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ABSTRACT

An asymptotic theory is developed for a class of fourth-order
differential equations. Under a general condition on the coefficients of the
differential equation we obtained the forms of the asymptotic solutions.

In this thesis we consider the asymptotic form of a fundamental set of
solutions of the fourth-order differential equation (2.1.1) which is

(po(x) ") +(p1(x) () - pa(x) y(x) =0

as x —> co. We shall consider the case where p, is small compared to Do

and p2 , in the sense that
p=01( p. )} as xow

In this case all the solutions have a similar exponential factor as given in
Theorem 2.3.1 in chapter 2 (§ 3 ) .

In chapter 1 (§ 3 ) , we introduce the fundamental theorem of
Levinson , is that , subject to a dichotomy condition on A and to the
smallness condition on R . Also , in chapter 1 (§ 4 ) we use the recent
asymptotic theorem of Eastham which , although a consequence of the
basic Levinson theorem , is in a form suitable for many applications .
One of those applications is to differential equation of the second order is

givenin chapter 1 (§5).




The methods which we use for obtaining the solutions of (2.1.1) under
the above case are given in chapter 2 . Also , in chapter 2 (§ 3 ) we use
the asymptotic theorem of Eastham [7,8] to get the main asymptotic
result .

Two examples of (2.1.1) are considered at the end of chapter 2 (§ 4 ) .
Finally , in chapter 2 (§ 4 ) we discuss the relationship of our result to the
asymptotic theory of fourth-order differential equations by Eastham result
[5 ], Al-Hammadi result [2 | and Hinton result [10 ] .
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CHAPTER ONE

ASYMPTOTICALLY DIAGONAL SYSTEMS

1.1 INTRODUCTION

We consider the system

Y'(x) = A(x) Y (x) (1.1.1)

where x - interval to be [a,®) , a> 0 and A(x) a square matrix

defined for xela,) . Our aim is to obtain the asymptotic solution for

(1.1.1)..

We have a basic question does for large x the solutions of (1.1.1)

approximate to the known solutions to the simple system
Y'(x) = A (x) Y (x) (1.1.2)

which can be solved explicitly .
We now introduce two simple systems (1.1.2) which form the basis for

the theory in this chapter .

(1) The constant coefficient system

Here A.(x) is a constant matrix C , and (1.1.2) is

Y'(x)=CY(x) (1.1.3)




Let A be an eigenvalue of C with corresponding eigenvector u . Then

a solution of (1.1.3) is

Y(x)=ue™ (1.1.4)

since here
Y'(x)=Aue™ =Cué™ =CY(x)

Here (1.1.4) is an explicit solution for (1.1.3) . Now if C is an nxn

matrix and if there are # linearly independent -eigenvectors Uy
corresponding  to eigenvalues Ax (1< k < n) , then (1.14) gives n

linearly independent solutions

Y, (x)=u et~ (1.1.5)
of (1.1.3).

(1) The diagonal system
Here 4.(x) 1s a diagonal matrix A(x), and (1.1.2) is

Y'(x)=A(x)Y (x) (1.1.6)
We write A(x)=dg (4 (%), Ay (%),...... Ay (%))

Then , denoting the components of ¥(x) by y;(x) (1< < n) , we can

split up (1.1.6) into the first-order equations
Vi(x)=2;(x)y;(x)

for each y;(x) separately . Hence

Vi) =c; exp( j 40 dtj

[N




where the ¢, are arbitrary constants . If we now take any integer &

(1< k <n) and choose c; =1 and the other c; zero , we obtain the

solution

Yr(x)=e, exp[rﬂk(t) dt) (1.1.7)

of (1.1.6) , where e, is the coordinate vector whose k” component 1S
unity and other components zero . Again , as k varies from 1 to n , we
have n explicitly linearly independent solutions of (1.1.6) .

Moving on now to systems (1.1.1) which approximate to (1.1.3) or

(1.1.6) as x — oo, we consider

Y'(x)={C+R(x) }Y(x) (1.1.8)
or Y'(x)={ A(x)+ R(x) } Y (x) , (1.1.9)
where R(x) 1s an 7x»n matrix which is small as x — o , in particular

r R(x) dr <o (1.1.10)

which means that each entry in R(x) has an absolutely convergent

infinite integral . under condition (1.1.10) and a condition on A(x) as we

shall see later , (1.1.9) has solutions Y (x)(1< k < n) such that
Yk(x):{ek+o(1)}exp(".x/1k(t)dtJ , X—>o® (1.1.11)

This theorem was proved by Levinson (1948) . Note that by simple
transformation we can transform (1.1.8) to the form (1.1.9) .Thus ,

comparing (1.1.11) and (1.1.7) , we see that the Levinson theorem gives




conditions on R and A under which the solutions of (1.1.9) do
approximate to those of (1.1.6) for large x .

We refer to a system (1.1.9) in which (1.1.10) holds as having the
Levinson form .

1.2 NOTATION AND BASIC THEORY

There are several basic facts concerning linear algebra and linear
differential systems which will be used on various occasions , and it is
convenient to have these results available here for reference . We also

introduce some notation that will be used throughout .

Notation Foran mxn matrix A= (a;), we define the modulus |A| by

=33

i=1j=1

a| (12.1)

Then , for two matrices whose product is defined , we have
|4B|<|4]|B]

For a square matrix 4 , we denote by dgd=(ay,.......... ,a,, ) the
diagonal matrix formed by the diagonal entries a; in 4 . We also denote
by 4'and A"the transposed and adjoint matrices defined by 4' =(a i)
and 4" =(a ).

For matrices whose entries are differentiable functions of x , we define

A'(x)=(a;(x))

and similarly for the integral of A(x) over an interval (a,b) . If a<b,

we have immediately from (1.2.1)




< jb |4(x)| dx

“;b A(x) dx

If A(x)elP?(a,x) and A(x)=O(x-1)(x — oo)mean that every entry

a;; has the relevant property .

Linear algebra We shall often use the result that an 7 x 7 matrix A4

with n distinct eigenvalues A; can be expressed in the diagonal form

T AT =4
where A =dg( A, Ay )

and 7T has the corresponding eigenvectors v, as its columns . The

computation of 7' is generally complicated but , in certain cases , the

form of T~ can be obtained directly from the form of 7" . The simplest

case is where A is hermitian and then , with normalized eigenvectors ,

wehave T '=T" .

Linear differential systems A solution matrix for (1.1.1) is an nxn

matrix @(x) whose columns are solutions Yi(x)(1 <i <n) of

(1.1.1).Then @(x) satisfies the corresponding matrix differential equation

D'(x)=A(x) @ (x) (1.2.2)

Further , @(x) is either singular Vxel or non-singular V xel,
according as the Y,(x) are linearly dependent or linearly independent in
I . In the latter case , @(x) is said to be a fundamental matrix for (1.1.1) .

In this case any solution of (1.1.1) can be written as




Y(x)=@(x)c

where ¢ is a constant vector . If we also consider a second differential
system

Z'(x)={ A(x)+ B(x)} Z(x) (1.2.3)

then any solution Z(x) can be related to given linearly mndependent

solutions Y;(x)of (1.1.1) by the formula

Z(x) = ®(x)c + B(x) f T o OBOZ() dt (1.2.4)

where ael and ¢ isa constant vector . (1.2.4) is called the variation

of parameters formula . A useful generalization of (1.2.4) s

Z(x) =d(x)c + B (x) J' S (OBMOZ(t) df -, (x) L ’ & (1)B()Z(t) dt

(1.2.5)

where a and b are given points in I , and the fundamental matrix D(x) 1s

split up into any two separate solution matrices for (1.1. 1) in the form
D(x)=D;(x) + Dy (x)

Now let Z(x)=D (x) W (x) (1.2.6)
i (1.2.3) . The corresponding W-system is given by

OW'+ ®W =(4 + B)ow
Using (1.2.2) , we obtain W'=¢"'Bow

Thus (1.2.6) remove the matrix A(x) from (1.2.3) .




The determinant of @ satisfies the Liouville-Jacobi formula
det @ (x)=det® (a)exp ( J- ) trA(r) dt) (1.2.7)

where tr4 denotes then trace of 4 defined by

rA(x) = zj ()

1.3 THE LEVINSON'S THEOREM
In this section , we consider the linear differential system
Y'(x)={A(x)+R(x) } Y (x) (1.3.1)

on an interval [a, ), where ¥ is an n-component vector , 4 and R are
nxn matrices and / is diagonal . The basic result in the asymptotic
theory of (1.3.1) is the following theorem of Levinson in which R(x) is
required to be L{a,®) and A(x) satisfies a subsidiary condition ,

known as the Dichotomy condition . The following theorem was proved

in[48].

Theorem 1.3.1 ( The Levinson theorem )

Let A(x) be an nxn diagonal matrix ,

A(x) =dg (4(x), Ay (xX),..... . A (x))

which satisfies the following two-part condition L .
L: For each pair of integers i and j in [l, n|(i = ;) and for all x




and ¢ suchthat a<t <x <o | either

(a) J: “re{A,(s)-4,(s)}ds <K, (132)

or
b) f “re {4 (s)-4,(5)}ds 2 K, (13.3)

where K; and K, are constants .

Also, letthe nxn matrix R(x) satisfy

" IR(x)| dx < o0 (13.4)
[ reo)

Then , as x — o, the system (1.3.1) has solutions Yx(x)(1< k < n)

with the asymptotic form

Y (x)={e +0(1)}3XP(J-:/11¢(1) dfj (1.3.5)

where ¢, denotes the coordinate vector with &” component unity and

other components zero , and the right-hand side of (1.3.5) is , apart from

the o(1) term , simply an exact solution of the diagonal system

Y'(x)=A(x)Y(x)
A system (1.3.1) in which (1.3.4) holds is said to have Levinson form .

The condition L is known as the Dichotomy Condition (D.C) . Also we
mention a stronger form than L which is useful in applications .

L' : For each pair of integers i and j in [1, n](i * j) let

re{ i(x)+ A, (x) V= f(0)+g(x) (1.3.6)




where f(x) does not change sign in [a,oo) ( that is , either f(x)>0
throughout [a , ) or f (x)<0 throughout [a,»)) and g(x) eL(a, ) .

1.4 THE EASTHAM THEOREM

In this section we give the statement of the Eastham theorem on
asymptotically diagonal systems which extends the application of

Levinson's Theorem . The following theorem was proved in [ 8,7] .

Theorem 1.4.1 ( The Eastham theorem )

Let 4(x) be an nxn diagonal matrix ,

A(x)=dg (A4(x), A5 (x),....., A, (x))

in which 4,;(x)-4,(x) is nowhere zero in some interval [a , oo) for each

pair of integers i andj in [1, n] (i # J) . Let R(x) be an nxn matrix such

that
() A4, RE) >0 as x> (1.4.1)
(i) ( 44, R(x)) cL(a, =) (1.4.2)

for each iand; in [1,n] with i # j . Also, let the eigenvalues g
(1 £ k< n)of A(x)+R(x) satisfy the Dichotomy Condition a-b in
Levinson's Theorem . Then , as x — o, the system (1.3.1) has solutions

Yi(x) (1< k <n) with the asymptotic form




Yi(x)= { e + o(l)}exp( jx Lk (1) dt) (1.4.3)

We emphasize that , in the statement of Theorem (1.4.1) , it is the 4,
rather than the A, which appear in (1.4.3) and which are obliged to

satisfy the dichotomy condition . However , in practice , it may not be

easy to calculate the 4 and therefore it is useful to know that , if the

additional condition

-1
[R(x)|e L (a,) (1.4.4)

' A,(x)-2;(x)

holds for all 7 #j , u can be replaced by the simple expression

Ay + 1y 1n the statement of the theorem . To see this we write

_ L
Uk = Ak + M +O(I}l¢a]§|ﬂi—ﬂk' (1.4.5)

The O-term here is L(a, «) if (1.4.4) holds , and the required

simplification follows . For future reference , then , we note that when the

additional condition (1.4.4) holds , (1.4.3) can be replaced by

Yi(x)={ex + 0(1)}exp( I x{ Ak () + nck(t)}dt) (1.4.6)

10




1.5 ASYMPTOTIC FORMULAE FOR SECOND-ORDER
DIFFERENTIAL EQUATIONS

In this section we consider the second-order differential equation
V(@) +{k+r@)}p(x)=0 (a<x< o) (1.5.1)

where k is real constant and

r | 7(x)| dx < o0 (15.2)

The methods which we use for obtaining the solutions of (1.5.1) take
advantage of recent developments in asymptotic theory and are much
simpler . In particular we use the resent asymptotic theorem of Eastham
[ 87 ] which , although a consequence of the basic Levinson's
Theorem , is in a form more suitable for many applications .

We shall discuss the asymptotic solutions of (1.5.1) in two cases when
K >0 and X <0.We begin now with X <0 .

Theorem 1.5.1 :

Let k=-a® , where @>0 , and let (1.5.2) hold . Then (1.5.1) has

solutions y;(x) and y,(x) suchthat,as x >,

nE)~e* | y(x)~a e (1.5.3)
and

nE~e™® Y~ —ae” ™ (1.5.4)

11




Proof :

Our aim is to write (1.5.1) as a first-order system and then to transform

the system to Levinson form such that theorem (1.3.1) holds for that

system .
Now define

@ =xyx) ,  y(x)=y(x) (1.5.5)
then

M@ =y,(x) , y@)=-(k + r@)yx) (1.5.6)

Asin [ 8 chapter 2 ], (1.5.1) can be written as a first- order system

Y'(x) =4 (x)Y (x) (1.5.7)

ie (yq:( ° 1](”] (1.5.8)
V2 ~(k +r) 0Ny,

or (y']:[ ° 1](”} (1.5.9)
' -k +r) Ofy,

1e the first-component of ¥ is y and the second is ' .

Now we write

A (x)=A(x) + B(x)
ith A(x)= 01 1.5.10
Wi (x)_[_k 0] (1.5.10)

and B(x):( 0 g) (1.5.11)
-r

12




1.e (1.5.8) can be written as

Yx@:{ﬂi;)+fi gﬂqu (1.5.12)

Now (1.5.12) is not yet in the Levinson form . ie we need to

diagonalize the matrix 4 . Hence we require the eigenvalues A; and the
eigenvectors v; (i=12).
det(A—-A4,1)=0 gives
2% +k=0
o A=tk (1.5.13)

Also , to find the eigenvectors v, we consider

AVI' =/1,-V,-
0 1\u u
=1 (1.5.14)
-k OAv %

vV = Au , ~ku = A,v (1.5.15)
Define u=1 , v=4, (1.5.16)
Hence we can define the matrix T of eigenvector by

T= b (1.5.17)
- ﬂ’l 12 . .

Now we use the transformation

Y = TZ (1.5.18)

13




To transform (1.5.12) into Levinson form where the constant matrix 7 is
given by (1.5.17) .

Y'= TZ' (1.5.19)

then by (1.5.18) , (1.5.19) and (1.5.12) gives

Z'=(T"AT + T7'BT)Z
Z'=(4 + R(x))Z (1.5.20)

where A = T7AT =dg( 4, 4,) (1.5.21)

Now (1.5.20) is in the Levinson form , so first we require that

f[R(x)q <o o f

T“IBT} dx < 00

N _[°°|r(x)|dx<oo holds by (1.5.2)

Also, M -4 =2~k

re( A -A,)=2re(~/ -k)>0 or <0

So, the Dichotomy Condition hold because the A, are constants .

Hence , we can apply Levinson theorem to the system (1.5.20) , thus

Z(x)={e, +0(1)}exp( r/l,.(t) dt) , (i=12) (1.5.22)

solution for (1.5.20) as x —> @ , to obtain the solution of our original
system (1.5.8) or (1.5.9) , we transform back by using (1.5.18)

14




Y,-(x):(;zl ;J {e + 0(1)}exp( Lx,z,.(r) dt] (i=12) (1.523)

sofor i=1, we obtain

o afo) e entace-o

y I +o(1)
)t

after adjusting a constant multiple in y, yl’ :

y(x)= { 1+ 0(1)}exp(11x)

(x> )
y(x)=4 {1 +0(1) jexp(4,x) (1.5.24)
similarly for i = 2 , we obtain
2(x) = {1+ o()}exp(4,x)
(x> o)
¥5(x) =2, {1+ 0(1)}exp(A,x) (1.5.25)

Nowif k<0,say k =-a® , .. A=tVa’=ta (j=12)

Y ;(x) ~ exp(+ ax)
(x> )
Y (x) ~+ o exp(£ ox) (1.5.26)

15




Theorem 1.5.2 :

Let k=a’ , where a>0 ,andlet (1.5.2) hold . Then (1.5.1) has

solutions y;(x) and y,(x) suchthat,as x —> o,

n@~etr )~ iae’®* (1.5.27)
and

ya()~e ()~ iae (1.5.28)

Proof :

The method of proving this theorem is similar to the previous theorem

(1.5.1). As in the previous theorem , we obtained that

Y (x)~exp(/1jx)
(x>w) (j=12)
Yi(x)~A4; exp(4 %)

if k>0,say k=a®, . A, =tv-a’=%a , (j=12)
J

Y ;(x) ~ exp(+ o ix)
(x>wx)

Vi(x)~tiaexp(+aix) (1.5.29)

16
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CHAPTER TWO

ASYMPTOTIC FORMULAE OF FOURTH-ORDER
DIFFERENTIAL EQUATION

2.1 INTRODUCTION

In this chapter we consider the asymptotic form of a fundamental set of

solution of the fourth- order differential equation

(2o (®) ¥ (®) +(p1(x) Y'(x)) - pa(x) y(x)=0 2.1.1)

as x—o , where x is the independent variable . The functions

pi(x)(0<i<2) are defined on an interval [a,oo) and are not

necessarily real- valued and are all nowhere zero in this interval .

Now , define

!/

Nn=y > Nnh=n"n

, ' -1
Yo=Y > Yo =P, V3
ys=p)y' ; V3 =V4-D1Y2

!’

va=(p.y") +py Vs =Py

17




We write (2.1.1) in the standard way [ 9 ] as a first-order system

Y'(x)=A(x)Y(x) (2.1.2)
N Y
Y2 V'
where Y = -
Y3 p.y"
vi) \(p.y") + Py
0 0
p. 0
and A(x)= ° (2.1.3)
- P 1
p, 0 0
Asin [1,2,3], we need to exprees 4 in its diagonal form
T7AT =A (2.1.4)

and we therefore require the eigenvalues A ; and eigenvectors v,

(1<,j<4) of A . First we require the characteristic equation. In order to

find the characteristic equation put det (AI- 4 )=0

A1 0 0
0 -4 p, b o0
0 -p -4 1
p, 0 0 -4

-2 pt oo 0 p' 0
= “Al-pp -4 1] =140 -1 1]/=0
0 0 -4 P, 0 -4

18




-4 p p.t Ol
= —A{—ﬂ o d }—1-{;72 o }—0
= A (/12 +p1po"1)— pz(po’ + 0)=O

- a4y P P
p. P

Therefore , the characteristic equation of A is given by

pA + pAt-py =0 (2.1.5)

Now, consider Av =AY,

0 1 0 0 v v
0 0 p' ool vy
= =4
0 -pp 0 11} v V3
P 0 0 0)(wv vy
- Vy = /1V1
V3 po_l = 1V2
Py =4y,
Let Vl :1
V3 = A P.
Vg = b _ Py A 1

19




Therefore , an eigenvector v, of A corresponding to A4, is

V,-=(1 A A Ay )t (2.1.6)

where the superscript ¢ denotes the transpose . We assume at this stage

that the 4, are distinct , and we define the matrix 7" in (2.1.4) by

T=(v; v, v; v,) (2.1.7)

We have now to work out 7' | which appears in (2.1.4) . To do this , we
mtroduce the 4x4 matrix £ whose elements e are all zero except
when j+k=5 (1<j<4), and these elements are unity . Then not only

1s £ symmetric but so also is £4 , where by symmetry we mean that the

matrix coincides with its transpose , where

000 1
0010

E= (2.1.8)
0100
100 0

Hence , given in the proof of [ 6 § 2(i) ,8 lemmal.2.1 ] , the v, have the
orthogonality property

(Eve)'v,=0 , k=j 2.1.9)

Asm[1,2,3], we define the scalars m; « (1< j<4) by

mj:(Evj)t v, (2.1.10)

and the row vectors

r,=(Ev,) (2.1.11)

20




Thenby [6 § 2], wecandefine 7' by

-1 _ _

and the

(2.1.13)

Now , we use the transformation

Y=TZ (2.1.14)

21




to transform (2.1.2) into
12" + TZ = AIZ
172" = ATZ - TZ

Z' = T'ATZ - T'T'Z

(774t - 77T") 2

7' =
Z' = (A-T'T")z (2.1.15)
where A= T74T = dg( A4, 4, 4, 4 ) (2.1.16)
Now if we write
TTT = (1), (1<) , k<4)
then by (2.1.12) and (2.1.7)
v, 2.1.17)

) (2.1.18)

now by (2.1.10)  m; = (Ev,; ) v, . Differentiating the m; « we get

m; =2ryv; (2.1.19)
Hence , by (2.1.18) , (2.1.19) gives
—_— 1 '
Ly = . Vi




J .
= t. = ——1_ ¢ 1<j7<4 2.1.20
Now by (2.1.6) and (2.1.11) , (2.1.17) gives , for j#=k
(1) , k<4)
t,=m rv,
k= mj rjvk
=

e = mj—l(‘Pzﬂj_l /11-2190 /1]_ 1)(0 Z’k' (/?,kzpc)' (sztk—l)’ Jt

fy = mj_l(/{jzpo/lk + lj(ﬂkzpo) + (pzﬂk_l) ) , (2.1.21)
Now we need to work out (2.1.20) and (2.1.21)in terms of p;,

(0 £ <£2) to determine the form (2.1.15) and then make progress towards

(2.1.1).

22 THE SYSTEM Z'=(A+R+S8)Z

In our analysis , it should be noted that all O and o terms are with
respect to x—>ow . We impose a basic condition on the coefficients as
follows :

p, and p, are nowhere zero in some interval [a , oo) ,

P1=0{(P0P2)1/2} , as x — oo
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and we write

5:7?—@:0(1) , as x>0  (22.1)
o 12

Now , as m [1,23] we can solve the characteristic equation (2.1.5)

asymptotically as x — o using (2.2.1) to get the distinct eigenvalues A ;

as

J J

Q

1/4
2, =w.(&j (145;) , (1</<4) (2.22)

where 5j—->0 as x > and

w=1l, wy=i,wy=-1,w,=-i (2.2.3)
14
P2
= A; ~ wj[—] as x—>o (2.2.4)
p.

Then we can solve (2.1.1) asymptotically as x — o using (2.2.2)

12
= pow ' L2(146) + p, w;’ [&j (1+5;) - p, =0

o o

12
= wj4p2{1+45j+0(5j2)}+p1wj2[£2—J {l+25j+0(5j2)}-p2=0

o

. 4
sice w, = 1

12
= D {1+45j +O(512)} D sz [&) {1+251 +O(§j2)} - =0

el

(2.2.5)
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Divide (2.2.5) by p, and then solve for dominate term & Ix

= {1+45j+0(5j2)}+wjz-Fiv-{1+251.+O(5jz)}-1=o
P. P

=  1+45; +w 5(1+25,) -1=0

2 2

= 45, + w; 6 +2w 506, =0
= 45 (1+%wj2 5j =-w's

5= wrs[14ly? )
But

1o ) 1 1 22 (1Y & 3

l+—-w, 0 =1-515+5 15-~wj5+ .............
142 j25 I1+0(1)
51-:_11 wj-250(1)= O@) , (1</<4) (2.2.6)

or we can write J, as 5j=_11wj25{1+0(5)}

-1 2
= w6+ 00)

= 0O(@5)
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In (2.1.20) , we require the form of m; and mj’ as x— o  First, we

work out m; « (1<j7<4)by(2.1.13),(2.2.1) and (2.2.2)

m; =4p,A;’ +2pA,;

3/4 1/4
4p, wj-3 (&] (1+é'j )3 +2p, W, (&J (1+5j)

a [}

/4
=4w; p* p23/4(1+§j Y +2pw, (&] (1+6,)

Q

1 p
=4w.” p YV p,*(1+5,)] (1+6,) + : 1
! ! o (papy)”?

= 4w pV* p23/4(1+5j){(1+5j )2 +% w;? 5}
= 4w pY p,* {1+0(0)} {1+25, + O(s?) +O(5)}

=4w.’ pY* p,* {1+0(5)}

= 4w’ pV* p,* {1+0(5)} (2.2.7)

Also , by substituting (2.2.2) into (2.1.13) and differentiating , from

previous steps we get that
3

1.
m;=4w.’ pV* p23/4(1+5j){(1+5j )W, 25}

26




3 s 1 34 7
dw;"(1+6;) py” 'Z'Po / Do

’

_ 2,1
—{(1_*_5]) +5Wj 5}
W)

+ 4wj3(1 +6;) p."* '231“‘172—1/4

1 _ ’
+ {(1+5j.)2+5wj 25}4Wj3-p23/4-p01/4-5j

+ 4w p, 7t p W (1+§){2(1+5)5 +;w—25}

lp 3p , 1 4
._4w Masrs, R { 145, ) +=—w, 5}
p2 p ( ) 4p° 4 7, ( _/) 7 J

+ 0 p 2 p1 s ) +0(p, 7 e s | (2.2.8)

At this stage we also require the following conditions

! ! 1

s 582 g — AL areall L(a,) (2.2.9)
P 12 (p2p.)

Further , by differentiating (2.2.1) , we obtain

§ = p(pp.)"
, ’ ) 1 ) ’ '
8 =p (p.p)"* - 5171(170 P2)3/2{Po Py P, Pz}
_ P 1 pp 1 pop
(P, P o2 (ps P> )1/2P2 2 (p.ps )1/2
=__£1_W_15p_2_l5£°_ (2.2.10)
(popy) 2 py 2 p,
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(P P2) p p,

o

= 5':0(—4’1—WJ+ sP | olst 2.2.11)

Hence , by (2.2.9) we obtain that §'e L(a , oo) (2.2.12)

Now , substitute (2.2.2) into (2.1.5) in order to find &, , we obtain
that
(1+6,) +w;?5 (1+6,)*- 1=0

By differentiating the above equation , we obtain
41+8,)° 8, +2w.25 (145,10, +w,25'(1+6, )2 =0

5j'+le2 ﬁ_z.l_}_wjz . o =0
2 (1+5J) 4 (1+5])

5; 1+le2———5—7 :_lez °
277 (1+6,) £ (1+s))

5/ =00 as xow (2.2.13)

since &"eL(a, ), then 5, eL(a,) . (2.2.14)
Now , for the diagonal elements t; » 1£j<4 , weuse (2.1.20) ;

hence , by (2.2.7) and (2.2.8) , (2.1.20) gives

!

t. = My
U
m;

N | —
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Then , = {2832 L 06s),0@))

214 p, 4p,

Lyl 3p +0(5")
214p, 4p,

= l P +3p*2 +O(§’)
8| p, Py

3 !

= 1@2—31 +O(5") (2.2.15)

8 p.p,

Now , for the non-diagonal elements ¢ & > 1=Jj,k<4 we consider

(2.1.21) . Now , by (2.2.2), (2.2.6) and (2.2.7) , we have

-1
A 44, -3 4 - , 1
m; =4 P p, Vi V(146 {(1+5J.)2+5wj 25}

1/2
2 2l P 2 - 2
A7 =w; (FZJ (1+8,)*=w;? p, " p,¥ (1+6,)°

o

’ -1 = _ _ ’
B =w (1480 5 2.7 p p (1481 0.7V p

+ Wi Do /pzl/45
At po=w?p p(146))
( 2) -1 2, 34 -3/4
e\ P2y ) = 5w (1460146 p. py”* p.7

1 ro
W W (148,)(1+8)) py py M p V!

1/4

~x—wj‘7‘wkp2 (1+5) 5k

29




= —WwW. Wk

0, 1 - _1
i (1+5k)(1+5j.){(1+5j)2+5wj 25}

' -1
L . pm { 2,1 - }

+ w.w 1+0,)(1+0; 1+6,)"+—w, 0
16 J k 7, ( k)( j) ( J) 3 J

1 : TR
e " (1+6))8, {(1+5J.)2+5wj 25}

-1
]- -1 p2 po { 2 1 -2 }
= —w, 1+6,)(1+06,)y —=-—= 1+6,) +—w, "0
16wj wk( k)( j){ 75 P, ( J) 2 J

-1
1 , 1
il Y (1+6,)5; {(1+§j)2+5wj 25}
= —w, wk{ P2 —p—°} {1+ 0(0)}+ 05"
1] 2

(2.2.16)

Also ,

! 1 _ ’
(po/lkz) W (14602 pzl/zzpo V2 ),

!

1 -
+ wk2(1+5k)2pol/2§p2 12 p2

+ 2w po¥? pY (1+6%) 6k
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! 1 " 3/4  -3/4
ﬂ,j (Po /11(2) = _2ijk2(1+5k)2(1+5j)l70 P2 / p. /
1/4

1 "p, 7Y
+5ijk2(1+5k)2(1+5j)p2 p2 1/4p°

F2w e (146,28, (146)

= m7 A, (Po 1k2),

I
S

' -1
1 _
__2 wk2 ———po (1+5k)2{(1+5j)2 +5wj ? 5}
D,

' -1
1 I
oW wﬁﬁ—i(lwk)z{(lwﬂz+5“’f 25}

-
1 B ' 1 _
+ oW 2w (1+8,) 6, {(1+5J')2+5wj 25}

’

, 1
1 5 2) Py | P 2,1, = }
= Zw. 1+6,) {52+t (148> +-w. %65
8wj Wi ( k) {Pz ». ( ]) 27

-1
1 ~ ' 1 _
oW, 2wt (148,) 6, {(1+51)2+5wj 25}

L2y, 2pP P {1+0(8)}+0(5")
8/ P2 P

(2.2.17)

Also
B = w1 (16!

/,Lk—l Py = wk_l pol/4 p23/4 (1+5k)-1
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1) - - ml 34
(Pz/lk 1) = Wi 1(1+5k)1P23’41P0 Y P

!’

+ Wk—l(l + 5k)-1pol/4 % Pz—wpz

-1 _3/4 14 2]
-w M (146)726,
=m " (p, 27

| B S
= — W. Wk

’ -1
\ - ] -
P (1+5k)1(1+5j)1{(1+5j)2+5wj25}

! -1
3 3 1 p 1 1 LI S
—w. " w, == (146, 1+6. 146 +—w. 0
16 J k p2 ( k) ( ]) {( ]) 2 J }

-1
L, =3, - - ag ] 1
- —Ww; 3wkl(1+5k) 2(1+5j)15k {(1+5}.)2+5wj 25}

’ ’ -1
I 3 4 2 -1 P> | D { 2 1 }
=—w, w, (1+6 1+6,) {3+ — (1+0,) " +=w, ° 6
16 j k ( k) ( j) { p2 2. ( ]) ) J

-1
Ly =3y - - i 1

- iwj‘3 wk"l{ 3&+R}{1+O(5)}+ 05"
16 Dy P
(2.2.18)

similarly , as for 7; , we can find tw » J#k , 1<),k <4 | by using

(2.2.16), (2.2.17), (2.2.18) and (2.1.21) gives




-1, 2 ! -1 2\
Z‘jkz m,; /?’j (pj'k )+mj ﬂ/'(po’lk )

|

2 2
Wi

1
16 7

1

!

by P,

P2

!

o

!

{£2_+£°_

p2 po

!

!

P

o

Py

+ iwj—3 w, 43
16 D>

Hence , for j=1 and k=2, (2.2.19) gives

[ }

1

16 8

Ly p_ZI-_p_v

Py Do
h, = {1+0(8)}
1

16

!

_4%

J4)

P2

!

!

P
P

+

P

P

} {1+0(6)}+ 05

g%

Po

]

I(lek_1 )’

}{1 +O(5)}+ 05"

} {1+ 08)}+ O(s")

(2.2.19)

¢ + 06"

Ps

= {1+O(5)}{-%(1+1){—@—+

)%)

(e}

Also,put j=1,k=3in(2.2.19) we get

-1

14

}} +O(5")
p

Ay P\ 1] P P
16\ p, p.| 8| P2 b
ti3 = {1+ O(d)} ' , +0O(5")
R P 2
16\ p, p,

=h+owﬂ*§{

Py Pe

P

Q

33
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Put j=1,k=4 in(2.2.19) we get

P2
V%)

1
—
16

he = {1+O(5)}<
1

16

- {1+O(5)}{1(1-1){&+—39—
8 p

2

_ P L
P

1

8

|

3.
14

}} +O(6")
P

o

P2

P2

!

Now ,put j=2 , k=11in(2.2.19) we get

+

+

po
Ps

.pD
Po

!

!/

|
|

|

2P P\ 1P P
16 Py P 8 P D,
I = {1+O(5)} , ,
+—1-l 3&4_&
16 JZ
= {1+ O(5)}- l(z'-1) P2 P UL o8
8 P> D,

Put j=2 , k=3in(2.2.19) we get

A p |
p2 Do

1

16
tys = {1+ O(5)}

= {1+0@)} -%(1+z’){&+

P2

34

1

8

’

Po

o]

!

P2

{*+
P2
P,
Po

} } +0(5"
P

y28

4

P

|

+0O(5")

+0O(5")

+ 05"




1

8| py

Put j=2 , k=41in(2.2.19) we get
[
-1 Pz _ P
16 P P

lyy = {1+O(5)}<

\

’

= 11+0@)] {-g{—z-

P2

Ps

o

Y

|
e

1
16

Also,put j=3, k=1in(2.2.19) we get

1

16

p2 po
P2 D,

ti; = {1+ O}

Putj=3,k=21in(2.2.19) we get

%

-l
16

P>
P2

P

D,
ty = {1+ O@)}

+

= {1 + O(5)}<

iy

1.13P
16 )

é(i-l){ﬁz—+ : }}+O(5'>
%) Pe

1
8

1
8

|

P>

4

35

P2

Py
P2

14
P2

Po

Po

7 3\
+——}

A
Po

}} +0O(5"
P

P

!

P

Po

!

+ Lo

P

|

;}\

}\

f +0O()

+0O(5")

r+ 06"




Put j=3,k=41n(2.2.19) we get

1

16

|

te = {1+0(@5)}

P

P2

P |
.

L
16

1

8

|

P

P2

!

’

A
Do

Ps
Ps

14

P

- {1+O(5)}{%(1+i>{ﬁ

[ 3&+
P2

+

Finally , put j=4 ,k=11n(2.2.19) we get

1
— 1

16

p2 _ po
Py P,

ty1= 11+ O(8)};

= {1+ O} P2

2

Put j=4,k=21n(2.2.19) we get

ty =11+ 0(5)}-

- {1+O(5)}{-1{—p2—- Pe
8 p

1

16

1 | '
-§(1+l){7+

1

8

}_

] 3&.1\.
P2

36

Py
1%)

P
P

/

Po
Ps

]
|

P }} +O(5")
25
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L} } +0(5"
P

b+ 08"

+0(5")

+0(5"




Put j=4, k=3 in (2.2.19) we get

A P 1P, P
16 \'p, p.| 8 p, b,
= {1+ 0(0)} +0(3")
LAl P, P
16 D> D
= {1+ O(5)}+ l(z--l) L2, P UL os)
8 P> Ds
Now , we can write the system (2.1.15) as
z' =4 -1771")z
= Z'=(A+R+8)Z
where R+S= -7 ,
1 1 1 -1
— —(i+1 — —(-1
o 8( )p C 8( )P
-1 -1 1 1
—(-1 — —(i+1 -
8(1 )P U 8(1 )p "
K= 1 1 1
— —(i-1 — —(i+1
N 8(1 )P o7 (i+Dp
1 1 1 1
—(i+1 - —(i-1 —
8(1 )P 3C 8(1 )p o7
with
,7:3P_2+Po . p=P2 P o g=f2 P
P> P, P> Ds P> D,

and S is L]a,®) by (2.2.11) and (2.2.13) .

(2.2.20)

(2.2.21)

(2.2.22)




Now as [1,2,3] , we can apply the asymptotic theorem in [8] to (2.2.20)
provided only that A and R satisfy the conditionsin [8] which is in the
asymptotic theorem. We have the following result for (2.1.1) .

2.3 THE ASYMPTOTIC RESULT

In this section the forms of the asymptotic solutions of (2.1.1) are
given under general conditions on the coefficients for large x . We shall

use the asymptotic theorem of Eastham to get our main result .

Theorem 2.3.1 :

Let the coefficients p, and p, be nowhere zero m [a,oo) and

CPla,») with p,e CPa,») . Let(2.2.1) and (2.2.9) hold . Also , let

!

' 1/4 1/4
J22 (_go_j 50 and &(&j —0 as x>o (231
Po \ P2 Py \ P2

1/4 \2 1/4 \2
nd ( poj p| ( poj Py
14 P P P2
/4 " 1/4 "
( p‘J Po | (&—] P2 (2.3.2)
p2 po p2 p2

Also , let Re(4 -4, ) (2.3.3)

are all Lla, ) .

have one sign in [a ,'oo) for each unequal pair (7, j) . Then (2.1.1) has
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solutions y, , 1<k <4 , such that

yex) ~ .7 p, B (x) exp ( r/”tk(t)dt] , as x—ow  (2.3.4)

Proof :

We apply the asymptotic theorem in [7 §2] to (2.2.20) . By (2.2.20) and
(2.2.21), we first require

(4-24, J'R@® >0 (%)) (1<i,j<4)  as x—w

1/4 /4
since A,:w,.(i’i] (1+6,) and zj:wj(&) (1+5,)
po pO

o] o

14 V4
= /1,.-,1.=w,.[fij (1+5,.)-wj(flJ (1+6,)
p

1/4
=1 221w, (1+6)-w, (1+6)]
po
/4
= | P2 [w,. +wi5,.-wj- wj5j]
2
14
=[&] [(w,-w,)+w, 5, w8, ]
P.
pz 1/4 W Wj
=120 w1425 5
p. W - W, W - W,

1/4
:[& (w,-w)H{l+o(1)} , izj

14
= A=Ay ™~ [ﬁz_] , %] as x—>w
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Therefore ,

!

1/4 , 1/4
since ﬁ’—(&] >0 and &[—f?z} N
P. \ P2 P2 \ P2

and for our system this is true by (2.3.1) . We can do similarly for the

other elements in the (A,. -4, )‘1 R(x)— 0.

Hence (4-2, J'R@) =0) & x—>w

1e R(x) =o(/li-ij) as xX—>®

We also need that

(611 o et ) o)

this is true when

!

P

and {(AI--/IJ )‘lﬁz_} el(a,©) for i=j
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1/4 -1 " 2
_(p—J w-w,) Y1+ (wis;-w,8,)| | LoLe" P
p2 l- j poz
p ' 1 c
o 1| Po ’ ’
T <N | M P S -w.6
(sz ( ) [PJ { v j(w, W, ,)J = j(w,b“, w,o,)

’

p' 1 -1 ) ~3/4 :
+| = (W - Wj)_l 1+ (w0, -wj§j_) A Pe P2bPs -P.Pr

Ps W;-Ww; 4 J2) p02

p /4 1 -1 ”
=| = -1 Ps
- wi-w;) {1+ 0, -w. 0,

(pJ ( j [ Wf'wf(w " j)} (Po ]

) [h) (v w7 1+ (w0, -w;6;) Pe

P2 W - W, .

1/4 ! ’ ' -
- [po] [ P J(wi -Wj)_Z(Wié‘i - Wj5j ){1"' ! (w;6; 'w/‘é‘j):l

P P w,-w,

1 p v Y 1 B
o P -1

+ — — | (W, -w,; 1+ O -W.0,

4[[72) [P] ( ’ { Wi-W; e " J)}

1 p 1/4 14 14 1 —1
o Po pZ -1

- = W -w, 1+ w0, -w.0,;

4(172j (Po %) J( 2 [ wi-wj( / j)J
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!

- {(/1,-,1]}1—‘3;}

P

" -1
1/4 !
= (E—] P (w, - wj)“1 1+ (w;0; W 51-)
P2 P Wi - wj

1/4 ! 2 1 —1
- E(E—j P (w; - wj-)"{1+ (w,9; W 51-)}
4\ p, D. W - W,

/4 ' , ) 1 N
- (&} ( - ](Wi - Wj)—z (W,—5i - WJ'SJ' )‘:1+ (wié‘i Wi 5j) }

D2 D W;-W,;

1/4 ' ' 1 -1
: 1(&) PPy, wj.)_{1+ (w,6; W, 5].)}
4\ p, P. P2 Wy -Ww,;

Also ,

4 12

v 1 B 12Y4 - p
{pc) (W, -w, ‘l{n (w,.a,.-wjéj} 222 12
Wi-W P

1/4 ! -2 1 ’ '
P w2 1w w8 | WS, -w.5,)
+(P2J e (Pz} { w,--wj( 01 7¥505) W, -W; 7

' -1 _3/4 ’ ’
1 P 2
+ P (wl.-wj T+ ! (Wiéi‘wj5j) _(pol Prp 2p pz]
P2 Wi =W, 4\ p, P2
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!

P2

yar v B
:[Po] Py (wl..wj)‘l 1+ 1 (W;0; -w;6 ;)
)2 P2 Vit W

14 \2 1 -
| P Py (w, _Wj)—l 1+ (w0, - W, 0 ;)
D2 P Wit Wy j

!

/4

N {(z,.-,ljﬁ—@—}

i J

-1
1
] { ](W W) i: Wi -w,; (Wiai—wjé‘j)}
-1
J [Po P2 J(wi'wj)_ll:l+ 1 (wi5,.-wj5j)}
Ps Pa Wi W,
-1
( ](w -w;)” { : (widi—wjé‘]):{
W =W,
-1
( J ( ] (w;-w;)” { ! (Wié‘i'wjé‘j)}
Wl- - Wj

(poj p2 (w; - wj.)_z(wl-&’ - Wj5j,) - (W;0; -w
) P Vit W

/4 ! -
. ,
i _[poj po Ps P2 (w, -wj)_1 1+ l (Wi5i'wj5j)
4\ p, P. Dy WiV,

(w0, -w

-2
5,>J

-2
m}




1/4 2 1/4 72
since (P_J r| (P_) P
P 25 %) P

14 " /4 "
(p"j Lo | and [£°—J L2\ e all L[a, ),
p2 po pz p2

and this true by (2.3.2) , also 5,-, and 51-, are all L[a,oo) . Just we

need to show that

1/4 v
(p_] Lo P2 eL[a,oo)
1%} P Py

The Cauchy — Schwartz inequality

N 12 N 12
j ROk dt} ( J‘ |g(z‘)'2dtj

NECIEE [

18 ' 18
Now let f:(&} Pe and gz[&J P2
1) Po P2 P2

Then
. 1/4 v
j ( po] po p2 dx
a \ P2 P. P2
. 1/4 "2
B J‘ (poj P | 4
a \ P D

since  f*2, gzeL[a,oo) by (2.32), so f-gella,»).

44
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. 1/4 ' \2
j (p_] P2 |
a \ P 1)

(2.3.5)

1/2




yag v
ie [ poJ P D2 \elfa,)
1) Ps P2
Hence , {(,11, vy )’1 _B__} eL(a,)

e {( )-1—&'} o)

Therefore ,

{(/1,. -2 Tl R(x)}IEL(a,oo) Ty

(2.3.6)

Also , we need to show that the eigenvalues g (x) , (1£k<4) of

A(x)+ R(x) satisfy the Dichotomy Condition in Levinson’s theorem

[7].

To see this , write

R[
‘lez/lk'*‘ rkk+o max
i#] ‘/li-ﬂjl

pi =g + g + O

[R[
where h = max
i) M-A

1
ya o 2 14 2
Smce ( pQJ _10_0 , ( .Ei} _}_7_2_
P2 P P2 P
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(2.3.7)

(2.3.8)




/4 P
and ( p°} P- Py | areall Lla,wo) by (2.3.2),(2.3.6).
P p. P,

Hence ,

Therefore hella,) (2.3.9)

Now , we need to show that

Re(yj-,uk) does not change sign . (j#k)

= Re(#j-#k)z Re(/lj_lk)ﬂL O{ i) %}

so  Re{A;-4,) doesnot change sign by (2.3.3) and
J

2
max R] eLla,x) by (2.3.9) .
i%j

Therefore Re( M- ,uk) does not change sign , so the Dichotomy

Condition true . Since (2.2.20) satisfies all conditions for the asymptotic
result [ 7 ] it follows that as x—o , (2.2.20) has four linearly

independent solutions Z,(x) , (1<k<4), such that

Zp(x)= { e, + o(l)} exp ( 'rfuk (7) dtj

where e, is the coordinate vector with k" component unit and other

components zero .
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Also , by (2.3.8) and(2.3.9) we get

jyk(t) dt = J‘ A () dt + J‘xrkk(r) dt + ¢ +o(1)

a

= exp ( J‘xyk ®) dtj =exp ( J'x(/lk )+ 1y (r)) dr] -exp ¢ -exp o(1)

= exp( J' x,uk(t) dtj =exp[ j x(/lk(t)+rkk(t))dtj-ee-{ 1+0(1)}

Hence ,

Z(x)=1{e, +o(1)}exp { I x(,zk )+ 1y (t))dz‘} : e'e {1+ o(1)}

as X—>©

To obtain the solution of our original system (2.1.2) we transform back
by using (2.1.7) and (2.1.14) .

Y =TZ

= Y, (x)=T{e, + o(1)}exp { I x(xk )+ 7y (t))dt}- et {1+0(1)}

Therefore ,

Y. (x)= "2 {ek +o(1)}{1+o(1)}-e€ ~exp{r A (1) dt}-exp{r F (1) a’t}

a a
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But

j-xrkk(t)dt _ jxi Po,(f)+3 pzl(f) g = J‘x i(po(t)pzi(t)ldt
« 8P PO « 8 p(OP’ ()

R

n( .0 p° )5+ n( 5.0 2’ )
Then ,

exp( j 0 dr) =p. @) p, V@) 0. @) P (@)
Therefore , for k=1

Y, (x)=T{ e, + o) 1+ o)} el exp( j'le(r) dt}

Ap V3 0p 0p S e, (@)

where
1+ 0(1) 1 1 1 1
o(1) A Ay A3 n
e, +0o(1)= ., I'=| 2 2 2
o(1) Ape AP D Aq" Do
o(1) 11—1172 /12—1[72 ﬂe_lpz /13_1172
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1+0(1)

Ay +0(1)
A2p. +o(1)
Al_lpz +0o(1)

1 (x)=

{1+ o)} e exp [ rﬂl @) dtJ

Ap. @ @p Ma)p,! @)

after adjusting a constant multiple in y; , we get

n@={1+o}p, " x) p, *x) exp( J a0 d’J

a

= n@ ~ p. " @p, Y 8<x>exp[ jx/h(r) dr) as x — oo

similar for k=2 ,3 ,4.

Therefore , (2.1.1) has four linearly independent solutions y; ,

(1<k <4) such that

(@ ~ p. ) p, Y "(x)exp[ jxﬂ»k@dt] . as x>

a
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The dichotomy condition (2.3.3)
We note that in (2.3.3) we have for convenience used a simplified form
of the Levinson dichotomy condition [11,7§1] , as given in [1,2,3] the

Theorem 2.3.1 also holds if (2.3.3) is generalized to

Re(A;-4)=f+g (2.3.10)

where / has one signin [a,) and g is Lla,«)[ 7 §1] . Here we give
case where (2.3.10) holds . we found that

5, =-%wj2 5(1+0())

1
=-ij25 +0(5%)

Then, by (2.2.2) we obtain that

1/4
and A, =w, (ﬁl‘-j (1-lwk25+0(52)]
P 4
Now ,
/4 1/4 A
A - Ak = wj( pz} L ,3( pz} 5 +0 (pz] 5
o 4 Do Do
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1/4 ! 1/4

= /lj—/lk—(wj-wk)[%J -Z(sz_wks)[%J 5

1/4
+0 (&] 52
(2
1/4
= ﬂ,j-ﬂkz(&j (wj-wk){l-i—(wj2+ijk+wk2)5}
P

1/4
+0 ( &J 52
P
Now , suppose that

1/4 )
f_—_(&j (Wj -wk){l - Z(wj2 +W Wy +wk2)5}

po

has one signin [a, ) , and

1/4
(&J 6% eLla,») (2.3.11)
p.

. P1
with O=—-—""—
(Po P )1/2

Then it follows immediately from (2.3.1)and (2.3.9) that (2.3.10) is

satisfied in the two following cases :

case 1 : p;,0<i<2 are real-valued functions .

case2: p;,0<i<2 are pure-imaginary functions .
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Corollary 2.3.1 :

Let the coefficients p, and p, be nowhere zero in [a,») and
COa, ) with peCPla,») . Let(2.2.1),(229),(23.1)-(23.3)
hold. Also, let

1/4
(&J 5% eLla, ) 23.11)
P
where 5=——&W=0(1) as x—>o
(p. P2)
then
x 1/4 1
ye@ ~ p. @)y (x)exp j [wk[ &] (1-Zwk25ﬂ dt |
a pO
as x —> o
proof :

For a direct application of Theorem 2.3.1 , we get that

ye@={1+0m}p. V¥ (x) p, () exp[ j ) dt]

By (2.2.2) we obtain that

1/4
zk:wk[&J (1+8,) (1<k<4)
P.
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where 5y = -zll-wkza {1+ 06}

vy 14 1/4
Hence , A =w Py _2, 35 1) + 052 P2
k k
p° 4 p° po

By (2.3.11) we get that

x x 1/4 1 1/4
a a po 4 po

Then,

. . v /4

exp( j A (1) dt} =exp j {wk (%2—} 2 wk35 (p—zj } dt +exp’, - {1 + o(l)}
X X /4 1

exp( j A, (@) dt} = exp{ j ka[i—zj (1 2 wk25) D dt +exply -{1+0(1)}

Therefore ,

. /4
yi(x)= {1+ 0(1)}po'l/ S(X)pz_ 3 8(X) exp{ j {w,{—p—zJ (1 _L wk25j B dt - exp?,
a D, 4

after adjusting a constant multiple in y, (x) , we get

x Y
v ~ p. B op, ™ 8(x>exp{ j (w;{fﬂ [l-lwﬁéj]dr]
a D. 4

as X —> ©
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2.4 CONCLUDING REMARKS
Remark 1 :
The Theorem 2.3.1 is illustrated by the familiar example where the

coefficients are powers of x in the form

p.(D=c,x* , p®=cxf | pyx)=csx

where ¢ , B, v , ¢, (1<i<3) are real constants with ¢; #0and
c3#0 .

Then :

(I) werequired that p, =0{( P. P )l/ 2} as x—oo holds.

So,
S= P1 — ¢ xﬂ
(p.p2)"? (cl x%* ey x7 )1/2
_ & 1
(c; ¢ )1/2 2L.p
x 2
a+y

- >0

Now 6—>0 as x—ow 1If
= a+y-28>0
Therefore, § >0 as x-—>o holds when a+y-28 >0

(IT) we need to show that the condition (2.2.9) holds

ie §(p°] , 5(—"—2—] and (—fl—— are all Lla, ).

p. Py )1/ 2
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Now

also ,

__ %7 1
(Cl 03)1/2 aTﬂ/'/”“
X

so, O P eL[a,oo) if a+7—,6’+1>1
P 2

= a+y-28>0

and
pll __Gp P
(p.p,)"? (c1 c3 x*77 )1/2
¢, B 1

) (CI C3)1/2 | xa—;l—ﬂﬂ
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!

SO, WEL[G,OO) if a;—)/-ﬂ+1>1
o 72

=> a+y-28 >0

Therefore , the condition (2.2.9) holds when a+y-28 > 0 .

(III) we require that the conditions (2.3.1) and (2.3.2) of Theorem 2.3.1
are all satisfy .

Now

’ 1/4
p. | P 1’/42 c o x®! . c x% )
P J\ P2 cp x% ¢y x7

and
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r 1/4
S0, &(&J S0 if %150
P2 P> 4

= y-a+4>0

Therefore , the condition (2.3.1) of Theorem 2.3.1 holds when
y-a+4>0.
For condition (2.3.2)

r\2 2 1/4
2] (2)" fae] (ax]
po p2 Clxa C3x}/

also ,
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2 1/4
SO, [P_ZJ (&j eL[a,oo) if %+2>1

also |,
” 1 1/4
p. P. /4_ ca(a-1)x*? ¢ x*
p. D> c x° c; x7
1/4
=a(a-1) a L
3 ﬂ+2
x 4
” 1/4
so, | £ (p"] ella,o) if L-%+251
P. )\ P2
= y-a+4>0
and
” /4 y-2 o 1/4
Py || Po) _|Gr(y-DX" ) [¢x
P2 )\ P2 cy x7 c5 X7
1/4
c 1
=y(r-D| =
( 3 ﬂ+2
y 4
" 1/4
SO , 2—2——(‘%} eL[a,oo) if %4251
P2 P>
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Therefore , the condition (2.3.2) of Theorem 2.3.1 holds when

y-a+4 >0.

| ya
(IV) Finally , we need that (“’J 5% ella, ).
P2

So,

1/4 4 2
P os2_| G gt 1
po Cl xa cl C3 xa+7-2ﬂ
l/4 2
= S| 2. !
€1 €163 Sa:37-2ﬂ

/4
S0, (pf’) stella,») if 50‘1’37-2/3>1

= Sa+3y-88 > 4

= Sa+3y-84-4>0

1/4
Therefore , (pcj 6% eL]a,©) holds when 5a+3y-88-4 >0 .
P2

Now it 1s easy to check that all the conditions of Theorem 2.3.1
(2.2.1),(2.2.9) and (2.3.11) are all hold under the set of conditions

>

a+y-20 >0 (2.4.1)
y-a+4 >0 (2.4.2)

Sa+3y-8B-4 > 0 (2.4.3)
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Now (2.4.1) is implied by (2.4.2) and (2.4.3) and hence we need only the
latter two conditions (2.4.2) and (2.4.3) . We can for example take a =y

1
da-8 > —.
an S 5

Since the conditions (2.2.1) , (2.2.9) and (2.3.11) are held and all the
conditions of Theorem 2.3.1 are satisfied , therefore by corollary 2.3.1 ,
(2.1.1) with the given coefficients has solutions y,(x) , (1<k<4)

such that

-1/ 8 < 1/4
yk(x)=(l+o(1))(c1 xaj -(03 xyj_3/8exp[“‘ [wk( &} (l-lwkzéjjch}
a . 4

after adjusting a constant multiple in y, (x) , we get that

. 1/4
yo(x) ~ x7(@FIE -exp{j wk(&j (1-%11},(2 5) dt}
a po

as X —>©

where ¢ as definedin (2.2.1) .

Remark 2 :

To give a quite different class of coefficients covered by our analysis ,

we consider

Jij ezx“ 3x?

p.(x)=c; x%e" p(x)=cy x ) pr(x)=c;x" e

where a , B, 7 ,c;, (1<i<3), a and b are real constants with

a=0, b >a , ¢#0 and c¢;=0 . Agin it is easy to check that the
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conditions (2.2.1) , (2.2.9), (2.3.11) and all the conditions of Theorem
2.3.1 are satisfied .

Remark 3 :

Al-Hammadi [2 ] considered the differential equation

" ” ’/ 1 1 () J+D (j) ()
(poy)+(p1y)+§Z (%_,--y ) +(612_,--y ] -py y=0

(2.4.4)

under general conditions on the coefficients p; (0<i<2) and

q; ,J=1,2 forlarge x, he obtained the form of the solution

() ~ .7V p, B (x) exp ( j zka)dr] , as x>

Now, 1n the case where g, =g, =0 , (2.4.4) reduces to (2.1.1) , the
asymptotic formula (2.3.4) agrees with the result of Al-Hammadi [2 ] .

Remark 4 :

Hinton [10 ] considered the differential equation

(m) (£)
(r(x)y <x>j ~ g@y(x)=0 (2.4.5)

of order n=m+¢>2 . He showed that , subject to certain conditions on

r(x) and q(x) ,(2.4.5) has solutions
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a

Vi ~ r*(n+l—2m)/2n(x),q‘(n—1)/2n(x)exp(wk J. (q/i‘ )l/ndtj

as X > ®

In the case where m=2=/ and n=4 ,(2.4.5) becomes
(r@)y"(x)) - g(x)y(x)=0 (2.4.6)

Hence , (2.4.6) has solutions in the form

Ve ~ r'”g(x)-q"3/8(x)exp(wk J.x (q/r )”4dz‘] , S X—>

a

Therefore , the asymptotic formula (2.3.4) with (2.2.4) agrees with the
result of Hinton [10 ] .

Remark 5 :

FEastham [5 ] considered the differential equation

(rn_l ........ (rz(rly'),)’] - qy=0 (2.4.7)

He showed that , subject to certain conditions on ri(x) (1<j<n-1)

and g(x) , (2.4.7) has solutions

as X —
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In the case where n=4 and 7n =r=1,(2.4.7) becomes

(ry") - qy=0 (2.4.8)

Then , (2.4.8) has solutions in the form

v ~ rV3)-q B exp [wk J-xQ(t)dfj where 0 =(q/r, }/*

as X —> ®

Therefore , the asymptotic formula (2.3.4) with (2.2.4) agrees with the
result of Eastham [5 ] .

Remark 6 :

For the familiar example of power coefficiency which is in Remark 1 ,
the result which we obtained here agrees with the result of Walker [ 12
p. 131 condition (11) | .
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