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INTRODUCTION

The aim of this thesis is to outline an elementary theory of linear

and sublinear functionals on an ordered cone . But ordered cones are
taken in a slightly more general way then usual : they need not be
imbeddable in a vector space . In consequence , we do not require a
general cancellation law for the addition .Typical examples for the
cones that we have in mind include R =R U {+o} withthe
usual algebraic operations (in particular 0-(+0)=0 ), R -valued
functions on some topological space , measures on a given oc-algebra
and , most prominently , families of convex subsets of a certain vector
space . Cones are asymmetric structures . Accordingly , linear
functionals on a cone should not be required to have values only in R.

We choose R as their suitable range .

In various places the literature deals with linear functionals on
cones that take valuesin R {—c0} instead ( cf. [8], [16]) . The
difference between those two points of view is essential and not justa
question of reversing the order on R . In vector spaces both
approaches coincide , as linear functional can take only finite values
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there , but in applications for cones such as Measure Theory or
Potential Theory , the value +co arises more naturally . Moreover ,
allowing sublinear functionals with values in R in connection
with Hahn-Banach type theorems leads to more satisfying results that

include investigations of "hypolinear " functionals on vector spaces as

m [2].

We shall develop our theory for cones that carry a preorder .
This is however no restriction to the generality of our approach , since
equality may be considered as such a preorder . Much of the work in
modern analysis consists of the investigation of inequalities
Accordingly , we combine the theory of linear functionals with order
theoretic aspects in so far as we mostly deal with functionals being

monotone with respect to suitable order relations .

The algebraic theory of an ordered cone was developed in [8].
In analysis one studies ordered cones from the topological point of
view , taking into consideration the already existing algebraic structure.
So we divided this thesis into two parts . The algebraic one | chapters

I and II , and the topology part , chapter III.



In the first chapter we present the basic materials about ordered
cones and linear functionals , we give our favorite versions of sandwich
theorems . In the second chapter we obtain important information about
extension and separation theorems and a Uniform Boundedness
Principle for an ordered cone . In the third chapter , we will introduce a
locally convex structure on our cones and study continuous operators
between a locally convex cones . Much of the material was taken from

the book by Keimel and Roth [13] .

Many of the results that we are going to present do not yet seem
to be in the literature in this explicit form . Most of the material was
sketched and provided to me by Dr.Roth . I furnished the details and

exact formulations and completed the proofs .



CHAPTER 1

THE SANDWICH THEOREMS

This chapter presents a brief introduction to the theory of
ordered  cones , beginning with definitions and basic properties
followed by examples. After developing the basic properties of an
ordered cone , in the second section we turn to the most profound
results in this chapter which are the Sandwich Theorems (2.3) and
(2.9) . In the third section we turn to the finite dimentional Euclidean
vector space  R” . We prove that every R -valued sublinear
functional on R dominates a linear one . For more detailed

information on cones the reader is refered to [8] and [13].

1. ORDERED CONES

Ordered cones play a role in many branches of mathematics
and its applications. The importance of several examples that can not
be dealt with in the context of vector spaces suggests the independent
concept of an ordered cone . We shall give the basic definitions and
illustrate them with typical examples in this section , and discuss the
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possibility of embeddability of an ordered cone into a vector space .
More precisely , we show that a cone is embeddable in a vector space

if and only if it satisfies the cancellation law .

As usual , wedenoteby R™ the set of all non-negative real

numbers .

(1.1) Definition : A cone is a non-empty set P with

functions

+:PxP—>P , and ¢:R"xP->P,

called addition and scalar multiplication , such that for all x ,v,z€ P
and o,B e R* the following hold :

(1 x+y=y+x

(1) (x+y)+z=x+(y+z)

(ii1) There exists a neutral element 0 € P suchthat 0+x = x

(V) a(Bx)=(aP)x

v) (a+B)x=ax+Bx

(i) a(x+y)=ax+ay

(vi)) lex=x

(viii) Oe x = 0



A simple example given in [8] shows that (viii) is independent
of (i) to (vii) , thus needs to be stated explicitly . It is easy to see
that the neutral element 0 e€P isunique,andthat o«-0=0 for
all aeR™ . Indeed ; for the first statement , assume that both 0
and 0’ are neutral elements for the addition . Then

0+0'=0" and 0"+0=0 , hence 0=0".
The second statement follows from (viii) for a=0 .For o >0
we have
x=a(a'1x+0)=x+a-0 forall x eP ,
hence a-0=0 by the previously established uniticity of the neutral

element .

(1.2) Definition : A non-empty subset Q of P issaid to
be subcone of P if |

a+beQ ,and aa €Q forall a,beQ and a>0 .

Note that every subcone of P contains 0 . Consequently
if Q isaconein areal vector space ; thatis,if Q isa non-empty
subset of a real vector space E such that

a+beQ and aaeQ foral a,beQ and o0,

then Q is also a cone according to the Definition (1.1) .



Let P bea cone, then the intersection of any arbitrary family
of subcones is again subcone ; if the family is directed by " <", then
the union of the members is also a subcone . Any finite linear
combination of subcones is a subcone . If A c P, then the smallest
subcone containing A is defined by cone(A) . Clearly,if A =&
then

n
cone(A) :={Zkiai | A; 20 ,a;, €A i—1,2,...,n}
i=1

If AcP is convex ;thatis, oa+(1l-o)be A whenever
ab € A and 0<a<1 ,then cone(A) has a simpler expression

as shown in the following proposition .

(1.3) Proposition : If A isnon-empty convex subset of a

cone P ,then cone(A)=U{LA|A20)} .

Proof : Supposethat Q :=U {AA|A>0} .Then Q isa
subcone containing A ;indeed,let a,beQ and A >0 ,then
a=Aa, , b=2,a, for A;,,1,20 and a;,a, € A.Then
AMa=hAaeQ . If A;=1,=0 ,then a+b=0+0eQ.
Otherwise , by the convexity of A we have

A A,
a, +
A+ A, A+ A,

a+b=7\,1a1+7»202=(7\,1+7\.2)( az]EQ

7
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Furthermore , if  Q  isasubcone containing A | then for all
aeQ , a=hka; for g€ A and A20 then a=ra;eQ,
and so Qc Q .Therefore Q is the smallest subcone containing

A ;thatis, cone(A)=Q . O

(1.4) Theorem : A4 cone P can be embedded into a real

vector space E ifand only if the cancellation law holds : that is

forall a,b,ceP

>

I
S

a+c=b+c implies a

Proof : Let P be aconeinareal vector space E ,and
assume for a,b,ceP that a+c=b+c .since (-c)eE
then

a+ c+(-c)=b+c+(-c¢) imph'es a=b
Conversely , let P be a cone satisfying the cancellation law . On
P xP define the relation ~ by (a,b)~(c,d) ifand only if
a+ d=b+c for a,b,c,deP ,then ~ 1s an equivalance
relation . Indeed ; clearly ~ is reflexive and symmetric . For
transitivity let (a,b) ~(c,d) and (c,d)~(@,b) then a+d=b+c
and c+b=d+a ,hence (a+d)+(b+c)=(b+c)+(a+d)

and by the cancellationlaw a+b=5b+a . Thus (ab)~(a,b) .



Now we shall denote by [P] the quotient space of P xP  with

respect to this equivalence relation .For a, b e P , we denote by

(a,b) theelementof [P] generatedby (a,5) . Define the two
functions

+: [P] x [P]>[P] and e: Rx [P]—[P]

by (a,b)+(c,d)=(a+c,b+d) and

(Aa,Ab) for A>0
(=Ab,—da) for Xr<O0

for all a,b,c,deP and A € R.Then + and e are well defined
operations . By using the cancellation law we see that 0= (a,a) is

the neutral element for the additionin [P] andthat (b,a) is the

additive inverse of (a@,b) .Then [P] is the required real vector
space . Moreoverthemap y:P— [P] defined by

w(a)=m forall aeP
is an injective map that preserves the algebraic operations , that is , an

"embedding” . Indeed ; let a,beP with wy(a)=wy(h) then

(a,0) =(b,0) therefore (a,0)~(b,0) thus a=b . O

It is important to notice that cones are in general far from being
embeddable in a vector space , as the cancellation law is not generally

assumed .



(1.5) Example : Let R=RU{+0) with the usual
extended operations ; that is , X + (40 ) = +00 for xe®R ,
A-(+0)=+0 forA>0 and 0-(+0)=0 .Then R formsa

cone without cancellation law .

(1.6) Example :Let A beaconvex subset of acone P .
We denote by conv(P) the set of all non-empty convex subsets of
P, with the addition and scalar multiplication on  conv(P) defined
as usual by

A+B={a+blaeA, beB} for A, B € conv(P) ,
AA ={LalaeA} for Aeconv(P) and L >0,
it 1s easy to verify that conv(P) is again a cone with the neutral
element {0} . Convexity is required to show that
(a+B)A=aA+BA .

There is nothing to proveif a=0 or B=0 .Let a,Bp>0.1It
1s clear that (a +B)AcaA+ BA . Toshow the converse ,
consider an arbitrary element ce o A+B A ; then there exist

a,beA suchthat,

c=aa+Bb=(a+B)( « b b)e(a+B)A .

a+
o+ a+p
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Note that every subcone Q ofa cone P is convex and
satisfies Q+Q=Q .Inparticular, the non-empty convex subsets
of a real vector space form a cone in our sense which is far from being
cancellative ; for example , consider the vector space R with the
convex subsets A=[0,1] , B=[0,2], C=[0, +w) then

A+C=B+C but A=B.

(1.7) Example : An interesting subcone of  conv(P) is
K:={QcP| Q isasubcone of P},

for this subcone the cancellation law is obviously also not valid .

(1.8) Example : let P beaconeand X anynon-
empty set . We denote by F(X,P) the setofall P-valued functions
on X , with the pointwise addition and scalar multiplication . Then
F(X,P) forms a cone , in general without cancellation law ; for
example , consider f, g, heF(R,R) defined as follows : f(x)=r<co,
g( x)=s<ow with r#s and h(x)=+w forall x eR . Then
f+h=g+h but f=g . Moreover F(XP) satisfies the
cancellation law if and only if P does . Indeed ; supose that
F(X,P) has the cancellation law ,let x,y,zeP with x+z= y+z

then by defining the constant functions f(a)=x , g(a)=y ,and

11



h( a)=z forall aeX weget x=y . Conversely; if P
satisfies the cancellation law and if

f(x)+h(x)= g(x)+h(x)
forall xeX with f,g,heFX/P), then f(x)= g(x) .

(1.9) Example : Let X  be anon-empty set . Consider
F(X,R") and define the scalar multiplication © and the addition
+ by:

Aof=f* fig=f.-g forall f,ge FX,R*) and A >0
then , if we define 0°=1, F(X,R™) forms a cone under these
operations . ( the neutral element of the addition + is the constant
function 1) . Clearly this cone does not satisfy the cancellation law ;
for example,let f(x)=r, g(x)=s with r#s and h(x)=0

forall xeX then f+h=g+h but fzg.

(1.10) Example : Let f beareal-( or extended - real )-
valued function on a topological space E .If {x:f(x)>a} is
open for everyreal a, f issaidtobe lower semi-continuous .
If {x:f(x)<a} isopenforeveryreal o , f issaidtobe
upper semi-continuous . Let P bethesetofall R-valued lower
semi-continuous functions on [a, b] ¢ R, with the usual operations .

Then P 1isacone.

12



(1.11) Definition : A preordered coneisacone P with
a reflexive and transitive relation " <"  such that
x<y implies x+z<y+z and ax<ay
for all x,y,zeP andall o>0 . If " <" is inaddition

antisymmetric then P is called an ordered cone .

Note that equality is also an order in the sense of Definition
(1.11). Thus , all our upcoming results about ordered cones apply to
cones without an order structure as well . The "< "  then just has

" "

to be replaced by = " 1n all our assumption and results .

(1.12) Examples : Here we are going to list a few examples of

preordered cones :

(i) R with the usual order .

(1) conv(P) with the inclusion order , if P isacone .

() F(X,P)  with the pointwise order ,if P is an ordered cone
and X isany set .

(iv) Everycone P with its natural preorder defined by x<y if
x+z=y forsome zeP .

(v)  The space of all R-valued lower semi-continuous functions on

acompactsetin R  with the pointwise ordering .

13



Convex sets in cones may look rather peculiar . For example
in R all the two element sets { x,+o } are convex . So this
leads us to consider increasing or decreasing sets , or more generally
convex sets that are also order convex . A subset A of a preordered

cone P is order convex ifandonlyiffor a,be A and xeP,

as<x<b implies that xe A.

(1.13) Definition : A subset A ofapreordered cone P
i1s called decreasing ,if ae€A and x<a forsome xeP
implies xe€ A .Forasubset A of P we denote by

JA:={xeP| x<a for some ae A}
the decreasing subset generated by A . In a similar way one can define
an increasing subset and TA , the Increasing subset generated by A .
We denote by Dconv(P) the set of all non-empty decreasing convex

subsets of P .

(1.14) Remarks : (i) From the above definition one can check
easily that each VA and TA both are convex , whenever A is
convex . Indeed ; let x,yelA and 0<A<1 , then x<a
and y<b forsome a,be A, thus

Ax+ (I-A)y<ra+(1-A)be A.
Similarly we argue for TA .

14



(11) For a decreasing convex subset A of an ordered cone P and
A 20 , theset AA isalsodecreasingand convex . But A+ B
need not be decreasing ,if A and B are . For example , consider
the cone P =conv(R*) with the inclusion order . Let
A={CeP|Cc {0} xR}
B={CeP|Cc Rx{0}}
Clearly , A and B are convex and decreasing subsets of P .
But A+ B isnotdecreasing . Indeed ; since
R2=({0}xR)+(Rx{0})
then R*e A+B butnoteverysubsetof R® isin A+B

forexample D:={(x,x)|xeR} ¢A+B

According to our last remark we can not use the usual addition
for Dconv(P) . We therefore modify the addition on Dconv(P) and
define :

A®B ={(A+B) ={xeP|x<a+b forsome acA,beB}.

(1.15)Example :Let P beacone.Then Dconv(P) forms
a cone with the above addition and the usual scalar multiplication .
Moreover , it 1s an ordered cone with the inclusion as order ; the set

{0} acts as the addition zero element .

15



(1.16)Theorem : Let P  bea preordered cone . Define
themap f:P—Dconv(P) by f(x)=4{x} then
(1) £ isorder preserving .
(2) f is an embedding ( ie one-to-one ) ifand only if the

preorder of P s in fact an order .

Proof :
(1) Let x,yeP with x<y ,then I{x}c{y}.Indeed:let
ael{x} then a<x<y thus a<y hence ael{y}.
(2) Let f be injective . Then the relation " <" is antisymmetric .
'ﬁdeéd{‘ et x,veP with x<% and y<x then {{x}cl{y}
and Y{y}cd{x) , hence Vixt=3{y} =f{x)=1f(y) thus
x =y .Conversely,let flx)=fy) then ¥{x}=14{y} which
implies that x<y and y<x butif "<" is antisynimetric ,

then x=y .thatis, f is injective .

(1.17) Example : Let E be a Hausdorff topological vector
space . Recall that, A denotes the topological closure of a subset A
of E, which is convex whenever A is. We denote by Clconv(E)
the set of all non-empty closed convex subsets of E . We define the
addition by A®B=A +B , and the scalar multiplication to be as
usual ; the set {0} acts as the additive zero element . Then Clconv(E)
forms a cone,ordered by inclusion,without cancellation law (cf(1.6)).

16



(1.18) Example : Let E be atopological vector space ,
with the neighborhood system V |, denote by Bconv(E) the set
of all non-empty bounded closed convex subsetsof E , with the
operations asin Example(1.17). Then Bconv(E) is an ordered cone

satisfying the cancellation law .Indeed;let A ,B,C e Bconv(E)

with A@C=B®C ,thatis A+C=B+C . We shall show that
this implies A=B .Let aecA , ceC ,and UeV . As
A +CcB+C+U , a+ceb+¢c,+U for b eB and
¢, € C .Also 2a+c eb+(a+c)+U , and for b, eB ,
c,€eC wehave a+c eb,+c, +U , hence

2a+c e byt by +c, +2U.
Repeating the argument , we obtain

na+c e(b1+b2+---+bn)+cn+nU ,

thus

n n n

. 1 1
But C isbounded,thus —c¢ and —c¢, convergeto 0 ,as
n n

n tends to infinity . As B is convex , we have

1(b1+...+bn)eB ,
n
thus

a+l(c—cn)eB+U.
n

17



As n tends to infinity , we realize that

aeB+Uc(B+U)+U=B+2U

by the above . Asthisholds forall ae A and UeV we get

Ac [)(B+U)=B=B.
UeV

Similarly Bc A

(1.19) Example : Let E be atopological vector space ,
denote by  Cconv(E)  the set of all non-empty compact convex
subsets of E with the operations and order as in Example (1.6) . Then
Cconv(E) is an ordered cone and satisfies the cancellation law . In
particular , if E=%R" then Cconv(R") is embeddable in the
vector space C(S) ofall continuous functionson S, where S s

the unit spherein R” . (cf[12] ) .

18



2. SANDWICH THEOREMS

Sandwich theorems are versions of Hahn-Banach type theorems
which serve as important tools in modemn analysis, especially in
functional analysis .Consequently we start this section with a sandwich
theorem for an ordered cone . We show that between a sublinear and
superlinear functional there is always a monotone linear functional
provided that the sublinear and the superlinear functional comply with
the order in an obvious way . Since no additional work is required we
can immediately prove this result. We proceed to give an important
theorem which is " The generalization Sandwich theorem " in which we
have to use an extended superlinear and a sublinear functional with
additional conditions. An illustrative example will be given at the end

of this section .
Throughout this section, let (P, <) be an ordered cone .
(2.1) Definition : (i) Amap p:P— R s said to be a
sublinear functional on P if p(x+y)<p(x)+p(y) and

p(Ax)=ip(x) forall x,yeP and A2>0 .

19



(1) A map q:P>R  issaidtobea superlinear functional
if q(x+y)2q(x)+q(y) and q(Ax)=Aq(x) forall
x,yeP and A20 .

(iii) If p:P->R isa sublinear and superlinear functional , then
L is a linear functional .

(ivi Amap p:P—> R is monotone if

x<y mplies p(x)<p(y) for x, yeP.

(2.2)Remark :Let q:P—> R bea superlinear functional ,

then q isfiniteforall x € P suchthat (-x)eP .Indeed;
=q(0)=q(x+(-x))=q(x)+q(—x) ,henceboth q(x) and
q( —x) arefinite . As any linear functional is also superlinear , the

same holds for linear functionals .

Before we derive our Sandwich Theorem , we should mention
that Fuchssteiner and Lusky ( Theorem 1.2.5 [8] ) formulate a
sandwich theorem for functionals on ordered cones that take values in
R U {-c0} . Their theorem follows from our Theorem (2.3) just by
reversing the orderon P and réplacing all functionals p,q,and p
with their negatives . But still our theorem is more general , as neither

p nor q isrequired to be monotone .

20



(2.3)Theorem :(Sandwich Theorem): Let P  be an ordered
cone , p:P—>R  asublinear functionaland q:P—>R a
superlinear functional such that q(x)<p(y) whenever x<y for
x ,y € P. Then there exists a monotone linear functional 1:P— R

such that qx)<u(x)<p(x) forall xeP .

Proof : Let
I:={v:P>®R | v isamonotone sublinear functional
and q(x)<v(x)<p(x) forall x P} .
Since  v(x)=inf{p(y)| x<y} el ,thecollection I isnot
empty . It 1s easy to check that this functional v is a monotone
sublinear functional and that q<v <p . We consider the pointwise
order on I ,thatis, p<v if p(x)<v(x) forall x eP,
and we shall use Zom's Lemma in orderto showthat I hasa
minimal element . Now considerachain C in I , and define
Vo(x)=inf{ W(x)|] veC} forall x eP .

Then we have the following :
() v, ismonotone :Let x,yeP with x<y ,if vo(y)=+o,
then vy(x)<vy(y) , otherwise,let €>0 be given , then there
exisst veC suchthat v(y)+exv(y)2wv(x)> vo(x) thus
vi(y)+ ex2v,(x) forall e>0 ,hence vo(x)<v,(y) .
(i) Clearly, q(x)<v (x)<p(x) holdsforall xeP .

21



(i11) v, is a sublinear functional :
(o) Clearly, vo(Ax)=Av,(x) foral xeP and A2>0.
(B) Let x,y e P, ifeither v (x)=+o or vy (y)=+ow
then vy( x+y)<vy(x)+v,(y) .Otherwise,let €0 be

given , there are v,v, € C (assume v,<v, )such that

vo(x)+ §2vl(x) and vo(y)+ %2\12()/)
thus
Vo(X) + V() e 2V, (X)) + vy(3) 2 v,(x)+ vy(y)
2Vv,(x+y)zvy(x+y)
hence v (x)+vy(y)+e=2v,(x+y) forall e=0 ,whence
V(X + 1) S V(X)) + vo(¥)
(iv) It is obvious that v,<v forall veC .

Therefore , every chainin I hasalowerboundin I .By
Zom's lemma I has a minimal element ,( say p ). We shall show
that p isalinear functional . For an arbitrary fixed x,e P set
ap=sup {q(x)-w(y)| x,yeP, p(y)<w , x<x,+y}eR
we observe that forsuch x and y

q(x) —p(y)sp(x) - mw(y)sp(x, + y) - uw(y)

SH(x) +u(y) - u(y)=n(x,)
thus, a,<p(x,) but q(x,)<0o, , hence

a(x,) Sy <p(x,)

22



Now we define a functional —p :P— R by

w(x)=inf { p(y)+Ar0,| x<y+ix, ,yeP , A20}
Then we observe the following :
Q) p(x)su(x) forall x eP .
(11) q(x)sﬁ(x)Sp(x):Let x,yeP with x<y+ Ax, . We
shall show that q(x)<p(y)+Aro, , but this is obvious if

wWy)=+o or A=0.If p(y)<+wo and A>0 , we have

<

> =

xde oy s q()-m(5) S
hence q(x)<w(y)+Ard,
(1i1) u  is monotone : obvious .
(iv) W is a sublinear functional :
(@) p(rix)=A p(x) forall xeP and 120 .
@) Let x,yeP , if p(x)=+w or p(y)=+w
then ﬁ(x+y)sﬁ(x)+ﬂ(y) otherwise ,let >0 be given,

thereexist y,,y, € P and A;,A,20 suchthat

RO+ Z2 u(p)Fh o and  B(Y)+ 52 ROy * Al
with x< yp+2A;x and y £ y,+ A,x, whichimplies that
x+y < (y+y) (A +Lry)x, thusforall €20 wehave
HOO+ B () ez 1)+ (A +25) 02 p(x+y)

hence p(x+y)<p(x)+u(y)

23




Therefore pel ,andas E <u  we conclude that n=p
as p isaminimal elementin I . Thus
u( xy) =0y =sup{q(x)-pu(y)| x,yeP,u(y) <o, x<x, +y}.
But the map a:P—-f‘ﬁ defined by q( X,)=0, isa
superlinear functional . Indeed;
(o) Clearly q(Ax,)=Aq(x,) forall x,eP and A>0 .
(B) Let x,,y, € P .Foranychoice of x,x,, y;,y, €P
with x;<x,+ y, p(y) <o and xSy, +y; , u(y; )<
we have (xp+x)<(x,tyo)H (1t ¥2) with
u(y; +y;)<ewo . Hence
(% + ¥9) 2q( 31+ X))~ W(y1 + )
2q(x;)=u(y )+ q(x2) = u(y2)
2 q(x)+ q(yp) -

Moreover , pn=q ,thus p is alinear functional . O

(2.4) Remark : Note that the condition in Theorem (2.3) is
fulfilled if we assumethat q(x)<p(x) forall xeP andif
either functional q or p is monotone . And in the case of a vector
space with the equality as an order we obtain the usual sandwich
version of the Hahn-Banach theorem for vector spaces (cf. [6] 1I-272) .
(Usually , however , one requires the sublinear functional p to be
finite , whereas q isallowedtoattain (-w) ).
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(2.5) Corollary : Let q:P > R be a monotone
superlinear functional . For every x, € P thereis a monotone
linear functional pn:P— R such that wx,)=q(x,) and

q(x)<uw(x) forall xeP .

Proof:Let p:P— R  defined by
Aq(xg) if x=Xx, and A 20
p(x)={ + 0 elsewhere
then p is a sublinear functional :
() Let xeP and o220 ,if a=0 or p(x)=+o then
p(ax)=ap(x) ,otherwise ax=Ax, for A 20 and
plax)=rq(x,)=a(faq(x)=ap(x) .
(B) Let x,yeP ,ifeither p(x)=+ow or p(y)=+o then
p( x+y)<p(x)+p(y) .Otherwise, thereexist A,,A, =0 such
that x=A;x, and y=Ai,x, then x+y=(A;+X,)x, and
P(x+y)=(ATA2)q( %, ) =A; q( x,) + Ay q( %) =p(x) +p(y).
Moreover , q(x)<p(y) forall x,yeP with x<y .Indeed;
it is clearif p(y)=+o ,otherwise y=Ax, for A 20 |, thus
q( x)<q(y)=Aq(x,)=p(y) . Applying Theorem (2.3) there exists
a monotone linear functional u:P— R with
qx)< wx)<p(x) forall x P,

but p(x,)=q(x,) ,therefore mp(x)=q(%) O
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Note that a corresponding result as in Corollary (2.5) is not
available for a sublinear functional p:P— R in general . ( cf

Examples (2.16) , (2.17)) . In fact we shall have to impose further

conditionson p (cf Corollary (2.12)) .

(2.6) Definition : Amap q:P-> Ru{two} iscalled an
extended superlinear functional , if

q(Ax)=Aq(x) foral xeP ,A>0 and

q(x+y)2q(x)+q(y) whenever q(x),q(y)e R .

(2.7) Definition : A convexsubset W with 0e WcP
is called absorbing ,if forevery x e P thereis A >0 such that
x € AW ;and subabsorbing ,if forevery xeP thereis we W

and A >0 suchthat Aw<x .

(2.8) Lemma :(i) Let q: P —> R be a superlinear functional.
Then for all A>0 theset W ={weP|q(w)=2-A} isan
absorbing convex subset containing 0
(m) If E is a vector space and p:E—>R is a sublinear
functional then forall A>0 theset W ={weP|p(-w)<A}

is an absorbing convex subset containing 0 .
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Proof: (i) Clearly 0eW .Let w,,w,eW and
aec[0,1] then aw+(l-a)w,eW because
qQaw +(l-a)w,) 2 aq(w)+(l-a)q(w,)=-2.

Forany xeP ,thereexist r>0 suchthat q(x)=-r thus

xe(%)W.

(i) Clearly 0eW .Let w;,w,eW and ae[0,1],
then oaw, +(l-a)w, e W because
p(-(aw +(l-a)wy))=p(-aw -(l-a)w,)
<aArAt+t(l-a)A=A .

Forany xeE ,thereexist >0 suchthat p(—-x)<r thus

¥
— )W . a
xel)

(2.9) Theorem:( Generalization of Sandwich Theorem ): Let
p ‘P>R be a sublinear functional, q:P—>R U {to0} bean
extended superlinear functional . The following are equivalent
(1) There exists a monotone linear functional p:P — R such that
q(x)< w(x) <p(x) forall xeP.
(11) There exists an absorbing convex subset W with 0 e WP |,
such that forall weW and x,yeP

x+w<y implies q(x)<p(y)+1
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(iii) There exists a convex subset W with 0e€ WP |, such that
(1) Forevery yeP thereare xeP with q(x)>-o,
weW and A20 suchthat x+iw<y
2)Forall x,yeP and weW,
x+w<y implies q(x)<p(y)+1
Moreover, if (i) holds , then W can be chosen such that

wWw)z-1 forall weW .

Proof : (i) = (ii) . Assume that p:P—> R isa monotone
linear functional suchthat q(x)< pu(x) <p(x) forall xeP.
Set W={weP: wW(w)2-1} . ByLemma(2.8) (1)) W isan
absorbing convex subset with 0 € Wc P . Moreover, for we W
and x,yeP with x+w<y  wehave

q(x)-lspu(x)-1< p(x)+u(w)=p(x+w)<pu(y)<p(y)
(ii) = (iii) .We choose the same convex set W in (1) asin (i1).
(1) Let ye P ,thenthereis A >0 and we W suchthat y=2Aw,
then 0+Aw<y for 0 eP,weW ,and A 2>0 .(2) Obvious.
(iii) > (i) . Let W asin (i).For yeP set

q(y)=sup{q(x)-A|x+Aw<y for xeP, weW , A20}.
Then a(y) >—ow forall yeP .Indeed;let yeP , by
part (1) thereare xeP with q(x)>-o , weW and A2=0

suchthat x+Aw<y , therefore q(y) >- o
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Now the map a:P >R isa superlinear functional :
(a) Clearly a(ax)=aa(x) forall xeP and A20.
(B) Let y,;,y, € P .Foranychoiceof x,,x, € P with
q(x)>-© , q(x)>- , w,wyeW and A;,%;,20
suchthat x,+ A;w;<y; and x,+ A,w,< y, ,wehave
(xp+x)+ (At A)ws(y +y,)  with

Ay Ay
wy +
{ A+, A+ 24,

w, elsewhere

which implies that w e W in any case .
Hence qQ( ¥+ ¥2)2q(x +x;) = (A +4y)
2(q(x)— Ap)+t(a(x; )= Ay)
and a(y+ ¥)2za(»n)+a(y,) . Moreover , forevery
Yi» Vo€ P with y;, <y, ,wehave a(yl)ﬁp(yz) . Indeed ;
le¢ x+Aw<y <y, for xeP , weW ad A20 ,it
is enough to show that q(x)-A <p(y,) . If A=0 , then
ex+0<ey, foral €>0 andbypart (2)
ax)<p(r)* s thus a(x)Sp(r)

w < %2— , and again by using part (2)

If A>0 ,thenm —+
A
Y2
Tj+1 hence q(x)-A<p(y,y)




thus  q( Y1) <p(y,) . By Theorem (2.3) there is a monotone linear
functional p: P — R such that q(x)<u(x)<p(x) forall x eP.
As  q(x)<q(x) , q(x)<Sp(x)<p(x) .Alsoforall weW,

O+1lws<w thus ww)2q(w)=2-1. O

(2.10) Remark : If q:P—> R in Theorem (2.9) isa
superlinear functional ; that is , not extended , then the subset W={0}
fulfills (1) in part (iii)) of Theorem (2.9), and condition (2) then
means q(x)<p(y) whenever x<y . Thus Theorem (2.9)
generalizes the Sandwich Theorem (2.3) .

The following first corollary generalises a result for a vector

spaces given in [2] .

(2.11)Corollary: Let p:P— R be a sublinear functional .
The following are equivalent
(i) There is a monotone linear functional w:P— R such that
wx)<p(x) forall xeP.
(1) There is a subabsorbing convex subset W with 0e WP,

suchthat p(x)=-1 whenever x2w forsome weW .

Proof : Follows directly from Theorem (2.9) (iii) with the

extended superlinear functional
x=0

0
q(x)={ O

-0 elsewhere
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(2.12) Corollary : Let p:P— R be a monotone sublinear
functional . Suppose there is an absorbing convex subset W  with
0e Wc P suchthat

p(x)<p(x+w)+1 forall xeP and weW.
Then for every extended superlinear functional q:P — RU {x 0}
such that q(x)<p(x) forall x eP ,there exists a monotone
linear functional p:P—> R such that
q(x)<u(x)<p(x) forall xeP .
In particular |, for every  x, P there exists a monotone linear
functional w:P—> R suchthat w( x, )= p( x,) and

wx)<p(x) forall xeP .

Proof:let x,yeP and we W with x+w<y then

q(x)<p(x)sp( x+w)+1l<p(y)+1,
thus by Theorem (2.9)(i1) we prove the first part . For the second part ,

let x, € P ,anddefinethemap q:P—> RuU {fx} by

| Ap(xe) if x=Xx, and A20
— 00 elsewhere

then q is an extended superlinear functional :

(a)Clearly q(ax)=aq(x) foral xeP and a 20 .
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(B) Let x,yeP with q(x), q(y)e R ,then x=12, x,
Yy=A,x, for X;,A,20 then x+y=(A;+A,) x, and
q( x +y)=(r+2,) p( X,)=q(x)+q(y).Moreover, for all x e P,
q( x ) <p(x) . Thus by the first part there exists a monotone linear
functional p:P— R  such that

q(x)<pu(x)<p(x) forall xeP ,

but q( x,)=p( X,) thus Xo) =p( x,) o

The following is the classical Sandwich version of the Hahn -

Banach theorem for ordered vector spaces .

(2.13) Corollary : Let E  be an ordered vector space and
P :E—>R  monotone sublinear functional that assume only finite
values . Let Q:E>RU{~w} bean extended superlinear
Junctional such that  q(x)<p(x ) forall xeE .Then there

exists a monotone linear functional 1. E —> R  such that

x)<w(x)<p(x) forall xeE .

Proof : Considertheset W:={weE |p(=w) <1} . Then
by Lemma(2.8)(ii) W is an absorbing convex subset with 0 € W c E .
Moreover forall we W and x € E we have
P(x)<p(x+w)+p(-w)< p(x+w) +1
Now applying Corollary (2.12) we get the result . O
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(2.14) Example :Let P be the ordered cone of R-valued
lower semi-continuous functions on [a, b] with the pointwise order .
Let p=0 be any positive linear functional on C([a, b]), thatis,
W £)20 whenever, f(r)>0 forevery te [a,b] thenby
Riesz Representation Theorem ( see [ 6 ]1-40), n coincides with a
regular Borel measure on C([a, b)) .For feP, set

p(f)=inf {u(h) |heC([a,b]) ,f<hle R

q(f)=sup{p(h) |heC([a,b]) ,h<fle R
then p isamonotone sublinear functional and q 1s a monotone
superlinear functional with q(f)<p(f) forall feP. Moreover,
p and q coincide on C([a, b]) , thatis,

p(h)=p(h)=q(h) forevery he C([a, b)) .
Also by Theorem(2.3) there is a monotone linear functional nP>R
such that
Qf)<pu(f)<p(f) forall feP .

Since C([a,b]) <P then we may say that u is an extension of n.

(2.15) Example :let (E,

.|) be anormed linear space
with B theunitballof "E ,andlet P be the cone of all non-
empty convex subsets of E , endowed with the usual operations
and inclusion as an order . For a linear functional L:E—->R with
lp]=st ,set
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P(A)=inf{ A20] Ac AB },for AeP and

QA)=sup{ wa)| aeA },for AeP .
Then  p is a sublinear functional and q is a monotone superlinear
functional .Moreover,let A eP with Ac AB for A2>0.
If aeA then wa)<|p||a| thus p(a)<i | hence
q( A)<A forall A20 with Ac LB ,thus q(A)<p(A) .
By Theorem (2.3) there is a monotone linear functional L:P>R
such that

qA)<u(A)<p(A) forall AeP .
Moreover , p and p  coincide on the singleton subsetsin P .
That is ﬁ({a})=u(a) forall aeE .Indeed ; since
w(a)=q({a})<p({a}) ,and forall aecE
“ua)=p(-a)=q({-a})<u({-a}) =-p({a}),

thus u(a)zﬁ({a}) , hence the result .

(2.16) Example:Let E= Cgop ,the vector space of the
sequences of real numbers which are eventually 0 , that is ,
x=(x,. )I.eNe Coo 1f and only if there exists N (depending on x)
such that x; =0 for />N , with the usual operations and

i

pointwise order .
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For x= (x,- )I.eN set

0 if x=0
p(x) :=J +00 if at least one x; >0
”in ifall x, <0 and n=max{i eN|x;, #0}

then p:E->®R 1s a monotone sublinear functional . Indeed ;
()Clearly p(Ax)=Ap(x) foral xeE and A0 .

(B) Let  x,yeE ,with x=(x) _ , y=(),en if
x=0 or y=0 or p(x)=+w or p(y)=+ow then

p(x+y)<p(x)+p(y) .Otherwise

p(x)=n> x and p(y)=m> y,
i=1 i=1

for n , meN |, then by setting N=max{n,m} ,andasall
x; and y; are non-positive we have

oo}

P(x)+ p(¥)=n) x5 + my 3, 2N (x, +y,) = p(x+ y)
i=1 i=1 i=1

(V) Let x,yeE ,with x=(x;),_ ., »=(y),cn suchthat

X, £y; ,if y,>0 forsome ieN then p(x)<p(y) .
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Otherwise |,

P(x)=n)x; and p(y)=m)dy,
i=1 i=1

with n> m then

p(x)=n2xi < miy,- =p(y) .
i= i=
We shall showthat p does not fulfill the assumptions of Corollary
(2.11) , that is , there is no linear functional u:E—> R suchthat
u( x)<p(x) forall xeE .Assume on the contrary that there is
such p andset p(e; )=a; ,where e; 1sthe i-th unit vector
over E . For any neN and A>0 set x=—=(le +e,) .
Then p(x)=—n(A+1) and wWx)=-(ro,+a,)
Since p(x)<p(x) ,

—(Aoy+a,) <-n(A+1) or n(A+1) < (Lo +a,),
thatis , @, 2n + A(n-0a;) .Nowlet neN with nxao,

then our conclusion does not hold in general forall A >0  whichis

a contradiction . Thus there is no such linear functional uw on E .

The previous Example (2.16) shows that even on a vector space
E for a non-finite sublinear functional p:E>® , there may not
be a single linear functional u: E> R dominated by p

Another example for this fact may be seen in [2]
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The next example will show that even for a finite sublinear
functional p defined on a subcone of a vector space , there may not
be a single linear functional p  dominated by p . (cf Corollary
2.12) ) .

(2.17) Example : consider the vector space E= ¢, ,and
the subcone Q< ¢y, consisting of those sequencesin  ¢,, that
have only non-positive components , with the usual operations and the
pointwise order , define themap p: Q>R by

0 if a=0

p(a)= ’?Zai where  n={ieN|a; 20}

i=1
then p is a finite monotone sublinear functional , but the same
argument as in Example (2.16) shows that there is no linear functional

u dominated by p

From the last two examples one can notice that the conditions in
Corollarys(2.11)and(2.12) about the sublinear functional are essential |
And lgter ; precisely in section 4 , we will give the sufficient and
necessary conditions to get corresponding results about extensions of

linear functionals defined on a subcone . (cf. Theorem (4.6)) .
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3 . SUBLINEAR FUNCTIONALS ON THE
EUCLIDEAN VECTOR SPACE %R”".

In the previous section we have seen that not every R -valued
sublinear functional dominates a linear functional in general , even on a
vector space . However | in this section we will prove that for the finite
dimensional Euclidean vector space R” such a statement holds true .

Throughout this section we consider the equality as the orderon R” .

(3.1) Lemma: Let p: R" >R be a sublinear Junctional .
Then there exists an absorbing convex subset W with 0eWcR”

suchthat  p(w)=-1  forall weW.

Proof : Set Q={xeR"|p(x)<+w} ,then Q isa
subcone of R” . Consider the subspace E=Q-Q of R”" with
its basis V:={e,e, »--s€n § , Where  m<n . Then for every

¢, €V thereexists a,,b, € Q such that

e;=a,-b, forall i=1,2,. . m.

1

As p isfiniteon Q ,thereexists AM>0 such that

M=sup {p(a,), p( b)) 1i=12,..m} .
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Set ao=Z(a,-+b,-)eQ, and choose o >0  such that

i=1
alp(a,)-4mM]>-1.
We extend the basis V of E to the basis Vi=vVu{e,,,...,e,}

of R” and set

n n
W= {ine,. | A eR, eV’ with >3] Sa}.
i=1

i=1
Then W s clearly an absorbing convex subset of  R” with

0e W R" . Weshall show that p(w)>-1 forall we W .

n
Let w=Zkie,-,if A #0 foratleastone i>m then

i=1

wegE and p(w)=+w>-1 .Otherwise , we compute

aaqg ‘W=a}”i(ai +b;) - iki(ai -b;)
i=1 i=1
=i(a—k,)a, + zm:(a+7\.,-)b, )
i=1 i=1

Asall [A/<o wehave oay—w eQ and

plaag —w)< Y (a=2,)p(a;) + (a+1,)p(5;)
i=1

i=1
Si2aM + Zm:2ocM =doamM .
i=1

i=1

As  p(aag)<p(aay, - w)+p(w) |, the latter mmplies that

p(w)2p(aay) - p(aa, -w) -
>a[p(a,)-4mM]> -1

as desired . O
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(3-2) Theorem : Let p: R" > R be a sublinear Jfunctional .
Then there exists a linear functional w:R" >R such that

n(x)<p(x) forall xeR".

Proof:Follows directly from Corollary (2.11) and Lemma (3. 1).

(3.3) Theorem : Let p: R” - R be a sublinear Junctional
and let QR >RU{-o} be an extended superlinear
Junctional  such that Qqx)<p(x) forall xeR" . The
Jollowing are equivalent -

(1) There exists a linear functional WR" >R such that
Qqx)<u(x)<p(x) forall xeR".

(i) Forall xe®R" inf {p(x+y)-q(y) | yeR"}>— o .

Proof : (i) = (ii) Ifthereis p such that
q(x)<pu(x)<p(x) forall xeR”".
Then
) +A()SH(x+y)<p(x+y) forall x,yeR”,

which implies that inf {p(x+y)-q(y) | yeR") 2u(x) >—oo .
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(ii) = (i) .If (ii) holds , then themap P:R” — R defined by

p(x):=mf {p(x+y)-q(y) |y eR"}
is a sublinear functional . By Theorem (3.2) there is a linear functional

LR >R such that u(x)<p(x) forall xe®R" .

Nowlet xeR" .As P(x)<p(x) we have u(x)<p(x) . Also
W(—x) < P(—x) < p(-x+x)—q(x) , hence q(x) < u(x), thus
q(x)<p(x)<p(x) forall xeR". O

One may notice that Theorem (3.2) can be obtained from

Theorem (3.3) by setting q(0)=0 and q(x)=- elsewhere .

Next we are going to show that the condition(ii) in Theorem(3.3)

1S essential .

(3.4)Example :Consider the vector space R > , and set

0 if y>0 orif y=x=0
+ © elsewhere

p(x,y) = {
and

X if x>0 and y=0
qQ(x,y) =
- elewhere
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then p is a sublinear functional and q is an extended superlinear
functional with  q(x,y) < p(x,y) forall (x,y)e®R? anditis

easy to see that there is no linear functional p:R?> — R  such that

q(x, )< w(x,y)<p(x,y) forall (x,y)eRZ

In fact , that is because of the second condition of Theorem (3.3) does
not hold , thatis,for x,=(0,1) and y=(n,0) with neN ,

w¢e haVC p(xo +y)= p(n,1)=0 thus
p(x, +y)-q(y)=-n forall neN

which implies that

inf {p(xo +¥)-q(¥) | yeR?}=- .
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CHAPTER 1I

EXTENSION AND SEPARATION THEOREMS

This chapter presents some of the most useful tools in functional
analysis .In section four we introduce three extension theorems (4.2),
(4.3) , (4.6) for monotone linear functionals on ordered cone . In
section five the separation theorems for convex subsets with additional
conditions  will be studied . In section six we will extend a version of
the Hahn-Banach theorem on a vector space , due to W.Roth ( see

[22] ) , to a version for an ordered cone (cf. (6.2)).

4. EXTENSION THEOREMS

Extension theorems for linear functionals on vector spaces are
among the most fundamental tools in modern analysis . The same
holds true for ordered cones , where linear functionals play also an
important role . A skillful handling of linear functional turns out to be

indispensable . Consequently , in this section we are going to introduce
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three extension theorems (4.2) , (4.3) and the most important one is
Theorem (4.6) which asserts conditions under which linear functionals
on a subcone of an ordered cone may be extended to a linear functional
on the full cone .

Throughout this section , let (P,<) be an ordered cone .

(4.1) Definition : Let Ac P be a convex subset . A function
f:A> R issaidtobea convex Junction if for all a,beA
and 0<A<1 wehave

f(Aa+(1-2)b)< Af(a)+(1-1)f(b).
And afunction f:A — RU {+o} is said to be a concave Junction
if flAa~+ 1 -2)b)zAf(a)+(I-N)f(b) forall a,beA

suchthat f(a),f(b)>-o and O0<A<I

(4.2) Theorem : Letr AP be a convex subset q:P>%R
a monotone superlinear functional , and f:A—> R  aconvex
Junction suchthat q(a)<f(a) Jorall ae A . Then there
exists a monotone linear functional n: P> R such that

“q(x)<w(x) forall xeP and wa)<f(a) forall aeA.

Proof : Let p(x):=inf{%f(}\.x)lk>0 , Ax € A}
and p(0)=0 (Asusualwe set nfd=+w).
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We shall first show that p(x)>- o . More generally ,let x<y .
We shall show that - <q(x)<p(y) .If p(y)=+o then

Q(x)< p(y) ,otherwiseforall A>0 such that AyeA |

we have
IS KAy) o a(y)$5 )
which implies a(y)<p(y) but q(x)<q(y) thus
q( x)<p(y) .Itis straightforword to verifythat p:P—> R isa
sublinear functional . Following the Sandwich Theorem (2.3), there is
a monotone linear functional p:P—> R such that
q(x)< w(x) foral xeP and

wWa)s<p(a)<fla) forall aeA . O

(4.3) Theorem : Let AcP be a convex subset p:Po> R
a sublinear functional . Let f:A — RU {+o0} be a concave
Junction such that  f(a)<p(a) forall ae A .The Jollowing
two properties are equivalent :
(1) There exists a monotone linear functional n: P— R such that
Wx)<p(x) forall xeP and fla)<u(a) forall aeA .
(11) There exists an absorbing convex subset W with 0 e W c P
such that fla)<p(x)+A whenever a+Aw<x Jfor all

aeA ,xeP ,and L >0 .
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Proof : Let q(x):=sup{%f(7\,x)|7\,>0 , Ax € A}

and q(0)=0(Asusual , weset sup@P=-o ).

Then it is straightforword to check that q:P >R U {fo} isan

extended superlinear functional

Now we want to apply Theorem (2.9) , parts (i) and (ii) to

verify the equivalence between (i) and (ii) above .

(1) = (i) . Assume that the condition (i) of Theorem (4.3)
holds , then for xeP and A>0 with Ax € A wehave
fC A x)<p(rx) thus q( x)<pu( x)<p( x ) . By Theorem (2.9)(i)
there exists an absorbing convex subset W with 0e WcP
such that for all weW and x,yeP with xX+w<y we
have q(x)<p(y)+1 .Nowlet a+Aw<x for aecA ,
xeP, weW ,and A>0 . Then
a X a x
—+w< — and — )< — ) +1
y y q( }\) p( x)

or q( a )<p( x)+A but fla)<q(a) , thus

fla)<p(x)+Xi. (thecaseof A=0 iseasy ) .
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(i) >(@{).Let x,yeP and weW with x+twsy .
We show that q(x)<p(y)+1 .Forall A>0 with Lxe A

we have Ax+Aw<Ay thus  f(Ax)<p(Ay)+A or

%f( Ax) <p(y)+1 then q(x)<p(y)+1

By Theorem (2.9)(ii) there is a monotone linear functional n:P>R
suchthat up( x)<p(x) forall xeP and
fla)y<q( x)< w(a) forall aeA . O

The following generalization of the Hahn-Banach theorem for
vector spaces was proved by Bonsallin 1955 ( cf [29]P.13 ).

We are going to obtain it by using Theorem (4.3) .

(4.4) Theorem : (Bonsall) : Letr Q be a subcone in a vector
space. E , p:E—>R asublinear functional ,and suppose that
q:Q—>R s asuperlinear functional such that

q(a)sp(a) forall aeQ.
Then there is a linear functional w:E—R  such that

wx)<p(x) forall xeE and

qa)<uw(a) forall aeQ
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Proof : Consider the equality as an orderon E . Clearly, Q
is convex and q isconcaveon Q. Let W={weE|p(-w)<1}
then by Lemma (2.8)(i) W is an absorbing convex subset with
0 e WcE .Nowlet a+iw=x for xeE,aeQ , ,weW,
and A>0 ,then a=x-Aw and

q(a)=q(x~Aw)<p( x—Aw)<p(x)+ Ap(-w)<p(x)+ A.

Applying Theorem (4.3) we obtain the result . O

(4.5)Theorem : Let Q be a subcone of P and p: Q>R
a monotone sublinear functional . Suppose that there exists an
absorbing convex subset W with 0e WP such that for all
a,beQ and weW
at+twsb implies pla)<p(b)+1 . (*)
Then there exists a monotone sublinear functional p:Po>®R
extending p suchthatforall x,yeP and we W

x+tw<sy implies p(x)<p(y)+1 (* %)

Proof:Let xeP ,defineamap p:P—o> R by
p(x)=inf{p(a)+AL]| x+Aw<a for aeQ,weW A>0}.
Let xeP .As W isabsorbing, there exist 1,20, wy e W
suchthat x= A, w, ,let x+Aw<a for aecQ, we W |
A >0 then
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X+Aw=Rowo+Aw=0+(Ay+21) *o W + * yl<a
Ao +A Ao +A

thus by (*) 0<p(a)+(ry+L) or p(a)+A=2-2X, then

P(x)2-2p> - o

Then it is easy to verify that P  is a monotone sublinear functional
with p(a)=p(a) foral aeQ.Indeed,let aeQ .As
a +1-0<a foral A>0 ,wehave pP(a)<p(a)+Ar ,thus
P( a)<p(a).Forthe converse,let be Q,we Wand A>0 such
that a+Aw<b .Bycondition ( *) we have pla)sp(b)+A .
This shows p(a)< p(a) . It remains to show that p satisfies
(* *).Let x,yeP and we W with x+w<y. If p(y)=+w
then P (x)<p(y)+1, otherwise,forevery £>0 there exist
a €Q, wyeW | and A>0 suchthat y+Awyg<a and

p(y)+te=2p(a)+XL . Now

x+w+lw0=x+(7u+1)(xl—1w+ %lwo)zxwL(l-Fl)WSa
+ +

for w €W thus p(x)< p(a)+(A+1) ,and for every € >0

wehave PDP(x)<p(y)+e+1 hence P(x)<p(y)+1. O

49




In the following extension theorem , which is our main result of
this section we shall deal in a very general way with extensions for
linear functional on a subcone of an ordered cone . Our result allows a
wide range of special cases and is , like all our previous Investigations ,
of interest even in a vector spaces , because we allow , other than in the
corresponding classical results , the functionals p and q totake

infinite values .

(4.6) Theorem : Ler Q, and Q, be subcones of P.
Let p:P—>R beasublinear Junctional and let q: P — RU{* o}
be an extended superlinear functional . For a linear Junctionals
1:Q, >R and Hy:Qy > R the following are equivalent :
(1) There exists a monotone linear functional W :P— R such that
q(x)<p(x)<p(x) forall xeP,
w(a)zu,(a) forall aeQ,,and
w(d)su,(b) forall beQ, .
(1) There exists an absorbing convex subset W with 0 e W cP,
such thatforall x,yeP with q(x)>-o , a €Q; ,beqQ,,
and w e W:
xta+wsy+b implies q(x)+p(a)<p(y) -+ ny(b)+1.
Moreover | if (ii) holds , then [ can be chosen such that
ww)z-1 forall weWw .
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Proof : (i) = (ii) . Let Wi={weP:p(w)2-1} thenby
Lemma (2.8)(1) W is an absorbing convex subset with 0 e WcP.
Now let x,yeP with q(x)>-w ,aeQ; ,beQ, ,and
weW with x+a+w<y+b then

H(x)+p(a)+p(w)=p(x+a+w)

Sp(y+b)=n(y)+ n(bd)
but we have p(x)+p(a)+p(w)zq(x)+pu,(a)-1 and
p(y)+ w(b)<p(y)+u,(b) .It follows that
q(x)+py(a) <sp(y)+ py(b)-1.
() > () .For xeP set
P(x):=mf {p(y)+p,(b)+ 1 | x+Awsy+b |
A20,yeP,weW , 6 beQ,} .
q(x)=sup {q(y)+u(a) | y+as<x ,
yeP with q(y)>-o, aeQ,} .
Then we obtain :
(@) p(x)>=-ow  forall xeP .Let xeP.As W isan
absorbing subset , there exists Ao >0 and wy,e W  such that
x =RXowy .Let x+Aw<y+b for yeP, ,we W, beQ,,

and- A >0 then

XtAw=Lkowo+Aw= (Ly+2) *o wy + A,
Ao + A Ao +A

=0+0+(Ag+A)W<y+b
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for w e W | thus by assumption 0<p(y)+u,(b)+(Xy+2)
or p(¥)+uy(b)*A 2-%4, then P(x)2-2g> - o

(B)The map P:P—> R is a sublinear functional : Indeed ,

(Bl)Clearly p(ax)=o p(x) holdsforall xeP and o>0.
(B2) Let x;,x,€eP | if p(x )=+ or p(x,)=+w
then P(x;+ x, )<P(x,)+P(x,) otherwise,let & >0 be
given , then there exist Yi-Y,€P ,w,wyeW | b.b,eQ,,

and A;, X, >0 such that

_ €
p(x1)+—2-2p(y1)+u2(b1)+k1
and

_ g
p(x2)+‘2‘2P(y2)+H2(bz)+7hz’

such that  x;+ A, w; < y;+b  and  x,+A4, wy <y, + b,

which implies that

Ay Ay
wy +

(xp+x )+ (A + 7‘2)( W) )S(Yl + yo)H(by +b,)

thus  D(x; )+ P(x; ) +e2p(y; + ¥, )+, (by +by)+ ( Ayt Ay)
2p(x;+x,).

As this holds forall €>0 ,-we get P(x;)+P(xy)2p(x;+x,).

(y) Similarly , one may verify that q:P>Ru{xw} isan

extended superlinear functional .
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(8) Let x;,x,€P and wyeW suchthat x,+wy,< x, ,we
shall show that q(x;)<p(x,)+1 .Let y;,y,eP , with
q( y1)>-o , a€Q,,beQ, ,weW ,and A =20 such that

yita<x, and x,+Aw<y,+b then
Ntatrwy+tdAwsx +wy+Awsx,+Aws<y,+b

and y, ta+(l1+A)w' <y,+b forsome w'eW , andby
assumption  q( y; )+ py(a) <p(y; )+ uy(b) +(1+21) , therefore
q(x))< p(x,)+ 1. Now by Theorem (2.9 )(ii) there exists a monotone
linear functional [i: P — R such that q(x)<u(x)<p(x)
for al xeP . As p(x)<p(x) and q(x)<q(x) forall

xeP wehave q(x)<q(x)<u(x)<p(x)<p(x). Since
q(a)zp (a) forall aeQ, , and p(b)<p,(b) forall beQ,
we have

u(a)zp(a) foral aeQ;, and p(b)<p,(b) forall beQ,.

Moreover by Theorem (2.9) , we canchoose [ such that

p(w)=z-1 forall weW . g

We shall consider a variety of special cases of this very general
result . First we observe that for Q,=Q, ={0} Theorem (4.6)
reduces to the generalized sandwich theorem (2.9) If Q;=Q, and

u;=p, , then we obtain a criterion for the existence of an extention
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of a given monotone linear functional on a subcone to a monotone
linear functional on the whole cone P .
In our first corollary we shall formulate the case when q does

not take the value (—o) .

(4.7) Corollary : Let P,Q;,Q,,p, u;,and pu, be
as in Theorem (4.6) , and let q:P >R bea superlinear
functional . The following are equivalent :

(i) There exists a monotone linear functional ©:P—> R  such that
q(x)su(x)<p(x) forall xeP,
u(a)yzp,(a) forall aeQ, ,and
n(b)<u,(b) foral beQ, .
(i) Forall x,yeP ,aeQ, ,and beQ, :

xtasy+b implies q(x)+p(a)<p(y)+ puy(b) .

Proof : (i) is clearly necessary for (i) . For the converse,
assume that (ii) holdsandlet W:={weP:q(w)>-1} thenby
Lemma (2.8)(1) W is an absorbing convex subset with 0 € W < P.
Let x,yeP,aeQ,, beQ,,and we W with x+a+w<y+b
then by assumption q(x+w)+pu,(a)<p(y)+u,(b) but we
have x)-1<q(x)+q(w)<q(x+w) which implies that

q(x)+uy(a)<p(y) + py(b)+1,
and Theorem (4.6) (ii) applies O
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Also we can notice that the case Q; =Q, = {0} in Corollary

(4.7) reduces to the basic Sandwich Theorem (2.3) .

Next we consider the case that q: P —> Ru{t «} defined by

q(x)=—o , for x#0 ,q(0)=0 .

(4.8) Corollary: Let P,Q,,Q,,p,u;,and n, be

as in Theorem (4.6) . The following are equivalent

(i) There exists a monotone linear functional [ :P— R such that

w(x)<p(x) forall xeP ,

uw(a)zp,(a) forall aeQ, ,and

n(b)<u,(b) foral beQ, .

(i1) There exist an absorbing convex subset W with 0e WP

such thatforall yeP ,aeQ,, beQ,,and w e W:

a+twsy+b implies  p(a)<p(y)+pu,(b)+1.

Proof : Definethemap q:P—> Ru{t o} by q(x)=-,
for x#0,q(0)=0.Letx,yeP with q(x)>-o (x=0),
aeQ, ,beQ, ,and weW with x+a+w<y+5b then

q(x)+py(a) Spi(a)<p(y) + py(b)+1,

and Theorem (4.6) applies . O
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For p:Po>®R definedby p(x)=+ow for x#0 ,and

p(0)=0 we obtain from Theorem (4.6) :

(4.9) Corollary : Letr P,Q;,Q,,q, 1n;,and p, be

as in Theorem (4.6) . The following are equivalent :

(i) There exists a monotone linear functional W:P—> R such that

q(x)<u(x) forall xeP
p(a)zp,(a) forall aeQ, ,and

H(b)<u,(b) forall beQ, .

(1) There exists an absorbing convex subset W with 0e WcP
such that for all x eP with q(x)>-0 , a€eQ,, beQ,,and

w e W:

xta+wsb implies  q(x)+p(a)sp,(b)+1.

Proof : Definethemap p:P— R by p(x)=+wx ,for
x#0 ,p(0)=0 .Let x,yeP with q(x)>-o , aeQ,,

beQ, ,and weW with x+a+w<y+b then

q(x)tuw(a)Spy(b)+1<p(y)+ py(b)+1. O

Combining Corollaries (4.7) and (4.9) yields :
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(4.10) Corollary : Let P,Q,,Q, ,u,,and n, beas

in Theorem (4.6) ,andlet q:P— R be a superlinear functional .

The following are equivalent :

(1) There exists a monotone linear functional pn :P — R such that
q(x)<u(x) forall xeP,
w(a)yzp,(a) forall aeQ, ,and
n(d)<u,(b) forall beQ, .

(i) Forall xeP ,aeQ, ,and beQ, :

x+a<b implies  q(x)+u,(a)<u,(b) .

Proof : Definethemap p:P—> R by p(x)=+cw ,for
x#0 ,p(0)=0 andset W={weP:q(w)=-1} thenby
Lemma (2.8) W is an absorbing convex subset with 0 € W c P . Let
x,yeP,aeQ,,be€Q,,and we W with x+a+w<y+5b then
q(x)-1+p(a)<q(x)+q(w)+u(a) sq(x+w)+p(a)

<p(y)+ ny(b). O

The combination of Corollaries (4.8) and (4.9) yields:

(4.11) Corollary : Let P, Q;,Q,,u;,and n, beas
in Theorem (4.6) . The following are equivalent :
(i) There exists a monotone linear functional pn :P — R such that
p(a)yzp,(a) forall aeQ ,and
w(b)<pu,(b) forall beQ, .
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(11) There exist an absorbing convex subset W with 0e WcP
suchthatforall aeQ,, beQ,,and w e W:

a+ws< b implies pn(a)sp,(b)+1.

Proof: Definethemaps p:P—> R by p(x)=+ow , for
x #0 ,p(0)=0 and q:P>RuU{tw} by q(x)=-ow , for
x#0,q(0)=0 .Let x,yeP with q(x)>-o , aeQ,,
beQ, ,and weW with x+a+w<y+5H then

q(x)+ p(a)< py(b)+1<p(y)+ py(b)+1 O

(4.12) Corollary :Let E be an ordered vector space over
R and Q c E beasubspace.Let p:E—>R beamonotone
sublinear functional , then for every linear functional pn:Q—>R
with  w(a)<p(a) forall ae Q,thereexists a monotone linear
Sunctional pw:E—>R  suchthat

w(a)=wa) forall aeQ, and

p(x)<p(x) forall xeE .

Proof : Let W={weE:p(-w)<1} thenbyLemma
(2.8)(11) W is an absorbing convex subset with 0 e W P. Let
yeE, aeQ,and w eW with a+w<y then

u(a)< p(a)spla+w)+p(-w)<p(y)+1 ,
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thus by Corollary (4.8) with Q, = {0} there exist a monotone
linear functional p :E —>R suchthat p(x)<p(x) forall xeE
and p(a)=p(a) forall aeQ ,but p(-a)>pu(-a) which
implies that p(a)=p(a) forall aeQ. O

Note that in Corrollary (4.12) the functional 1 was not
explicitly required to be monotone on Q . We observe that the usual
Hahn-Banach type theorem for vector space (see [ 17 ] P.62 ) follows
directly from Corollary (4.12) just by replacing the order " <" by the

equality.

(4.13) Theorem : Let p:P— R be a monotone linear
functional , and let p,,p,,,p, :P— R be sublinear functionals
such that pi(x)=20 forall xeP, i=1.2,..,n . Suppose
that there exists an absorbing convex subset W with 0e WP
such that forall x,y;,zeP ,and w; eW :

x+w; <y, +z implies p(x)<sup{p;(y;)}+u(z)+1 ,i=12,..,n

then there exist monotone linear functionals pq,u,,....1L, PR

such that
ni(x)<p;(x) forall i=12,..n and

p(x)=py(x)+py(x)+-+p,(x) forall xeP.
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Proof : Set P :={(x;,x,,....x,)|x; €eP,i=12,...n } and
denote the diagonalby Q :={(a.a,...a)lacP}.Then P isan

ordered cone if the order relation and the operations are defined

pointwise . Obviously Q isasubconeof P .We define a
monotone linear functional ©:Q — R by
H(aa,...a)=wa) forall aeP.
Let W = {(wi,wy,...ow,) |w, e W, i=12,..n} ,then W
is an absorbing convex subsetwith 0 € WP .Let p:P >R
defined by
P(xy,xy,....x,) =sup {p;(x;)| x;, €eP,i=12,...n}
then P is a sublinear functional :
(@) Clearly  p(A(x;,%5,...,%,))=ADP(x;,%,,...,x,) forall
A20 and (x,,x,,...,x,) €P.
(B)Let X=(x;,x;,...,x,) and J=(y,,¥5,...,y,)€ P then
P(xX+ y)=P((x1+y1,% + Yy, X, +1,))
=sup { pi(x; +y)| (x;+y)eP,i=12,...n}
Ssup { pi( X))t pi(¥y)x,y€P,i=12,...n}
<p(x)+p(y).
Furthermore, for (y;,¥,,...,¥,) € P , (a,a,....a), (b,b,...h) €Q ,

and (w;,w,,..,w,) e W with

@,a,...a)+ (Wi, Wy,....w,) <(¥1,Y2,...,¥,) T (b,b,....b),
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wehave a+w; <y, +b forall i=12,..n ,thus by assumption
w(a)<sup{p;(y)}+w(b)+1 forall i=1,2,...,n , therefore
wa,a,...a) <p(¥1,Yy - ¥, ) + 1(b,b,...0)+ 1 .
Now by Corollary (4.8) with Q,=Q,=Q and p,=p,=p,
there exist a monotone linear functional : P> R suchthat
:(a,a,...,a) =u(aa,.,a) forall aeP ,
and :s p on P . Define the maps
n(x)= :( A;x) forall xeP and i=1.2,..,n
where A; x=(0,0,...,0,x,0,...,0,0) , that is, x is the i-th component of

A; x and all other components are zero . Then ; are monotone

linear functionals and
u(x) = B(x,...%) = B(x,..x) = E[ZA,x}ZE(A,n{ui (x)
i=1 i=1 i=1

forall xeP and ui(x)=;(Aix)s p(A;x)=p;(x). O

(4.14) Example : Of course ,our result contains the classical

Al ) be normed

Hahn-Banach theorem for normed spaces . Let (E ,
space , QcE Dbeasubspace,let pu :Q—> R be bounded linear
functional , that is , |p(a)|<Ala| forall aeQ ,for some real
number A . Then by considering the sublinear functional p:E— R
defined by p(x)= ]| p.H []x“ , and applying Corollary (4.12) there

exist a linear functional u:E—> R such that
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B(a)=pu(a) forall aeQ,and |p(x)|<p(x)=|p|]| x| foral

xeE tus |E|s|u] andhence |E|=[u] .

(4.15) Example : Let (E,<) be an ordered vector space
and let F bea cofinal linear subspace of E (thatis , if for all
x 20 m E thereisan aeF suchthat a>x ).Let pn:F> R
be a positive linear functional (thatis, p(x)>0 whenever x>0).
Define the monotone sublinear functional p:E—> %R by

p(x)=if{u(a)|x<a,aeF}

then w( a )<p(a) for all aeF. Indeed, let a,b € F such that a<b
then p(a)<p(bd) and w(a)< inf{u(b)|la<b,beF}=p(a).
Applying Corollary (4.12) there exists a monotone linear functional
B E—> R such that

p(a)=p(a) forall aeF and p(x)<p(x) forall xeE .
Now let xeE,if x>0 then —x<0(0eF), p(~x)<u0)=0,
and - u(x)=p(-x)<p(—-x)<0 ,therefore n isa positive
linear functional .

The next example will show that a linear functional on a
subspace of a vector space which is dominated by non-finite sublinear
functional may not always be extended to the whole space . By this
example we can say that the conditions in Corollary (4.8) are essential .

For other examples see Examples (2.16) and (2.17) .
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(4.16) Example : Consider the subspace Coo Of /4 the
vector space of all bounded sequence ; thatis, x=(x; ), .ne¢® ifand

only if sup{|x;| |[ieN}<ew .Let p:¢* = R be defined by

8

p(x):=Y (sup{x;,0}) forall x=(X;);enE L™ .

1

Then p isasublinear functionaland p(x)>0 forall xe ¢®.

Let p:coy >R defined by

wa)= Zai forall a=(a;);cneE cqp -
i=1

Then p is a linear functional with Wa)<p(a) forall ae cy,.
We claim that there is no linear functional that extends 1 andis
dominated by p . Assume on the contrary there is a linear functional
B £%—> R suchthat [(a)=p(a) forall aecy ,and
H(x)<p(x) forall xe ¢ . Now forevery X=(x;);en€ L%
with  x<0 wehave p(x)<p(x)=0 thus for every x>0 |

p(x)20 . Now consider z=(1,1,...) € /* then z=12z,+z, where
n n

zy =(fj,0,...,0) , Zy =(m,l,...,1)
Thus H(z)=;—1(zl+22)=E(zl)+ﬁ(zz)=n+7u where A >0
then p(z)=n ,and as this holds for all » ,weget u(z)=+o,
that is a contradiction , as linear functional can take only finite values

on a vector space .
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S. SEPARATION THEOREMS

The results below are often refered to as separation theorems .
Theorem (5.1) involves the separation of a convex subset and an
absorbing convex increasing subset of an ordered cone by a monotone
linear functional . The separation of two convex subsets with an
additional condition is discussed in Theorem (5.2) . Again we shall
assume that P is an ordered cone throughout this section and recall

the basic Definition (1.13) .

(5.1) Theorem : Let A,B be two non-empty disjoint convex
subsets of P_.If B is absorbing, 0eB , and increasing , then
there exists a monotone linear functional 1:P— R such that

n(a) < -1 < u(b) Jorall aeA and beB.

Proof :Set p(x)=inf{ A >0|xeAB } forall xeP.
As B isabsorbing, wehave p(x)e [0, +o) , and it is easy to
see that p isa sublinear functional with p(5)<1 forall b e B .
Let x,yeP with x<y and A>0 suchthat xe AB,but B
1S increasing then y € AB and p(y)<p(x). Thus, the
functional q( x )=-p(x) isa monotone superlinear functional , and
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q( ) 2-1 foral beB.Nowlet aeA . Then p(a)>1
(otherwise A NB # & ), hence for the convex functional f: A —-»%R
defined by fla)=-1 forall a e A, we have q(a)<fla)=-1
for all aeA .Now we apply Theorem (4.2) with the convex subset
A and the maps f and q . There exists a monotone linear
functional p:P— R such that

ma)<-1<w(b) forall aeA and beB. 0O

(5.2)Theorem :Let A and B be two non-empty disjoint
convex subsets of P . If B isdecreasing, 0eB andif

there exists an absorbing convex subset with 0 eW c P such that

with D= U MA+W) |, ( thatis, the subcone generated by
A20

A+W),wehave (A+D)NB=QO , then there exists a monotone
linear functional pw:P—> R such that

w(b)y<l<u(a) forall aeA and beB.

Proof :Set p(x):=inf{A>0|x e AB} forall xeP.
Then p isamonotone S};blinear functional with p(a)=>1 for all
a € A (otherwise AnB=).Nowlet f=1 on A We shall show
that f(a)= 1<p(x)+XA whenever a+Aw<x forall xeP,

ae A,weW and A20.As p is monotone , it is enough to show
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1 <p(a+Aw)+A. Assume on the contrary that pla+Aiw)<1-A,
since p(x)20 forall xeP,A<1 and atwe(l-A)BcP,

( B isconvexand 0eB ). Thus

—1—(a+kw)=a+ (a+w)eB

1-A 1-A
but

a+ A (a+w)e A+D
1-A
thus BN (A+D)=# @ which is a contradiction . Applying Theorem

(4.3) there exists a monotone linear functional n:P—> R such that

wb)<l<u(a) forall aeA and beB . 0O

(5.3) Example : Consider the vector space E = Coo ,with
the pointwise order and let
A={x= (x,- )ieN # 0| the last non-zero element x; is negative }
B:={x= (x,- )ieN # 0| the last non-zero element x; is positive }u {0}.
Then A and B are non-empty disjoint convex subsets of E ,
0 e B and B isincreasing, but there is no linear functional u
that separatess A and B asin Theorem (5.1) . Assume to the
contrary that thereissuch p:E — R, and set (e )=o;>2-1.
Since (e;—ee,)e A forall e>0 and k >i then

W e—ce, )=a,—ea, <-1

thus -1 <a; <ea,~-1 forall € >0 hence o, =-1 ,for

al 7 eN | butfor n>3, b=(e,+ey+...+e,)—e, | €B
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and p(b)=>-1 but  w(b)=-(n-1)< -2  whichisa
contradiction . One can also notice that the assumption of Theorem
(5.1) does not hold , that is ; B isnot absorbing . Indeed ; B

obviously does not absorb the elements of A .

(S.4)Example: Again consider the vector space E =Cqq »and let
A= {x=( X; )’. n* 0| the last non-zero element x; is positive }
B:={x= (x,. )ieN:& 0 | the last non-zero element x; is negative } L{0} .
Then A and B are non-empty disjoint convex subsets of E ,
0 e B and B is decreasing . A similar argument as in Example
(5.3) shows that there is no monotone linear functional L as
in Theorem (5.2) . Notice that the assumptions of Theorem (5.2)do

not hold , thatis ; there is no any absorbing convex subset W

with 0e Wy, suchthatwith D= U L(A+W) , wehave
2>0

( A+D)nB= . Indeed ;assume that there is such W | since

—-e; =(-1,0,...,0) e ¢y, thereis a >0 such that (~ae ) eW.

-2

3 e e (A + W) and

Since %eleA , %e1+(—oce1)=

o] a - -
(3 e1)+(§ el+(—-ael)j =3 a €eA+D

but Ta eeeB thus (A+D)NnB=g , therefore there

isnosuch W .
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(S.5) Example : Consider the subset A of Coo asin
Example (54) . Let 0#u:E—>R be a linear functional , then
H( e;)=0 for some ieN ,as Ae,+e,, €A forall AeR,
and WAe +e, )=Au(e )+u(e,,;) maytake on any value
by choosing A appropriately. On the other hand {0} A= |,

and they can not be separated by a non-zero linear functional

From Examples (5.3) , (5.4) and (5.5) , we notice that the
conditions on the convex subsets A and B are essential . It is
however of interest , particularly in optimization theory , to know that
arbitrary non-empty disjoint convex subsets in the n-dimensional

Euclidean space $R" can always be separated by a linear functional

( [26]P.167) .

(5.6) Example : Let E beany vector space, A , B be
non-empty disjoint convex subsetsof E ,andlet B be absorbing
with 0 € B . By using equality as an order and apply theorem (5.1)
there exists a linear functional v :E-— R such that

v(a)<-1<v(b) foral acA and beB .
Moreover , by setting p=-v we get

Wb)<l<su(a) forall aeA ,bheB.
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6 .A UNIFORM BOUNDEDNESS PRINCIPLE

In this section we give a version of the Hahn-Banach theorem for
ordered cones which , though purely algebraic , implies the uniform
boundedness principle and the open mapping theorems for normed
spaces without using Baier's Category Theorem as the usual proof

does . For vector spaces , this result was derived in [22] .

Throughout this section ,let (P, <) be an ordered cone .

(6.1)Definition : Let U be a set of monotone linear
functionals LW:P >R . U issaid to be pointwise bounded
on a subset A c P ifforall aeA thereexists iy20
such that  |p(a)|<iy foral peU ,and U s said to
be uniformly bounded on AcP if thereexists A>0 such that
|n(a)] <A forall aeA and neU . Amap p:A - R
is said to be bounded on A if and only if

sup{‘p(a)f |laeA} <o
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(6.2) Lemma : Let A cP andlet U beaset of
monotone linear functional p: P —> R suchthat U s

pointwise boundedon P, but not uniformly bounded on A .

There are p; €U and o, 20 for i=0,1,2,... ,suchthat

Z a; =1 , and the monotone linear functional defined by
i=0

w(x)= Zai u; (x) is unbounded on A
i=0

Proof :If U contains a linear functional that is unbounded
on A ,say p ,thenbysetting u,=p , ap=1 and a,=0
for i>1, we getthe result . Otherwise , if all linear functionals in
U areboundedon A , define a map

p(x):=sup{lu(x)llueU} forall xeP
Then p is a sublinear functional on P and attains only finite

values. By mathematical induction we select linear functionals p ;€U

1 : .
and a; >0 as follows : We set al=5 , and Since U isnot

uniformly bounded on A ,we choose xy€A and p; € U such
that lul (xl)l 22 . Assume that it is true for i=n -1, and we will
show that is true for i=#n as well . Since Jforall i=1.2,.. .n-1,

P(x; )2 [u;(x;)] 22 . For n>2 ,wechoose «.  such that

1 1
O<oa,<y—, ——
{2" 2" p(x;)

n

|i=1,2,...,n—1}.
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Because all the linear functionals Uy, Hy,..., i, were supposed
to be bounded on A but the set {wa)laeA,neU} is

unboundedon A , we can find n,eU, x, € A suchthat,

n-1

Z Q; ui(xn )+an ) (xn )
i=1

2n .

n

Z aiui(xn)

i=1

Finally ,weset o,=1- Zai and choose any p,eU.
i=1

Then the map u(x)=Za,-u,- (x) forall xeP ,definesa
i=0

linear functional , which we were looking for :Indeed, for every

x € P the series Za, u; (x) is convergent , because
i=0
fui(x){Sp(x)<+oo and }ailszii forall i=0,1,..

Furthermore , forevery ne N ,we compute that

| n(x,)|= 2% My (x,)
> Zla () - il 1y (%) = 1o (5,)]
>n - ._ila,- p(x,) = | 1o (x,)|
> 5 - z =l (5,)

2n-1- IHO(xn)l
Now  Sup{ lu(xn)] |neN}=+w | because Lo was supposed

to be bounded on A . This concludes the proof . O
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(6.3)Theorem : Letr p:P— R  be a monotone sublinear
Junctional . Furthermore suppose that there exists an absorbing
convex subset W with 0e WcP  suchthat

p(x)<p(x+w)+1 forall xeP ,weW .
Let AcP . If p isunboundedon A ,then there exists a
monotone linear functional |n:P— R such that
Wx)<p(x) forall xeP |,

and n  is also unbounded on A

Proof : The proofis concluded by the following three cases :

Case (1) : If inf{p(a):ae A} =-o then the same holds for
every linear functional p  that is dominated by p . By Corollary
(2.12) there is at least one such . , and hence our claim is obvious
Case (2) : If there exist a,€ A suchthat p(ay)=+w |,
then again by Corollary (2.12) there is nwP >R such that
u( x )<p(x) forall xeP and u(ag)=p(ay)=+o .
Thus p  isunboundedon A .

Case 3) : If sup{p( a):ae A} =+ thengiven neN ,
there exist a, € A suchthat p( a,)z n .By Corollary (2.12)
we get a linear functional p, such that w,(x)< p(x) forall
x e P with p,(a,)=p(a,)>n and n,(w)=-1 forall
weW . Let Q:=cone(A) ,then p isfinite forall 5 e Q.
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n
Indeed ; since bzz:kia,. for A, 20 and a; €A then
i=1

p(b) < Y A;p(a;) < +o .
i=1

Moreover , since W is absorbing ,forall b € Q there exist
Ay, 20 and weW suchthat b=2A,w . Thus it follows from
B (B)=p, (Ayw) =Ly pn, (W)2-2,

that

-Ap<pu,(b)<p(b) foral neN .
So the set U:={pn, |neN} ofmonotone linear functionals is
pointwise bounded on Q and sup{ p,(a):aeA}=>n
Therefore U isnot uniformly boundedon A . By Lemma (6.2)

there exists a monotone linear functional p on Q whichis

unboundedon A and «; 20 i=0,1,...suchthat > o; =1 and
i=0

h(b)=Youp(b) for beQ
i=0
thus
R(B)= Yo (B)< Y ayp(b)=p(b) forall beQ .
i:O I=0

Nowfor yeP ,aeQ and we W with a+w< y wehave

wa)sp(a)sp(a+w)+rl<p(y)+1.
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By Corollary (4.8) with Q;=Q ,Q,={0} ,u;=p and u, =0
there exists a monotone linear functional [t :P—> R such that
w(x)<p(x) forall xeP ,
and pu( a)<u(a) forall aeQ. As p isunboundedon A,

p  isalso, and our proof is complete . O

(6.4)Corollary :Let p be afinite sublinear functional on a
vector space E andlet AcE .If p isunboundedon A,
then there exists a linear functional W  such that

wx)<p(x) forall xeE

and W is also unbounded on A

Proof : Consider the subset W:={weE:p(-w)<1},
then by Lemma (2.8)(ii)), W is an absorbing convex subset of E
with 0 € W . Furtheremore ,forall xeE and weW we
have p(x)<p(x+w)+p(-w)<p(x+w)+1 , whence by

Theorem (6.3) we get the result . O

Note that Corollary (6.4) recovers the basic version of the Hahn-

Banach theorem for vector spaces , if we choose the subset A =E .
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For a normed linear space E over R we denote by
E* , its algebraic dual, thatis, the vector space of all real- valued
linear functionalon E ,andby E’, itsnormed dual, thatis, the
subspace of E*  of all continuous linear functional on ~ E
Recall that asubset A of a normed space is norm-bounded |, if the
set of the norms of its elements is bounded .That is, if and only if
there exist A>0 suchthat |a| <A forall ae A .A subset
AcE 1s said to be weakly bounded ,ifforall pe E’ there

exist A, such that

n

Iu(x)lékH forall xeA .

We know that one of the most important basic principles for
normed spaces is " The uniform boundedness principle " and one of
the most important consequence of it is the following : " A subset
A c E 1nanormed vector space , is weakly bounded if and only if A

"

1s norm-bounded . And the usual proof of this theorem uses the
uniform  boundedness principle which involves the Baier Category
theorem ( [17]P.73 ) and ( [27]P.170 ), but we introduce another

proof which depends only on Corollary (6.4) as follows :
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(6.5) Corollary : Let E  be a normed linear space and
E’ thenormeddualof E ,then AcCE isnorm- bounded if

andonly if A is weakly bounded .

Proof : Clearly every bounded set is weakly bounded ,
conversely , let A be weakly bounded and suppose that A is
not bounded . Let p:E—> %R bedefinedby p(x)=|x| then p
is an unbounded linear functional on A and by Corollary (6.4) there
exists pueE’ with p(x)< p(x) forall xeE , suchthat p
is not boundedon A .Thus A isnot weakly bounded , which

is a contradiction . O
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CHAPTER III

LOCALLY CONVEX CONES

This chapter contains our study of topologies on cones . The
material has been arranged into three sections . In section seven we
discuss the locally convex structure on our cones . Section eight deals
with the properties of uniformly continuous operators F maily, the ninth
section deals with the dual cones and extension of linear functionals on
a locally convex cone . The theory of locally convex cones that we are

going to present was devoloped by Keimel and Roth in [13] .

7. DEFINITIONS AND BASIC CONCEPTS

In this section we will introduce three topologies on a given
preordered cone ; the upper, lower and symmetric topologies . Before
we define these topologies , we shall introduce some definitions and

basic properties .
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(7.1) Definition : Let P be a preordered cone . A subset V
of P iscalled an abstract 0-neighborhood system , if the following
properties holds :

(1) 0<v forall veV.
(2) Forall u,veV thereis we V such that
w<u and w<v.
(3) u+veV and aveV whenever u,veV and a>0.
By v>0 wemeanthat v>0 but v£0 .Onecould say that V
1s a " subcone without zero directed towards 0 " . The elements
x+tv ,vevV,

may be called abstract neighborhood system of xeP.

(7.2) Definition : Let V be an abstract 0-neighborhood
system . A subset UcV iscalled abase of V | ifforevery

veV thereis ueU andan o>0 suchthat oqu<v.

(7.3) Definition :Asubset U of P issaidtobe an
abstract 0-neighborhood base , if the following properties hold :
(1) O<u forall ueU.
(2) Forall uyveU thereis weU andan a>0 such that

awsu and aw<vy.
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(7.4) Theorem : 4 subset U of P isa base for some
abstract  0-neighborhood system if and only if U is an abstract

0-neighborhood base .

Proof : Let U  be abase for an abstract 0-neighborhood
System V . Then:
(1DAs UcV ,0<u forall ueU.
(2) Let wuveU ,thenthereis weV suchthat W <u and
w <v .But U 1isabase , thenthereis weU and o>0
suchthat aw<w whichimpliesthat aw<wu and oaw<v .

Conversely , let U be an abstract 0-neighborhood base and let
n
V:={ Zociu,. | o; >0,y eU,neN} :
i=1

Then UcV and V satisfies the following :
(1) O<v forall veV .

n m

(2) For u=Zaiu,- and v=2[3,-v,- there exists w € U and
i=1 i=1

an >0 suchthat ow<oau; and aw<B,v,.Thus

n m
awSaluISZa,ui=u and GWSB1V1SZBivi=V-
i=1 i=1

n m
(3) For u=Zaiui and v=ZBivi we have
i=] i=1

n m
u+ v=2aiui + ZBI-v, eV , and
i=1 i=1

au=Z(aa,)ui eV forall a>0. O

i=]
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(7.4) Definition : ( Locally convex topologies ) . Let P be
a preordered cone witha O-neighborhood system V . For xe P
we define
v(x);={yeP|y<x+v} ,veV
to be a neighborhood of x in the upper topology , and
x(v)={yeP|x<y+v} ,veV
to be a neighborhood of x inthe lower topology .
One easily verifies that these neighborhood systems define indeed
topologies on P . The common refinement of these two topologies is

called the symmetric topology on P .

(7.6) Remarks :
(1) Note that the v(x) are decreasing convex subsets and the x( v)
are increasing convex subsets of P .
(2) The neighborhoods in the symmetric topology are both convex and
order convex .
Thus , all of these three topologies merit to be called locally convex .
(3) Of course , the upper and the lower topologies are in general far

from being Hausdorff .
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(4) Since all of the three topologies are defined in terms of the
preorder on P, we will not need to work with them explicitly . In fact,
all the properties will be expressible by means of the ordering and the
0-neighborhoods alone .

We also consider subcones Q of P notnecessarily
containing V . They will be endowed with the topologies induced

from P as follows:

(7.7) Definition : Let P be acone with a 0-neighborhood
system V andlet Q beasubconeof P .Forevery aeQ
we define the neighborhood bases for the upper and the lower
topologieson Q by

vo(a)={beQ |b<a+v} ,veV,
ag(v):={beQ la<b+v} ,veV

respectively .

(7.8) Definition : Let P be acone with a 0-neighborhood
system V .For veV  anelement xeP iscalled
upper v-bounded ,if x<ov forsome a>0 ,
lower v-bounded ,if O0<x+oav forsome o>0,
v-bounded , if it is both lower and upper v-bounded .
An element x e P iscalled upper (lower) bounded , if it is upper

( lower ) bounded forevery veV .
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The following is straightforward :

(7.9) Proposition : Let P be a cone with a 0-neighborhood
system V .Theset B(v) ofall upper v-bounded and likewise the

set B of all upper bounded elements is a decreasing subcone in P.

Now we are ready for our main definitions :

(7.10) Definition : let P be a cone with a 0-neighborhood
system V . Thepair (P,V) iscalleda ﬁrl” locally convex cone

if every element of P  is lower bounded .

In a full locally convex cone the bounded elements therefore

coincide with the upper bounded ones .

(7.11) Definition : Let (P,V) be a full locally convex cone .
A locally convex cone isapair (Q,V) where Q isasubcone
of P .

Of course , Q inherits the preorder and the topological
structure of P . One can notice that we neglect to indicate P in
the notation , that is because the elements of the form

a+tv with aeQ and ve{0juUV
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form a subcone of P already containing V and determine the
neighborhoods in  Q . Butone hastokeepinmindthat Q 1in
general does not contain the 0-neighborhood system .

If the locally convex cone  Q isa vector space , thatis ,
contains all negatives of its elements ,thenforall a,be Q and
veV

b<a+v ifandonlyif b-a<v .
In this case all elements of Q arebounded , asthey and their
negatives are bounded below , and the neighborhoods of 0 with
respect to the symmetric topology are given by
vo=v(0)NO0(v):={beQ|b<v and 0<b+v}
={beQ|b<v and -bH<v} .

They form the basis for a locally convex vector space topology
on Q .

The following are our standard examples for locally convex

cones .

(7.12) Example : The cone R  will always be endowed
with the abstract neighborhood system V={ce®R|e>0} .For
x € R the upper and the lower neighborhoods are given by

e(x)={yeR|y<sx+e}=(-0,x+¢],
x(e)i={yeR |x<y+e} = [x—€,+ ]
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respectively , while for x=+ oo the entire cone R is the only
upper neighborhood , and {+ o} 1is the only one for the lower
topology . The symmetric topology on R s the usual topology on

R with {+o} asanisolated point .

(7.13) Example : Let E bealocally convex topological
vector space with a O-neighborhood base V  consisting of convex
neighborhoods V of 0 in E .Since conv(E) contains V |,
1s ordered by inclusion , and all its elements are bounded below |
( conv(E) , V) s a full locally convex cone .This induces three
topologies on conv(E) given by the respective neighborhood base
for A e conv(E)
in the upper topology V(A) ={Beconv(E) | BCc A+V}, VeV
in the lower topology A(V) ={Beconv(E) | AcB+V},VeV
in the symmetric topology V(A)NA(V), VeV .

Identifying elements of E  with singleton sets, E is naturally
embedded in  conv(E) , thus (E,V) isalocally convex cone .
The preorder induced on E is just the equality , and all the three
topologies on  conv(E) coincide with the given locally convex

topologyon E .
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(7.14) Example : Let (E,<) be an ordered locally convex
topological vector space with O-neighborhood base @V . For
A, B € conv(E) , we define
A<B ifforevery ae A thereissome beB suchthat a<b.
Since conv(E) contains V, and all its elements are bounded below
we realize that  (conv(E), V) is a full locally convex cone . By
considering the elements of E as a singletons, (E,V) is alocally
convex cone . Note that the upper and lower neighborhoods of an

element x € E are given by

Ve (x):={yeE | {y}<{x}+V}, VeV,
xg(V)i={yeE[{x}<{y}+V}, VeV,
respectively . In particular , the upper neighborhoods of xeE
contain all elements smaller then x, the lower neighborhoods all larger
ones . The symmetric topology on E consist of the 0-neighborhoods
Vo =Vg(0)NO0g(V)={yeE [{y}<V and —{y}<V}
={y€E |y<u and -y<v for u,veV} 6 VeV.
If VeV isorderconvex,then Vy=V | thatis, the symmetric

topology on E coincides with the original one .

85



(7.15) Example:Let (P,V) be afull locally convex cone .
If we identify the elements of V with singleton sets v = {v} , then
V={v|veV} is a subsetof conv(P),which can be preordered
using the preorder of P .For A, B e conv(P) , we define
A<B ifforevery ae A thereissome b e B suchthat a <b.
Since P is a full locally convex cone , all its elements are bounded
below which implies that all elements of conv(P) are boﬁnded

below , thus (conv(P), V) is a full locally convex cone .

Furthermore ,let (Q,V) be alocally convex subcone of some
full locally convex cone (P,V) ,then conv(Q) 1is a subcone of
conv(P) ,thus (conv(Q),V) is a locally convex cone . Generally , for
every subcone Q of non-empty convex subset of Q , the pair

(Q,V) isalocally convex cone .

We shall also consider the families Dconv(Q) and
DClconv(Q) of decreasing convex subsets , respectively closed
decreasing convex subsets of Q , where closure is meant with
respect to the lower topology on Q . If we slightly modify the
addition ( c.f. Examples (1.15) and (1.17) ), both sets will become
cones as well :
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A®B=l(A+B) for A, BeDconv(Q)
ABB=((A+B)) for A, BeDClconv(Q)
where m denotes the closure with respect to the lower
topology , that is ,

A={beQ|forall veV thereis acA suchthat b<a+v}
for A e DClconv(Q) . (c.f [13] Chapter I, Proposition (3.4) ),
with the preorder and the abstract neighborhood system induced by
conv(Q) ( which coincide with the inclusion in the case of decreasing
sets ) ,both (Dconv(Q), V) and (DClconv(Q), V) then are

locally convex cones .

(7.16) Example : Let F(X,P) be the cone of P-valued
functions onthe set X , where (P,V) is a full locally convex cone .
If we consider the pointwise order of  F(X,P) and identify the
elements v eV with the constant functions

f(x)=v forall xeX,
then V isasubsetof F(X,P) and defines an abstract neighborhood
system there . Of course , not all functions in F(X,P) will be
bounded below . So we have to restrict ourselves to the subcone
B,(X,P) which consist of all elements that are bounded below , and

(B,;(X,P),V) thenis a full locally convex cone .
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Again if (Q,V) isalocally convex subcone of (P,V), every
subcone of (B;(X,Q),V) isseentobe alocally convex cone as
well . If , in particular, X is a topological space , we can consider
the following subcones of F(X,Q) :

The cone C,(X,Q) of functions continuous with respect to

the upper topologyon Q ,
The cone C,(X,Q) of functions continuous with respect to
the lower topologyon Q ,
The cone C, (X,Q) of functions continuous with respect to
the symmetric topology on Q .
Their respective subcones of elements that are bounded below then are

locally convex cones .

88



8. UNIFORMLY CONTINUOUS OPERATORS

In this section we develop the definition and basic properties of

uniformly continuous operators between locally convex cones .

(8.1) Definition : Forcones P and Q .Amap T:P—>Q
is called a linear operator | if
T(x+y)=T(x)+T(y) forall x,yeP ,and
T(ax)=aT(x) foral xePand o=>0.
Note that this implies T(0p)=0q .A linear functional on P

is a linear operator WP >R

(8.2) Definition : Let (P,V) and (QW) be two locally
convex cones . A mapping T :P—Q iscalled continuous at
xeP, ifforevery we W thereexists ve V suchthat

y<x+v implies T(y)<T(x)+w forall yeP.

We say that T is continuouson P ifitis continuous at every
xeP.

Note that the continuity defined above is with respect to the
upper topologies on P and Q , and in a similar way one can define
the continuity with respect to the other topologieson P and Q .
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(8.3) Definition : Let (P,V) and (QW) betwo locally
convex cones . A mapping T :P—Q issaidto be uniformly
continuous or u-continuous for short | if forevery we W one
canfinda v eV suchthat

x<y+v implies T(x)<T(y)+w forall x,yeP.

uniform continuity is not just continuity . It is immediate from the
definition that it implies and combines continuity with respect to the

upper , lower and symmetric topologieson P and Q .

(8.4) Proposition : Let (P,V) be afull locally convex cone
and (Q,W)  bea locally convex cone . Then a monotone linear
operator T : P — Q is wu-continuous , ifforevery we W

thereisa veV suchthat T(v)<w.

Proof : Let weW  thenthereis veV  suchthat
T(v)<w,and x<y+v implies

T(x)<T(y+v)=T(y)+T(v)< T(y)+w O

The following is straightforward :

(8.5) Proposition : Ler T:P—>Q bea u-continuous map .
For x,yeP if x<y+v forall veV then

T(x)< T(y)+w forall weW .
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Since for the original preorder < on P,
x<y implies x<y+v forall veV
we conclude that , for a u-continubus operator T:P—>Q
x<y implies T(x)< T(y)+w forall weW .

Note that the last ineqality does not necessarily imply that T(x)<T( y).

(8.6) Examples :
(a) The addition (x,y)—>x+y is au-continuous operator from
PxP into P (PxP is endowed with the neighborhood system VxV) .
Indeeci ,given v eV wechoose w=v/2 ,then we obtain that
(x,y)<(a,b)+(w,w) implies x+y<a+b+v.

(b)For a fixed A >0, the operator x — Ax : P »P is u-continuous .
(¢) For every bounded element x>0, themap A—Aix:R'—>P
is u-continuous . Indeed , given v e V.As x isbounded, there is

€>0 suchthat x<ev .Then

oc.<_[3+l and x>0 1implies OLXS[B-{-l)xSBx-i—V.
€ g

(d) As an immediate consequence of (a) and (c) we obtain : For a

finitely many bounded positive elements  x;,x,,...,x, € P, the map

(Kl,kz,...,k”)%ix,-x,- (m*)" >p
i=1

1S u-continuous .
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() Let E and F be two locally convex topological vector spaces
and let T:E-—>F be a continuous linear operator . We extend T
to non-empty convex subsets by defining
T(A)={T(a)|aecA): conv(E) — conv(F) .
Thus T is a u-c;ontinuous linear operator . Indeed , let W be
a convex neighborhood of 0 in F.As T iscontinuousat 0
there exist a convex neighborhood V of 0 in E suchthat
T(V)cW, ﬂl@ﬂ
AcB+V implies T(A)QT(B+V)QT(B)+W.

The same procedure can be applied more generally to extend any
u-continuous- operator T:P —Q between arbitrary locally convex
cones to a u-continuous linear operator

T:(conv(P) , V) - (conv(Q) , W)
[for their algebraic and locally convex structure , see Example(7.15)] .
Extension to the cones Dconv(P) and DClconv(P) , however,

requires a slight modification in the definition of T (c.f [13]1I-1).

(8.7) Remark : For two linear operators S and T from
P into Q andfor A>0 ,thesum S+T and AT are also
linear . If both S and T are u-continuous,soare S+T

and AT . Thus, the u-continuous linear operators from P into

Q formacone L(P,Q) .
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9. EXTENSIONS OF U-CONTINUOUS
LINEAR FUNCTIONALS ON A LOCALLY
CONVEX CONES .

In this section we shall study the dual cone of a locally convex
cone and give some versions of Hahn-Banach type theorems for
uniformly continuous sublinear and linear functionals .

According to the Definition (8.3) , a sublinear functional
p:P—> R onalocally convex cone (P,V) is called u-continuous
if there is a neighborhood v e V  such that

x<y+v implies p(x)<p(y)+1 .
Every u-continuous sublinear functional is monotone by Proposition
(8.5) . The wu-continuous linear functionals on P form again a cone
denoted by P* and called the dual cone of P . We shall endow
P*  with the topology ~ w(P",P) of pointwise convergence of the
elements of P , considered as functions on  P* with valuesin R
with its usual topology .

If (P,V) isa fulllocally convex cone and p is a monotone
sublinear functional on P, then the definition of wu-continuity
becomes particularly simple : p will be wu-continuous if and only if

thereisa veV suchthat p(v)<I .
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(9.1) Definition : Let (P,V) be alocally convex cone . The
polar of v isdefined to be the set vg of all linear functionals
on P satisfying

x<y+v implies p(x)<p(y)+1 forall x,yeP
that is ,

vg:z{ueP* | x<y+v 1mplies u(x)éu(y)+l} :

If P isa full locally convex cone , then v) becomes the set of all
monotone linear functionalson P suchthat p(v)<1.

For the sake of simplicity , we shall develop our next theorems
for full locally convex cones but they apply to locally convex cone , in
general , because every such cone may ( by definition ) be embedded

mto a full cone .

(9.2) Lemma : Let Q be asubcone of the locally convex
cone (P,V) . Every u-continuous sublinear functional on Q can
be extended to a u-continuous sublinear functional on P ; more
precisely : let p beasublinear functionalon Q and veV
such that

a<b+v implies p(a)<p(b)+1 , whenever a,beQ
then there is a sublinear functional P on P extending p
such that

x<y+v implies P(x)<p(y)+1 , whenever x,y€P.
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Proof : Forevery xeP we define

p(x):=inf {p(a)+A|x<a+Aiv forsome aeQ and A>0}.

Then clearly P isa sublinear functionaland P(a)=p(a) for
al aeQ .Indeed;Let ae Q .Clearly p(a)<p(a) .Forthe
converse Inequality consider any o suchthat p(a ) < o . Then there
1S beQ and A>0 suchthat a<b+Av and p(b)+A<a .
By assumption
a<b+Av implies pla)<p(b)+ri<a.

As this holds for al o > p(a ) ,weinfer p(a)<p(a) .
Furthermore , p(x)<p(y)+1 forall x,yeP with x<y+v .
This is clear if p(y )=+ , otherwise , suppose that P(y) <+ .
For every o>p(y) wemay find aeQ and A >0 such that
y<a+ v and p(a)+i<a .Thus x<y+v<a+(A+1)v
and p(x)<p(a)+(A+1)<a+1 . As this holds for every

a=2p(a) ,weobtain p(x)<p(y)+1 . O

The following is the topological version of our Sandwich

Theorem (2.9) . It is the main result of this chapter .
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(9.3) Theorem : Let (P,V) be a full locally convex cone .
Let p:Po>R bea sublinear functional , q: P—> R U {xo)}
an extended superlinear functional . Let v eV . The following are
equivalent :

(i) There is a linear functional | evy such that

q(x)Su(x)<p(x) forall xeP .

() q(x)<p(y)+1 whenever x<y+v .

Proof :
(i) = (ii) : Let uevg .Forevery x,yeP with x<y+v
wehave u(x)<u(y)+1 . Therefore
Q(x)sp(x)<p(y)+1<p(y)+1
(ii) = (1) : Forevery x e P we define
p(x):=mf {p(y)+A|x<y+Aiv forsome yeP and A>0}
then P 1is a sublinear functional and P(x)<p(x) .Now set
W={weP| 0<w+v}.
Since every element of a locally convex cone is supposed to be
bounded below , W isan absorbing convex subset of P with
0 e WcP.Nowlet x,yeP with x<y+v.We shall show that
q( x )Sp(y)+1.Let y<z+Av for zeP and A>0 then
x<z+(A+1)v.Condition (ii) implies

a(x)<(p(z)+ 1)+ 1<) + 1 .
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Furthermore, let x , yeP and weW with x+w<y .As
O<w+v, this implies x<x+w+v<y+v .The above argument
implies q(x)<Pp(y)+1. Thus by Theorem (2.9) there is a monotone
linear functional p:P—> R such that

qQ(x)Spu(x)<p(x)<p(x) forall xeP.
As v<0+1-v wehave pP(v)<1 whichimplies p(v)<1.0O

As an immediate consequence of Theorem (9.3) we obtain :

(9.4) Corollary: Let (P,V) be a full locally convex cone . Let
p:P—> R be a sublinear functional , QP> R U {xw} an extended
superlinear functional with qQ(x)<p(x) forall xeP.If p
is  u-continuous then there is a u-continuous linear functional
wP—> R suchthat

qQ(x)Su(x)<p(x) forall xeP;
more precisely : if for some v eV | the functional p satisfies :
x<y+v implies p(x)<p(y)+1 , whenever x,yeP,

then there is a linear functional n e vg suchthat q<pu<p on P.

(9.5) Corollary :Let Q be a subcone of a full locally convex
cone (P,V) . Then every u-continuous linear functional on Q
can be extended to a wu-continuous linear functional on P ; more

precisely : For every L evg thereisa ne vg such that

p(a)=u(a) forall aeQ .
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Proof :Let veV .ByLemma(9.2)wemayextend p to
a sublinear functional p on P  which satisfies
x<y+v implies p(x)<p(y)+1 , whenever x,yeP.
We define an extended superlinear functional q:P— R U {+®} by

pla) aeQ

(0= { — elsewhere

By Corollary (9.4) we find a linear functional [ e vg such that
q(x)<pu(x)<p(x) forall xeP .

As q(a)=p(a)=p(a) forall aeQ the functional m

extends p . O

Now let us investigate the dual cone of some examples from the
previous section ( for the other examples see [13] 1I-2 ) :
Forall p>0 ,clearly R" contains the maps
x—>px ,xeR .

(recall that 0-o0=0).If we add the mapping 0 where

0 xeR

+ o0 X=+0

0*(x>={

then we have all of R

The dual cone of the locally convex ordered vector space (E,<
(c.f. Example (7.14) ) consists exactly of the positive functionals in the

dual space of E .
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INDEX OF SYMBOLS

The following list contains the basic symbols which are used in

more then one or two section .

x
A
TA
lA

chpv(E)
B,(X,P)

cone(A)
conv(P)

Cconv(E)

Clconv(E)

Cla,b]

Coo

Dconv(P)

absolute value of x .

closure of A .

The increasing subset generated by A .

The decreasing subset generated by A .

The set of all non-empty bounded closed convex sub_sets
of a topological vector space E .

The subcone of the cone  F(X,P) of all elements that
are bounded below .

The smallest subcone containing A .

The set of all non-empty convex subsets of P .

The set of all non-empty compact convex subsets of a
topological vector space E .

The set of all non-empty closed convex subsets of a
topological vector space E .

The set of all real-valued continuous functions on [a,b] .
The space of all ultimately zero sequences .

The set of all non-empty decreasing convex subsets of P.
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DClconv(P) The set of all non-empty decreasing closed convex
subsets of P.

%, The empty set .

F(X,P) The set of all P-valued functionson X .

P,V) The full locally convex cone with its abstract

neighborhood system V .

inf A The infemum or greatest lower bound of A .
[® The space of bounded sequences .
N The set of natural numbers .
sl Thenomof x
v(x) The upper neighborhood of the element  x .
x(v) The lower neighborhood of the element x .
vy The polar of a neighborhood v in (P,V) .
v? The neighborhood of 0 with respect to the symmetric
topology .
p* The cone of all u-continuous linear functionals on a

locally convex cone P .

R The set of real numbers .

R The extended real numbers , that is R =RU {+0} .
R The set of non-negative real numbers .

R" The Euclidean n-space .

sup A The supremum or least upper bound of A .
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