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ABSTRACT

A mathematical model of non-autonomous ordinary
differential equations (Bloch equations) with periodic
coefficients is treated via two approaches of Fourier Series (FS)

decomposition ansatz, namely, Truncated and Adiabatic FS.

These Bloch equations, within the field of theoretical
quantum optics, model the coupling of a single atom of two-
energy levels with a non-classical source of light (squeezed light,
of reduced quantum fluctuation) where the atomic transition from
lower to upper state or vice-versa takes place indirectly via two-

way transitions.

The specific investigation, analytically and computationally,
1s concerned with physical quantities characteristic of the atomic
medium, namely, absorption-dispersion line shapes and scattered
intensity (up to 1 harmonics). One major result of the
investigation is that, the (quantum) interference between the two
indirect transitions induces a zero-absorption with finite

dispersion at resonance (i.e. transparent medium).
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CHAPTER 1

INTRODUCTION

1.1 Statement of the Problem

The work in this thesis is concerned with an investigation of a
mathematical model of a set of non-autonomous linear differential
equations (Bloch equations) (Hassan and Ali 2001). In other words, the
coefficients of the Bloch equations are explicitly functions of the
independent variable (t), and particularly of harmonic forms, et  with

(w) is a frequency parameter.

These Bloch equations (Hassan and Ali 2001), within the field of
quantum optics, represent the interaction of a single atom of two-energy
levels with a non-classical radiation source (of reduced quantum
fluctuations), called a squeezed vacuum (SV) field, where the transition
within the atomic system takes place from lower to upper state or vice-
versa indirectly, via a 2-photon transition. Specifically, we analyze the
atomic absorption and dispersion functions and intensity of scattered

radiation due to this interaction.

We adopt two Fourier series (FS) decomposition approaches. One is
based on truncation up-to 1% harmonics in (nw); n = 0, +1. The other is
based on adiabatic elimination of relevant variables prior to FS

decomposition of other variables. We particularly examine the



fundamental (n =0) and the first (n = +1) harmonic components
analytically and computationally. Physical interpretation is given in

comparison to other one-photon transition models (Hassan et al 1995).

1.2 Background and History

The field of quantum optics or non-linear optics is concerned with the
study of the interaction of an atomic (or molecular) system with various
sources of radiation. In addition to the known sources of "thermal" and
"laser" radiation (e.g. Agarwal 2013, Gerry and Knight 2005), the
"squeezed vacuum state" of radiation field, as extensively studied and
produced in the Laboratories (Agarwal 2013, Garrison and Chiao 2014),
offers the opportunity of more precise measurements of atomic system

parameters and detection of weak gravitational waves.

The proposed mathematical model represents the dynamical behavior
of a single 2-level atom in the presence of a squeezed vacuum radiation,
where the atomic transition occurs via a 2-photon transition. Due to the
nature of this transition, the model system of 1* order ordinary differential
equations (ODEs) called Bloch equations, have harmonic coefficients
dependent on time (t). In general, these Bloch equations of harmonic
coefficients have no simple closed form of solutions (e.g. Hassan et al
1995, Awojoyogbe 2004) - see Chapter 2 for more details. According to
Floquet theorem (Hale 1996, Kelley and Peterson 2010) - or Bloch wave
theory (Zwillinger 1989, Markos and Soukoulis 2008), their solution

contain all harmonics (as FS) of the concerned frequency (w).



It should be noted that, for other non-autonomous linear systems of
ODEs, previous treatments were mainly adopting the following four
approaches:

(i)  Continued fractions based on FS expansion for all variables as
components of all harmonics (nw);n = 0,+1,.... This leads to 3-term
recurrence relations and hence treated numerically (Hassan et al 1995).
(ii)  Secular approximation, which involves a strong (external) parameter
limit (Joshi and Hassan 1997, Hassan et al 2003).

(ii)) Perturbative approach, which involves a weak (external) parameter
limit (Hassan et al 2003).

(iv) [Iterative approach for large harmonic detuning parameter
|w — wgy| > 1 (w, is areference frequency), with all other parameters kept
arbitrary (Batarfi et al 2010, Hassan and Al-Harbey 2012, Hassan and Al-
Harbey 2013).

The proposed subject in the thesis deals with an analytical examination
of the non-autonomous model of Bloch equations derived in (Hassan and
Ali 2001) via FS decomposition (up to fundamental and 1% harmonic
components) for the intensity and absorption-dispersion atomic variables.
Analytical expressions are derived and will be investigated

computationally for various system parameters.

1.3 Justification of the Problem

For a combined system of (matter + radiation), the study of atomic
variables, namely the scattered intensity and absorption-dispersion

polarization functions is one way to gain information about how the matter



system responds to a particular state of radiation environment. In
particular, some implications of such a study are:

(i)  "Lasing action" without external pumping of the atomic system, can
be achieved, in principle, with the use of the "squeezed vacuum" radiation
field (Hassan et al 1997, Hassan et al 2003, Hassan et al 2005).

(i)  "Slowing and freezing of light" (Hau 2001) may be achieved through
a manipulation of the absorption-dispersion functions ((Hassan et al 2003,

Hassan and EL-Deberkey 2005); and refs. therein).

The proposed model of non-autonomous Bloch equations offers the
possibility to achieve zero-absorption with finite dispersion with the
fundaniental component, in addition to amplified (negative) absorption
associated with the 1% harmonic components of the atomic polarization

components.

1.4 Theoretical Framework

The proposed system of non-autonomous model of Bloch equations
(Hassan and Ali 2001) is to be investigated within FS decomposition with
two specific aspects:

(i) Intensity harmonics lineshape of scattered radiation.

(i)  The absorption-dispersion atomic behavior and the search for
regions of zero or negative absorption accompanied by finite dispersion.
This is directly related to a propagating pulse in the medium without gain

or loss of information with controllable speed.



1.5 Methods and Procedures

Within the mathematical framework of FS decomposition, the
calculation steps of dealing with the non-autonomous model of Bloch

equations (Hassan and Ali 2001) are spelled as follows:

(1)  The use of FS decomposition to solve the model DEs in the steady
state. Specifically, we use two approaches. The first approach is the
truncated FS expansion for all atomic variables (atomic inversion and
polarization components), up to 1* harmonic components in et (n =
0,+1), with (w) the concerned frequency (or frequency mis-match
parameter). The other approach uses adiabatic elimination of some of the
atomic variables to derive a single 1% order DE for one of the variables,
which is then treated by FS decomposition. Comparison of the two
approaches is made.

(i)  Based on the linear independence of these harmonics, we equate the
coefficients (which are functions of the system parameters) of equal
harmonics on both sides of the equations.

(iif) In the steady state regime, this leads to a system of linear algebraic
equations for the envelope harmonics.

(iv) This in turn, is treated analytically and computationally to examine
the behavior of these envelope functions against various (controllable)

system parameters.

1.6 Proposed Chapters Outline

In Chapter (2), (Literature Review), we present the model Bloch

equations and the physical quantities they represent. A brief reference to



Floquet's theorem, linear independence of functions and Fourier series are

presented.

In Chapter (3), (Methodology: Fourier Series Decomposition), we use
both FS decompositions (truncated and adiabatic elimination) to solve the
model Bloch equations and derive a system of algebraic equations for the
harmonic envelopes, in the steady state regime. Three cases of transition
models are classified with the corresponding algebraic equations, namely,

the cascade, the A- and V- models.

In Chapter (4), (Results: Harmonic Envelopes), we computationally
investigate the analytical results derived in Chapter (3) for the harmonic
envelope functions against various controllable system parameters, in the
three cases of transition models. Analytical expressions for the harmonic
envelope functions are derived in some special cases. Comparison with

the one-photon transition case (Hassan et al 1995) is made.
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CHAPTER 2

Literature Review

Investigation of the suggested Bloch equations (Hassan and Ali 2001)
modeling the interaction of a single 2-level atom with squeezed vacuum
radiation via 2-photon transition processes is motivated by two main
factors:

(i)  Availability of such squeezed vacuum (SV) radiation in the
Laboratories (c.f. Agarwal 2013, Gerry and Knight 2005).

(i) The manipulation of many control parameters in the suggested
model Bloch equations (Hassan and Ali 2001) that enhance the possibility
of finding regions of zero or negative - absorption with finite atomic
dispersion. This is directly related to probing the suggested model with a
propagating weak pulse within the medium without any loss or absorption
of energy and with controllable speed of propagation (c.f. Hassan and Al-
Harbey 2012, Hassan et al 2005, Hau 2001).

In general, Bloch equations with variable coefficients arise in many
branches of science, e.g., physics, fluid mechanics, chemistry, ... They are
either solved analytically (exactly or perturbatively) for special forms of
time-dependent coefficients or under preset conditions with involved

computation of the derived solutions in some cases. For example:

In optics, the Bloch equations together with Maxwell equation
(Maxwell-Bloch equations) modelling the photon-echo efficiency of the
multiple pulse sequences in optically thick media (Tsang et al 2003) have



been solved analytically in the two cases of energetically weak or

temporarilly brief pulses.

The model Bloch equations for 2-level atom driven by amplitude and
frequency-modulated fields (Prants and Yakupova 1990) have been solved
using group theoretic approach in the case of no relaxation and in special
cases of envelope amplitude fields and frequency modulations. The
inclusion of damping constants (y) has been treated only in a small time

limit (yt < 1).

In nuclear magnetic resonance (NMR), the model Bloch equations
modelling the relaxing magnetic moment in the presence of an external
oscillating magnetic field have been solved subject to a high static field

near resonance (Leyte 1990).

In biomedical fluid dynamics, the model Bloch equation describing the
hemodynamics, functions of blood flow system, (Awojoyogbe and
Boubaker 2009) have their proposed solutions in terms of polynomials and
further treated numerically. Furthermore, some analytical solutions for the
Bloch equations were derived using translational mechanical analysis

(Awojoyogbe 2004), but their computations required laborious work!

Investigation of the model Bloch equations (Hassan and Ali 2001) have
not been done previously. The advantage of the present method of the FS
decomposition to solve the non-autonomous model Bloch equations
(Hassan and Ali 2001) is that it represents the oscillatory wave solutions of
the Bloch variables into component waves of different frequencies and

amplitudes, i.e. harmonic components. This leads to the identification

10



(manipulation) of different frequency harmonics separately out of the

whole harmonics (spectrum).

2.1 The Model Equations

Within the framework of quantum mechanics, energy of both radiation
fields and atomic systems are discrete (quantized). Radiation fields have
infinite number of energy levels, while atomic systems have finite number
of energy levels depending on their structure (e.g. Gerry and Knight 2005).
When radiation fields interact with an atomic system, it affects its energy
(called atomic inversion) and it induces an atomic field (called atomic
polarization) and consequently a scattered (or emitted) radiation is born out

of this interaction.

The simplest atomic structure is the two-energy level atomic system
with upper and lower energies E, and E,, respectively. According to
quantum mechanics, energy is proportional to the atomic frequency: E;, =
hwp , Eq = hw, (wp > w,) with A = 1.0545717..x 10734 Js is the

universal (reduced) Planck’s constant.

On the other hand, the case of a laser radiation field with reduced (or
squeezed) quantum fluctuations, called squeezed vacuum (SV) field,
represents an advanced step (both theoretically and experimentally)
towards precision measurements with microscopic systems in the field of

nonlinear quantum optics (Gerry and Knight 2005).

The model (Bloch) equations for the averaged atomic variables,

representing the interaction of a two-energy level atomic system of

11



energies E,, E, (E, > E;) with SV field, where the transition between the
two levels Ej, E,; occurs via an intermediate set of dense levels {E;}, are of

the form (Hassan and Ali 2001),

[ M
== [y + 2=

- 1M
3

(eZiwpt + e—Ziwpt)— w

(eziwpt + e—ziwpt)J

. . 1
+y; (re ?ept 4 ge2iopt) 4 SVaM(r + )

(2.1a)
¥ = —[yi" +iA — M(AleZiwpt 4 ﬂze_Ziwpt)]T‘
— (zw + et — M(3w + A3)
= (8)”
(2.1b)

. d . o : :
where w = d—V:, etc. is the total derivative with respect to time (t) and

(' )"means the complex conjugate.

The notations in eqs (2.1) are: w is the (real) averaged atomic inversion,

r =s" is the (complex) averaged induced atomic polarization. The SV

radiation field parameters N and (real) M = \/N(_N-l-_l) are the measures
of averaged photon number and degree of squeezing (e.g. Gerry and Knight
2005, Agarwal 2013). The special case of zero degree of squeezing
(M = 0) represents a usual thermal radiation source. The frequency

detuning parameter A = wp,, — 2w, where w,, = w;, — w, is the atomic

frequency difference and w,, is the central frequency of the SV field.

12



The various damping rates and constants in eqs (2.1) are given explicitly

as follows (Hassan and Ali 2001):

1
vio= EZ(F‘” +Tyy),
J
1
v = EZ {(ybfg(wbj) + yjbg(wjb)) + (same with b - a)},
J
+ _ EZ(Fab + l—-ab
V3 =5 bj +‘taj )
J

Vs = Z {(ngé’(waj) + V]%be(wja)) — (same with a - b)} :
J
Do =7ab(wja) L+ N) +y4;0(wa))N;  ete.

e = var0(wa;) A+ N) +v20(wje)N,

aj
1
M =5 [10(00) + Va8 (@1a)]
J

AZ = Al (a « b) )
1
A5 =35lr6(wja) £vs70(wy))] (2.2)
where ¥, ; is the decay rate from the state (E,) to one of the states {Ej},
etc., and y(‘;}’-’ represents a (quantum) interference effect between the two
transition channels E, — E; and E}, — E; with wp; = Wp — wj, etc. The

step function 8 (x) is defined by,

w=s 20

’

and its role is determined by the configuration of the intermediate levels

{Ej} (see Chapter 3).

13



The physical interpretation of the decay rate parameters and other

constants in eqs (2.1) are as follows (Hassan and Ali 2001):

(i)

(i)

(iii)

(iv)

(vi)

(vii)

The rate y; represents a total decay rate of the atomic inversion
and polarization between levels Ej, & E; and E, < E i

The rate y; represents an equilibrium value for the atomic
inversion.

The rates y;° are associated with the induced steady oscillations
in the atomic inversion (w) due to the presence of the SV field
(M # 0). Similarly, the rates 4, , are associated with the induced
steady oscillations in the atomic polarizations (7, s) due to the
SV parameter M.

The rate y3, due to quantum interference (QI) effect, is
associated with the induced 2-poton polarizations (r,s) in the
equation for (Ww). As well, it is associated with the atomic
inversion w in the equation for (7, $).

The rate y3 represents a steady oscillation source for the atomic
polarization (7, s) due to the two-photon transition interference
processes.

The rates y, and A3, due to QI effect, show that the SV field acts
as an oscillating driving field for both atomic inversion (w) and
polarization (7, s).

The rate A3, due to QI effect, is associated with the SV field
parameter (M) that contributes to the steady state value of the

atomic polarization components (7, s).

Derivation of the model equations (2.1) within a full quantized

Hamiltonian approach is given in (Hassan and Ali 2001).

14



2.2 Floquet's Theorem

Consider the non-homogeneous linear system of ODEs of matrix form,

X(@) = A@)X(@®) —I(t) (2.4)

where A(t) is a square periodic and complex matrix function of t and I(t)

is column vector which, in general, has time-dependent elements.

First, for the homogeneous part of the above system, namely,
X(t) = AW)X() (2.5)
and according to Floquet’s theorem (Hale 1996) every fundamental matrix
solution for X (t) in (2.5) has the form,
X(t) = B(t)eht (2.6)

where the matrix B (t) is of the same periodicity as A(t) and f is a constant.

Second, the effect of the non-homogeneous part I(t) in (2.4) is to
modulate or persist the periodic behavior, particularly in the long time limit

where X(t) = 0 (e.g. Hassan and El-Deberky 2005).

Note that, the model eqs (2.1) are of the same matrix form (2.4) and
according to theory (e.g. Hale 1996) there exists a unique solution of X (t)
on the whole interval t € [0,00) for arbitrary initial condition
X(ty); ty € [0,00)if A(t) and I(t) are continuous functions on that interval
[0, c0). The continuity conditions on the matrix elements of A(t) and the

inhomogeneous vector I (t) are physically met in our model under study.

15



2.3 Linear Independence of Functions

Consider the set of functions F = {f; (t), f5(t), ..., /,(H)}.
The elements f; (t), fo(t), ..., fn(t) are said to be linearly independent
over a certain interval [ if the linear combination,
arfr() +a, L), ++a,f,(t)=0, tel (2.7)
is valid with all constant coefficients a;(i =1 - n) =0 (Goode and

Annin 2007).

If, however, (2.7) is valid with some or all of the coefficients a; are
non-zero, then the elements f;(t), f,(t), ..., f,(t) are said to be linearly

dependent.

2.4 Fourier Series

The idea of waves is a common share in many branches of science:
Mechanics, fluid mechanics, elasticity, sounds, optics etc.. Also, waves are
part of our daily life practice: transmission of information via emails, fax
machines, wireless communications, radio, television, music, seeing,
hearing, talking, cooking and its use in many medical treatments, etc.

(Markos and Soukoulis 2008).

The simple and basic modelling of waves is a vibrating string that
vibrates at different frequencies nw,n = 1,2, .... The least frequency w is
called the fundamental frequency and the next higher frequencies nw,

n > 2 are called higher harmonics.

16



The vibration at different frequencies leads to the summation of a
number of higher harmonic frequencies that gives rise to a complex

periodic form.

Mathematically speaking, let f(t) be a periodic function of period T

that satisfies the Dirichlet’s conditions, namely,

T/2

(i)  The integral | /zl f(t)| dt is definite, and

(i) f(t) is a piecewise continuous and piecewise monotonic

function.

Then f(t) can be represented in the general complex convergent FS

form (Strauss 1992),

[o¢]

FO= ) cretmet

n=-—oo
(2.8a)
where the coefficients c,, are given by
T/2 '
Ch == f(t) emnwt gt
T J_ 1),
(2.8b)

and the frequency w = 2m/T.

The FS form (2.8) is thus a decomposition (i.e. break down) of f(t)
into component waves of different frequencies and amplitudes that can be

analysed separately.

In our case, the Dirichlet’s conditions are practically met with all
functions of interest in our study (namely, atomic variables). Further,

positive (negative) values of n in the sum of eq (2.8a) are associated with

17



positive (negative) frequencies. For example, the complex function e it
of constant amplitude and phase (f+wt) represents a counterclock-

(clock-) wise rotation in the Argand diagram.

18
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CHAPTER 3

Methodology: Fourier Series Decomposition

In this Chapter, the model system of linear DEs presented in Chapter
2, eqs (2.2), is treated via two approaches of FS decomposition, namely:
(i) The truncated FS up to 1% harmonics, and
(ii) The adiabatic FS, which depends on adiabatic elimination of some of
the system variables to reach a single 1% order DE for one of the remaining
variables that is treated by FS decomposition. The choice of the
adiabatically eliminated variables depends on the system configuration
hence its associated DEs, as shown below.

This is followed by specializing the discussion to the three cases of

indirect atomic transition models via the set of intermediate levels {E i}

3.1 Truncated Fourier Series: The General Case

Due to the presence of the harmonic coefficients et21¢»t in the linear
system of DEs, (2.1) and in the light of Floquet’s theorem (section 2.2)
their solutions are expressed as FS of the harmonics (anp) ;n=0,+1,....
Up to 1* harmonics (n = +1), we use the truncated FS ansatz for the

atomic inversion (w) and polarization (r, s) components,

W= wy + w,e?i@t 4y g2iwpt (3.1a)

r =1 +71,e%9t 4y gm2iwpt (3.1b)

S =5y + 5,29t 4 5 g~2iwpt (3.1¢)
= (r)".

20



Here (wy, 7y = sg) are the non-oscillatory (fundamental) envelope
components, while, (w, = wZ,ry = s7) are the 1% harmonic envelope

components of atomic inversion and polarization variables.

In an asymptotic stationary state where the envelope components in
(3.1) are slowly varying functions in time 0(31;), 1.e., (constants over an
optical period),

w; K Wy Wy,

7 K Wy,

S| K wyS; (l=0,4) (3.2)

we set w; = 1; = 5; = 0. Substituting (3.1) into eq (2.1a) we then get,

: 2iwpt _ % ,—2iwpt
2iw, (w,e?@pt — yie2iwpt)

y: M y: M o .
:[_V1+W0__2_W+“L2_W—_Y1 tYy3Try Y3y
M
+Z“2—<ro+rs>]
y; M 2 M
+["V1+W+__22_WO_ZT+V3 0

M .
+ BZ— (ry + r_*)] e2twpt

Mo Mo
> 0T Y3 To

+[-yiwo -

M . .
+ V42 (r+ 7‘1)] o~ 2wpit 4 O(eimwpt)_

(3.3a)

Similarly, the use of (3.1) into (2.1b) and (2.1¢) gives,
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2iw, (1, e?@pt — 1_e=2iwpt)
= [=EA+y)r0 + MAT_ + MAyry — y3wi — MAswo — M2
+ [=UA+y)ry + MArg —y3we — ¥ — MAsw, e?iopt
+ [—(A +y{)Ire + MAyrg — MAsw]]e2i@pt
+ O(ei4iwpt)
(3.3b)
and its complex conjugate, namely,
—2iwy (rie ?wpt — pre2iopt)
= [—(—iA+y{)ro + MAr™ + MAyry —y3w, — MAsw,
— M2}
+ [—(—iA+y)ri + MAyrg —y3wo —¥5
— Ml;wi]e‘”‘“vt
+  [—(—iA+yT + MAyrg — MAzw, Je?i@nt
+ O(ei4iwpt)_
(3.3¢)

Here, we discard the faster oscillatory terms in (ei4i“’Pt) compared
with those in (e*?'“r!). This is a common approximation known as
rotating wave approximation (RWA) (e.g. Agarwal 2013, Garrison and
Chiao 2014). Within this context, it is worth to mention the following;

(1)  The dropping of the faster oscillatory terms is in conformity

with the steady state (long time) regime.

(i)  The original Bloch equations, eq (2.1), (Hassan and Ali 2001)
have been derived within the RWA (i.e. by dropping terms in
e+*@pt and higher).

(ii)) In the FS truncated ansatz, (3.1), if the higher oscillatory terms

(ei‘”wpt) are included, then the resulting expression in (3.3)
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involves the higher oscillatory terms (e*®™“»'). So, the FS

truncation ansatz leads to a hierarchy of harmonics, due to the

occurrence of the terms wet?!@pt ret2iwpt gnq get2iwpt iy

eqs (2.1).

,re

Now, since the harmonic function coefficients e, e+2!%pt are linearly
independent (see section 2.3), their net coefficients must be zero (or,
equalivently, comparing the coefficients of equal harmonics). So we get

the following system of linear algebraic equations,

+ +
+ Y2 M Y2M o | YaM YaM - — -
TV Wo T T Wh W T T+ T YTy YT =Yg,
(3.4a)
vz M YaM

r+ 880 =2 (3.4p)

wo = (v + 2iwp)wy +y31g + 12 :

2
V2 M

2
—MA3wy —yswi — ((A+y{)ryg + MA,ry + MAyrm = MAS,

wo — (vi = 2iw,)wi +ysmo + By + By =28 (3.40)

(3.4d)
—Y3Wo — MA;w, + MAyry — (iA +y1 + 2iw,)ry = v5, (3.4e)
—MAzw; + MAyry — (ib + y{ — 2iw, )1 = 0, (3.4
—MAzwy —yswy — (A +y{rg + MAry + MArs = MAZ,(3.4g)
—Y3Wo — MAwi + MAyrg — (iA+v{ + 2iw,)ri = y§, (3.4h)
—MAzw, + MArg — (—ib + v + 2iw,)r” = 0. (3.4i

To reduce the number of equations in (3.4), we eliminate r_, " from

(3.4f) and (3.41) to get,

M(Azro—A3w})
. =— .
Y1 +i(A—-2wp) (3.5)

re = (3.5b)
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Substituting (3.5a,b) into (3.4b,c) for (r_), (r*), we get the reduced

set of seven linear algebraic equations:

yiM YiM . YaM _ e YaM _
'“V1+W0_ 22 Wy — 22 Wy +_42_7"0+}’37‘++V37"+ +4Tr0 =Y,
—y;Mw -y w +——Y4Mr +a,r, __yz_M
2 0 1+ 2 + 270 2 ’
y: M e e . YaM s M
- ) Wo_a1W++a2r0+ 5 ry = > f

_MAEWO - bIW_T_ - bzro + Mﬂ,zr.}_ = Mﬂ.;,
—MA3wy — biw, + MA,r) — byry = MAS,
—V3Wo — MAsw, + MAyry — i1y = y3,

—YsWo — MAzw, —ciri + MAyrg =v3

(3.6)
where, the coefficients a, ,, by 5, c; are given by,
o+ . My,A3
a, =y; +2iw, + 20T -i(a=2an)
- M2y, 2,
az =¥z + 2(vf-i(a—20p))’
oy M
by =vys + i +i(A—2wp)’
ot L in L MPd
bz =y il Y1 +i(A-2wp)’
¢ =y +i(A+2wy). (3.7)
In matrix form, egs (3.6) are:
AX =1 (3.8)
where
X=[w, wp wi rn rn, 17 5], (3.9a)
- - T
P=[r BROER map MA3 oy v (3.9b)
and
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[ + _ M AM  yaM - - YaM 7

h : T2 Tz V3 ¥ T
+
- % -a, 0 0 YLZM- 0 a,
M . . vaM
A=|-% 0 -4 a 0 == 0 (3.9¢)
-M2; 0 -b, —b, Mi, O 0

-MA;  —-b] 0 0 0 MAi, -—b;
—-ys —MA3 0 MA, —c 0 0
| —y3 0 -MA; O 0 —cf MAa,l

and the notation [ |7 refers to the transpose matrix.

The formal matrix solution of (3.8) is,
X=A471 (3.10)

where A is non-singular matrix (which is met in our model).

The general form of the elements of the vector I and the matrix 4, eqs
(3.9b, ¢), are given in (2.2). Note that, the model eqs (2.1), for the atomic
variables (w,r,s) represent a 2-step (i.e. 2-photon processes) transition
between the upper level (E},) and lower level (E,) via a set of intermediate

levels {E;}. There are three possibilities for this indirect transition

examined in the following sub-sections.

3.1.1 The Cascade Model

In this case, w, > w; > w, for all j (Figure (1)), so the step functions

appearing in the expressions for the decay constants given in (2.2) have the

values:
6(wps) = 0(wja) =1,
6(wjp) = 0(wg;) = 0. (3.11)
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Figure (1): The cascade model (E, > E; > E,)

For simplicity, we assume equal decay rates from levels E, — E; and
E; - Eg, so (see (2.2)),

o ab _ ., ba
ybj _Yja: )/b] _)/]a ’

1
J j J

Hence, from (2.2), the elements of the vector I and the matrix A4 in
(3.9b, ¢) normalized to y; (which amounts to put y; = 1) have the

following forms,

yi =N, Ny =1+2N,y; =1, y; =0,

Vi =Nift, ¥5 =fu a2 =0, i =y*/2,

M=21,=0 13 =2f;, ;3 =0,

a; =Ny +id, a; = f1, 1= 2w,

by = f1, b, = N; +iA,

¢, =N, +i(A+1). (3.13)

The parameter f; (0 < f; < 1) represents the interference measure

between the two channels E}, - Ej, E; > E, (see below egs (2.2)).
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With this simplification, the matrix A and the vector I in eqs (3.9b, ¢)

have the following forms,

I=[1 0 0 2Mf, 2Mf, N;f; Nfi]” (3.14a)
and,
-M -5 =% 0 fi fi 0
—g -, 0 0 0 0 f
M *
A=|">2 —a 00 (3.14b)
0 0 —f, —b, 0 0
0 -, 0 0 0 0 -—b;

-, 0 0 2M —-¢ 0 0

3.1.2 The A-Model

In this case w; > wy, > w, for all j (Figure (2)), so the step

functions in eqgs (2.2) have the values:
0(wjp) = 0(wja) = 1,
0(wp;) = 0(wy;) =0, (3.15)

Unlike the previous case of cascade model, the assumption of equal

decay rates from levels E; — Ej, E, lead to trivial and unphysical results.
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Figure (2): The A-model (E; > E, > E,)

Instead, we assume that, the total decay rate y, = Y, jYjp 18 greater

than the corresponding rate y, = Y; Yja- Further, the interference between

the two channels E; — E),, E, are assumed equal as in the previous cascade

model. Hence, from (2.2) the elements of the vector I and matrix A4 in (3.9b,

¢) normalized to ¥, have the following forms:

1 a
vi=Nug, ue =502, w=lt<,

Vi =l Vi =Nfo v3 =va=0, f, =y,
1 1 1

/11 = E#l AZ = -2_: A% = EfZa

a, = Nﬂ_,_ +l/1, a, = 0,

_1 M?fru
L7 a (N +ia-2)y
M?u
4(Npy+i(A-2)y

bzzN#_i__}'lA_

¢ = Nuy +i(A + 2). . (3.16)

The parameter f, (0 < f, < 1) represents the interference measure

between the two channels E; — E},, E, (see below egs (2.2)).
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So, the vector I and the matrix A4, egs (3.9b, ¢), have the forms,

_ Mu_ Mu_ 1 1 T
I—[Ny_ -t _Ee Cup lMf, NS Nfz] (3.17a)
and,
—Np, -7 _Ze g 0 0 0]
o | 0 0 0 0
-%£ 0 -2 0 0 0 0
A=|-"2 o -b -b, 2 0o o (3.17b)
e Y 0o 0 = b
0o - o M _. 0 0
2 2 1
| o 0o -2 o o g

3.1.3 The V-Model

In this case w, > wg > w; forallj (Figure (3)), so the step
functions in eqs (2.2) have the values:

O(ws7) = 0(ay) = 1

8(wjp) = 8(wjq) = 0. (3.18)

Here, we assume that, the total decay rate y, = . y,; is greater than
the corresponding rate y, = Y.;¥,;. Further, the interference between the
two channels E,, E, — E; are assumed equal, as in the previous two
models, sections 3.2, 3.3. Hence, from (2.2) and (3.7) the elements of the

vector / and matrix A in (3.9b, c¢) normalized to y, have the following

forms:

29



i Ep

01

v Eq

ww
{E;}
Figure (3): The V-model (E, > E, > Ej)
yf—r =N+ Dky, Ky =%(1‘|_‘K); Kz);—b< 1,
Vi =k, 73 =W+ Dfs, v5 =72 =0, f; =y,
1 1 1
Al - EK, Az ZE,Ag = i;f3,
a; =N+ Dk, +id, a, =0,
b = — M2fx
7 4N+ D)k +i(A=-D))
. M?K

b, = (N + 1)K+ +id - 4((N+1)r4+i(A-2))
¢, =N+ Dr, +i(A+ ). (3.19)

The parameter f; (0 < f; < 1) represents the interference measure

between the two channels Ey,, E, — E; (see below eqs (2.2)).

So, the vector I and the matrix 4, egs (3.9b, ¢), have the forms,

[=|w+ie M= M M5 ME vy vt g (3.20a)

2 2 2
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and,

Mk My,

[~V + e, =2 - 0 0 0]
—— —a; 0 0 0 0 0
_—— 0 —-a 0 0 0 0
— Mf3 M
A= = 0 ~b -b, T 0 0 (3.20b)
xL -b; 0 0 0 ¥ -—p
0 M9 M ¢, 0 0
2 2 1
0 o £ 0 0 - %

The computational results for the fundamental and 1% harmonic
envelope functions (wy, 7y = sg) and (w, = w,r, =r*), respectively,
will be presented in the following Chapter 4. This is done by solving the
algebraic system of linear equations, eqs (3.8) and (3.9) with I and A are
given for the three different transition models by (3.14), (3.17) and (3.20).

3.2 Adiabatic Fourier Series

In this section, we resort to an alternative FS decomposition that
avoids the earlier truncation in (3.1). The adopted FS decomposition
procedure to the system (3.21), is of less labored approach (Goll and Haken
1980, Hassan et al 1982) and depends on adiabatic elimination of some of
the system variables (7, s, w) to reach a single DE for one of the remaining
variables where FS decomposition is used to solve this DE, as shown

below.

The adiabatic approximation means that the eliminated variable
reaches its steady state much faster than the rest of variables. Within the
context of thermodynamics, it is a process during which there is no heat

transfer (Daintith 2009).
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3.2.1 The Cascade Model

The full model egs (2.1) with decay constants given by (3.12) and
(3.13) in the cascade model case and with interference parameter f; = 1

are of the normalized form (where we put y; = 1 — see below eq (3.12)),

W= — (N1 +%(eziwpt + e—ziwpt))w —1+ (re—ziwpt + seZi“’Pt),

(3.21a)
7= —(Ny +iA — 2Me?rt)r — (N, + w)e?pt — 2, (3.21b)

The FS decomposition to the system (3.21), within this approach, is

outlined as follows:

(1) Adiabatic elimination of (r, s)
In the model DEs (W), eq (3.21a), depends on all variables (w, 1, s),
while (7), eq (3.21b), depends on (w, ). Hence we choose to adiabatically

eliminate r = (s)” in terms of (w).

So, we set 7 = § = 0 in (3.21b, ¢) and solve for 7, s in terms of w to

get,
r ==V, +w)e?@rt + 2M]GT, (3.22a)
s=r", (3.22b)
where,
Gy = (N; + iA — 2Me?i@pt), (3.22¢)

Hence, from (3.22a, b) we have,
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re—2iwpt | ¢p2iwpt
= —1G,|72 [2NF + 2iMA (20t — e=2int)
— 4M? (e4ia)pt + e-—4iwpt)
+w (2N, — 2M(e2ert + e2iept))]

(3.23)

From (3.22¢) the quantity |G,| ™2 is given by,
1G117% = [Ny +iA — 2MeZi“’pt|_2
= (Ny +id)~H (N, — iA)_l(l — ﬁleZiwpt)_l(l _ Bfe_:"'i“’pt)_l
= (Nf +82) 71 (1 + Brent) (1 + pie2iont) (3.242)

= (Nf + 0711+ |By[* + pre?rt + Bre~2owt)  (3.24b)

where, the approximation in (3.24a) is valid for,

Bl = |2 < 1. (3.240)

Ny+id

Note, for the (real) parameter M < \/N(N + 1), (e.g. Hassan et al
2005), Ny = 1 + 2N and |A| = 0 the inequality (3.24c¢) is valid.

Substituting the expression (3.24b) for |G,|™2 into (3.23), we get
re—2iwpt 1 p2iwpt
= —(Nf + )71+ 1By |7 + Bre®rt + re2ient),
[2NF + 2imMa (2wt — e=2ivnt)
— 4M?2(e*wpt 4 g~Hiwpt)
+w (2N1 — 2M(e?rt 4+ e“Zi“’Pt))].

(3.25)

33



(2) Differential equation for (w)

Now, substituting the expression (3.25) for (re ~2rt + se2i@pt) into

eq (3.21a) we get finally the following DE for w,

3)

w = [Co + (Cre?@pt + C,e*@pt + c.c.)|w + D,

+ (Dye?'“pt + Dye*i@pt 4+ Dyebiont + ¢ ),

(3.26)
The coefficients C;, D; are given as follows:
_ N 2Ny
Co=—N (N2+A2)
M a, 2
C1:—;_W: a1=2(N1ﬁ1—M(1+|ﬂ1| )),
_ 2MB,
2 7 (N24n2)
a4 2[Nf+M([3’1(N1—iA)+c.c.)]
Do=-1 (NZ+42) ?
D. = — a N, 2M[(N1+iA)(1+]B11*)—2MB7]
17 (n2442) (N2+42) ’
D. = AM? (1+84]*)-2iAM B4
2T e
4M2B
D; = (Nf+A;)' (3.27)
FS ansatz for (w)

In view of the harmonic coefficients in the DE (3.26), the steady

state solution for w may take the FS ansatz,

W =wy + (w29t + w,et@pt 4y ebi@pt 4 ¢ ), (3.28)

where the coefficients wy ; , 5 are time-independent.
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Note that, in the FS, (3.28) we have included a// possible harmonics

(namely, up to e*®'“»t) which affects the envelopes w,, w; of the 1*

harmonic components e t21@pt,

Using (3.28) into (3.26) and by comparing coefficients of

i-zina)p

e Y (n = 0,1,2,3) we finally reach the following system of algebraic

equations for the envelopes wy ; , 3 in matrix form:

A1X1 - —11 (3.29)
where,
— * * * T
Xp=[wo wi wi wy, w; wy wi]", (3.302)
where,
L =[Dy Dy Di D, D; D; D3], (3.30b)
C, c; C, c; C, 0 0
€, Co—2iw, G, c; 0 c; 0
c; C; Co + 2iw, 0 C, 0 C,
A =G c, 0 Co — 4iw, 0 c; 0
c; 0 c; 0 Co + 4iw, 0 C,
0 c, 0 C, 0 Co — 6iw, 0
K 0 c; 0 c; 0 Co + 6w,
(3.30¢)

(4) Harmonic envelopes for (1)

Now, we derive the expressions for the fundamental and 1 harmonic
envelopes for (r). First, the expression for G;! using eq (3.22¢) is
approximated as follows,

Gt = (Ny +i8)™1(1 = Bye?ient) ™

_2M
T Np+iA

Gr' = (N +i0)71 (1 + pye?i@et); B, (3.31)

valid for |5;] < 1.
Using (3.31) and (3.28) into (3.22a) we have,
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: _(Nleziwpt + ZM)(l +,3182iw1’t) (BZiwpt 4+ ﬂ1e4iwpt)
r= — _

(N; +ib) (N, + iA)
. [Wo + (Wlezmpt + ertl-ia)pt + W3e6iwpt +c. C)]
(3.32)

Up to 1 harmonics, (3.32) is reduced to,
T =19 +1,e%9nt 4y g 2iwpt (3.33)
where the envelopes 7y . for the fundamental and 1% harmonic components,

respectively, are given by,

_ —(@M+wi+Bw3)

0= Ty (3.34a)
_ (W3 +B1w3)

ro= —Gth), (3.34b)
_ —(Ny+wo+B(wi+2m))

Ty = Notid) , (3.34¢)

where the coefficients wy,,5 are determined numerically from the

algebraic system (3.29) and (3.30).

3.2.2 The A- and V- Models

Both the A- and V- models can be treated together, since in this case
the coupling constants y; = y, = 0 (see eqs (3.16) and (3.19)). Hence, eq
(2.1) reduce (for both models) to the following system of (non-normalized
form) of DEs,

Ya M

> (eZiwpt-l-e_Ziwpt)]W

v'v=—[y1++

3 [}’1_ + YzzM (eziwpt n e_Zi“’Pt)],

(3.35a)
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[ +iB — M(Ayert 4 2,200t ]y
—y§ et — M(A3w + 1Y),
(3.35b)
s =(r)". (3.35¢)
Unlike the system (3.21) for the cascade model configuration, eq
(3.35a) for w is independent of the other variables (7, s). In other words,

the induced polarization field has no effect on the atomic population (w).

The FS decomposition to the system (3.35) proceeds as follows:
(1) Adiabatic elimination of (w)
Since the variable (w) in (3.35a) is independent of the variables (7, s),

it is convenient to eliminate (w) adiabatically. So we set w = 0 in the

steady state, to get,
—  YiM [ i —2i -
w = =y + L5 (ePint 4 gm2ient)] G5 (3.362)
where,
+ , .
GZ = ’yf- + ZZZ_M(Qlept + e—Zl(Upt). (336b)
Now

-1
Gz—l — (yl (1 A (BZprt + e—lept))

-1 (1 + B (e?iopt 4+ e—Ziwpt))_l
~ () (1 ﬂz(eziwpt n e—ziwpt)) (3.36¢)

M

where 8, =

Using (3.36¢) into (3.36a) we have,
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[, M
w==0D" i+

. (1 - ﬁz(GZint + e—Ziwpt))

= Wy + wy (€290t 4 g2iwpt) 4y, (gHept 4 e~ tapt)

(e%wpt + e—Ziwpt)] _

(3.37)
where the harmonic envelopes wy ; , are given by,
Wy = — (Yf—V{Mﬁz),
V1
o )
1= y;- H
oM
w, = y;ﬁ Bs. (3.38)

(2) Differential equation for (1)
Substituting the FS expansion (3.37) for w into (3.35b) we get the
DE for r in the form,

= —[yi +id — M(A,%9p" + D e 20pt)|r — yie2iopt — MAT
— M/‘{E[Wo + Wl(eziwpt + e—zimpt)
+ w,(etiert 4 e~topt))
— [EO + Eleziwpt + E2€_2iwpt]r +F, + Fleziwpt + er—ziwpt

+ F; (e‘”wpt + e“”“’pt)

(3.39)
where,
Ey = =(yf +id),
E, =MA,4,
E, =M2A,,

Fo = —M(A3w, + 43),
F, = =(@y3 + MAzw,),
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FZ = —MA-?:Wl,
F3 = _MAEWZ. (3.40)

(3) FESansatz for (r)
In view of the harmonic coefficients in the DE (3.39), the steady state
solution for () may take the form,
T =T 4Ty ,e8 0Pt f e Opt oy et 4y e mHpt
(3.41)

where the coefficients 1y, 7. 4, 74, are time-independent.

Using (3.41) into (3.39) and on comparing coefficients of equal
harmonics e*?"“»! (n = 0,1,2,) we reach the following system of
algebraic equations (in normalized form and with interference parameters

f2;3 = 1) for the envelopes 1y, 1y 1, 74, in matrix form,

A X, = —1I, (3.42)
where,

X,=["0 Ts1 T-1 T4z T_32]|T, (3.43a)
E, & E 0 0
E, Eo—id 0 E, 0

A, =|E, 0 Ey+id 0 E, (3.43¢)
0 E 0  E,-—2il 0
0 0 E, 0 E, +2iA

and the normalized parameter A = (2w, /¥,) or (2w, /y}) in the case of

the A- or V- models, respectively.

The relevant coefficients in (3.38) and (3.40), namely,
Vi v ys.i, A2, A;—’ for the A- and V- models are given in (3.16) and (3.19),

respectively.
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The computational results for the fundamental and 1% harmonic
component envelopes within this adiabatic FS decomposition approach for
the cascade model (sub-section 3.2.1), the A- and V- models (sub-section
3.2.2) are given in the next Chapter (4) and will be compared with the

truncated FS decomposition of sub-sections (3.1.1 - 3.1.3).
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CHAPTER 4

Results: Harmonic Envelopes

In this Chapter, the fundamental (zero harmonic) envelope
components (W, ;) and the 1% harmonic envelope components (w,.,7._)
are computationally investigated by solving the algebraic system of eqs
(3.10), namely,

X=A" 4.1)
with the vector X, given by (3.9a), whose elements are the harmonic
envelope components of atomic and polarization variables, while the
vector I and the matrix 4 are given explicitly for the three transition models

in sections (3.1) and (3.2).

4.1 Physical Quantities

Here, we investigate two specific physical quantities, namely:
(i)  Atomic polarization field, r (t), which is the radiation field generated
by the atomic system as a response to the external field. In our model (2.1),
the external field is represented as the SV field, through the parameters
(N, M). The polarization field as a complex quantity is associated with
absorption and dispersion lineshapes. If the current model is further probed
by a weak pulse field, then the amount of energy absorbed or amplified
(positive or negative absorption, respectively) by the pulse is proportional
to Im(r_) (Hassan and Al-Harbey 2013). The real part, Re(r_), represents

the dispersion effect that is related to the refractive index of the medium,
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whose absolute value is the ratio of the pulse speed in vacua to that in the

medium (Hassan et al 2003, Markes and Soukoulis 2008).

(i)  The scattered intensity, I(t), of the emitted light is proportional to
the average atomic population of the upper state (E}), i.e. the probability
of atom being in its upper state. This is given by, (Hassan et al 1995),

I(t) =1+ w(t). (4.2)

Using the FS form in (3.1a), we get
I)=1+wy+ (w, +w.) cos(Za)pt) +i(w, —w_) sin(Za)pt)

= Iy + I cos(2wpt) + I;sin(2w,t) (4.3)
where,
I =1+w, (4.42)
is the steady state fundamental intensity component, while,
I, = 2Re(w,), I, =-2Im(w,) (4.4b)

are the steady state in-phase and out-of-phase 1% harmonic intensity

components.

Next, we present the computational results of the scattered intensity
and the absorption-dispersion harmonic envelopes for the three transition

models: the cascade, A- and V- models.

4.2 The Cascade Model

(A) Truncated FS results

Before presenting the computational result in the general case of SV
field with interference effect (M, N, f;) # 0, we look at the following
special cases:
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(i)  Thermal Field (TF) Case (N # 0,M = 0)
For f; = 0 (no interference process) it is easy to get from the system

of eqs (4.1) with I and A4 are given in (3.14 a, b),

To+ =0, (4.5a)
1

Wo ==, (4.5b)

w, = 0. (4.5¢)

So in this case, no steady state polarization field, (4.5a), and the
atomic inversion component wy, has the same result as the one-photon
transition case (Hassan and Bullough 1998) with no 1% harmonic

components (wy = 0).

With interference effect (f; = 1) and in this case of no SV field

A= wp, — 2w, > Wy, the system (4.1), with (3.14a, b) reduces to,

—Niwo +1, +15 =1, (4.6a)
—Nyw, +15 =0, (4.6b)
—Nywi +1, =0, (4.6¢)
—wi — (N; + iwp )1y = 0, (4.6d)
—w, — (N, —iwpg)1rg =0, (4.6¢)
—wo — (Ny + iwp )1 = Ny, (4.6f)
—wo — (N; — lwpa)7i = N;. (4.62)

From eqs (4.6b) — (4.3e) we have,
=0 w, =0, (4.7a)
hence the polarization fundamental component (7,) and the 1 harmonic

components (w, ) are zero.
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Solving eqs (4.6a, f, g) for wy, r, we get the following,

_ 1 3N?+wi,
Wo = Ny (Nf+2+w§a) (4.70)
~ -2 (since wi, > 1)
Ny
1
T 142N (4.7¢)
and
_ _Wi-1)  vi-p
T, = ol +1i Voo (4.7d)

Eq (4.7¢) means that the fundamental component of the inversion is
essentially similar to the no interference result (4.5b) while (4.7d) means

that the 1% harmonic component (r,) of the polarization field is non-zero
due to interference effect, with Re(r,) = 0 ( ),Im (r,) = 0(;1—).
ba

1
2
Whq

(i) SV Field Case (N,M) #0,f; =0
In this case the system (4.1) with (3.14a, b) reduces to,

—-N;w, —%(W_,_ +wi)+r +rf =1, (4.8a)
—§WO —a,w, =0, (4.8b)

—Zwo — ajw] =0, (4.8¢)

—bzro = O, (4.8d)

—bsr5 =0, (4.8¢)

ZMT'O - C17”+ = O, (48f)

2Mry —ciri = 0. (4.82)

Eqs (4.8d) — (4.8g) gives that
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o+ =0, (4.9a)

$0, no polarization field in the absence of interference effect.

Solving eqs (4.8a) — (4.8c) for the atomic inversion components Wo +

we get,
_ 1 2(Nf+2?)
Wo = Ni (7N2+7N+2+2A2) (4.9b)
1 . s 2
== (since A2 = (2w,)" > 1)
1
=—T5 (4.9¢)
and
W+ 2(Nq+id)
M . M
~ a3 + i o (4.9d)

So, the fundamental component (w,) is essentially the same as the

thermal field case (4.5b) while the 1% harmonic component (w, ) has real

and imaginary parts of O (;17) and O(Coi), respectively.
p P

The results for the general case of SV field, (N,M) # 0, with
interference effects (f; = 1) are obtained computationally by solving the
system (4.1) with (3.14) using Maple software version 18 (Appendix A)
and presented in Figure (4) where we notice the following:

(a) The fundamental absorption and dispersion components, Im(ry)
and Re(ry), respectively, exhibit zero absorption- finite dispersion
phenomenon (Hassan et al 1997) at exact resonance (A= 0), Figure (4a),
due to the quantum interference effect (f; # 0). For smaller N = 0.1, the
same results are obtained but with narrowing widths. Physically, line

narrowing effect means higher spectral resolution of separating closely
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different frequencies (e.g. Garrison and Chiao 2014). For SV parameter
M — —M, the absorption shape, Im(r;,), becomes the mirror image along
the vertical axis at A= 0 of the full lined curve in Figure (4a), while the
dispersion shape (dotted line), Re(,), becomes Lorentzian (See Appendix
B for Lorentzian and dispersion curves).

There are no 1* harmonic polarization components, 7, = 0.

(b)  Figure (4b) shows that the fundamental component of the intensity
is constant, I, = 0.66 while the in- and out- of phase 1% harmonic
components (I, I;) have dispersive and inverted Lorentzian structure and
both are small, 0(A™") = 0(1077). For smaller N = 0.1 and negative M,
we have the same effects as for the polarization field mentioned in (a)

above.

0.25.

—0.25-

—0.50

—-0.75

-10 0 10
A

Figure (4a): The fundamental components Im(r,), Re(ry) against the

normalized detuning A for N = 1,M = \/N(N + 1), fi=1and
A = 107 (in the optical frequency range)
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4.x 1077
(b) 0.6668
[, — 0.6667

IO
o 0.6666

2.x 1077,

0.6665
10

0 10
A

—2.x1077} , J
-10 0 10
A

Figure (4b): As Figure (4a) but for intensity harmonics Iy, 1., I.

(B) Adiabatic FS results

Within the adiabatic FS decomposition approach of sub-section
(3.2.1) we notice the following:
(@) The corresponding results for the fundamental components
Im(ry), Re(ry) are shown in Figure (4¢). The qualitative behavior is the
same as in Figure (4a) using the truncated FS, eqgs (3.1). In Figure (4d) the
1 harmonic components Im(r_), Re(r_) are small 0(107®) and show
negative absorption (amplification) for all A, compared with vanishing

components using the truncated FS, egs (3.1).

(b) As for the intensity harmonics, the fundamental component I, = 1 +
W, is shown in the inset of Figure (4e) where it exhibits variation with A,
compared with constant value in Figure (4b). The 1* harmonic components
I. = 2Re(w,) and I; = —2Im(w;) in Figure (4e) show essentially the

same qualitative behavior as that in Figure (4b) for g, I.., respectively.
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0.25

—0.25-

—0.50,

-0.75-

~10 0 10
A

Figure (4c): As Figure (4a) but using the adiabatic FS decomposition, eq
(3.34a)

@

—-1.x 1078

-2.x10°8

~3.x 1078 {/m(-) —
Re(r_) ...

-10 0 10
A

Figure (4d). Im(r_), Re(r_) using the adiabatic FS decomposition, eq
(3.34b)
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2.x 1077

-1.5x 1077 ‘
—-20 0 20

A

Figure (4e): As Figure (4b) but using the adiabatic FS decomposition,
eqs (3.29) and (3.30)

4.3 The A-Model

(A) Truncated FS results

First, we look at the following special cases using eq (4.1) with I and
A are given by (3.17a, b).
(1)  Thermal Field Case (N + 0,M = 0)

For no interference effect (f, = 0), we have

__a-w
Wy = o H <1 (4.10a)
wy =154 =0. (4.10b)

The only non-zero steady component is the fundamental atomic

inversion w, which is only dependent on the damping ratio =Y

Yb

and all other higher harmonics w, = 0. Also, no steady polarization field

(r0.+ = 0) due to absence of interference.

50



With interference effect (f, = 1) and letting A= w,, — 2w, > Wpq
(where there is no SV field), we have from (4.1) and (3.17a, b) the same
results (4.10) for the atomic inversion components and further,

1o = 0, (4.11a)
N

T, =
+ c,

~ Ny N (4.11b)

4wf,  2wpg’

since wZ, > 1.

So, the polarization field has no fundamental component and the 1°*

1

harmonic component (r;) has real and imaginary parts O (wz ) and
ba

0 (wL), respectively, similar to the cascade model case (eq 4.7d).
ba

(1) SV Field Case (N,M) +#0,f, =0
In this case eq (4.1) with (3.17a, b) reduces to

M *)

—Npwy — ;(W+ +wi) =Nu_, (4.12a)
_%WO —a,w, — _M_é‘:, (4.12b)
_ M5+ Wy — aiws = _%, (4.12¢)
—by1y + %m =0, (4.12d)

* % M *
—b, 1, +or =0, (4.12¢)
M
~ HTo — 11y =0, (4.121)
M * * ok
Mo —Ciry = 0. (4.12g)

Egs (4.12d-g) gives
To+ = 0. (4.13a)
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So, no polarization field components due to absence of interference

as in the cascade model case (eq 4.9a).

Solving eqs (4.13a-c) we get the following expressions (with

wgq » 1) for the atomic inversion components,

1_
wo = =10, (4.13b)
~ MNuyp_ o Mpu_
w, =~ 507, z%%a. (4.13¢)

The result (4.13b, c) are essentially of the same order as in the cascade

model case (eqs 4.9c¢, d).

The general case of SV field (N, M) # 0 with interference effect
(fz =1) are obtained by solving the system (4.1) with (3.17)
computationally and presented in Figure (5) where we notice the following:
(@)  The fundamental absorption and dispersion components, Im(r,) and
Re(ry), respectively, show the same qualitative behavior of zero-
absorption-finite dispersion at exact resonance as in the cascade model
(Figure 4a) but with narrowing effects.
The 1% harmonic components of the absorption and dispersion line
shapes are non-zero; 0(A™1), -Figure 5b- (unlike the cascade model) and
show opposite behavior to that of Figure (5a), i.e. negative absorption

(amplification) with zero-dispersion at exact resonance (A = 0).

(b)  All intensity components, the fundamental I,, and the 1% harmonic

in- and out- of phase I, ; are constants with both I, ¢ = 0(1™1) (Figure 5¢).

52



0.2 4(

-0.2

—0.4 {Im(ry) —

Re(ry) ... 8

-10 0 10
A

Figure (5a): As Figure (4a) but for the A-model with u = 0.3

1.8x10°8

~10 0 10

Figure (5b): The first harmonic components Im(r_), Re(r_) against A for
the A-model with u = 0.3
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(c)
0.50 |
g8 x 107% -
Iy I
0.25 ;
I
6.43 x 10713 e
"o 4 10
0 . A |
A

Figure (5¢): As Figure (4b) but for the A-model with u = 0.3

(B) Adiabatic FS results

The computational results within the adiabatic FS decomposition for
the fundamental components Im(ry), Re(r,) and of the 1% harmonic
components Im (r_,l), Re(r_ ;) of the induced polarized field are shown in
Figures (5d) and (5e), respectively. The results are qualitatively of the same
behavior as for the truncated FS decomposition Figures (5a) and (5b). Note
also that, the harmonic envelopes wy ; , in egs (3.38) are independent of
the detuning parameter (A) (as in the truncated FS decomposition case,

Figure (5¢)) since w is independent of (r, s).

10

[
[y
<
<

A

Figure (5d): As Figure (5a) but using the adiabatic FS decomposition,
eqs (3.42) and (3.43)
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(e)

2.x1078;

-2.x 1078/

—6.x 1078

Figure (5e): As Figure (5d) but for Im(r_’l), Re(r_,)

4.4 The V-Model

(A) Truncated FS results

(i)

Here, the following special cases are very similar to the A-Model case.

Thermal Field Case (N #+ 0,M = 0).

In the case of no interference (f; = 0), we have similar to (4.10),

1-k
wo = — (E;) k<1, (4.14a)
w, =0, (4.14b)
Tos =0, (4.14¢)

and hence no higher harmonics for the atomics inversion and the

polarization is zero due to absence of interference.

With interference effect (f; = 1) and by letting A— w,,(where no

SV field), we have the same results for the inversion components (4.14a-

¢), while the polarization field has no fundamental component (1, = 0) but
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its 1* harmonic components are of the form (compared with the A-model,

eq (4.11b)),

~ _ (N+Dky . (N+1)
T, e { . (4.15)
(i) SV Field Case (N,M) #0,f; =0
Similar to the A-model case, eqgs (4.13), we have,
To+ =0, (4.16a)
1-k
Wy = — (m) (4.16b)
w, = (N+DMksk- Mk (4.16¢)

8wi, 4wpq’

Hence, the atomic inversion components are all non-zero, while the

polarization field is zero due to the absence of interference.

Effects of the interference (f; = 1) in the SV field case are examined
by solving the system (4.1) with (3.20) computationally and are shown in

Figure (6) where we notice the following:

(a)  The fundamental and 1* harmonic components of the absorption and
dispersion line shapes (Figure 6a, b) show the same behavior as in the A-

model of Figure (5a, b), but with lesser narrowing effects.

(b)  The fundamental I, and 1% harmonic components in- and out- of
phase I ; of the intensity are constants (Figure 6¢), as in the A-model case

(Figure 5¢) with I, ~ 0.
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Im(rg) —

Re(ry) ... G

~10 0 10
A

Figure (6a): As Figure (4a) but for the V-model with k = 0.4

2.x 1078 |©

6.6 X 10724

—-2.x1078

—10 0 10
A

Figure (6b): The first harmonics Im(r_), Re(r_) against A for the V-
model with k = 0.4.
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Figure (6¢): As Figure (4b) but for the V-model with k = 0.4.

(B) Adiabatic FS results

Similar to the A- model, the computational results for the fundamental
components Im(ry),Re(ry) and of the 1% harmonic components
Im(r_,),Re(r_,) — Figure (6d) and (6e) within the adiabatic
decomposition are in close analogy with the results of the truncated FS
decomposition, Figure (6a) and (6b), respectively. Further, the harmonic

components wy , , are constants.

0.25-

—0.25

—0.50;

-10 0 10
A

Figure (6d): As Figure (6a) but using the adiabatic FS decomposition,
eqs (3.42) and (3.43)
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2.x 1078 (e)

—2x1078,

Im(r_,)

Re(r_4) ...
~10 0 10
A

—4.x1078,

Figure (6e): As Figure (6d) but for Im(r_,l), Re(r_,)

4.5 The One-Transition Case

The corresponding Bloch equations modelling the interaction of a
single 2-level atom with an off-resonant broadband SV field via a one-
photon transition (so no intermediate states {E;}) have the form (e.g.

Hassan and Al-Harbey 2013),

W=—-y—-yw, (4.17a)
r= —%r — yMse?iAt (4.17b)
= (s)". (4.17¢c)

Here, w,r = s* are the atomic inversion and polarization field,
respectively, y; = y (2N + 1), A= w,, — w,, with w,, the central frequency
of the SV field and w, the atomic transition frequency, y is the decay

constant and N, M are the SV parameters.

Here, we notice from eqs (4.17) two main features:
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(i)  The atomic inversion w, eq (4.17a) is not coupled to the atomic
polarization field (r = s*), and it only depends on the SV parameter (N)

as a broadening decay effect.

This is unlike the 2-photon transition case, eq (2.1a), where w is
coupled to both polarization components (7, s) due to interference process

(terms in y3 and y,).

(i)  The two quadrature components of the polarization field (r, s), €qs
(4.17b, c) are coupled through the SV parameter M (degree of squeezing)
and independent of the atomic energy w. This is unlike the 2-photon

transition case, eq (2.1b), as mentioned in (i) above.

In the steady state (W =7 = $ = 0), eq (4.17a) simply gives, the

usual thermal field result (Hassan and Bullough 1988),

1
142N’

w(co) = — (4.18a)

while, eqs (4.17b, ¢) simply shows that there is no steady polarization field,
r(0) = s(w) = 0. (4.18b)

Note that, the exact time-dependent solutions of the homogenous

DEs, eqs (4.17b, c), (see Appendix C) show that the polarization field is

non-zero due to non-zero initial conditions, (T(O), S(O)) * 0.

4.6 Conclusion and Future work

The concerned mathematical model of non-autonomous Bloch

equations represent the coupling of a single 2-level atom with a squeezed
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light, where the atomic transition between the 2-energy levels occurs
indirectly via a 2 way-transitions. Three shapes of this indirect transition is
considered, namely, the cascade, A- and V- models. The non-autonomous
differential equations (Bloch equations) with periodic coefficients are

treated via two approaches of Fourier series (FS) decomposition:

(1) One approach is to use the truncated FS (up to 1* harmonics) for all

variables (7, s, w) of the Bloch equations.

(2)  The other approach, which does not resort to earlier truncation of FS,
but uses adiabatic elimination of some of the variables to reach a single DE
for only one of the rest of variables. In turn, FS decomposition anstaz is
used to solve the concerned DE in the steady state. This depends on the
form of the system of DEs (Bloch equations) and in turn on the atomic
system configuration. Particularly:

(@)  For the cascade model, the induced polarized field (r, s) affects the
atomic inversion (w) and vice-versa, hence the evolution of any variable
depends on the rest of variables in the model Bloch equations, (3.21).

In this case, we use adiabatic elimination of the two variables (r,s)
of the polarization field to reach a DE for the third variable (w). The FS
ansatz used to solve the resulting DE for w in the steady state takes account
of all possible harmonics that affect the envelopes of the 1% harmonics of
interest.

The results of this adiabatic FS decomposition for the cascade model
case reveals two different aspects from the truncated FS approach in (1)
above, namely: (i) the appearance of the 1% harmonics of the polarization
field components (r,s), (ii) the variation of the fundamental intensity

component (o) with the frequency detuning parameter (A).
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(b)  Forboth the A- and V- models, eqs (3.35), the induced polarized field
(7, s) does not affect the atomic inversion (w) but the opposite is true. In
this case, we adiabatically eliminate the variable (w) to reach a DE for the
polarized field variable (r), and in turn FS ansatz is used to solve in the
steady state (up to 1* harmonics) for the harmonic envelopes of (r). The
results of this adiabatic FS decomposition approach for the A- and V- model

cases are qualitatively similar to the truncated FS approach.

It is noted that within the adiabatic FS decomposition approach all
possible higher harmonics, e*2"®pt; n > 2, that affect the envelops of the
1 harmonics e*2“»¢ are taken into consideration (see eqgs (3.28), (3.41)).

This is unlike the truncated FS decomposition approach, eq (3.1).

Two characteristic quantities of the atomic medium were investigated
analytically and computationally. These are the absorption-dispersion line
shapes and scattered intensity (up to 1% harmonics). The results for the
three atomic structures are essentially in qualitative similarity. A main
result is that, the (quantum) interference process between the two-indirect
transitions induces zero-absorption with finite dispersion at exact

resonance.

The comparison is made with the direct one-transition case (so0, no
interference is present) where atomic polarization field (hence, absorption
and dispersion) is absent for all time ¢t > 0, unless the initial preparation of

the atomic system has non-zero polarization.

Finally, we note that, for atomic system of 3-energy levels of various

configuration (the cascade, A- and V- models) interacting with a SV
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radiation reservoir, the model Bloch equations have constant coefficients
at exact resonance conditions (e.g. Scully and Zubairy 1997, Sharaby et al
2006, Osman et al 2007). Otherwise, for non-resonance conditions the
Bloch equations have time-dependent harmonic coefficients. The indirect
transition takes place via a specific level, and not via a set of intermediate

states as in the studied 2-level atomic structure (Hassan and Ali 2001).

Future work of the studied model of non-autonomous Bloch equations

may include:

(1) Iterative time-dependent solutions for the atomic variables (c.f.
Batarfi et al 2010, Hassan and Al-Harbey 2013). Hence, calculations for
the scattered and absorption spectra that depend on the two-time atomic
auto-correlation functions, can be derived analytically and investigated

computationally.

(i1)  Study of the present Bloch equations but with the replacement of the
1% order derivative by a fractional derivative of order & (0 < & < 1) where
non-local (time) effects are considered within this fractional approach (e.g.

Bhalekar et al 2011, Petras 2011, Kumar et al 2014).

(iii) Examination of the entropy and information transfer measures
within the context of quantum information theory (Hassan et al 2007,

Metwally and Hassan 2012).
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APPENDIX (A)

The Maple program to solve (4.1) and (3.14)

Solve a system of 7 eqs then plot the solution against Delta
> restart:

> with{plots) :Digits:=75:

Defining the nature of the variables used
> assume (Delta,real) :Digits:=20:

>
lambda::lﬁ”{?§;iambd&31:36:lambda2:mO:N:ﬂlzﬁzmsqrtiN*{N+i
yi:

>
NI::1%2*N;a1;&N1$I*iambda;b2:mK1+E*Delta;ml:mN1+x*{Deita+
lambda) ;

>

> sol:=simplify(solve( {~Nl*wo-0.5*M*wplus-
0.5*M*conjugate (wplus) + f£l*rplus + fl*conjugate (rplus) =
1,-0.5*M*wo~al*wplus+fl*conjugate (ro)= 0, ~0.5*M*wo~
conjugate (al) *conjugate (wplus) +£1l*ro= 0, -

fl*conjugate (wplus) ~-b2*ro= 2*E1*M, =£1% (wplus) -
conjugate (b2) *conjugate (x0)= 2*Ff1*M, ~Flrwo+2*Mrro-
cl*rplus= £1*N1,~-fl*wo+2*M*conjugate (ro) -
conjugate (cl) *conjugate (rplus)= £1*N1}, {wo,

wplus, conjugate (wplus) ,

ro,rplus, conjugate (rplus) ,conjugate (ro) })) :
f:wevalfr@,sal):g:wevaliwa,sal};z;meval(rplms,sai}:k:m@va
1l{wplus,sol):

> rminus:=M* (lambdal2*f-
lambda3l*conjugate (k)) / (1+2*N+I* (Delta-lambda)) :

> ITa:=l+g:Ic:=2*Re(k) :Is:=-2*%Im(k) :
PIm(f}:Re{f):gl:mim{g):gQ:mR@(g):zi:mEm{z):zﬁ:wﬁe{z}:kkrm
Im{k) :k2:=Re (k) :

> £1l:=1;

> plot({ial ,Delta=~
10.,lﬁ,liﬁeatylem§1,2,3},a@lcrx{blamk,biaakfbiack},ax&gzb
oxred, numpoints=700, tickmarks=[3,

4], font=[1,1,14], thickness=2,views=[~-
10..10,0.6665..0.6668]) ;

> #display ({P1,P2,P3}) ;

> plot{{Is,Ic],Delta=~
10.,lﬁ,linestyl&xil,z,Bj,mmlorm{black,black,black},axesx%
oxed, numpoints=700, tickmarks=[3,

4] ,font=[1,1,14], thickness=2) ;

> #



APPENDIX (B)

Lorentzian and Dispersion Lineshapes

(a) The Lorentzian function,

aZ
a?+A?

Fi(d) = (B.1)

is an even function of (A) with absolute maximum (= 1) at A= 0
and of width (a) i.e. F;(+a) = -;— It approaches zero for large [A| —

oo (Figure B.1).

(b) The dispersive lineshape function,

al
az+A2

F,(8) = (B.2)
is an odd function of (A) and vanishes at A= 0 with absolute
maximum and minimum values(+ %) at A= xa. It approaches zero

for large |A| — oo. (Figure B.1)

In Calculus books (e.g. Swokowski et al 1994) the functions
F1(4), F,(A) are usually called the Witch of Agnesi and Serpentine curves,

respectively.
1
0.50 -
0 5 .
. !
4 . N \ !
~0.50 ~ 7
-5 0 5
A

Figure (B.1): The functions F;(A), F,(A) against (A) fora = 1.



APPENDIX (C)

Solutions of Eqs (4.17)

Eq (4.17a) is a 1% order linear non-homogenous DE and its exact

solution is given by,

= Y)ont _ Y
w(t) = (w(0) + n) et —L (C.1)
and it steady state value,
- _X
w(w) = —-~.

To solve (4.17b, ¢), we introduce the transformations
r(t) = R(t)e't,
s(t) = S(t)e~iat, (C.2)

Substituting into (4.17b, ¢) we get the following DEs of constant

coefficients (taking M as real for simplicity),
o S 4 W —
R= (2+1A)R yMsS,

§=- (% - iA) S — yMR. (C.3)

The solutions of (C.3) are obtained, e.g., using Laplace transform
(L.T.).

Define,
L.T.(R(t)) =R(P)

= [ R(t)e Ptdt, (C4

etc., where p > 0 is the L. T. parameter.



Hence the L.T. of (C.3) are,

(0 +¥0)R(P) = R(0) — yMS(p), (C.52)

(p +v$)S(p) = $(0) — yMR(p), (C.5b)
where y, = % + iA and R(0), S(0) are arbitrary initial conditions.

Eq. (C.5b) gives,

3 S(0) YMR(p)
S(p) = - ) .
® (P+vs)  (+vg) (C.6)

Substituting (C.6) into (C.5a), we get,

5 — PHYo) _ M
R(p) =22 R(0) - L25(0), (C.7)

where the quadratic Q(p) is given by,

Q) =p* +yip + 2+ 4% —y2 M2, (C.8)

The inverse L.T., (L.T.)™", of (C.7) depends on the roots of Q(p).

There are three cases:

f(p +%)2’ AZ —y2M2? = 0,
Q) =5 (p + ZZ—)2 — 5;- YiM? — AZ> (), (C.9)
(p+2) +£  w oy,

where: $ =\YEM2 =A% &, = A2 —y2 M2,

Accordingly, the (L.T.)™" of (C.7) gives the solution for r(t) =

R(t)e'™ = s*(¢) in the above three cases as follows,
Case (1): AP —yIM? =0
Yi_ -
r(t) = [(1 — iAt)r(0) — yMt s(0)]e“(T‘A)t. (C.10a)



Case (2): YiM? — A%?> 0

r(t) = {[cosh(%— £) — i(20/8,) sinh(% 0 ]r(O)

— (2yM/E) sinh(% 0 5(0)} e~ (F-it)e

(C.10b)
Case (3): A2 —y2M? >0
r(t) = {[cos (% t) —i(24/&, ) sin (%2 t)] r(0)
— (2yM/&,) sin (% t) 5(0)} o~(3-id)e,
(C.10¢)

The transient solutions (C.10) for the polarization field quadrature
components have oscillatory (for A# 0) decaying behavior provided that
the initial conditions are non-zero, otherwise, the polarization field is zero
forall t = 0. The case of exact resonance (A = 0) is obtained from (C.10b)
and shows that the solution is of purely decaying behavior. In all cases, the
solutions (C.10) give vanishing steady state solutions,

r(0) = s5(00) = 0.
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The non-autonomous model of Bloch equations, modelling the cou-
pling of a 2-photon 2-level single atom with a squeezed vacuum (SV)
radiation reservoir, are treated via a Fourier Series (FS) decomposition
approach. It is shown that both processes of quantum interference (QI),
between the two indirect photon transition channels and the reservoir
radiation squeezing, induce resonant zero absorption, accompanied by
finite dispersion in the fundamental component and the 1% harmonic
envelope component, which is associated with the positive frequency
part of the atomic polarisation field. Negative absorption (amplification)
can be seen with the corresponding envelope component of the negative
frequency part.

Keywords: 2-photon transition, quantum interference, squeezed vacuum,
absorption-dispersion harmonics.

1. INTRODUCTION

Within the context of non-linear optics and for a combined system of atom
@ field, the atomic absorption and dispersion response lineshape functions

* Corresponding author: E-mail: shoukryhassan@hotmail.com; shoukryhassan@gmail.com
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depend on the atomic configuration, as well as the state of the radiation
field. One specific aim of such a study is the achievement of a transparent
atomic medium with enhanced coherence (i.e. zero absorption with finite
dispersion), which within the context of quantum information processing,
has direct implications in transforming information (via a probe pulse) with-
out loss or gain, and with controllable speed of propagation through the
medium.

In the particular case of a dissipative 2-level atomic structure coupled to
different states of radiation reservoirs, in the absence or presence of a driving
field, the manipulation of the combined system parameters has led to various
phenomena in the atomic absorption-dispersion lineshapes. There are two
main cases of radiation reservoir states:

(a) Normal vacuum (NV) reservoir case
With the radiation reservoir in the NV case (i.e. zero average photon
number and of zero temperature), and in the presence of a resonant or
non-resonant strong driving field, the amplification of the absorption
spectrum (i.e. negative absorption) of a weak probe field around the
Rabi frequency side-bands, at the expense of the strong driving field, was
first predicted theoretically [1] and later verified experimentally at opti-
cal frequencies [2]. The occurrence of these amplifications is accompa-
nied with zero absorption, and occur exactly at the Rabi frequency side-
bands [1,2]. As interpreted in [3,4], the positive dressed (combined) state
population inversion is attributed to these amplifications. Zero absorp-
tion accompanied with finite dispersion (i.e finite refractive index), as
demonstrated in the NV case [5, 6], is due to induced atomic coherence
and hence a complex refractive index of the atomic medium (cf. [7]).
Furthermore, for a 2-photon transition and bi-coherently driven 2-level
atom in the NV case, the interplay of field-dependent damping rates and
quantum interference processes (due to the 2-photon transition channels)
were investigated in detail regarding the 2-photon induced atomic coher-
ence [8].
(b) Squeezed vacuum (SV) reservoir case

For a weakly driven 2-level atomic system damped by a broadband SV
reservoir, zero-absorption accompanied with enhanced coherence was
predicted for single [9] and many cooperative atoms [10]. In the case of
an intensely driven 2-level atom in the presence of a SV reservoir, where
the damping coefficients become field-dependent [11], more enhanced
coherence is predicted compared with the corresponding case of NV
reservoir [12, 13]. In the SV case, this enhanced coherence with zero
absorption is attributed to the coherent population oscillations, due to the

NLO-TK-323'V3 2
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non-zero frequency detuning of the pump and probe field modes [9, 14].
In addition, the SV phase parameter related to the noise re-distribution
of the SV radiation reservoir is one way to achieve zero absorption
[15]. Analytical and computational investigations for the search of zero-
absorption isoline regions, accompanied with finite or steep dispersion
for a 2-level atomic system, coherently driven by mono- or bi-chromatic
fields in the presence of a non-resonant SV reservoir, were recently given
in [16].

In the present paper, we consider the model of a 2-photon 2-level atom,
where only 2-photon transition processes are involved, with damping occur-
ring in the presence of a broadband SV reservoir and in the absence of
external driving fields [17]. The corresponding model of Bloch equations
for the average atomic variables have time-dependent harmonic coefficients
due to the SV reservoir, unlike the direct 1-photon transition case [18].
The non-autonomous model of Bloch equations [17] are treated via a FS
harmonic decomposition approach. Amplitudes of the absorption-dispersion
lineshapes, up to 1% harmonics, are investigated in detail. It is shown that
quantum interference (QI), between the two indirect channel transitions in the
presence of the SV parameters, induces zero-absorption accompanied with
finite dispersion (at exact resonance) in the fundamental harmonic compo-
nent, and amplified absorption in the 1 harmonic component.

The paper is presented as follows. In section II, the c-number non-
autonomous Bloch equations for the averaged atomic variables are presented.
The special case of no QI is discussed in detail. Otherwise, the full set of
Bloch equations with QI included are treated in Section I1I via the FS decom-
position approach. Absorption-dispersion lineshapes (up to 1 harmonic) are
calculated and computationally investigated. Comparison with the 1-photon
transition case is given in Section IV, followed by a summary in Section V.

2. THE MODEL BLOCH EQUATIONS

The energy level scheme of the 2-photon 2-level atom model is shown in
Figure 1. The states |a) and |b) of energies Aw, and hwp, respectively, have
the same parity, and the intermediate (dense) states {|7)} of energies {hw;}
are coupled to |a) or |b), or both by direct dipole transition. The zero dipole
matrix element between the states |a) and |b) implies the absence of the direct
1-photon transition between them. It is assumed that the intermediate states
{17)} have no initial population, and are of the same parity, and therefore no
transition and hence no interference effect occurs between them.

NLO-TK-323'V3 3
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. x ib>
SV reservoir : o
of carrier - ; B4
frequenc A : \
() N | ;
1
i o,
. - |a>
FIGURE 1

The 2-photon transition 2-level atom scheme coupled to a SV radiation reservoir.

The c-number model Bloch equation (after tracing over the SV radiation
reservoir state [17]) for the averaged atomic inversion w = (|b)(b| — |a){(a]),
and the (complex) induced polarisation » = (|a)(b|) = s* for the interacting
system in Figure 1, have the following form, in a frame rotating at frequency

2wp:

M, .
W = — l:y1+ + "2 (eZprt + e—2m)pt)] w

2

_ [yl— + % (e2ia)[,t + e~2iwpt):|

. , 1
+ys (re7er 4 seort) + MU +9), e
ri=—[n A = M (e +ageer)]
— (5 w+ N — MOTw +7) (b)
oy (10

- dw
where w = —, etc.

Derivation of the model equations (1) within a full quantised Hamiltonian
approach is given in [17]. The notations in equations (1) are: The SV radiation
reservoir parameters N and (real) M = \/N(N + 1) (for maximum squeez-
ing) are the averaged photon number and the degree of squeezing, respec-
tively. The special case of a zero degree of squeezing (M = 0) represents the
usual blackbody thermal reservoir case. The frequency detuning parameter
is given as A = wp, — 2w, Where wp, = wp — w, is the atomic frequency
difference and w), is the central (carrier) frequency of the SV field. The vari-
ous damping rates and constants in equations (1) are given explicitly [17] as

NLO-TK-323'V3 4
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follows:

1
yit = 5 D (I £Ty)),
J
Lo .
2 =5 2 (rB(@s) + yp0(@;s)) £ [same with b— a]},
J
1
}/3jE =5 Z(Fgf + Ff,’;’ ’
>
1
va=5 Z{(V:jbe(waj) + yjqu(wja)) + [same with a — b]},
J

Ija = ¥jal(@;a)(1 + N) + v,;0(w,/)N; etc.,
3 = va0(@q) )1 + N) + y20(w;q)N,
1
Al = ‘2“ Z [Vbjg(wbj) + )’jae(wja)] ,

J

1
5= 5 2 [t + vitoy). @

J

The parameters y;; = | Py, ]a)z ; are the decay rates from the state |b)

3c3h
to one of the intermediate states {| )}, with P bj is the dipole matrix element

4
between states |b) and | ), while y;jb = ( E) (P f_bj)wz ; Tepresents the
quantum interference effect between the two transition channels |a) <> |;)
and |b) < |j); it is maximum if P, ;and P, . are parallel, and vanishes if they

are orthogonal [17] (similar expressions are for y,;, ylfjb , etc.). In equations
(1) and (2) we have assumed, for simplicity, that the SV parameters N and

M are the same for all transition frequencies: N(w,;) = N(w i) =..=N,
M(wq)) = M(wyp;) = ... = M. The step function 6(x) is defined by:
1 ,x>0
f(x) = 3
(x) { 0 oo 3)

and its role is determined by the configuration of the intermediate levels {| )},
as detailed below.

The physical interpretation of the decay rates in equation (2) are as follows
[17]:

(i) Therate y;" represents the total decay rate of the net atomic inversion
and polarisation between levels |b) <> |/) and |a) < | /).

NLO-TK-323'V3 5
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(i)  The rate y; represents an equilibrium value for the net atomic inver-
sion.

(iii) The rates yzi are associated with the induced steady oscillations in the
atomic inversion (w) due to the presence of the SV field. Similarly,
the rates A, are associated with the induced steady oscillations in the
atomic polarisation (r, s) due the SV parameter M.

(iv) Therate y; (due to QI effect) is associated with the induced 2-photon
polarisation (r, s) in the equation for w'. It is also associated with the
atom being in the state |b) or |a) in the equations for (7', 5°).

(v) Therate y;" represents a steady oscillation source for the atomic polar-
isation (7, 5), due to the 2-photon transition interference processes.

(vi) The rates y4 and A5 (due to QI effect) show that the SV field acts as
an oscillating driving field for both the atomic inversion w and polari-
sation (r, s).

(vii) Therate A7 (due to QI effect) is associated with the SV field parameter
(M) that contributes to the steady state value of the atomic polarisation
component (, s).

For the cascade configuration of the intermediate state {|7)}, as shown in

Figure 1, we have w, > w; > w, for all j, and therefore the step functions
appearing in the expressions (2) have the values:

O(wp) = 0(wj0) = 1,
0(w;p) = O0(wq;) = 0. 4)

To simplify the expressions in (2), we assume equal decay rates from levels
E, — E; and E; — E, as follows:

ab ba
Yoj = VYja> Yoj = Via>

Zm—Zm—y, ZV;,J ZV,a = (%)

Hence, the various constants in equation (2), appearing in equations (1), nor-

malised to the damping constant y;” = 2> have the following forms:

V1+:N1aV2+:1sV2_:0y
vi =Nifiys = fiya=0, (6)
M=24=01 =2f,1; =0,

NLO-TK-323'V3 ¢
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ab

where Ny = 1 4+ 2N and the normalised parameter f = is the measure

of QI (0 < f < 1). Hence, the model equations (1) in normalised form (r =
y, t) are as follows:

dw _ I:Nl + lM (eZi(u;r + e—2iw’pr)] w—14 f (re—Ziw}]r + Se2iw;}r)

dr 2
(7a)
dr R 2iw. 1T 20T
d_:—[NlJrzA—zMe"‘"’]r_f(Nler)e‘P —-2fM (7b)
T

ds dr\*

DU Bstd 7
dt (dr) ’ 7
where a)"U = w—f.

"
In the absence of QI, f = 0, equations (7) reduce to the following form:

dw _ 1 2iw’ T —2iw' T
E———[Nl-I-EM(e te )jlw—l (82)
ar _ _ [N A - 2Me2fw’pf] . (8b)
dt !

ds dr\”

—=— . 8
dt (dr) ()

The rates of evolution of the atomic variables in equations (8) are independent
of each other. In the steady state, a vanishing polarised field (r(c0) = s(00) =
0) is observed. On the other hand, equation (8a) for the atomic inversion has
the same form for the model of a single 2-level atom, with one direct photon
transition, coupled to a SV reservoir outside the rotation wave approximation
(RWA), where terms in e*%“»* are not discarded [19]. A formal analytical
solution of equation (8a) [19] shows that the presence of the SV parame-

ter M induces small steady oscillations in the atomic inversion, O( L)z. To
w

P
illustrate this within the FS approach, we assume the following form for w in
the steady state:

w=w, + (w+62i‘”;’f + c.c.) , 9)

where w, , are time-independent envelopes. Substituting equation (9) into
equation (8a), and comparing the coefficients of €2“»* (n = 0, 1) on both

NLO-TK-323'V3 7
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sides, gives:

2
-1 M? y
= 10

Yo =112 T2 +2m) <2w;)> (102)

and
-M W,

= : 10b

T TNt 2 (106)

2

The expression w, in equation (10a) agrees with that in [19] to O ZL’ ,

Q)
P

and shows that the SV reservoir (M # 0), in the absence of QI effects, mod-

ifies the usual saturation formula, — , of the normal blackbody reser-

_ 14+2N"
voir (M = 0) for the case of a 1-photon transition.

In the following section, we analyse the non-autonomous model of Bloch
equations (7) in the case of maximum QI (f = 1) using a FS decomposi-
tion approach, and examine the steady state fundamental and 15t harmonic
envelope components of the absorption and dispersion lineshapes.

3. ABSORPTION-DISPERSION HARMONICS

A convenient FS decomposition approach to treat the non-autonomous Bloch

equations, equations (7), in the case of QI (f = 1) in the steady state
d d d .,
% = é = ﬁ =0}, up to 1% harmonics in e™%“»*

lows (cf. [20, 21, 14]):

, is outlined as fol-

(1) Adiabatic elimination of (r, s)
dr ds

We set T dr 0 in equations (7) with f = 1 and solve for (, 5) in
terms of w to get,
r=—|@n+we +om] 67! (11a)
s = r* (11b)
where
G, = (N1 LA — 2Mez”‘)17’> . (12)

NLO-TK-323'V3 3
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Hence, from equations (11) we have:

re —2iw,T +S€21w T _'Gll_2 [2N12 L 2%MA (eZia);,r _ e—Ziw;'r)
_ 4M2 (e4icu;,r + e—4iw;r)

+w (2N1 —M (eZl'(u'pr +€_2iw;’r)>]. (13)
From equation (12), the quantity |G1|~2 is given by:

|G1]72 = [Ny +iA — 2Me¥ 7|2
.o 1 81
= (N] + iA)_l (Nl — iA)_l 1— ﬁlebwl,r 1— ﬂ*e_leFT
1
i~ (le + AZ)—I (1 +ﬂ1e2iw;r) ( +Bre —2iw), r) (14a)

= (N? + A7 (1 + 1B11* + B1e¥ + Bre e ) , (14b)

where the approximation in equation (14a) is valid for:

2M

lﬁll—lN+ ~l <1 (14c)

Note that, for the (real) parameters M < /N(N + 1), (e.g. [19]), N; =
1 + 2N and |A| > 0, the inequality (14c) is valid.
Substituting the expression (14b) for |G1|~2 into equation (13), gives:
re —2iw),T +S62m) T _ (N12 4 AZ)_I (1 + “31'2 +,3162im;"r +’Bike—2iw;,r>
. [2N12 +2MA (P - e )
—AM? ( AN e—4iw;,r)
tw (2N1 oM (eziw}af + e—zf%f))]. (15)
Differential equation for w

Substituting expression (15) for (re Hopt 4 ge?ip T) into equation (7a)
gives the following differential equation for w:

dw

77 [C +(Cle2“"T+C e4’“’ﬁr+cc)Jw+D0

+<D 621w1+De4zmr+DeGLwPr +CC) (16)

NLO-TK-323'V3 9
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The coefficients C; and D; are given as follows:

2N,
Co=—N — ——5——,
Y
M (03]
= ey o T MBI M 1AD).
_ 2MpB,
BTN
b1 2[N} 4+ M(Bi(N) —iA) +c.c.)]
T (N7 + A2) ’
D N C2M (N +iB) (14 1B11%) — 2MB7]
NS (M + a2) ’
_AMP (14 Bi?) — 2i AMB,
o (N7 +a2) ’
4M? B,
Dy=—"—_. 1
T ) )

(3) FS ansatz for w

In view of the harmonic coefficients in the differential equation (16), the
steady state solution for w may take the FS ansatz:

w=w, + (w]ezi‘“p’ + woet T + w3e6’"’)xfr + c.c.) , (18)

where the coefficients w,, ; 3 are time-independent.

Note that, in the FS, equation (18), we have included all possible har-
monics (namely, up to e=%“»*) which affect the envelopes wy, w} of the
1%t harmonic components e*2“57

Substituting equation (18) into equation (16), and by comparing the coef-
ficients of e*2"“»™ (n =0, 1, 2, 3), we obtain the following system of
algebraic equations for the envelopes w, | » 3 in matrix form:

AX = -1 (19)

where,
X :[ W wp Wy wy w; w3 wj ]T, (20a)
I=[D, Dy D; D, Dy Dy D] .  (20b)

NLO-TK-323'V3 10
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Co C; Ci G G 0 0
G C-2iv, G c 0 C; 0
c; c; Co + 21, 0 G 0 G
1= o G 0 C, — 4iw, 0 c; 0
G 0 cr 0 Co + i, 0 Ci
0 G 0 & 0 Co — 6ia, 0
L o 0 C; 0 o 0 Co + i, |
(20c)

(4) Harmonic envelopes for »
Here, we derive the expression for the fundamental and the 1% harmonic
envelopes for 7. First, the expression for Gl_l, equations (12), is approx-
imated as follows:

oo\~
Gl—l — (Nl +1A)—l (1 _ ﬂlezm)p'r)
2M

=" _ @1
Ny +iA @D

., -1
Gyl ~ (N +iA)! (1+,31e2’%f) . B

valid for |B;| < 1. Substituting equation (21) and equation (18) into
equation (11a) gives:

— (Nlem"ﬁvr + 2M) (1 + ,BleZi“’/z)’> Ay WL
N +iA N +iA
: [wo + (wlezm;r + woeM T - wyebhT c.c.)} : (22)

yr =

Up to the 1% harmonics, equation (22) is reduced to:
_ 2iw T —2iw’ T
r=r,+rye?rt +r_e T, (23)

where the envelopes 7, and r; for the fundamental and 1% harmonic
components, respectively, are given by:

— (2M + wi + frw3)

Fo = - (24a)
Ny +iA
- (Wit ) (24b)
N1+ZA
— (N +w, + B(wF+2M
ro— (N1 + w, /3?(1 )), (240)
N +iA

NLO-TK-323'V3 11
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FIGURE 2
The fundamental absorption and dispersion components, Im(r,) and Re(r,), respectively,
against the normalised A for N = 1, M = /N(N + 1), ,a)’p =107.

with the coefficients w, 1 7 3 determined numerically by solving the alge-
braic equations (19) and (20), using Maple software version 15.

For SV parameters, N = 1, M = /N(N +1) and for «/, = 107 (opti-
cal frequency range), the fundamental absorption and dispersion compo-
nents, Im(r,) and Re(r,), respectively, exhibit zero absorption accompa-
nied by finite dispersion [9] at exact resonance (A = 0), Figure 2.

This is entirely due to the quantum interference effect between the two
transition channels in the presence of the SV field. For A < 0, the
absorption is amplified (i.e. negative absorption). For smaller N = 0.1,
the same results are obtained but with narrowing widths. For SV param-
eters M — —M (i.e. changing the SV phase parameter from 0 — ),
the absorption shape /m(r,) becomes the mirror image along the verti-
cal axis at A = 0 of the full lined curve in Figure (2a); hence negative
absorption occurs for A > 0, while the dispersion shape (dotted line)
Re(r,) becomes the usual Lorentzian profile. The 1% harmonic absorp-
tion and dispersion envelope components /m(r_) and Re(r_), respec-
tively, associated with the positive frequency part of the atomic polar-

o . 1 )
1sation, equation (23), are small, O | — ), and show negative absorp-
«w

p
tion (amplification) for all A with the usual dispersion Lorentzian shape,

Figure (3). On the other hand, the 1*' harmonic envelope components,
Im(ry) and Re(r,), associated with the negative frequency part of r,
equation (23), have the same qualitative features as the fundamental com-
ponents in Figure (2), however with larger extrema.

NLO-TK-323'V3 12
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FIGURE 3
As Figure 2, but for the 1* harmonic absorption and dispersion components, /m(r_) and Re(r_),
respectively

4. COMPARISON WITH THE ONE-TRANSITION CASE

The corresponding Bloch equations modelling the interaction of a single 2-
level atom with an off-resonant broadband SV field via a 1-photon transition
(therefore no intermediate states {|;)}), within the RWA and in a rotating
frame at w,, have the form (e.g. [19]):

w=—-y—nw, (25a)
Fo= ——%r — y Mse ", (25b)
=(s)". (25¢)

Here, w and r = s are the atomic inversion and polarisation field, respec-
tively, yi =y QN +1),g =2A, A = wp — w,, With @, the central fre-
quency of the SV field and w, the atomic transition frequency, y is the decay
constant, and N, M are the SV parameters.

Two main features from equations (25) can be observed:

(1) The atomic inversion w’ in equation (25a) is not coupled to the atomic
polarisation field (» = 5*), and depends only on the SV parameter (N)
as a broadening decay effect ( c.f. [18]). This is unlike the present 2-
photon transition case, equation (1a), where w is coupled to both polar-
isation components (r, s) due to the interference process (i.e. terms in

3 and yy).

NLO-TK-323'V3 13
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(i) The two quadrature components of the polarisation field (r, s), equa-
tions (25b,c) are coupled through the SV parameter M (degree of
squeezing) and independent of the atomic energy w. This is unlike the
2-photon transition case, equation (1b), as mentioned in (1) above. In
the steady state w' = r* = s* = 0, equation (23a) gives the usual satu-
ration formula for the thermal (blackbody) field [19]:

1
I+2N

w(oo) = — (26a)

while equations (23b,c) shows that there is no steady polarisation field:
r(0o0) = s(o0) = 0. (26b)

Note that, from the exact time-dependent solutions of the homogenous dif-
ferential equations (25b,c) for (r,s), it is easy to show that the transient
polarisation field is non-zero due to non-zero initial (coherence) conditions,

(r(0), s(0)) # 0.

S. SUMMARY

We have investigated the non-autonomous model of Bloch equations rep-
resenting the coupling of a single 2-level atom with a SV reservoir, where
the atomic transition between the 2-energy levels occurs indirectly via a 2-
photon-transition, through a set of intermediate states {| /)} [17]. For the cas-
cade level structure, Figure 1, the equations for the atomic inversion w, equa-
tion (1a), and the induced polarisations (7, s), equations (1b,c) are coupled
due to both the QI processes between the 2-photon transition channels and
the presence of the SV field. This is unlike the 1-photon transition case where
no QI occurs, and the atomic inversion is not affected by the induced polar-
isation, and vice-versa. The non-autonomous Bloch equations with periodic
coeflicients are treated via the FS decomposition approach. The main results
for the investigation of the absorption-dispersion envelop harmonics at exact
atomic resonance (A = 0) are:

() The fundamental harmonic component shows zero-absorption accom-
panied with finite dispersion.
(i) The 1*" harmonic envelope component associated with the positive fre-

/
p

tive) absorption accompanied with zero dispersion. The corresponding

1
quency part is small, O (—), and shows maximum amplified (nega-
w

NLO-TK-323'V3 14
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envelope associated with the negative frequency part resembles that of
the fundamental harmonic component, but with larger extrema.

Both results are due to the combined presence of the QI process with the
SV reservoir.
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