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This work focuses on the morphological instability of moving fronts. The stability
of electrode surfaces during an electrodeposition process has been considered as an
example. We have shown theﬁ the physics of the instability is due to reinforced
concentration and electrical potential gradients at the cathode generating the instability
there. The anode, on the other hand, retains a stable planar morphology.

It has been found that increasing the voltage drop between the electrodes or the
average ionic concentration will shift the electrolytic cell more towards the instability.
Conversely, iﬁcreasing the distance between the electrodes will work in favor of
stabilizing the electrodeposition process.

We have also shown theoretically that once the electrodes lose their planar shape,
the velocity of the surfaces and consequently the measured current will drop in relation to
the predicted base value. It should not have been possible to obtain this conclusion
without the application of two important restrictions, namely constant volume and

constant average concentration of electrolytic solution.
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Through this dissertation three main approximations were introduced. The first
approximation is one of chemical reaction equilibrium which implies that reactions are
assumed to take place fast compared to the transport processes of diffusion and
migration. The second important approximation was to assume that the concentration is
the same as the average ionic concentration as far as the migration is concerned. The last
approximation was that the dynamic change of concentration is subservient to the
dynamic change due to transport arising from the movement of the boundary. These
approximations simplify the model greatly and proved to be valid under reasonable
conditions.

The design parameters of an electrodeposition cell are also calculated where the
dimensions of the cell are suggested in addition to the predicted values of the voltage
drop and the current at which the instability might take place.

It is recommended that the findings of this work be linked to other moving front
instabilities such as those that take place in solidification, precipitation and viscous

fingering and to see what these instabilities have in common and in what aspects they

might differ.




CHAPTER 1
INTRODUCTION AND PHYSICS OF THE PROBLEM

1.1 Introduction

This dissertation is concerned with patterns that occur during the motion of phase
boundaries. Electrodeposition is one process where patterns often form on electrode
surfaces and it will be the focus of our attention.

During electrodeposition, metal ions are released from a metal surface, the anode-
in contact with an ionic solution, and are deposited at a second metal surface also in
contact with the solution-the cathode. The release and the deposition of the ions are
caused by chemical reactions involving the transfer of electrons. Hence the direction of
these electron transfer reactions is determined in part by the electrostatic potential
difference between the metal and the nearby solution. To cause the ions to leave a metal
surface and enter the solution, a positive potential difference is required. To make an
electrodeposition process take place, an overall electrical potential difference must be
imposed between the two metal surfaces, the anode and the cathode.

The problems of interest to us in electrodeposition have to do with the reactions at
the electrodes, the geometry of the surfaces of the anode and the cathode and the process
by which charged species are transported from one place to another. It is important to
emphasize here that the main objective of this work is to study what happens at
electrodes as it relates to transport phenomena and reaction kinetics. Electrodeposition

was picked as a nice example in which these effects on the stability of the system can be




visualized. The purpose of this work is not to study electrochemistry, but to use it as a
tool to understand important issues related to interfacial instability.

Understanding how the electrodeposition process occurs is an important task and it
1s to this that we now turn.

1.2 Physics of Electrodeposition

Electrodeposition takes place in what is known as an electrochemical cell which is
shown in Figure 1-1. In its simplest configuration, an electrochemical cell ordinarily
consists of two metals (electrodes) held at different voltages dipped into a common
electrolytic solution. One of these electrodes dissolves in the solution producing metal
ions that cross the electrolytic solution. These ions then plate out on the other electrode

which, therefore, grows.

electrons

>

current

«

voltage source

positive igns

current direction .

>

<+
negative ions

anode cathode

Figure 1-1. Schematic of an electrochemical cell.




Now metal ions are released at the anode on account of an oxidation reaction there.

The reaction causes the release of electrons. It is depicted by
Mo M"Y +ze
The electrons move through the connecting wires from the dissolving anode to the

growing cathode. Meanwhile, the ions traverse the solution by way of diffusion and

migration and combine with the electrons at the cathode to become “plated metal” via the -

reduction reaction
M* +ze >M

The current passing through the electrolytic solution is carried by the ions moving
from the anode to the cathode and the counter ions moving in the other direction. To
complete the circuit, the current passes through the wires, from the cathode to the anode.

It has been observed that the electrodes, namely the anode and the cathode,
typically do not always remain planar during an electrodeposition process; instead there
is a certain voltage drop at which the growth of the cathode is not uniform across its
width. This voltage drop and the wavelength of the wiggly surface that corresponds to it
are called respectively the critical voltage and the critical wavelength.

Now we are interested in such problems because the wavy shapes are not desired in
most applications where smooth film surfaces are required. Moreover, these wavy shapes
can grow to the point that dendrites result and these dendrites can then cause the cathode
and the anode to touch each other; this will cause a short-circuit. Figure 1-2 shows the
shape of such deposits obtained after a long period of time. If our aim is to avoid this
situation, we need to understand this problem better. So one of our objectives will be to

find the critical conditions at which the growth of the deposits goes from being uniform

~




and steady to non-uniform either steady or unsteady. The reasons for getting non-planar
surfaces, as the electrodeposition process advances with time, are explained in the next

section where the physics of the instability is discussed.

Figure 1-2. Fingerlike deposits on the cathode after a long time of unstable operation of
electrodeposition process (Lopez-Salvans et al., 1996).

1.3 Physics of the Instability

When an electrochemical cell is in equilibrium and is not connected to a voltage
source, there will be no oxidation or reduction reactions taking place, and the voltage at
the electrodes will be the same but the voltage in the solution, while uniform, may differ.
‘When a voltage source is connected, the voltage at the anode and at the cathode will
differ and a voltage drop will take place across the solution.

Once a voltage drop is imposed across the electrodes leading to a voltage gradient
in the electrolytic solution, there is going to be a metal ion gradient in the solution as
well, as the ions traverse the solution from one electrode to the other. Now both oxidation

and reduction take place at both electrodes but which reaction is favored depends on the




potential drop between the metal and the solution. Figure 1-3 depicts the cell after a

voltage drop is applied across the anode and the cathode. In Figure 1-3, the electrical
potential at the anode, ¥'*, is higher than the electrical potential at the cathode, V¢,

which causes a potential gradient through the solution. In the solution, ¢ and € 518

used to represent the electrical potential and the concentration of the metal ion
respectively. Their gradients help to move the metallic ions from the anode, where they
are supplied, to the cathode, where they are plated out.

h Vais y

anode T i cathode
1onic solution

surface motion surface motion
+— MAt 4+—
e

Figure 1-3. The potential and the concentration gradients after a voltage drop is applied
across the anode and the cathode.

To decide whether a planar electrode ought to remain planar after a voltage drop is

applied across the cell, introduce a bump, a small displacement, and try to determine if a




displacement is reinforced. If so, the planar surface is unstable. Figure 1-4 depicts the two
electrodes when such bumps are introduced. Let us now consider the following argument
which leads to the conclusion that under all conditions the cathode is a source of

instability to at least some disturbances.

VA

faster oxidation

\’» faster reduction

base value ¢

~ )
4
A \/\ )

AN
A

anode electrolytic Solution cathode
\ \\\
C AN

AN

\

\\
+ \,
\\ Mﬂ \
. , )
/ !

\,'\

e
4

Cypnr

base value

surface mo&ion surface moiion

<,

Figure 1-4. The potential and the concentration gradients after introducing bumps to the
anode and the cathode surfaces.




Refer to Figure 1-4 and notice that both oxidation and reduction reactions take
place at the anode and at the cathode. However, the oxidation reaction is predominant at
the anode while the reduction reaction is predominant at the cathode. By these reactions,
the surfaces of the two electrodes will appear to move in the same direction, to the left;
however, the anode dissolves while the cathode grows.

Now Figure 1-5 is an excerpt from Figure 1-4 that shows a trough at the anode and
a crest at the cathode with a potential gradient through the solution. Crests are defined as
projections into the solution, troughs as projections into the solid. We will limit our
discussion in this figure and consider the effect of the electrical potential on the rates of
the oxidation-reduction reaction; however, similar arguments concerning ion
concentration gradients will lead to the same conclusion and will do so even if a crest at

the anode and a trough at the cathode are considered.

anode cathode

&

d VA A

244 — Ypianar

A

|y Y

stable unstable

Figure 1-5. Physics of the instability.




In Figure 1-5, ¢;‘1m, is the potential at the solution adjacent to the anode before a

bump is given, @, is the potential at the solution adjacent to the anode after

(of

perturbing the surface (i.e., giving a bump to the anode) ¢,,,,. is the potential at the

solution adjacent to the cathode before a bump is given and ¢§ wbea 1S the potential at the

[:4

solution adjacent to the cathode after perturbing the surface (i.e., giving a bump to the

cathode).
By looking at the anode in Figure 1-5, our sketch indicates that the perturbation

causes the voltage difference, V* — g7

planar >

at the planar surface to be reduced (i.e., to the

voltage difference, V* — ¢:;

urvea ) At the perturbed surface. This means that the electrical
force causing ions to leave the planar surface is greater than that at the wavy one. As a
result, the oxidation reaction will run slower at the perturbed surface than at the flat
surface; hence the planar surface will dissolve faster and ﬁnally» it will catch-up with the
perturbed surface whence the bump disappears and the anode would appear to be stable
to surface displacements.

Let us now draw our attention to the cathode to see if something interesting

happens there. By looking at Figure 1-5 again, it is clear that ¢, V¢ is larger than

erturbed

¢§,m, — V. This implies that the reduction reaction is faster at the perturbed surface than

it is at the flat surface, building up the crest more and more. Consequently, the flat
surface will always lag the perturbed surface with the bump growing larger and the
cathode losing its planarity and becoming unstable and what is also important, these
arguments based on the rates of the chemical reactions hold no matter what the lateral

extent of the perturbations and hence the wavelengths.




In conclusion, the picture argument tells us that surface perturbations to the anode
ought to die out, preserving for the anode its planar surface. The anode is therefore
considered to be stable to small perturbations. On the other hand, the cathode would
appear to be unstable to small surface disturbances. In fact surface tension is stabilizing
but its strength depends on the wavelength of the displacement. As will be seen later, the
role of surface curvature is to stabilize the interfaces. It reinforces the stability of the
anode but opposes the instability of the cathode.

We are interested in what makes the electrodeposition process unstable. There are a
number of researchers who have tried to determine when the electrodes will lose their
planar surfaces. These people became interested in this problem after the work of Mullins
and Sekerka (1963, 1964) on solidification and most of them will refer to Mullins and
Sekerka and claim that they are following their approach in determining the instability
and the shapes of the surfaces. There are a lot of researchers who have done their
calculations with one electrode such as Aogaki ef al. (1980), Aogaki and Makino (1981),
Landau (1982), Barkey et al. (1989b), Chen and Jorne (1991) and Pritzker and Fahidy
(1992). We will discuss Pritzker and Fahidy in more detail in Appendix A because their
work is related to ours. Sundstrdm and Bark (1995) used two electrodes in their model
and this has the advantage of introducing the constant volume condition to the problem,
an assumption which is not available in the model with one electrode. One objective of
this work will be to design a sensible experiment and see what a person might detect once
the instability takes place. Researchers have done experiments and some of the

experimental results seem to confirm our predictions. For more information regarding the
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work in this area, the reader can check the annotated bibliography given in Appendix A
where we discuss these papers in some detail. |

The organization of this dissertation will be as follows. Chapter 2 will set the
foundations for the rest of the work by presenting a model for the electrodeposition
problem along with some important assumptions that are going to be applied all through
this work. Following that will be chapter 3 where a base solution for the model will be
found, then an apbroximation called chemical reaction equilibrium (CRE) will be utilized
to simplify the equation that models the electrode reactions. This approximation will
serve two purposes. First, it will simplify the base solution of the problem. Second, it will
simplify the algebra of the model for the subsequent calculations. In this chapter critical
conditions will be found and results obtained using the CRE approximation will be
validated by comparison with previous work.

In chapter 4 a new approximation that will simplify the modeling of the transport
processes will be introduced. Using this approximation will enable us to calculate the
growth constants of the perturbations analytically. In addition, the effect of neglecting the
growth constants in the domain will be studied and it will be shown that domain
perturbations can be ignored without affecting the precision of the results. Even with
these two approximations, the effect of different variables of the problem cannot be
traced due to the complexity of the results. So the approximations introduced in this
chapter will be coupled with the CRE approximation in order to simplify the problem
even more so we can then understand the behavior of the results.

Chapter 5 will serve two main purposes. First, the results of the approximation in

chapter 4 will be validated by comparison with the results of chapter 5, where the
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problem is solved without any approximations. Second, previous results obtained
numerically by Sundstrom and Bark (1995) will also be checked out.

All the approximations introduced earlier, which will be proven to be good, will be
applied in chapter 6. This chapter is concerned with what we might see when running an
experiment. While the calculations in chapter 3 were done to decide what is the critical
wavelength for any value of the control variable, chapter 6 calculations will show, in a
physical cell, how to find the critical value of the control variable.

Whatever we decide our control variable is, we are going to find its critical value;
then we are going to worry about increasing the control variable beyond the critical point.
So when running an electrodeposition experiment and if we choose the voltage drop to be
the control variable and its value is set, then the easiest thing to measure will be the total
current passing through an ammeter. Then we will try to decide what we ought to see
beyond the critical point when the electrodes lose their planarity.

It is very important to indicate that all the approximations introduced earlier in
chapters 3 and 4 were mainly introduced to simplify the model so we can go with our
calculations beyond the critical point where every bit of simplification of the equations is
needed due to the complexity of the calculations. Stating that, one will know the real
purpose of introducing such approximations instead of wondering why we keep on
presenting one approximation after another, then showing that we are able to find the
solution without utilizing the approximations introduced as was done in chapter 5.

While this dissertation does not have to do with running an experiment, it does

have a lot to do with the design of an experiment. We will conclude in the last chapter,
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chapter 7, by designing an electrochemical cell where a person will be able to predict
when the instability might occur.

So our first job is to present a model for the electrodeposition problem and to show
what are the main assumptions that this model is based on. This will be the topic of

chapter 2.




CHAPTER 2
MATHEMATICAL MODELLING

This chapter will lay down the foundation for a model describing an
electrodeposition process. The following chapters will refer to this one as additional
approximations are introduced. The equations describing different processes occurring
either in the electrolytic solution or at the electrode-solution interface will be given.
These equations will be simplified by applying an approximation called local electrical
neutrality. The electrode kinetics will then be discussed in detail. Finally, the limitations
and main assumptions of the model for the electrodeposition process will be presented.

It is of great importance at this stage to draw the reader’s attention to the fact that
the problem we are focusing on is one with only two ions and no supporting electrolyte.
We begin our work by presenting the nonlinear equations describing the physics.

2.1 The Nonlinear Equations

In this dissertation, we are interested mainly in the transition that occurs when a
control variable is changed and a planar surface turns non planar. Now there may be
many control variables in this problem. One possible control variable might be the
distance between the electrodes. Another control variable might be the average ionic
concentration of the solution. But a more suitable control variable is the voltage drop
across the cell and we hypothesize that as this control variable (i.e., the voltage
difference) is changed, holding the distance and the average concentration fixed, the
system acquires the possibility that it can exist in more than one state. The first state is

the flat state; the second state is a wavy state.




14

A steady state movement of the anode and the cathode cannot be achieved unless
the electrodes are moving at the same constant velocity and in the same direction and
viewed by an observer participating in this uniform motion. Hence all the work in this
dissertation will be carried in a moving frame in uniform translation, at a velocity
denoted U , vis-a-vis a laboratory observer. The moving observer sets the origin of the
coordinate system on the surface of the anode; the cathode is at a distance Z, from the
anode.

The nonlinear equations can be classified into two types. First, the equations that
describe the phenomena occurring in the bulk of the electrolytic solution (i.e., the domain
equations) and second, the boundary equations, which are valid at the electrode-
electrolytic solution interface. The example that we will use for purposes of discussion
throughout the dissertation is that of two copper electrodes in a solution of copper
sulphate dissolved in water. Then species 1 refers to copper ions, species 2 refers to
sulphate ions and the solvent will be water. We start by discussing the domain equations.
2.1.1 The Domain Equations

Throughout the ionic solution, salt dissociates completely into ions and no
reactions take place there. We will only consider two ionic species in our model. The first

equation that is valid on the domain is

—+V-N,

oc, .
ot '

=0, i=12 (2.1

where ¢, i =1, 2 denote the molar densities of the metal ion and the non-metallic ion

and N, denotes the molar current density of species i in the solution.
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The molar current density of the dissolved species in the electrolytic solution is

given by

N,=-DVc¢, -z FucNVg+cy 2.2)

where D, stands for the diffusion coefficient,

zi| denotes the number of equivalents per

mole, /' denotes Faraday’s constant, %, is the mobility of ionic species and ¥ is the fluid
molar average velocity.

The first term on the right hand side of equation (2.2) represents the diffusion
effect, the second stands for migration and the last represents the effect of convection.
Diffusion occurs under the influence of a concentration gradient. Migration occurs under
the influence of an electric field (a gradient of electrical potential). And convection
occurs in the presence of density gradients or density differences at a phase boundary, as
in the electrodeposition problem.

The work in this dissertation is done on the basis that the electrolytic solution is

dilute. In dilute solutions, the mobility of ionic species is related to the diffusion

coefficient by the Nernst-Einstein relation (i.e., #, = % ) where R and 7' stand for the

gas constant and the temperature of the solution respectively and D, is to be taken
independent of ion concentration. Making use of the dilute solution assumption will turn
equation (2.2) into

N, =-DVc, _ﬂp,.c,vmciv (23)
RT

It is interesting to notice that when steady state is achieved inside the
electrochemical cell, there is no transport of sulphate ions, as only the cupric ions react at

the electrodes. Migration will drive the negative sulphate ions towards the left to the
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positive electrode (anode). This tendency of migration will be opposed by the tendency of
diffusion towards the right. As a result a balance between the effect of migration and
diffusion will be achieved for the sulphate ions. On the other hand, migration will move
the positive cupric ions towards the right (i.e., towards the cathode). In addition to the
migration effect, the diffusion tendency is also towards the right; thus both migration and
diffusion move cupric ions in the same direction and these ions will carry all the current
from the anode to the cathode (Newman, 1991).

Another equation that is valid on the domain is the conservation of mass equation

which can be expressed as

%—‘; =-V-(pV) (2.4)

and for constant density, equation (2.4) simplifies to
V-v=0 (2.5)
The last equation tells us that the electrical current density is due to the motion of

charged species (i.e., it is the sum of the flux of charged species multiplied by its charge
per mole) and is denoted by 7 , where

i=Y FzN, (2.6)
and where the absolute value of z, tells us, for species 7, the number of equivalents per

mole and hence z,F' is the charge per mole carried by species / and where N . denotes

the mole current density of species i in the solution as was mentioned above.
The above equations, (2.1)-(2.6), are the domain equations that hold in the

electrolytic solution. Let us now turn to the second type of equations governing the
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electrodeposition process, namely the equations at the electrode-electrolytic solution
interface or the boundary conditions.

2.1.2 The Equations at the Electrode Surface: Boundary Conditions

This section will be concerned with the boundary conditions that are valid on both
electrodes. But before writing the equations at the boundary let us define the main
variables that are associated with the surface conditions. For simplicity, a two-
dimensional problem is considered. The main variables that describe the surface are the
surface normal, the surface local velocity and the curvature of the surface. It is important

to define these surface variables early along as they will appear in most of the equations

to come. A surface will be denoted by y = f(x,7). The normals will always be taken to

point out of the metal into the solution, and at the anode the expression for the normal is
. ~fhi+]j
nA = '———2-—1/2 (27)
()]
while at the cathode it is

c7 3
h’C = #ﬁ— (2.8)
fE) + 1}
where the superscripts 4 and C in the above equations and all the equations to come
p q
stand for anode and cathode respectively. Moreover, j always points from the anode to
P J yS P

the cathode. The expressions for the normal component of velocity at the anode and the

cathode respectively are

u? =f—‘A (2.9
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and

R A (2.10)

() +1]”

where u” ought to be positive and #° ought to be negative.
The mean curvature of the surface is defined so that it is positive at a trough, where
the solution protrudes into the electrode, and negative at a crest, where the electrode

protrudes in the solution. The mean curvature at the anode is

2H* :—f;f——— (2.11)

()]

and at the cathode

e M (2.12)

3/2
() 1]
In equations (2.7)-(2.12), £, and f,, stand for the first and second derivatives of

f withrespect to x. And £, stands for the first derivative of f with respect to time.

Figure 2-1 shows by a picture what the surface variables stand for and what some of the
equations involving these variables are.

Having defined the important surface variables, we now write the equations that
serve as boundary conditions at a surface. The first set of these equations express

conservation conditions across a surface and they are

([ 8= ]| [ ¥, - el =0 2.13)

and

AN —call™ =[a [N, -l =0 2.14
([N —ca ]| -[A[N,-cil]] (2.14)
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y=rx0 vt y<fO(nt)  y=so(x0)

electrolytic solution cathode
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j;A
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A
Uu =

crest:2H <0

o~

Figure 2-1. Important variables and formulas associated with the surfaces (Krishnan et
al., 2002).
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for the ionic species, and for the mass as a whole

[7-p[v-a] ™ ~[7-p[5 -a] ™" =0 (2.15)
where the superscript denotes the phase and subscript denotes the species and where

subscript 1 stands for copper and 2 for sulphate ions respectively. As both the electrodes

are assumed to be made entirely of species 1, the density of species 1 in the solid is equal
to the density of the electrode p,, and the density of species 2 in the solid is zero. So, on
the metal side of either surface set

v=-U , N, =—¢, U and N,=-c, U
where U =U j and also set ¢, =¢,, and ¢,=0. Now these equations, which are written

for the moving frame, state that the two electrodes, but not their surfaces, remain at rest
in the laboratory frame and that each is composed completely of copper, species 1. It is
here where the variable U appears in the moving frame equations.

Dropping the superscripts denoting the metal and the solution, all variables from

now on, except ¢,, and p,,, refer to the solution and the equations, where the electrolytic

solution contacts the electrode surfaces, simplify into

i-N =[c —c,)i-ti—c,7-U (2.16)
i-N,=[c]i-ii (2.17)
and
ﬁ-ﬁ:[l——pﬂ-}ﬁ-ﬁ—p—Mﬁ-U (2.18)
P P

where p,, and c,, denote the mass density in kg/m’ and the molar density in kg-mole/m’

of the metal respectively.
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The normal current density at a surface obtained by substituting equations (2.16)

and (2.17) into equation (2.6), is
fi-i =3 Fzpi-N =3 Frefi-ii—Fre, [ A-i+i-U| (2.19)

The total current crossing a surface, which is measured by an ammeter and which is

denoted 7, is

I={d47i-[i-F¥ zci] (2.20)

where § denotes the surface dividing an electrode and the solution and the integration on
the right hand side is carried out over the solution side of the interface whence i and c

pertain to the ionic solution. Figure 2-2 is drawn to illustrate this formula. In this figure

the current flows to the right as copper ions enter the solution, while the surface itself

moves to the left as copper metal dissolves. Then IdA 7i-i is positive and if the charge
S

density in the solution (i.e., F [zlc1 + zzcz]) is positive, / must be greater than j ddii-i
N

to account both for the current flowing in the solution and for the positive charge density
being produced in the solution at the interface as the surface moves to the left. The
second term accounts for this charge production.

The total current is the sum of the local currents and these are produced by the
electron transfer reactions taking place at each point along the surface of an electrode.
The net rate of these reactions is what the Butler-Volmer equation predicts. To complete
the statement of the surface boundary conditions we turn to the electrode kinetics and

discuss the Butler-Volmer equation.
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Figure 2-2. Explaining the contribution of different terms in equation (2.20) for the total
current.
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2.1.3 Electrode Kinetics

This section deals with the reactions that are taking place on the electrode surfaces.
When there is a potential difference between the two electrodes, electrons will start to
flow in the circuit and there will be a net transfer of electrons across each surface. Both
oxidation and reduction are electron transfer reactions. The reduction reaction is taken to
be the forward reaction while the oxidation reaction; is the backward reaction. As shown

in Figure 2-1 the normal vector points into the solution, the normal current density is

positive if 7 is in the direction of 7 . Hence, the oxidation reaction produces positive
current while the reduction reaction produces negative current.

The Butler-Volmer equation predicts the net rate of the electron transfer reaction as
the difference between the oxidation and reduction steps and it can be written as (Bockris

et al., 2000)

=kc,e —kce

L "Fézfcfﬂ o Sl chan] L aifee- cEan] @21)
zZ

where y denotes the surface tension and where 3, 0 < <1, denotes a factor having to

do with the activation step. The chemical reaction rate constants £ and & depend on the
temperature at which the electrodeposition reaction is taking place. It is obvious from
equation (2.21) that the current, the left hand side, is a function of three variables that
appear on the right hand side. These variables are A¢, the difference in the electrical
potential across the surface, the concentration of the metal ions near the surface namely

¢, and the curvature of the surface 2H . The effect of these variables on the reactions is

explained next.
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The difference in the electrical potential across the surface is denoted A¢g, where it

is always taken to be ¢™“ — ™™ Tt is obvious from the Butler-Volmer equation that a
positive Ag favors the metal dissolving in the solution while a negative A¢ favors the
opposite. At the anode, A¢ is always positive. This will encourage oxidation over
reduction by increasing the exponential factor in the oxidation term and decreasing it in
the reduction term. On the other hand, at the cathode A¢ is always negative; this will
discourage oxidation and encourage reduction. Figure 2-3 depicts the effect of the
electrical potential on the reactions when copper is selected as an example. In the figure,
the voltage is higher at the anode than that at the cathode. This higher voltage at the
anode will favor the oxidation reaction (i.e., Cu — Cu*" +2e") on the reduction reaction
namely Cu™" +2e~ — Cu . The lengths of the arrows in Figure 2-3 represent a measure of

how fast each reaction is. At the cathode where the voltage is low, the opposite scenario

will take place.
The effect of the metal ion concentration adjacent to the electrode surface is clear

since decreasing ¢, will also decrease the reduction rate (i.e., the second term on the right

hand side of equation (2.21)). One could also refer to Figure 2-3 and recognize that
making the concentration of the copper ions lower near the surface will also lower the
rate of reduction reaction given by Cu"™ +2e¢” — Cu since less ions will be available to
support this reaction.

The effect of the surface curvature can be visualized by studying how a crest or a
trough will help or harm either the oxidation or the reduction reaction. At a crest, where
the curvature is taken to be negative, the oxidation reaction is favored over the reduction

reaction since it will be easier to lose a copper atom from the metal. On the other hand, at
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the trough the opposite is true as the metal atom will be closer to its neighbors so it is
difficult to detach it from the surface. It is in this curvature effect that surface tension

comes into the picture, being a factor that determines the stability of the system as will be

shown in the next chapter.

( electrons 7

——>Cu* +2e” Cu™" +2ec——
Cu <« Cu™+2e Cu™ +2e——1 > Cu
anode electrolytic solution cathode
+
N +
high voltage + + } low voltage
+ +
’ C
here Cu™*
here Cu** can come
driven off close and get
an electron

Figure 2-3. The effect of the electrical potential on the extent of the oxidation and
reduction reactions.

To summarize the effects of the potential difference and the curvature, refer to the
first term on the right hand side of equation (2.21), the oxidation term. Positive values of
A¢ and negative values of 2H produce higher rates of oxidation than do negative values
of Ag and positive values of 2H . For the reduction reaction, which is accounted for by

the second term in the Butler-Volmer equation, the opposite is the case. Figure 2-4
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- summarizes the effect of the potential difference and the surface curvature on the reaction

rates.
A ¢ — ¢metal . ¢solution > O
O 426 oxidation encourged by
A¢ >0 and by crest
crest
b 0o reduction discourged by
Ag >0 and by crest
electrode 1onic solution

c oxidation encourged by Ag > 0,
U
discourged by trough
trough |
L 0
A\ 126 reduction discourged by Ag >0,
. encourged by trough

Figure 2-4. The effect of surface curvature on the reaction rates at both electrodes.
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Now by introducing a reference metal ion concentration, the constants /?cM and &
can be eliminated from the Butler-Volmer equation in favor of the exchange current
density, denoted by ,, and the equilibrium potential difference, denoted by Ay, . The
equilibrium condition implies that a constant exchange of charge carriers takes place

across the metal-solution interphase. Figure 2-5 (a) depicts the equilibrium situation

where both oxidation and reduction reactions run at the same rate.

Cu L SCu™™" +2e”

copper metal electrolytic solution

Cuc—t — Cu™+2e

(2)

c.is really high

_________ 44" is higher than ¥ if c is really low

e "5 i Jower than V' if ¢ is really high

(b)

Figure 2-5. Explaining the equilibrium situation (a) At equilibrium, both the oxidation
and the reduction reactions run at the same speed. (b) At equilibrium, "

might be higher or lower than V depending on the ionic concentration near
the electrode.
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At equilibrium, then one might wonder if the potential of the solution (i.é., g )
at the surface is higher or lower than the metal potential namely ¢™* or V. To énswer .
this question let us consider Figure 2-5 (b) where an electrode at a'voltage V' is taken to -. -
be in contact with a solution at uniform concentration ¢ . Now, as the ﬁgure_shb@é, 1f- c B .-

¢solution

is low, must be higher than 7 to help the reduction reaction and to bring the

situation to equilibrium, however, if ¢ is high, then g wiﬁ be lower than to
support the oxidation reaction. This explains the jump reqﬁired in ¢. So for every
concentration of the electrolytic solution, there is an equilibrium electrical potential and -
moving the electrical potential away from equilibrium helps one or the other reaction.
Now the exchange current density, i, , is defined as the current density prediCtéd by |
the oxidation term when the rates of oxidation and reduction are equal (i.e., ét
equilibrium). Both 7, and Agy, refer to a reference surface, a surface which is ﬂat.and
across which the electrode is in contact with a solution at the reference metal ion
concentration, ¢,. During the electrodeposition process, ¢, i, and Ag,, remain constant.

The resulting modified Butler-Volmer equation, which is going to be used hereafter, is

given as (Johns and narayanan, 2002)

4
(5

F 3F Y
. [1—ﬁ]’1—[A¢ ~Agp- 23} C —FALNp Dy m}
n- [z’ -F> ziciu] =ijle W ]l BT e (2.22)

G

The values of Ady, and i, at a standard concentration must be measured. The

value of Ady, at any reference concentration can then be obtained from the Nernst

equation via
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RT c re
A¢EQ (Cl ref) - A¢EQ (cl std) =—In—L

: 1 C st
whence i,, given in terms of A b
0 mo OY

zF
— 1-A]2—-A
iy = chMe[ far e

is

cl std

io (cl ref) — licl ref :l[l_ﬁ]
iO (Cl std)

The value of Ay, and i, at a standard concentration, then, become parameters of the

system replacing kc,, and & . The values of Ady, and i, at a specified reference

concentration are then parameters of a specific experiment.

The nonlinear equations presented in section 2.1 can be simplified by applying an
assumption called local electrical neutrality. The meaning of this and the simplified
equations obtained after applying this assumption are given next.

2.2 The Nonlinear Equations Simplified by Local Electrical Neutrality

This section will show how the nonlinear equations can be simplified by making an
assumption, namely local electrical neutrality. What is assumed is this: if a sample is
drawn from any place throughout the solution, it will contain an equal number of positive
and negative charges, and therefore the sample has a zero net charge. In other words,
local electrical neutrality states that over a given volume element there will be as many
positive charges as there are negative charges. This is a valid assumption as long as
double layer effects are neglected, where the double layer is the region near an electrode
where charges must certainly be separated. This layer is usually very thin (on the order of

10 A (Prentice, 1991)) compared to the distance between the electrodes and hence double




30

layer effects are usually negligible. Consequently, local electrical neutrality is an
appropriate assumption for a large section of the electrolytic solution. The local electrical
neutrality can be stated as
Z 2., =z.0+z,c,=0 (2.23)

It must be emphasized that departures from local electrical neutrality in an ionic
solution, where they occur at all, are very small. They are so minuscule that the most
sensitive chemical ﬁethods cannot detect any disparity between z,c, and z,c, (Oldham
and Myland, 1994).

Now let the shapes of the two electrode surfaces be specified, in addition to the

function ¥ and turn to equation (2.3) on the domain, which can be written for species 1

and 2 as
_ z F -
N, =-D\Vc, —=-DcVp+cy (2.24)
RT
and
_ z,F -
N2 = —D2V02 -~ EDZC2V¢ + c,y (225)

Now multiply equation (2.24) by z, and equation (2.25) by z, and add to get
21N1 + Zzﬁz = “D1V[21cl] +D2V[_chz]

+ [_._E_[Dlzl ][Zlcl ] _%[‘Dzzz][—zzcz ]jl V¢ + [zlcl + 2202]‘—)— (226)

RT
also multiply equation (2.24) by z2,D, and equation (2.25) by z,z,D, and add to get

z,2,D,N, + 2z,DN, = —22D1D2V[zlcl] + lelDZV[—zzcz]

F e
‘ﬁDlDzzlzz [2101 + 2202] Vg + [ZzDz [Zlcl] - z.D, ["'chz]] v
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Now using the local electrical neutrality assumption, equation (2.23), define ¢ via

¢ =1z =-z,c,. Equations (2.26) and (2.27) then become

zN, +z,N, =-[D, —Dz]Vc——R—};[Dlz1 -D,z,]|cVg (2.28)
and
22,D,N, +2,2,D,\N, = DD, [z, - z, |Ve-[2.D, - z,D,]cv (2.29)

Equations (2.28) and (2.29) can be used to simplify the domain equations and the

boundary conditions. Equation (2.1) on the domain can be written for species 1 and 2 as

follows
oc, -
—+V:-N, =0 (2.30)
ot
and
oc, -
—24V.N.=0 231

Now multiply equation (2.30) by z and equation (2.31) by z, and add. Also

multiply equation (2.30) by z,z,D, and equation (2.31) by z,z,D, and add. The result is

& DVe—7.ve (2.32)
ot
and
F
PVie+2v.[evgl=0 2.33
C+ [cV4] (2.33)

Dl D2

where D and P in the above equations are defined by D=—0o172__
2D, -z,D,

[z, - z,] and

p=2 [D, -D,]
2D, -z,D,

2
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Let us turn to the equations at the boundary and multiply equation (2.16) by z, and
equation (2.17) by z, and add. In addition, multiply equation (2.16) by z,z,D, and
equation (2.17) by z,z,D, and add. This gives the following two equations

—-zz.D.c

Di-Ve—chi-[v—ii]|=—222222M [ 5 G4 7. U 2.34
[ ] ZIDI_ZZ‘DZI: :l ( )
and
2
Pﬁ-Vc+£cﬁ-v¢:—zch—[ﬁ-a+ﬁ-(7] (2.35)
RT gD, —z.D),

where both apply at each electrode.
At this stage all the equations needed to complete the model have been obtained,
the only thing left is to apply the local electrical neutrality assumption to equation (2.19)

to get the normal current density at an electrode which is

fi-i =-zFe,[A-i+i-U] (2.36)

and applying electrical neutrality again on equation (2.20) the total current is going to be

I=[ddn-i (2.37)
S

again these equations apply at both electrodes.
One can easily see that [h’ d+n-U ] appears on the right hand side of equations

(2.34), (2.35) and (2.36) and it is going to be predicted by the Butler-Volmer equation.

Now for a specified geometry, equations (2.32), (2.33), (2.34) and (2.35) would be
enough to find both ¢ and ¢ if their initial values were assigned all through the solution
and if v were to be ignored. However, the shape of the electrodes is unknown and it

needs to be determined. But that is the role of the Butler- Volmer equation. Indeed
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equations (2.22) and (2.36) can be combined, along with the local electrical neutrality

assumption, to get

fi-i =—zFe,[A-ii+i-U]=

_g1aE -7 _paE -7 2.38
i e[l ﬂ]R—T_[A%A%Q lecMZH} _E_e 'BRT Af-Ae lecMZH] ( )
0 —

c

which holds at both the anode and the cathode. At the anode it is

4 T A4 =4 =A A4 77|
neei =iy = lecM[n u’+n U:]—

zF
RT

b4
ziFcy,

| -4
i

Ap*-Aggy— —L ZHA] o —/?2;7 B ~Aggy—
e —_—
0

ziFcy, e

c

m] (2.39)

and at the cathode it is

A% 0 =i = 5 Fe, [ +7° U | =

¥y
‘ [1—/3]%{A¢C—A¢BQ— : ;CM 25C } & - ﬁ%}:Agﬁc—A@Q— 4 230] (2.40)
1.l e R —

z2Fcy,
0

c
These two equations can be used to advance the shape of the two surfaces by

relating the local values of ¢ and ¢ to the local speeds of the surfaces where the local

speed of a surface is given by

il =u=—o Ol (2.41)

so the problem appears to be closed.
Now local electrical neutrality has some important implications and we present
them here. By applying this assumption, the volume of the solution and the average ionic

concentration at any instant must be equal to the initial volume of the solution and the
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initial average ionic concentration. This is because the amount of the negative charge in
the solution cannot change since no negative ions can cross an electrode surface. Hence,
at local electrical neutrality, the amount of positive charge in the solution cannot change.
Therefore the rate at which the anode dissolves is the rate at which the cathode Srows.
And as the volume of the solution cannot change neither therefore can the average
concentration of positive ions in solution.

In all of the above, ¥ was set aside. The reason is that we plan to neglect
convection. A discussion of this is presented next.

2.3 The Effect of Convection

It was mentioned earlier that if ¥ were to be ignored, the proposed problem could
be solved to get both ¢ and ¢. This turns out to be a reasonable assumption and it avoids
the introduction of a lot of complexity for the following reason. Any convection in this
model must come from the motion of the surfaces working on the density difference. This
motion is very slow. To see how it affects concentration gradients at the surfaces
substitute for 7 - from equation (2.18) into equation (2.34) to obtain

2,2,D,

2D, — z,D;

N

Dﬁ-Vc:_%Mc[ﬁ.mﬁ.U]_

Cyp | Fi-

+i-U] (2.42)

In equation (2.42), the first term on the right hand side represents the convection
effect. If this term is small compared with the second term on the right hand side, then the

effect of convection ought to be negligible. In order to compare these two terms, an order

; ) : 2.z, .
of magnitude analysis could be used. The ratio —L"2=2 has an order of magnitude of
2y — 5l

1, so the only thing to compare is Lt ¢ in the convection term and ¢,, in the second
Vo,
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term. Now remember that ¢ = ¢z, and ¢, = ﬁ s0 the term £ in the convection term

1 P

will be z, ﬁp—M Noticing that ]%‘[”’— is just ¢,,, it is obvious that the first term is very

1 1

small compared to the second since P which is the dilute solution assumption.

Yo,

Consequently we will ignore convection through out this dissertation.

The next seétion will summarize all the assumptions and hence the limitations of
our model.

2.4 Main Assumptions and Limitations

We conclude with a summary of the assumptions and limitations discussed earlier
in this chapter and then proceed to the next chapter where a steady one-dimensional
solution will be obtained and its stability analysis will be carried out. The main
assumptions are:

1. Dilute electrolytic solution- As a result of this assumption, diffusion coefficients
are considered to be constants so too p .

2. Complete ionization of the electrolytic solution. This means that no reactions will
be considered throughout the solution leaving us only with surface reactions that
take place on the anode and the cathode.

3. Convection is negligible. As a result, the velocity ¥ is neglected.

4. Electrical neutrality throughout the solution is assumed. As a result, the equations
are simplified and constant solution volume follows.

5. Only one reaction is assumed to take place. This limits the potential difference that
can be applied to ranges where other reactions do not occur.

Now after getting all the equations of the model and knowing the assumptions used
to arrive at these equations, we are ready to go on and try to solve these equations. In the

next chapter, an approximation that will simplify the Butler-Volmer equation will be
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introduced and the nonlinear equations will be solved based on this approximation. The
benefit of this approximation will be clear as we are going to compare the results with
and without the implementation of such approximation. It is worth mentioning here that
the approximation in the next chapter will simplify the kinetics while another
approximation will be presented later in chapter 4 that will simplify the transport
processes. All of these approximations serve one purpose of simplifying the nonlinear
equations of the model for further complicated calculation that are going to be presented

later in chapter 6.




CHAPTER 3
LINEAR STABILITY ANALYSIS OF THE CHEMICAL REACTION EQUILIBRIUM
(CRE) MODEL

The aim of this chapter is to find a base solution for the problem explained
previously and investigate under what conditions this solution ought to be unstable. An
approximation invélving chemical reaction equilibrium (CRE) will be used to simplify
the Butler-Volmer equation (B-V) and this approximation will benefit us mainly in
obtaining a simpler relation between the voltage drop and the velocity of the surface in
the base case. The CRE approximation will be seen to be good under certain conditions
namely, low values of surface velocity, low average electrolytic concentration and large
values of electrode spacing.

The term “chemical reaction equilibrium™ refers to the assumption that the rates of
reactions at the surfaces are very fast compared to the rates of diffusion and migration
throughout the electrolytic solution. If this is true, the reaction ought to look like it is at
equilibrium.

A system is considered to be stable with respect to a particular small disturbance if
the disturbance dies with time, if it is unstable to at least one disturbance the system is
considered to be unstable. If a system is unstable to disturbances of infinitesimal
amplitude, it is unstable to larger disturbances and is called unconditionally unstable. If it
is unstable to large amplitude disturbances, it is conditionally unstable for it could remain
stable to small amplitude perturbations. We proceed to consider instability to

infinitesimal disturbances. As the disturbances given are assumed to be very small, their
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products and powers, higher than the first, can be ignored. Consequently, the stability
analysis, a linear problem, is just concerned with the first power of the disturbances and
will determine when the steady state under investigation becomes unstable. The point at
which the disturbances neither grow nor die is called the neutral or critical point and it
sets a boundary between the stable and unstable regions. It is expected that this critical
point will depend on the values of the input variables and it is our first objective to
discover this dependence.

We begin by finding a steady one-dimensional base solution for the model
proposed in chapter 2. The stability of this base solution is then studied using a
perturbation method with the aim of getting the critical wavelength dividing the ranges of
stable and unstable displacements. Next, results obtained by applying the CRE
assumption are compared with previous work by Sundstrém and Bark (S&B) and Johns
and Narayanan (J&N). These people took into account the full B-V equation to describe
the kinetics part of the electrodeposition problem. We will investigate how close the
results we are getting compared to their results. Finally we will show the reader why the
CRE approximation turned to be good when compared with the full B-V model.

Now to show how the CRE approximation will help in simplifying the relation
between the voltage drop and the velocity of the surface, we present the base solution for

both cases (i.e., with and without applying the CRE).
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3.1 The Base Solution
3.1.1 Getting the Base Solution Using the B-V Equation
The base solution is a steady, one-dimensionai solution with the electrodes taking
the shapes of parallel planes laying at rest in the moving frame where the distance
between them is denoted L, where L, is taken to be an input variable.
The anode-solution interface is chosen as the origin. The superscripts 4 and C

refer to the anode-solution interface, y =0, and the cathode-solution interface, y = L,

respectively. As only the one-dimensional planar-surface problem is considered, one can

write
at the anode, and

at the cathode.

Then using equation (2.6) in the bulk, 7, must satisfy

. d
0=V [z,N, +2,N,]| = V-i =-éy1 (3.1)

From the above equation, / remains constant across the solution, and its value can
¥y

be determined via equation (2.19), which is valid at the electrode- solution interfaces.

Hence the expressions for i is
¥
i, =-zFc,U (3.2)
where ‘U | is the speed at which a laboratory observer sees the two interfaces moving to

the left. The variable U, then is just a different way of talking about the electrical current

density, i,, in the cell under steady, one-dimensional conditions.
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To determine the base solution we have to find the ionic concentration, ¢, and the
electrical potential, ¢, throughout the solution. Now consider the equations in the domain

i.e, equations (2.32) and (2.33) viz,,

and
F
PVic+ 22 v.[cVd]=0
C+RT [c ¢]

At steady state, equation (2.32) will become

d*c

D 2
dy

=0 (3.3)
and equation (2.33) will become

ple dloafsr [l dlpde L]0 Gy
dy” dy| dy|RT dy| dv dy[RT

These must be solved subject to equations (2.34) and (2.35). The reader is reminded

that equation (2.34) is

dc  -zz,D,

D—= U 3.5
afy lel - ZzDz M ( )
while equation (2.35) is
2
Pii‘i+ci[le 4: R (3.6)
dy dy| RT z,D, —z,D,

both of which hold at both anode and cathode. Integrating equations (3.3) and (3.4), and
making use of equations (3.5) and (3.6), we get

-2,2,D,
lel - ZzDz

Dfl£ = constant = U (3.7)
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and

2
P£ d [ZIF }: constant :——Z—‘—CMU (3.8)
dy aj’ \—2,D,

which can be written as

dc__ zz,D, ¢,U_ zzD, ¢, U (3.9)
dy zD -z D, D z,D,-z,D, D .

and

2 2
d[de 1 z e U— Pd z;U D D D -D, p, ¢13.10)
dy | RT ¢| zD -zD, ay [ 2] p
As explained in section 2.3, where the effect of convection was shown to be negligible,

omit the second term in the right hand side of equation (3.10) because Pu o ¢, Asa

result, equations (3.9) and (3.10) can be written as

_lde__znD, e, U (3.11)
cdy zD-zD, ¢ D
and
2
__cz’{led: ze, U 1 (3.12)
ay| RT D[z, - z,]c

Now these equations determine ¢ and ¢ up to constants of integration and each

requires the specification of one more condition in order to determine these constants. In

the case of ¢ we note that

c=—fcdy (3.13)

where € is an input variable. Hence by using equations (3.11) and (3.13), the

concentration profile can be found to be
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c:5+2%:cM%[y—;—Lo} (3.149)
which gives ¢ as a function of y and it shows how c is affected by the values of c, L,
and U .
The above equation for ¢ can be used to determine the concentration at the anode

and at the cathode (i.e., ¢* and ¢ respectively) in terms of U . By setting y to zero in

equation (3.14) the expression for ¢ is

=i (3.15)

and at the cathode, where y = L, using equation (3.14) once again, the expression for

cCis

(o4

— -zz,D U1l
c-=c+—LE2 ¢

=2 3.16
zD,-z,D, ¥ D27" (3.16)

Let us now turn our attention to finding the potential profile across the cell. First, by

differentiating equation (3.14) with respect to y one gets

-2,2,D,

de=——-31Y2"2
2D, -z,D,

U

and by substituting for dy in equation (3.12) we find

d[ﬁf_ }:_iiﬁ (3.18)
RT z, ¢

then solving this equation will lead us to the electrical potential equation viz.

>

Cc
A

z]F¢:le¢A+ 21y
RT RT -z,

(3.19)




43

where ¢* is not yet known, being a constant of integration at this point. So the difference

$° —p* can be written as

CC

(¢ ~#')=—tin> (3.20)

—Z
Now to complete the base solution we need to connect the voltage drop, which is an
input variable, to the velocity of the surfaces. This can be achieved using the B-V
equation at the anode and at the cathode. At the anode, the B-V equation for a flat surface

is

_aFe U _ J-oiHes-an] ¢t -ilos-so) (3.21)
i ¢

Here we will assign a value for £ to be one half, which is usually the value used

for this parameter in the literature and which we will utilize throughout our calculations.
1z, F _
So putting 3 =% and calling emwd c] =0, equation (3.21) can be written as

0 + z.Fc UQ_ﬁ: (3.22)

O

where this is a quadratic equation in O whose solution

1z,F _ : 4
0 = err® o] __12F6,U il\/(——leFMUJ +4= (.23)
2 i 2 % ¢

and since the left hand side cannot be anything except a positive number, we will reject
the root corresponding to the negative sign of the second term on the right-hand side and

take the natural logarithm of both sides of the equation to get
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2 4
%{:A(ISA_A@:Q]:ZIH _%M+_1_\/[Mj +4% (3.24)

I 2 Iy

Now turning to the B-V equation at the cathode, namely,

ZlFCMU _ e[l"ﬁ]%{A¢c—A%Q] e—ﬂg’[A"c‘A@Q}

CC
i C

(3.25)

0

and following the same procedure that helped us to get equation (3.24) from equation

(3.21), we arrive at

2
zFr ¢ 1zFe,,U 1 |[z,Fc, U ¢
—|A¢g~ —-A =2In| ——"FHM—4— || 12— | 14— 3.26
RT[ # = Adp |=2In 2 i 2 i c (3.26)

then subtracting equation (3.26) from equation (3.24) and realizing that Ag* =V * — ¢*

and Ag° =V —¢° along with the application of equation (3.20) we finally get

2 4 c
_ZI_FI:VA_VC]:21I1 _lM_{_l M +4CT _{_ilnc_A
RT 2 2 I c

) z, ¢

(3.27)

2 c
) T s

i 2 I c

By obtaining this relation, we can now predict the velocity of the surface, I/ when

the other input parameters, mainly V“ — V', are assigned. This completes the base
solution. The next step will be to introduce the CRE approximation and see how it will
simplify the base solution particularly equation (3.27).
3.1.2 Getting the Base Solution Using the CRE Approximation

The only place in the base solution where the effect of the CRE approximation will
be apparent is in the relation between the voltage drop and the velocity of the éurface. So

all the equations obtained in the previous case will be valid here except equation (3.27).
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Consider the B-V equation i.e., equation (2.38)

2\F|
RT

_paf] __r _
[ E]RT[A¢_A¢EQ lecMzHJ _ﬁe A

c

- T . A¢_A¢BQ_2F}:C 2HJ
n-i =j|e o

and as part of the chemical reaction equilibrium, use the equality of the two terms on the

right-hand side to establish a relation between ¢ and ¢ at each electrode surface. At

CRE, the reaction will be so fast that 7, the exchange current density which represents

the speed of the reaction, will be much larger than 7.7 due to the difference between

2 F
RT

Ap-Appy—L 2H
F .
#"% 3 being near zero. Moreover, for a flat

[-B12 Ag-Agpy——L c B
e e

ZH}
zFcy, a.nd el
c

RT

surface where 2H =0 (since a plane surface has no curvature), the B-V equation at

equilibrium can be simplified to

JAtrlassno] ¢ -pitlsson)

=0 (3.28)
c
. C .
so the ratio — is
c
3F
€ o prrl** ] (3.29)
c
which with a little algebra becomes
RT ¢
A =Ag,, +——In— 3.30
¢ = Agyy 2FZ (3.30)

This equatioh can be written at the anode in the following form

RT . *
Ad* = Ad.,, +——1
¢ ¢EQ zF . C

while at the cathode it is

= (3.31)



46

RT . ¢
AgE = A, +—In— 3.32
¢ ¢EQ I n = ( )

1

then subtracting equation (3.32) from equation (3.31) and realizing that Ag* =V * — ¢*

and Ag° =V° —¢° along with the application of equation (3.20) one will arrive at

z2Fr , ¢ z, |, ¢
74V l=l1--L |In— 3.33
AT J [ zj e (33)

where c* and ¢© are functions of U and are given by equations (3.15) and (3.16).

It is evident how the CRE lead us to a simpler relation between the voltage drop and
the velocity of the surface, a simplification that will be crucial for further calculations as
those that will be done in chapter 6. In addition to this major simplification, one can also
realize that when the CRE is applied, the B-V equation will be replaced by the following

equation

(3.34)

Working with this equation will simplify the algebra when we decide to study the
perturbation calculations or when we decide later to go study the nonlinear regime. One
of the additional advantages of the CRE approximation is that we did not need to specify

a value for f.
So after getting the base solution of the model and showing why the CRE

approximation is useful, we are ready to continue our work and study the stability of the

d¢

base solution. But before that, the signs of % and — will turn out to be important in

dy

- . : o . d d
the stability calculations. The next section will discuss what signs gc and aé possess.
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3.1.3 The Signs of — and d¢
dy dy

The signs of % and %;é- will be important when we study the stability of the base

solution. To determine these signs, recall equation (3.11) viz.,

_'l_gc___ z,z,D,
c dy z,D, -z,D,

U
c D
In this equation, we know the signs of all of the terms on the right hand side and see
. . ) .. . ] dc .
that as U is negative, z, is positive and z, 1s negative, as a result, 5 is always

negative.

. d : : .
Turning to gﬁé , consider equation (3.12) viz.,

iz’_[le 4: zle, U 1
dy| RT D[z, - z,]¢

It is obvious that the right hand side is always going to be negative since U is

always negative. So finally we conclude that both de and %yé are always negative.

3.2 The Perturbation Problem

In this and in the following section, a perturbation method will be used to
investigate the stability of the base solution when current is drawn and a small
disturbance is introduced to the surface. The growing interface is considered to be
morphologically stable when any infinitesimal perturbation introduced to the electrode
surface decays with time. On the other hand, when the perturbation grows with time, the

interface is regarded as morphologically unstable.




43

The perturbations that we carry out here namely, domain perturbations, are different
from the regular type of perturbations. The domain perturbations shall be carried out in a
region where its shape is not known and needs to be found as the movement of the
boundary will change the boundary conditions that one is familiar with. The problem will
not be solved on the unknown domain (i.e., the present domain) but it will be solved on
the original domain namely, the reference domain. For more information on how to
perform domain perturbations, the reader can refer to Appendix B where the method is
explained in detail.

Now the base solution will be denoted by affixing the subscript zero to the base

variables. It is deﬁhed on the reference domain i.e.,

O<y, <L, —owo<x,<w
where x, represent the transverse direction and by requiring this direction to extend from
- to , it is obvious that we are performing our calculations with a cell of infinite
width (i.e., no boundaries in the transverse direction).

In order to investigate the stability of the base solution, a small displacement is
imposed on the shape of the electrode surfaces. Taking & to denote the amplitude of this
displacement, the new displaced domain which now lies between the surfaces viz.,

y=Y*(x,15¢) (3.35)
and
y=Y(x,t,¢) (3.36)

will be the current domain. Figure 3-1 depicts both the reference surface and the current

surface.
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reference surface

Figure 3-1. The Perturbed Surface.

These perturbed surfaces are taken to be near the planar surfaces in the base

solution (ie., y =¥, and y =¥ ) and can be expressed as

Y4 =Y+t (x,0) + ..

and

Y=Y +& ¥ (x,,1) +..

(3.37)

(3.38)
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to account for a small disturbance at the reference or the base surface, where ¥;' =0 and

Yy =L, while ¥* and ¥,° determine the displacement of the surfaces to order & . It is

important to note that the shape of the surface is specified at only one instant of time,
after that, it is part of the solution to the problem and it must be found.

The plan is to turn the nonlinear problem on the current domain into a sequence of
problems on the reference domain. This sequence corresponds to an expansion in powers
of £ and it starts out with the base problem at zeroth order, being succeeded in turn by
the perturbation problem at first order. Our interest here is in the first order problem.

The surface variables (i.e., the surface normal, the surface local velocity and the
surface curvature) acquire their expansions via the expansion of ¥ , however, domain

variables evaluated at the surface are expanded in the form

dc
c=co+5[cl+Yl—° +.. (3.39)
ay

0

and

¢:¢0+g[¢1+YIZf"}+... (3.40)

0
Here ¢, and ¢ are functions of x,, y, and ¢, and the subscript 1 no longer stands

for species 1 but stands for the term arising in the expansion of a variable in powers of ¢,

except in the case of z, .

Before going on to the stability criteria, it is essential to draw the reader’s attention
to the input variables that are going to be set when running an experiment. The next

section will explain what the control variables are.
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3.2.1 The Input Variables to the Electrodeposition Problem

Every experiment has three types of variables: input or control variables, process
variables and output variables. The stability analysis is intended to predict whether the
system is stable or unstable for certain input variables. The input variables to the
electrodeposition problem are

The distance between the two electrodes, .

2. The average molar concentration of the electrolytic solution, ¢ .
3. The electrical potential drop, V4 -V° .

The total current drawn by the cell is an output variable. Now let us proceed to find

the perturbation equations once L, ¢ and V'* -V are set.

3.2.2 The Perturbation Equations at Fixed Values of L, ¢ and V* -V¢

The perturbation equations can be obtained by substituting the expansions for ¢, ¢,

7“ and Y° into the nonlinear equations. Collecting the terms to first order in & will
produce the perturbation equations. To solve these equations, we will turn our problem
into an eigenvalue problem by taking the time dependence to be of the form e . The
variable o is the growth constant or the eigenvalue by which one can decide whether a
perturbation will grow or die. If the real part of o is greater than zero, the process is
unstable, and the perturbations that are in the form of the eigenfunctions for a positive &
will grow and for an initial condition that does not have that component the perturbations
will not grow. If the real part of ¢ is smaller than zero for all perturbations, the system is
stable, and the electrode surface will always return to its flat state.

Now when we put in the substitutions for Y*, Y, ¢ and ¢ given by equations

(3.37)-(3.40), we get equations which at first order need to be solved for the variables c,,
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¢, ¥ and Y. These equations will be homogeneous and we have solutions for certain

o's . The solutions are of the form

¢, =6 (y,) e e™ (3.41)
b= (v,)e™e™ (3.42)
Y =Y (y,)e e (3.43)
and
FE =YE (y,)e e™ (3.44)

where £ is the wave number which is inversely proportional to the wavelength.
Substituting the expansions given by equations (3.39) and (3.40) for ¢ and ¢ into

equations (2.32) and (2.33) and using the separation of variables i.e., equations (3.41) and

(3.42) will lead to the equations for ¢, and qz;l on the reference domain, 0< y, < Z,.

These equations are
dZ .
D|:(,_zry-7—k2:|&l =O"él (345)

and

P{d_’_kz}% , 96, (ZIF} dg, +CO[ZIF]{ d? —kz}&l
s dy, LRT Jdy, "L RT || dy;

[Zleld% dc, {le:tdztﬁo A

+ + ¢

RT |dy, dy, |RT]dy,

(3.46)
=0

Turning to the boundary equations, the equations at the anode-solution interface are
obtained and the same procedure is used to find the equations at the cathode-solution

interface. First, remember that

Y=Y, +¢&l +..
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and consider the expansion of the boundary variables (i.e., 7i, u =7-% and 2H ) to the

first order. At the anode we have

A
}_'iA = '—g 1 ] ’ 347
P (3.47)
Ay A
=g oh (3.48)
o,
and
2y 4
21 =0 (3.49)
0xy
then turn to equation (2.35) viz.,
2
Pii-Ve+c ﬁjlﬁ-Vgﬁ:—z—l—cM (i +7-U)
RT z,D, ~z,D,

To get the perturbed equation at the anode, write

Vo=V, + E[Vocl +Y, dyivoco} (3.50)

0

and
d
V¢:Vo¢o+glivo¢l+yl—vo¢o:| (3.51)
ay,

and notice that U, V¢, and V4, all lie in the j direction. Using the expansions of 7

and Ve, 7-Vc can be found to be

o, _ d% J
—+7 -2 (3.52)
&,

iz'nVc:—-O-+s[

Likewise, the expansions of ¢, 7 and V¢ lead to
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cn-Vg=c, ﬂ+5H ¢, +Y—=2 Jd% [6(;51 +7, d%H (3.53)
afyo 61}10 ayo ayo dyo

The first order equations appear when these are substituted into equation (2.35), the

nonlinear equation, and equation (3.4) is used to eliminate the term

9 2
[rhslalelEls] o
dy?  dy,| RT |dy, RT | dy;

which would otherwise appear on the left hand side. The perturbed version of equation

(2.35) is then

2
Pdc +c [ZF}‘M [ ‘Fi]d% g =—0 ¢, .0 (3.55)
ay, RT jdy, |RT ]dy, 2D, -z,D,
By following the same steps, the perturbed version of equation (2.34) at the anode

when convection is neglected is

D dc, B z,z,D,

= c,,07* 3.56
ay, 2D, -z,D, et ( )

The last equation at the anode comes from the B-V equation. Starting with the B-V

equation at the anode viz.,

[l—ﬂ]z AF Ay 2H 4 AF -Agyy- —L—2m
i; =-z,Fc,,U=i|e ¢ aFo ]—%e [ ¢ aFo } (3.57)
and assuming chemical reaction equilibrium, we get as explained earlier
(=615} g -ag 4 —pak
e s }-%e Lo (3.58)
c
which will reduce to
aF| a4 _ _ 7
ﬁ—ﬁf{V oo (3.59)
c
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Substituting the perturbed forms for ¢*, ¢* and 2H and using the Taylor series

2y A4

d¢0 KA + }/ a Y';
ay, z,Fe,, Ox,

expansion: e * =1-x where x=¢ 2? {ﬁ + } in the resulting

equation then applying the separation of variables given by equations (3.41)~(3.43) we

get

Ll T ﬁAL”é"Jr__?_kzﬁA _ Rl & flﬂm (3.60)
RT| " a, zFc, c c
where Ad' = —3* as V'* is fixed.

Likewise, by following the same procedure at the cathode, the corresponding

equations can be written

dc, z,z,D, CMO_I}IC (3.61)
ay, 2D, - z,D,
. ‘ 2 2
p | AF }d‘é J{Z‘F }d% & =— ¢ oFC (3.62)
dy, RT Jd&y, | RT Jdy, 2D, - z,D,
and
L _éc_flc‘_’ﬁ__?’_kzﬁc _ A ] iuﬁcm (3.63)
RT ay, zFc, c c

where AG° =3¢ as V'° is a constant.

In summary, what we have done in this section is to find the perturbation equations
on the domain and at both electrodes. Equations (3.45) and (3.46) are the perturbed
equations on the domain. At the anode three perturbed equations were obtained namely
(3.55), (3.56) and (3.60) while at the cathode the three equations were (3.61), (3.62) and

(3.63).
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Having these equations, we solve for ¢,, ¢?1 7# and ¥, . There will be certain o's
for which these are not all zero. But £” is now an input and our target is to find &, ¢?x,

7" and ¥ given both & and o . We ask under what conditions o = 0 is possible.

3.3 The Stability of the Base Solution when Current Passes Through the Cell

Once we put o =0 in the perturbation eigenvalue problem, it will be turned into an
eigenvalue problem in £” which becomes the output to the problem and the values of &>

at which this problem has a solution other than &, ¢, ¥* and ¥° all zero are then the

critical values of £ (i.e, k2,,.).

On the domain (i.e., 0 < y, <L) by setting o =0 equations (3.45) and (3.46)

become

& ],
D 3.64
L% J e

and

RNy

{dz kz}éﬁ- [RT}CM RT{ jl
aj’o dyO d-yO ¢ (365)

{ }d%dc [ZFJ
+ =0
RT Jdy, dy, |RT a%

and at the boundaries (i.e., at y, =0 and y, = L) equations (3.55) and (3.62) will take

the form

R
0 0 0

while equations (3.56) and (3.61) become




57

D

@ _ g (3.67)
dy,

In these equations, we notice that ¢, and ¢ appea'r, but ¥* and ¥° do not, coming in
only the perturbed CRE equations at y, =0 and at y, = L,.
Now equation (3.64) can be satisfied by writing
¢ = de + Be™ | (3.68)
where 4 and B r;lust be set in order to satisfy equation (3.67) at both y, =0 and
Yo =L,. This requires
kA-kB=0 (3.69)
and
ek A—e "k B=0 (3.70)
whereupon 4 =0= B due to the fact that

k —k N
det(euok _e_kloka—k (e —e ] (3.71)

and this is not zero so long as &” is not zero. By this & must be zero and substituting

¢, = 0 into equation (3.65), 431 must satisfy

d |, dé — kb =0 (3.72)
oL 4y,
on0<y, </, and
C, a4 = (3.73)
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at y,=0 and y,=L,. Now as ¢, is positive for all values of y,, equation (3.73) has
only the solution gz;l =0.
Our first conclusion then is that at neutral conditions ¢, and gz% must both vanish

and by this the critical value of &> must come out of the perturbed CRE equations. Now
in order to get ¥#, and after setting & and q% equal to zero, the CRE equation at the

anode is

_ZIF d¢0A+ Y k> YA LF{'%!_A‘”EQ] 1dc Y =0 (374)
RT dy, c, RT cd,

and when ¥ is taken as a common factor, we arrive at

_aFde |y o sl 1de) ) pa (3.75)
RT dy, o, RT cdyy )|

ag’

0 0

This equation is a linear, homogeneous equation in Y 4 and as —>- must

both be negative, the factor multiplying YA']” cannot vanish. So the only solution is
Y* = 0. This tells us that the eigenfunctions at o =0 is now known to be ¢ =0, ;51 =0
and ¥ =0 with 7 yet to be found.

At the cathode after setting o, & and ﬁc to zero, the perturbed CRE equation

after taking ¥ as a common factor becomes

C _aF C ,\
{— Y o nEdb A%}[édco ﬂYf =0 (3.76)
¢, RT  RT ay, c dy,
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This is a linear, homogeneous equation in flc and it has a solution other than
¥,¢ =0 if k* can be chosen so that the factor multiplying ¥ can be made to vanish. In

this equation, we have three terms multiplying flc . Two of these terms have the same
sign, namely, the second and the third, while the first, which stands for the surface
tension, has a different sign and it must be the stabilizing term.

As a result, the cathode alone, not the anode, determines the critical value of &’

given L,, ¢ and V“ -V° . The only difference between equations (3.74) and (3.76) is the

sign of the term S e e Setting the factor multiplying I;IC to zero leads to the critical
cM

wave number

i :_ledngOC_ 1 1dcg
c RT ™  RT dy, 2Ev'-h-s8] T dy,

eRT

(3.77)

This equation is explicit in k’,,,, and one can see that all the input variables appear

on the right-hand side and the way they will affect &, is known since we have

formulas for every term in equation (3.77). It is obvious that increasing the electrical

potential and the concentration gradients will increase &7, ,

while increasing the surface
tension will decrease it.

The above equation is the heart of this chapter. It gives the boundary between the
stable and unstable regions and it also shows that every problem is unstable if all £* are

allowed. So, given the input variables, one can then decide the critical wave number

below which the cell will become unstable.
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If the B-V equation was used instead of the CRE in sections 3.4 and 3.5, then one

will reach the same conclusions regarding ¢, ¢31 and 7* . When solving for ¥,°, the

cathode will still determine the critical values of k> by the following equation

Y eIt d s 1

T o Neritical — 5Fr c ¢
GERET RT dy, - ﬂ]eifi[v ~# -0dio ]

(3.78)

It is obvious that this equation is very close to equation (3.77) with only two little

affye_gc_a Q]

differences. The first is that e®” is multiplied by a constant (i.e., 1— ). The

%?[VC -y |

G
second is the appearance of the term % added to [1-B]e . These are not
3

huge differences and one can comment then that the real benefit of using the CRE
approximation is to simplify the base solution.

So what is left now is to compare the results that are obtained upon using equations
(3.77) and (3.78) to evaluate our approximation. In order to do this we will draw graphs

using these two equations for the copper/copper sulphate system. But before that, let us

introduce the concept of the limiting current, U,_, and write equation (3.77) as a function
of U,,, so the comparison can be made.

3.4 Putting the Solution in Terms of the Limiting Current U,_
In order to compare the results obtained from this study with previous work by

Sundstrom and Bark (1995) and Johns and Narayanan (2002), we define U, which is
the limiting speed corresponding to the limiting current /,_. When values for € and L,

are assigned, there is a limiting current that corresponds to ¢ ; the ion concentration at
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the cathode, falling to zero as V' —V° increases to infinity. To get the expression for

Uy » refer to equation (3.16) and set ¢ to zero to obtain

U,. :_%_MD_E_ (3.79)
L, zz,D, Cur
deg d¢ e . :
Now —-, , ¢, and ¢; can be evaluated directly in terms of U,_. We see that
dy,  dy,
_ld __z2zD, U _2 U  (3.80)
cdy, zD-z,D,¢D LU, '
_i[leﬂc _Ze,U 1z 2 UlU, (3.81)
dy,| RT ™ D[z, -z,])¢ -z, L, 1-U/U,, .
A
Gy fnl Ul | U (3.82)
c zD -z,D, ¢ D2 Ui
and
C
f_o_:l._.ﬂf_&g_ll;ozp_g_ (3.83)
[ zD~-z,D, ¢ D2 Ui
a2Fr,c_c
In addition, the term eﬁ{y b A%], which appears in equation (3.77), can be
written in terms of U/U,_ using equations (3.29) and (3.83) to get
R A o] U (3.84)
U

This relation is needed in order to be able to draw the figures for the critical wave number
using equation (3.77).
Finally, the voltage drop and the velocity of the surfaces can be related simply by

the use of U.

lim >

namely,
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F 1+UU

Z 4 c Z lim

Y\ VAV =|1-"L|ln| —lim 3.85

RT[ ] { Zjn 1_L ( )
Ui

It is obvious in this equation how [VA - VC] and UL are related. Increasing [VA - Vc:l

lim

will increase U/U,, and vise versa.
Now if we look at equations (3.80)-(3.84), it is clear that U or U/U,_ appears in
all of these equations not [VA ~ VC] , except equation (3.85) which originates from the

B-V equation. Consequently, it is extremely convenient to regard U/U,,_ as the control
variable even if it is really not. We shall refer to U/U,__ as the current because it is

proportional to the current. Moreover, it is determined by the voltage drop which is our

true input variable. So from here on, we are going to draw our graphs as though U/U,_
is the control variable and we shall use U/U,, interchangeably with 7/1_ .
3.5 Results, Discussion and Comparison with Previous Work
In this section, the results obtained from the stability analysis of the CRE model
will be applied to the copper/copper sulphate system. Graphs of the critical wave number,
k} sea » as @ function of the control parameters will be drawn using data given in Table 3-
1 for the copper/copper sulphate system. It will be shown that the CRE model is very

successful in matching the results obtained using the full B-V equation. The last part of

this section, will explain the reason behind this agreement.
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Before giving any graphs, an important point must be raised here. Based on

equation (3.77) for the critical wave number, we learned that the system is always
unstable if all £* are allowed except at equilibrium where [VA - VC] =0and k2, =0.

critical

Table 3-1. Data for the copper/copper sulphate system.

Parameters, Input, Output, Constants Symbol Value
Density of copper deposited (kg/m’) Dus 8920
Density of electrolyte (kg/m’) P 1015
Charge number of cupric ions z, +2
Charge number of sulphate ions z, -2
Molar mass of cupric ion (kg/kg-mole) M, 63.54
Isotropic surface energy/surface tension of 4 1.5
electrode-electrolyte interface (J/m?)

Temperature of electrolyte (K) T 298
Diffusion coefficient of cupric ions (m*/sec) D, 7.2x107°
Diffusion coefficient of sulphate ions D, 1.07x10”
(m%/sec)

Equilibrium exchange current density for flat i 10 for ¢ = 0.1 kg-mole/m>

electrode at the average concentration and

- _ _ 3
temperature (A/m?) 3.16 for ¢ = 0.01 kg-mole/m

Distance between electrodes (m) L, Varied
Current density (A/m?) i Varied
Current passed (A) I Varied
Gas constant (J/kg-mole K) R 8314
Faraday’s constant (A.sec/kg-mole) F 9.65x10"

A factor describing the activation step B 0.5
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This 1s because we have assumed in our calculations infinitely wide electrodes so that all

2
critical

wave numbers are possible. But then one might wonder about the meaning of % that

separates the stable from the unstable regions.

The only way then to have a stable system while having a potential drop across the
cell 1s to run a finite width cell so long wave lengths (i.e., small wave numbers) will be
cut off. If we were successful in eliminating the unstable disturbances then we will have
stable wave numbérs that we can look at and the system might be called stable.

To clarify what is meant by the above discussion and to help the reader understand
the figures to come, Figure 3-2 is given. Figure 3-2 shows that there is a value of the
critical wave number that separates the stable from the unstable region. As the critical
wave number increases, the stable region decreases. So disturbances with wave numbers
greater than the critical will render the cell stable, otherwise, it will be unstable. It is clear
from Figure 3-2 that increasing the potential difference or U/U,,, will make the cell
more unstable by decreasing the stable region and increasing the unstable region.

3.5.1 Main Results and Discussion
Figure 3-3 is drawn using equation (3.77) with equations (3.79)-(3.85) and the data

in Table 3-1. Figure 3-3 shows the effect of the current in the cell, U/U,_ on the critical
wave number, k2., .. As seen in the figure, as U/U,_ increases at a fixed L, and €, the

critical wave number also increases, hence U/U,_ can be thought as a driving force for

instability. This can be explained by looking at equation (3.85) and referring to Figurel-

5. Tt is known from the base solution that increasing U/U,,_ , which is similar to

increasing V“ —V¢ , will increase the gradients of both the concentration and the
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electrical potential according to equations (3.80) and (3.81) making the cell more

unstable.
Another thing that we can learn from Figure 3-3 is that any increase in the electrode

spacing, L, , at a constant U/U,, moves the curve to the more stable side. This is
because increasing the distance between the electrodes at a constant U/U,,, will decrease

the concentration and the electrical potential gradients leading to the opposite effect to

what is explained above.

A

(V” —VC) or
u/U,

lim

(a)

”» >
critical wave number

stable region for (a) >

L__..Stableregionfor(b) ______ >

Figure 3-2. As V* -V or U/U,_ increases, the critical wave number increases and the
stable region is reduced.
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Now to explain why the curves behave differently at lower values of U/U,_ than

at higher ones in Figure 3-3, we need to focus on equation (3.77). When we write the

right hand side of equation (3.77) in terms of UlUy, andset z, =2 and z, = -2 we get

the following relation between &2,

and UfU,_

/4 2 _4 U/Ulim

—_p = 3.86
¢y RT ™" [ 1-U/U,_ (3-86)

So at low values of U/U,_ the right hand side of equation (3.86) can be

approximated by 4 U since the denominator will be close to unity due to the small
0 lim

values of U/U, . This explains the linear portion of the curves and then the effect of

increasing L, will just be in shifting the lines to the left giving smaller k., without

criti
affecting the slope of the lines. On the other hand, when U/U,_ is close to unity, then the
denominator of the right hand side of equation (3.86) will be very small leading to the

sharp increase in &2

ernicar and the leveling off of the curves.

We can think of Figure 3-3 as having two parts. One part-the linear portion- is due
to diffusion and migration, which is the low U /U,.. part. And the second part at large
values U/U,,, is mainly due to migration. So at very large values of U/U,_ , the

electrical potential gradient will become very large so &>

enica Will grow exponentially and
the cathode will become more unstable.
After studying the effect of changing U/U, and L, on the stability of the system,

we now turn to study the effect of our last input variable namely the average ionic

concentration, ¢ . In Figure 3-4, U/U,_ is drawn for three different values of & namely
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0.01,0.1 and 1.0 kg-mole/m®. It is obvious from Figure 3-4 that changing ¢ has no
effect on the critical wave number. This is not surprising because by looking at equation

(3.86) one can realize that T is hidden inside U/U, and by setting a value for

U/U,,. the value of ¢ will be already set hence no effect of changing ¢ can be seen
from Figure 3-4.

At this stage, we have completed studying the effect of changing the input variables
namely U/U,.., L, and € on k., . In the next section we will evaluate the CRE
approximation by comparing its results with previous work.

3.5.2 Comparison with Previous Work

Turn to the results obtained by the (CRE) model and compare them with the results

of S&B who used the full B-V equation. Figure 3-5 shows log ——QZU‘L Vs.
1-U

log (k.,.aL, ) - Note again that U, is the maximum velocity of the surface corresponding

to the limiting current in the cell and this depends on Z, and ¢ . To obtain Figure 3-5, the

(CRE) model was used with the data provided by S&B. The conditions under which this
figure is drawn are shown on the figure. The result obtained from the (CRE) model shows
excellent agreement with S&B over the whole range of values they used. A small

deviation was noticed for higher values of U/U,_ . This may be due to a slight error in

reading the S&B curves, or it maybe that the model fits lower values of U/U,_ better

than higher values, which is true for the reasons that will be explained later.
It is important to note here that S&B obtained their results based on numerical

calculations and we do not know if their numerical calculations are right or wrong. But
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we do know that when numerical calculations are used, a person cannot really sample a
lot of conditions because the work is too time consuming and S&B mentioned that it took
them 10 CPU hours to solve the full problem. Consequently, when we replace a
numerical work with simpler calculations, then we can do a lot of more cases. So one of
the main reasons of doing this calculation is that S&B calculations are of limited help
since they just showed that they can calculate something from their model for few cases
and their calculations were lengthy and expensive.

Now let us compare the CRE model with the calculations of J&N. In the figures to
come, it will be very hard to differentiate between the curve corresponding to the CRE
model and the one that is close to it. This shows that under certain conditions the CRE
model will be successful in matching the full B-V model to a great accuracy. The

equations that J&N used to draw their curves are (3.27) to relate ¥* -V to U/U,_ in

addition to equation (3.78) for the critical wave number since they did not assume

chemical reaction equilibrium and they used the full B-V equation
Figure 3-6 shows U/U,,, vs. k..., for different values of L, when

€ =0.1kg-mole/m®. The CRE model agrees best with the full model for J&N for higher

values of electrode spacing. This is expected as increasing the distance between the

surfaces will shift the system more towards equilibrium as will be shown later.
Figure 3-7 shows U/U,_ vs. k>, for different values of L, when
¢ =0.01 kg-mole/m”’. It is obvious that the equilibrium model is close to the results

obtained by J&N for L, =0.05m and L, = 0.005 m. And it continues to remain very
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close to the case of L, = 0.0005 m which makes this model excellent even for very small

distances for low concentrations of the electrolytic solution.
It is obvious from the previous discussion that better results are achieved for the

CRE model as L, gets larger or ¢ gets smaller. To understand why this makes sense, a

simpler problem which shows that systems are expected to shift more towards
equilibrium as the distance between the surfaces increases or the concentration decreases
is given in Appendix C.

Now a person might wonder why the chemical reaction equilibrium turned to be
such a good approximation? The answer to this question will be presented next.

3.5.3 The Reason Why the CRE Turns to be a Good Approximation

To check why the CRE turns out to be an excellent approximation, the criteria upon
which it is based is examined. The argument given here will be based on the base case
(i.e., before performing the perturbations). But this does not mean that we cannot use it to
support our results from the first order calculations since the approximation proved its
validity when the graphs of the perturbed case were drawn.

First, let us have a look at the Butler-Volmer equation i.e., equation (2.36) viz.,

Ai-i =-zFe,[i-ii+i-U)=

7 F

(~Algr

i) e

4 F /4
Ap-Aggy-——L—2H -BA Ap-Appy——L2H
¢ aFey } c e Prr 2" ey }

C

For a steady one-dimensional base solution with flat parallel electrodes, the Butler-

Volmer equation can be written at the anode as

A o
i, =—zFc,U=i,|e

{ A e-ﬁ%@ﬂ%]} (3.87)
c
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In the above equation, the anode was picked just for the purpose of illustration
since a similar equation can be written at the cathode. In order to check why the results

from the CRE approximation matched the Butler-Volmer equation, we should look to
equation (3.87) and see how i,, which represents the rate of the reaction, compares with
the left hand side (i.e., z Fc,,U) which reflects the speed of the transport processes.

The CRE model is based on the assumption that the reaction rate is very fast

compared to diffusion and migration. In other words, i, is very large compared to
z,Fe, U . If we can prove that this is really the case in the Butler-Volmer equation, then

this will answer the question on why the CRE model matches the results of the B-V

model as well.
In order to compare i, to z,Fc,, U, let us pick some values for our input variables
(e, ¢ and L;).If ¢ and L, were chosen to be 0.1 kg-mole/m> and 0.05 m
respectively, then U, can be calculated using equation (3.79) and the data given in
Table 3-1. The value of Uy, which turns out to be —2.05x107"" m/s, represents the upper

limit of U . So an average value for U such as —1x10™"! m/s is a reasonable value that
can be used to calculate the left hand side of equation (3.87). By multiplying z,, F and
¢y» Which are given in Table 3-1, with U the term z,Fc, U can be calculated to be
0.27 A/m*.

On the other hand, at the chosen € , the value of iy, as given in Table 3-1, is

10 A/m®. In this case, i, is almost 40 times z,Fc,, U and the ratio M is really very
IO

small. Based on this observation, the exponential term in equation (3.87) i.e.,
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must be very small, almost equal to zero, and this is

F A F
[e[l-ﬂ]g—T[Aqs—Am] s e—ﬁg—T[Aqé—A%Q]}
c

exactly what we assumed when we applied the CRE assumption. So it turns out that this

assumption is valid because 7, >> z, Fc, U in the real situation when the whole Butler-
Volmer equation is used. And this explains why the two models deviate for larger values

M
I

of U/U,_ or [VA - VC] , since the ratio ZIF_C v will become larger and the CRE

assumption will become weaker in representing the real situation,
Then to study the effect of changing the electrode spacing we have to look to its

z,Fe, U

%

effect on the ratio

. As we know from our discussion of Figure 3-3 that

increasing L, at a constant U/U,, will decrease both the concentration and the electrical
potential gradients which in turn reduce the velocity of the surface. So if Z, becomes

larger then U becomes smaller and this will make the CRE approximation better.
Understanding the effect of  is not as straight forward as understanding the effect

of L,. We know that #, depends on ¢ and it decreases as € becomes smaller, yet the

approximation gets better as ¢ goes down. To resolve this inconsistency one has to look

not only at the effect of ¢ on 7, but also at the effect of ¢ on I/ . As given in chapter 2,

the exchange current density, i, and C are related by

iy (G ) _ [Emf J“"

(@) | T

In our calculations we set /3 to one half and we know that i, (€.4)=10 A/m* for

Coes = 0.1 kg-mole/m’. So for any , #, can be calculated by
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i,=10J10¢ (3.88)

Then according to this equation, decreasing ¢ by ten times (i.e., ¢ = 0.01 kg-mole/m*)
will decrease i, from 10 A/m?® to 3.16 A/m’ which is almost 3 times. On the other hand,
by looking at the definition of U,_ viz.,

__2_le1 ~-z,D, Di

Vi L zz D c
0 1922 M

decreasing ¢ by ten times will decrease U, by ten times. Remember the base relation

between [VA —VC] and U/U, viz.,

2l ya_yel=on| 0w
RT 1-U/U,,

since we are looking at the case where [VA = VC] and Z; are held fixed, then the

decrease in U, by ten times must be accompanied by a decrease of U by ten times so

the equation above is satisfied. Consequently, even though decreasing ¢ will decrease Iois

R z.Fe, U
it will decrease U even more, so ——4—
i
0

will be smaller for smaller ¢'s making the
CRE approximation better.

The approximation in this chapter simplifies the reaction part of the model. In the
next chapter we will introduce another approximation that will simplify the transport part
of the model getting rid of the nonlinearity from the migration term.

What we have done in this chapter was to introduce an approximation that assumes

the rate of the reactions to be very fast compared to the rate of the transport processes.

This approximation turned to be a fair one and it even gets better under certain
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conditions. Even though the CRE approximation simplifies the B-V equation slightly for
performing the perturbation calculations, its main advantage was evident in simplifying
the base relation between the voltage drop and the velocity of the surface. The benefit of

this will appear in chapter 6 where we perform the weak nonlinear calculations.




CHAPTER 4
CALCULATION OF THE GROWTH CONSTANT AND ITS APPROXIMATIONS

In the previous chapter, the CRE approximation was used to simplify the problem
and it was shown how effective it was in getting results close to the full B-V model when
neutral stability (i-e., o =0) is considered. Here in the interest of going one more step
and estimating the growth constants, we make one more approximation. In this
approximation, we get rid of the non-linearity in the migration term by exchanging ¢
with ¢ ; this will make the problem much easier to solve analytically.

This approximation will simplify the model by the following way. When c is
replaced by ¢ in the migration term then the perturbation equations, which are linear, will
be constant coefficients equations. On the other hand, if this approximation was not used,
then the perturbation equations, which continue to be linear, will be equations with
variable coefficients because ¢ is a function of Y. So the reason behind using this
approximation is to get constant coefficient differential equations instead of variable
coefficient differential equations, which are harder to solve.

A question that can be raised here is then: Why did not the variable coefficient
equations bother us in the previous chapter when we dealt with the case o = 0? The

answer to this question is that it did not matter if we use the c =& approximation because
the solution to the problem turned out to be ¢, =0, 4 =0 and ¥* =0 which is the case

whether or not we have constant or variable coefficient equations. This is not the case

79
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when ¢ =0 is not assumed since ¢,, ¢ and ¥ will not be zero and we have to solve the

differential equations with the variable coefficients, which is not easy.

So our target in this chapter is to calculate the growth constants, o's , as a function

of the wave number, %, analytically and then extend our calculations to the nonlinear
region, which will be done in chapter 6, to see what happens beyond critical. Calculating
the growth constants, o's, is important since their values will show how fast a
perturbation will érow or die with time.

Itis important to notice here that, although this approximation will give us linear
equations, the non-linearity will still be present in the problem due to the B-V equation
and more importantly, due to the fact that the shape of the domain is unknown and as
before must be calculated. So the same procedure that was used in chapter 3 will be
followed here. First the model equations will be written after assigning ¢ to be ¢ in the
migration term. Then, a steady base solution will be obtained. Finally, the instability
calculation is used to get a set of linear equations from which a relation between the wave
number and the growth constant will be found.

Later on in this chapter, another approximation will be introduced. It will be
noticed that while the unknown o appears in several places in our equations and
everywhere it appears it represents the resulting growth or decline of the perturbation, it
is thought that the motion of the displaced surface might be the rate-controlling step and
that the domain equations could adjust to this motion rapidly. Hence an approximation to
simplify algebra by dropping o from the domain will be entertained and shown to be

fair.
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This chapter will be concluded by trying to understand the behavior of the o vs.

k* curves. In order to achieve this goal, the approximations introduced in this chapter

along with the CRE will be combined to get the simplest model from which the effect of

the different parameters on the relation between o and 4 will be visualized.
4.1 The Nonlinear Equations Obtained by Setting ¢ =T in the Migration Term

In this section we will show how setting ¢ = ¢ in the migration term will simplify
the equations of the model presented previously in chapter 2. The CRE model discussed
in chapter 3 was shown to be an excellent approximation if one is interested in finding the
critical wave number corresponding to the case o= 0. Here, we shall go beyond getting
the neutral stability points. Setting ¢ =7 in the migration term will enable us to calculate
the wave number for any given growth constant o , OT visa versa, without limiting our
selves to the case o = 0. In the previous chapter, when o was set to zero, the wave
number, &> was treated as the unknown, however, in this chapter, since we are looking
for o, k* will be treated as an input variable in addition to the usual input variables (i.e.,
the distance between the electrodes, the average ionic concentration and the voltage drop
across the cell).

One of the grounds for making the ¢ = ¢ in the migration term approximation
would be that migration is not nearly as important as diffusion. And this will be true at
low voltage drops and low current densities across the cell where the effect of migration
will be small. Based on that, this approximation will not be good near the limiting current
(i.e., when the concentration at the cathode will drop to nearly zero) conversely, it will be
better the more slight the concentration variation is. Actually, in the next chapter we are

going to see where this approximation will make sense and where it does not when we
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solve the model without any approximations. So we introduce this approximation for the
algebraic simplicity it offers for our later work if we are working in ranges where it is
applicable.

Now once convection is ignored and ¢ is replaced with ¢ in the migration term we
get the following equations instead of equations (2.32) and (2.33) viz,,

oc

—=D V% 4.1
> 4.1
and
F
PVie+2izvig=o 4.2
o ¢ (4.2)

These are two second-order, linear, partial differential equations in ¢ and ¢ where
boundary conditions are required in order to solve them. Let us now write the equations
at the boundary i.e., equations (2.34) and (2.35) after applying the migration term
approximation and neglecting convection that is

-z,z,D,c,, ..

Di#-Ve= n-z?+ﬁ-(7:l (4.3)
z,D, -z,D,

and
Pﬁ-Vc+£Eﬁ-V¢:-—M—[n-ﬁ+fz-U] (4.4
RT

In addition, the full B-V equation is going to be used here, not the CRE
approximation. Even though, the CRE is an excellent approximation, we are not going to
use it here because we want to study the effect of putting ¢ = without encountering this
with another approximation. As noted, the main advantage of the CRE is for the
simplification it offers to the base solution, not so much in the first order calculations.

The advantage will reappear when dealing with the nonlinear calculations.
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We know that the B-V equation that is going to be used here in its full form is

Al =-zFe,[A-i+i-U]=

3 F 7 _paF __ 7’
e[l_ﬁ]ﬁ[AﬁAﬁg ZxFCMZH}__E.e ﬂRT A¢.A¢EQ lecMZH:I (45)

c

I

It is worth mentioning here that we do not put ¢ =¢ in the B-V equation because ¢ is

going to vary from ¢ to ¢ . So the fact that we are putting ¢ =, is not an
approximation to the ¢ part of the problem or even to the B-V equation. The B-V
equation will remain a nonlinear equation even if we put ¢ =¢ init and we are able to
deal with the problem even if the non-linearity persists in the B-V equation.

Equations (4.3), (4.4) and (4.5) then are the boundary conditions that are valid at
both the anode and the cathode. Having the domain equations and the boundary
conditions written, we are ready to find a steady base solution for the problem.

4.2 The Base Solution

Since equation (4.1) with its boundary conditions are similar to what we had in the
previous chapter, there is no need to repeat the solution procedure in getting the
concentration profile and it will be enough to rewrite the main results for ¢ as a function

of y as follows

c=T+ —2122D2 cMg{y*lLOj' (46)
z,D-z,D, ¥ D 2

then the concentration at the anode ¢* and the concentration at the cathode ¢© are simply

cl=c-

-z,z,D, c U1l

4.7
zD -z,D, ¥ D27° “.7)

and
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-2,z,D, Ul
CM 0
zD -z,D, " D2

cC=c+

(4.8)

Let us now turn our attention to getting the solution for the electrical potential
equation i.e., equation (4.2), and by observing that V’c =0 at steady state, this equation
will reduce to

zF_ _,
—c V$=0 49
=7 VY (4.9)

d¢

.. zF_ .
Noticing that ﬁc 1s not zero; we conclude that V3¢ must be zero. Consequently, E

is a constant that can be determined from equation (4.3) to be

¢y RT z} I
€ z2F D/(z-z,)

%” (4.10)

Equation (4.10) shows that the electrical potential gradient is equal to a constant
(i.e., a graph of ¢ vs. y is a straight line with a negative slope). This is where the first

simplification appears since % from chapter 3 given by equation (3.12) was found to be

a nonlinear function of y. So one can easily find ¢ by integrating equétion (4.10) to get

¢, RT 22U
¢ zF D (z,-z,)

y + constant “4.11)

The constant in the equation above can be found by applying the boundary
conditions ¢=¢" at y =0 and p=¢° at y=I,. Now ¢* and ¢ are not known but the
relation between them can be found by using these boundary conditions to get

alre g G ZU 4.12
RT[¢ #] ¢ D(z-2)"° *12)
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Finally when the relation between the voltage drop and the velocity of the surfaces
is sought, the B-V equation is the source for such a relation. By going back to chapter 3

and following the same procedure to get such a relation and using equation (4.12) instead

of equation (3.12), since ¢ — ¢* now is different due to the approximation, one will find

2 A
i[VA_VCJZZIH _1M+l M +4£—_ __c& Z] U
RT 2 i 2 i C ¢ D, (z 2)

(4.13)

. _ -
n lle‘cMU.Fl z.Fec, U +4CT
2 i 2 i c

with the only difference between this equation and equation (3.27) coming from the
different value of ¢° — " . The reader is reminded that B was set to one half when we
obtained both equations (3.27) and (4.13).

This is all what we need from the base solution in order to be able to go on and
study the stability of the problem. The next step will be to use the linearized stability
method to find the perturbed linear equations, which is the business of the next section.

4.3 The Perturbation Problem
Our objective here is to linearize the equations presented in section 4.1 using the
perturbation method. In order to get the perturbed equations, we will use equations
(3.35)~(3.44) which serve the purposes of linearizing the equations and separating the
variables.

Starting with the domain equations (i.e., the equations for ¢ and ¢ valid on
0 <, <L,) and substituting the expansion for ¢ given by equation (3.39) along with

using separation of variables will turn equation (4.1) into an equation for ¢, viz,,
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D{;}—z—kﬂq o¢, (4.149)

0
which is the same as equation (3.45) since the new approximation will not affect the
concentration equation. After using equation (3.40) to substitute for the expansion for ¢

and using separation of variables, equation (4.2) will become

R Y & pli

This is the domain equation for 4211 . It is a linear, second-order ordinary differential

equation with constant coefficient that replaces equation (3.46) viz.,

{;‘Z_H}l dyim]fﬁ [ }[;_y]&‘

A 2
+[21Fj!d¢0 e, J{le}d he o
RT aj’o @0 RT d.yO

which is more complicated due to the fact that it is a variable coefficient linear
differential equation as c,, which is a function of Y, » multiplies qi .

Let us now turn our attention to equations (4.3) and (4.4) which hold at both the
anode y =0 and the cathode y = L. By starting with the anode, the perturbed equation
corresponding to the concentration profile, equation (4.3), will be no different than the

one in the previous chapter i.e., equation (3.56) and can be written as

D dc, __ z,z,D,

c,,of" 4.16
&, 2D, - z,D, 7% ( )

But when the perturbation method is applied to equation (4.4) the following equation is

found
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pa 2P zdd oz (4.17)
dy, RT ay, 2D, -z,D, ]

The only remaining boundary condition is the B-V equation i.e., equation (4.5).
Remember that the CRE approximation will not be used here, so we have to work with
the full B-V equation. While this will not be an obstacle in solving the problem, it will
make the algebra more tedioﬁs. Now, following the perturbation procedure used to handle

the CRE equation previously, one can get the following perturbed B-V equation at the

anode

=
0 c

B leCM O_}}]A ~ {[1 _ ﬂ] e[l—ﬂ]%{m’—a%] c(f ﬂe-ﬁ%’;@%‘ﬂs%q
x [ﬁﬁ}[Aé” P L g +—7/—k21’1"J (4.18)
RT dy, z,Fe,,

o+ 7%
1 1
_ e'ﬂ%m ) Y,

c
where Ad® =—&* as V'* is fixed.
Turning to the cathode, a similar set of equations can be obtained. The
corresponding equations holding at y = L, are

D dc, ___zzD,
ay, 2D, ~z,D,

¢, oF° (4.19)

pde  2F dg _ ¢,z
aj/o RT afyo ZlDl —ZzDz

off (4.20)

and
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ZIF C C ZlF C
+ z Fe, O_I,“vlc - [[l_ﬁ]e[l‘ﬁ]R—T{A% g | +_C_'_—0_’Be—ﬂﬁ[A% —A@Q]:I
c
0

x':_Z]_F:' Age+7e L age X pepe (4.21)
RT ay, zFe,,

& +7°¢ dey.
e’ slad-om]| 1 dy,
c

where Ag® = -4 as V'C is fixed,

Equations (4.14)-(4.21) are the complete set of the perturbed equations at the
domain and at the two boundaries that defines the eigenvalue problem. The next section
will discuss the solving of the eigenvalue problem to achieve our goal of finding o vs.
K.

4.4 Solving the Eigenvalue Problem

To solve the eigenvalue problem we find ¢, and ¢31 in terms of ¥* and ¥° . The ¢,
problem can be solved using equations (4.14), (4.16) and (4.19) while (131 can be obtained
as a function of fl" and )}IC by the use of equations (4.15), (4.17) and (4.20). Then we

can turn to the perturbed B-V equations namely, equations (4.1 8) and (4.21) to find I;IA

b

Y and o . Remember that in addition to our traditional input variables (i.e., the voltage
drop, the spacing between the electrodes and the average ionic concentration) the wave
number is also considered as an input variable when solving for the growth constant.

To begin solving the eigenvalue problem, go back to equation (4.14) and observe

that the solution to this equation is

¢, =A4e"” +Be™" 4.22)
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where 4, and B, are constants and m denotes , |k’ +%. Using the boundary conditions
i.e,, equations (4.16) and (4.19) the constants A, and B, turned out to be

z.Z,C ~ B
_ 1%2% O‘[YIC _emLoylA:l

mD, (z, - z,) 22,C 5
4 = s ——M oy 4.23
1 e — g mD, (z, - z,) o4 (423)
and
_ Z,Z,Cyy th _ mlo}}A
B = le(Zx‘zz)a[ ] (424)
1= N :

Then ¢, is found by substituting these constants into equation (4.22) and evaluating this

equation at the anode where y, = 0. The result is

m_ 0 zz,D, ¢ s 5
G =G P S R (ol ) Treon(nt)] (429

Similarly, at the cathode, where y, = I, we find for ée

A o D 5 5
R i eomnr) )] @29

Now, the solution to equation (4.15) can be written as

;31 = Ae"” + B —giEZAle””'° -—gﬁT—Ble”"”" 4.27)

¢ zF ¢ z,F

where 4, and B, are the same constants that are given above, where % is the positive
root, VA® , and where 4, and B, are two new constants that can be found using equations

(4.17) and (4.20). Doing this and evaluating equation (4.27) at ¥ =0and y,=L,, &

and ¢ can be obtained as
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~+ PoRTc z,z,D 5c ;4
“DmiF T ) | Fesch (mL,) - ¥ coth (mL, ) | +

; (4.28)
k ZIF C ZID] _22D2
and
~«_PoRTc, zzD, fc .
DleF C ZIDI_ZzDz[ 1 €O (m o) 1 €SC (m 0):|+ (429)

oRTc¢, 7z
kzF ¢ z,D, -z,

5 [ff coth (L, ) - ¥,"csch (kL, )]
2

What we have done so far was to eliminate the variables ¢, and ¢31 from the
problem leaving only ¥* and ¥° to be determined. Note that &', &, ¢* and §° are
linear functions of ¥ and Y¢ and o is spread out in these expressions and hidden in a

complicated way in m . So this problem turns out to be linear algebraic equations in 171”
and ¥

Before proceeding with our solution to the problem, let us remind ourselves that
when neutral stability was studied, &/, ¢?1A, ¢¢ and qic were all found to be zero whether
or not the CRE is used. The same result would be obtained if & was set to zero in the
above four equations. Hence our approximation preserves a main property of the
problem. When o is not zero, these equations show that its determination is not going to
be easy. But it will be shown later that if we set the o appearing in the domain equation
to zero a great simplification will occur that will lead to an explicit relation between the
growth constant and the wave number.

Now, having found &/, ¢, & and 4° one can go back and substitute equations

(4.25) and (4.28) in (4.18) to get
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RT

Iy

_ZI__FCM or? :{[1 Ble DI o -atec] CO ,3 _pﬁ[% A%]J[Zlel

PoRTc, zzD, . .
B Yesch (mL, ) - ¥, coth _
DmzF © ZlDl_zzDz[ “esch (mL, )~ 1 "co (mLO)]

X
2
o RT ¢, z,

kzF ¢ zD -z,D,
_pAET g
o PRI Am]{ o

[Yiccsch (kL,)~ ¥, *coth (kL, )] +7 di At +—L 74
Ly

) 214Gy

520, oy h(mL,) - ¥ coth (mL, ) ]+ 749
= [ csch(mL,) -, coth (m )] e

mzD —z,D, D

and substitute equations (4.26) and (4.29) in (4.21) to get

Lafey ol =|[1- ﬁ]ell—ﬁ]%[w—%g] c5 ,3 —ﬂ—[A%C ~stee] [ 2, F
i RT

Po RT ¢, zzD

[Y “coth (mL, ) - ¥, csch (ml@)]

szlF c z1 —z2
X

o RT ¢,

kzF T le

e—ﬂﬁ[m g | [ -

[choth (kL) =Y csch (KL,) |+ ¥, YC?@—A;zSO L__i2pe

211Gy
z,z,D,
mzD, -z,D, D

9

dc
YCcoth(mL )-Y Acsch mL) (+1 ~ J
Sl Freom (nL) e ()] 7 %

These two equations, the perturbed B-V equations, are linear, homogenous,

algebraic equations in fl" and I}IC . They can be written as
A‘ll A12 ),IA — O ( 4 30)
4, 4,)\7¢) o |

C—MO' P1 zzD,
D mzD, —zzD

+ Y kZ_ ZlF d¢(;‘1
c,RT" ~RT dy,

Fri.a F
x[[l _ ﬁ]e[l—ﬂ]%,:{m -8y | + g ﬁe—ﬂgﬁw—mg]] N z,Fe,, o
c

To

where

L) +——21
oth )+kz11 z,D,

c

N coth (kL, )}

F

-pA] agft-a4,

e RT g dci o z,z,D,
c

th (mL
&y,  mzD, ~z,D, ot (m )}
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2
Alz _ _E_Aio- P1 lezDz CSCh(mLO) +_l__zl—csch (k_LO)
¢ |DmzD -zD, k zD, ~z,D,
F 4 F A
xlr[l - gl a6 g otilos -%1]
c
e—ﬂ%‘i—["l%‘_/&hgl
+

o_anD, oy csch(mL,)
T mzD, -z,D, D °

2

A, =M o P1_azD, csch(mlL,) +l——zl—csch (kLy)
. ¢ |DmzD -zD, k z.D, —z,D,

_gafT e (o _pafr, .
o i o]

e—ﬁ%[m"—am]

- — 22,0, oy csch(mL,)
¢ mzD-z,D, D

and

Sugl P z2zD, coth (mI,) +~—2_coth (kL)
¢ |DmzD -zD, k zD, ~z,D,

¢y RT RT dy,

-A1 ags- C _paflue
xl:[l- ﬂ]ell P88 0055 | + C?o Be Pzl 0% A¢EQ]}_21]‘70M o

Iy

A, =

C
dc;, o  zzD

2 cM th
dy, m z,D, -z,D, D co (mLO):l

e-p%[,;gf_m;m] [

c

Now a solution other than ¥,* = 0=F can be found if and only if

4, A4,
det 4, 4 =44y — 4,4, =0
1 2

By setting 4,,4,, — 4,4,, to zero, the relation between o and &* can be found.

However, there is no obvious way we can write this equation explicitly for o as a

function of £°. Again, this is because o is present inside m (i.e., inside , k> +%) and
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m appears in the arguments of the hyperbolic functions. All these complications imply
that to get the relation between o and k% one must draw a graph of o vs. k* (i.e, to
input the value for £* and seek the value of o that will make the determinant equal to
zero). This was done using Maple® VIII and is presented in the next section where the
results are given and discussed.

4.5 Results and Discussion

Our goal of this chapter, as stated earlier, is to solve the eigenvalue problem in
order to find o when we input &2, It might be expected to determine many o's for each
k> when the eigenvalue problem is solved. We will be interested only in finding the two
largest o's which are the leading and most dangerous ones. One of these two will g0
through o =0 and we call it the first o, the second o will be always less than zero and
it will be the closest to the first one obtained from the calculations. We concentrate on
these two since it is more convenient to focus on the two most dangerous ones, all the

others being more negative (i.e., more stable than the second o ).

Now the relation between o and &? will be obtained by setting 4,4, — 4,4, to
Zero so let us see what comprising Ay, 4, 4, and A4, Ttis clear that two of our input
variables namely ¢ and L, in addition to the physical parameters of the problem given in
Table 3-1 such as y, Cy» Dy, D, etc. are all present. Also expressions from the base
solution appear in the A4's which can be calculated for any L, and V*-V€, Finally,

as k* is also treated as an input variable, o is the only unknown to be determined.
In the coming graphs, the effect of the velocity of the electrodes or the current, the

distance between the two electrodes and the average ionic concentration on the relation
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between o and k* will be studied. As discussed previously in chapter 3, U/U,_ will

represent the effect of changing the current since ¥4 ~V° and U /U,.. are tied together

and changing one of them will change the other.

Now the relations obtained from the base solution can be written in terms of

U/U,, as
A4
_:1__0100 _ idc0 22U (4.31)
¢ dy, cdy, L,Uy,
C 4
_d_[ﬂ%} :i[ifid _2a3 U (432)
&, RT*| “a ’T*| "L, %, U,
A
S, Y (433)
¢ lim
and
(o]
S Y (4.34)
c Uy

Then from the B-V equation,

base solution viz.,

at both the anode and the cathode, as it appears in the

_ 5 F _ 4 _uF _
2 FeU=i, lﬁe[l ArA{ ad-ads; | —£_°—e p2 o A%Q]:l (435)
C
and
_g1afra e C  _pafirac_
z,fe, U=1i [e[l ﬁ]ﬁ[% e —cfoe ﬂRT[A% A%q (4.36)
c

we can get the exponential terms e.

to one half as

(A1 -0

g, e as a function of U when 2 is set
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2
e;;;[A%{‘A‘?EQJ:_lM_Fl _zl&]\ig_ +4i (437)
2 i 2 i c
and
2
G ome] _1zFe,U 1 |(2FqUY o (4.38)
2 i 2 i, c

Though in equations (4.37) and (4.38) it is clear that U/ not U/U,, appears on the
right hand side, we can introduce U /U, to these equations by multiplying and dividing
each term by U,,, which is a constant. Now one is ready to treat U/U,_ as the input

variable and study how it will affect the dependence of & on k*.
4.3.1 The Effect of the Current on the o vs. £ Relation

The results that are going to be given in this and the following two sections will be
presented without explaining their behavior at this stage. This is because the relation
between o and £ is so complicated that it is impossible to trace how each variable will
affect this relation. The explanation on the effect of the input variables on the behavior of
the curves will be discussed later at the end of this chapter when more approximations
will be introduced to simplify the o vs. k> relation.

Figure 4-1 shows the effect of changing the current, which is represented by
U/U,, on the relation between o and 2. For each input value of U/U,_ , two curves
are drawn. The first curve corresponds to the most dangerous ¢ that starts from a small
positive value then increasing for small values of 2 reaching a maximum followed by a
monotonic decreasing trend. This curve passes through the neutral stability point where

o changes sign’s from positive to negative. So it seems that increasing the wave number
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will have a destabilizing effect at the beginning which will turn to a stabilizing effect
later for very large values of k*. The second curve represents the second o which is

shown to start from a negative value and decreasing continuously as k* gets larger so k°
is always stabilizing here.

Now positive g's correspond to growing modes that will result in unstable
displacements while negative o's represent decaying modes corresponding to stable

displacements. Figure 4-1 was drawn for ¢ = 0.1 kg-mole/m*, L, =0.05 m and U/U,

equal to 0.1, 0.2 and 0.3. Considering the positive ¢'s, it is clear that the system is more

stable for lower values of U/U,, than for higher values. Conversely, negative ¢'s
become more stable for larger values of U/U,_ .

Figure 4-2 is drawn to check if the same behavior is seen for larger currents for the
same input concentration and spacing of the electrodes. The values of U/U,_, are now
0.4, 0.5 and 0.6 and the pattern inferred from Figure 4-1 is realized.

What we have learned here is that increasing the current will increase the
instability, namely, more unstable wave numbers and faster growth at each unstable wave
number. It is interesting that the second eigenvalue behaves oppositely, while always
negative, it becomes more negative as the current increases.

We now turn to the effect of another input variable, namely, the electrode spacing.
4.5.2 The Effect of the Distance Between the Electrodes on the o vs. k* Relation

Figure 4-3 presents o vs. k> for three electrode spacings namely 0.005 m,

0.0075m and 0.01 m at U/U,_ =0.3 and ¢ =0.1 kg-mole/m’. The figure shows that

the largest distance gives the most stable situation, as it gives the lowest values of
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positive o's and the smallest region of instability. This result agrees qualitatively with
what we found previously from the neutral stability analysis. Again, as in the previous
section, the wider the range of unstable wave numbers, the larger the o at the unstable
k*'s. On the other hand, negative o's become more stable for smaller electrode
spacing.

Figure 4-4 is Figure 4-3 drawn for even smaller spacings. The pattern of Figure 4-3
is seen to persist jl:lSt as Figure 4-2 continues Figure 4-1.

We go on to see the effect of changing the average ion concentration on the graph
of o vs. k*.
4.5.3 The Effect of the Average Ionic Concentration on the o vs. k> Relation

Figure 4-5 shows o vs. k> curves for average ionic concentrations of

0.005 kg-mole/m*, 0.0075 kg-mole/m’and 0.01 kg-mole/m* where L, = 0.05 m and
U[Ug, =0.01. The curve with the highest average ionic concentration (e,

0.01 kg-mole/m’) gives the highest positive o's which means that increasing the
average ionic concentration will make the system more ‘unstable. But all the curves share
the same o =0 point unlike what we found when we studied the effect of changing
UJU,, or L,. The result that the neutral stability point is independent of the average
ionic concentration is not a new result since it was discovered in the previous chapter.
Hence while changing the average ionic concentration does not affect the neutral point it

does affect the size of the growth constants (i.e., larger ¢'s will lead to larger o's). As a

corollary, the ordering of the o 's now reverses as k* increases through the critical point.
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Figure 4-6 shows the relation between o vs. k> for higher concentrations (i.e.,

¢ = 0.05 kg-mole/m*, 0.075 kg-mole/m® and 0.1 kg-mole/m>) at the same I, and
UJU,,, used before. This figure continues what was seen in the expected direction.

The validation of the results obtained using the ¢ =€ approximation in the
migration term of the domain will be handled in the next chapter when comparing with
S&B results and When we solve the problem correctly with no approximation.

Now let us return to one of our objectives which is to get the relation between o
and k* explicitly and present one further approximation that will simplify our job greatly.
This assumption will be presented next and it will enable us to get an explicit relation
between o and k2.

4.6 The Effect‘ of Dropping o from the Domain Equation

The first approximation made in this chapter is to set ¢ equal to € in the migration

term of the domain equation to get rid of the non-linearity in the domain. Even though

this approximation enabled us to simplify the problem and get a relation between o and
k?, this relation was implicit and had to be graphed to be understood. The algebraic

complication seems to be due to o and &’ both appearing in m (i.e., it is due to the &

appearing in the domain equation). If we can drop this o on some grounds, we may be

successful in obtaining an explicit relation for o as a function of £*. So the purpose of
this section is to set o in equation (4.14) to zero and rework the problem to see how the
equations will be simplified, then to compare the results obtained here with the previous
results. A simpler problem that inspired us to use this approximation is presented in
Appendix D with the main purpose of showing that if two processes occur in series, then

the slower one takes control of the overall rate.
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Working through the simpler problem will lead to the following conclusion: scaling
the equations properly and evaluating the order of magnitude for every factor multiplying
a o will determine when dropping o from one part a problem and retaining it in another
will be a good move.

Now let us apply what we have learned from the simpler problem on the
electrodeposition problem to see if there is a valid reason to drop o on the domain.

4.6.1 Scaling the Electrodeposition Problem to Study the Importance of the
Different Growth Constants

To see if dropping o from the domain makes a good approximation to the
electrodeposition problem, our first step will be to scale our equations.

To scale the problem, let us define these dimensionless groups

c*:é, r =—, ¢*:£¢, V' =LV, U*zt—U, u*:i-u,
3 7 RT 0 L,
y=1y x=Lyad v'=pV

where f ,which represents a characteristic time, will be chosen later. Now, rewriting
equations (4.1) and (4.2), the domain equations, after applying the scaling above will give

PV +V =0 (4.39)
and

L_?)_l_ aC: - V*Zc*
Dt ot

(4.40)

Equation (4.39) will not introduce & to the problem since time derivatives do not appear

L]

* -

there. But o will appear in the domain from equation (4.40) because of the term

2
1 . . e .
Let us refer to BO? as the dimensionless domain time scale 7, that is
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L1

P DT

) .. oc . . .
Now, 1t is the factor that multiplies Y in the domain equation. If we can prove

that ¢, is negligible compared to the time scales multiplying the other time derivatives
appearing in the boundary equations, then we might be justified in dropping o from the
domain equation. -

Let us now turn to the boundary equations. The scaled version of equation (4.4) is

2
Ve =—anbon L _[7-@ +ii-U" (4.41)
zD-z,D,Dct

. o . . . .. 0Y . .
where the time derivative will be introduced through 7-% " as > and the dimensionless

time scale which multiplies the time derivative will be defined as ., where

2
fo= cyuzD, L
¢ zD~-z,D,DTT

The second boundary equation is equation (4.3), which contains the migration

effect. Scaling this equation will give

2 2
L, ¢z lp.

Pi-Vc'+ iV =2 | h-a +i-U 4.42
¢ ¢ z,D,-z,D, t[ ] (4:42)
where we define 7,; as
t —_CM__—le E’.
® T = -
¢ zD, -z,D, t

The last equation at the boundary is the B-V equation. Scaling the B-V equation

will give
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F F
*]_6[1-/3]% Ap-Aggy——L 211’} c —ﬂ;T Ap-Agpg—L ZH]

zFcy, _:e 2 ey, (443)

] -
which introduces the dimensionless time scale #,, , viz.,

_ z,Fe,, L,

h

t

1
BV ?’

Now, we can choose 7 , the characteristic time, for our own convenience in
comparing the orders of magnitude of the four dimensionless time scales obtained from
the equations. Since we are focusing on the domain time scale, we choose 7 so that
t,=1, hence 7 is given by

L

T:B, t, =1 whence #, =1

Now let us look at a typical case by choosing I, =0005m and € = 0.1 kg-mole/m’

as our input variables. Then using values from Table 3-1 to get the diffusion coefficients

etc., we can evaluate the other dimensionless time scales as follows

p, =9 25D 17 600
¢ z,D -z,D,
c 22D
fy =2 D 513,500
¢ zD -z,D,
and
0, = ke <o
il
00

The values obtained above show clearly how small 7, is when compared to the

other time scales. The dimensionless time scale obtained from the B-V equation is two

orders of magnitude larger than ¢, and the other two from the boundary equations are
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four orders of magnitude larger. This result is just what we were hoping to get. The

values of the time scales tell us clearly that dropping o from the domain is the right

thing to do if we want to simplify the problem when seeking an explicit o vs. &* relation
and it also tells us that the CRE approximation ought to be good.

Thus, the definitions of the dimensionless time scales can be used to decide when
the approximation of dropping o from the domain is a good or a bad move. Increasing
the diffusion coefficients and decreasing the average ionic concentration will enlarge the
values of the boundary time scales making dropping o from the domain a more realistic
approximation.

It was mentioned at the beginning of thfs chapter that the value of a growth
constant is an indication on how fast a perturbation will die with time. So, the physical
interpretation of saying that o in the domain is small and can be dropped compared to
the other o's, is that the perturbations at the domain will die faster than those at the
boundaries. In addition, from a physical point of view, the trends mentioned above that
encourage neglecting the domain perturbations agree with common sense. For example,

increasing the diffusion coefficients will make it easier for perturbations in the domain to
spread and die out faster. Furthermore, increasing the average ion concentration makes
migration more effective and hence acts like D.

The last thing we want to comment on, before leaving this topic and turning to

solve the equations after dropping the domain perturbation, is the dimensionless time

scale of the B-V equation #,, . The value of this time scale is the nearest to the domain

time scale and it is very sensitive to the distance between the electrodes and the exchange

current density which is a function of the average electrolytic concentration. For large L,
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and #,, t5, could also be neglected. This is not a new finding. In fact, if z, is dropped
then the B-V equation will turn into the CRE equation and this is what we did in the
previous chapter. So under some circumstances one even can drbp the time constaﬁt from
the B-V equation in addition to the o that appears in the domain equation without
worrying about the accuracy of the result. This discovery will be made use of later in
chapter 6 where the nonlinear stability is studied and we will be in need of every
approximation that will simplify the complicated calculations. But for now, we will
satisfy ourselves by dropping o from the domain and reworking the problem to get an
explicit formula for o vs. &% . This is our next goal.
4.6.2 Getting o Explicitly in Terms of #° by Setting o =0 on the Domain

By going back to equation (4.14) and setting o to zero, so that m will be equal to

k , the positive square root of k>, and reworking the problem by following the same steps

one will get these equations

a0 22D, cyroe 5

& = _?leij_sz;EM[Yl osch (kL) - ¥*coth (L, ) | (4.44)

AC (o} z.z.D c 3C 5 A |

& _—;m%[yl coth (KL, ) - ¥,*esch (KL, ) | (4.45)

g _ORL Gy 2 peqooh (kr) -7 coth (KL, 4.46
kzF © Dl(Zl“Zz)[ i osoh (kL )~ ¥;ooth ( 0)} (4.46)

and
~ oRTc, 2z

== Y coth (kL) - ¥ “csch (KL 4.47
kzF © Dl(zl—zz)[lco (kL) ~Fifosch (AL, | (4.47)
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and we can notice how dropping o from the domain makes the right hand side of each
equation a multiple of o. Now having found &, ¢, & and ¢° we can substitute these

results into equations (4.18) and (4.21) to get

2l oy [[1 _ g Pl -shal g ﬂe"’%?[%‘%}}[ % }
1 C

0

2 A
xl: IRT ey 7 [ 7 Cesch (KL, ) - ¥ coth (KL, )]+Y"ay Agt +—L szl"}
0

k zF T D, (zl 22) akey
- BT A -0t
_e _ _o_anD, ci[}}lccsch (KL,) - YAcoth (kLo):} +1* de
c k zD,—z,D, D dy,
and

Aot = {[l—ﬂ]e“"’]%[““"c‘“”déﬂ K M}[_F}
C

A RT
oKL oy [ 7 coth (kL) - ¥, csch (KL, )]+ ¢ 2 ags -—L—i8e
"k zF ¢ D, (Zl——zz) dy, " zFe,
- AT AR -0y
- 92zl Gelpeqom (kr,) -7 Aosch (kL) |+ Fe Lo
c { k zD,-z,D, D [ coth (kL) -1 fesch( )]+ dy,

These two equations, the perturbed B-V equations are linear, homogenous,

algebraic equations in ¥* and ¥ and they can be written as

{Bu 4 BlzJ I}lA _ [OJ (4.48)
B, B, flc 0
Now, a solution other than ¥ =0="F° can be found if and only if

B, B,
det B, B, =B,B,, - BB, =

where
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D(z1 z,) ¢, RT  RT dy,
le[ (16{ %Q]

2 FdA
BH~[O—C — A _coth(KL,) + —L—k — ‘q

{[l ple’ ﬁﬁe'ﬁ%ﬁA#_A%Q]}ﬁa
c o
_ﬂle Af-Agy
e =l o] dc} s 22,0, -Clcoth(kLO)j\
dy, k z,D,—-z,D, D

c

2 VI A —pA Akt g
B,=-|Z220 5 __csch(kL,) ||[1- 'B] e i i Qq
k¢ Dl (Zl _ZZ) i
_ﬁﬂ[A%(—A‘pBQ]
. e R g lezDz ﬁ’I—CSCh(kLo)
e k 2D, —z,D, D

2 iy e B —ﬂ"F A -0y
Bﬂ_{ocM_Z__csch(kL)}{[l gl ne] S e = Q]}

D, (z1 zz)
-p A% _A¢EQ]
e K o zz,D, ¢ osch(L,)
c k zD -z,D, D

and

2 Fd¢c
S| -ZO9 B coth(k,) - — Lk R
Bz [ 2 D —z) M) T RTE TR

z7F c
X {[1 - p] eDﬂ}FF[A% o] + 'CZ; ,Be~ﬂﬁ[A"" 'A@’Qq _ Z{ rap.
0

aF

e'ﬂ———[A%c'-A%le [dcg

_o_azDy G o, )}
(o

dy, kzD -z,D, D
By setting B,,B,, — B,,B,, to zero, an explicit relation between o and k* canbe

obtained. This relation is a quadratic equation in o whose solution is simply

2
-btNb"—-4ac (4.49)

2a

o=




where

\

z,z,D,

. ([1 ) ﬁ]e[l_ﬂ]%];{A#_Mm] N fi ﬂe—ﬁ%{m‘—z&m])( 1¢,
Cc
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¢t D(z-z
a= ﬁ —ﬂg{A%C—A'ﬁzg]
o 122Dy G oo, |+ 250
c k zD, -z,D, D 0
A2 A gt -20]
e & 125D Cu o,y |- 2%
. C k Zl ZZD D 0

D (z,-z

k© D(z-

C

+9 e— %[A%A—A%g] {O'

k zD -2z,D,

M. csch(kL, )}

15]}!7[% A%] I —ﬂ%[% ~8éeg ] _.__ZZ__
(-2 = pe | ey

- ([]_ — ﬂ] e[l‘ﬁ]%{'&%"wzg] + i ﬁe-ﬁ%;{A#—A'&Q] J[ 1 CM Zl
c

2 )
-———-z———csch(kL ))

z)

\

: -

z,F

L

7 F
o ParliE k] c

4

AdS -y
G CRPTY csch(kL,)
k zD -z,D, D

[l—ﬂ]%{A%C'A%Q] c0 -PAL A 20z 1 CM _i__
Ble — pe ¢ D(z-2z,)

coth(kL, )J

o) coth(kL, )}

csch(kL, )j

- 2 c _anFr, o C
[[1 - ﬂ] e[l‘ﬂlg{m -0 +c—c§- Pe PRTLA® A%]j(le dé,

RT dy,

0

+
L

X9

F
e—ﬂ%[Aﬁ_A%} dc?

c dy,

]
L
¢, RT

RT dy,

(([1—,3] e[l_ﬁ];i;{w-%g] . < ﬁe—ﬂ%’{Ads‘—A%]][le déy _
c

0

+

L

c @,

Y k2 W
¢y RT
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and

1 4Fr, ¢ £ ]
[1 -~ ﬂ] e[l_ﬁ]ﬁ{A% _A%Q] + iﬂ “B—}—T{A% _A%Q] 4 k2 + ZIF d¢(§j +
T ¢, RT" ~ RT dy,

b =< , \
e—ﬁ}EF[Aﬁ-A%] dcg
{ c &,
( P -0y \
) PP PV
z % 2D, - z,D, 3 :
X< 5

_([1—/3] e[l_‘ﬂ ]%TF{A#'A%} co 2 Be ~A 0k~ A%}](l [5%3 __—Zz coth(kL, )J

| D, (zl 2)

1 _ ZF o le C 2 )

([1—,8]91 arttH-oe) c" & pe A%]j{lf_%——zl coth(kLo)J
¢ D (z;,-z2,)

+ akey

-+ < 2Fr, ¢

~BEL A Ay

e wrt ) 1 zzD.
c

- S coth(L,) |+
k zD ~z,D, D

0

.

| P2 z ]
(- ot poorl e r_
5 RT &, ¢, RT
X 4 7 4
L c Cl-yo J

This is the relation obtained after dropping o from the domain. Although it is not a
simple relation, it is nonetheless clear how o could be calculated explicitly for the input
conditions including the wave number, £°. It is also obvious that this quadratic equation
will produce 2 values of o for each value of £* so we are going to get two curves and

we expect that these two curves will be approximate to the curves obtained before (i.e.,

one curve will pass through the neutral point and the other will give negative values of o

for every k> we input). The next thing to do is to compare the results obtained from this

approximation with those obtained before.
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4.6.3 Comparison Between the Results Obtained by Dropping and Keeping o on
the Domain

Here we will check how good the approximation of dropping o from the domain

equation is compared to the case where it is kept in tact. First, let us compare the results

at different values of U/U,,, . Figures 4-7, 4-8 and 4-9 show o vs. k” by the two

methods where ¢ = 0.1 kg-mole/m*, L, =0.05 m and U/U,,, equals 0.3,0.5 and 0.9

respectively. In all of the three figures it is very hard if not impossible to distinguish
between the two curves. This tells us that this approximation is excellent for the whole
range of currents used.

Let us now investigate the effect of changing the distance between the electrodes.
Figures 4-10 is drawn at U/U,_ =0.3, € =0.1 kg-mole/m* and L, = 0.005 m which can
be compared to Figure 4-7. Again no difference at all can be noticed in the two figures
for large or small values of Z,,.

Finally, the effect of changing ¢ is studied by fixing U/U,, =0.01, L, =0.05m
and changing the values of ¢ . Figures 4-11, 4-12 and 4-13 are drawn for
¢ =0.1kg-mole/m*, € =1.0 kg-mole/m’and ¢ =10.0 kg-mole/m’ respectively. The
values that we set for ¢ (i.e., 1.0 kg-mole/m® and 10.0 kg-mole/m’ ) are extremely high

values of concentration but we chose them in order to show that even for such high
values of the average concentration we cannot distinguish between the two curves.
These figures present clear evidence that dropping o from the domain is such an
excellent approximation that has no effect on the precision of the results. And that the
scaling given in section 4.6.1 was an excellent way to help us forecast this result even

before doing the calculation and draw the figures.
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4.6.4 Explaining the Behavior of the o vs. £* Relation

-Here we will combine all the approximations presented so far in order to simplify
the relation between o and k* so a person can trace the effect of the different input
variables easily. We will use the CRE approximation along with putting ¢ =T in the
migration term and we will drop o from the domain to achieve our simplest model. Even
with all these approximations utilized, we are still going to get a quadratic equation in o
which will result in obtaining two roots which are the two predominant ¢'s that we are
going to draw.

To start, let us write the main equations required to achieve our target. First, the

perturbed CRE equations i.e., equations (3.75) and (3.78) are

z F
RT

{Ag +PA= A¢;‘+

zF A
/4 sz}‘A:I _[A“; AM}I: YA dc; /aj"o}
ay, z,Fe,, c c

and

F[Agﬁl +7°— d — Ay —

}/ k2f/‘C :e—;_F{A% A%Q] C YC dcc/dyo
RT ay, zFe, c

then the equations for &, &°, &A and 431‘3 as given in this chapter, where the migration

term approximation is used and where ¢ in the domain was set to zero, are

s Oz D, ¢y Tpe 54
& __;w—z_zz_jb:%[)q osch (KL, ) - ¥, coth (KL, )

A o zzD, c
& = —;471275— g[ “coth (KL, )~ ¥,"csch (L) |
;4 _ORTc, 7z

kzF ¢ D/(z,-z,)""

[ ¥ esch(kL,) P coth (kL) |

and
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« _ORTc¢, z
kzF ©C Dl(zx—z2

) [P coth (KL, )~ F;esch (L) |

Now in order to solve for ¥;*, ¥ and o, the expressions for &, &, ¢* and 4°

are substituted in equations (3.75) and (3.78). The result of such a substitution is

¢, RT ¢} RT ay

0 0

toope el ZEIA a7 i T k) (- =0
(4.50)

and

~%csch(kLo)(J——NC)I}IA+[ Y +dco/aj/0 +ZIF£¢—°—gcoth(kL0)(NC __])Jff =0

¢, RT cs RT dy, k
(4.51)
2
where JZCTM—21—>0,'NA —_2nl C—Mi<0 and N"’:—————ZlZZD2 —C-M-l;<0.
¢ Dl(zl_zz) zD,~z2,D, D ¢§ zD,-2,D, D ¢

Equations (4.50) and (4.51) are linear, homogenous, algebraic equations in };{’ and

7€ and they can be written as
E, E,\(%*)_(0 “.52)
E, En)\3¢) \0 |

. (E., E )
where the matrix ( H 12} can be written as

EZI E22
Y 2 da|d, zFdg o _ g _
cMRTk g RTay0+koom(/do)(J N kcsch(klﬁ)(N" J)
_e _ Y g /% zFdh o _
kcsch(kln)(J N) CMRTkT < R a kooth(klb)(Nc J)
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The way we usually handle such a situation to find a relation between o and &7 is

a A E. E
to look for a solution other than ¥* =0=Y° by setting det( % 12) = 0. This will

21 22

generate a quadratic equation in o as a function of the input variables. This equation can

be written as

_ —b++/b’—4ac

. B (4.53)
where
a= (/=N (N -) ot (kL,) - esch” (kL)
k c g
b= CZRT coth (KL,)[ (N = 7) = (7 =)
and

s 7’k e yk? U ZE(L__L]+£M[E+3“(U/U1@)2]

F R R N R

This is the simplest relation between o and k&* we obtained so far, however, it is
not so obvious how the input variables contribute to such a relation. Using this equation
to draw o vs. £* will result in getting two curves corresponding to the most dangerous
growth constants that we will draw later.

In trying to determine where from these curves arrive, we argue that one of these
two curves has to do with the anode dynamics and the other with cathode dynamics. To
show if this is true let us pretend that the cathode dynamics are frozen so 7€ -4 or o
coming from the cathode equations is set to zero. This will leave only one o appearing

in our solution which is due to the anode dynamics and which we will call * . Then we
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will assume that the anode is frozen and seek an expression for the growth constant

related to the cathode dynamics (i.e., o°).
First, to find ¢ when the dynamics of the electrodes are decoupled, we will use the

domain equation for ¢, viz.,
d’ A
I:—-—z- —k2:|(;‘1 = 0 (454)
0

in addition to

Ddélz— 450, o pa
afVo ZIDI_ZZDZ M

which is valid at the anode where y, =0, given as equation (4.16), and

a _, (4.55)
dy,
which is obtained from equation (4.19) after setting Gﬁc =0 (i.e, ignoring the cathode

dynamics). Solving for ¢ using these equation will lead to this expression

ot =9 _AnDs Gupacom ) (4.56)
k zD -z,D, D

Then when solving for ﬁ‘l we have the following three equations

[-fdi -kz}zi =0 (4.57)
s
A 7 2
pda 2F A6 an  pa (4.58)
&, RT d&, zD -zD,
and
pda nlzdd (4.59)

dy, RT dy,
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And the solution to the @* is

2
A o RT ¢, z,

4 ==
k zF T Dz -z,)

Fcoth(kL,) (4.60)

Substituting for & and @* in equation (3.75) will lead to

4 k2+dco/ayo+le dgy

" _chiT ¢  RT &, @s1)
—coth (kL,)( - N*)

Then to get o°, set o¥,* = 0 and follow the same moves to get

/4 jE dco/dyo _ z,F dg,

- c
o€ = ¢, RT c, RT dy, (4.62)

%coth (kL,)(J - N©)

Now if the numerical values of o* and o are similar to the values of the two
predominant eigenvalues obtained after applying all the approximations, we can identify
the source of each curve and have the simplest relation describing the o vs. £ relation.

Figure 4-14 presents a comparison between o vs. k* relation obtained from the
quadratic equation, i.e., equation (4.53), and that obtained from equations (4.61) and
(4.62). 1t is clear how the results are very close which confirms our prediction that one of
these two ¢'s comes from the anode while the seqond originates from the cathode.

Now the denominator in equation (4.61) is always positive, while the numerator is
always negative which resulted in o, being always less than zero. It is clear from the
equation that the surface tension, the concentration gradient and the electrical potential

gradient all stabilize the anode (i.e., they have negative signs) which is in agreement with

the picture argument given in chapter 1.
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The denominator in equation (4.62) is again positive leaving the numerator to

determine the sign of o . It is obvious that the surface tension term, which is negative, is
stabilizing while the other terms namely; the concentration and the electrical potential
gradients are both positive and destabilizing. So it is clear from equation (4.62) why the
behavior of the curve corresponds to the largest eigenvalue is totally different from the
other curve. Knowing the origin of these curves explains why the largest eigenvalue

becomes more unstable as we increase U/U,,. and ¢ or decrease L, which all
destabilize the cathode. On the other hand, increase U/U,,, and T or decrease L, will all

stabilize the anode, and this explains the behavior of the growth constants given in the
first six figures of this chapter.

A strange behavior of the o© curve is that it goes up (i.e., the positive value of &
increases) as the wave number increases while we expected that increasing the wave

number should always make the system more stable. This is the result of the wave

d’c,
d,

number that appears in the term %coth (¥L,) , which originated from the term Gie.,

from transverse difﬁlSiOﬂ) that brings this destabilizing effect.

At one stage, one might be interested in comparing the rate at which the
perturbation is growing namely, o¥,° resulting from #, to the velocity of the front, U .
This cannot be done in this chapter since finding ¥, is not possible using the first order

perturbation method. Unfortunately, even if we go to the 2™ order calculation, which are

presented in chapter 6, or the 3™ order we will not be able to provide this kind of
information because ¥, that could be found at third order will correspond to steady state

where o is equal to zero.
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In conclusion, we have learned several things about the electrodeposition problem

in this chapter. First, we were successful in finding the relation between o and % and
the shape of the curves describing this relation tells us a lot about the physics of the
problem. We believe now that the curve that corresponds to the largest eigenvalue comes
from the cathode while the second curve resulted from the dynamics at the anode.
Second, we were able to identify the role of transverse diffusion which has a destabilizing
effect. Third, we have learned that finding o is the first step if someone is interested in
finding the rate of the perturbation growth compared to the velocity of the front but we
have already explained why we cannot do this at this stage. Fourth, some workers such as
Mullins and Sekerka (1964) might expect to see the patterns forming at the wave number
that corresponds to the maximum growth rate which is one of the things we learned from
our calculations in this chapter. Finally, we have learned that a simple model that
contains all the approximations used so far is useful over a wide range of conditions not
just at the critical point so it can be used as a basis for subsequent calculations as those in
chapter 6.

In the next chapter we will evaluate the migration term approximation by solving
the whole problem without implementing any of the approximations used so far in this

and the previous chapter.




CHAPTER 5
THE SOLUTION FOR THE GROWTH CONSTANT

In this chapter a way of solving the problem without approximations is presented.
So we are going to accept all the primitive assumptions used in writing the model, but are
not going to invoke any of the approximations used earlier as we will solve the whole
eigenvalue problem. The main objective of this chapter is therefore to present the solution
to the electrodeposition model in order to test the approximation used to simplify the
migration term and to check if the results obtained by S&B are in agreement with our
results.

Here we will follow the same steps as in the earlier two chapters. We start with the
non linear equations presented in chapter 2 then a base solution will be found without
approximations such as CRE or setting ¢ =¢ in the migration term as we did in chapters
3 and 4 respectively. Next, the stability of the base solution will be examined via a linear
perturbation analysis again with the aim of getting the relation between o and k£*. The
results obtained here will then be compared with the results obtained earlier in chapter 4
to see under what conditions the approximation is valid. Finally the results from this
chapter will be compared with work by S&B where the eigenvalue problem was solved
by difference approximation for selected values of the input variables. This will be done
to check if the results obtained numérically by S&B are in agreement with ours.

Since this chapter completes the work started in earlier chapters, a lot of the
equations given here will be taken from those chapters. The equations that are taken over

to this chapter will be given new numbers so the work here will be self-contained and it
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will be easier for the reader to follow the solution without referring to three different
chapters. So let us start this chapter by presenting the nonlinear equations of the
electrodeposition' model.
5.1 The Nonlinear Equations
Let us first write the equations that are valid on the domain namely equations (2.32)

and (2.33). These two equations, after neglecting the effect of convection, can be written

as follows
oc
—=DV% 5.1
> (5.1)
and
PVic+ 2Ly [evg]=0 (5.2)
RT
where
Do DD g, 1 poalD=D]
z2,D,~z,D, z,D,-z,D,

Now the equations that are valid at the boundary (i.e., at each electrode) as

mentioned earlier are (2.34), (2.35) and (2.38). These equations are

Dﬁ-Vc:M[ﬁ-ﬁm-ﬁ] (5.3)
2D, —z,D,
z F zic ~
Pii-Ve+22cii Vp=——aM 5.5 +7.0 5.4
et Ve lel—zzDz[nu ] (54)

and

AWA%Q—;%CEZH] (5.5)
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These nonlinear equations are taken directly from chapter 2. Let us now turn to
writing the base solution as it was given in chapter 3.

5.2 The Base Solution

At steady state, equations (5.1) and (5.2) will become

d’c
D—=0 5.6
and
i{p£€+ci[ﬂ£¢ﬂ:0 (5.7
dy| dy dy|LRT

dc d|zF : . .
hence — and c—{zl—- 4 must remain constant through out the electrolytic solution. In

dy dy | RT

addition equations (3.11) and (3.12) must hold at both electrodes, namely,

p__=2mD: . i (5.8)
dy z,D -z,D,
and
2
i[le¢:|: zle,, U 1 (5.9
dy| RT Dl[zl—zz]c

and these equations determine the values of our two constants.
The B-V equation, which determines the rate of the electrode reactions in terms of

the values of ¢ and ¢ on the solution side of the electrodes, must hold at both the anode

and the cathode. These equations, obtained from equation (5.5), are

7 F B 4 zF _
it =~z Fe,U =i, [e[‘ arlse'-ote] e 54 M"’Qq (5.10)

and
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:IO T

F (6] 2\ F c
. L NN o R Y
—Zf =¥ VN6 {e RT o] g BT ]
C

(5.11)

Now the concentration profile is no different than what it was earlier. Solving for it

introduces a third constant of integration which is evaluated in terms of the average

concentration, ¢ , which is an input variable. It is given by equations (3.14), (3.15) and

(3.16) namely

C:_ lezDz M_g|:y lLO}
)=z D 2
where
pA ~2,2,D, Cy QlLO
eli=z.D " D2
and
o -z.z.D. Ul
c“=c+—122 ¢ ——I

zD -0, 7 D32

Likewise the potential profile was given by equation (3.19) that is

A TR AL R S T
= + In—
R R T
where ¢° — ¢* can be determined, namely,

CC

ZF Z
E((f —¢")= jlnc—A

2

but ¢* and ¢° remain unknown.

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

The role of the B-V equation at both electrodes in closing the problem will be to

connect the voltage drop to the velocity of the surfaces. This is similar to what we have

done in section 3.1.1 where we found
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2 4 o
ﬁﬁ[w_yc].__m _lafe,U 1 fafeU) ¢ | ae
RT 2 2 I c

2 c
| 1afe U 1 afeUY e
2 i 2 i c

where the value of £ was selected to be one half in equations (5.10) and (5.11) and

equation (5.16) was used in getting this equation which completes the base solution.

Now that W;: have the base solution, to find out if it is stable, our next step will be
to write the perturbation equations, which are based on the nonlinear equations given in
section 5.1.

5.3 The Perturbation Problem

The perturbation equations given here are taken directly from chapter 3 except for
the perturbed B-V equations which are copied from chapter 4. As we know by now, these
equations are the result of two steps, which are the linearization step and the separation of
variables step. In the linearization step, we substituted the expansions of our variables to
convert the nonlinear equations into a series of linear ones. Then in the next step we used
separation of variables in order to solve the first order equations.

The first two equations are the perturbed domain equations. These equations were

given in chapter 3 as equations (3.45) and (3.46) viz.,

dZ
D[W—kﬂq =0¢, (5.18)
0

and
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P[d_z—kz}éﬁr O{Z‘ }d‘é‘ o[ }{dz kz}ﬁ
dy, &y, L RT |dy, dy;

{ZIFJC% &, J{ }d% 4 =0
RT ldy, dy, | RT | dy,

At the anode ¢, 4131 and ¥ must satisfy equations (3.55) and (3.56), viz.,

~ 7 2
p & 2 2, F|dg, e, zIF}dag __ 7 ¢, o7
ay, RT Jdy, RT ldy, 2D -z,D,
and
D dc, __ z,z,D, CMO'I}I 4

ay, 2D, - z,D,

as well as equation (4.18) viz.,

5 o[- gl A g ]

Iy

x|:-Z‘—F AG P4 L g+ 2%
RT dy,

2 Cy

P oo deg.
ﬂ%TE[Aﬁ"A@Q] l 1 aj’o

c

(5.19)

(5.20)

(5.21)

(5.22)

Equations (5.20) and (5.21) come from conservation laws while equation (5.22) comes

from the B-V equation.
At the cathode, the perturbation equations (3.61) and (3.62) are

¢, ___ zz,D, 5
dy, zD —z,D, ™
0 11 272

and

dy,

while equation (4.21) is

(5.23)

(5.24)
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T
i c
x[ﬂ AGe 47 L age X pepe (5.25)
RT &, zFe,,
(64
z7F éf + Y]A icﬂ_
_e—ﬁR#T{A%C—A%g] ay,
c

Equations (5.18)-(5.25) construct our homogeneous eigenvalue problem. The

eigenvalue is o and the eigenfunctions are &, 4, ¥* and ¥, . Again beside our input
variables, namely, V“ -V, L and T, the wave number %’ is also going to be treated as

aninput to the problem. And the outputs that we want to find are &, ¢?5 , Y4 7¢ and o.
Now we are ready to solve this eigenvalue problem to achieve our goal of finding & vs.

k? without making any of the approximations introduced in chapters 3 and 4.

5.4 The Stability of the Base Solution

In this section, our target will be to find the solution to the eigenvalue problem. On
our way to achieve this goal, we will show how to transform equation (5.19) to a Bessel
equation. This transformation will make it possible to solve the eigenvalue problem

without the use of the finite difference method as applied by S&B.

Now we start by solving for ¢, using equations (5.18), (5.21) and (5.23). The
expression for ¢, as found before using equation (5.18) is
C,=4 e +B em” (5.26)
where 4, and B, can be found by applying the boundary conditions i.e., equations (5.21)

and (5.23), to be




137

___.L Yc "io};A
mD, (z, - z,) [ 1} 2,2, ?A

4 = -
1 e"o —e mD, (z, - z,)

and

Lzl c_ mloYA
mD (zl—zz)a[y ¢ ]
1 ™o _ g™

Finding & and & goes through as it did in chapter 4 with the result obtained
when ¢, is evaluated at y, =0 and at y, = L. These results appear in chapter 4 as (4.23)

and (4.24) and are written here as

4 O zz,D, ¢, 4
= —1272 M csch(ml Y coth(ml 5.27
' mzD -z,D, D |7 eschim)- (mL,)] (5:27)
and
< _ 0 zzD, c¢,rsc A 4
¢ =————2t—2 M\ V*coth(mL,)-Y.” csch(mlL 5.28
' mzD-z,D, D [  cothmLy) - esch(mL) (5.28)

where m = ,sz +Z
D

So far we have repeated earlier work. But in going on we will deal with the qgl
problem as it stands.

To solve for ¢§1 , we will start with equation (5.19) on the domain. However, before
doing that let us remind the reader again why our problem is more difficult now than it
was in chapters 3 or 4. In chapter 3, both & and @ where found to be zero after setting

o to zero since we were interested in the neutral stability point. So this o= 0 simplifies

the problem greatly. On the other hand in chapter 4 the approximation ¢ =¢ in the
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migration term was very helpful in simplifying the 45, equation and instead of equation

(5.19) we were working with a much simpler equation, equation (4.15), viz.,

2 2 N
PL‘;Z —kz}él +%E{52--k2}¢1 =0
0 0

whose solution was not difficult since it is a constant coefficient differential equation. On
the other hand, equation (5.19) is a variable coefficient differential equation which is
more difficult to solve.

Now to turn equation (5.19) into a form where we can find its solution easily we

need to do some work. First multiply equation (5.19) by RT1 , then substitute % for

1 cO

d’ o . . . . .
{———2— kz}c1 , as given in equation (5.18), and rearrange to obtain the following equation
o]

d'¢  deyfdy, dd .:
B + P g =r(y) (5.29)

where 7(y,) is given by the following expression

dbjdy, o, RTP & '
¢ ad, zFD ¢ aj’g S

r(y,)=- (5.30)

Equation (5.29) is a non-homogeneous second order ordinary differential equation

in @ where the non-homogeneous part is given by r(¥,) . Note that all the expressions

that appear in 7(y,) are either known or can be easily calculated from the information in

our hands.

Now we will do some manipulations to put equation (5.29) into a familiar form so

. . ) . ) dc, . . .
that its solution will be easily found. First let us call —2, a i.e., we will write
0
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de, __—z5D, G477 = constant = a , where a is always negative (5.31)
ay, zD -z,D, D

then the expression for ¢, i.e., equation (5.12) can be written

c, =ay0+'c‘—L—2°a (5.32)

_ L . } .
Let us go one step further and call the constant ¢ —7°a , which appears in equation

(5.32), b and rewrite equation (5.32) as
¢, =ay, +b , where b is always positive (5.33)

then equation (5.29) can be written in terms of the new constants a and 5 in the

following form

d* a df .
dy§+ayo+bdyo wh=ri) G39

It is our job now to try to solve this equation. In order to do this, let us introduce the

variable 77 via
k
n:—;(ay0+b) (5.35)
. . k k
where 7 is always positive and 77 =——5 when y, =0 and 77 =-=(al, +b) when
a a

Yo =L,. So the range of 7 is —Eb <n< —-Ii(aLo +b) and it runs opposite to y, (i.e.,
. a a

when y, is small 7 is large and vise versa).

After introducing 7 to our problem, we want to write equation (5.34) in terms of

our new variable. First let us write
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4(v) =4 (—%—gj =/ (n) and r(y,)=g(n)

Then notice that
dn
dn=-kdy, or —=—k
° T dy,
dé : : .
hence — can be written, by using the chain rule, as

0

i«izif_f_’iz_ki
&y, dnady, dn

df

2
and finally the chain rule can be used again to get a4 in terms of —

2
0

in the following

way

% _d | dj =_d_{_d_f_}@_:.d_[_ki}[_k] or LB _pdS
ay, @, | Ay, | dn|dy, |dy, dn dn dy, dn’

PO
Now substituting for ay, + b, gyﬁ , —% and r(y,) in equation (5.34) will lead to
o 0

the following equationin f as a function of 7

Sr g s

5.36
dn* ndn K (536)

This equation can be recognized as a Bessel’s equation and the general solution to

the homogeneous equation can be written as (Mickley ez al., 1957)
S =4I, (n)+B,K, (n) (5.37)

where 4, and B, are two constants to be determined by using the boundary conditions.
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Now the solution to equation (5.29) is the sum of the general solution to the
homogeneous equation and a particular solution. Using the method of variation of
parameters, a particular solution to the non-homogeneous equation can be written as

follows

Wk WK

7. =1, (n) j‘ K 4, x () J'o(n) £() (5.38)

where ¥ is the Wronskian which equals to 1 (Watson, 1944).
n

Now after substituting for ' in equation (5.38), the solution to equation (5.36),
which is the sum of the general solution to the homogeneous equation and a particular

solution, is
fzﬁ’+fp:Azlo(77)+BzKo(n)+
” ' 5.39
1) [ Oy g) [lD50) 4,6
7 h

This is the solution to equation (5.36) which is a function of 7. Writing this

equations as a function of y, will reintroduce ¢§1 to the problem which can be found as

d =4l (—5(@0 + b))+ B.K, [~§(ay0 +b)j +
[ si)

J'(ayo +b)K, (——(ayo + b)) r by, - (5.40)

(——(ayo+b))

a

J-(ayo +b)1, (——(ayo +b)) r dy,
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Equation (5.40) gives the general solution to the domain equation i.e., to equation

(5.19), where r and a are given by equations (5.30) and (5.31) while 5 is equal to
C - £2'9-a . This solution is more complicated than the corresponding solution given as

equation (4.38) in chapter 4 where the assumption ¢ =¢ was applied in the migration

term. For comparison, equation (4.25) is

. P RT PRT , .
. — ekyo +B e"kyo___Aemy° ————Be ™
¢l A2 2 ra ZlF ! EZIF !

where 4, and B, are the constants that appear in ¢, and they are the same in both
equations while 4, and B, are not the same in these two equations. Finding 4, and B,
previously was easy because equation (4.25), which resulted from the constant coefficient
differential equation is simple to deal with. Now with the variable coefficient differential
equation i.e., equation (5.19), which lead us to equation (5.40), the constants 4, and B,
cannot be obtained easily and this contributes to the complication of the problem.

To find the constants 4, and B,, we turn to the boundary conditions, equations

A

(5.20) and (5.24) where we see that Zy—ﬁ appears. This can be obtained by differentiating

0

equation (5.40) and evaluate it at the anode and at the cathode. The results are

R . L
. kAzll[ abj+szKl( ab) (5.41)

and
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déc k k

7?)10_: ~k A1, (—;(aLo +b)j+k B,K, (‘;(“Lo + b)] -
]1 (_E(aLo + b)) N

X a

a

I(ayo +b)K, (—%(ayo + b)) rdy, - (5.42)

K, [—E(aLO + b)j bo
L a

J.(ayo +5)I, {—S—(ayo + b)j rdy,

a

Now by substituting equations (5.41) and (5.42) back into equations (5.20) and

(5.24) we can get the constants 4, and B, as

2 AC c
———Zl——-cMO'ch _Pfdc_l - & {ﬂ:}%
2D, -z,D, Ay RT |ady,

kS {i}i} Kl(_g(aLoer)j 1 (—Sb)— 1,(-%(@0 +b))

dhre
I (—S(aLO +b))l]‘(ayo +b)Ko(—§(ay0 +b)j r e
I, (—Sbj -1 (—S(aLo +b)j

K, (——S(aLO +b))
e (——Z(aLo-i-b)jL](ayo +0)1, (—S(ayo +b)]  dy,

A, =

a

e

..

K (—S(aLO +b)

. (_ fbj )1,(-51;)- Il(—g(aL(ﬁb))

2 A4 A
[_Zl__cMaﬁA _p g [ﬂ*’i}%) X [_E(aLo +b)]
z,D, - z,D, ay, RT | ady, a

)L(—Sbj- ]1(_§(aL0+b)J

a

zq[-ﬁ(aLo+b)
a

ke {%}K, (—Sb} -
k(5]

a
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and

z CMO'Y’;A—P‘—i?i—AA o F dg;
- RT | ay,

2 AC (o
I __Eb _L__CMO-YIC_})QCI__@IC Elf_}%
z,D,-z,D, ay, RT | dy,

: Dk
Kl( abj kcg{sz} Kl(Kla((aZ jb)) I{-Sb} I (-g(aLo+b)j
; (_g b) I [—S(aLo +b)) :[(ayo +b)1<0[_§(ayo +b)] r b,

K (—Sb] K, (—%(aLo+b)J

a - (—-Eb) I, (—Sb)— I, (—g—(aLo+b)]

I (—Eb) K, (—S(aLﬁb))l].(ayo +b) 10(_5(% + b)) r by,

0

4

a

v k
K|l=-=
[

NEEE
a a - I, [——bj— I (—~(aL0+b))
X, (_"bj a a
a
2 aA A
I (—ébj [——gl__—cMo'Y\lA ‘Picl——élA {i}%)Kl (_E(‘ILO +b)}
a z,D, -z,D, ay, RT | ady, a

i) T8 e

2
a

It is clear how the expressions for the constants 4, and B, are lengthy and

complicated even though we did not substitute in them the expressions for some of the
variables such as r, &, & etc. Now after getting 4, and B,, let us go on showing how

we will continue to solve our eigenvalue problem.
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At this stage, since both 4, and B, are found, we can evaluate q% at both

electrodes namely, (51‘ and &C which can be obtained from equation (5.40) at y, =0, the

anode, and at y, = L, the cathode. The results are

&' =41, (—— b)+BK ( Z bj (5.43)

and

e -a (Eaty+8) |5k~ aty +)

+ ( a0 ) J'(ayo+b)K (——(ayo+b)) rdy, (5.44)

Ko(—zgwﬂ oo £imrn) o

0

Now all the equations of the eigenvalue problem have been used except the two B-

V equations i.e., equations (5.22) and (5.25). In these two equations, &', &, 4* and 4°
appear and they are in terms of 17'1” , f'lc and o which have not been determined yet. So
substituting for &/, &, ¢* and 4 in the B-V equations will result in having two linear,
homogeneous equations in terms of }}IA , flc . They can be written

45 +4.7° =0 (5.45)

and

AT+ 4,70 =0 (5.46)




146

where 4,,, 4,,, 4, and 4,, are different from previous chapters but they will be playing
the same rule. To get a solution other than ¥ = ¥,° = 0, we set the determinant of the

coefficients of ¥,* and ¥ to zeroi.e.,

A4, A
det (A:l Ajj = 4,4, - A4, =0 (547)
1 2

The expressions for 4,, 4,, 4, and A4, are very lengthy and we are not going to
write them here. Now once the variables and the properties of the system are set, in
addition to setting k£, the only unknown that we will be solving for is o that will turn
the determinant to zero. This is not an easy thing to do since the resulted equation will be
implicit in o . So the way to deal with this equation is to solve it like any complicated
equation with an implicit variable that is to use trial and error. By this we mean that we

are going to plot 4, 4,, — 4,4, as a function of o and see where it is zero. These o's

will be the roots of our problem. However, we do not have to go through all of this work
because we already have good guesses where they are from the approximate model. The
next section will present the results of performing this calculation of finding o .
5.5 Results and Discussion

Here we will compare the results obtained in this chapter with those presented in
chapter 4. In this comparison we will draw figures showing o vs. k> over a wide range
of the input conditions. This will be done to investigate under what conditions the
approximation will give good results and to see whether we can use the simple chapter 4
results in our later work which will be complicated enough without chapter 5

complications. Then we will compare the results obtained by our method to those
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obtained by S&B which presented the results of a difference approximation for a selected
set of physical properties and a range of input variables.

3.3.1 Comparison of the Results in Chapters 4 and 5

In this section we will compare the results of chapters 4 and 5 by presenting graphs
of o vs. k? as they depend on the input variables. Our input variables are as usual
UlUy,, € and L, and we will start with the effect of changing the current on the
relation between o and &° .
5.3.1.1 The Comparison for Different Values of U/U,_

Figure 5-1 shows a comparison between the two models for the following input
conditions: U/U,, =0.1, L, =0.05m and ¢ =0.1 kg mole/m® . In this figure and all the

figures to come, the solid line will represent chapter 5 results and the dashed line will
represent the approximate obtained in chapter 4.
It is clear from Figure 5-1 that the results from chapters 4 and 5 are in qualitative

and quantitative agreement and the approximation is reasonable over the whole range of
k? which is true for both the first and the second eigenvalue. The approximation misses
the critical point slightly and under predicts the maximum growth rate a little.

To see what will happen at larger values of U/U,_, Figure 5-2 is drawn for the
values of L, and T used in Figure 5-1 and for U/U,_ =0.3. The approximation is not
quiet as good at this higher current but the general behavior of the whole figure is no
different than Figure 5-1. Going to higher currents, Figure 5-3 is drawn for U /U, =0.5
while keeping 7 and ¢ the same. Now the approximation to the first eigenvalue begins

to breakdown but the approximation to the second eigenvalue remains reasonable.
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Now if one traces U/U,, keeping the electrode spacing and the average ionic

concentration fixed then he can look at the three figures successively. The figures show
that the system will be more unstable at higher currents than it is at lower ones. That is

the larger the value of U/U,, the more positive the growth constant and the larger the

value of the critical wave number. It is also true that at a given &° the larger the positive
value of the first eigenvalue, the more negative the second eigenvalue.

We should not be surprised that the approximation becomes weaker as U/U,__

becomes larger. This is because increasing the current will make the migration term more
important so any change in the input variables that will increase the effect of migration
will work against the ¢ =¢ approximation since this approximation only appears in the
migration term. Also by looking to the base solution we can predict this result and we can
tell if the approximate model will under predict or over predict the instability. This can be
done by looking to the expressions for the electrical potential gradient in the approximate
and in the full model. In the full model, the expression for the electrical potential gradient
when written as a function of U/U,_ at the cathode as it appears in chapter 3 is

d [le ¢°T B s

@ RT"] 7, L 1-UJU,,

while that for the approximate model from chapter 4 is

i[ﬂdc_ﬁii
dy, LRT ™ z, L, Uy

By looking to these two equations it is clear that increasing U/U,_ will increase

the potential gradient in both cases. Moreover, it is obvious that for any value of U/U,_

the full model will always give a higher electrical potential gradient than the approximate
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and as U/U,,, grows larger this effect becomes more significant. So the conclusion of
studying the effect of U/U_ is that qualitatively, the approximation makes sense,

however, quantitatively, the approximation grows weaker as U/U,_ grows larger.

This is the first promising result in favor of the approximation used in chapter 4.
We want now to continue the comparison at different values of the electrode spacing

namely at different values of Z,.

5.5.1.2 The Comparison at Different Values of L,
Here we will study the effect of changing the electrode spacing while fixing both
- UlUy, and € . Figure 5-4 is drawn for U/U,_, =0.3, ¢ = 0.1 kg mole/m® and
L, =0.005 m. The case where L, = 0.05 m and for the same U/U,_ and ¢ has already

been presented as Figure 5-2. The validity of the approximation appears not to depend

strongly on L, in the range of L, tested. To make sure that this conclusion is valid for
even smaller Z;'s, Figure 5-5 is drawn for the same values of U/U,_ and ¢ in Figures
5-2 and 5-4 and for L, =0.002 m and it seems to be similar to those figures. The
approximation appears to be reasonable over a fair range of L, .

Now when looking to Figures 5-2, 5-4 and 5-5 to follow how changing L, while
keeping U/U,,, and ¢ will affect the o vs. k* relation, we see that larger values of L,
have the same effect as smaller values of U/U,,, on both the first and the second

eigenvalue as we obtained earlier in chapter 4.

Now we turn to the effect of changing the average ionic concentration.
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5.5.1.3 The Comparison for Different ¢

The effect of changing ¢ is studied by drawing figures at the same U/U,_ and L,

but at different ¢ . Figure 5-6 is drawn for U/U,, =0.3, [, =0.05m and

T = 0.01 kg mole/m> where ¢ is now one-tenth the average ionic concentration of Figure
5-2. The figures show that decreasing ¢ makes the approximation a little better. The
trend continues as c decreases. Figure 5-7 is drawn for U/U,,, = 0.3, € =0.005 kg mole/n?
and L, = 0.05 m. This figure shows the approximation to be just slightly better than the
previous figure and suggests that while the approximation is reasonable at all
concentrations studied, the error does not disappear as ¢ goes to zero.

Now if we want to trace ¢ holding both U/U,,, and L, constant we shall look to
Figures 5-2, 5-6 and 5-7. First, notice that the curve with the larger ¢ is the more unstable
because it gives larger positive o's even though both of the curves are passing through
the same neutral stability point (i.e., they have the same %2, ). Moreover, the curves for
the second eigenvalue show that the one with the higher concentration is more negative
than the one with the lower concentration. These are results that we are familiar with
from the previous chapter.

The conclusion from the comparison between chapters 4 and 5 results can be

summarized as follows. First, the approximate model did not harm the qualitative

behavior when studying the effect of any of the input variables. Second, when looking to

the quantitative results, it is obvious that increasing U/U,_ has the worst effect in
breaking down the approximation since changing ¢ and L, did not harm the

approximation by much. This is an excellent achievement supporting the approximate
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model and showing that using it later in the complicated calculations is a wise move

under the restriction of making the calculations for small values of U/U,, .

The last topic to be discussed in this chapter is to compare our chapter 5 results
with previous work by S&B.
5.5.2 Comparison with Previous Work by S&B

In this section we want to show the reader that we get the same results as those
obtained by S&B where they solved the problem by finite difference approximation.

S&B did not use the copper/copper sulphate system to get their results instead they

scaled the problem, then they assigned values to their dimensionless groups based on

typical values of the input conditions for small cells with L, ~ 0.002 m . The one

particular case that we will use to compare our results with theirs corresponds to the

following values of the non-dimensional parameters:

Y __10%, z=Fi=1,Biogy, b 01, p=05 and
¢ RTL, |2,| D, 2FD (1+2)
2¢,,D (1+Z)c DD, (z - . .
D (1+Z)e =0.04, where D:—l——z—(—zl——fﬁ which is similar to what we are using
Dz, 121 — L2,
in our work.

Figure 5-8 presents a graph of log %}- vs. log k£ given by S&B. where J stands

for what we called U/U,_ and k denotes the scaled wave number which equals L, in
our notation. In addition, the numbers assigned to each curve are the values of the non-
dimensional growth rate which is given by oL} /D . This figure looks different from the

figures we presented earlier as here each curve belongs to a single non-dimensional o ;

however, it predicts the same behavior that we have obtained. Figure 5-8 shows that for
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every value of the current no matter how small, there will a positive growth constant and
if the current is small then the growth rate will be also small and vise versa. This is what
we found when we studied the effect of changing the current on the o vs. £* curve.
Now the purpose of giving Figure 5-8 is to compare it to the results of our
approach, which simplifies the problem and thereby avoids the need for a finite
difference solution to the eigenvalue problem. To do this, we choose three curves from

the figure and try to duplicate them in Figure 5-9. These curves belong to the non-

dimensional growth rate of 10°, 10 and 107, Figure 5-9 then shows log Tl% VS.
- lim

log kL, drawn for three values of o} / D . Even though reading these two figures will

not be so precise, one can roughly see by comparing Figures 5-8 and 5-9 at the same
value of the growth constant, that these three curves agree with each other which means
that S&B results and our results are in good agreement.

Let us summarize what we have done in this chapter. First, we obtained the
solution to the electrodeposition problem without the approximations used in the previous
two chapters. By converting the electrical potential equation to a Bessel form, we avoid
the finite difference work of S&B while confirming that our results are in agreement. We
also made a comparison between the results obtained in chapter 4, where ¢ was replaced
with € in the migration term, with those obtained in this chapter. The approximation
seems to be acceptable as long as U/U,,, is not too large.

What we have done so far in this dissertation was to present and validate a number

of approximations that will help in making the problem easier for subsequent work. In

chapter 3, we presented the CRE approximation which simplify the kinetics of the




161

JUBISUOD ()MOIF PI[ROS 9y} JO SSN[EA JUSISJJIP 991y} Jo yorosdde o Aq paureiqo sHNSAY '6-S a3y

(% 1y) 301
G'c 4 gl L S0 0 G0 - G- I4g
g i 1 r ! n i " A 4 A 1 A i i I L L A 4 A L s A i i L A i 1 1 s i VI
] [ g¢-
10000 0=ewbis pajeds------ :
1000 0=ewbis psleds - -- - e [ ¢-
100 0=ewbis pajeds —— e o
T T T Tl -
-I..// . . 3 i
~., ~.

T T
-
1

T
w0
<

(¥ /)1 2/2)) Soi

o

LR
o
o




162

problem leading mainly to a simpler base relation between the voltage drop and the
current or the velocity of the surface. Then in the previous chapter, we presented the main
approximation to simplify the transport by replacing ¢ with ¢ in the migration term with

the aim of solving the eigenvalue problem analytically. Along with this approximation,

we proposed dropping the growth constant from the domain so we can simplify o vs. K’
relation in order to be able to arrive to a simple relation from which tracing the effect of
the different variables and understanding the behavior of the curves can be achieved.

Even though we found all the previous approximations to be successful, we chose
to solve the full model, which turned out to be very complicated in this chapter without
implementing the CRE or dropping o from the domain. This was for different reasons.
First, since we were evaluating the migration term approximation, we did not want to
enjoin this with any other approximation. Second, One of our objectives of this chapter
was to show that we are able to solve the complete model without the need for finite
differencing as S&B did and we showed that our results and theirs are really close. The
final reason is that even if we implemented these two approximations we would still get a
variable coefficient differential equation that will require approximate methods to
evaluate the integrals appearing in the particular solution. Hence these two
approximations will not help much unless we combine them with the migration term
approximation when solving the eigenvalue problem.

It is in the next chapter that we will combine the CRE and the migration term
approximation since the calculations will be complicated enough even with these two

approximations in use. As we already know that these two approximations break down at




163

higher currents, the work in the next chapter will be applicable to lower currents and it
will lose its validity as the current approaches its limiting value.

The main concern of chapter 6 will be to predict what we might see when running
an experiment. It is noteworthy that in the previous chapters we were looking for the
critical wavelength for any value of the control variable. However, in chapter 6, we will
show how to decide what the critical value of the control variable in a physical cell is.
Then we will go beyond the critical conditions and carry our calculations further to see if
there is something that can be measured which will lead us to predict the initiétion of the

instability once we crossed the critical point of the control variable.




CHAPTER 6
WEAKLY NONLINEAR CALCULATIONS

In chapter 5 the o vs. k” relation was obtained by solving the eigenvalue problem
without introducing any approximations other than the assumptions presented in chapter
2. The main problem was that a differential equation with a variable coefficient was
obtained. We were successful in overcoming this difficulty by putting the equation in
Bessel’s function form which then reduced the problem to integrations which were then
carried out by approximate methods.

Also in chapter 5 we compared the results with those obtained in chapter 4, where
the migration term was approximated and found that the approximation worked
beautifully in getting both qualitative and quantitative agreement with the full model.
Moreover, in chapter 3 we have also shown that another approximation, namely CRE,
was reasonable. This chapter will be the place where all the knowledge we gathered in
the previous chapters will help us perform further studies which involve weakly nonlinear
calculations. It is really the purpose of all the approximations presented in this
dissertation to simplify the model so that it can be used here to get some idea of nonlinear
effects.

But then we might ask ourselves what is in this chapter that is so important that it
must be preceded by five full chapters explaining what the problem is and how to use
different approximations to simplify it. The importance of this chapter lies in its practical
application since these calculations will explain what to expect during an experiment and

it will show how the total current in the electrodeposition cell will respond if the voltage
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drop is increased through its critical value. This calculation will therefore help us predict
the detection of the onset of the instability experimentally. Moreover, it will help us get a

good idea on how to design and run an electrodeposition experiment which will be a

topic of the last chapter.

We know that for every set of input conditions there is a critical 2> which is not
zero. So every set of conditions is unstable. In this chapter we are going to study what
might happen in an experiment and will refer to critical voltages. The reader might be
surprised to hear us talking about this because, from the previous chapters, it seems that
every voltage is unstable. But, in fact, every critical voltage generates an unstable range
of wave numbers and a stable ranges of wave numbers. o

In an electrodeposition experiment, the cell cannot be stable unless the
displacements to which it is unstable (i.e., the displacements corresponding to wave

numbers less than k. ;) can be prevented from being imposed on the cell. The easiest

way to do this is to control the width of the cell. Let #, denotes this width. Then ¥,
determines the allowable wave numbers and in the case of homogeneous Neumann side
wall conditions, which are going to be used in this chapter, the allowable wave numbers

are nz/W,, n=1,2,--- and hence the smallest and most dangerous, allowable wave
number is z/W, .

To introduce a control variable, let the width of the cell be fixed at some finite
value. This fixes the allowable wave numbers, the smallest or most dangerous lying to the
right of zero. Then, start with the cell at equilibrium and begin to increase the potential
difference across the cell. This moves the critical wave number upward from zero, but as

long as it lies to the left of the most dangerous wave number, the cell remains stable.
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However, as the potential difference applied across the cell continues its increase, sooner

or later it will reach a value at which the critical wave number will just become equal to

the least allowable wave number. This will be the critical value of V* -V ie.,

(VA -ve )mﬁ“d . Increasing V“ —V° beyond this value will produce at least one

displacement to which the cell is unstable. In this way, the potential difference across the
cell can be viewed as a control variable by virtue of the fact that the long wavelength
displacements to which the cell is unstable are screened out by setting ¥, to some finite
value.

This discussion on how to run an experiment is important to our work in this
chapter as from now on we will be talking about critical voltage drop and critical current
whereas in the previous chapters we were talking about critical wave number.

The linear stability analysis presented in the earlier chapters can only give the onset
conditions for the instability of the electrode surfaces. It cannot predict what we see in
experiments, as experiments are always conducted, at least slightly, in the nonlinear
regime. Hence nonlinear calculations are required to determine the behavior beyond the
neutral stability point but the calculations we present will be valid only in a small region
very close to the onset conditions as we only go to second order, one order higher than
the linear or the first order results presented so far.

The plan of this chapter will be as follows. First, the nonlinear equations will be
written after taking into account both the CRE and the migration term approximations.
Next the nonlinear equations will be scaled to reduce the number of variables appearing

in them and to make the equations look simpler to aid in our work. This scaling was not
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introduced earlier because it is easier to think physically about the problem in terms of
unscaled variables. |

After getting the scaled equations, a steady one-dimensional base solution will be
found followed by the first order calculations to determine its stability. Now in the first
order problem, our interest will not be to find the critical wave number as in the previous
chapters. The objective of solving the first order problem in this chapter will be to find
the critical voltage not the critical wave number, since the critical wave number is known
once the side wall conditions are set. So the first-order calculations will be patterned after
the work in chapters 3, 4 and 5 and leads to expressions for the critical voltage drop and
the critical current. Once the critical conditions are determined, we will ask what might
be seen as this point is crossed. Going beyond the critical voltage requires us to perform
nonlinear calculations and by this is meant going to higher orders in &, not that we ever

have to solve nonlinear equations. When performing the calculations, the potential
. . ... 1 ..
difference will be moved from the critical by an amount 532 and the response to this is

investigated.

Earlier, when we were looking for the stability of the base solution to small
disturbances, & meant the amplitude of the perturbation. Now, since we are interested in
constructing the solution as a result of the instability, £ is the departure of the control
variable, namely, the voltage drop from its critical value.

The total current drawn by the cell, which is easily measurable by an ammeter, will
be our indication of interesting things that might result when a surface loses its planarity
and acquires a wiggly shape. So let us start by presenting the nonlinear equations of the

electrodeposition model.
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6.1 The Nonlinear Equations

The first step is to write the nonlinear equations on the domain and at the two
boundaries. This is the practice we have followed since the third chapter in order to make
every chapter self-contained. Here we will make use of all the approximations presented
earlier such as CRE and putting ¢ in place of ¢ in the migration term. The first way this
chapter differs from earlier chapters is that in this chapter the cell will have a finite width.
That is to say there will be boundaries in the transverse direction and homogeneous
Neumann conditions will be assumed to hold there.

The equations that hold through the electrolytic solution (i.e., between

Y*(x,t)<y<Y°(x,f) and 0< x <W,) are

oc
—=D V¢ 6.1
ot 6D
and
F
PVie+Z_ T V=0 6.2
RT ¢ (6.2)
Then at the anode and at the cathode surfaces, ¢ and ¢ must satisfy
Dﬁ-Vc=L2D2—cM[ﬁ-*+ﬁ-(7] (6.3)
z,D, - z,D,
2
Pﬁ-Vc+—z—‘£"ﬁ-V¢=cM—Z‘[fz-ﬁ+ﬁ-U] (6.4)
RT z.D, -z,D,
D.D - - .
where D =—1"2 (2-2) p=24 (D,-D;) and the current density and the velocity of

z,D, —~z,D, z,.D, —z,D
the surface are related by

Ai-i=-zFc,[A-i+i-U] (6.5)
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where U=U ] .
Moreover, at the anode and cathode surfaces ¢ and ¢ must be related by the reaction

equilibrium condition which can be written as

A ﬂ[w‘-w o——F 2H"]
_C;—__ — eRT & zFcy, (66)
c

at the anode, while at the cathode it is given by

c v—lle AgC-Apgy——L— 2HC
4 RT # -z 7 Fcy,
— =€

c

(6.7)

where Ag* =V* —g*, Ag° =V° — ¢°, and the shape of the surfaces, denoted by ¥* and

Y¢, appears inside the local speed (i.e., 7 -4 ) and in the curvature terms, namely, 2H*
and 2H¢ as we know from our previous work.

The last two equations express the facts that both the volume of the electrolytic
solution and its average ion concentration remains constant in time as required by local
electrical neutrality. A word argument for this was given in chapter 2 when local
electrical neutrality was introduced. Here we will turn these ideas into equations.

These equations will be written for a two-dimensional cell with the third dimension
being into the plane of the paper. The two conditions, constant volume and constant

average ion concentration require that

Wy 7€

J- jajzd.’x =V (volume) = constant - (6.8)

oy
and

Wy 1€
j ¢ dydx =C V = constant (6.9)

0r4
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These are the main nonlinear equations that need to be solved. But before solving
these equations, we will scale the problem to reduce the number of variables and make
the equations more convenient for further work.

6.2 The Scaled Nonlinear Equations

In order to scale the nonlinear equations, the following scaled variables will be

introduced
c D . zF L L 2
==, ==t §="g U =2U, «'=2u, V'=VL, V' =VL,
e "TE TR D “"D : o
ZH*:ZHLO, }/*:——y—’ x*:i, y*:—)—/—’ Y*:L’ ﬂ/‘;:%’ i*:: LO 7
Ly, ,RT L, L, L, L, Dz Fe,,

where the stars denote dimensionless variables or parameters.
In addition we need the expression for the limiting current that was obtained

previously, namely,

— D a
U, :%ZIDI ;z 2 p S
0o 4124 Cumr

This expression was obtained from the solution to the base problem and we
introduce it here and use it in writing the scaled equations. The scaled version of U,_ will
be

UL = , £ D -zD, (6.10)
¢y 72,0,

The reason we introduce the scaled limiting current is that it will appear in the
boundary conditions and it will simplify the form of these equations when it is used.

Using the scaling introduced above, the domain equations will be written as

ac: _ v
ot

(6.11)
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and
PV ' +V 4 =0 (6.12)
The scaled equations that must hold at the two electrode surfaces, i.e., the result of

scaling equations (6.3) (6.4) and (6.5), are

-Vt =— 2 [7i-a"+7-U"] (6.13)
Ut
27 ~
-V = A-a+i-U (6.14)
Al ]
and
At ==[Ad +i-U") (6.15)

z . .
where Z = ﬁ and Z is a positive number.
z
2

The scaled reaction equilibrium conditions at the anode and at the cathode are

. A e e et
¢ =t M (6.16)
and
+C » P}
¢ =t M (6.17)

while the scaled integral conditions are

weyC

I dy'dx” = constant (6.18)
0 yd
and
A rc
j‘ J c" dy’dxc” = constant (6.19)
0 pa




172

We mentioned earlier that we will be working in this chapter with a cell having side
walls. This implies boundaries in the transverse direction, and homogeneous Neumann

conditions to be valid on the sidewalls such as:

dc” « x e

a;* =0 at x =0, W, , which implies that no solute crosses the walls.

de¢’ " « C e i X
i =0 at x =0, W, , which implies that the walls are made of insulator material.
dry” . . C e .

o =0 at x =0, W, , which implies that the metal solution interface contacts the

sidewalls in right angels.

Now having the scaled nonlinear equations, we are ready to start the weakly
nonlinear calculations but we do not want to carry along these star superscripts, so they
will be dropped henceforth.

6.3 The Weakly Nonlinear Calculations

Now it is our job to translate what is written at the beginning of this chapter about

running an electrodeposition experiment into equations that can be used to investigate

what might happen as (VA - VC) passes (VA —VC) - Let us say, in our experiment,

critica
. 1 "
that we have just increased the voltage drop an amount 582 above the critical voltage

drop that is to say

(VA~VC):(VA—VC)C+%82 or (V"—VC)—(VA—VC)czész (6.20)

and once V'* is set as a reference (i.e., taking it to be constant that is not going to be

perturbed) this equation will be written as
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Ve +ve =—;-82 or V°¢=V¢ —%52 (6.21)

. o 1 . .
where the subscript ¢ stands for the critical value and 582 denotes the increment in the

voltage drop.
Then to account for the change in the velocity of the surface, or the current, once

the critical point is passed, the following equation can be written
1,
U=U, +58 U, (6.22)

The calculations in this chapter will be carried to second order; consequently, we are
going to stop at U, .

The expansions of ¢ and Ve will follow the method given in Appendix B. They

2
c=co+g(cl+1q%j+lgz(cz+2x§ﬁ+yfac;+Y2§—C°-J (6.23)
¥,) 2 ¥, ¥, ¥,

and

2
Ve=V,c, + g(Voq +7, OVl ] L (Voc2 +27 AL r? 9 V‘;c" +Y, av"c"j (6.24)
Y, ) 2 Yo Y, Y,

and likewise for the expansions of ¢ and V¢.

In addition to these equations, the expansions of the surface, the surface normal and

the curvature of the surface at the anode are given by

Y4 =Y+l +—;-82YZA (6.25)

A* (without denominator) ={] - axi(YoA +e¥ + % &Y} j E} (6.26)

0
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and

aZY'OA . 62}/1.4 l 5 aZYZA

2H" = € +—¢ (6.27)
o &z 2 ox
whereas at the cathode they are
Y4=Yf +¢e¥° +%32Y2C (6.28)
—-C . . - a C C 1 2v,C |7
n- (without denominator) =| —j +5x— Y, +¢&l] +56‘ Y, |i (6.29)
0

and

2y C 2y C 2y C
Y GEULI R (R W Lck (6.30)
a2 o

where the explanation on how to arrive at equations (6.27) and (6.30) is given in

Appendix E. Finally the expansions of the integral conditions are

J.jaj)cbc jja%dx +8§J'dy’ aydx, + 5€ jjdyz dy,dx, = constant  (6.31)

and

w, Y€

J-jcdydx j .[c dydx, +a ﬂ dyo(coyl)}a%

1 5E J‘ﬂ (c°y2)+dy (Cly1)+aj/ (-gﬁc—/o-yl ﬂayo = constant

where Appendix F explains how to arrive at these equations starting from equations

(6.32)

(6.18) and (6.19). The next step will be to get a base solution for this set of nonlinear

equations.
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6.3.1 The Base Solution

Finding a one dimensional steady base solution in the new scaling can be obtained
by substituting equations (6.23)-(6.32) into the nonlinear equations and it is done just as it
was earlier when the base solutions were found in chapters 3, 4 and 5. According to this

scaling the spacing between the electrodes will run from y =0 to y =1. The two

equations on the domain at steady state assuming variation in the y direction are

2
d %0 (6.33)
ady,
and
2
9 _ (6.34)
ay,

These equations will be solved subject to equations (6.13) and (6.14) which are

valid at both electrodes, namely,

a __, U at y=0 andat y=1 (6.35)
d.yo Ulim
and
%z_zzﬂ’- at y=0 andat y=1 (6.36)
&, Ut

The relation between the current density and the velocity of the surface based on

equation (6.15) will be
i=-U, (6.37)
which is a direct relation showing that the variable U, is just a different way of talking

about the electrical current density in the cell under steady, one-dimensional conditions.

Now the base concentration profile across the cell can be found to be
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Yo 41 (6.38)

¢, =(-2y, +1)U
Iim

whence at the anode, where y =0 and the concentration is denoted ¢, we have

=142 (6.39)

lim

while at the cathode, where y =1 and the concentration is denoted c; , we have

(6.40)

The variation of the electrical potential across the cell is obtained by integrating

equation (6.36) and when the result is evaluated at the anode, the constant of integration

will turn to be &', hence we have

U
$h=-272 U_éyo +¢64 (6.41)

lim
where ;' cannot be found at this point, but the difference ¢ — ¢ is known and it is

Uy

-t =27 G

(6.42)

Now U, is not known, unless it is taken to be the control variable. But taking

V*—V° to be the control variable, we can determine U, , the velocity of the two surfaces

in the laboratory frame, and all the remaining base variables by using the chemical

reaction equilibrium conditions at the two planar surfaces, viz.,
¢l = % 2 (6.43)
at the anode and

c§ = ¢ ke (6.44)
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at the cathode. Now using these equations in addition to equation (6.42), we arrive at the

following equation

A
vi_ye =i 42z %

CO lim

(6.45)

then substituting for ¢/ and ¢ from equations (6.39) and (6.40) the following formula

for U, as a function of * —V¢ can be obtained

1+ l[/_]" i
VA—-V¢=In lm 27 —0 6.46
T, "y, (649
Ui

Having a steady one-dimensional base solution, the next step is to proceed to find
the steady first order solution.

6.3.2 The Steady First Order Solution
Our interest is now very specific. We want to fix all the input variables and then

carry out a first order calculation in order to identify critical conditions. This calculation
. oc Lo
needs to be done only at steady state and hence no terms arise from > and 7-# inour

eigenvalue problem.
Now let us start the calculations of the first order problem. First, the equations on

the reference domain for ¢, and ¢ are

Vie, =0 (6.47)
and

Vig =0 (6.48)
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Now let us turn to equation (6.13) and work at the anode. First to make our

—n

= U
equations better looking we will redefine l_fq_ by just U or in scalar form U = —

lim lim
where 0 <U <1. We have
- Ve==2n4.U (6.49)

and when the first order expansion is substituted in this equation, we obtain

j_(az,ﬂ+- awjl Qoy; G5, 06, Bs pa (ac vr L % Jﬂ
o, o a’c Yo &, Yo\ Y,

(6.50)
~ (oh, Y 4
ax, axo
which simplifies due to
A
8- =0 since ¥ is a constant, and is, in fact, zero.
0
o -0 since ¢, 1s not a function of x,.
0%,
and
o’c, : .
> =0 due to the base domain equation.
0
to
&, d Ly, 6.51)
Cb’o ‘&,
But from the base solution we have a =-2 U, hence at the anode we obtain
0
A
ﬁ=O at y,=0, or dej =0 (6.52)

0 0
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By following the same steps when equation (6.13) is perturbed at the cathode we

obtain

C
jd~c‘—=0 atyozl,orgcl—:o (6.53)
dy

o] 0
Now working on equation (6.14) and following a similar approach we get the

following two equations, first at the anode

A
%:O at yo__”oaor d¢l :O (654)
ay, dy,
and then at the cathode
C
%:O at yO:]_,or d¢1 =0 (655)
ay, @,

Equations (6.52) and (6.53) imply that ¢,= constant . Likewise, equations (6.54) and
(6.55) imply that ¢ = constant and hence ¢! =c’ =c¢, and ¢* =¢° =4

Let us now turn to the equilibrium condition at the anode and at the cathode. First,

2y A

. Y, .
at the anode, where V* is taken to be constant, and £ 2H = ¢ ~—, the nonlinear

0

equation to first order will be

addd awp
d ~¢5—eh—eT" - —Agng 57—
c} +8(c1 +¥ —c—o—j =e % s (6.56)
ay,

which can be written

dggt  diwt
dc Add—A 5[‘¢§‘Y1A 7_41:2 j
c:+g(cl+Yl”-—° = e o &

(6.57)
ay,
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2y A
and then recalling that ¢** % =c* and by setting 8[—415{1 -¥ %fi -~ 7%) =x and
0 0

using the Taylor series expansion of e¢* =1+ x, the perturbation equation at the anode

will be obtained. It is

¢ de,/dy, 4 dg .. A1’
b Ho/Doya_ 4 Gy 2N 6.58
c: caq 1 A Cb’ol 7dxg ( )
and it can be written
2y 4
ﬂ;__g(MJﬂ]w:_i[w%J (659
deg y (& ay, 4 Co

where the right-hand side is a constant.

Now we turn to the reaction equilibrium condition at the cathode in order to find

Y,° . First note that the expansion for the curvature at the cathode will be

arc _r .. . .
g 2HS =—¢ abj:; . Then substituting this into equation (6.17) and repeating the steps
0

used at the anode, we can get the following differential equation for ¥,

2y C
ﬂ;__l[@@+%)zc :_l(w_c%) (6.60)
dxo Y co quo /4 cO

By looking at equations (6.59) and (6.60) it is clear that these two equations have
four unknowns namely ¥*, ¥,°, ¢, and ¢ . So we still need two more equations to be
able to solve for all the unknowns. These two equations are the integral conditions

concerned with the constant volume and the constant average ionic concentration which

to first order are
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#y s
IYlCaScO —~ J‘Yl”dxo =0 (6.61)
0 0
and
y Wy s
J‘ c,dx, + J cSYCdx, — |ciY dx, =0 (6.62)
(4] 0 0

where the details on how we get these equations are given in Appendix F.

Now at this stage we have all the equations required to solve the eigenvalue
problem at the first order for ¥, ¥, ¢, and ¢ . It is obvious that this is a completely
homogeneous eigenvalue problem that has the solution ¥* =¥,° =¢, =4 = 0. But this is

the trivial solution and we want to see if there is another solution such that this is not true.

To do this let us suggest a solution of the following form

¢, = ¢ (y,)coskx, (6.63)
4 = (3,) coskx, (6.64)
YA =Y* coskx, (6.65)
and
YE =YF coskx, (6.66)

Now in order to solve for ¥;*, ¥,°, ¢, and ¢ we have to consider two cases, the

first corresponds to £ =0 and the second corresponds to the case where & is not zero.
Let us first see if £ =0 is a valid choice. If £ was set to zero then equations (6.63)-(6.66)
will show that ¥;*, ¥,°, ¢, and ¢ are all constants and equations (6.59), (6.60), (6.61)

and (6.62) will turn into
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[l e =-{a] 6
(@%ﬁ+%) ¥ = [¢1 +%J (6.68)
< ay, Co
¥A=¥C (6.69)
and
¢, +cSYE —ci¥A =0 (6.70)

Let us now use equation (6.69) and call ¥* =Y,° =¥, so we will have three

unknowns, namely, 1, c, and ¢ that we want to find. First, add equations (6.67) to

equation (6.68) to get
S )
then equation (6.70) can be rearranged such as
(c{f - cf)Y1 =¢ (6.72)
It is known from the base solution that ¢ and b are negative quantities while

0 0
¢, and c5 are both positive with ¢ > ¢S . Now equation (6.71) shows that ¥, and ¢,

have different signs, while equation (6.72) shows the opposite. So the only way that these
two constants have similar and different signs is that they are both equal to zero which

also lead to ¢ is zero as well. This is a solution that we already know so this rule out the

% =0 possibility.
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So knowing that £ cannot be zero, the solution to the ¢ and ¢ problems will
proceed as was in chapter 3 and will lead to the result ¢, = ¢ =0 as before in chapter 3.

So finding both ¢, and ¢ to be zero, equation (6.59) for ¥;* will be

2174
d Y; +l[d¢g/fb’o +d¢o)YlA -0 (6.73)
dx, ¥ S dy,

then substituting ¥;* = ¥,* coskx, in this equation will lead to

{_kz +l(ﬁ/;ﬁ+d_¢oﬂyf -0 (6.74)

4 S o
which implies that ¥, =0 since the term multiplying it is negative that cannot be zero.
This leaves us with only ¥, to be determined. Going to equation (6.60) and putting

¢, =¢ =0 will result in getting

daye __{[dco/d% N d%Jch -0 (6.75)

dxg 4 coc dy,

and then after the substitution for ¥° by ¥ coskx, one will get

[_kz J(M‘%ﬁ%ﬂ Y€ =0 (6.76)

4 S )

which has a solution other than ¥° =0 if £ = —l[dc—"/:—%- + %%j which is the critical
4 2 0

wave number. Then equation (6.75) can be written as

2y C
CEnpe 6

0

The solution to this equation is

Y© =C,sinkx, + D, coskx, (6.78)
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where both C, and D, are constants of integration that need to be determined and they

are determined so as to satisfy the end conditions

(o4
dyvl - O at xO = O (679)
"ho
and
C
62;‘ =0 atx, =W, (6.80)
0
And to use these conditions, notice
ar’ - 6.81
= C\k coskx, — Dk sinkx, (6.81)

(¥
Equation (6.79) implies C, =0 while equation (6.80) requires
~DksinkW, =0 (6.82)

where neither £ nor W, can be zero nor can D, be zero because C, is already known to

nr
be zero hence we must have kW, =nx or k = —— where n=1,2,3,... and hence the
0

smallest and most dangerous allowable wave number is 7/, .

Now setting

2, :_1(M+%):[_E_T
critical ¥ Cg aj/o VVO

will result in finding the critical velocity of the surface, which we will call U, that
replaces U, henceforth and from which the critical voltage drop can be calculated.

What we have learned so far from the problem is that ¢, and ¢, are known and

depend on y, with ¥;* =0 and ¥° =1. Moreover, c,, ¢ and ¥* are all zero while
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Y,¢ =D, coskx,. In addition we learned what the critical voltage drop and the velocity of

the surface are and our job is to go to second order and see what we can learn about D, .
6.3.3 The Second Order Problem

To learn about the response of the current as we increase the voltage drop beyond
its critical value, we must go to second order, or perhaps even higher orders and see what
we can learn about D, . If we find that the current change differs from the base prediction
on increasing the ;/oltage drop we can take this as an experimental indication of a
transition from a planar to a non-planar front.

At second order we have two unknowns which are D, and U, . Finding these two
unknowns will be our objective. We may or we may not find them both. In fact, it turns
out that we cannot find them both but we will be able to relate them.

Now let us start the calculations of the second order problem. First, the equations

on the reference domain for ¢, and ¢4, are

Vic,=0 (6.83)
and

Vi, =0 (6.84)
and the boundary conditions at the unperturbed sidewalls are

%:0 at x, =0 and at x, =W, (6.85)

0

and

%xéz.zo at x, =0 and at x, =W, (6.86)

0
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Now let us go to the electrode surfaces and find the conditions there to second

order. Starting with equation (6.49) at the anode, we have
T O S S

0 @}0 @/g : @}0
~ a A ” 1 A | 1 -
—2{]7%(16 +el; -1—2&‘% jl:H:lfc-!—szzU{lj

whence equating the second order terms on the two sides of equation (6.87) and noticing

(6.87)

that the terms in 7 play no rule we find

oc, _

Z2-y, 6.88)
W, (

which holds at y, =0.
It is noteworthy that this problem simplified greatly because both ¢, and ¢ turned
to be zero and ¢, was just a function of y, If this was not the case and ¢, was a function

of x, then we will have terms from 7 -V, » as shown in equation (6.87), and the problem
will become more complicated.
Now considering the cathode, we also find, even though ¥,° is not zero,

90—2: 22U, at y,=1 (6.89)

0]
Following the same procedure to find boundary conditions corresponding to ¢, , we
get

% _ 57U, at y,=0 and y, =1 (6.90)

0
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The solution to the ¢, problem can be found by using equations (6.83), (6.85),

(6.88) and (6.89). It is

¢, =-2 U, y, + constant (6.91)
whence
¢; =¢,(y, =0) = constant (6.92)
and
¢ =¢(y,=1)=-2U,+¢, (6.93)

The solution to the ¢, problem introduces one constant which we call ¢} . Now

turning to the @, problem and using equations (6.84), (6.86) and (6.90), one can obtain

the solution as

¢, =-2Z U, y, +constant (6.94)

whence at the anode
¢, (v, =0) =¢; = constant (6.95)

which at the cathode
b(Vo=1)=¢ ==2Z U, +¢ (6.96)

At this point we have ¢, and ¢, up to constants denoted ¢, and ¢’ . Let us turn to
the reaction equilibrium condition at the anode and at the cathode and see what we can
learn about ¥;* and ¥F .

Now the expansion of the surface curvature to second order at the anode as given

before is

Y, 1 ,d%.
2H* = Ly —g?——2 6.97
T 2" @ 697)
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while at the cathode it is

dZYIC 1 dZYC
8

2HC =-
deg 27 @

(6.98)

To get the second order equation of ¥, let us turn to the CRE equation at the
anode. All the variables that will appear in the coming equation are anode variables
where the superscript A's were dropped. The superscript A's will appear in the final
equation after we explain how we are going to simplify the equation. Now when V' * is
set to a constant and after substituting the expansions of ¢, ¢ and 2H* into equation

(6.16), we find

c0+s[cl+Yl£J+lg [ +2¥,—L +(Y)2dc e J—
d-})o 2 0 @0 cb/o

{mz{gm %}—e (@1»21',‘“1 (n)’ﬂﬂg %jJ Adep {2Ho+e£’—+lezd ’;1]
) g 2

(6.99)

€

and recognizing that ¢, =@ =Y,* =0, then the equation to second order in & is simply

d¢b de

——s &Y,
co+lgz(cz+yzﬂj:co e [ %o 0] (6100)
2 dy,

Now considering equation (6.100) to be solved for ¥}, let us set

-2 ¢2+Y2—¢’+7d };2
; 2{¢2 +¥Y, 6;;50 *&x—zj=x s0 e’ [ o dx"] can be written as e which can be
0 0

expanded to second order using the Taylor series expansion as 1—x +%x2 and upon

doing that and inserting the 4 superscript, equation (6.100), will turn into

2y 4 .
c;+Y;Zy (¢2 +YAd¢° dy] (6.101)

o dy, * dxg
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which can be written

sz: [dcéo L 9<, /a%JYa [ 2 ¢2] (6.102)
dx;, 7\, co 7 CO
% dco/dj/o

or setting ( j: -K ,where K3 is positive, will lead to
Y

0 cO

4

~K¥) = ;[@A +%—] (6.103)

¢

sz 4
de

This equation must be solved, while satisfying the sidewall conditions

A
P20 atx, =0 (6.104)
0
and
A
dx.z =0 atx[):WB (6105)
0

And in view of the fact that ¢; and ¢ do not depend on x,, the solution is

! 7K2 [¢2 +c j (6.106)

where ¢; and ¢ remain to be determined.

Now turn to the cathode. The equilibrium condition at the cathode is

o = @ Mher2Ee

where V° =V¢ —%ez . This makes the cathode a little different from the anode since

1 . . . . .
Ve —552 will appear now in the exponential term prior to the ¢ expansion. So the

equilibrium equation can be written in the following form
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c, +g[c1+Yd )+1g(c +2¥—L +(Y)2dc dc}
dy,) 2 dy, dy; (6.107)
%y, Eldfz

em—%sz-[matmy,‘;}i’};a (¢2+2Y1——+(71)’M+Y2 %J]—A.ﬁgg—y[ZHo = dxg}

where the C superscripts standing for the cathode were eliminated. Now the way to

handle this equation is no different than that used to deal with equation (6.99) except that

. . . 1 5. .
1" is not zero here in addition to the appearance of ¥'° —=¢? in the exponential term.

2
4 _ 27 _ o s valid on the lefi-hand side while on the

Now observing that ¢, =
0 0
2
right-hand side ¢, a4 and b are all equal to zero, then equation (6.107) can be
dy, dv;

0 0

written as
rdh 4% b _ de]
EE R e (6.108)

co+£(Ylﬂj+1 ( +Yd J—coe
Do) 2 “dy,

0

Then following the same steps here, as in the anode, in writing the Taylor series

expansion for the exponential term we can get

2y,C c 2 \?

d Yz +EYE = (¢2‘-‘ +%+1]_l[%yf _,4 Y; J (6.109)
dx, e S ay, dx,

Now substituting
Y =D, coskx,
into equation (6.109) we get
2

2y C C

dyz kKYf = (@ —ZC lj—lDf cos’ kx, ( a4, +7/k2J (6.110)

dx 0 Y ayo

where Y, must satisfy the two side wall conditions




191

(6.111)

C
CZZ =0 atx,=0

and

(&4
a0 atx, =W, 6.112)

0

Like Y earlier, ¥; is also a function of ¢} and ¢ but now, indirectly, as

cs=—2U,+c} and ¢ =— 2 Z U, +¢;. This brings U, into the problem of

determining ¥;* and ¥ and so to this point we do not know ¢}, &', D, or U, but ¢;

and ¢ are not independent. To go on we turn to our integral conditions.

Now, as shown in Appendix F, constant volume at second order requires

Wy £
Ichbco - J.YzAdxo =0 (6.113)
0 0
A
ch
To evaluate j‘ Y dx, , integrate equation (6.110) and use dx2 =0 at the sidewalls
h 0
to get
" .
C
k? J.dexo = l(@c +_c% + 1}W0 —l{—ﬁ/g&) D} J‘cosz kxyde,  (6.114)
}/ CO }/ CO
] 0
where

4
1
J‘ cos’ kx,dx, = -EWB

[}

whence
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A
s dey/dy
Yldx, =—2| ¢ + & j— 0( 0 0] D} (6.115)
5“2 0 [2 Cg 2}/k2 cg' 1
A
Likewise jYzAdxo is given by
0
W,
W, c
Yidc,=—2| ¢ +-% 6.116
fpean - e %) e 1o
0

Then substituting equations (6.115) and (6.116) into equation (6.113) and using

¢ ==2U,+c} and ¢ =2 Z U, + ¢ we get

2
1 1) 2U L2204, 1 D dc,/dy,
— = —— L 20 | (6117
(kzcoC chg}z (kz )ﬁ AT cs ( )

which is an equation for ¢ and ¢ in terms of U, and D} .

Turning to the integral condition representing the constant average ionic

concentration, which at second order is

J.J‘czaj/odx + J-j (coy, ) Bode, + jjdyO(dCO 2) de, =0  (6.118)

Substituting for ¢, using equation (6.91) and carrying out the y, integrals in the second

and third terms we get

I Wy

jj—2U2y0+c )y, + J‘CYCaSC I:If;*abc ] J- j (%4) &, |=0(6.119)

0
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Wy Wy

and then using ¥* =0, ¥ = D, coskx, and J. Yidx, = J-YZAde’ where
0 0
yf =] &' +£ there obtains
R A
o W o
J‘ (U, +cf )dbe, +(cC -¢c3) I L - (@A +5§;)de WL%-DI2 j‘cosz ke, =0 (6.120)
7K, Co dy,
0 0 0
which is simply
cs —cf 4
—U2+c;+(—°—2—°) 4+ +lﬂDf=o (6.121)
KA cO 2 d.yO

which can be written in the form of equation (6.117) as

ct —ct co —cf
[H_(o 0)]c;+(0 °)¢2A:U2—l£°—D12 (6.122)

rKies 7K 2 dy,

Now we have two linear equations in ¢; and ¢’ where D, and U, appear on the

right hand sides. Equations (6.117) and (6.122) can be written in the form

IR S U 2U, 2ZU, 1 D[ dejdy,)
Fe; Kii K K, cf]_ R _7c_2-+2k2(_ S J
A (: ,_lde, .

7Kc; K Y2y,

or in short hand notation

& a4
aZl a22 ¢2 b2 ¢2
Now the determinant of the matrix A is zero and the proof for this is given in

Appendix G. Because det 4 =0 and we must have a solution (i.e., ¢} and ¢ must exist)
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solvability must be satisfied and we have two unknowns in 4 (i.e., D, and U 5 )

Solvability then relates these two variables and their relation comes from

(_i)(cg —C:]_!_ D12 (_dco/dyojz (ccf _C:J_i_[zzjz J(cg_":)_l_
k? 2.9 2k* cs yK2 kS 2.9 (6.123)
c_ 4 272 272
[2 ZzUzj ) g (Kik) 1dey o Ki-R) _
k VK KK ) 24y, '\ K%

This is an important result. It tells us how the current responds as the potential

difference moves through its critical value. Unfortunately, we do not find both D, and
U, at the second order but we do find how D, and U, are related and D, appears only
as D}

Let us separate this equation into two parts, the first contains D}, and the other

. . . 5 . s .. lde,(ct-c
does not. First collecting the terms containing D] and using K, —&* = 000 |

y ay, C:Cg
we obtain
1 1 de,|cC—clde,( 1Y
TEiEv O[_cj +K, -k D (6.124)
2I<Ak afyo YV aB/O <,
or
1 (dc 2 ) )
2 (z 02/?01 2[2051 c; ~(c) ~(5) }Df (6.125)
yK k¢, (co )
that is similar to writing
2
1 (dey/dy,) (Y 2 6126
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The factor multiplying D} is known from the base solution and it is always
negative.

The part of equation (6.123) where D? is not present is

(coc*cg’) 2U2(c§—c54) 2Z Uz(coc—c(‘f) UZ(Kfl—kz)

_ + N - 6.127
T VKR ke (&1
ct—c¢
and when Oszg is taken as a common factor it will be
VYA &
4_cC d
cy 2cg - gc-—ZZ _ (CZ/?’o) U, (6.128)
7’K,4k Sy 6

where U, is our remaining unknown. To get a non-planar steady solution, we must have
a positive value of D] (i.e., D, must be real) and this requires (6.128) to be positive. To

help us see what is going on, let us go back to the base solution and see what U, would
be if planar solutions persisted beyond the critical point.
6.4 Drawing Inferences from the U vs. V* -V Relationship
Now let us see how the base current responds to changes in the voltage drop (i.e.,
let us find out what we would expect to see if the plane solution persists). In the base
problem, equation (6.46) can be written as

1+U

VA-V¢=In +2ZU
U

According to this equation, as the voltage drop is increased, the base current will
also increase and at the critical voltage drop, there is going to be a critical current or a

critical velocity of the surface. Then once the critical voltage drop is passed by an amount
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3 &’ the current will go above the critical current by a small amount that we need to

determine.

The way to run an experiment would be to increase the voltage drop across the cell
and to measure the current to see if something interesting will happen once we advance
the voltage above its critical value. Supposing the base solution persists, we can

determine the corresponding value of U, . The base formula for doing this is equation

(6.46), viz.,
yA-ye© itz (6.129)
1-U
At critical conditions we have
(4 -r°) =m0z 0, (6.130)

c

and then a little beyond critical, when V' is taken to be a constant, we write
C C 1 2 C C l 2
V- ==V, +—2-8 or -V 4V 258 (6.131)
and
U=Uc+—;-82 U, (6.132)

where U, is the response of the current to a small increment in the voltage drop.

Subtracting (6.130) from (6.129) we get

1+U 1-U
n —In
1+ U, 1-U,

1

+2Z [U—Uc]zé‘s2 (6.133)

whence substituting U =U .., +%82U2 and expanding the left-hand side gives us our

result. First, the term
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1
1+U +=—&* U.
0t i 2 ¢ (6.134)
1+U, 1+U,
can be written
Y | 1e Ll Yo (6.135)
1+U, 2 14U,
and the right hand side can be expanded using
1,
In(1+x)= x =% (6.136)
whence, to second order,
mtY 1. U (6.137)
1+U, 2 1+U,

Likewise we get

1-U_ 1. U (6.138)
1-U, 2 1-U

4

In

and substituting equations (6.132), (6.137) and (6.138) into equation (6.133) leads to

—VCJerzlgzzls2 —L+ Y, +2Z U, (6.139)
27 "27 |1+U, 1-U,
whence
Yo . U 5y U,=1 (6.140)
1+U, 1-U,
and
(1+Uc)(l_Uc) (6.141)

2T 2Z(1+U.)(1-U.)+2

which can be written in terms of base variables as
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4 C
S G

B 2(1+Z ¢ ¢f |

(6.142)

2

This is the value of U, assuming the base solution persists and we can write the
nonlinear equation for U, in terms of D, in a better form by using this equation.
We would expect the velocity of a non-planar front to differ from the predicted

plane speed. And so at second order we write U, =U, ... +J and when § =0 we ought

planar

to have D? =0 for then the front is planar. By the calculations we have

. (+u)(-u) g
w2 Z(1+U)(1-U)+2 2[1+Z ) cf]

(6.143)

Let us turn to the problem of predicting U, given D?.

6.5 Getting the Relation Between D, and U,

Let us return to (6.128), viz.,

ct-ct [1—2 U, ,, v, _Uz(dco/ayo)jl
C

yKk? c

4 C
0 cO cO

and substitute U, =U, ,,,, +J , where U, ... is given by equation (6.143), to get
cl-cs
—(—"i—z-j—)c et —2zctcC ~ % |s (6.144)
yK k“c;c, ,

which on using equations (6.39), (6.40) and (6.35) to write ¢{, c¢; and ey inside the
0

bracket in terms of U, becomes

2(051 —coc)

2
T [zUl-z-1]s (6.145)
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2 is positive while the factor I:Z U:-2Z- 1] is negative
0

-,
Now the factor (2 —
vK k'cic

due to the fact that U

critical

is positive but less than one. Hence D} and U, are related as

,_AG[ZU-Z-1]5
1 (dco/dJ’O)( C)

(6.146)

4c;[Z U2-Z-1]
(dco/dyo) ( Co — g)

where

is negative. First, we see the plane front D} =0

corresponding to § = 0. Second, we draw a conclusion about what ought to be seen in an
experiment. The prediction is that no matter the size of D}, § must be negative. Hence

as the critical point is passed on increasing the potential difference, the displaced front

ought to move slower than a planar front would have been expected to move.

4cC[z UZ—Z—1]

The factor = that multiplies & depends on the input variables.
(dco /&y o) ( —C )

To visualize the effect of the different input variables, we will first write every term
appears as a function of U,. To do this, substitute for: ¢; =1+U,, ¢ =1-U, and

dc,

& ——=-2U, and Z =1 to get the following equation instead of equation (6.146) viz.,
0

b 0@ -2)

: 207

(6.147)

Remember that this equation is a scaled equation and all the variables that appear here

have superscripts star that was dropped for simplicity. Now U, and & are dimensionless
variables, however the unscaled D, has a dimension of length since we know that

Y =D, coskx,. So the unscaled version of equation (6.147) is
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o[- /0) [ (O./0) 2]
- 2(U. /U

LS (6.148)

The effect of the input variables is clear when we look at equation (6.148).

Increasing U/U, or decreasing L, will decrease this factor. However, no effect of

changing ¢ can be seen according to this equation. This result is not a surprise since we
already know that ing:reasing U/U,, and decreasing L, will always lead to the same
consequences. Mc;reover, finding this equation to be independent of ¢ is in the same
stream to our result when we found that the critical point does not change as we change
C.

6.6 Predicting the Behavior of the Total Current After Passing the Critical Voltage

We know from our earlier work that talking about the velbcity of the surfaces and

the current density is no different. Now to see how the total current will respond when the

critical voltage drop is passed, let us write the expression for the total current in its

unscaled version as
- A
= J.a’A[ﬁ-i] (6.149)
SA

where 7“ denotes the total current passing through the cell at the anode and in our two

dimensional problem dA is ds multiplied by the depth of the cell. So per unit depth, /*

can be written
Wy
= J‘ 1+ (V) e[z Fe,, (77 +7* - U)] (6.150)
0

and knowing that
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at-ut =ut = i
1+(r)
and
At U=n*Uj= v -
1+ (Y;‘)

equation (6.150) becomes

Wy

I“=-zFc, I de, (¥ +U) (6.151)
0

Now since we are looking for a steady state solution, ¥,* is zero and by expanding

both 7“ and U to second order we get
W,
A4 A ]‘ 2714 ]‘ 2
17 +e&l; +58 Iy =~z Fc, Uc+5£‘ U, | | &, (6.152)
0

so the critical current is

I* =~z Fc, U, (6.153)
then ;' =0, while the second order term will be

I = —zFe, U, (6.154)

To write the last two equations according to the scaling introduced in this chapter

let us define the scaled total current as I = and scale the right hand side

z Fe,,D
following the scaling in this chapter to get
I =-Uuw; (6.155)

and




X =-uw, (6.156)

where W, = % , U = —%’—U . Now by dividing and multiplying the right hand side by
0
N . . ' U U,
Uy, and dropping the superscript star and redefine —<=U, and —%-=U, these two
lim lim
equations will be in agreement with this chapter notation i.e.,
I*=-U,UW, (6.157)
and
If =~U U, (6.158)

Substituting U, +¢ for U, in this equation will lead to finding the expression for

,planar

I for the non-planar casei.e.,

ct (dco/ajzo)z (C: “Coc)Df
Vel ez ed ] ac[z U -2-1]

IA=- (6.159)

It is known that the second term on the right-hand side is negative which means that total
current after the critical point will be reduced. This is not surprising since the velocity
and the current are related one to one and since we found that the velocity is reduced then
one will expect the same effect on the current.

Trigueros et al. (1994) noticed this drop in the current in their experiments but they
did not comment on the reason behind it. They wrote: “When the cathode surface is fully
covered by a regular deposit and a homogeneous structure is formed, current density
increases until the transition to a finger pattern takes place. At this moment, current falls
down and attains a minimum value to rise again when the finger structure is formed and

grows steadily”.
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Now to check that replacing ¢ with ¢ in the migration term was not the reason for
getting this drop in the velocity of the surface, the problem is worked again in Appendix
H without applying the migration term approximation. It is shown in the appendix that a
person would arrive at the same conclusion even without using this approximation which
means that there is nothing wrong with applying it since it did not contradict the physics
of the problem as we already know from chapter 5 calculations.

The result of the drop in the current seems unexpected since having wavy surfaces
will lead to more surface area of the electrodes which will result in more total current. To
address a physical argument why the decrease in the current might take place, remember
that in this chapter the reaction was assumed to be in equilibrium, so the transport is
really the controlling mechanism. But since we found that the total current will be
reduced, this means that the transport must went slower.

Now a person might refer to the base solution to look for a crude argument to

explain why the current will drop after passing the critical point. Let us pretend that we

went to the third order and we found the value of D, so we know ¥,© whichis D, coskx, .

This means that some parts of the cathode will be closer to the anode than other parts, but
the average distance between the electrodes will always be L, because the places that are
closer to the anode are as much as the ones that are farther from it. So the mass transfer
will be weaker at larger distances and it will be stronger at smaller ones. Now we can ask
our selves: If we just go to the base solution and move Z, a certain amount to the right
then we move it the same amount to the left, is the change in U will be the same? In

other words: Is U more sensitive to increasing or decreasing the distance between the

electrodes?
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To answer this question, let us write equation (3.85) viz.,

U
1+—
ﬂ(V" 7¢)=|1-=L |In Ui
RT ) |- U
Ulim
Then remember that
U, :iZIDl—ZZDZ DE-
Ly, zzD, Cys

so if (VA — Vc) and ¢ are held fixed in addition to the process variables, then for every

L, we input we can calculate U, the velocity of the surface. If we found that increasing

the distance between the electrodes affects /' more than decreasing it, then we can argue
that the places with larger distances are in control and this is the reason why the transport

becomes weaker.

Now Figure 6-1 is drawn to show U vs. L, using the above two equations. It is
clear from the figure that decreasing I has a greater effect on U than increasing it by

the same amount. Unfortunately this result does not support our argument that larger
distances might be in control, but after all, this was just a crude argument that did not
work and it seems that we cannot address any reason for the drop in the current at this
point without going to higher orders.

In summary, what we have found from this chapter is that the velocity of the
surface or the total current should decrease as we cross the critical voltage. Figure 6-2
shows that we will keep getting the total current expected from the base relation until we

reach the critical point. Once we pass it, the total current will be lower from the predicted
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expected reading on the ammeter

current ' :
~—___actual reading on the ammeter
. ’
V voltage

¢

Figure 6-2. The expected current vs. voltage relation in an experiment.

value. One useful thing about this is that it might be hard to see the displacement, but it is

much easier to see the current.
Now the reading on the ammeter will going to be less than what it is from the base

solution, but we cannot tell by how much because we do not know D,, the amplitude of
the displacement. However, for any value of D, we will be able to do this and we hope
that by going to higher orders we will learn the value of D, .

Moreover, all along we have been viewing the problem as though as the potential

difference is advanced through the critical so the instability sets in. Based on that, we

have added %az to the critical voltage and that is the way Figure 6-2 is drawn. But the

instability might occur before the critical in which case we would subtract %6‘2 from the

critical value. We do not know which sign is right or what is the value of D? until we go

to higher orders.
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Without going to third order there is something important that remains and we have
enough information to do it which is to decide what an experiment might look like which

is our topic in chapter 7.




CHAPTER 7
THE DESIGN VARIABLES IN AN ELECTRODEPOSITION EXPERIMENT AND
SOME CONCLUDING REMARKS ON THIS DISSERTATION

In this concluding chapter we shall provide the reader the information needed to
design an electrodeposition experiment. To do this we shall use information gathered in

the earlier chapters to obtain an intelligent choice of Z,, W and ¢, which are the natural

input variables in designing an electrodeposition experiment, the output variables being
the total current as well as the patterns that one sees upon the instability. The applied
voltage is an input variable while the actual value of the applied voltage at which patterns
just begin to appear can then be measured. To be definite let us continue to consider the
copper-copper sulphate system.

Again we remind the reader that the main assumptions in our work are that:
1. the electrolytic solution is dilute.

2. local electrical neutrality throughout the solution holds.

3. no side reactions take place (i.e., the electrodeposition cell is operated far away
from the limiting current so that no hydrogen evolution reaction takes place).

4.  we always have a planar anode and a planar cathode with which to begin the
experiment.

In addition, we shall assume that the chemical reactions at the electrodes are at
equilibrium (the CRE approximation) and the approximation of replacing ¢ with ¢ in
the migration term holds. We recall that one of the important results of the CRE

approximation is that the value of M is small. Moreover, the fraction U/U,_

I
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must also be small so that unwanted side reactions such as hydrogen evolution at the

electrodes will not occur.

Now in designing a cell, one might imagine that single crystal copper is to be used
as it is important to start with a substrate that is flat and defect free and to choose ¢, L,
and W, such that the values of the critical voltage and the critical output current are in a
measurable range. To this end we shall assume that measurements in voltages and

currents of the orders of microvolts (V) and picoamperes (pA) will be acceptable’.

Now once the input variables are fixed, the critical value of U/U, can be

calculated by using
U
2 rr| U U
2, =-u Jn_27 —— (7.1)
W, Yo ol1-2 U
lim

Then having gotten the critical value of U/U,_ , we can calculate the critical voltage drop

using equation (6.130), namely,

U
rr| U U
VA-Ve© = In im 27 (7.2)
nf | v Ui
Ui
and observing that
U :.3 le)1 '—,ZZ,D2 D'f_-_—
- LO ZIZZDZ CM

' An example of a device that can measure voltages and currents in an acceptable range is the 2400
General-Purpose Source Meter from Keithley. This instrument allows application and measurement of
voltage in a range extending from approximately SpV to 200V DC and a current in a range from 10pA
tolA.
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we can obtain U/ , the velocity of the surface, from which the total current, 7, can be
found by writing

I=—zFc U W

where W, denotes the area of a square-face electrode each of side equal to W, . Table 7-1

gives the calculated critical voltages and output critical currents for a variety of input

conditions of ¢, Z, and W .

Table 7-1. Calculated critical voltages and critical output currents at different input

conditions.
£ L, W, ye-ye I ~z,Fe, U U
(kg—mole/ m’ ) (mm) | (mm) (uV) (pA) i U
0.01 5 1 273 29.57 9.3x10° 5.3x10”
0.1 5 1 2.73 295.74 3.0x10” 5.3x10”
62 5 1 27 591.48 4.2x10” 5.3x107
0.3 5 1 HE 887.22 5107 5.3x10”
0.1 6 1 398 295.74 3.0x10” 6.4x10”
0.1 8 il 437 295.74 3.0x10” 8.5x10”
0.1 10 1 5.46 295.73 3.0x10” 10x10”
0.1 20 1 10.93 295.71 3.0x10” 21x10°
0.1 40 1 21.85 295.68 3.0x10” 40x107
. 50 . 295.72 .
0.1 50 0.7 55.73 295.59 6.0x10” 11x10™
0.1 50 0.07 5283 279.74 5.7x10° 10x107

In the above table recall that ¢ is set low because we want an experiment that will

respect the assumption of solution diluteness. So we shall select € to be 0.1 kg-mole/m”.

The calculated critical current for most of the conditions chosen is about 300 pA.

Observe that we have deliberately chosen the input parameters ¢ , L, and W, so that the

output parameters are in a measurable range that lies within the sensitivity of a

commercial instrument.
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Let us now examine the effect of changing 7, . It is clear that this variable will
affect all of the output parameters as shown in the equations and in the above table. The
current is the least sensitive to changing Z, but it is obvious that as we increase the
spacing between the electrodes, the actual values of U/U,_ and V* -V both increase.
The reader might recall that in chapter 3 we discussed the effect of Z, upon the critical
value of U/U,_ and consequently upon V“ —V° where we explained this dependence in
more detail. The increase in U/U,,, due to an increase in Z, is apparent from equation
(7.1) given above. From the numbers given in the table, a reasonable value for Z,, would

be about 50 mm. This also will make the electrodes far enough from each other so that if
they were not perfectly parallel (i.e., if one of them was slightly tilted) the large distance
between them would minimize the effect of this imperfection. Moreover, choosing this

value of L, will result in having a small U/U,_ so we do not ordinarily have to worry

about the hydrogen evolution reaction and the approximation of making ¢ =¢ in the

migration term will be more meaningful. Note that increasing L, from 5 to 50 mm
increases the critical voltage drop dramatically from about 3 4V to about 30 £V and it
is obvious that there is more flexibility in choosing Z, than in choosing ¢ so a person
might choose any value for Z, between 40 and 50 mm.

The effect of ¥, on the output parameters is similar to that of L,. However, it is
clear that V' -V and U/U,, are more sensitive to changes in ¥, than in L, which is

not surprising as U/U,_ is proportional to L, while it is proportional to W, as shown
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previously in equation (7.1). A good value for W, is about 1 mm and from this we can

get a reasonable current (i.e., 295 pA ) and a U/U,_ thatis very small.

Finally for all the input variables chosen, the value of M turns out to be

I

very small and this is good because it tells us that the CRE approximation is reasonably
satisfied for almost any selected set of input conditions.
To summarize what we have said in the previous few pages, we have found a

reasonable set of design variables to run an electrodeposition experiment. These are
¢ =0.1kg-mole/m*®, L, =50 mm and W, =1mm. This will result in a critical current of
about 300 pA and a critical voltage of around 28 4V . Figure 7-1 depicts a schematic of

the electrodeposition cell. It is not unusual to have a cell with such dimensions as many
researchers that study dendritic growth have performed experiments using smaller cells
with dimensions in micrometers. An example of such work is given by Léger ez al.
(1997), Brissot et al. (1999) and Rosso et al. (2003).

We are now at the end of this dissertation and some concluding remarks are in
order.

The main objective of this dissertation was to study morphological instability
during the motion of phase boundaries. To this end, electrodeposition was used as an
example where we learned that one must be very careful about understanding the rule of
the control variables on the physics of the instability. We observed that the voltage drop
is the true input while the current is an output because the total current is likely to change

as the morphology changes and thus it is not easily controllable.
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One of the important conclusions in our work is that we have made three main
approximations that seem to have little effect on the physics of the instability as well as
the calculated critical conditions. One of these approximations is that the reaction at the
electrodes is at equilibrium which implies that the reaction takes place very fast
compared to the transport processes of diffusion and migration. Another important
approximation was to assume that the concentration is the same as the average ionic
concentration as far as the migration is concerned. Yet another approximation was that
the growth constant in the domain is subservient to the growth constant coming from the
movement of the boundary. These are all excellent approximations that reduce the
algebra and the numerical calculations by an enormous amount so that we did not have to
perform very complicated calculations and yet were able to get meaningful results.

The morphological instability implies an increase in the surface area and one might
imagine that the total current ought to increase once the critical voltage input is
surpassed. Surprisingly we learned that the output current falls disproportionably to the
applied voltage after passing the critical point. This has been observed by other workers
experimentally but no analytical proof has been advanced so far. As the model we used to
arrive at this result was based on the idea that the reaction rate is fast compared to the
transport, the only reason for the drop in the current must be that the transport processes
become slower for reasons that we do not quite understand. While we were able to
predict that the measured current will be lower than the base'current at the second order
calculations, we were not able to declare by how much the total current will drop. In

order to know this information we have to obtain the constant D, which cannot be found

from the weak nonlinear calculations at second order. Obtaining the amplitude of the
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current and the non-planarity of the electrode surfaces must be the subject of future work.

Our objective has been to understand the physics of the front instability and we have met
this objective with the support of calculations.

Understanding electrodeposition is both useful and instructive. Yet there are other
moving front instabilities such as those that occur in solidification, precipitation and
viscous fingering. Each of these problems is different in the physics that drives it, yet

much that we have learned from electrodeposition could be used fruitfully in their study.




APPENDIX A
ANNOTATED BIBLIOGRAPHY

In this work we referred repeatedly to a very interesting paper by Sundstrém and
Bark (S&B) which is:

1. L-G Sundstréom and F. H. Bark, “On Morphological Instability During
Electrodeposition with a Stagnant Binary Electrolyte,” Electrochim. Acta 40, 599 (1995).

S&B did not conduct experiments; they were interested in the origins of the
morphological instability when certain approximations are applied. Among these
approximations were the use of a dilute electrolytic solution and the neglecting of
convection. S&B ultimate objective was to predict the wavelength of the patterns at the
onset of instability and the rate of growth of disturbances.

S&B presented the model we are using; their important contribution is that they
were talking about two electrodes where no body before them discussed working with
two surfaces. Having two electrodes will lead to having a constant volume condition.
None of the people suggested models with one surface can argue that they have got
constant volume condition, so nobody working with one electrode can possibly make any
sense out of this without introducing constant volume condition but that completely
artificial. The constant volume condition did not make any difference for S&B but it
made a lot of difference to us. This is because S&B only did the first order problem, and
they only did it numerically for one set of parameters so there is no much use of it.

Here the reader will find the main research cited by S&B with a brief description

about them:
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The linear stability of a growing spherical particle immersed in a molten binary alloy and
the investigation of the stability of a plane solidification front were first treated by
Mullins and Sekerka in these two papers:

2. W. W. Mullins and R. F. Sekerka, “Morphological Stability of a Particle Growing by
Diffusion or Heat Flow,” J. Appl. Phys. 34, 323 (1963).

3. W. W. Mullins and R. F. Sekerka, “Stability of a Planar Interface During Solidification
ofa Dilute Binary Alloy,” J. Appl. Phys. 35, 444 (1964).

Aogaki and co-workers used linear stability analysis to determine the critical size of a

protrusion above which a planar surface becomes unstable in a diffusion-controlled,

steady state galvnostatic electrodeposition. Their results were limited to cases where

migration of the reacting species and kinetic polarization could be ignored. This work can

be found in:

4. R. Aogaki, K. Kitazawa, Y. Kose and K. Fueki, “Theory of Powdered Crystal

Formation in Electrocrystallization-Occurrence of Morphological Instability at the

Electrode Surface,” Electrochim. Acta 25, 965 (1980).

5. R. Aogaki and T. Makino, “Theory of Powdered Crystal Formation in

Electrochemistry-Morphological Instability in Galvnostatic Crystal Growth Under

Diffusion Control,” Electrochim. Acta 26, 1509 (1981).

More work was done on the electrodeposition problem where researchers used the Nernst

boundary layer assumption and introduced a diffusion layer thickness, which is assumed

to be known. In this category are:

* Landau who included kinetic effects in his analysis and found that the initiation of
surface roughening could be associated with a critical overpotential comprising

concentration and kinetic terms in:

6. U. Landau, “Zinc Electrodeposition and Dendritic Growth from Zinc Halide
Electrolytes,” EPRI Report EM-2393. EPRI, Research Center, Palo Alto, CA (1982).
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e Barkey and his group where they extended previous treatments by taking into account
migrational transport in these two papers:

7.D. P. Barkey, R. H. Muller and C. W. Tobias, “Roughness Development in Metal
Electrodeposition I. Experimental Results,” J. Electrochem. Soc. 136, 2199 (1989).

8. D. P. Barkey, R. H. Muller and C. W. Tobias, “Roughness Development in Metal
Electrodeposition II. Stability Theory,” J. Electrochem. Soc. 136, 2207 (1989).

e Chen and Jorne who let the edge of the diffusion layer to follow the surface
perturbations for large wavelengths in their paper:

9. C.-P. Chen and J. Jorne, “The Dynamics of Morphological Instability during
Electrodeposition,” J. Electrochem. Soc. 138, 3305 (1991).

e Pritzker and Fahidy who coupled diffusion and migration more strongly than in the
work of Barkey ef al. and used the Butler-Volmer equation to describe the electrode
kinetics in:

10. M. D. Pritzker and T. Z. Fahidy, “Morphological Stability of a Planar Metal Electrode
during Potentiostatic Electrodeposition and Electrodissolution,” Electrochim. Acta 37,
103 (1992).

Pritzker and Fahidy (P&F) work is very close to S&B except they still have one
electrode. Their work is the combination of the previous attempts to deal with this
problem. So we will work through this paper and see hov;/ it is compared to our work.

P&F considered a system that involves the electrodeposition or electrodissolution
of a metal from an aqueous solution according to the following reaction

M% +ze =M (A.1)

This reaction will continuously change the position of the electrode given by

S=y-Y(x,y,t) where y is the displacement of the electrode from the position of a
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planar electrode. Within a distance & from the surface (i.e., on the domain) transport of
all species in the electrolyte occurs by diffusion and migration such that

z.F

oc, .
i - }éT DN (c;Ve) (A2)

—é-t— = D].VZCJ. +

where ¢, D; and z, are the concentration, diffusion coefficient and valence of species

J while ¢ is the solution potential. The second domain equation is the Laplace’s
equation given by
V=0 (A3)
The boundary conditions are given by the following equations. For each non- |
reacting species, the normal flux at the solid/liquid interface is zero i.e.,

z ].F

n-{Ve.+
7 RT

c].V¢}= 0 for j=23,4,.. (A4)

where 7 is the outward uﬁit normal vector at the surface. This equation is similar to
equation (2.17) that we have in our model except that the right hand side in our case is
not zero. The normal flux for reacting species is similar to what we have i.e., equation
(2.16) under the assumption that the metal density is very large compared to the

electrolyte density and it is given as follows

z FD i
7i-| D\Vc +¥0V¢j| = (A.5)
[ ! RT z,F

The surface reaction is the cause of the movement of the boundary so that

dy i
+— = —— A6
£ (” dt) F (8.6)
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where p is the density of the depositing or dissolving metal, v is the steady-state

velocity of the planar electrode. Now the current density and overpotential are related by

a Butler-Volmer expression of the form

B o F oLF
i=i (LJ [e””‘ —e R m} (A7)
C

where the surface overpotential 7, is

RT c v2H
=V -¢-U, ———In| — |+ A8
7I; ¢-U, F n[cj oo F (A-8)

@

where i, is the exchange current density, «; and «, are transfer coefficients, V', U,, ¥

and 2H are the applied potential, equilibrium potential for the reaction given by
equation 1 based on bulk concentrations, the surface energy of the metal M and the

curvature of the metal surface, respectively. The curvature and surface are related as

follows:
H= oY A9
2H =—— (A9)
B2 aF(, . yH PR ar(, oy
imi (L] Pt eﬁ[V $-U. zlpF] _(f_) " [V $-Us zlij (A.10)
cd) Ceo

In their paper, P&F assigned the following values of £, o, and «, for the

copper/copper sulphate system: § = 0.58, o, =1.09 and o, =0.36 so their B-V equation

can be written as

0.035 oF 72H 076 oF y2H
. . C ——(V—¢—U,°+ J c ——(V—¢—Um+ j
1:10{(—J e™ W —1 e X aPr (A.11)

C

o] ©
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. . C . .
It is clear that P&F have not got the same powers for the ratio — as in our version
c

of the B-V equation where we had zero and one instead of 0.035 and 0.76 respectively. In
addition, we do not know why it is like that since they did not mention from where they
obtained the Butler-Volmer equation.

The electric field at the surface is given by

=S

Vo= _KL at the electrode surface (A.12)

e}

where K is the bulk conductivity, whereas the field far from the surface is given by

W ogy-
djz_ X at y=0 (A.13)

These two boundary conditions given by equations (A.12) and (A.13) are also
different than our boundary conditions given by equation (2.35) which is valid at both
electrodes. In our model we predicted that K has to be different from one another at
each electrode. A person can calculate 71- V¢ from our model and then it can be easily
seen that X depends on the concentration. But since the concentration at each electrode
is different, X_ cannot be the same and moreover it must be perturbed as a result of its

dependence on the concentration. The last boundary conditions which apply at the outer

edge of the boundary layer are
c=c,aty=90 (A.14)
and

p=¢. at y=0 (A.15)
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At a very slow movement of the electrode surface, the pseudo-steady-state
approximation for mass transport is valid and § remains constant. This is similar to the
approximation we used of dropping the growth constant from the domain. Equation (A.2)
upon applying this approximation and using equation (A.3) will turn into

- sz
Vie. +
i RT

Ve, V=0 (A.16)

P&F never said that they are using local electrical neutrality but some of their
equations are not true unless local electrical neutrality is utilized. And it seems that the
reason why they did not think they need this condition because they got enough
equations. On the other hand, in our original model presented in chapter 2, we did not

have the condition V?¢$ =0 on the domain so we used the local electrical neutrality.

Now let us find the base solution for the planar surface (i.e., when ¥ =0). After
using equations (A.16), (A.5) and (A.14) and by assigning the subscript zero to represent

the base solution to the ¢ problem, one will find

A {5)
bk R]Km RTKOO Je RT K, 24 (A17)

Gy = +| ¢, —
Y ED, ( Z2F*D,
where i, denotes the steady state current density. Next, when solving the ¢ problem, we

have V?¢ =0 with 3 boundary conditions luckily they are all satisfied but only if X_ is

the same in equations (A.12) and (A.13) which we know cannot be true for electrical
neutrality which they must be assuming. Now the base solution to the ¢ problem when
using equation (A.3) subject to the boundary conditions (A.12), (A.13) and (A.15) is

ZS
K,

¢, = (5_y0)+¢Re (A.18)
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It is clear that both ¢, and ¢, are oriented only in the y -direction and ¢, is a
nonlinear function of y while ¢, is a linear function of y. This is different from what we
found earlier in chapter 3 where the concentration profile had a linear dependence on y
whereas ¢ was the one with the nonlinear dependence.

To go on and study the stability of the base solution, one will write the following

perturbation equations

Y=Y,+¢l, (A.19)
c=c¢, +5:(c1 +Y _cz'ci} (A.20)

a,

dg
=g, y,—= A21
¢=4 +8(¢1+ @OJ (A.21)

and

i=iy+ g[i1 +7, ij (A.22)

a,

then to separate variables, we will use the following substitutions

Y, =Y,e"0e™ (A.23)
c, = ,e*0e (A.24)
& = e e (A.25)

and

i =1,e™e™ (A.26)
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Now we will concentrate on the neutral stability case with the target to obtain a
relation between the critical wave number and the input variables that can be compared
with the result of P&F. First, one can easily find that

i=0 (A.27)
which is the result of perturbing equation (A.6). Then upon perturbing the ¢ equations
we will get

=0 (A.28)
then when studying the ¢ problem, the perturbed version of equation (A.16) will turn to

be

2A . ~
d czl _ ZIF ls dcl _kZél :0 (A29)
d.yO RT Kao @0

which can be solved by using these boundary conditions

_écL_il_.F_l_sc]:O at yO:O (A30)
&, RTK,

and
¢,=0 aty,=0 (A31)
which are the results of perturbing equations (A.5) and (A.14) respectively.

The solution to equation (A.29) is

¢, =Ae™" +Be™” (A32)
where
2
i A zF i AR
RT K, RT K,
m, = 5 (A.33)

then the boundary conditions based on equation (A.32) are
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Ae™’ +Be™ =0 (A.34)
and
m A +mB -2t (41B)=0 (A.35)
#ATTEUURT K,

Now equations (A.34) and (A.35) are two, linear, homogeneous, algebraic

equations in 4, and B, which can be written as follows

mS m_¢S

iy o [)=[° (A.36)
S LR L 5 S I T -

RT K, RT K,

and the determinant of the matrix containing the factors of 4, and B, is

det =e™° (m_ - %IQ—S) —e™? (m;, —i—l—s—J (A.37)

which can be written as
det=m_e™’ —m_e™’ - ——“‘—((3"‘*‘s - e’"-“) (A.38)

)

By looking to equation (A.38) it is clear that m_e™ —m_e™ is negative while

(e"’*‘s - e"’“s) is positive. Based on that, one can conclude that if 7, is an input variable
and i, > 0 (anode) then the determinant will always be negative so 4, =B, =0= ¢,.On

the other hand, if i, <0 (cathode) then the determinant might be zero and ¢, does not
have to be equal to zero.

Now the applied voltage, 7, is the input variable, so setting ¥ will set #,. Then
when a person considers equation (A.38), the determinant is either zero or not and the

only free parameter under control is the wave number, k* , once all the input conditions
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are set. So there is always one k* for which the determinant is equal to zero, for all other
values of k2, the determinant is not zero leading to ¢, =0. In conclusion, for all cases,
except one, the determinant will not be zero so a person will consider this case as the
predominant situation and will set ¢, =0 and go to the B-V equation to calculate the

critical wave number.
P&F presented an equation for the critical wave number at high cathodic
overpotentials. We will now use the B-V equation to try to obtain such a relation and see

if we can get something close to their result. The perturbed B-V equation is

gt P b 4
0= ___C;l]; (_CLJ ¢ RT % U”)(_¢1 -¥, ——j¢° HUNEL o kf,mm,Yl]
Co ly, zpF

e e
ﬁ_fz‘.l__l aF (Cl + Yl d—oj
( }[CO j 1 e'ﬁ(V—%—Ue) Yo

+| f—-—L
z, Co Co
(A.39)
ﬁ+%i azF " =
ot aZF C_O € (V s ) _¢ = Y d¢0 f e 7/ k:riticalYI
Rl e dy,: s pl

C C

d
p+Zr-1 F [ 1+Y1 0 j
a c n -Br-g-U.) dy,
zl © ©

using our result that ¢, =@ =0 and dropping the first two terms on the right hand side as

a result of considering the case of high cathodic overpotentials one can get

a, sddy ¥ 2 p_ a, de,
S e R L ) PRI

then rearranging this equation will lead to the expression for the critical wave number

(ﬁ+&jidco RE zp: I zpF (A41)
Gdya, v K, 7

k2

critical —
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which is close to this expression given by P&F viz.,

koo = L prRIde, _pRY, (A.42)
a, yec, 4ay, rz,FDc,

Now some researchers performed experimental work in the area of dendritic
growth which has some connéction to our work. Trigueros ef al. presented an
experimental evidence on the drop of the current once the electrodes lose their planarity
in their paper:

11. P. P. Trigueros, F. Sagués and J. Claret, “Influence of an inert electrolyte on the
morphology of quasi-two-dimensional electrodeposits,” Phys. Rev. E 49, 4328 (1994).

In chapter 7 we proposed a design of an electrodeposition cell that has dimensions
ranging between 1 mm and 50 mm. To show that this is not a strange thing when
conducting experiments in this area, we want to point to the following work:

e Léger and coworkers used an electrochemical cell with these dimensions: 50 zm x 50
mm x 50 mm when they study the diffusive character of the mass transport in thin gap
electrodeposition experiments. This can be found in:

12. C. Léger, J. Elezgaray and F. Argoul, “Experimental Demonstration of Diffusion-
Limited Dynamics in Electrodeposition,” Phys. Rev. Lett. 78, 5010 (1997).

¢ Brissot and his group performed experiments to study dendritic electrodeposition of
lithium under galvanostatic conditions. The thickness of the lithium electrodes they
used were as small as 160 gm and the distance between the two electrodes is about 1
mm. This work is given in:

13. C. Brissot, M. Rosso, J.-N. Chazalviel and S. Lascaud, “Dendritic growth
mechanisms in lithium/polymer cells,” J. Power Sources 81-82, 925 (1999).

° Rosso et al. reported experiments performed in electrodeposition cells with thickness

ranging between 20-250 ym in:
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14. M. Rosso, E Chassaing, V. Fleury and J.-N. Chazalviel, “Shape evolution of metals
electrodeposited from binary electrolytes,” J. Electroanal. Chem. 559, 165 (2003).




APPENDIX B
DOMAIN PERTURBATIONS

In this appendix, we will explain the method of domain perturbations which is
required for the stability analysis that was done in chapters 3-6. The material in this
appendix is adapted from Johns and Narayanan, 2002. Now let # be the solution to a
problem defined on a domain D where D is not specified and need to be determined as
part of the solution. In addition, let the equations in our hands be sufficient in number on
D and on its boundary to determine u . Now estimates of # and D can be found by
solving a new problem defined on a knowﬁ domain called the reference domain denoted

D,. What we want to do then is to adjust the problem on D to make up for using the

reference domain instead of the current unknown domain. This will be achieved by

determining both # and D in terms of the solutions defined on D, .

Now to show how this is possible, we will work on a two dimensional problem
where Cartesian coordinates will be used. Then we can choose a point O as the origin

from which two perpendicular axes are originating namely Ox and Oy to define the
points of D, which will be denoted by the coordinates x,, y, and those of D by
coordinates x, y. The main idea then is to imagine a number of domains D, emerging
from the reference domain D, and to imagine that # must be found on each of these, one

of them is the domain we want to find. So the points (x,y) of the domain D, are then

determined in terms of the points (x,, y,) of the reference domain D, by the mapping

229
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x = f (X, Yo, €)
and
y = g%, ¥,€)
where according to these equations, each point of D, acquires an ancestor in D, .
For all the work in this thesis it is adequate to let D, be unknown in only one part
of its boundary and to let D, be specified and regular. After that let the domains D,

grow out of the reference domain as part of the boundary of D, , denoted y, =¥, (x,)

passes through a series of configurations y =¥ (x,&) forming the matching parts of the
boundaries of the domains D, . So it is satisfactory to write the mapping as
X=X,
and
y =8 (%0, 5, €)
where this mapping will take the points (xo, Yo=Y, (xo)) of the boundary of D, into the
matching points (x, y=Y,(x,¢)) of the boundary of D,, namely

X =X,

and

y=Y(x,&)=Y(x,¢)= g(xo,Y0 (xo),s)
This mapping is the foundation of performing the perturbation calculations when

having a domain that is not known, as in our electrodeposition problem. Figure B-1

illustrates this mapping.
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Now let us expand the function g in power of & as
9 1 ,0°
g (%0 ¥0,8) = & (%0, Y5, =0) +g£—(xo,yo,s = O)+E£25§(xo,yo,a =0)+...

where g(x,,¥,,& = 0) =y, and where the derivatives of g, evaluated in the reference

domain, are taken holding x, and y, fixed. Then, in terms of the notation

%)
34 (xo:yo):a_g(xoayo,gzo) (Bl)
t
62
yz(xo,yo):a—j(xo,yo,gzO) (B.2)
etc

the mapping can be written as
X=X, B.3)
and
1
Y= g(anyo:g) =Yoot EN (x0>yo) +582y2 (x07yo) +.. B.4)

and this is the form in which it is used.
Now, the boundary of the reference domain must be carried into the boundary of the

present domain by our mapping. Hence, the function ¥ (x, 8) , which describes the

boundary of the current domain, inherits its expansion in powers of & by putting

Yo =Y, (x,) into the expansion of the domain mapping. Then, at the boundary, the

mapping

and
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y=Y(x,)=Y,(x,)+ey (xO,YU (xo)) +—;—52y2 (xo,YO (xo))+...

which can be written as

x=x, (B.5)
and
y=Y(x,8)=Y,(x,)+&Y, (x0)+%ng2 () +-.. (B.6)
by introducing thevnotation
7 (%) = 2 (5. %, (%)) (B.7)
Y, (%) =, (x5, %, (%)) (B.8)
etc

Itis ¥,7,,... that must be found to specify the domain D, in terms of the reference

domain D, .

B.1 The Expansion of a Domain Variable and Its Derivatives Along the Mapping

Now, to determine the expansion of a domain variable and its derivatives along the
mapping, note that there are two kinds of variables of interest to us: those defined on the
domain, and hence on its boundary as well, and those defined only on the boundary of the
domain. These latter variables ordinarily depend on the shape of the boundary and
acquire their expansion by the expansion of the function determining this shape. The
curvature of the surface, the normal and the normal velocity are examples of variables
defined only on the boundary, but many variables of interest to us are defined on both the

domain and the boundary which we will discuss next.
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Let u denotes the solution to a family of problems on a family of domains, denoted
D, . The domains D, grow out of a reference domain D,. A point (x, y) of the domain
D, is connected to its ancestor (xo, yo) of D, by equations (B.3) and (B.4). Let
u(x,, ¥,,& =0) be denoted by #, (x,,,) and the target is to determine  at the point
(x,¥) in D, interms of u,.

To achieve our target, we expand u(x, y,€) in powers of ¢ along the mapping and

write this expansion

d
u(x,y,e)=u(x=x,,y =y0,8=0)+8£—(x=x0,y=y0,5 =0)

(B.9)
1 ,d*u B
+—g = (x=x0,y =y,,6=0)+...

2 d

where d/de denotes the derivative of a function depending on x,y and ¢ taken holding
X, and y, fixed.

Then, with u, defined by
1y (%, ¥o) =u(x=2x,,y=y,,6=0)

2
let us find out ﬁ and d tzl i

de de

To obtain a formula for %(x =X,, ¥ = ¥,,& =0), differentiate u along the
&

mapping taking x and y to depend on £, holding x, and y, fixed. By the chain rule,

there results

%(x’y’g):%(x’y?g)+%(x:y:g)%(x0;yogg) (B].O)
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where y = g(x,,,,&) and where the term %(x, ¥, s)g—f(xo, Y,,€) does not appear due
e

to the fact that equation (B.3), namely

x=f(%y,¥5,8) =%,
is being used instead, where x, is being held fixed. Then, set ¢ to zero in equation
(B.10) and use equation (B.1) to obtain

ai ] ou ou :
i—(x =X, ¥ =Y, =0)= g(xo,yo,s =0)+y (xo,yo)é;(xo,yo,s =0) (B.11)

In equation (B.11), introduce u, via

Ou
ul (xo,:.yo) :g(x = xo:y = yO:g = 0)

and observe that

Bu | \ - Ot
g(x =X, ¥ = ¥,,€ =0) :gO(Xo’yo)

0

 to get

d ou,

d—z;(x =X, Y = Y0, € =0) =1, (%5, ¥,) + 3, (xo,yo)go(xo,yo) (B.12)
0

where y, specifies the mapping to first order of ¢ and where u,, like #,, remains to be
determined.

To work out the second derivative, differentiate equation (B.10) to obtain

i[@}__d_ ou  Oudg _i{?z}i Oulog ud'g
de|de| de|de oyoe| deloe| de|dy|oe oy o

and substitute

i[%}i[@ﬂ}i{@}ig
de| Oe| Oeg|Oeg| Oy|O¢|oe
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and
d|ou)_0O|ou| 0| 0u\dg
de| 0y | Oe|dy| oy|oy|oe
to obtain
2 2 2 2 2 2
dl::512l+2 O'u 6_g+_6_z:[gg_} +§g_i_g2_ (B.13)
dg® Os Ooyoe Og  Oy” | O¢ oy Oe
Then, in equation (B.13), set x =x,, y =y, and & =0, introduce u, via
u, (x07y0) Py (x X, Y = Vo, €= O)
observe that
ayz (x xO’y yo:g O)_ ayo(xmyo)
and use equations (B.1) and (B.2) to obtain
d’u ou
de (x =X, Y=Yy, €= O) =u, (xo=yo)+2y1 (anyo)'a"y—]'(xo,YO)
éz ° .au (B.14)
u
+ 37 (%0, ¥0) ==~ (0, o) + ¥ (xo,yo)g"(xo,yo)
0 0

where y, specifies the mapping to second order of & and where u, remains to be
determined.

Additional derivatives needed to write #(x, y,&) to any order in ¢, but equations
(B.12) and (B.14) are enough to write u to second orderin & as

du, | 1 , 0%, au}
X, V,E)=u,+e|u +y +—& u+2y—+y +J, . (B.15)
( ) 0 l:l 1@0} 9 [2 1ayo 1 ayo ayo

where every variable on the right-hand side is evaluated at (x,,y,).
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To determine » on the domain D_, then, it would seem as though wu,,u,,u,,... as
well as y,,¥,,... would need to be determined on the reference domain D, . It turns out
that while #,u ,u,,... can be determined, y,,y,,... cannot, and, although this presents a

technical difficulty, it is helpful to be guided by the idea that what is required is a
mapping-independent prediction of the values of u at the interior points of the domain
D..
Our aim, then, is to derive the equations that must be satisfied by the functions
Uy, U, U,, ... on the reference domain D, from the equations satisfied by # on the present
domain D, . Now, derivatives of u appear in most of the equations of interest; hence, in
addition to the expansion of u , expansions of its derivatives e.g., expansions of du/0x
and Ou/8y, must be obtained. These can be used along with the expansion of  in
determining the equations satisfied by u,,u,,u,,... on the reference domain D, .

Ték'mg Ou/dy first, we must differentiate the right-hand side of equation (B.15)
with respect to y, holding x and ¢ fixed, where the functions appearing there depend on
X0, Y, and & . To do this, equations (B.3) and (B.4) can be used to obtain x, and y, in
terms of x,y and &, and then the chain rule of differentiation can be used. In this use of
the chain rule, functions of x,, y, and ¢ are to be differentiated with respect to y,
holding x and ¢ fixed; earlier, to obtain equations (B.12) and (B.14), functions of x,y
and ¢ were differentiated with respect to ¢, holding x, and y, fixed.

The chain rule, then, requires functions of x, and y, to be differentiated according

to
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Or1-.9 s
R PR gL
but ox,/dy is zero, due to the fact that x = f (%0, ¥,,€) = x,, and by this, the chain rule

reduces to

Y,
112

Hence, we must differentiate the right-hand side of equation (B.15) with respect to Voo

holding x, and ¢ fixed, and then multiply this by dy, /0y which comes from equation

(B.4), holding x and ¢ fixed. Doing this leads to

a_u.:{%gy_o:l_ké{a”l ¥V, +y 2” G 6)’1 j’

oy |, o &, oy T v oy Oy Y,

+18[au P +2y u8y0+ 2] 1'+y2%§)i
2 |, %y ‘s v,

BT, 2 ]
¥y WY ¥y,

(B.16)

where the chain rule has been used to differentiate u,,8u,/dy, ,0%u,/dy? ,u,,u, /8y, and
u,, but it has not been used to differentiate y, and y,. These derivatives have been
indicated as dy,/dy and dy,/dy for reasons to appear presently.

Now, equations (B.3) and (B.4) can be used to determine dy,/dy as

%:1_5%_182%_
Yy ¥y 2

and this reduces equation (B.16), the eXpansion of ou/dy, to its final form, that is
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—(xy,g)—au {aulwlazu"}
|

\ (B.17)
%52{% 2y 6u1+y16u0+y6u0}

W, o Y,

The main thing to observe in this formula is that all the terms in equation (B.16) in

Y, ou

which derivatives of y,,,,... appear e.g., _8;"—2 , are lost in taking the last step, with
0

the result that the expansion of du/dy looks just like the expansion of # , as might have

been anticipated, namely

Ouy | 1 ou, 50, Ou,,
U=u,+¢ u1+ylay +23 u2+2y16y+y16y +y2—a}7+
0 0 0 0

and

Ou  ou, Oy 62u 1 5| 0u, Ou,  ,0,  Ou,
- = +& +=¢’ +2 =+ ¥ +y, +..
» o e a2 |, Yo & %

2
and this would lead us to expect the expansion of 6_121 to be

O’u _ du, du, 63u0
o e
° ° ° (B.18)
1 ,| %, Pu, 0,  Du,
+—€ +2y, + y1 24y, — |+
Vs "oy, o, Y,

which, indeed, is correct. In all these formulas, the variables on the left-hand side are
evaluated at x,y and & whereas all the variables on the right-hahd side are evaluated at
x, and y,.

Turning to du/dx , we must differentiate the right-hand side of equation (B.15) with

respect to x, holding y and ¢ fixed. Now, x is equal to x,, but y is being held fixed,
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hence, y, cannot be fixed. The result is that §/0x, where y is held fixed, operating on
the right-hand side cannot be replaced by 9/0x, , where y, is being held fixed, even
though x = x,. The mapping must be used to determine y, as a function of x at a fixed
values of y and £ . Again, all of the variables on the right-hand side of the expansion of
u (x, y,€), outside of ¢ itself, which is being held fixed, depend only on x, and y,. In
view of this, our calculation of du/dx again requires the use of the chain rule, and in this

case it has the form

D4 0 q0x, ,
=15 12

Once more using equations (B.3) and (B.4) to express x, and y, interms of x and y,

there now obtain
X g
Ox

and

0P O 120,
6x6x28x

whence the chain rule takes the form -

=12

O, © Oy, T Ox

where

LT Y-

.19
ox ox 2 ox (B)-

Working out 8/0x applied to the right-hand side of equation (B.15) then leads to
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@:[%+%%J+g[[@i+-%%}+yl[ o4, +52u0 ay"}rau"@ijl

O | Ox 0y, Ox Ox, Oy, Ox Ocodyy Oy Ox | Oy, Ox
2 2
+182Hé_ui+%%}2y{_au_l+a_@%}2%@
2 [Lox dp Ox Yy Gy Ox | Oy, Ox
3 3 2 2 2
‘*’}’12{ a7402_*_6”30 ayo}_’_zylauzo%_i_yz{ Oy +a_uz_0%_:I+%_a_y_2}+m
axoayo ayo ax a.}/o ax axoayo ayo ax ayO ax

where the chain rule has been used to differentiate u,,0u,/dy,,0%u,/dy; ,u,,0u, /3y, and
u,, but it has not been used to differentiate y, and y,. Again, these derivatives are
simply denoted &y, /dx and dy,/ox .

The final formula for 6u/dx obtains on eliminating dy,/dx by the use of equation

(B.19) and it is

ou _ ou, [éul azuo}
—=—2+g| —+},
o x, | ox, " loxdy,

(B.20)

du Su & u
t—g?| =2 +2y ——+yl ——+y 0 }+
2 [5% ondy, T axdy, ondy,

Again, the derivatives of y,,y,,... are lost in the last step and the formula for du/ox
similar to the formula for du/ éy , takes the form of the formula for u itself This, of
course, makes it possible to guess other formulas e.g., the formula for 6°u/ox* . It is

worthwhile observing that each time dy,/dx is eliminated, by substituting

o 10

x 2% & in its place, terms to all higher order in & are introduced. It is by

Ouy Oy,

-+ this that the derivatives of y,,y,,... cancel out; for example, just as —>-=2 cancels
0
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L) and 152 Oty &y in the forgoing calculations, so too it will cancel

8 —
oy, ox 2 oy, ox

1 30u, 0,

g at the third order.
6 0y, Ox

Equations (B.15), (B.17), (B.18) and (B.20) are the final result that we were looking
for. In the next section an example is presented to help the reader understand how to
apply what he learned here.

B.2 An Example on How to Use the Expansions of # and Its Derivatives

The most direct way to obtain the equations satisfied by #,, u,, #,, etc. on the

reference domain is to substitute the expansions of # and its derivatives into the
equations that must be satisfied on the present domain. Then as the right-hand sides of

these expansions depend only on x,, y, and &, on setting the coefficients of each power
of & to zero, a set of equations in #,, u,, u,, etc. appear.

The next example will illustrate the method and it will mainly show that the
mapping does not survive in the equations satisfied by u,, u,, u,, etc.

Let u satisfy

u%+5u+g2 +1=0

on the current domain. Then substituting the expansions of u(x, y,&) and %(x Y,€)

into this, there obtains
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u,+&|lu + a L u, +2 a 262u0+y Gy ..
; " 5,) " o e

{Gu (6111 8 uo] 1 2(auz u ,u, azuoj }
+& +y +—£ +2y, +y; + V= |t
ayo a.y() @)0 2 @}0 a.yO @)O a.yO
+8[uo+3(u1+)’1%)+“' +£*+1=0

Y,

which leads, on requiring the coefficient of each power of & to vanish, to

uo—g;l—i+1:0 . (B.21)

0

ou, 0’u, Ou, | Ou,
U, a-i-y] 6y2 + Zl1+yl"a':y—- E-FZIOZO
0 0 0 0

0

+(u1+yl 6”"][6"1 +y, 62u0)+£ +y, auo]ﬂzo
Vo )\, Ve Y,

Now by usinggy@—(uo Oty + 1] =0, the first equation, equation (B.21) eliminates

[ 0

5 _
¥ [ Oy %%j in the second, reducing it to
Byo W,

uo%ﬁmlgyﬁJruo:O (B.22)
0 0

while the third equation can be written

0 1
Ug——=+—uy,—+u—+u +1+yu +u

1

2%, 2%, oy T X X W
3 2 2 2

1 2[u061?+611206u0+ ou,, 6u0] ly[ 6u0+_%%):0

0 ayo ayo ayo a)lo 2

ou, 1 ou, oOu [a’*’u1 . Ow By Buy Bu, 5u0+8uj

Uy——
Yo Vo Vo
In this, the terms multiplying y, add to zero, as do the terms multiplying 37 and those

multiplying y,. The sum of the terms multiplying y, vanishes on the use of
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while the sums of terms multiplying ) and y, vanish on the use of

—az—(uo%-l—lj =0 :—a—(uo—%+1j
o\ Yo\ Yo

whence the third equation reduces to

L, 2

1 bu,
2 oy,

+ —u2+u1§u—‘+ul+1:0 (B.23)

28, © W,

Again a sequence of equations on the reference domain is obtained, equations
(B.21), (B.22) and (B.23), and, again they are free of the mapping. The mapping is lost in
writing the equations on the reference domain. The earlier equations in the sequence
eliminate the mapping in the later equations. The result, then, is an equation for u, afc .
order zero. It is just the original equation for » written on the reference domain. Then
comes an equation for #, in terms of #,, succeéded by an equation for u, in terms of u,
and u,, etc.

A useful thing to conclude our discussion about domain perturbations is to explain a
rule by which the correct equations on the reference domain can be obtained without the
need to remove the mapping at each step by using equations found in earlier steps.

B.3 The Rule

The rule states that: To get the equations satisfied by u,, %, u,, etc. on the

reference domain, replace u# on the present domain by

1
U, + U +—&uy +--
2
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and then replace 9 by —i, 9 by i, etc.
Yy Y, x T 0

To check, let u satisfy the following equation on the current domain

u?—u—+6u+82+1=0

Then, making the substitution we get

( 1, )(Guo ou, 1 ,ou, )
U, teu +—gu,+- || —+e—+—-& —+--
2 W Dy 2 W

1
-k(uO +eu, +532u2 +---)+82 +1=0
and setting the coefficient of each power of ¢ to zero leads to

u, P10
0

ou,
1 0 —_
u,—t+u,—>+u,=0
0 ]

1 ou, 1 ou, !
—u, +—=u, +u—+u +1=0
2% 2%

etc.

These are equations (B.21), (B.22) and (B.23) obtained earlier, but with a lot less * ;

work.

¥4

re

~
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APPENDIX C
A SIMPLER PROBLEM TO SUPPORT THE (CRE) RESULTS

Consider a reaction surface that is being fed from a large well-mixed reservoir

through a film of a certain thickness /. The reservoir is mainly filled with substance 4

and with a concentration C,, that does not change. The substance A diffuses across the

film to reach the reaction surface where the concentrationis C,, and where the reaction

A =2 B is taking place to produce the substance B . Figure C-1 depicts the configuration

of this problem and shows the concentration profile of the two substances.

Large, well
mixed reservoir
with pure 4

CAO
Cpo=0

BQ

! N

| AN

i N

[ _

Cpole B ae=s

P N,

| N, » /__—-"\ Bi

| Pl - o, ™

! e ANC,

% Ny N

I /,./. N
CB‘O = O_l.é Y

: N

1 N

} N

N N

x=0 x=1
) !

Figure C-1. Configuration of the simpler problem where the reaction 4 &2 B takes place

on the right, fed by a reservoir of pure A through a film of thickness /.
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At x =0 (i.e., at the left boundary of the film) the concentrations of substances A4
and B are C,, and C,; =0 respectively since there is no B in the reservoir. On the
other hand, the concentrations are C,;, and C,, at the reaction surface where x =1. So 4
comes over from the film, makes B then B diffuses out and it is mixed in this large
reservoir where its concentration is zero. The reaction 4 2 B is just taking place on the

reaction surface at x =/ and there are no reactions happening in the film.

In our modei; the reaction surface is the electrode where the reaction takes place
and for certain reaction speed we want to know as we make the thickness of the film
larger and larger, sooner or later the diffusion will become so slow that the reaction will
come to equilibrium. So what we really want to know is how big is / so that the diffusion
is so slow and the reaction is so fast that C,, and Cj, at the reaction surface are related
by equilibrium.

Let us now formulate the model for the simpler problem explained above. The

reaction rate for the reaction Arz_:*B that takes place on the reaction surface is

r,= ECBZ - ECAI

At steady state, the diffusion equations for species 4 and B in the film can be

written as
dZCA
D, = =0 (C.1)
and
d*C
D, achB =0 (C2)

where the boundary conditions, as shown in Figure C-1 are




248

C,=C,atx=0and C,=C,, at x=1/
and
Cy=Cyho=0atx=0and C,=C, at x=/

Now the solution to equations (C.1) and (C.2) subject to these boundary conditions

are
X
CA =C +[CAI —CA0]7 (C.3)
and
X
Cy = (C31)7 (C.4)

In addition, the molar diffusion rate for species 4 (i.e., the rate of destruction of

A)is
1
N,=-D, [CAI —CA0]7 : (C.5)
and the molar diffusion rate for species B or the rate of formation of B is

1
N, =-D,C,, 7 (C.6)

The above two rates are equal; moreover, they are equal to #C,, —&C,,. As a result,
we can write

1 - _
DyCy 7 =kCy —kC, (C.7)

and by rearranging the above equation, one can easily get

i-De
Cu_— 1 (C.8)
C, k
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It is obvious that in the above equation as the distance between the two surfaces, /

increases, the ratio Cu will approach % (e, C,, = %C 5 ) Which is the equilibrium
BI

criteria. That is increasing the distances between the two surfaces will shift the system
more towards the equilibrium and this is similar to what we found in our results.
Furthermore, this simpler problem predicts the correct dependence on the

concentration C,,- It is obvious from equation (C.5) that decreasing C,,, will make the
transport rate weaker shifting the system more towards equilibrium. So if we consider /
and C,, as our input variables to this simpler problem, then increasing / and decreasing
C,, will both shift the system to equilibrium. This conclusion is in total agreement with

the results obtained from the CRE model.




APPENDIX D
HEAT FLUX THROUGH A ROD

This simpler problem is given here to present the main idea that if two processes
occur in series, then the slower one takes control of the overall rate. Now consider Figure
D-1 which depicts.a rod of uniform cross-sectional area attached to a well-stirred tank at
one end, and exposed to the surroundings at the other, where the temperature is held

constant.

V, . Volume of a well mixed tank.

4, : The cross sectional area of a rod in contact with the tank.

Figure D-1. Configuration of the heat flux through a rod problem.

In this problem two growth constants will appear, one that is related to how fast
things happen in the reservoir and the other will be concerned with how fast things

happen in the rod. Now there is only one o that will be found for the whole problem

250

K3




251

when it is solved. This o will represent how things are changing with time in both the
rod and the reservoir.

Now if we can think of these two rates to be in series making up the total rate, it is
fair to say that if one o is very slow and the other one is very fast then the overall rate
will reflect almost entirely the slow one. So the main issue will be to figure out when we
can approximate the o for the whole problem by dropping the ¢ in the rod (i.e., the o
coming from the domain) and keeping the one in the reservoir, in other words the o
coming out of the boundary.

To begin dealing with this problem, let the temperature throughout the tank be T,
at t =0 where7, > 0. This is also the temperature of the end of the rod attached to the

tank. The other end temperature of the rod is maintained at zero for all time. When ¢ > 0 ,

the tank will start losing heat by conduction and T}, will decrease, although it will always

-

be uniform in the well-stirred tank. As heat passes through the rod its temperature will
change and this will affect the rate of heat loss.

Now, in the domain (i.e., through the rod) the heat conduction equation is

o 5T
P o o

at O<x<L (D.1)

where p is the density of the rod material, ¢, is the heat capacity of the rod and % is the

thermal conductivity of the rod all of which are taken to be constant. The first boundary

condition is

T=0 atx=0 (D.2)




252

that is the temperature is held at zero for all time at the left end of the rod. The other
boundary condition is obtained from an energy balance at x = L (i.e., where the rod is
connected to the tank). The equation at this boundary is

Q—Z:—kAQ at x=1 (D.3)

v
Prefr g r

where p, is the density of the material in the tank, cf is the heat capacity of the material
in the tank and V7’ is the volume occupied by the material in the tank. The temperature 7’

at x = L is taken to be 77 whence 77 is eliminated from the problem.
Now at this stage we are ready to introduce o to the problem by expecting a

solution for 7 in the following form

=T (x)e™
In a sensible view of the problem and according to the above equation, & is introduced
as a decay constant and our job is to estimate its value. Dealing with the domain equation
first, let us substitute for 7' in equation (D.1) and differentiate and rearrange it to get

T pe, 4
(bcz :—TVO'T(JC) (D4)

Now, by scaling x as x" =% and substituting this expression into equation (D.4) we get

ZZ*]? _ _kaVLZ O'T(x*)

(D.5)

It is clear from this domain equation that the right hand side that contains o can be
ignored if p, ¢, and L of the rod are small or if % is large. That is to say, for example,

that & coming from the domain can be neglected if the rod is too short or the thermal
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conductivity of the rod is large so the change in the temperature in the rod will die out

very fast. For simplicity, let us call the term —%Lz , —A’ and write equation (D.5) as

§+aAzf"(x*): 0 D.6)

Equation (D.6) is the domain equation obtained after separation of variables and

scaling the problem to reduce the number of parameters. The solution of equation (D.6) is
T =c cos (Ax/—o—'x*) +c,sin (A\/Ex*) (D.7)

Now using the first boundary condition in it’s scaled form (ie., 7=0 at x" = 0) we can

conclude that ¢, =0 and equation (D.7) will be reduced to
T =c,sin(4Jox') | (D.8)
Turning to the second boundary condition and defining T = 7'(x)e™™ to separate

variables and using x* = % to scale the length as we did before, we get the following

equation

dr _ pTcZLVT
&' Ak

O'f’(x*) at x =1 D.9)

where the effect of the different parameters of the tank and the rod on o at the boundary
appear. For example, it is clear from this equation that if the volume of the tank or its heat

capacity is large then any change in the temperature at the boundary will take a long time

LY,
to die out. Now by defining B> :M, equation (D.9) will become
y g Ak q
df 2 2, * o
-=B"cT(x at x =1 .10
dx ( ) (D-10)
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Equation (D.8) can be used with equation (D.10) to get an expression for o as a

function of the input parameters namely, 4° and B*. So by substituting equation (D.8)

into equation (D.10) we get

tan(A«/E)—%%:O (D.11)

Equation (D.11) can be used to calculate o if the variables 4 and B are given.

Let us now turn to see what happens if ¢ in the domain is neglected (i.e., if o is

set to zero in the domain equation). Then equation (D.6) will reduce to

2
fo =0 (D.12)

whose solution is
T=cx +c, (D.13)

Applying the boundary condition 7 =0 at x* =0 will give ¢, =0 and equation (D.13)

will reduce to

T=cx' (D.14)
Now, by applying the second boundary condition i.e., equation (D.10), we get the
following equation for ¢ as a function of B

o= Elz' (D.15)

Equations (D.11) and (D.15) are the two equations we want to focus on. Although,
o can be easily calculated from either expression for any values of 4 and B, notice
how dropping the growth constant from the domain equation simplifies the final

expression and enables us to get an explicit equation for o . So what is left to do is to
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input different values of 4 and B and calculate o using the two equations and compare
the results. Table D-1 shows this comparison.

Table D-1. The effect of dropping the decay constant from the domain equatxon for the :
rod problem.

A B o from tan(A\/_) \/— o from 0':7;7
(Keeping o in the domam) (Dropping o from the domain) |-

0.0001 1 0.999 1
0.001 1 0.999 1
0.01 1 0.999 1
0.1 | 0.998 - 1
1 1 0.86 i
10 1 0.467 1
100 1 0.487 1
1000 1 0.501 1
10000 1 0.499 1

In Table D-1 above, B is fixed to one for simﬁlicity and A is the variable that_. we\
kept changing. The table shows that for small values of 4" compared to B, dropping“c
from the domain has nearly no effect on the precision of the results obtained. This S :
conclusion is still valid even if B is just one order of magnitude larger than 4. And if 1s
clear from the table that when the order of magnitude of 4 and B is the same or that of
4 surpasses the order of magnitude of B, then the approximation of dropping & from

the domain produces inaccurate results.

It is important to remind the reader here what is meant by 4 and B. The param'éter
A? was defined as A = %LZ which is totally determined by the variables of the rod

and which can increase by choosing a material with large density or heat capacity etc. On

Ly,
= %—T is affected by both

>

the other hand, the parameter B* which is defined by B>
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the variables related to the rod and those corresponding to the tank. Also it can be
adjusted by changing the variables appear in it, for example it can become larger for
larger volume or heat capacity of the tank etc. So these parameters are fully under our
control.

So what we learned from this model problem is that the order of magnitude of the
factor that is multiplied by each o in the equations will determine if dropping o in the
domain is a good épproximation or not. That is to say, if 4, which is the factor
multiplied by o in equation (D.6) corresponding to the domain, was small compared to
B, that is multiplied to the other o appearing in equation (D.10), then & in the domain
can be dropped with no harm.

So what we expect is this: scaling the equations properly and evaluating the order
of magnitude for every factor ﬁultiplying a o will determine when dropping o from

one part a problem and retaining it in another will be a good move.




APPENDIX E
THE EXPANSION OF THE CURVATURE TO SECOND ORDER

The expressions for the curvature of the surface at both the anode and the cathode
were given in chapter 2. Then the expansion of the curvature to first order was enough for
the linear perturbation analysis used in chapters 3 to 5. But when we extend our

calculations to the weakly non linear regime, we were in need for the expression of the

curvature to the second order.

The expression for the curvature at the anode as was given back in chapter 2 is

/) R . E.1)

where ¥ can be expanded to second order in £ such that
Y=Y +¢l] +—;‘-32Y2 (E.2)

and the first derivative of ¥ with respect to x is simply

—L+g +—1-$2in (E.3)
A dx, dx, 2 dr,

ar _dy, _dv,

and noticing that ¥, is not a function of x, so that —2 =0 and the second derivative
0

ayy .
5 will turn to

da’y d¥%, 1 ,d%,
o =& as:gl +582'6bc—§2 (E4)
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Now to go on looking for the second order expansion for the curvature let us say
ary B
that x = (Ej and then recall that the Taylor series expansion for (1+x) 2 is given by

3
(1+x)7 :l—ix+l§x2 +...
2 8

so the expression for x should be obtained from equation (E.3) by squaring the right
hand side and writing it to just the second order of & will be
2]
dx dx,

The next step will be to substitute for the expressions in equation (E.1). So we can

write

2 2 2

di [ 40 1.dh 0 3 .fdh E.6)

2\ dx, 2 dx 2 {dx,
ay

(=) .
dx .

and this will lead to the following equation of the curvature at the anode when expanded

to second order of ¢

2 2
2HA:sd1:‘+lgzg——I-:2— E.7)
dx, 2 dx,
On the other hand the curvature at the cathode as given earlier is
dy°
T2
2HC = 2 (E.8)

(@)
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2
so 2H ¢ is just different from 2H* by the negative sign that multiplies 6;3: . As aresult

the expansion for 2H¢ will be similar to that of 2H* except it will have the opposite

sign and since our work in this chapter will not require more than going to second order
non linear calculations, the expressions for 2H* and 2H® are

d2I11A 1 2d2Y2A
yog28h 9
dx; 2° dx} €

2H" =¢

and

dZYIC 1 5 dZYZC
E—————¢ (E.10)
dx;

2HC=— 2
2" dx’




APPENDIX F
THE EXPANSION OF THE INTEGRAL CONDITIONS TO SECOND ORDER

The scaled integral conditions that represent the constant volume and the constant
average ionic concentration are

w ¢

j J‘ dydx = constant (F.1)
and
W, Y€
ch dydx = constant : (F.2)
respectively.

. Now these two equations are written on the present domain, which is unknown, and
in order to use them we have to expand them in powers of ¢ as integrals over the
reference domain, the domain on which we are solving our equations. This can be done

by expressing the integral over the present domain in x and y as an integral over the
reference domain in x, and y,.

Taking equation (F.1) we write

J.J‘aﬁ/dx ‘“. a(gcty 3) = constant (F3)

where
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x

O(xy) _|0% | ox &y oy ox

0(xp, %) |0 dy| ox,, ox, d,
v W,

and noticing that the mapping is given by

and
1,
Y=Y t&y +58 Yt

6(x ¥)

SO
5(x0,y0)

is given by

and hence to first order we have

(F.4)

(F.5)

(F.6)

j‘dydx J-J-[1+8 Jaj/oafx IJ.afvodx +aj‘jay1 dy,dx,= constant (F.7)

Wy 1

hence the correction, viz., & J‘

s
00

J. I dy,dx, , must vanish and we have

J‘J‘ayl dy,dx, = J‘(ch _YlA) dx, =0

or,

-C-l-y-‘—ajzocbco , to the volume of the base state, namely,

(F.8)
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Wy Wy
j'zcabco—_fnf*asco -0 (£.9)
0 0

The equation, which requires that the average concentration of the ions in the

solution remain constant, can be written on the reference domain as

constant = (;’.‘A‘-c dydx = OJ‘OJ(CO +8(c1 +y jj/_c;)j](l + 8%:)—}05/00560 (F.10)

7 1
Again we recover the base equation, J‘ I ¢, dy,dx, = constant, plus a correction

00

which must be zero, viz.,

&€ Ojﬂcl +co'§)y_/;‘+y1 aj/O] dydx, =& J.J.l‘iyOCk + J-J‘ (Coyl)‘b’o =0 (F.11)

Our second equation is then

Wo
jcldx + j‘chcdx ciY de, =0 (F.12)

0

Now constant volume requires

T}dydx -”‘6((;:;? Ay, = jjééfodc +& J‘ j‘dylaj/dx +—¢ j dez dydx, = constant

(F.13)

and hence at second order we must have
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Wy 7
Ichch —~ J.YzAdxo =0 (F.14)
0 0

To get another equation turn to the condition J- J‘c dydx = constant which

expresses the fact that the average ion concentration remain constant. It can be written

W, ¥€

o TR o e

where
c=c +8(c +y ——°—j+lgz(c +2y,—+y; Zc°+ %j
0 1 1 S 2 2 16)/0 1 g 28)/0
and
a(x y) _1+gay1 +1826y2

a("o:)’o) 50 2 Eo

whence at second order we have

which can be written

Iﬂ: &, (coy2)+d§/ (C1Y1 +2;"(%"y1 I]dyo (F.15)

which upon using ¢, = 0 we have

J(chayod’co + JJ-‘ZTO(COyZ)Cb/deO + (;“Jé)‘{;[%?'yf]ayodxo =0 (F.16)




APPENDIX G
CALCULATING THE DETERMINANT FROM THE NONLINEAR PROBLEM

The matrix that contains the factors multiplying c;' and @ which was obtained

from the nonlinear second order calculation is

I 1 1
k¢ Kt K K
" cg —c cs —ct
K2 A KZ
e Vi,

which determinant is given by

(K: 4~k c)( C—cg’)_ (Kj—kz)(cg—cf+7ch:)

det =
© ree K VKK

then taking yKk’c;'c; as a common denominator and performing the multiplication of

the different terms we get

det = ;-sz%?(kg‘coc - (c(‘f )2 B (coc )2 +cics (7’k2 -yK? ))

Now the expressions for K, and k” as given previously are

& l{d_/@_@’_j or - yK? = /Do , Aty
e S ay, % dy,

and

k= __l_(dco/caj’o d¢0} or yk? = dco/cdyo _%
A dy, S s
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and when we substituted for K; and k° in the numerator of the expression for the

determinant we get

—(cg’)2 —(c(f)2 +2cfct —ic—"—c“ +@°—cc
det = o ' dyy
yejes Kok?

. . . dc
then when the numerator is put in terms of U, by using our knowledge that — = -2U,,
0

¢g =1+U, and c¢§ =1-U, all from the base solution, one will get

-1-2U,-U; -1+2U,-U? +2-2U? +2U, +2U? - 2U, + 2U>
yeicSK2k?

det =

which can be shown to be equal to zero upon collecting similar terms together as

QU2 -AU? +4U, - 4U, +2-2
det = ) =0
yejes Kok




APPENDIX H
WEAKLY NONLINEAR CALCULATIONS WITHOUT THE APPLICATION OF THE
MIGRATION TERM APPROXIMATION

In this appendix it will be shown how a person will reach the same conclusion
obtained in chapter 6 even if ¢ was not equal to € in the migration term. Since the
derivation was exl-alained in detail in chapter 6, our job here will be to present the main
equations and to show where these equations are different from those in chapter 6.

H.1 The Nonlinear Equations

The domain equations that hold through the electrolytic solution are

oc

— =DV’ 1
Py (H.1)
and
pvic+ ALy (cVg)=0 (H.2)
RT
At the boundaries, the following equations must be satisfied
-z.z,D =
Dn-Ve=—222_¢ |7i-i+n-U| (atboth electrodes 3
z.D, - z,D, | I ) (3)
2
Pi-Veril vy — 2% 5.5 +7-0] (atboth electrodes)  (H.4)
RT z,D, -z,D,
4 A N Mgy 2EA
CT = eﬁ[ = } (at the anode) (H.5)
c
and

(at the cathode) (H.6)
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where equations (H.2) and (H.4) are different from the corresponding equations given in

chapter 6. The next step will be to scale the nonlinear equations.

H.2 The Scaled Nonlinear Equations

Following the same scaling procedure in chapter 6 and after dropping the
superscript stars corresponding to scaled variables we obtain

oc Ve

== H.7)

and
P Vic+V-(cVg)=0 (H.8)

on the domain, while at the boundaries, the equations are
in-Ve= —(}_i[h’ U+ (7] (at both electrodes) (H.9)
c ﬁ-V¢=Z’2—Z[ﬁ-ﬁ+ﬁ-lﬂ (at both electrodes) (H.10)
Hm

c* = ' Aoy 2A! (at the anode) (H.11)

and
€ = ¥ Ao 72 (at the cathode) - (H.12)

Equations (H.8) and (H.10) are the two equations that differ from their
corresponding equations in chapter 6 namely. Now we are ready to find the base solution,

which we will be doing next.




268

H.3 The Base Solution

Here we are seeking a one dimensional steady state solution for the nonlinear
equations presented above. A subscript zero will be introduced from here on to denote the
base solution and the fraction U/U,_ will be simply denoted by U .

The solution to the concentration profile will be the same as that in chapter 6, so
one can write

_dc_0:_2U0 at y,=0 and at y, =1 (H.13)

0

and
¢, =(-2y,+)U, +1 (H.14)
so at the anode where y, =0, the concentration is
¢t =1+U, (H.15)
while at y, =1 (i.e,, at the cathode) we have
cs =1-U, (H.16)

Now when solving for the electrical potential, equation (H.8) will turn into

dg
21=0 H.17
afyo[ @o:| ( )

while equation (H.10) at the boundaries will be

dg, _-27U,

(H.18)
&y <
and solving this equation along with equation (H.13) we obtain
@, =Z lnc, +constant (H.19)

then realizing that ¢, = ¢;' at y, =0 and ¢, =¢ at y, =1, equation (H.19) will be
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C
# ¢ =2 In%; (H.20)
0

Finally using equations (H.11) and (H.12) along with equation (H.20), the

following equation is obtained to relate the voltage drop to the velocity of the surface

VA—VC:(1+Z)In[1+U°j (H.21)
1-U,

Looking to the base solution, it is obvious that according to this model the electrical
potential is not constant as it was in chapter 6 while the base relation between the voltage
drop and the velocity of the surface is simpler than it was in chapter 6. The following step
is to work the first order problem to see what we can learn from it.

H.4 The First Order Problem

In this section, our main purpose will be to check if the first order calculations will
lead to similar results as those in chapter 6. First, the ¢ problem will not change from that
in chapter 6 and the following equations can be written

Vic, =0 (H.22)

and

%:O at y,=0 and at y, =1 (H.23)

0
while when dealing with the electrical potential problem, perturbing equation (H.8) will

result in getting
Vo(cVod)+V, (eVep)=0 (H.24)
and the perturbed version of equation (H.10) is

C %—f-q%:O

25
@, T a, (H.25)
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Then perturbing the chemical reaction equilibrium equations will yield

2y 4 A .
at +_1_(dco/?'o +d¢0 jyf :—l[ﬁ +%J at the anode (H.26)
4 S :

dx§ /4 Co A,
and
2y C (o ' ‘
d Y; L dco/cajzo + 4, Y= 1 é +ié at the cathode ~ (H.27)
dx, ¥ S dy, 4 Co '
. e . . L dg, .
which are different from those in chapter 6 in one way which is that the term — is not a

0.
constant and it is different at each equation. The last two equations in the first orde_r_ .
problem are the two integral relations which resulted from the constant volume and the

constant average concentration conditions viz.,

# 2z S
JKchco— J‘Y,”de:O o (H28)
: : | | -
and )
W W .
J‘cldxo + J. cSYCdx, + J-cg’YIAabco =0 - (H29)
. s : .

These are no different than those given in chapter 6. From here on, one can follow the

same steps in chapter 6 to conclude that ' S

=g =¥ =0 | H30)
and | ‘

Y€ =D, coskx, (H.31)

where k% = —l(d(ﬁoc + dc"/dy"J .
r\d, ¢
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This completes the first order calculations with no major differences from the
calculations in chapter 6. We will now go on to investigate weakly nonlinear calculations.

H.5 The Second Order Problem

Here we will investigate what will happen to the velocity of the surface as we

increase the voltage beyond the critical point. Based on that, one will write

ye—ye _%gz (H32)
and
U=U, +%$2 U, (H.33)

Starting with the ¢ problem, we will write the equations as they appear in chapter 6

since they are not affected by the migration term approximation viz.,

Vic,=0 (H.34)
and
% - U, at y, =0 and y, =1 (H35)
0
while the solution is
¢, =-2 U, y, +constant (H.36)
and at the anode we have
A ’
¢5 =¢,(y, =0) = constant (H37)
then at the cathode one can write
¢ =¢,(y,=1)==2U,+c (H.38)

Now dealing with the electrical potential equations is different from that in chapter

6. First, equation (H.8) on the domain when expanded to second order will be
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Voe,Vod, + Ve, Vol + ¢,V +¢,Vid = (H.39)
which can be written as
Vo (Vo +¢,V o) =0 (H.40)
Moreover, the second order expansion to equation (H.10), which is valid at the

boundaries, will lead to

c %{jﬁ-c a;i =-227 U, (H.41)

so this equation shows that ¢, is a function of only y, and not x,. Based on that,

equation (H.40) can be written in this form

c a4, +c, 9 _ = constant (H.42)

° @0 aj’o

This means that the following equation is valid everywhere viz,,

¢ —5-’2+ b 5y U, (H.43)
“dy, ay,

Now to get the expression for ¢, , let us divide equation (H.43) by ¢, and then

a4,

0

substitute for c, and ¢, from equations (H.36), (H.18) and (H.14) respectively, to

get

df, 27U, 420Uy,  _ 22U

= (H.44)
dyy, —2U.y,+c; (—2Ucyo - cg’)2 (—2Uc Vo F c(‘;’)2
and the solution to this equation is simply
A A
4=292_2%Us, onstam (H.45)
cO Uc cO

then at the anode, a person can write
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A
& = Zg 20, + constant (H.46)

c

while at the cathode, it is true that

2ZUcl 22U,

4.C C
CyCy [

¢2c:¢2.4+

HA47)

which is different than the expression for ¢ in chapter 6. Turning to the CRE equations

at the electrodes, when expanded to second order, one will get at the anode

dZY*ZA ord 1 4 CA
dxg A% 2 y ¢2 064 (H )
A
where K’ = —l(cjzo + dey/ :b/" J which is exactly what we had earlier in chapter 6. On
4 0 G

the other hand, the CRE equation at the cathode to second order is

2y C c C 2 4C
ar, Y,f, +KYS =l(¢f +c—2C+1j—lDl2 cos’ kx, (d—%-+7kzj+li¢70Df cos’ kx, (H.49)
dx, ¥ < ¥ @, Y

with the only difference between this equation and its companion in chapter 6 is the

2 4C
presence of the term 1 ddﬁ) D? cos” kx, on the right hand side which was zero
v @,

2 4C
previously since —

-— was equal to zero.
0

Now the integral conditions to second order are the same as those in chapter 6

namely,
s s
jYzcdxo - jYzAdxo =0 (H.50)
0 0

and
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"

Ij‘zajzoafx + J.Cchx I"Y"dx L9 j(Kc)zckO—I(KA)zcch:O (H51)

0
then upon the substitution for the variables that appear in equation (H.50) by their

expressions, we get

1 1 220 Y. (1 1), 2U, 2zU, 1
36 Al sl T 2 2¢z: 2 C T 2.0 2
vk'c;  yKye, vkicscy ) vk™  yK, vk'c, vk'cy vk
2 s 2 2,0 | - (H-SZ)
n Dy dc, |y, _d o
27k* |\ < s
then doing the same thing for equation (H.51) will turn it into
cs —cf e~
1+(0 22) c;+(0 2 ) 2_ 2 ldcoDlz (H-53)
7K <, 7K 2 dy,

Equations (H.52) and (H.53) are two linear equations in c; and ¢ where U, and

D} appear on the right hand side. So we can write tﬁem in the form

(2U, 2zZU, 1 )
52cC t 52 - PE
11 N 2ZU, 11 YRG YKG Y
vk'c;  yKicy ykciel vk yKG |(cf DY |(deyjdy,\  df
c c_ .4 4= 2 c - 2 (H.54)
1+ (co — G ) (co “co) ¢ 27k % dy,
yK3c? yK2
4%o 4 U, _lde, D?
\ 24y,

A _ C _
then substituting —2* de, -2U,, d¢, _ 22U dgy _ 27U, i

A : and c
aﬁ’o dy < 2
A
yK:= —(d% + ch/Aaj/O] and yk* = —(d% 195 / @OJ we get yK? - 22U +2U, j 2U: and
@O CO d.yo cO CO
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vk* = w which with usage of ¢ =1+U, and ¢{ =1-U, will simplify (H.54)
S
into
z —(1+U) o (1+2)U,+U,(1+Z) D}
2ZU e 2(1+ Z > 55
. o, (@4) (-U) 421420, + 20DV o | ()

1+U, ~-u,

A A
(an a]zJ(CzAjz(b]J or Z(C‘ZJZE (H.56)
a21 a22 ¢2 b2 2

Now the determinant of the matrix A is simply

2ZU(1+U,) o
+U, -

c

det=-22U., + (H.57)

so because det4 =0 and we must have a solution (i.e., ¢i and ¢ must exist) so
solvability must be satisfied and we have two unknownsin 5 (i.e., D, and U,).
Solvability then relates these two variables and their relation comes from

2(1+2)

—(1+Z)2UCU2—2UZ(1+Z)D12+(1+Uc)[(UC—l)+2(1+Z)U2+ Uij}:o (H.58)

¢

which can be rearranged to

2(1+2)(1+U,)
1-U.

[—ZUf 1+2)+ UZj‘Df =
(H.59)

[(1+2)20,-2(1+2)(1+U,) JU, +(1+U,)(U,-1)
Now the factor that multiplies D is always positive while the right hand side is

simply —2(1+ Z)U, +(1+U,)(1-U,) . Then substituting for U, =U, ...+ and

, planar

observing that
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1-U?
U. =t .60
zeemer 21+ Z) (FL.60)
will simplify the right hand side into —2(1+Z)& which is always negative. This means,

as in chapter 6, that in order to get non-planar solution then we must have had

U, =U, i =9 (i€, the velocity of the surface must be less than the predicted value from

the base).
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