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ABSTRACT

In this thesis, we present a systematic study of Gauss' hypergeometric i)olynomials and their
applications. We define the Gauss' hypergeonietric polynomials by means of a generating
function, a differential equation and an integral representation. Some integrals, orthogonal
properties, semi-orthogonal properties and orthogonal symmetries of Gauss' hypergeometric
polynomials and their particular cases are also presented. Some integrals and expansion
formulae for Fox's H-function.involving Gauss' hypergeometric polynomials are also given.
We formulate and solve some partial differential equations related to the problems of heat
conduction and other applied sciences, solutions of which lead to the Jacobi polynomials and

the Legendre functions.
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INTRODUCTION

The main object of this work is to conduct a detailed and systematic study of the Gauss'

hypergeometric polynomials:

m

F(-m, b; c; x) = 2 (m), (), x"

————— N -00 <X <00
ot ©, n!

The Gauss' hypergeometric polynomials are important in many areas of mathematical
analysis and their applications. Partly this is a consequence of the fact that the following

polynomials and functions are simply special cases of the hypergeometric polyndmials:

(a+1),

(a,b) —
P () = n!

2Fl(-n, n+ a+ b+1; a+ 1; %)

b+1
=(-DH" ( n')" 2F]<-n, n+a+ b+ 1; b+ 1; 1-2”()

(a+1), [1+x\® Cox-
" (T oy (ombiadls T
(b+1), [x-1\n o x+1
= - .F | -n, -n-a; b+1; 1

1 1x

1 1-
CY(x) = (2:‘)“ ,F, (-n, n+2v v+ —; X)
: 2 2

1-
P .(x)= ,F, (-n, n+l1;1; X)
2

4

m2 1-
PT(x) = 1 1+x F. |-n, n+1;1-m; z
n 1 2 1
[(1-m) \ X 2

3 1-x
Un(x):(n+l) 2Fl(-n,n+l;-2—; > )




X

In chapter I, using an elegant technique, we define the Gauss' hypergeometric polynomials

by means of the following generating function:

oo tm
e' |F, (b;c;-xt) =m§0 =T ,F, (-m, b; ¢; x)
However this generating function may also be derived from result due to Bajpai

3, p. 17, (3.3)].

We further derive the generating functions of some classical polynomials and functions as

particular cases of our gnerating function [6].

We also present the differential equation and integral representation of the Gauss'

hypergeometric polynomials.

In chapter II, we establish some intergrals involving Gauss' hypergeometric polynomials
and present their particular cases, some of them are known and others are believed to be
new. These integrals are of fundamental importance in the study of Gauss' hypergeometric
polynomials and generalized hypergeometric functions. Some of these intergrals have been

employed in the subsequent chapters of this work.

In chapter III, we present three orthogonal properties of Gauss' hypergeometric
polynomials and employ them to obtain the orthogonal properties of Jacobi polynomials,

Legendre functions and some other polynomials.

In this chapter, we also present a direct method of proof [5,14] to establish the
orthogonalities of the orthogonal polynomials. Our method of proof is much simpler and

elegant than the traditional methods for establishing the orthogonalities of the orthogonal

polynomials.

These orthogonality properties of Gauss' hypergeometric polynomials will be used to

establish some expansion formulae in a subsequent chapters.




In chapter IV, we present three semi-orthogonal properties for Gauss' hypergeometric
polynomials and employ them to derive orthogonal proeperties for the Jacobi polynomials
and the Legendre functions. We have also derived results recently given by Bajpai [13,

pp. 63-66, (2.1)].

This type of research has been recently developed and studied at our esteemed University
[7,9, 10, 11, 13, 15, 16].

In chapter V, we establish an orthogonal symmetry for the Jacobi polynomials over the
interval [-1, 1] with resepct to the multiplier function (1-x)**" (1+x)®, if Re a > -v-1 and Re
b>-1. Also, we present an orthogonal symmetry for the Legendre functions over the

interval [-1, 1] with respect to the multiplier function (1-x)".

From our orthogonal symmetries, we derive orthogonal properties of the Jacobi
polynomials and the Legendre functions, respectively. Some other particular cases of our

orthogonal symmetries have been also obtained, which appears to be new.

In chapter VI, we evaluate three intergrals involving Fox's H-function and Gauss'
hypergeometric polynomials and employ them to establish three expansion formulae for
Fox's H-function involving Gauss' hypergeometric polynomials. We obtain some

particular cases of our intergrals and expanison formulae, due to Bajpai [4,5] .

In chapter VII, we formulate and solve three partial differential equations related to the
problems of heat conduction and other applied sciences, solutions of which lead to the
Jacobi polynomials and the Legendre functions, respectively. We also obtain particular
solutions of our partial differential equations in terms of Fox's H-function and derive some

special solutions.




CHAPTER1

GAUSS' HYPERGEOMETRIC POLYNOMIALS

1.I Introduction

In this chapter, we define Gauss' hypergeometric polynomials by means of a generating
function and obtain the generating functions of some classical orthogonal polynomials as
particular cases. We :also preserllt the differential equation and intégfal representation of

the Gauss' hypergeometric polynomials.

1.2 The Gauss' Hypergeometric Series F(a, b; ¢; x)

The series defined by:
ab _  a(a+l)b(b+l) x> e @, (), x
L+ —x+ oD ST+ e = % ~o (1.2.1)

is called the hypergeometric series, where a , b and ¢ are arbitrary parameters.

On writing the general term of (1.2.1) by U, (X) and applying the ratio test, we see that

lim Un+l (X) = lim (a’) n+l (b) n+l an (C)n n!
UL | T @ # DT @), (b), X
- [x| lm (a+n) (b+n)

"% | (c+n) (n+1)

Completing the limit process reveals that
U n+1 (X)
U, x)

lim
n—

= |x| (1.2.2)




provided none of a, b, or ¢ is zero or a negative integer. Therefore, we conclude that the
series (1.2.1) converges under these circumstances for all Ixl<1 and diverges for all Ix/>1.

For IxI=1, it can be shown [25, p.46] that a sufficient condition for convergence of the

series 1S c-a-b>0.

The function
o (@, (), x*
F(a,b;c;x) = ;S::) T - (1.2.3)

is called the hypergeometric function. It is also commonly denoted by the symbol

,F,(a, b; ¢; X) =F(a, b; ¢; x) (1.2.4)

where the 2 and 1 denote to the number of numerator and denominator parameters,
respectively, in its series representation. The semicolons separate the numerator

parameters a and b (which are themselves separated by a comma), the denominator

parameter c, and the argument x.

1.3 The Gauss' Hypergeometric Polynomials F(-m, b; ¢; x)

When c is zero or a negative integer, the series (1.2.3) generally does not exists, and
hence the function F(a,b; c; x) is not defined. However, when either a or b (or both) is
zero or a negative integer, the series is finite and thus converges for all x. Therefore, if
a=-m(m= 0, 1, 2, ...) then (-m) , =0 when n>m, and in this case (1.2.3) reduces to the
hypergeometric polynomials defined by:

m

(-m), (b), x"
F(-m, b; ¢c; x) = ——
(-m C; X) n§=:') ©.

-00 <X <00 (1.3.1)

k)




1.4 Relations to Other Polynomials
The Gauss' hypergeometric polynomials are important in many areas of mathematical

analysis and their applications. Partly this is a consequence of the fact that so many

polynomials and functions are simply special cases of the hypergeometric polynomials.

For example:
a+l -
P@Y (x) = ( n')“ 2Fl(-n, n+ a+ b+ 1; a+ 1; 12_)() (1.4.1)
b+1
=(-)" ( n')n 21:1(-11, n+a+ b+ 1; b+ 1; %—) (1.4.2)
(a+1), [1+x\® . ox-1
= -n, -n-b; a+1; —— 4.
= ( 3 ) 2I:1<n,nb,ei+,x+l) (1.4.3)
(b+1), [x- " . X+
=— (—2—) 2Fl(-n, -n-a; b+1; 1 ) (1.4.4)
I 1-x
Tn(X) = 2Fl (—n, n; -2—, —7—) (145)
2 1 1-
Ci(x) = ( v')n ,F, (—n, n+2v;v+—; X) (1.4.6)
n: 2 2
1-x
P.(x)= ,F, [-n, n+1;1; > (1.4.7)
m2 1-
PY(x) = 1 ( 1+x) oF, [-n, n+1; 1-m; =X (1.4.8)
[(1-m) \ I-X 2

3 1-x
Un(x) =(n+1) ,F, ( -n, n+1; 7,—2—) (1.4.9)




1.5 The Generating Function of ,F, (-m, b; ¢; x)

The generating function to be established is

e' |F, (b;c; xt)—z—zF (-m, b; ¢; x) (15.1)
m=0 !
Proof:
By writing
. (b)k kX k gk
t . LI
e' F, (b;c;-xt) = nzz() — go (c)k _
— . c ('l)k(b)k Xk tn+k
22 o, W
o o (D) xk qm
i kI 1.5.2
22 "0, W mn (1.5.2)

where the last step follows from the index change n=m-k [1, p. 13, (1.15)]

Equation (1.5.2) can be written as:

tm

® m 1k )
e lFl (b;C;'Xt)zz z (1) (b)k _75__

(1.5.3)
m=0 k=0 (©) k! I'(1+m-k)
Now using the modefied form of [1, p.360] viz;
-1)" I'(a+1
[(a+1-n) = —(w—, a 1s non integral (1.5.4)

(-a),

in (1.5.3), we have

co m m i k
¢ F (oap=y oy (MO x

m=o M! % (©)k K
o] tm

= — oF, (m, beix)
m=0 :

which proves (1.5.1).




1.6 Particular Cases of the Generating Function
The polynomials (1.3.1) lead to a great variety of polynomials as particular cases, some

of these particular cases are given below: -

(A) The generating functions for the Jacobi polynomials:

() ¢ |F, <1+a+b+m;a+ 1 (x‘zl)‘)z 20 —(%I)—Pfg' b (x) (1.6.1)
m= m
3 D) w '

CF (atbearp SV oS T pebm 6.
(e 1(3 a+ 3 ) mz=o @ I, (x) (1.6.2)
(iii) e* |F, (1+b+m; 1 (x'zl)t)= > Itn—'Pﬁ;} b (x) (1.6.3)

m=0 ’

which are special cases of (1.6.1).

Proof:

(1) In (1.5.1), setting 1+ a+ b-F m for b, a+1 for ¢ and lé—x for x, we have

s

e}

Cog. st t" . 1Ix
et F, (1+a+ b+ m;a+l; > _m2=0 e .F (-m, 1+a+b+m,a+1,T

Now with the help of a modefied form of [19, p. 268] viz, (1.4.1); the generating

function (1.6.1) is obtained.

(ii) In (1.5.1), substituting 1+ a + b for b, a+1 for ¢ and —1;— for x, we have

¢' |F, (I+a+b;a+l; -(l-x)t)=z — L,F, (-m,a+b+1;a+l;1;x)
2 mo m! 2




Now with the help of a modefied form of [18, p- 170, (16)] viz,
(a+1),

n!

P@ b (x) = ,F ( n,a+b+1;a+l; 1—2—> the generating function (1.6.2) is

obtained, which is a result due to Bajpai [ 6, p. 68, (3.25) ] .
(i11) In (1.6.1), putting a=0, the generating function (1.6.3) is obtained.

(B) The generating function for the Tchebichef polynomials:

(e |F, (m; = (le)t 2 —T (x) (1.6.4)
m=0

(ii) ¢ ,F, (m+1 2 (X21)t> mz:o (n;—l)!um x) (1.6.5)

Proof:

(1) In (1.5.1), substituting m for b, —;- for ¢ and 12_x for x, we have

oD\ t 1 1x
e’ F, (m’? 3 t)—z— 2F1<—m,m,—2—,7)

Now with the help of [19, p. 265] viz; (1.4.5), the generating function (1.6.4) is
obtained.

(11) In (1.5.1), setting m+1 for b, % for c and 1—;— for x, we have

o«

e* 1F1(m+1;%; _(12-)() t)= > Lm,— 2F1(-m, m+1;—2-; —12—X)

Now with the help of [19, p. 266] viz; (1.4.9), the generatmg function (1.6.5) is
obtained.




(C) The generating function for the Gegenbauer polynomials

[}

e |F, (2v+ m;v + é; (X;) t): > o0
- m=0 2V )m

tm

CY (%) (1.6.6)

Proof:

In (1.5.1), substituting 2v+ m for b, v+ % for ¢ and 1_;{_ for x, we have

- m -
e' F, <2V+m;v+%; (x-1) t)=Z im_’_ 2F1(-m,m+2v;v+ —;——12—)(-)

Now with the help of [19, p. 267] viz; (1.4.6), the generating function (1.6.6) is

obtained.

(D) The generating function for the Legendre function and polynomials

L lex )\ Dt et

(i)e (I_X) - IFl(m+1,1-n, 5 )_mZ:O —PhL (%) (1.6.7)

Qi) et |F, (m+1;1; (’;1) t):Z -‘n_l":_Pm ) (1.6.8)
m=0 :

Proof:

(1) In (1.5.1), putting b= 1+m, c= I-nand x = —1;—)(— we have

L

[m

et |F, (m+l;l-n; —(12-x) t): >

m=0

2F1<-m, m+1; 1-n; 1;)()

m! 2

Now with the help of a modefied form of [17, p. 143,6] viz., (1.4.8), the generating

function (1.6.7) is obtained.




(i) In (1.5.1), putting b=m+1, c=1 and x:ﬂ- , we have

tm

L0\ s
e' |F, (m+1,1, - t):Z

2 oo m!

Now with the help of a modefied form of [19, p.266] viz, (1.4.7), the generating

function (1.6.8) is obtained.

1.7 Differential Equation
The linear Second order D.E
X(I-x)y" + [c- (-m + b+1) X] y' + mby=0 - (1.7.1)

is the differential equation for the Gauss' hypergeometric polynomials

y =F (-m, b; c; X) (1.7.2)

which has been derived from the hypergeometric equation of Gauss' [1, p. 365, (9.23)].

1.8 Integral Representation
The integral representation of the polynomials is given by:
I'(c)

1
F(-m, b; ¢; x) = ———f ™! (1™ (1-xO)™ dt (1.8.1)
I(b) I(c-b) /0

where c>b >0

Proof:

Using Beta function relation [1. p. 364, (9.17)]:




t
B(n+b,c-b) =f 0l (1-pe™ldt | ¢>b>0 (1.8.2)
0

we deduce (n=0, 1, 2, .....)

®, T
©»  I(b) I'(c-b)

1
fo (b1 (1-t)c-b-l dt (1.8.3)

The substitution of (1.8.3) into (1.3.1) yields

rc « (m), o

F(-m,b;c;x) = '
I'(b) T'(c-b) n=0 1

1
f 0L (1)1 gt (1.8.4)
0

Interchanging the intergration and summation, which is justified due to the convergence

of the integral and series invovled in the process, we get (1.8.1).
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CHAPTER 11

SOME INTEGRALS INVOLVING GAUSS'
HYPERGEOMETRIC POLYNOMIALS

2.1 Introduction
In this chapter, we establish some integrals involving Gauss' hypergeometric
polynomials and present their particular cases, some of them are known and others are

believed to be new.

2.2 The Integrals involving Gauss' Hypergeometric Polynomials

The integrals to be established are:

. @ . b-c-n .
(i) fl xM(x -1) ,F, (n, b;c;x) dx =

(-1)" (c-h), T(c-b-h) T(1-c+b)
©, I[(-h)

,n=0,1,2,... (2.2.1)

where Re (b-c) >n-1 ,Re(c-b-h)>0 ,Re(c-h)>-n.

(11) fo x! (1+x)b'°'11 ,F, (-n,b;c;-x) dx =

(c-h), T(h) T(c-b-h)
(©)y T(c-b)

, n=0,12, .. (2.2.2)

where Reh>0 ,Re(c-b-h)>0 ,Re(h-c)<n.




1
(iii) ]0 x" (1-x)®¢" JF, (-n, b;cx) dx =

(c-h), T'(h) T(1-c+b)
(©, TI'(1-c+b+h)

n=0,1,2, .. (2.2.3)

b

where Reh>0, Re(b-c)>n-1.

(iv)f xt(x-1)0h! ,F, (-n,b;cx) dx =
1

(c-h), T'(b-h) T'(1-b)
©), T'(1-h)

, n=0,1,2, ... (2.2.4)

where Re(b-h) >0, Reb< 1-n.

(v) ] xp-! (1+x) B! ,F,(n,b;c;-x) dx =
0

(c-h), T(h) T(1-b)
(¢), T(1-b+h)

, n=0,1,2, .. (2.2.5)

where Reh>0, Reb< 1-n.

1
(vi) [ xb-1 (l-x)b'h‘1 ,Fi (-n,b;cix) dx =
0

(c-h), I'(h) I'(b-h)
(©), I(b)

n=0,1,2, .. (2.2.6)

where Reh>0, Re(b-h)>0.
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(vii) 11 x"al(x-1)*¢ LF, (-n, b+n;c;x) dx =

(-1)" (c-h-a), T'(c-b-h-a-n) T'(1-c+b+n)
(©), I(l-h-ay

s, n=0,1,2, .. (2.2.7)
where Re (b-c) >-1 , Re (c-b-a-h) >n, Re (h+a-c)<n.

(viii) f x Pl (14x)bc »F, (-n, b+n; ¢; -X) dx =
0

(c-h-a), T'(h+a) I'(c-b-h-a-n)
(©), I(c-b-n)

, n=0,1,2, .. (2.2.8)
where Re (h+a) >0, Re(c-b-a-h)>n, Re (a+h-c) <n.

1
(ix) / x™*1(1x)™° F, (-n, b+n;c;-x) dx =
0

(c-h-a), I'(h+a) I'(1-c+b+n)
(©, I'(l-c+b+a+h+n)

, n=0,1,2,. (2.2.9)

where Re (h+a) >0, Re (b-¢c) >-1.

Proof :

(1) The integral (2.2.1) is established by expressing the hypergeometric polynomials in
the integrand as its series representation (1.3.1), interchanging the order of integration
and summation, (which is justified due to the convergence of the integral and series

involved in the process), the left hand side of (2.2.1) can be written as
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o (-n), (b),
v 2 B

h+r-1 b-c-n
% T, 1 fl X el (2.2.10)

Now evaluating the resulting integral with the help of the integral [19, p.201, (7)] :

® [(v-w) T
/ xV (x-1)*! dx = M)— ,Rev>Rew >0 (2.2.11)
! I(v)
we get,
[(1+b-c-n) T'(c-b-h-
(Arbem) TEbhn) b b cil-ctbrhon:l) (2.2.12)
I'(1-h)

It can easily be verified that the generalized hypergeometric series in (2.2.12) is

Saalschutzian. Therefore, using Saalschutz's-theorem [17, p- 188, (3)]:

(c-a), (c-b),
(©), (c-a-b),
and the formula (1.5.4) , the right hand side of (2.2.1) is obtained .

3F, (-n,a,b; c;l-c+a+b-n;1) = (2.2.13)

(i) The integral (2.2.2) is established on following the technique employed to establish

(2.2.1) except instead if (2.2.11) , using the integral [19, p.233, (8)] :

I'tv) T'(w-v)
I'(w)

f X1 (1+x)™® dx = ,Re w>Re v >0 (2.2.14)
0

(iif) The integral (2.2.3) is obtained on following the technique employed to establish

(2.2.1) except instead of (2.2.11) , using the integral [17, p.9, (1) & (5)] :

['(p) I'(q)
[(p+q)

1
f xPh (1) dx = ,Re p>0 ,Req>0 (2.2.15)
0
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(iv) The integral (2.2.4) is established on following the technique employed to establish

(2.2.1) except instead of (2.2.11) , using the Vandermonde's theorem [1, p.368] :
(c-b),

2.2.16
. ( )

,F, (-n.,bic;l) =

(v) The integral (2.2.5) is established on following the technique employed to establish

(2.2.2) except instead of (2.2.11) , using the Vandermonde's theorem (2.2.16) .

(vi) The integral (2.2.6) is established on following the technique employed to establish

(2.2.3) except instead of (2.2.11) , using the Vandermonde's theorem (2.2.16) .
(vii) The integral (2.2.7) is obtained by replacing h by h+a and b by b+n in (2.2.1).
(viii) The integral (2.2.8) is obtained by replacing h by h+a and b by b+n in (2.2.2) .

Note 1 :
Integrals (2.2.3), (2.2.6) and (2.2.9) are known results [19, pp. 398 - 399, (2), 3) &

(M1.

(1x) The integral (2.2.9) is obtained by replacing h by h+a and b by b+n in (2.2.3) .

2.3 Particular Cases

(1) f 1+ (y-D* P& (y) dy =
1

h+a

2 ['(-a-h-n) T'(1+a+n) (1+b-h),
n! I'(1-h)

, n=0,1,2, .. (2.3.1)

where Rea>-1 , Re(h+a)<-n, Re(h-b) <1 +n.
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@) f (P (y-1) 12 T, (y) dy =
1

h
) x 2 F(%-h+n)
(-1) > 1) , n=0,1,2, .. (2.3.2)

I'(1-h) (h+7

where Re h < %—-n, Re h< %-&-n.

e

1

) / (P (y-1) 2 Cl(y) dy =
1

h+v-—
2 2(2v)nl“(v+%) F(%-v-h-n) <—i—+v-h) L n=0,1,2,.  (233)

n! TI'(1-h)

where Re v > -%—, Re (h+v) < %-n, Re (h-v) < %+n.

-

1
(4) / (l_y)h-l (1+y)a+b-h+n Pl(-la’b) (y) dy -
-1

22040 (14a-h) T'(h) T'(1+a+b-h+n)

, n=0,1,2, .. (2.3.4)
n! I[(1+a+b+n)
where Re h> 0, Re (h-a-b) < 14n .
1
(5 f (1-p)"t (Q+y) " T (y) dy =
-1
1
2™ (= -h) I'(h) I'(-h+n)
2 n , n=1,2,.. (2.3.5)

(1/2), T(n)

where Reh>0 , Re h<n.




1
) [ (L) P (Ley) >0 €Y (y) dy =
-1

21+ (v+% -h) T(2v-h+n)

1 , n=0,1,2, ..
n! T(2v) (v+7)n
where Reh>0, Re(h-2v) <n .
h-l+£
7 f (y-1) 2 (1+y)™ Pl (y) dy =
1
-1)™22Mm (1.m-h), I'(h) I'(-m-h-n
- (-mh), [0 Dem-hn)

I'(1-m+n) T'(-m-n)
where Reh>0 , Reh<-m-n ,Reh<1-m+n.
1
(8) [ (- (14+y)* P&Y (y) dy =
-1

2" T(h) I (1+b+n) I'(1+a-h+n)
n! I'(1+b+h+n)  I'(1+a-h)

, n=0,1,2,..

where Reh>0 , Reb> -1.

1
©) [ (1) (L4y) 2 T, () dy =
-1

1
- 2" I'(h) (? -h)n

2

F(—;—+h+n)

where Reh> 0.

(2.3.6)

(2.3.7)

(2.3.8)

(2.3.9)

16
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1
10 vt
()/awmmw-qwmy=
-1

h+v—i

2 % (2v), I'th T(1/2+v) (v+%—h) , n=0,1,2,.. (2.3.10)

n! I'( ;—+v+h+n)

where Reh>0, Rev >-1/2.

1
11 b1+
() ] (Iy)  * ()™ PP (y) dy =

-1

h+m
2™™ (1-m-h), T'(h) I(1+m+n) . n=0.1.2... (2.3.11)

I(1-m+n)  I(1+m+h+n)

where Reh>0 , m>-1.

mﬁ<mWww”“W“ww=
1

22*%*" T(-a-b) T'(l+a+b-h+n) (1+b-h), n=0,1,2,.. (2.3.12)
n! TI'(1-h) (l+a+b),

where Re (h-a-b) < 1+n, Re(a+b) <-2n.

ua]awWWMM“CHw®=
1

2210 I(1-2v) T(2v-h+n) (v+L-h
( ( ) ( 2 ) n=0,1,2, .. (2.3.13)

n! I'(1-h) (wé_)n
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where Re (2v) <1-2n, Re (h-2v) <n.

1
(14) hoe .
P} (y) dy =

(ly) % (1+y)
-1

2" I'(h) I'(1-h+n) (1-m-h), n=0,1,2,.. (2.3.14)

?

n! I'(1-m+n)

where Reh>0, Reh<1+n.

Proof :

I+y
2

(1) In (2.2.1) , replacing b by l+a+b+n, c by 1+b, x by ‘and using the

relation (1.4.2) , we obtain (2.3.1).

(2) In (2.3.1), using the relation [19, p.265]:
T, x) = _L pfl'”z‘-“z) (X) (2.3.15)
(12),

we obtain (2.3.2).

(3) In (2.3.1) , using the relation [19, p.267] :

1

&) p(v';_'vT) (x) (2.3.16)

n
v+l
2/n

Cr (x)=

we obtain (2.3.3).
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1-y

(4) In (2.2.2), replacing b by -n-b, ¢ by 1+a, x by n and using the relation

(1.4.4), we obtain (2.3.4).
(5) In (2.3.4) , using the relation (2.3.15), we obtain (2.3.5).
(6) In (2.3.4), using the relation (2.3.16) , we obtain (2.3.6).

(7) The integral (2.3.7), replacing b by n+1, ¢ by 1-m, x by 1—;/— and using the relation

(1.4.8), we obtain (2.3.7).

(8) In (2.2.3), replacing b by 1+a+b+n, ¢ by 1+a, x by Z—y and using the relation

(1.4.1), we obtain (2.3.8).

(9) In (2.3.8), using the relation (2.3.15), we obtain (2.3.9).

(10) In (2.3.8), using the relation (2.3.16), we obtain (2.3.10).

(11) In (2.2.3), following the technique employed to derive (2.3.3), we obtain (2.3.11).
(12) In (2.2.4), following the technique employed to derive (2.3.1), we obtain (2.3.12).
(13) In (2.3.12), using the relation (2.3.16) , we obtain (2.3.13).

(14) In (2.2.6), following the technique employed to derive (2.3.5), we obtain (2.3.14).




Note 2 :
It is interesting to note that (2.3.8), (2.3.9) and (2.3.10) can also be obtained as

particular cases of (2.2.5), also (2.3.4), (2.3.6) and (2.3.7) can be obtained as particular

cases of (2.2.6).

Note 3 :

Itis evident that if we set h+a forh and b+n for bin(2.2.1), (2.2.2) and (2.2.3), we
get (2.2.7), (2.2.8) and (2.2.9), respectively .

The formulae (2.2.7), (2.2.8) and (2.2.9), have been employed to establish some

interesting results in the subsequent chapters .

Note 4 :
(1) In (2.2.1), (2.2.2) and (2.2.3), replacing ¢ by 1-a-n , we obtain the following

results due to Bajpai [12, pp. 188-189, (1.7) , (1.9), (1.2)] :

(-1)" (1-a-h-n),, T(1-a-b-h-n) I'(a+b+n)
(-a-m), T(1-h)

(i)[ X" -1 UF, (nbl-a-nx) dx =
1

,n=0,1,2,.. (2.3.17)

where Re (a+b)>0, Re(a+h)<1 , Re(a+b+h)< 1-n.

(1-a-h-n) T'(h) I'(1-a-b-h-n)
(l-a-n), I'(1-a-b-n)

(ii) ]0 XM (1+x)**! F, (-n,b;l-a-n;-x) dx =

,n=0,1,2, .. (2.3.18)

where Reh>0, Re(a+h) <1 ,Re(a+b+h) <1-n.




['(1-a-n) T'(h) I'(a+b+n) I'(1-a-h)
I'(1-a) I'(1-a-n-h) I'(a+b+h+n)

1
(iii) /O X" (1) F, (-n,b;l-a-n;x) dx =

,n=0,1,2, ... (2.3.19)
where Reh >0, Re (a+b) > 0.

(2) In(2.2.1), (2.2.2) and (2.2.3), replacing b by 1-b+nand ¢ by 1-a-n, we obtain

the following results due to Bajpai [10, pp. 154-155, (1.7), (1.9) & (1.2) ]:

(i)] x (x-l)"'b"“ ,F, (-n,1-b+n;l-a-n;x) dx =
1

(-1)" T(1-a-h) I'(l-a-n) I(b-a-h-2n) T(1+a-b+2n)
I(1-h) [(l-a) TI(l-a-n-h)

where Re (a-b) > -1, Re (a-b+h) <0, Re (a+h) < 1.

(ii) fo x™ (14+x)*™" F, (-n,1-b+n;l-a-n;-x) dx =

I'(h) T'(1-a-h) I'(1-a-n) I'(b-a-h-2n)
I'(b-a-2n) I'(1-a) I'(1-a-n-h)

,n=0,1,2,.. (2.3.21)

where Re h > 0, Re (a-b+h) < 0, Re (a+h) < 1.

1
(iii) f XM (1-x)*™" ,F, (-n, 1-b+n; L-a-n; x) dx =
0

I'(1-a-n) I'(h) I'(a-b+2n+1) I'(1-a-h)

,n=0,1,2, .. (2.3.22)
I'(1-a) I'(l-a-h-n) I'(a-b+h+2n+1)
where Re h > 0, Re (a-b) > -1.
(3) In (2.2.2), replacing b by 1+a+b+n, ¢ by 1+a, h by w+1, x by y; ! and using the

relation (1.4.1), we obtain the following result due to Bajpai [5, p. 223, (2)]:
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o

fl (y-DY (y+1)* P&Y (y) dy =

221 ()" T(l+b+n) T(w+1) T(a-w+n) I(-1-b-w-n)
n!  T(-b) [(1+b) [(a-w)

(2.3.23)

where Re w> -1, Re (w+b) < -1-n, Re (a-w) > -n.

Note 5 :

(1) Integral (2.3.5) is a known result [19, p.271, (1)] withh=3/2and -1-h+n=d.

(2) Integral (2.3.6) is a known result [, p. 280, (3)] withh=v +1/2 and 2v -1-h+n=§ .

(3) Integral (2.3.9) is a known result [19, p.271, (2)] withf = 1/2, =« h- 1.

(4) Integral (2.3.10) is a known result [19, p. 280, (3)] with h=v + 1/2

andB=v-1/2.




CHAPTER III

ORTHOGONAL PROPERTIES OF GAUSS'
HYPERGEOMETRIC POLYNOMIALS

3.1 Introduction
In this chapter, we present three orthogonal properties of Gauss' hypergeometric
polynomials and employ them to obtain the orthogonal properties of Jacobi polynomials,

Legendre functions and some other polynomials.

In this chapter, we also present a direct method of proof to establish the orthogonalities
of the orthogonal polynomials. Our method of proof is much simpler and elegant than

the traditional methods for establishing the orthogonalities of the orthogonal polynomials.

These orthogonality properties of Gauss' hypergeometric polynomials will be used to

establish some expansion formulae in a subsequent chapters.

3.2 Orthogonal Properties
The orthogonal properties to be established are:

1
(i) J x“1(1-x)"¢ ,F (-m, b+m; c; X) ,F  (-n,b+n;cix) dx
0

n! I'(c) I'(1-c+b+n)

_ (3.2.1)
(c), (b +2n) T(b + n)

where Re (¢) >0, Re (b-¢)>-1.




(ii)/ X' (1+x)*¢ ,F,(-m,b+m;c; -X) ,F | (-n, b+n; ¢; x) dx
0

n! I'(c) ' (1-c+b+n) ['(1+b) F(-B)

= 6m,n
(), (b+2n) I'(b+n) I'(1-c+b) I'(c-b)

_n! I'(¢) I'(1-c+b+n)  sin m (c-b) 5

(©), (b+2n) I'(b+n) sinx (1+b)

where Re (¢) > 0, (Re b<-m -n, Re b> -m -n), provided b is non-integral.

(iii)f X (x-1)%¢ ,F (-m, b+m; ¢; x) ,F (-n, b+n;c; x) dx
1

_n! T (l-c+#b+n) I(1+b) I'(-b) 5

(¢), (b+2n) I'(b+n) I'(1-c)

n! I'(1-c+b+n) N

= dmn
(©), (b+2n) I'(b+n) T'(1-c) sinzm (1+b)

where Re (b-¢) > -1, (Re b <-m -n, Re b > -m -n), provided b is non integral.

Proof:

(3.2.2)

(3.2.2a)

(3.2.2b)

(3.2.3)

(3.2.3a)

(3.2.3b)

(1) In (3.2.1), expressing the two hypergeometric polynomials in the integrand as their

series representation (1.3.1), interchanging the order of integration and summation,

which is justified due to the convergence of the integral and series involved in the

process, the left hand side of (3.2.1) can be written as:

m n

(-m), (b+m), (-n), (b+n),
2 ———>

1
' J xc+r+u-1 (l_x)b.c dX
r=0 (C)r r! u=0 (C)u u! 10

(3.2.4)
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Now, evaluating the resulting integral with the help of the integral (2.2.15) and

simplifying, we have

m

i b
ST (lott) S (-m), (b+m),  T(c+r)
r=0

), I T(1+b+r)

3Fa (0, bin, e, l+bar 1) (35 5

It can easily be verified that the generalized hypergeometric series (3.2.5) is
Saalschutzian. Therefore, applying the Saalschutz's theorem (2.2.13) and simplifying

using the formula (1.5.4) in (3.2.5), we get

_ () T(c-b) T(1-c4b) T(-bn) o (-m), (-r), (b+m),

(©), D(c-bn) [(-b) [(1+b) o  (1+b+n), 1 (3.2.6)

If r<n, the numerator of (3.2.6) vanishes, and since r runs from O to m, it follows that
(3.2.6) also vanishes, when m<n. By symmetry, it is evident that (3.2.6) also vanishes

when n<m. Now, it is clear that for m # n all terms of (3.2.6) vanish.

When m = n, using the standard result [1, p. 359, (9.3)]:

-1)" 1!
(r-n)!
D.=1 o ,ifn>r

,ifO<n<r,; (3.2.7)

and simplifying (3.2.6), we obtain (3.2.1).

(i1) The result (3.2.2a) is established on following the technique employed to establish

(3.2.1) except instead of using the integral (2.2.15), we use (2.2.14).
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On applying the relation [17, p. 3, (6)]:

I''x) I'(1-x) =

2
sin 7t X (3:2.8)

to (3.2.2a), we obtain (3.2.2b).

(ii1) The results (3.2.3a) and (3.2.3b) are established on following the technique
employed to establish (3.2.2a) and (3.2.3b) except instead of using the integral (2.2.14),

we use the integral (2.2.11).

3.3 Another Proof of the Orthogonal Properties of Gauss'
Hypergeometric Polynomials

(1) In the integral (3.2.1)expressing one hypergeometric polynomials in the integrand as
its series representation (1.3.1), interchanging the order of integration and summation,
which is justified due to the convergence of the integral and series involved in the

process, the left hand side of (3.2.1) can be written as:

> (- b
_ z (m)r ( +m)r fol Xc+r-1 (l_x)b—c 2Fl (_n, b+n; c; X) dx (3.3.1)

= (©), !

Now, evaluating the resulting integral with the help of the integral (2.2.9) by replacing

h+a by c+r and simplifying, we get

_ [(c) T(l-c+b+n) 3 (-m), (-r), (b+m), 539
(©), T(+b+n) =0 (I+b+r), 1!




[f r < n, the numerator of (3.3.2) vanishes, and since r runs from O to m, it follows that
(3.3.2) also vanishes, when m < n. By symmetry, It is evident that (3.3.2) also

vanishes when n < m. Now, it is clear that for m # n all terms of (3.3.2) vanish.

When m = n, using the standard result (3.2.7) and simplifying we obtain (3.2.1).

(ii) The result (3.2.2a) is established on following the above technique employed to
establish (3.2.1) except instead of (2.2.9), using the integral (2.2.8). On applying the

relation (3.2.8), we obtain (3.2.2b).

(111) The formulae (3.2.3a) and (3.2.3b) are established on following the technique
employed to establish (3.2.2a) and (3.2.2b) except instead of (2.2.8), using the integral

(2.2.7).

3.4 Particular Cases
() In (3.2.1), replacing b by 1+a +b, ¢ by 1+a and x by i;i we have

7‘() 2Fl(—n, 1+a +b+n; l+a; 1,)—\> dx

fl (1-x)* (1+x)° 2F1(-m, l+a +b+m; 1+a;
-1

=~

2221 h1 I(1+a) [(1+b+n)

= S n (3.4.1)
(1+a), (1+a+b +2n) I'(1+a+b+n)

Using the relation (1.4.1), we obtain the orthogonal property of Jacobi polynomials [19,

p. 285, (5) and (9)].




(11) In (3.2.1), replacing m by k, b by 1, ¢ by 1-m and x by 17—‘( we have

1 ) A" F . ..l‘x . Cl-x
L (19 (1+)™ LF [k, ktl; l-m; ——| 5F, (-n,l+n; 1-m;——) dx

2 ['(1-m) I'(1+m+n)

= D) @) Sk n (3.4.2)

Using the relation (1.4.8), we obtain the orthogonal property of Legendre functions [19,

p. 279, (27) & (28)].

1+x

> we have

(u11) In (3.2.3), replacing b by 1+a+ b, ¢ by 1+b and x by

j (x-1) (1+X)b ZFI(-m’ l+a+b+m; 1+b; _‘I:X) zFl(-n,1+a+b+n; 1+b; I:X) dx
1

_ 2™l T(l+a+n) [(2+a+b) I'(-1-a-b) (3.4.3)

~ (1+b), (1+a+b+2n) T(1+a+ b+n) I(-b)

-

Using the relation (1.4.2) and the relation (3.2.7), we obtain the result due to Bajpai (5,

pp- 224, (7) & (8)].

(1v) In (3.4.1), putting a= -1/2, b= -1/2 and using the relation (2.3.15), we obtain the

orthogonal property of Tcheibyshev polynomials [19, p. 272, (8)].

(v) In (3.4.1), replacing a by v -1/2, b by v -1/2 and using the relation (2.3.16), we

obtain the orthogonal property of Gegenbauer polynomials [19, p. 281, (8)].




(v) In (3.4.1), putting a =0, b = 0 and using the relation [19, p. 266]:
P,(x)=P9(x) (3.4.4)

We obtain the orthogonal property of the Legendre polynomials [19, p. 277, (13) &

(14)].

(vii) In (3.4.3), putting a =v ~1/2, b = v ~1/2 and using the relation (1.4.6), we obtain

the orthogonal property for the Gegenbauer polynomials:

/:, (x2- 1) CY () CY (%) dx (3.4.5)

(), r<§+v) r(-2v) T(2v +1) 5 (3.4.50
n!  (v+n) ravy  r{12-v)

s (2v), r(12+v) - 5 3.4.50)

m,n

n! (v+n) T@2v) T(12-v) Sinm@v+1)

where Re (v) > -1/2, (Re (2v) < -m-n, Re (2v) > -m-n) =»Re (2v) %< -2n when m=n.

Note:
It is interesting to note that the orthogonal property of Jacobi polynomials due to Bajpai

[5, p. 224, (7) & (8)] can also be obtained if we replace b by 1+a+b, c by 1+a and X by
;‘;—1 in (3.2.2).




CHAPTER IV

SEMI-ORTHOGONAL PROPERTIES FOR
GAUSS' HYPERGEOMETRIC POLYNOMIALS

4.1 Introduction
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In this chapter, we present three semi-orthogonal properties for Gauss' hypergeometric

polynomials and employ them to derive orthogonal properties for the Jacobi polynomials

and the Legendre functions. We have also derived results recently given by Bajpai [13,

p. 63, (2.1)].

4.2 Semi-Orthogonal Properties

The semi-orthogonal properties to be established are:

I
(i) /o LX) SF (-m, bieix) LF (-n, bye; x) dx|

=0 Jifm<n

(b), n! I'(c) T(l+b-c) _
= ,ifm=n

(©,  I(1+b +n)

_ (B, (n+ D! T(c) I'(1+b-0) ifm=n+1

(€)n  T(2+b+n)

where Re¢> 0, Re (b-¢)>-1.

(4.2.1)

(4.2.1a)

(4.2.1b)

(4.2.1¢)




(ii) /Ow xe! (1+x)Pen ,F (-m, b ¢; -x) FL (n by ¢ -X) dx

=0 ,ifm<n

(b), n! I'(c) I'(-b) I'(1+b)
(¢)a  T(l+b+n) TI(c-b) ~

,ifm=n

(b), n! I(c) n
(©)n  T(+b+n) “T(c-b) sinzm (1+b)

(b), (n+ D! T(c) I(-1-b) T(2+b)
(©n T(+b+n) TI(c-b)

,fm=n+1

(b), (n+1)! I'(c) N
OF ['(2 +b+n) I(c-b) sinmt (2 + b)

where Re ¢ > 0, (Re b <-m, Re b> -n), provided b is nonintegral.

(iii) le XU (x-S SF (m,biesx) LF, (o, bre;x) dx [
=0

, fm<n

(b)), n! T(1+b-c) I(-b) T(1+b)
(). T(+b+n) T(l-¢)

=(-1)°
Jifm=m
(b), nl I(1+b-c¢) T
(©), F(1+b+n) [(1-c) sint(l+b)

=(-1)°

(4.2.2¢)

(4.2.2¢)

(4.2.3)

(4.2.3a)
(4.2.3b)

(4.2.3¢)
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D)y (n+ D! T(1+b-¢)I(-1-b) ['(2 +b)

=i(-1}™ (4.2.3d)
(©), T(2+b+n) r(1-¢)
,ifm=n+1
- (b), (n+ 1! T(1+b-¢) ;
=(-n™! — (4.2.3¢)
()a  T(+b+n) I(1-¢) sinT(2+b)
where Re (b-¢)>n-1,(Reb<-m,Reb> -n), provided b is nonintegral.
Proof:
(1)  To prove (4.2.1), we write its left hand side in the form:
= m)_ (b
> (m), ( ) / b (1-x) ben »F (-n, by ¢; x) dx (4.2.4)
=0 (C) 0 -

On evaluating the integral in (4.2.4) with the help of (2.2.3), it reduces to the form

zm: (m), (b), (-, T(c+r) I(1-c+b)

(4.2.5)
= (o), ©, D(l+b+r)

If r < n, the numerator of (4.2.5) vanishes, and since r runs from O to m, it follows that
(4.2.5) also vanishes, when m < n. Now, it is clear that for m < n all terms of (4.2.5)

vanish, which proves (4.2.1a).

When m = n, using the standard result (3.2.7) and simplifying, the right hand side of

(4.2.1b) follows from (4.2.5).

In (4.2.5), putting m = n + 1, using (3.2.7) and adding the resulting two terms (r = n,

n+1), we obtain (4.2.1¢).
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(11) To prove (4.2.2), first we reduce its left hand side to the form similar to (4.2.4) then

(4.2.6)

i (_m)r (b>r (-)° (-0, F(C+r) ['(-b-r)
= (o) T (©), D(c-b)
We see that (4.2.6) is of the same form as (4.2.5). Therefore, for m < n all terms of

(4.2.6) vanish, which proves (4.2.2a).

When m = n, using the standard result (3.2.7) and simplifying, the right hand side of

(4.2.2b) follows from (4.2.6).

On applying the relation (3.2.8) to (4.2.2b), we obtain (4.2.2¢).
In (4.2.6), putting m = n+1, using (3.2.7) and adding the resulting two terms (r= n,

n+1), we obtain (4.2.2d).
On applying the relation (3.2.8) to (4.2.2d), we obtain (4.2.2¢).

(ii1) To prove (4.2.3), first we reduce its left hand side to the form similar to (4.2.4) then

evaluate the last integral with the help of the integral (2.2.1) to obtain

o (m), (b), (D" (1), T(-b-r) I(1-c+b)

(
(4.2.7)
go (), ©, T(l-c-1)

Since (4.2.7) is of the same form as (4.2.5). Therefore, for m < n all terms of (4.2.7)

vanish, which proves (4.2.3a).
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When m = n, using the standard result (3.2.7) and simplifying, the result (4.2.3b)

follows from (4.2.7).

On applying the relation (3.2.8) to (4.2.3b), we obtain (4.2.3¢).

In (4.2.7), putting m = n + 1, using (3.2.7) and adding the resulting two terms (r= n,

n+1), we obtain (4.2.3d).
On applying the relation (3.2.8) to (4.2.3d), we obtain (4.2.3¢).

Note:

On continuing as above, we can find the values of the integrals (4.2.1), (4.2.2) and

(4.2.3) for m = n+2, n+3, n+4, ...

4.3 Particular Cases

(i) In (4.2.1), replacing x by _l;_x_ we obtain

—~

1 - -
] (1-x)" (1 +x)>m Fl(-m, b; c: ! x) 2Fl<—n, b;c; 1,)“) dx  (4.3.1)
1

~ b-n | -
_ 27" (®, 0! T(© T(+b-¢) Jifm=n (4.3.1b)

(), T(1+b+n)




2" (b)), (n+1)! T(c) I(1+ b-c) ,
= ,fm=n+1
(), T(+b+n)

valid under the conditions of (4.2.1).

(11) In (4.2.2), replacing x by %, we obtain

® c- -C-n . e ].-X I‘X
/1 (x- D' (x+D° 2Iﬂ(-m,b,c, S ) 2F1(-n,b;c; . )

=0 ,if m<n

2" (), n! T(c) T(-b) T (l+b)

n

() T(1+b+n) I(c-b)

,ifm=n
_ 2", n! I n
(), T(l+b+n) I'(c-b) sim(l+b)
_ 2" (b), (n+ 1! T() I'(-1-b) T(2+b)
(c)y T(+b+n) I(c-b)
,ifm=n+1
=2 (), (n+ D! T(e) T
(©), T(+b+ n) T(c-b) SinTt (2 + b)
valid under the conditions of (4.2.2).
‘ X+1
(i11) In (4.2.3), replacing x by 35— We get
® . can I +x 1 +x
/1 (x+ D (x-1° 2Fl(-m,b;c; 2\) 2Fl(—n,b;c; 5

=0 ,ifm<n

(4.3.1¢)

dx (4.3.2)

(4.3.2a)
(4.3.2b)

(4.3.2¢)

(4.3.2d)

(4.3.2¢)

> dx (4.3.3)

(4.3.3a)
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2" (D" (1), n! T(l-c+b) [(-b) I(1+b)

_ 4.3.3b
©, F(1+b+n) [(1-¢) ( !
,ifm=n
_2M D), 0l T-cxb) g 433
(n T(l+b+n) [(1-¢)  sinm(l+1b) .
b-n _ n+1 - -1 -
_ 27" (D™ (D) (n+ D! T(l-c+b) T(-1-b) [(2+b) (4.3.3d)
(©), F2+b+n) I'(l-c)
’ifmzl’l'f'l
~b-n _1yn+l ! -
-2 (D7 O m+D! [l-c+b) = (4.3.3¢)
(C)n F(2+b+n) I(1-c) sinm (2 + b)

valid under the conditions of (4.2.3).

(1v) In(4.3.1), setting 1 +a+b+nforb, 1 +a for ¢ and using the relation (1.4.1), we

obtain the orthogonality property of the Jacobi polynomials [19, p. 285, (5) & (9)].

(v) In(4.3.1), putting b=n+2vandc = v + ﬂ)i and using the relation (1.4.6), we obtain
the orthogonality property of the Gegenbauer polynomials [19, pp.281-282, (8) & (12)].

1

= and using the relation (1.4.5), we obtain the

(vi) In (4.3.1), setting b=n, ¢ =

orthogonality property of the Chebyshev polynomials of the first kind [19,p. 272, (8) &

(91

(vit) In (4.3.1), setting b=n + 1, c = | and using the relation (1.4.7), we obtain the

orthogonality property of the Legendre polynomials [19, p. 277, (13) & (14)].
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(vii1) In (4.3.1), putting m = n, then settingb=n+ 1,c=1 - m and using the relation
(1.4.8), it reduces to the orthogonality property of the Legendre functions [19, p. 279,

(27)].

(ix) In (4.3.2), replacing 1 +a + b + nfor b, 1 + a for ¢ and using the relation (1.4.1),

corresponding to (4.3.2a) and (4.3.2b), we obtain the orthogonality property of the

Jacobi polynomials due to Bajpai [5, p. 224, (7) & (8)].

(x) In (4.3.2), replacing n + 2v forb, v+ ;1- for ¢ and using the relation (1.4.6),

corresponding to (4.3.2a) and (4.3.2b), we obtain the orthogonality property of the

Gegenbauer polynomials (3.4.5).

(xi) In (4.3.3), replacing 1 +a+ b+ nforband 1 + b for ¢ and using the relation
(1.4.2), corresponding to (4.3.3a) and (4.3.3b), we obtain the orthogonality property of

the Jacobi polynomials due to Bajpai [5, p. 224, (7) & (8)].

(xt1) In (4.3.3), puttingb=n+2v ,c=v + —i— and using the relation [19, p. 267]:

o]
C)yx)=(¢D" (':!)“ 2F1<-n,n+2v;v+ qL; lgx>=(-1)“c;(-x) (4.3.4)

corresponding to (4.3.3a) and (4.3.3b), we get the orthogonality property of the

Gegenbauer polynomials (3.4.5).




l-x

(xin) In (4.2.2), replacing -n -b for b, 1 + a for c,

38

for x and using the relation

(1.4.3), we obtain the following result recently given by Bajpai [13, p. 63, (2.1), (2.1a)

& (2.1b)].
! b
J (1-X)* (1+05mm pab () pab vy gy
-1

=0 ,ifm<n

2%** I(l+a+n) I(l+b+n)

nl b F(l+a+b+n)

,ifm=n

Note:

Some other particular cases of our results may also be derived.

(4.3.5)

(4.3.5a)

(4.3.5b)




CHAPTER V

ORTHOGONAL SYMMETRIES OF THE JACOBI
POLYNOMIALS AND LEGENDRE FUNCTIONS

5.1 Introduction

In this chapter, we establish an orthogonal symmetry for the Jacobi polynomials over the
interval [-1, 1] with respect to the multiplier function (1-x)**% (1+x)®, if Re a > -9 -1
and Re b>-1. Also, we present an orthogonal symmetry for the Legendre functions

over the interval [-1,1] with respect to the multiplier function (l-x)ﬁ.

From our orthogonal symmetries, we derive orthogonal properties of the Jacobi
polynomials and the Legendre functions, respectively. Some other particular cases of

our orthogonal symmetries have been also obtained, which appears to be new.

5.2 Generalized Orthogonal Symmetry of the Jacobi Polynomials

The generalized orthogonal symmetry is

1
[ (1-X)° (1+° PG (x) PED (x) dx (5.2.1)
-1

=0 ,ifn+%<m<n-9 (5.2.1a)

_1y-80 Ha+b+0+1 ) o)
_ -’V 2 ['(1+a+n) ['(1+b+n) ['(1+a+b-20+2n) fm=n-o (5.2.1b)

(n-M)! I'(l+a+b-0+n) T(2+a+b+2n)
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(-1 2% Nl yatn) T(1+b+n) T(2+a+b-20+2n)

(-0 +1)! T'C+a+b-9+n) I'B+a+b+ 2n)

[ (n-0+1) (1+a-0+n) (2+a+b+2n) - (n+1) (I4+a+n) (2+a+b- 20 + 2n)] ,Af m=n-0+1 (5.2.1¢)

(-1)"% 22**%! @49+ n) T(b+0+n) [(a+b+2n)

n! I'(l+a+b+n) I'(l1+a+b+ 29+ 2n)

[ (an) (a+b+28+2n) - (n+9) (a+0+n) (a+b+2n) |, if m=n+0-1 (5.2.1d)

-1)7% 22051 Pl 4a++n) T[(1+b+0+n) [(a+b+2
QY (I+a+¥+n) [(1+b+5+n) Ma+b+2n +1) Jf m=n+9  (52.1e)

n! T'(a+b+1+n) I'(2+a+ b+ 20+ 2n)

where Re (a) >-1-0 , Re(b)> -1.

Proof:

In view of (1.4.1) , the integral (5.2.1) can be written as

1
f (1-x) **% (1+x)® P&Y (x) P&® (x) dx
-1

o (a+l) (-m). (l+a+b+m L
- ( )m ‘(( )r ( — )r f (l_x)a+6+r (1+X)b pn(a‘b) (X) dx (522)
=0 m! a+1)r 201! -1

On applying [ 19, p.284, (2)] :

fl (I'X)p (1-{-,‘()ﬁ p =B (‘{) dx = 2B+ e F(p+1) F([3+n+1) F(Oc_p+n)
. “ . n! I(x -p) T (B+p+n+2)

whereRep>0 , Re B> 0.

and simplfying (5.2.2), we get
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and simplfying (5.2.2) , we get

270%+8 (a+1), D(L+b+n) [(1+a+9) % (-m), (1+a+0), (L+a+b+m), (),

m! n! [(2+a+b+8+n) r=0 (1+a); (2+a+b+0+n) 1!

In view of the standard result (3.2.7), if r<n-9, the numerator of (5.2.3) vanishes, and
since r runs from O to m, it follows that (5.2.3) also vanishes, when m < n - O. By
Symmetry, it is evident that (5.2.3) also vanishes when m > n+9. Now, it is clear that for

n-0>m >n+ 9 all terms of (5.2.3) vanish, which proves (5.2.1a).
In (5.2.3), setting m=n-9, using (3.2.7) and simplifying, we get

1
/ (1-x) **7 (1+x)° P& (x) PO® (x) dx

-1

(-1 22+ %1 I(1iasn) T(1+b+n) T(1+a+b-29+2n)
(n-9)! I'(1+a+b-U0+n) I'RQ+a+b+2n)

(5.2.4)

which proves (5.2.1b).

In (5.2.3) , putting m=n-U+1, using (3.2.7) and adding the resulting two terms (r= n-9,

n-U+1), we get

1
f (1-x) 7 (1+x)° PEY (x) P, @Y (x) dx
-1

['(1+a+n) I'(1+b+n) I'(2+a+b-20+2n)
(n-0+1)! T'(C+a+b-0+n) I'(3+a+b+2n)

— (_1)-\3 2a+b+1‘)+l




[(n-8+1) (1+a-0+n) (2+a+b+2n) - (n+1) (L4asn) (2+atb-20+ 2m)] (5.2.5)
which proves (5.2.1¢).

Note:

On continuing as above, we can find the values of the integral (5.2.1) for m=n-9+ 2,
n-0+ 3, ... , n, ..., n+ 93, n+ 9-2.

In (5.2.5) , substituting n+39-1 for n, we obtain

1
fl(l-x) 0 (14x)° PED (x) P,@P (x) dx

['(a+9+n) ['(b+8+n) ['(a+b+ n)

n! I'(1+a+b+n) ['(1+a+b + 29+ 2n)

- (_1)-1'} 2a+b+ﬁ+l
[0 (a+n) (a+b+ 20+42n) - (0+9) (a+O+n) (a+b+ 2m)] (5.2.6)

which proves (5.2.1d).

In (5.2.4) , replacing n by n+ 9, we have

1
(1-x) **7 (14x)® P@® (x) P_@® (x) dx
1 n+% n

- ~asbror1 1 (1+a+0+n) [(1+b+0+n) [(a+b+20 + 2n+1)

n! I'(a+b+1+n) ['(2+a+b + 20+ 2n)

= (-1) (5.2.7)

which proves (5.2.le).
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5.3 Another Proof of the Generalized Orthogonal Symmetry of the Jacobi

Polynomials

In view of (1.4.1), the integral (5.2.1) can be written as

1
/ (1-x) % (1+x)® P&P(x) P @Y (x)dx =
-1

(1+a), (1+a),
m! n!

i
/ (1-x) *? (1+x)*  ,F, (-m,m+a+b+l;1+a; l_X>><
-1

,F, (-n,n+a+b+1;l+a; 1,;K>dx

-~

Now, expressing the hypergemetric function in the integrand as its series representation

(1.3.1), we have
(1+a), (1+a), i(-m)r(m+a+b+l)r S (), (n+a+b+ 1),

m! n! = (l+), 2" S 1+, u 2"

1
XJ (1-x) % (14x)b dx (5.3.1)
-1

Evaluating the last integral in (5.3.1) with the help of a modefied form of the integral [17,

p.9, (5)], viz.

1

f (1-x) @ (1+x)° dx=22+b+! [la+ I(b+ 1) ,Rea>-1, Reb>-1 (5.3.2)
-1 I'a+b+2)

then (5.3.1) becomes

1+ 1+ -m) (l+a+b+m r 9 1
_ ( a)n; ( [ a), D(b+ 1) 20+ 01 Z( ). ( , ). (a+ 9 +1+1)
men w0 (l+a) T [a+b+ 0 +1+2)

3F2 [—n,n+a+b+l,1+a+8+r;l+a, 2+a+b+ﬂ+r;l] (5.3.3)




Now, applying Saalschutz's theorem (2.2.13) t0 (5.3.3), we get

m

) gebe el Z (m), (r-9), m+a+b+l), Da+O+r+1) (-n-b),
=0 (I+a), o [a+b+B+r+2) (n-a-b-0-r-1),

l+a
=£_)_m_r(b+1
n!

m!

(5.3.4)

In view of the standard result (3.2.7), if r < n - 9, the numerator of (5.3.4) vanishes and
since r runs from O to m, it follows that (5.3.4) also vanishes, when m < n - O. By
symmetry , it is evident that (5.3.4) also vanishes when m > n + O. Now, it is clear that

forn-9>m>n+9 all terms of (5.3.4) vanish, which proves (5.2.1a) .

In (5.3.4), applying the technique of the previous proof we get (5.2.1b), (5.2.1¢) and

(5.2.1d) .

5.4 Zero Orthogonal Symmetry of the Jacobi Polynomials

The orthogonality property of the Jacobi polynomials [19, p. 285, (5) & (9)]is

/: (1-x) * (14+x)° P@® (x) P @Y (x) dx (5.4.1)
=0 ,ifm#n (5.4.1a)

~a+b+l
_ 2 [(1+b+n) I'(1+a+n) if m=n (5.4.1b)

n! (l+a+b+2n) I'(1+a+b+n)

where Re(a)>-1 , Reb>-1.

New method of proof :
In (5.2.1) and (5.2.3), setting & =0, we have

1
j (1-) * (1+x)° P@®(x) p_@® (¢) dx
-1
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) 2a+b+l (a+1)m F(1+b+n) I'(1+a) i ('m)r ('r)n (1+a+b+m)r (542)

m! n! T'(2+a+b+n) =0 (2+a+b+n), T

If r<n, the numerator of (5.4.2) vanishes, and since r runs from O to m, it follows
that (5.4.2) also vanishes, when m < n. By symmetry, it is evident that (5.4.2) also
vanishes when m > n. Now, it is clear that for m # n, all terms of (5.4.2) vanish , which
proves (5.4.1a).

When m =n, using the standard result (-n), =(-1)" n!, then (5.4.2) yields (5.4.1b).

The orthogonality property of the Jacobi polynomials can also be derived on setting O =0
in (5.2.1), (5.2.1a) and (5.2.1b). Therefore we call it as zero orthogonal Symmetry of the

Jacobi polynomials.

Note:

The technique given above, provides us a new and precise method to establish the

orthogonality property of the Jacobi polynomials.

8.5 First Orthogonal Symmetry of the Jacobi Polynomials

The first orthogonal symmetry is

1
[ (I-x) **' (1+x)® P&Y (x) P &Y (x) dx (5.5.1)
-1
=0 ,fm=#zn-1,n,n+1 (n-1>m>n+l) (5.5.1a)
_ -2%*2 D(l+a+n) I[(1+b+n) [(a+b+2n - 1) — (5.5.1b)
(n-1)! T(a+b+n) [(2+a+b+2n) ’
a+b+2 .
_ 27" [(1+a+n) T(1+b+n) (n+1) (1+a+n)  n(n+a) ifm=n(5.5.10)

n! T(l+a+b+n) (l+a+b+e2n) | (2+a+b+2n)  (a+b+2n)




-2%°2 M(2+a+n) [(2+b+n ) [(l+a+b+2n)
) fm= el (5.5.1d)

n! TI'(1+a+b+n) ['(4+a+b+2n)

where Re (a) > -2, Re (b) > -1.

Proof:
In(5.2.1) and (5.2.3) , setting¥ =1, we have

1
/l(l-x) L (1+x)° PP (x) P, (x) dx

(5.5.2)

2822 (a+1),, T(1+b+n) I(2+a) g (m), (r-1), (2+a), (1+a+b+m),

m! n! ['(3+a+b+n) =0 (1+a), (3+atb+n) 1!

It is evident from (5.2.3) that if m # n-1, n, n+1 all terms of (5.5.2) vanish, which
proves (5.5.1a).

In (5.5.2), puttingm =n -1, using (3.2.7) and simplifying, we obtain (5.5.1b) .

In (5.5.2), putting m=n, using (3.2.7) and adding the resulting two terms (r=n- 1, n),

we get (5.5.1¢) .

In (5.5.2), putting m =n + 1, using (3.2.7) and adding the resulting three terms (r = n -
I,n,n+ 1), weobtain (5.5.1d). We can also derive (5.4.1d) on substituting n + 1 for n

in (5.5.1b) .

The results (5.5.1a), (5.5.1b) , (5.5.1c) and (5.5. 1d) can also be derived by putting & = 1

in (5.2.1), (5.2.1a) , (5.2.1b) , (5.2.1¢) and (5.2.1e).
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5.6 Generalized Orthogonal Symmetry of the Legendre Functions
The generalized orthogonal symmetry is
&
/1<1-x)f’ PM(x) P™(x) dx (5.6.1)

=0 ,fn-0>k>n+9 (5.6.1a)
n! 2n-2%)! (n+m)!

Cn+ 1! (n-9)! (n-m-9)!

= (-1 291 ,if k=n-9, m<n-9 (56.1b)

9 (n+1)! 2n-20 +1)! (n + m)!

(2n+2)! (n-9)! (n -m -9+1)!

(_1)6-#—1 2\3-0-2

,f k=n-9+1, m < n-9+1 (5.6.1¢c)

|
i
|
|
|
|

= ()P 292 g (n+9)! 2n-1)! (n+m+9-1)!

2n+2®)! (n-1)! (n-m)!

,f k=n+9-1, m<n+9-1 (5.6.1d)

(n+3)! 2n)! (n+m+9)!

Cn+20+D! n! (n-m)!

= ()% 29! Jif k=n+9, m<n+9 (5.6.1e)

Proof :
Expressing the Legendre functions in the integral (5.6.1) as hypergeometric functions (1.4.8),

we have

: ) 5
f_l (1-x) ® PP (x) PM(x) dx = (1-x) ( 1+x

{ra-m}® \ 1%

-1

> »F (K, k+1;1-m;(1-x)/2)

% ,F, (-n,n+1; I-m; (1-x)/2) dx (5.6.2)
Using the definition of the hypergeometric function (1.3.1), the right hand side of (5.6.2)

becomes

1

k n
(15" 1+x \™ (-k), (k+1), (1—}()‘ (-n), (n+l), <1-,\'>“

d: 5.6.3
{F(I—m)}2 <1'X) r:ZO (1-m) ! 2 2 - o :

-1
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The order of the integral and the summations, can be interchanged (because of their absolute
convergence) and we rewrite (5.6.3) as

n 1

k
1 (-k), (k+1) (-n), (n+l1)
r r u u 1 m _y) tu-m+9 .

which, by using the Beta - integral (5.3.2), reduces to

5 0+1 Zk: (-k), (k+1), Z (-n), (0+1), T(m+1) T (r+u-m+S+1)

(5.6.5)
{I‘(l-m)}2 = (Im), % (1-m), ul [(r+u+9+2)
Rewritting some of the gamma functions in (5.6.5) in Pochammer's symbol, we have
k n
20+1 ) (-k), (k+1), Z (-n), (0+1), T(m+1) (r-m+S+1), T (r-m+9+1) (5.6.6)

C-m)’ = Cm)or S (m), (r+9+2) T(r+0+2)

The second summation in (5.6.6) can be replaced by the generalized hypergeometric function

~ and we rewrite (5.6.6) as

2% P(m+l)  w (-K), (k+ D), T (r-m+9+1)
TUm)f’ = (lm), 1 [ (+0+2)

3F, (o, 4, r-m+9+ 1 1-m, r+9+2;1) (5.6.7)

We observe that the generalized hypergeometric series in (5.6.7) is Saalschutzian. Applying the

Saalschutz's theorem (2.2.8) to (5.6.7), we obtain

2% T(m+l) <« (K, (+-0), (k+1), T (-m+0+1) (-m-n),

. (5.6.8)
fram® = (m), 0 rEr0+2) (1m), (or9-1),

In view of the Standard result (3.2.7), if r<n - &, the numerator of (5.6.8) vanishes, and since
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r runs from O to K, it follows that (5.6.8) also vanishes when k < n - O. By symmetry, it is
evident that (5.6.8) also vanishes when k> n + 9 . Now, itisclear that forn-9>k>n+ o

all terms of (5.6.8) vanish, which proves (5.6.1a).

In (5.6.8), setting k = n - 8, using (3.2.7) and simplifying, we have

1
| (10° PR (9 PR (9 dx

n! (2n-20)! (n+m)!

(2n+D)! (n-9)! (n-m-9)!

=(-1) 8 o0+l ,m<n-v (5.6.9)

which proves (5.6.1b).

In (5.6.8), putting k = n - O + 1, using (3.2.7) and adding the resulting two terms (r =n-9, n-
U+1), we get

I
/_l(l-x)ﬂ PM. (X) P™(x) dx

B+l o2, (n+1)! (2n-29 +1)! (n+m)!
(2n+2)! (n-9)! (n-m-9+1)!
which proves (5.6.1c¢).

=if1) ,m=<n-9+1 (5.6.10)

Note:

On continuing as above, we can find the values of the integral (5.6.1) for k= n-9+2, n-9+3, ...
, N, .., n+0-3 n+ -2,
[n (5.6.10) , substituting n + & - 1 for n, we obtain

1
fl(l"Q % Ple, (X) PM(x) dx




= (-1) ¥ 29%2g (n+9)! (2v-1)! (n+m+9 -1)!
(2n+29)! (n-1)! (n-m)!

,m<n+ 9 -1

which proves (5.6.1d).
In (5.6.9.), replacing n by n + O, we have

1
/.1 (1-x) ® P™"s(x) P™(x) dx

9 50+ (n+9)! 2n)! (n+m+9)!

2n+29+1)! n! (n-m)!

,m<sn+9

=(-1)
which proves (5.6.1e).

5.7 Zero Orthogonal Symmetry of the Legendre Functions

The orthogonality property of the Legendre functions [19, p. 279, (27) & (28)] is
I

[ Prw PP

S

=0 ,ifk#n

2 (n+m) !

= CorD) (oom) | il k=n, m<n

New method of proof :
In (5.6.1) and (5.6.8) , setting O =0, we have

fl m(x) P™(x) dx
-1

2 T(m+l) w (K), (-0, (k+1), DE-m+l) (-m-n),
fram}® = (-m), nT@+2) (-m), (nrD),

(5.6.11)

(5.6.12)

(5.7.1)
(5.7.1a)

(5.7.1b)

(5.7.2)
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If r<n, the numerator of (5.7.2) vanishes, and since r runs from O to k, it follows that (5.7.2)
also vanishes, when k <n. By symmg:try, it is evident that (5.7.2) also vanishes when k > n .
Now, it is clear that for k # n , all terms of (5.7.2) vanish, which proves (5.7.1a) .

When k = n, using the standard results (-n), = (-1)"n! , then (5.7.2) yields (5.7.1b) .

The orthogonality property of the Legendre functions can also be derived on setting 9= 0 in

(5.6.1) , (5.6.1a) and (5.6.1b) .

5.8 First Orthogonal Symmetry of the Legendre Functions

The first orthogonal symmetry is

l
j (1-x) P* (x) P™(x) dx (5.8.1)
-1
=0 ,ifk#n-1,n,n+1 (n+1<k<n-1) (5.8.1a)
- |
= 2 (@m) (n+m)! k=n-1 , nzm+1 (5.8.1b)

(1-4n%) (n-m) !

aaaaaa

2 (n+m) !

- ,kzn , > 5.8.1¢c
(2n+1) (n-m) ! : nem ( )
YO !

_ _2n-m+l) (n+m+l)! k=n+1, nzm-1 (5.8.1d)

[1-4 (n+1)?] (n-m+1) !

Proof:
In (5.6.1) and (5.6.8), setting 0= 1, we get

[ (1 PP PP de
-1
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4 Tm+l) < (K, (1), (k+1), D(-m+2) (-men).

T (5.8.2)
fram}” =  (m), 10@3) (m), (nr2).

It is evident from (5.6.8) that if k #n - 1, n, n + 1 all terms of (5.8.2) vanish, which proves

(5.8.1a).

In (5.8.2), putting k = n - 1, using (3.2.7) and simplifying, we obtain (5.8.1b).

In (5.8.2), putting k = n, using (3.2.7) and adding the resulting two terms (r = n - 1, n), we get

(5.8.1¢).

[n (5.8.2), putting k= n+1, using (3.2.7) and adding the resulting three terms (r=n-1, n, n+1),

we obtain (5.8.1d). We can also derive (5.8.1d) on substituting n+1 for n in (5.8.1b).

The results (5.8.1), (5.8.1a), (5.8.1b), (5.8.1c) and (5.8.1d) can also be derived on putting

& =1 in (5.6.1), (5.6.1a), (5.6.1b), (5.6.1c) and (5.6.1¢).
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CHAPTER VI

SOME INTEGRALS AND EXPANSION FORMULAE
INVOLVING FOX'S H-FUNCTION AND GAUSS’
HYPERGEOMETRIC POLYNOMIALS

6.1 Introduction

In this chapter, we evaluate three integrals involving Fox's H-function and Gauss’
hypergeometric polynomials and employ them to establish three expansion formulae for
Fox's H-function involving Gauss™ hyper geometric polynomials.

We obtain some particular cases of our integrals and expansion formulae due to Bajpai

[4,5].

The H-function introduced by [21, p.408] , will be represnted and defined as follows :

2 Sl 25 ds,

! P
[T ra-b+is) [T Teag)

j=m+1 j=n+1

(6.1.1)

where an empty product is interpreted as 1, 0 <m <q, O<n=<p; e’s and f’s are all
positives; L is a suitable contour of Barnes type such that the poles of ['(b- fjs), =1,
..., m lie on the right - hand side of the contour and those of F(l-aj+ejs) ,J=1, ..., nle

on the left - hand side of the contour.




In what follows for sake of brevity :

P q
2 ¢-2 1

J=1 j=1

n P m q
A, De- > e+ZfJ- fi=B and
j=1 j=n+1

j=m+1

(a .€,) represents (@, ,e,),... , (a,,e.) .

P P> TP
6.2 Integrals Involving Fox's H-Function and Gauss’ Hypergeometric

Polynomials

The integrals to be established are

(l) h+a- b-c . m,n k (aP’ € )
[ X" (x- 1) LE, (r,b+r;c;Xx) Hpw | zx I(bq,fq)
t

r F(l‘C+b+r) m+2n (a , € ) ’ (l_a_h7k) > (C-a‘h’k)
= (DT —5—= Hd [ | (cabier k) (c-b-a-h-rk) |, (b f,) (6.2.1)

where k is a positive number ,A<0,B>0, largzl<%Bn, Re (b-¢c) > -1,

l<jsn ej

Re (h-c+a+b) + k , ™ [Re(aj-l)>}<-r ,and

Re (h-c+a) + k 1SJSH[Re(aj'l)” <r

€

'(ap, e )J

(")[ X" (14x)>° LF, (r,b+r1;c;-x) H;‘;I"[ £)
0

(1-a-hk) , (a,.e,) , (c-a-hk) J

1
= ———— HJO [Zl (c-a-h+r,K) , (c-b-a-h-r.k) , (b. .f,)
(©, I'(c-b-1) e WPt
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where K is a positive number , A <0, B >0, largzl < %Bn, Re (h +a) +

a -1
Re (J )} <-r , and
€

I<j<m f. l<js<n
J

. b.
kK 20 [Re(—J)J>O,Re(h-c+a+b)+k max

max
l<j<n

Re (h-c+a) + k

1
. ‘ o (a , € )
(111) / x™ (1) JF, (-r,b+r1;c;X) Hpe [zxk I(bz,f:) dx
0

F(]. -C+b+ r) m+1.n (l_a-h"k) > (ap:ep) > (C-a-h’k)
T Hyoah [Z | (cahir), (bg.fy), (c-a-b-herk) [ (62.3)

where k is a positive number, A <0, B>0, largzl < —;—BJ‘E, Re (h+a)+

. b.
k 1:13nsm Re (f—’)]>0,and Re(b-c) >-1.
j
Proof :

(1) The integral (6.2.1) is established by expressing the H-function in the integrand as a
Mellin - Barnes type integral (6.1.1) and interchanging the order of the integration ,
which is justified due to the absolute convergence of the integrals involved in the

process, we have

H I'(b;-f;9) H ['(1-a; +¢;8) 2°
j=1 =1

q p
[T r-byfs) [T Ia;-es)

j=m+1 j=n+1




X f XMkl ()% F | (r, bery ¢ x) dx ds (6.2.4)
1
Now, evaluating the inner - integral with the help of (2.2.7) , we have

[T -9 [T r-a+es) 22
J=1 j=1

2mi q P *
[1 ra-b+f9) [T e -ep)
j=m+1 j=n+1
(-1)" T(1-c+b+r) ['(c-h-a-ks+r) T'(c-h-b-a-ks-1) ds (6.2.5)
©, ['(c-h-ks-a) T'(1-h-ks-a)

On applying (6.1.1) , the integral (6.2.1) is established.

(i) The integral (6.2.2) is established on following the technique employed to establish

(6.2.1) except instead of (2.2.7), using the integral (2.2.8).

(itf) The integral (6.2.3) is established on following the technique employed to establish

(6.2.1) except instead of (2.2.7), using the integral (2.2.9) .

6.3 Particular Cases

(1) In (6.2.2.), replacing b by Il+a+b, ¢ by 1+a, z by 2%z, h+a-1 by w,

x -1

X by and using the relation (1.4.1), we obtain the result due to Bajpai [5, p.

2

224, (6)] :
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(@, e,)
(b, 1) } dx

207 (1) Dbt s (W, k), @ €) . (@-w, K)

= e | 22" J(631
r! T(-b) T(1+b) “‘“[ @wr, k) Chwer, k) (g, f) )

[ (x-D¥ (x+D° PP (x) HI [z(x-l)k
1

where K is a positive number, A <0,B>0, largzl< % Br,

- a.-1
I,R k 4
)J> e (w-a) + lSJSI]Re(e )<r,

J
a;-1
Re(J )}<-1.
¢

(i1) In (6.2.3), replacing b by 1+a+b, ¢ by l+a, z By 2kz, h+a-1 by o, x by

: b
min
Re w+k l<jsm lRe(f

J

max
I<j<n

and Re (w+b) +r +k

l—é—- and using the relation (1 4. 1) we obtain the result due to Bajpai [4, p. 699,

(2.3)]:

!
/ (1+x)° (1-0) ° P&Y (x) HM® [Z(l'x)k E;z ?Z;}

-1

2(b+0+l) F(1+b+r) Hm+l n+1 kl (-O’ k) ’ (aP’ Cp) > (a-o, k) (632)
r! P2, q+2 (a-o+r, k) (by, ), (-1-b-o-1, k) )

where k is a positive number, A <0, B>0, larg z| <—é—Bn,Re(b)>-l , and

‘ b.
refors 2 (3) -
j
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6.4 Some Expansion Formulae Involving the Fox's H-Funstion and the

Gauss’ Hypergeometric Polynomials

The expansion formulae to be established are
(@, ,¢,) T (1- o (D)7 (b+2
Q) x" Hms [Zx (bp pJ (1-¢) -1 ( +’r) [(b+r)
['(1+b) I'(-b) =0 r

Q’q

m+2, n (a e) (hk) (1-h-c, k)
2Fr(r,b+riesx)y HiG G, |z (h+r k) (-h-b-r, k), (b, f) ] (I<x <®) (6.4.1)

where k is a positive number , AsO,B>O,]argz | <%Bn, Re (b-¢c)>-1,

J

a. -1 a.-1
Re(h+b+k i ( Je )) <-r, Re (h+k 15jn (-Le—)) <r, and Re b=-2r.

J 1 o (-7 (b+2r) I(b+r)

5 h m,n k p’ €
(1) x Hp.q zX ( f '
4’ I'(c) T'(1+b) I'(-b) =0 r.

| o || (Fhe K) @y, €) , h, k)
zFl(-r,b+r;c;-x) HP+2,Yq+2 (-h+1, k), (hbl’k) (b ) , D<x< (6.4.2)

where k is a positive number, A <0, B >0, ,argz [ <%Bn,

b;
Re(c+h+k ‘f:;m(f ))>O
j

-1 a -1
Re(b+h+k 15 (a’e )) , Re (h +k 5 ( Je )) <r, and Re b#-2r.
J i

1 i (b+ 2r) T(b+r)

(i) x* gmo [zx l € p) } -
3 p.q (b L) < !




C m+1, n+l (1-h-c, k), (ap» ep) , (-h, k)
For,b+r;c;x) Hpagn |2 (-h+r, k) , (by, f), (hebr, k) |» O<x<1 (6.4.3)

where k is a positive number, A <0,B>0, 'argz | <%Bﬂf,

I<j<m f.
J

. b.
Re(c+h+k i (—J))>O, Re (b-c)>-1, and Re(c)>0.

Proof :

(1) To prove (6.4.1) , let

(a,, €,)
f(x) = xh Hg(']n [zxk (bZ’ f:)J

i
M s

A, ,F (r,b+r;cix) , (I<x<®) (6.4.4)

T

...
I}
c

Equation (6.4.4)v is valid since f(x) is continuous and of bounded variation in the open

interval (1, ), when h=0.

Multiplying both sides of (6.4.1) by (' (x-1)®>° ,F,(-s,b+s;c;x) and
integrating with respect to x from 1t , we get

a,e.)

(@, e, ] dx

2 c+h-1 b- o m,n k
fl X (x-1)"°¢ 2Fi(-s,b+s;c;x) Hp,q [zx (bq, fq)

=> A, /1 X (x-1)"¢ LF, (-s,b+s;c;X) ,F (-r,b+1;c;%) dx

r=0

Now, using the orthogonality property of Gauss' hypergeometric polynomials (3.2.3) ,

we have
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(©), (b+2r) I'(b+r) I'(1-¢ @
A = (b+n) I1-) / XM (-1 JF (-r,b+ ;¢ X) X
rl I(1-c+b+r) T'(1+b) I'(-b) /!

| @y, ep)
HEy [ZXI‘ (b, f:)J dx (6.4.5)
On applying (6.2.1) to (6.4.5) , we obtain

_ (-1)" (b+2r) [(b+r) [(1-c) me2.n @, €,), -hk), (1-c-h, k)

A, o4 [z . h-h. 6.4.6
o L(i+b) [(D) p2a2 |2] ch+ 1K), (hbr k), (b, £)| (6:46)

From (6.4.4) and (6.4.6) the formula (6.4.1) follows .
(11) To prove (6.4.2) , let

(ap, €,)
)= x" Hyy [Zxk | o f:)]

= B, ,F, (,b+r;c;-x) , (0 < x < ®) (6.4.7)
r=0
Equation (6.4.7) is valid since f(x) is continuous and of bounded variation in the open

interval (0, ), when h=0 .

Multiplying both sides of (6.4.6) by x“'(x+1)™¢ ,F, (-s,b+s:c;-x) and
integrating with respectto x from Oto %, we get

* . (a,, e,)
fo X (x+1)%° F, (=, b+5s;¢;-X) Hp [zxk (b’;, f:)] dx

Br/ X (x+1)be 2Fr(s,b+s;¢c;-x) ,F, (-r,b+r;c;-x) dx
=0 0

-
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Now, using the orthogonality property of the Gauss' hypergeometric polynomials

(3.2.2), we have

_ (¢); (b+2r) I'(b+r) [(1-c+b) I'(c-b)
r!' I'(c) I'(1-c+b+r) T'(1+b) I'(-b)

/ X" (x+1) % LF (-1, b+ i ¢; -x) X
0
ma @, ep)
Hpq [Zxk (b, fq)} (6.4.8)

On applying (6.2.2) to (6.4.8) , we obtain

B, = 2 |2 (h+nk), Chbr k), (b, f)] (649

(DT 0420 TOH) 4 mea, e [ (1-c-h, k), (a,.¢,), (-hk)
r! T'(c) I(1+b) T(-b)

From (6.4.7) and (6.4.9) the formula (6.4.2) follows .

(11) To prove (6.4.3), let

m,n (a - © )
f) = x" Hyg [ZX (b, q)}

il
M 8

C, ,F, (r,b+r;c;x) , (0<x<1) (6.4.10)

r

-
1}
o

Equation (6.4.10) is valid since f(x) is continuous and of bounded variation in the open

interval (0, 1), whenh =0 .

Multiplying both sides of (6.4.10) by (x)°! (1-x)*° ,F,(-s,b+s;c;x) and

integrating with respect to x from Oto 1, we get

1 (a,, e,)
c+h-1 b-¢ . . mn k p P
/0 X (1-x) »F| (-s,b+s,c,x)I—Ip’q [zx ,( q, q)}




* 1
= C, /OXC'I (1) LF, (-s,b+s;c;x) ,F, (-, b+r:c:x) dx
r=0

Now, using the orthogonality property of Gauss’ hypergeometric polynomials (3.2.1),

we have

¢), (b+2r) I'(b+r 1
G = ©:. ( ) T(b+n) f xMrel (1-x) b JFi(r,b+r;e;x) X
0

r! T'(c) I'(1-c+b+r))

o (a,, e,)
HY [z)(k (bz’ f:)J dx (6.4.11)
On applying (6.2.3) , the above integral yields

(6.4.12)

Cr= p24:2 | 2| (-htr, k), (b, £,), (-h-ber, k)

(b+2r) T(b+r) H"‘”'“”[ (1-h-c, k), (a,, €,), (-h.k) J
! I'(c)

From (6.4.10) and (6.4.12) the formula (6.4.3) follows .

6.5 Particular Cases

(1) In (6.4.2) , replacing b by l+a+b,c by l+a,z by 2¥z | x by Xo—l and using the

-

relation (1.4.1) , we obtain the result due to Bajpai [5, p.226, (14)] :

@y, e) | L (-)f (I+a+b+2r)  T(l+a+b+n)
by ) | = 2

(-1)b H [z(x—l)" (
=0 [(1+a+r) I'(-1-a-b) TI'(2+a+b)

(-h-a, k), (ap, ep) , (-h, k)

a,b
P+2, q+2 (-h+r,k),(-1-a-b-h-r,k),(bq,fq)JPE "0, l<x<®  (6.5.1)

Hm+2, n+1 [Z 2k
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where k is a positive number, A <0, B> 0, Iarg z| < ,,i B,

e

. b. a.-1
Re (h+k Tam (f—f))>-l,Re (h+b+k I<en (é—)) <-1,Re b>-1, and Re
J J

(a+b) = -1 -2r.

(i1) In (6.4.3), replacing b by l+a+b,c by 1+a,zby 2z | x by -17\— and using the

relation (1.4.1), we obtain the result due to Bajpai [4, p-699, (3.2)] :

(bg, f,)

a,e il
(1-x)" HI® l:z(l_x)k (a, p)] = oh 2 (1+a+b+2r) I'(1+a+b+r)
r=0 I'(1+a+r)

(-a-h, k), (a,, e,), (-h, k) \
(-h+r, k) | (gq, ¥q) , (-l-a-b-h-r, k)} Pg -0 x), -l<x<1l  (6.5.2)

m+1, n+1 k
Hp+2, q+2 [2‘2

wherek is a positive number, A <0, B>0, |argz |<%BTC,RC a>-1, Reb>-1,

4 b,
h=0, and Re(h+a+k I%jm (f—’))>0
i




CHAPTER VII

PARTIAL DIFFERENTIAL EQUATIONS RELATED TO
HEAT CONDUCTION AND OTHER APPLIED SCIENCES

7.1 Introduction
[n this chapter, we formulate and solve three partial differential equations related to the

problems of heat conduction and other applied sciences, solutions of which lead to the

Jacobi polynomials and the Legendre functions respectively. We also obtain particular
solutions of our partial differential equations in terms of Fox's H-function and derive

some special solutions.

7.2 The First Partial Differential Equation

Consider the following partial differential equation:

M k] (x?) L 4 (bar24ath) o1 (lsx<1l) (7.2.1)
ot ax? ox .

The solutions of which lead to the Jacobi polynomials and they must satisfy the initial
condition:
u(x,0) = f (x),

and the boundary conditions :

(-b -I')r kr(r+a+b+ 1)t
uCLY=A-—"c

>

u(l,t)zA_(_l_-;aie-kr(r*a+b+l)l i (722)

The equation (7.2.1) is related to some differential equations of heat conduction [20, p.

27, (3) and p. 148, (1)]. Let us consider [20, p. 27, (3)]:
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-——-——=Au+B (7.2.3)

where U, k, A and B are constants. However, cases in which thermal parameters, K, U
etc. are functions of u are becoming of increasing importance, but have not yet been

studied to any great extent [20, p. 28].

If in (7.2.3), we put A=B=0, set k (l-xz) for k and -k (b-a-(2+a+b)x) for U, it reduces to

the equation (7.2.1).

The same forms of equations arise in many other physical contexts [20, p- 28] and many

of the solutions given in this chapter can be taken over with a simple change of notations.

7.3 The Solution of the First Partial Differential Equation in Terms of the

Jacobi Polynomials

The solution to be obtained is

@

u(x,t) = ). C, eXrmasbebip@b) iy g (7.3.1)

r=0

where P (x)are the Jacobi polynomials.

Proof:

Let us assume that (7.2.1) has a solution of the form:

u(x’[) = }(,{) e~kr(r+a+b+l)t (7'32)
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The substitution of u(x,t) from (7.3.2) into (7.2.1) yields the following differential
equation:

(I-x*) y'+ [b-a—(2+a+b5x] y+r (r+;f1+b+1)y= 0, (7.3.3)
which is a Jacobi equation [1, p. 233, (5.123)] with solution y = P®Y (x). The other

solutions of jacobi equation are not appropriate in this problem .

Therefore the solution of (7.2.1) is of the form:

U(X,t) - e-kr(r+a+b+1)t PEa,b) (x) (734)

On using the principle of superposition, a general solution of (7.2. 1) is obtained as given

by (7.3.1).

Putting t =0 in (7.3.1), we have

f(x)= D C, P&® (x) (7.3.5)
r=0

Multiplying both sides of (7.3.5) by (1-x)* (1+x)° P®® (x) and integrating with
respect to X from -1 to 1, and using the orthogonality property of Jacobi polynomials
[19, p. 285, (5)], we get that

! 2 1
Cr: r! (a+b+-r+l) F(a+b+r+1) If (I-X)a (1+X)b f(X) Pf-a.b) (x) dx (736)
1

225 Patr+1) [(b+r+1)

where Rea>-1,Reb>-1.
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7.4 Particular Solution of the First Partial Differential Equation in Terms
of Fox's H-Function

If we take

(ap, €p)
(bq, fq)

and substitute this value of f(x) in (7.3.6), then using the following integral [4, p. 699,

f(x) = (1-x)" Ht [z(l-x)" (7.4.1)

(a,, ep))
(b:, f:)J dx

1
f (14%)° (1) P&® Hm [z(l-x)h
-1

v 2" D(14v+b) e
=(-D f Hpge | 22"
V!

(-w,h) (a-w,h), (ap, ep)

(bg fq), (@W+v,h), (-1-b-w-v,h) (7.4.2)

P q
where h is a positive number, Z € - Z fj=A<0,

=1 =1
n p m q

Dei- D e+ fi- > fj=B>0, |argz|<21—Bn,Reb>-1,

=1 j=n+l =1 j=m+l

. b.
Re {w+h T (-’) > -1,
f

to find the value of C, then the solution (7.3.1) reduces to

ool

U(X [) — Z e-kr(r+a+b+l)t
r=0 I'(a+r+1)

(-D)F 2% (a+b+2r+1) I'(a+b+r+1)

P& (x)

m,n+ (—a-w,h), ('W,h), (a , € )
§ de‘-z,qz+2 [Z2h (bq’ fq)’ (-W+r1h), (Iil'g‘a‘W'r,h) (743)

where h is a positive number, A <0, B> 0, |argz| < ,)L Br ,
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, b,
Re (w+a+h Tem (f—J)) >-1,and Re a > -1.

J

By virtue of the following identity, which is apparent from the definition of the H-

function,

(-a-w,h), (-w.h), (a,, e,) J

pymn+2 [z (bg, fg), (-w+r,h), (-1-b-a-w-r,h)

p+2,9+2

(-a-w,h), (ap, ep), (-w,h) }
(7.4.4)

- - r m+1,n+
= ( ]) I_Ip+2,q+2l [Z (-W+I',h), (bq’ fq)’ (-l-b-a-w-r,h)

the formula (7.4.3), reduces to the form:

u(x,t) = 2 e-Kr(r+a+b+ 1)t 2" (a+b+2r+1) ['(a+b+r+1)

r=0 ['(a+r+1)

P& (x)

(-a-w,h), (a,, €,), (-w,h)
(-w+r,h), (b, f,), (-1-b-a-w-r,h) (7.4.5)

p+2,9+2

% Hm+l,n+l 22h ¢
q’ °q

7.5 Special Solutions

The Fox's H-function is a generalization of Meijer's G-function [17, pp. 206-222).

The importance of the H-function lies largely from the possibility of expressing by means
of the H-symbol a great many of special functions appearing in applied mathematics,
physical sciences and statistics [23, pp. 145-159]. So that the solution given in section
(7.4) becomes a master or key solution from which a very large number of solutions can
be derived for Meijer's G-function, the generalized hypergeometric functions, Bessel,
Legendre, Whittakar functions, their combinations and many other functions. However,

we present below only two special cases of (7.4.5).
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In (7.4.1) and (7.4.2), putting m= gq= 1, n= p= 0, b=0,f,=1, h=1, and using [23, p.
151, (5)], viz.
Hel [z] 0] =€ (7.5.1)

and [23, p. 151, ()], viz.

p
[(1+b,-
" (ap,l) JIJ (1+b, aJ) b, . 1+b,-a,, ..., l+b-a -z
pa |4 b1 |3 27 R pFqr| 14b,-by, l+b-b, [-P=4
I1 [(1+b,-b)
j=1
(7.5.2)

in (7.4.3), we obtain the following solution:

U = > ekrrasbein (-1)" 2% (a+b+2r+1) T'(a+b+r+1)
= [(a+r+1)

PR (x)

N I'(1+a+w) I'(1+w) JE, [ l+a+w, 1+w ;-22] (7.5.3)

l+w-r, 2+b+a+w+r
[(1+w-r) T'(2+b+a+w+r)

where Re (w+a) > -1.

f(x) = (1-x)¥ e &% (7.5.4)

In (7.5.3), putting z= O, we have

U(X,[) - Z e-kr(r+a+b+l)t (°l)r 21' (Zl+b+2l'+l) I‘(a+b+r+l) F(l+a+w) F(I-HV) Pia-b)
r=0 [(a+r+1) T(1+w-r) [Q+b+a+w+r)

(x), (7.5.5)

where Re(w+a) > -1.

f(x) = (1-x)™ (7.5.6)
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7.6 The Second Partial Differential Equation

Consider the following partial differential equation:

du ~(1-x2) 9°u oy QU ( w2

ot 0x? ox

T )u, -l<x<l (7.6.1)

The solutions of which lead to the Legendre functions and they must satisfy the initial
condition:

u(x,0) = f(x),

and the boundary conditions :

u(x,t) =0, ifx—1,

u(x,t)y =0, ifx— -1, (7.6.2)

The equation (7.6.1) is related to some differential equations of heat conduction (7.2.3).
In (7.2.3.), putting A = w?and B = 0, setting (1-x2) for k, (l-xz)‘2 u for u and 2x for

U, it reduces to the equation (7.6.1).

7.7 The Solution of the Second Partial Differential Equation in Terms of
the Legendre Functions

The solution to be obtained is

u(x,) = Y C, e pY (x) (7.7.1)
=0

Proof:

Let us assume that (7.6.1) has a solution of the form:

u(x,t) = y(x) e (7.7.2)

The substitution of u(x,t) from (7.7.2) into (7.6.1) yields the following differential

equation:

(1-x%) >,v"-2xy'+[r(r+1> : 1“"7 } v =0 (7.7.3)
_x-




71

which is Legendre equation [1, p. 186, (4.92)], with solution v=PY (x). The other
solutions of Legendre equation are not appropriate in this problem .

Therefore the solution of (7.6.1) is of the form:

u(x,t) = e pY (x) (7.7.4)

In view of the principle of superposition, the general solutions of (7.6.1) are given by

(7.7.1).

In (7.7.1), putting t = 0, we get

f(x)= 2 C, P} (x) (7.7.5)
r=0

Multiplying both sides of (7.7.5) by P} (x), integrating with respect to x from -1 to 1,
then using the orthogonality properties of the Legendre function (5.7.1b), the Fourier

Legendre coefficients are given by:

_2r+l (rew)! b
Co= S it /.1 P¥ (x) f(x) dx (7.7.6)

7.8 Particular Solution of the Second Partial Differential Equation in
Terms of Fox's H-Function

(1) If we take

} (7.8.1)

f(x)= (1-x*)“' HR® [

in (7.7.5) , and use the following integral [26, pp. 325-332] :

(a,. €]
bq,tq)} dx

! 2ye-l pw m,n .2\h
[ e Py o HE [z (1%




w
l-c+ — h},(a_,e.)
w2 ( 2 ) Pr
— Hm‘n+2 7

24r- . p+2, q+2 T T
F( +r w) I'( l-r w) (bg. £y) (1_L+?, h) | (-L-?, h)

where h>0, A<0, B>0,

min
l<j<m

largzlz-,l)—Bn, Re <c+h

then the solution (7.7.1) reduces to

fee)

T 2w-l

—w)!
u(x,t) = et (Dt (ar4] (r-w)! P¥ (3
(0 g(:) ( : (r+w)! r 241-W r 1w e (%
2 2

(L-c-2=h), (1-c+=- h) , (3, ¢,)

W Hm,n+2 7 =~ -

p+2, q+2 r r

(bq,fq),(l‘C"'?z—,h),('C _?’h)

where the conditions are the same as in (7.7.6) and (7.8.2).

(i) If we take
(
(

p ?p)]
by, )

f(x) = (1-x*)° Hy [z(l-xz)h

=) C,PY (x) ,(l<x<l
r=0

(7.8.2)

(bj/fj)) > [Re w|/2, to find the value of C.,

(7.8.3)

(7.8.4)

Equation (7.8.4) is valid since f(X) is continuous and of bounded variation in the open

interval (-1, 1) , whenc=0.

Multiplying both sides of (7.8.4) by (1-x2>'l P! (x) and integrating with respect to x

from -1to 1, we get
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(a
(b

: 2\l pw oo m.n .2\h p’ eP)
L (1) PY (x) H™ [z (52" | o, ()| dx

> 1
=3 ¢ f (1-x)™" PY (x) P¥(x) dx.
=0 -1

Now, using (7.8.2) and the orthogonality property of the Legendre functions [ 19, p.

279, 3D)]:

1
2\-l pm k —
f-l (1-x2)" P™ (x) P (x) dx= . ey (7.8.5)
oM om) . msn
m (n-m) !

we obtain the Fourier Legendre coefficients :
w
I-ct —,h), (a,,
. (w)! 2" mns2 (I 2 ) @p )

=w H
f (r+w) ! r 241-W r l-r-w P2, q+2
2 2

s

Z

r r
(bq» fq) ’ (1-C+_2-7 h) ’ ('C'i'» h)

(7.8.6)
where the conditions are the same as in (7.8.2) and (7.8.5).
So, the solution (7.7.1) reduces to o .
> w)! oW

u(x,t) = 2 et (et g (r-w)! T2 P¥ ()

ar (r+w)! r 2+r-w r l-r-w

2 2
W w

i (l-c_—z—, h),(l-c+2—, h) (a,,e) (7.8.7)

ot H?+;+:1+2 z

r r
(bQ’fq)’(l-C+?’h)7('C '?,h)

valid under the conditions of (7.8.2) and (7.8.5).
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The substitution of u (x,t) from (7.10.2) into (7.9.1) yields the following differential
equation :
(1x7)% v - 2x (1) v+ (1) wwsl) 12) y=0 (7.10.3)

which is Legendre equation [ 1, p. 186, (4.92) ], with solution y =P, (x).

Therefore the solution of (7.10.1) is of the form :

u(xt) = et P (x) (7.10.4)

In view of the principle of superposition, the general solution of (7.9.1) is given by

(7.10.1).

In (7.10.1), putting t=0, we get

f(x)= > C, P\, (x) (7.10.5)
r=0

Multiplying both sides of (7.10.5) by (1-){2)'l P, (x), integrating with respect to x
from -1 to 1, then using the orthogonality properties of the Legendre functions (7.8.5),

we obtain

(w r) !

1
Cw ) T f (1-x2)" f0) PL (0 dx (7.10.6)

r
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