomes

io= E (14 » +wy) + O(h). (15.13)

3

Hence by (12.6), (14.44) and (15.11), (15.6) gives

-1
yl(x) =0 {(p(x) r(x)) 2}. as x » »(15.14)
Also by (12.7), (14.44) and (15.12), (15.9) gives after adjusting
a constant multiple in yi

- X
y,(® ~ (p()r(x)) ¥ expl20 f
L

0 g

(l+¢)dt] . as X +» o
a

(15.15)

Finally by (12.6), (14.44) and (15.13), (15.10) gives

X X
ys(x)=°{ (p(x)r(x))—;2 exp[m f Etp dat + (l+w)J%dt } as X - o
a a

(15.16)

Now by previous work in §§13-15 we completes our proof of

Theorem 13.1.
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Section 16: Examples and Discussion for Case (2)

Example (1)
In the familiar case we consider

s(x) = Axa, p(x) = BxB, r(x) = cx’

where o, B, v, A(#0), B(#0) and C(#0) are real constants and our

interval (a< x <) excluding a = O.
Now

3
sr?_ BV O+hY- 78
Hence (9.1) holds if

2a + Y<3B (16.1)

Also
' L 3 Ly- 38~
§g=AC2B/pra+2Y z°-1,
r' y - +hy- 2p-1
§2 = AC® B “2yx*" 7T 2% 7,
s’ Yy % _a+yy- 2p-1
§g = AC* B g X 2 2

Hence (13.1) holds if (16.1) holds.

Now

Pr

il
0
w
»

[N o]
o
]
vy
»
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Let

B+ vy #0 and g - %0 # O, (16.2)

hence the critical situation which is represented by (13.2)

and (13.3) is given by

a - g = 1. (16.3)

Now the non-zero constant ¢ in (13.2) is given by

o = 3 {820 (16.4)

Also the non-zero constant

€

in (13.3) is given by

w = élﬁ%ﬁ&l . . (16.5)
Now by (16.3)
L _ 1
B = 3a = 5(8-1). (16.6)

Hence the non-zero constant w which is given by (16.5) can

be written as

w =35 (p-1). (16.7)
Now (13.4) is given by
B 1,.._
a # 2(1 B) . (16.8)
Also (13.5) is given by
B 1
3 7 5(yt1). (16.9)

Now ¢ = 0 in (13.2), then
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{§i2£l:1’ = 0,
p’r J

thus (13.6) obviously holds.

Also = O in (13.3), then

5372 S—% ry s
() o
P
thus (13.7) obviously holds.

Now

§§ = ACB_2 xa+Y—28.

P

Hence (13.8) holds if

2B —a = vY>1,

making use of (16.3) in the above inequality, then the above
inequality reduced to (16.1). Hence by previous work conditions
(13.1), (9.1) and (13.8) are all holds under (l16.1), where our
critical case is given by (16.2). Also we mention that case (A)

holds for this example. Now (13.9) gives

yl(x) = 0 {x—%(8+y)} as X > o (16.10)

Now since ¢ O and (16.3). holds, hence

X E 21 X 1 _1 _1
J < (1+¢)dt A B f t dt = A Bin x — A Bgna.

a

Hence after adjusting a constant multiple in yz(x) and making use of

(16.4), then (13.10) gives

YZ(X) AL as x » o (16.11)
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Also since (16.3) holds and y = O, hence (13.11) gives

_1/2 + _ X
ys(x) =0 {x () exp [ (1+w) A 1Bf

-1
t dt ]} as X - o
a

{x—%(Y+l) +.A—IB}

ys(x) = 0 as x > (16.12)

and we make use of (16.7).

We note
-1
-3x(y+l) + A B # O
subject to (16.9).

Example (2)

To give a quite different class of coefficients covered by our

analysis, we consider

b
s(x) = AxX® exp xbs p(x) = BxP exp x , r(x) = cx'’ exp%xb

where o, B, Y, A(# 0), B(# o), C(# 0) and b(> 0) are real

constants and our interval (a =x < «) excluding a = O.

Now (9.1) is given by

L
sr’?
== L - Ly— 3
3, = AC* B 72 3037 /ﬁexp—lxb = o(1) as x > *° .
/2 4
P
Also

4 -3 Ly— 3 - -
8 193 =pact Bv/zxM’Y 72 gtb-1 €4 ﬁ x b}exp—-‘lixb,

7 7 ’
thus ég is L(a,~). Also 62 and 6% are i(a,~). Hence (13.1)

holds.
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Now
pr = BC xPFY exp % %P
(pr)’ = {BC(B+Y)XB+Y_1 +.§b BC x8+Y+b-l} exp %xb.
Hence
{pr)’'_ 3, . b-1 2 . -1 -b
pr 20 X 1+ 5D (8+7) x
Also
-1 -1 -
ps * =24 " BxB el exp%xb,
-¥.)/ -% ~%a- -y g-%a+b-
(ps \'1) = {BA F(-%a)xP 7207 4 yppaTE BTEOTD l} exphx®.
Hence
lﬂﬁ:él: 1 b-1 -1 , -b
- = b x {} + 2b7 (p-ka)x '}
ps °
Also

P = p=lpg xB7o,
s

Thus our cirtical situation which is represented by (13.2) and

(13.3) is given by

b-1 = g =-a. (16.13)

Now the non-zero constant w in (13.2) is given by

_ 3 bA
c =3 F- (16.14)
Also the non-zero constant ¢ in (13.3) is given by
o = L kA, (1€ .15)
2 B
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Hence (13.4) is given by

B .

a # —-%b. (16.16)
Also (13.5) is given by

B 1

I 4b. (16.17)

Now to obtain the function & (x), we write (13.2) in full, hence

(13.2) is given by

b x2°1 {1 + 2070 (g+y) x_b} - 40 A"'B xb_l(l+¢)-

Niw

3

Hence by (16.14)

gb 01 {; + %b'l (8+Y) x‘b?[= gb P71 (144). (16.18)

Thus (16.18) gives

-1 -
0 (x) = 5 b (B+Y) x . (16.19)
Of course here

¢(x) > O as X +» «

Similarly to obtain the function ¢(x), we write (13.3) in

full, hence (13.3) is given by

- -1 - -
sb x0T {1 + 2b” " (B-%a) x b} =1 X7 (1) (16.20)
Thus (16.20) gives
-1 -b
v(x) =2 b (B-%a) x ~. (16.21)

Of course

p(x) > O as x » o .
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Now differentiating (16.19), then

(B+Y) x -1

win

o’ (x) = -
Hence ¢’ is L(a,») and so by (13.14), condition (13.6) holds.

Also differentiating (16.21), then

o' (x) = -2(p-%a)x 7L,

Hence ¢’ is L(a,~) and so by (13.15), condition (13.7) holds.
Also condition (13.8) holds and case (A) holds for this example.

Now (13.9) gives
Yl(X) = 0 {x—%(B+Y) exp - %xb} as x > o (16.22)

Also (13.10) is given by

-L =L -1 X -
y, (x) ~ (BC) 2 2 (BHY) exp {— %xb + 20A B J P71

+ %c A—le—l(B+Y) J

-1 =% -
Y, (x) ~ (BC) * x 2 (8+Y) exp {— %xb + 20 AT'B x

+v%c A_le—l(B+Y) inx + (const.)}

as X - «

-1
since o = %b B A, hence

-r -3
yz(x) n (BC) g X 2 (B+Y) exp {%(B+Y)£nx +_(const.)} as x » =

Thus after adjusting a constant multiple in Y, wWe obtain

yz(x) vl as x » (16.23)
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Also [13.11) gives

y3(x) = 0 {x%(B—Y_u) exp f(g% - %) xb]} as X » = (16.24)

B 1 .
We note b # 2’ subject to (16.17).

As a final general comment, we note that the relationship between»
the natures of the solutions yj(x) (1<j=<3) of (8.1) in the

above two examples, that two of the solutions are small compared

to algebraic functions in terms of the coefficients while one
solution has algebraic nature, this situation holds for example

(1), but if the coefficients as given in example (2), then two of
the solutions of (8.1l) are small compared to an exponential functions
while the other solution still has algebraic nature. The reason for
both situations is the critical case which is given by (13.2) and
(13.3). Thus this critical case represents a borderline between
situations where two solutions of (8.1l) are small compared to
algebraic functions and where two solutions are small compared to

an exponential functions while the third solution having algebraic
behaviour in both situations. Also we mention that for the
differential equation (2.1) in §2, since the eigenvalues Aj(x)

(1 <j=<3) of (3.3) are having same size as x » » , as given in
(4.18), hence subject to (4.18) and (6.3) the Critical Case of

the differential equation (2.1) is given by

X, y
i£§gl—- ~n (const.) {g] { (16.25)

rs

Thus if the coefficients xr, s and q as given in example (1) §7,

then this critical case is given by o - Y = 3, can be handled
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similarly by our methods. We note for the differential equation
(2.1) there is only one Critical Case which is given by (16.25)

if Aj(x) as given in (4.18). Now we return to our equation (8.1),
and since the eigenvalues Aj(x) (1<j=<3) of (8.4) are having
different size as x » » , as given in (9.25), (9.26) and (9.27),
hence there are two critical cases for the differential equation
(8.1) one which we covered in our previous work, and subject to |
(9.28), (11.3) and (11.4) the second critical case for (8.1)

is given by

’ %
iEf) ~ (const.) (g] ; a8 X > o

%

- 7 %
iEé:;l ~ (const.) {g} . as X »> ®

2

Thus if the coefficients r, s and p as inen in example (1) §1l6,
then this critical case is given by 8 - Y = 2, can he handled

similarly by our methods.
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