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ABSTRACT

In this thesis we study applications of Hadamard product (convolution) techniques to
problems in univalent function theory. Proofs of several conjectures made by different
researchers are discussed. Using the results of Ruscheweyh and Sheil-Small developed in
connection with their proof of Pélya-Schoenberg conjecture, we exploit the strengths and
properties of various convolution operators. A unified approach to the study of certain

properties of existing and new subclasses of univalent analytic functions is also given by
introducing and studying the classes EA{o,w;a,f) and E;( @, f3). The approach not only

generalize corresponding known results but also give an analogous study for several other

subclasses of univalent analytic functions.
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SYNOPSIS

The theory of univalent analytic functions, during the current century, has been one of the
most fertile fields of investigation by eminent mathematicians who have enriched it by way
of introduction of numerous new concepts, ingenious and powerful methods. It is primarily
concerned with the interplay of analytic structure and geometric behavior of analytic
functions of a complex variable. The settlement of sixty eight years old Bieberbach
conjecture in 1984 by De Branges [12] not only created a land mark in the history of the

subject but also aroused curiosity and interest of the non-specialist in this branch of study.

The hadamard product or convolution of two convergent power series

f@=2 a7 and g2)= b,7"
n=0

n=0

is defined as the power series (f * 2)(2) = Z a,b,z". In 1958, Pélya and Schoenberg

n=0
[41] conjectured that if f(z) and g(z) are convex in U = {z:]z] < 1}, then so is their
convolution (f * g)(z). The convolution is univalent (and in fact close-to-convex) was first
proved by Suffridge [69]. It was also proposed by him that if ¢(z) is convex and f(z) is
close-to-convex, then (¢ * f)(z) is close-to-convex. Many researchers attacked these
problems and obtained partial results. In 1973, Ruscheweyh and Sheil-Small [55]
established the truth of both Pélya-Schoenberg conjecture and the proposition. Their
methods enable to obtain a number of other similar results and settle an interesting

subordination conjecture by Wilf [71] stronger than Pélya-Schoenberg conjecture.

The proof of these conjectures has increased interest in the use of Hadamard product
techniques. Using the results and techniques of Ruscheweyh and Sheil-Small developed in
[55], Barnard and Kellogg [4] exploited the strength and properties of convolution

operators. The strength of these methods lie in their ability to unify a number of diverse




results. Several subclasses of univalent analytic functions have also been introduced and

studied, using Hadamard product (see [251,[39],[541,[60] etc.).

The aim of this thesis is to study applications of Hadamard product techniques to problems
in the theory of univalent analytic functions. In particular, we discuss the results of
Ruscheweyh and Shiel-Small [55], Barnard and Kellogg [4], and extend the results of

Juneja, Reddy and Mogra [25]. The thesis consists of four chapters.

The basic concepts and principal results concerning the subject, which will be used

throughout the thesis, have been given in Chapter I.

In Chapter II, we shall discuss in detail the results obtained by Ruscheweyh and Sheil-Small
[55]. In Section 2.2 we study certain geometric properties of convex and starlike functions
and the expression of these in analytic terms. Section 2.3 of this chapter is devoted to
discuss the proof of Pélya-Schoenberg conjecture and the Suffridge proposition. The
structure of functions starlike of order 1/2 is also preserved under convolutions. It is
discussed in Section 2.4. The subordination conjecture of Wilf [71] is discussed in Section

2.5 of this chapter.

In 1947, R.M. Robinson [48] conjectured that if f{z) = z + z anz" is in S, the class of

n=0
univalent analytic functions in U , then the function 12[f(z) + zf(z)] is also belongs to S.

This well-known Robinson’s 1/2 conjecture was verified by Livingston [33] in 1966 for
convex, starlike and close-to-convex functions. Many researchers (see [29],[43] etc) have
studied the appropriate minimum radii for different operators on various subclasses of .
Using the results and techniques of Ruscheweyh and Shiel-Small [55] discussed in Chapter

I, Barnard and Kellogg [4] obtained these results and many of their generalizations.




Chapter III is devoted to study the results of Barnard and Kellogg [4]. In Section 3.2 we
discuss appropriate minimum radii for the different operators on various subclasses of S,
using convolution techniques. Section 3.3 of this chapter is devoted to discuss Robinson’s
1/2 conjecture in case of y-spirallike functions. Robinson’s 1/2 conjecture for typically real
functions will be given in Section 3.4. Several other results including a generalization of

Bernardi’s results [5] are discussed in Section 3.5 of this chapter.

The effect of second coefficient on various properties of the subclasses of univalent analytic
functions has been studied by several researchers (see [23],[36],[65] etc.). However, the
first attempt to investigate the properties of functions in the classes S*[a] and C [a], of
starlike and convex functions of order (0 < o < 1), with fixed second coefficient has been
made by Silverman and Silvia [66], where they obtain extreme points, distortion theorems
and radius of convexity bounds etc. A unified approach to the study of these properties for
various subclasses of S, using Hadamard product, has been given by Juneja, Reddy and
Mogra [25] which not only extend the results of Silverman and Silvia [66] but also leads to
the corresponding results for various other subclasses of univalent analytic functions with

negative coefficients.

In Chapter IV, we extend the results of Juneja, Reddy and Mogra [25] which gives an

analogous study for several other subclasses of univalent analytic functions. In Section 4.2

we obtain a necessary and sufficient condition for a function to be in the class E{o,y;a,P)

which leads to coefficient estimates. The extreme points of E'; (@, y;0,P) are obtained in

Section 4.3 of this chapter. Finally, we obtain distortion and covering theorems for

functions in £{@,y;a,f) and E’; (¢,y;0,3) in the last section of this chapter.




CHAPTER 1

PRELIMINARIES

In this chapter we shall give only those concepts and results of the theory of univalent
functions and related topics that we shall need in the subsequent chapters of this thesis.
These results have been given in the form of definitions, lemmas or theorems. Detailed
proofs and further discussions on the subject may be found in the standard texts of

Goluzin [17], Duren [13], Goodman [18] etc.

1.1. Introduction

Definition 1.1.1. A single-valued function fis said to be univalent (schlicht or simple)
in a domain D in the complex plane if it takes every value at most once; that is, f{z;) # f(z,)

for all points z; and z; in D with z; # z,.

Note that there exist functions which are univalent but not analytic in a given domain D. For

example, the function

f(z)=élzz: Z’ ad-bc#0

is univalent in D , but it has a simple pole at z = -d/c if it is one of the values taken by zin
D. On the other hand, an analytic function need not be univalent. For example, f(z) = e is

analytic in any domain D but is not univalent in D since flz+2nm)=f(z)forallz € D and n

is an integer.

An analytic univalent function is called a conformal mapping because of its angle preserving
property. In the study of univalent analytic functions, the Riemann mapping theorem plays a
crucial role. The theorem states that if D is a simply connected domain properly contained in

¢ and Zyls a given point in D then there exists a unique univalent analytic function f which




maps D conformally onto the open unit disc U = {z: |z| < 1} and has properties f(z,) = 0,
f1z,) >0. Thus in view of Riemann mapping theorem, instead of studying the properties of
univalent analytic functions in an arbitrary simply connected domain, we shall confine

ourselves to the case in which D is the open unit disc U.

Let A denote the class of all those functions J which are analytic in U and normalized by the
conditions f{0) = 0 and f{0) = 1. Further, let S denote the class of functions f e A which

are univalent in U. Thus each fe S has a Taylor series expansion of the form

f=z+Y a7 ze U (1.1.2)

n=2

The leading example of a function of the class S is the Koebe function

k) =z1-2%=z+3,n¢" (1.1.3)
n=2

which maps the disc U onto the entire plane minus the part of the negative real axis from

-1/4 to - «. This is best seen by writing

k(z:)=%(11 TZZ) -%

and observing that the function

maps U conformally onto the right half-plane Re {w}>0.

Other simple examples of functions in S are

()  flz) =z the identity mapping;

(ii)  flm)=2z(1- z)_l, which maps U conformally onto the half-plane Re {f(z)} > -1/2:

(iii)  flz) = z(1 - 32)'1, which maps U onto the entire plane minus the two half-lines
112<u <o and-co < <-1/2;

(iv)  f(z) = 1/2 log [(1 + 2)/(1 - 2)]. which maps U onto the horizontal strip
-4 < Im {f(2)} < m/4:

(V) f=z-1n =12 [1-(1- z)?‘], which maps U onto the interior of a cardioid.




It is easy to check that the sum, difference, product and quotient of two functions in S need
not be in §. The same is true for the derivative and integral of a function f& S. However,
the class S is preserved under a number of elementary transformations. Here is the partial
list.

(1)  Conjugation. Iffe Sand g(z) = f(7) =z +ay2° + a7+ thenge §.

(i)  Rotation. Iffe S and g(z) = e "% f(z¢'®), then g € .

(iii)  Dilation. If fe Sand g(z) = rl Sf(rz), where 0 < r<I, then g e S.

(iv)  Disc automorphism. If fe S and

f(z + a]_ o)
L
o) = + 0z

(1-lal®) fla)

, lof < 1,

then g € §.

(v)  Range transformation. If fe S and v is a function analytic and univalent on the
range of f, with y(0) =0 and y{(0) =1, theng=yo fe S

(vi) Omitted-value transformation. If fe S and f(z) # w, then g = wfii(w -Hes.

(vii) Square-root transformation. If fe Sand g(z) =VAZ) , then ge S.

In 1907, Koebe [27] proved that there exists a constant k (known as Koebe’s constant)
such that the boundary of the image of U under w = f(z) € Sis always at a distance not less
than k from w = 0. This was a curiosity provoking discovery and attracted many other
mathematicians, including Bieberback [6], Gronwall [19] and Pick [40], to mention a few,

to the field of univalent functions.

In 1916, Bieberback [6] proved that k = 1/4. In fact he proved the following results.

Theorem 1.1.4. (Koebe Covering Theorem). The range of every function of the

class S contains the disc {w : [w| < 1/4}.




Theorem 1.1.5. (Distortion Theorem). For each fe S,

1 -r

< Jflo)] <

l-r 1 +r
(1+r)° (1-r

)3 , (Izl =r<1). (1.1.6)
Theorem 1.1.7. (Growth Theorem). For each f € §,

r

> = < ’ = D). 1.1.8
T10r If2)| T (=r<d (1.1.8)
Theorem 1.1.9. For each f € S,
- z f(z)
7 < | s155 dl=r<n. (1.1.10)

The results in Theorems 1.1.5, 1.1.7, and 1.1.9 are sharp for the Koebe function.

Bieberbach [6] also proved that layl <2 forall fe S. The Koebe function was acting as an
extremal function for most of the results he proved and since for this function la,| = n for all

n 22, he made the following conjecture:

Bieberbach conjecture. Iff(z)=z+ D a,7" € S, then |a,| <nforalln3 2.
n n

n=2
This famous problem stood as a challenge until 1984 and was settled by De Branges [12] by
giving a surprisingly short proof in view of the rich and continuing history of the problem.
However the Bieberbach conjecture has inspired the development of many important and
ingenious methods which now form the backbone of the subject. In fact, several subclasses
of § have been introduced and studied. Most of these subclasses are determined by a fixed
geometric property of the image domain. It is interesting to note that these subclasses play
an important role in other branches of mathematics. For example, starlike functions play an
important role in the solution of certain differential equation (see [16],[47] etc) whereas
spirallike functions have been the source of useful counter examples in geometric function

theory (see [14,28]). Some of these classes are as follows.




1.2. Convex and Starlike Functions

Definition 1.2.1. A function f € S is said to be convex in U if the image of U under f

is a convex region; i.e, the line segment joining any two points of {U) lies entirely in AU).

Let C denotes the class of all functions J € § which are convex and univalent in U.

A necessary and sufficient condition for a function f € C has been given by Robertson

[45].
Theorem 1.2.2. A function f € C if, and only if,

f(z)
1 —— 0 U. 1.2.3
Ke( +z o ]> Z€ _ ( )

Robertson [45] also introduced the concept of order for convex functions as follows.

Definition 1.2.4. A function f € S is said to be convex of order 20 £ a< 1) if

f(z)
1 — U. 1.2.5
i@( + 2 o ]> a  ze (1.2.5)

We shall denote this class by C(a). Itis clear that C(0) = C.

Some of the results for convex univalent functions are as follows.

Theorem 1.2.6 [13]. Iff(z) = z + Zanz" € C, then |a,| <1 forn =23, .. . This

n=2

theorem is sharp with the extremal functions of the form
f@=201-x" Jl=1.
Theorem 1.2.7 [13]. The range of every function fe C contains the disc w] < 1/72.

Theorem 1.2.8 [13]. For every positive number r < 2 -3, each function f€ S maps

the disc |z] < r onto a convex region. This is false for every r >2 - /3.




Theorem 1.2.9 [17]. If f(z) € C(a), then

|arg f2)| <201 - @y sin™ r (2 =7 < 1), (1.2.10)

forsome o, 0 < < 1.
A subclass of S which is wider than C is the class of starlike functions defined as follows.

Definition 1.2.11. A function fe § is said to be starlike with respect to the origin in U
if the image of U under f containing the point w = 0 is a starlike region. f(U) is a starlike
region if the line segment joining w = 0 to any point of f{U) lies completely in AU). We
denote by § *, the class of all functions in A which are univalent and starlike with respect to

the origin.

The following theorem due to Robertson [45] gives a necessary and sufficient condition for

*
afunction fe S .

Theorem 1.2.12. A function fe § " if, and only if,

Ke(z ]}((ZZ)) )>o, ze U. (1.2.13)

As in the case of convex functions, the order « for starlike functions has also been defined

by Robertson [45].

Definition 1.2.14. A function fe § is said to be starlike of order a0 < ax<l)if

Ke(z J;((ZZ)) )> o zeU. (1.2.15)

We shall denote by S *(oc), the class of starlike functions of order a/(0 < « <)inU.

* *
Clearly S (0)=S .
It is clear from (1.2.5) and (1.2.15) that

fe C(o) if, and only if, zf{(2) € S*(a), (1.2.16)
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fe 5% if, and only if, f g —rme c. 1217
0

Some of the results for starlike functions are as follows.

Theorem 1.2.18 [13]. If fiz)=z+ Y. a,;"€ S, then f is convex in lz| <~ where
n=2

r =2 -~3. The result is sharp.

. . . *
The number 7 in the above theorem is called the radius of convexity for functions in § .

Theorem 1.2.19 [57]. If fz)=z+ Y a,7" € S (), then
n=2

[T (k-20a)
la,] < % (n=23,...). (1.2.20)

Theorem 1.2.21 [57]. If fiz)=z+ . a,"e S'(0) then
n=2
r r
——— << —L— (d=r<l) (1.2.22)
(1 + 2T lﬂ I (1 - 2o

The results in Theorems 1.2.19 and 1.2.21 are sharp with the extremal function

ko (@) = 7(1 - 2)°*2.

Theerem 1.2.23 [57]. Let f(z) =z + 2 a,z" € A. If for some (0 < o <1)
n=2

Y- aa, <1 -, (1.2.24)
n=2

then £(z) € S ().

The concept of " type " for starlike functions of order a(0 < o <1) was introduced by Juneja

and Mogra [22] as follows.

Definition 1.2.25. A function fe A is said to be starlike of order & and type B if the

condition
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(2) <p (1.2.26)
f(z)

+1 -2«

is satisfied for some o, f(0< < 1,0 < B <1)and for all ze U. The class of starlike

functions of order o0 < cr< 1) and type B(0 < 8 < 1) shall be denoted by § *(a,ﬂ).

1.3. Functions with Positive Real Part

Closely related to the class C and § " is the class P of functions
p@)=1+Y b" (1.3.1)
n=1

which are analytic and satisfies Re {p(z)} > 0 for z € U. Considerable work has been done

to study various aspects of this class. Some of the results for the class P are as follows.

Theorem 1.3.2 [13]. Ifp(z) =1+ ), b,2" € P, Then |b,l <2 n=12 . . The
n n ’ 94y

n=1

equality holds for all # for the function

p(z) =

1+Z_ °mn
- _1+2r§1z.

Theorem 1.3.3 [13]. f(z) =z + Y.a,2"e S if, and only if, zf(2)/f(z) € P.

n=2

Theorem 1.3.4 [13]. f(z) =z + ),a,2" € C if, and only if, (1 + 2 (2)/f Q) € P.

n=2

MacGregor [34] introduced the following class of functions f€ A such that f(z) e P and

obtained several properties for this class.

Definition 1.3.5. A function fe A is said to be in the class R if

Re{f(2)} >0, zeU. (1.3.6)
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Ezrohi [15] extended the results of MacGregor [34] by introducing the following class.

Definition 1.3.7. A function f€ A is said to be in the class R(q) if

Re{f@}>a (1.3.8)

for some (0 < x< 1l)andze U.

Several other subclasses of R have also been studied by Juneja and Mogra [24], Shaffer

[58] and others.
1.4. Spirallike and Close-to-Convex Functions

A class wider than the class of starlike functions is the class of Spirallike functions

introduced by Spacék [68] in 1933.

Definition 1.4.1. A function f€ A is said to be spirallike in U if
:&e{g %} >0, zeU (1.4.2)

for some & such that |&] = 1.

It was shown by Spacék [68] that Spirallike functions are univalent in U. Taking &= ¢'?
|Y] < m/2 Libera [30] introduced and studied the class S;’ of y-Spirallike functions as

follows.
Definition 1.4.3. A function f € A is said to be a Y-Spirallike function; fe S;', if

Kg{eiy %} >0 (1.4.4)

for some real A|Y < w2) and forallz e U.

Another interesting subclass of S is the class of close-to-convex functions, introduced by

Kaplan [26] in 1952.
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Definition 1.4.5. A function f € A is said to be close-to-convex in U if there exists
a function g € C such that
Re {f’,(_z)} >0 (1.4.6)
812
forallze U.
We shall denote by K the class of close-to-convex functions in U.

Remark 1.4.7. The condition (1.4.6) is equivalent to

Ke{z%} >0 (1.4.8)

for some g € S" and for allze U.

In [26], Kaplan proved that every close-to-convex function is univalent; thus K C . Every

convex function is obviously close-to-convex. More generally, every starlike function is

close-to-convex. Indeed, each fe S* has the form f{(z) = zg(z) for some ge C,and

[ } { f@ }
— = 0.
These remaks are summarized by the chain of proper inclusion

ccs'ckcs

1.5. Typically Real Functions

Definition 1.5.1. A function f(z) = z + Zanz" analytic in U is said to be typically

n=2

real if it has real values on the real axis and nonreal values elsewhere.

Thus the sign of Im {f(z)} is constant in each of the semidisks above and below the real

axis. It is clear that every typically real function has real coefficients because

a, = f™0)/n!. Let T, denote the class of all typically real functions. This class was
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introduced and studied by Rogosinski [49]. He has shown that the functions in T need not

be univalent.

The following results are well-known for typically real functions.

Theorem 1.5.2 [13]. Iff(z)= z+ D a,z" isinT,, then |a,|<n,n= 23, ... .
n=2
Strict inequality occurs for all even n unless f is a Koebe function or its real rotation

- K(-z). Strict inequality occurs for all odd » unless f is a convex combination of these two

functions.

Theorem 1.5.3 [13]. f(z)= z+ Y a," isin T, if, and only if,

n=2

floy=—=

1-22

p(2) (1.5.4)

where p € P and has real coefficients.

Let C, denote the class of functions in T . that have their images convex in the direction of

the imaginary axis. This class was introduced by Robertson [45] and the following result is

well-known.

Theorem 1.5.5. f(z) =z + z a,z" isin C, if, and only if, zf & T..

n=2
1.6. Extreme Points, Support Points, and Closed Convex Hull

Definition 1.6.1. Let X be a topological vector space over the field of complex
numbers, and let E be a subset of X. A pointx € E is called an extreme point of E if it
has no representation of the form

x=ty+(-0z, 0<r<l,
as a proper convex combination of two distinct points y and z in E,

Definition 1.6.2. A point x € E is called a support point of £ if there is a continuous

linear functional L, not constant in £ , such that Re {L(x)} 2> Re { L(y) } forallye E.
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Example 1.6.3. If ¢ is the complex plane and E is the closed area bounded by the
convex polygon, every boundary point is a support point but only the vertices are extreme
points.

Definition 1.6.4. The convex hull of a set £ CX is the smallest convex set containing
E. The closed convex hull of E is the smallest closed convex set containing E; it is the
closure of the convex hull of E.

Definition 1.6.5. A family ¥ of functions analytic in U is called a normal family if
every sequence of functions f, € ¥ has a subsequence which converges uniformly on each
compact subset of U. A family F is compact if whenever f,€ F and f, ()= f(2)

uniformly on compact subset of U, it follows that fe F

The Krein-Milman theorem asserts that every compact subset of a locally convex topological
vector space is contained in the closed convex hull of its extreme points. In particular, every
compact set has extreme points. Furthermore, there is at least one extreme point among the

support points associated with every continuous linear functional.

We observe that the family S of univalent analytic functions is normal and compact. In fact,
from the right hand inequality (1.1.8), the family § is locally uniformly bounded at all
points of the unit disc U and so by Montel’s theorem it is a normal family. Further, it is
well-known [17] that a converging sequence of univalent functions converges either to
a univalent function or to a constant. Since all functions of S satisfy f(0) = 1, the latter
possibility is excluded. Hence S is compact. Thus in view of the Krein-Milman theorem, it
is important to identify the extreme points of S , because the solution of any linear extremal
problem over § can be reduced to its solution over the set of extreme points. For detail on

extreme points of S and other classes of univalent functions see [81,[35] etc.
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1.7. Univalent Functions with Negative Coefficient

Let T denote the subclass of S consisting of functions whose nonzero coefficients, from the
second on, are negative. That is, a univalent analytic function f isin T if it can be

expressed in the form

(= ]

flRy=z- Z |an| 2" . (1.7.1)

n=2
Further, let S*[@]1=5" (@) " T and C[o] =C () nT. Clearly the functions in the

classes S*[a] and C [a] are respectively, starlike of order & and convex of order @ with

negative coefficients.

In [61], Silverman obtained the following necessary and sufficient conditions for the classes

$*[a] and C [ along with several other properties including extreme points.

Theorem 1.7.2. A function f(z) =z - z lanl 7" e S'[a] if, and only if,
n=2
Y - fa<l-a. (1.7.3)
n=2
Theorem 1.7.4. A function f(z) =z -z |a,,| 7"e Cla] if, and only if,
n=2
Z nn-a) Ianls l-o. (1.7.5)
n=2

There have been numerous papers involving subclasses of univalent functions with a fixed
second coefficient (see e.g., [23], [36], [65] etc.). Most of these papers deal with distortion
theorems and give coefficient and radius of convexity bounds. Moreover, the first attempt to
investigate the properties of functions in S* [a] and C [«a] with fixed second coefficient has

been made by Silverman and Silvia [66], where they obtain, extreme points, distortion
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theorems and radius of convexity bounds etc for these classes. One may refer [62] for

certain open problems on univalent functions with negative coefficients.
1.8. Subordination

The concept of subordination can be traced to Lindeldf (1909), but Littlewood [32] and
Rogosinski [50,51] introduced the term and discovered the basic relations. Over the years a
substantial theory has been developed, and subordination now plays an important role in
complex analysis.
Definition 1.8.1. Let f(z) and g(z) be analytic in the unit disc U with f(0) = g(0). Then
g 1s subordinate to f, denoted by g < f if

g@=fwR), z €U, (1.8.2)

for some analytic function @ with la)(z)l < |z| . & 1s properly subordinated to f if

8(2) = floxz)) where |X(2)] < [z,
Theorem 1.8.3 (Littlewood Subordination Theorem). Let f and g be analytic in
the mmnit disc U, and suppose g < f. Then for 0 <p <oo,

Myr,g) < My(r,f), 0<r<]1 (1.8.4)

where
1/p

p
My(r. f) ={ 2 [T lree® | a }

Strict inequality holds for 0 < r < 1 unless f is constant or @ (z) = ¢t z , la| = 1.

Theorem 1.8.5. (Rogosinski’s Theorem). Let f(z) =z +Zanz" and

n=2

gy=z + 2 bnz" belong to A and suppose that g <f . Then
n=2
n

n

2 2
D b < D, lak|. n=2,3, .. . (1.8.6)
k=2

k=2

If f is convex, starlike or typically real, we have the following result.
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Theorem 1.8.7 [13]. Let f(z) =z + z a,z" and g(z) =z + Z b,z" belong to A .
n=2 n=2

If g<f,and
(i) Iff e C,thenlbnl <l,n=23, ...

(i) Iff € S, then [bs| <n,n =2,3, ..
(iii) Iff € T, , then |b,| < n,n =2,3, ... .

e

Rogosinski Conjecture. If g (z) =z + Z bnz" is analytic in U and g < f for some

n=2

fe S, then lb,,l <n, n=2,3, ... This conjecture is also known as generalized

Bieberbach conjecture and it still remains an open problem.
1.9. Hadamard Product (Convolution) of Univalent Analytic Functions

Definition 1.9.1. The Hadamard product or convolution of two convergent power series

fiz) = i anZ" and g(z) = i bnd"
n=0 n=0

in U is defined as the power series

h@) = () @)= anbud" . (19.2)
n=0

This product is associative, commutative and distributive over addition. The geometric

series

I0)=3," =15 (1.9.3)
n=1

acts as the identity element under convolution: (f+1)z)=fiz)forallf .

The integral convolution H(z) = (f © g )(z) is defined by

H(z):Z“;;b" " =JZ h(—? dé . (1.9.4)
0

n=1

An old conjecture attributed to Mandelbrojt and Schiffer asserted that univalence is preserved

under integral convolution: f ® ge S iffeS andge S . This implies the Bieberbach
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Conjecture, because if any f € S had Ia,,l > n for some n , the integral convolution of f

with itself sufficiently many times would produce a function with nth coefficient larger than
en. However, the Mandelbrojt-Schiffer conjecture is false. Bshouty [9] showed that f®g
need not be univalent even if f and g are univalent functions with real coeffiéients. The
classes T, and S of typically real and starlike functions are preserved under integral
convolution. Robertson [46] showed that fe T, and g € T, imply f ® ge T,. Pélya and
Schoenberg [41] in connection with their work on de la vallée poussin means, conjectured
thatfe S” and geS” implyf @ g €S™ . Since z£'(z) is starlike if and only if f is

convex, an equivalent statement is as follows.

Pélya-Schoenberg Conjecture. If f(z) and g (z) are convex, then so is f* g)(2).

Pdlya and Schoenberg verified several special cases. Roberstson [46] had shown that if f
and g are convex and have real coefficients, then (f * g)(z) is univalent and is convex in the
direction of the imaginary axis, that is, each vertical line intersects its range in a segment.
Suffridge [69] proved that the convolution of every pair of convex functions is univalent and

close-to-convex.

In 1973, Ruscheweyh and Sheil-Small [55] finally succeeded in proving Pélya-Schoenberg
conjecture. Their argument is ingenious and very intricate. It leads to a wealth of results,
including both the Pélya-Schoenberg conjecture and its analogue for the class of closed-to-
convex functions. Their methods also enable to settle two other conjectures. One of these is
an interesting subordination conjecture of Wilf [71] stronger than the Pélya-Schoenberg

conjecture.

Wilf’s Subordination Conjecture. Let ¢ and y be convex in U and suppose that f is

subordinate to . Then ¢ % f is subordinate to ¢ * y.
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In [67], Silverman, Silvia and Telage gave characterization for convex, starlike and

Y-spirallike functions in terms of convolutions. They proved the following results.

Theorem 1.9.5. fe C(a), 0< o< 1, if, and only if,

X + O 2
Z + Z
l -«
f2) * #0

(1-2)°

(lzl=r <LJx]|=1).

8N | —

Theorem 1.9.7. fe S (), 0< o< L, if, and only if,

z x+ 20 -1 2
L gy ( 220 ] £0  (d=r<1,lx=1)
— =r s |X] = .
z Z (1_2)2 Z

Theorem 1.9.9. fe S;’(a), - 2 < y< 7/, if, and only if],

X _e-2iy 5

Z+(1+ e'zwjz
fia)* ;
(1-2)

Z

#0 (g =r<1,|x=1.

(1.9.6)

(1.9.8)

(1.9.10)

Similar characterization for several others subclasses of analytic functions are given by

Mogra and Juneja [38]. For further work involving Hadamard product, one may refer to

[25,37,39,54,63]

1.10. Prestarlike Functions

Using the Hadamard product techniques, Ruscheweyh [54] introduced and studied an

important subclass of A, the class of prestarlike functions of order /(0 < ¢ <1) as follows.

Definition 1.10.1. A function fe A is said to be prestarlike of order o, 0 < ¢ <1,

denoted by D(a), if £ 2) * z(1 - 2)*%% ¢ S™(a0).

The function k (z) = z(1 - z)za'2 is the well-known extremal function for the class S *( Q).
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If we let
n
Il k- 2a)
clogn)= =2 (3223, ..), (1.10.2)
(n - 1)!
then ka(z) can be written as
k() =z+ Y c(an) ™. (1.10.3)
n=2

Note that D(0) = C and D(1/2) = S *(1/2). In [54], Ruscheweyh proved several results for
functions in D(c). Some of them are as follows.

Theorem 1.10.4 [54]. A function fe D(q) if, and only if,

k,(z)
)+ (7 )
602 =~ (1.10.5)
satisfy
Re{G@n) >5 zeuU. (1.10.6)

Thus we say that f(z) is prestarlike of order 1 if Re (f(z)/z) > 1/2.

Theorem 1.10.7 [54]. D(a) € D(B) for0<a<f< 1.

Theorem 1.10.8 [54]. If f(z), g(z) € D(a), then (f * g)(z) € D().

The functions of D() need not to be univalent. Silverman and Silvia proved the following

result.

Theorem 1.10.9 [65]. D(c) €S if, and only if, o < 1/2.
The following characterization for prestarlike functions of order ¢ in terms of convolution is

due to Ruscheweyh [54].
Theorem 1.10.10 [54]. A function f€ D(a) if, and only if,

2
flo »——— 20 O<lg <1, | =1. (1.10.11)
(1- Z)3-205

If welet, D [@] =D(e) N T, then D [¢] is the class of prestarlike functions of order o with

negative coefficients introduced and studied by Silverman and Silvia [64].
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We close this chapter with a remark that some other well-known results, which may be

needed in the following chapters, will be presented along with the definitions and

motivations in the chapters.
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CHAPTER 11

HADAMARD PRODUCTS OF SCHLICHT FUNCTIONS AND
THE POLYA-SCHOENBERG CONJECTURE

2.1. Introduction

Recall that a function ¢(z) is said to be convex if it is univalent (schlicht) conformal
mapping of the unit disc U onto a convex domain. f(z) is said to be starlike if it is a
univalent conformal mapping of the unit disc U onto a domain starlike with respect to the
origin. Throughout this chapter we shall assume that our convex and starlike functions

vanish at z=0.

The Hadamard product or convolution of two power series

f2)= Y a7 and g@)=Y b,"
n=0

n=0

is defined as the power series

(F*)@) =D, ab,2"

n=0

In 1958,G. Pélya and 1.J. Schoenberg [41] made the following conjecture.

Pélya-Schoenberg Conjecture 2.1.1. If f(z) and g(z) are convex, then so is

(f * g)(2).

In [69], Suffridge proved that the convolution is univalent (and in fact close-to-convex).
Pélya and Schoenberg themselves showed that the conjecture was true in several special

cases, and after Suffridge other special cases of the following proposition were established.
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Proposition 2.1.2. If ¢(z) is convex and f(z) is close-to-convex, then (@ * f)(z) is close-

to-convex.

Many mathematicians attacked these problems and obtained partial results. In 1973,
ST.Ruscheweyh and T.Sheil-Small established the truth of both Pdlya-Schoenberg
conjecture 2.1.1 and Proposition 2.1.2. Their methods enable to obtain a number of other
similar results and settle two other conjectures. One of these is an interesting subordination

conjecture of Wilf [71] stronger than the Pélya-Schoenberg conjecture.

In this chapter we shall discuss in detail the results obtained by Ruscheweyh and Sheil-Small
[55]. In section 2.2 we study certain geometric properties of convex and starlike functions
and the expression of these in analytic terms. Section 2.3 of this chapter is devoted to
discuss the proof of Pélya-Schoenberg conjecture 2.1.1 and Proposition 2.1.2. The
structure of functions starlike of order 1/2 is also preserved under convolutions. It is
discussed in Section 2.4 of this chapter. The subordination conjecture of Wilf [71] is

discussed in Section 2.5.

Mandelbrojt-Schiffer conjecture appeared in Pélya and Schoenberg’s paper, that if 2 a,z"

n=1
o0 (-]

and 2 b,Z" are univalent in U, then Z (a,b,/n) Z" also is univalent in U. This conjecture
n=| n=1

oo o0

has been disproved and it is not even true that Y. a,z" univalent implies > (ay/n) "
n=1 n=1

univalent. In particular one cannot replace f{z) in Proposition 2.1.2 by an arbitrary univalent
function. The correct generalization of Proposition 2.1.2 is briefly discussed in the last

section of this chapter.
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2.2. Structural Inequalities for Starlike and Convex Functions

A function f(z) =Z anzn (a;#0) is starlike univalent in the unit disc U if, and only if,

n=1
ﬂ(e(z Jj;if)) >0, zel, (2.2.1)
and that ¢(z) is convex if, and only if,
Ke(l Ty "’,((f) ) >0,z¢e U, (22.2)
?(z

and @70) 0.

Geometrically the conditions (2.2.1) and (2.2.2) are local in nature and are analytic
formulations of the fact that for a starlike function f, w = f(z) turns monotonically about the
origin as z traverses the circle |z| = 7 (0 < r < 1), and that for a convex function ¢ the tangent
vector increases monotonically. The global geometric structure of the image domains of the
functions is therefore implicitly determined by these conditions. However it turns out that in
the present problem it is essential to formulate analytic conditions of a more explicitly global

nature.

The first condition of this type which we shall need has also been proved in [59,70] but we

shall include the very short and simple proof of Suffridge [70] in the following theorem.

Theorem 2.2.3. If ¢(z) is convex in |z] < 1, then for each 2o (Iz5] < 1) the function

2
z [———"’(Zz) - q;f)z")) (2.2.4)

is starlike.
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Proof. The image D of ¢(z) being convex is in particular star-shaped relative to the point

¥(z,), and hence if |z] > [z,

z2912)
—=r22 1 S0, 225
e (fp(Z) - (P(Zo)) g ( )

Now if A(z) denotes the function (2.2.4), we have

. h1z) _ 220120 z+7z,
M o) - ey 2%

and this is analytic in z and z,. By (2.2.5) it has non-negative real part for |z| = |z)|. The

(2.2.6)

maximum principle immediately implies that (2.2.6) has positive real part for every z and z,

and the conclusion follows.

It can be shown that the condition (2.2.4) is an analytic formulation of the geometrical fact

that the chord from ¢(zy) to @(z) (|z] = |z,|) turns monotonically as the circle is traversed

( see [59]).

A functionfiz) = ) a,7" (a;#0) is said to be starlike of order 1/2 if
n 1

n=1

:I(e(z -}c(z(:—f)) >% (k<. 2.2.7)

The condition has no immediate geometrical interpretation, but is convenient to handle
analytically and has a close relation to the general class of starlike functions. It is easy to
verify that g(z) is starlike if, and only if, f(z) = z 8(2)/z  is starlike of order 1/2. Also

h(z) = hz + h3z3 + h5z5 + -
is an odd starlike function if, and only if,

flD=hz+ h322+ h5z3 + o
is starlike of order 1/2. To see this, let

h(z) =z (h; + h3z2 + h5z4 +)=2 g(zz).

Then for |z] < 1,
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h(z) is odd starlike <> Rg(z Z(’Z()Z))w

@17{9(1+222 @)w
8(z")

= 5{;:(1 +22z i:;(zz)))>0

= Q{g(z i—;(z?)»%

= % 75') >3

< f(z) is starlike of order 1/2.

If we put z,= 0 in Theorem 2.2.3 we see that every convex function ¢ is starlike of order

1/2, and in general for each z,(|z,| < 1)

z 9(2) - 0(zy) ,

Z - 2, (e < 1) (2.2.8)

is starlike of order 1/2. The following theorem gives more general condition than (2.2.7) for

starlike functions of order 1/2.

Theorem 2.2.9. f{(z) is starlike of order 1/2 if, and only if,

21 - 2y f(ZZ) >§

R@(f(zl) -fz2) 2z ) 1 (2.2.10)

for [z)] <1, |z, < 1.

proof. Suppose the condition (2.2.10) holds for |z;] <1, |z,| < 1. Then,

m Re (z1) - flzp) 1z, )> 1

22—>ZI Zl - 12 f(ZZ) 2
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This implies that

%o 74 )4

>2
and hence f(z) is starlike of order 1/2. For the necessity, let g(z) = (z))%/z , so that g(z) is

starlike. Consider the principle branch of arg (1 - ¢) for lol < 1, and observe that it extends
continuously to o] = 1, o # 1, to give

arg(l-e’.(p)z—;—r + ;£ O< o< 2n).

Writing z = re'® we have

. ip . i(6+¢) i0
L. o Sze D) L}= L= e 4 arg ST re’
arg{( ¢ ) ze”p f(Z) arg( ¢ ) e rel(9+(p) arg f(relg)
i(6+0) i
L E L9 1 g™y 1 g(re”)

1
2

[- T+ arg g(rei(e*'@) —arg g(reie)]

and since g is starlike this expression does not exceed 7/2 in absolute value if 0 < Qp<2m

Thus
flor) 2
9{9{(1-0 = f(z)}>o Izl < 1) (2.2.11)

for|ol =1, c# 1. Consider now |z;| = 251 < 1 and z, # z,, so that for some © satisfying

lol =1, o# 1, we have z, = z,0. We then obtain

fz0) -fz)) N _, (f2)-flz10)  z0
R@( 21-2» f(ZZ)) Ke( 21-20 f(ZIO')]

=£,(e( qoftz) a)

(1 = 0)z, f(z,0) l1-o0
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°_ ., g@( 1 210 f(zy) ]

-0 flzo) @

applying (2.2.11). The proof is now completed by application of the maximum principle.

If ¢(z) is convex, the function (2.2.8) is starlike of order 1/2 and so by applying Theorem

2.2.9 , we obtain the following three point condition for convexity.

Theorem 2.2.12. If ¢(z) is convex, then for all complex numbers 6, 0, and oy

satisfying [oy| <1 (k=1, 2, 3) we have

Q{g[ o(z) * 7 (1 - Glz)_l(l - O'zz)_l(l - ()'3,2)—1

-1 0 > % (lzl<D.  (22.13)
o(z) * z (1 - 0y2)" (1 - 0,2)

Proof. Suppose ¢(z) is convex in |z] < 1 and that

P2 = D"

n=1

Then, f(z) = z [@(2) - ¥(z))1/(z - z,) is starlike of order 1/2.

Simple calculation gives

o) xz2(1-0,0)7 (1= 00" = () + | — [11 e )

01-0y|l-01z 1-o0,2

n
=, O] - )
= E _ anzn

n=1 917 03
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and

o2z (1-0,2)7'(1 - ozz)_l(l - 0'3z)_1

o 1 o 1
= ¢2) * : + 2

(oy-0))(03~-0)) | - 0,z (0= 01)(0,-03) 1 = 0,z

0'3 1
(03-03)(0,-03) 1 - 03z

+

n=1 (0y = 01)(0, — 03)(03 — 0y)

Using these relations and writing z, = oz, 21 = 032, 73 = O3z, where 0y, 0, and o are

complex numbers satisfying |0y <1, k=1, 2, 3, we have

f(z) - f(zp) z,
1 -2 f(zp)

21" % 22- %

[ {Z o) - 0@) (p(zz)-co(zo)} 23 - 2
2 -z | 2 P(2) - 9(2,)

ZI [0'10'2(0’11 = 0%) + 0,03(0) - 03) + 030,(0; - G'})]anz”

(02-01)(0,~03) D (] - oo)a,"
n=1

@) xz(1-012) (1= 0 '(1-03)”"

o(z) * z (1 - o,2) (1 - 0,2) 7"

Hence the result follows from Theorem 2.2.9,
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The condition (2.2.10) can be similarly translated and we obtain: if f(z) 1s starlike of order

172, then for any pair o}, 0, satisfying lol <1, |oy] £ 1, we have

-1 -1
Rﬂ(f(Z) *fi ()1 : o(llz> (1 )_1022) J% (Il < . (2.2.14)
Z) *x Z - 012

We shall also need a relation of different type for starlike functions f(z). This is based on the
geometrical observation that a domain D starlike with respect to the origin is characterized by
the property that every straight line through the origin intersects D in a single segment
(finite or infinite). In the terminology of Robertson [44] the domain is "starlike in every
direction". In order to give a sharp characterization of the property in analytical terms a few

boundary properties of starlike functions are required.

Let f(z) be starlike and let
V(t) = lim arg fire"). (2.2.15)
r—1

The limit V(¢) exists for all real ¢ and has the following properties.

V(#) is monotonic increasing with . (2.2.16)
V(t+27) = V(t) + 2m, for every t. (2.2.17)
V() =5 [V(t+0)+ V(t - 0)], for every . (2.2.18)

These results are established for example in [42]. We now set

h(®) =inf {s: V(s) 2 V(¢) + it }
(2.2.19)
k(t) =sup {s: V(s) S V() + 1 }.

It is immediately verified that A(f) and k(f) are non-decreasing functions of ¢ which satisfy
h(t+2m) =h(t) + 27 , k(t+27m)=k(t) + 21 (2.2.20)
t < h(t) <k(® < t+21 (2.2.21)

for every real 7. We then have
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Theorem 2.2.22. For each real ¢ let t*denote any number satisfying h(z) < *< k(t). Then

[m{e- V() 120 (1+1%) (1-z¢" ) (1 - ge™ (zz)} >0

in|z] < 1.
Proof. For fixed t we consider the function

0.
W(6) = lim arg{e- iV(t)el/2i(t+t*)(1 ) rei(e-r)) 1- rei(e—t*))f(L;)} ‘
l
re

r—1

W(0) is periodic in 6 with period 27 and we aim to show that

0 <wWeO <

(2.2.23)

(2.2.24)

(2.2.25)

To do this it is sufficient to consider the range t < 0<t+2m We consider four cases:

(i) @ =t. Then for r < t*< 1 + 27,

lim arg{(l -ret @0y (1. rei(a_t*))}

r—l

lim arg{(l -» (- rei(t't*))}
r-1

-t ¥ -tk
arg(2sin2 (ETI— ) - i25in(tzt

*
-1 t-t 21 SN
= tan (-cot ( 5 ))_2 (t -t )+2

and so

lim arg{(l -re @0y (1 -rei(e_t*))}

r—l

%(t-t*)+72—t if t<t™<t+2n

arg (1 —ei(t't*))= arg (1-cos (¢- 1% -i sin (t-1%)

0 if t:tort*=t+27r
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Thus

w(o) = <

S Iy
=
-~
A
-~
*
A
-~
+
[\
?4

3
=
-~
1]
+
o
B

(ii) t < @ < ¢*- Then

lim arg {(1 - rei (6 t)) (1- rei (B_t*))}

r—1

=arg(1-¢ @) rarg (1-£E1)

E 3
= tan-1 {- cot fGTE)} + tan‘l{- cot (e—é—t—)}
=0-5( +1%)

and hence W(6) = V(6) - V(¢). Since V(6) is increasing, W(6) > 0. Since 6 < t* < k(1),
then V(6) < V(f) + m. Thus (2.2.25) follows in this case.
(ii) O=¢* If "=t ort =1+ 2r, then (2.2.25) follows from case (i). Thus we may

assume that ¢ < t*< 7 + 27, Then it is easy to verify that

lim arg{(l —rei(e't)) (1 -rei(e_’*))} = %(t*“t)'g’

r—1
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which gives W(t*) = - V() + V(t™) - /2 . Now if h(f) < r* < k(#), then V(t*) = V(z) + 7 and
so W(t™) = /2. If h(r) = t* < k(1) then V(+*) < V(1) + m and so W(t*) < m2. Also
V(™ 0) 2 V(1) + = and V(1" - 0) > V(1) and therefore applying (2.2.18),V(t*) > V(1) + /2,
which gives W(t*) 2 0. If h(¢) < t" = k(z), we obtain in a similar manner /2 < W(t*) < .
Lastly, if h(t) = k(1) = ¢, then
VO + < V(i* +0) < V(0 + 27
VOSVE™ -0V +x
and applying (2.2.18) we obtain 0 < W™ < 7.

(iv) t* < O <t + 2w Then we have
lim arg{(l —re 00y (101 )} = 6- %(t+t*)-7z'
r—1

and so W(0) = V(6) - V() - m. Since 8 > h(¢), V(8) 2 V(¢) + = and so W(6) > 0. Also

V() < V(t+2m) = V(t) + 2 and so W(O) < &,

We now have (2.2.25) in all cases. Let

- ze

2 -i6
W) = - J " Re (”—Z"[g) W(6) de.
2 1

(@)

By Poisson’s formula we have for |z] <R < |

arg {e~iV(t) PRI (it (it j%}

27 9 : . .
_ L J Y (Rei9+z) arg{e-,vm JRECH) (| i (0=
2 Re " -z
O
o 0
X (1-Re'9° 1y f(Rem)} do
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—(z) as R —>1 by the Lebesgue bounded convergence theorem. From (2.2.25) we

have 0 <v(z) £ and the theorem follows.

2.3. The Conjecture of Pélya and Schoenberg

Theorem 2.3.1. Let ¢(z) and w(z) be convex univalent functions in the unit disc U.
Then (¢ * W)(z) is convex univalent in this disc.
Theorem 2.3.2. Let ¢(z) be convex and f(z) close-to-convex in the unit disc U. Then

(@ * /)(2) is close-to-convex in U.

The proof of these results go together and will occupy this section. The following lemma

plays a central role in the discussion and is a modification of a lemma appeared in [52].

Lemma 2.3.3. Let ¢(z) and g(z) be analytic in |z] < 1 and satisfying ¢(0) = g(0) =0,
9(0) # 0, g'(0) 2 0. Suppose that for each o(Jo] =1) and o(|a] = 1) we have

02) + T o 20 0 <z < 1) (2.3.4)
1- o0z

Then for each function F(z) analytic in |z < 1 and satisfying

Re (F(z)) >0 (Iz] < 1), (2.3.5)

we have

ge| 122 FOEDY (2l < 1. (2.3.6)
(@ * g)(2)
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Proof. We first show that

0(2) » —F 92 .0y
1 - oz
Re >0 (IZI <1). (2.3.7)

©(z) * g(2)

The hypothesis (2.3.4) when a = -1 implies that @ xg#0 for 0<|z|] <1. Assume that

lof = 1 and a# -1. Then we have

1+ o0z
1 -0z

1 + aoz 1 1
o(z) *ﬁ 8(z2) = ¢(z) * 5 (I+a) 8@ +5 (1-0a) gz)

8(2) +% (1-2) ¢2) *g(2).

1 (1+o02)
_— 1 _ 7
) 1+o (P(Z)*(l 2

Hence from (2.3.4) we have

1
7+ 00 F 4041 (10 )+ ) % 0
or,
1
P(z) » ——% 8(2)
l- o0z l -
2o (<),
0(2)  8(2) l+a

The left-hand member of this relation therefore takes no value on the imaginary axis, but

clearly has the value 1 at z = 0. Therefore (2.3.7) follows.

Consider then F(z) satisfying (2.3.5). We may assume that |F(0)| = 1, and we then have

by Herglotz formula
- 1
e TF(z) = J I“L‘M du(o) (2.3.8)
Z

T
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where (1 is a probability mass on the unit circle T and B and ¢V are uniquly determined

constants such that [8| = 1, B# -1, and cos y>0 (w = & (1 +,32)/(1 —z) maps |z] < 1

onto Rew >0 ). Then

. 1
¢ V(@ +Fo)2) = j ©(z) * g(z) —li% du(o)

T

+ 02

la+p f 0(2) * 8(2) dp(o) + S(1-8) (9 » )2
T

(P(2) * 8(2) {% (1+p) [ Ho) du(o) + 1 -ﬂ)}
T

where Hy0)=1 and by (2.3.7), Re Hy(z) > 0. Thus

-iy(@ * Fg)(2) 1 1

Ly

———— =5 (1+p M2 + 5 (1-
C lorno 2 UrAMO 7 0-P

Where M(0) = 1 and Re M(z) > 0, and the condition (2.3.6) follows immediately.

Remark 2.3.9. It is easily seen from this lemma that the condition (2.3.4) implies that

(¢ = Fg)/(¢ = g) takes only values in the convex hull of the range of F for every analytic F.

We require next what is essentially a special case of Theorem 2.3.2 (see [52]).

Lemma 2.3.10. Let h(z) be analytic in |z| < 1 with h(0) = 0 and suppose that there

exists costants & and 8 with ¢ = |B| = 1 such that

Re{(1-02) (1- ) "2 >0, (<) 23.11)




38

Then for every convex function ¢(z)

®(2) * h(z) #0, (0O< |zl < 1). (2.3.12)
Proof. By Herglotz formula there exists y(|y| = 1) such that
h p 1 + yoz
(- (- "2 - h@j—y d(o)
1-o0z
T

or,
, z (1 + yoz)
h(z) = h10
@ ()J(l-az)(l—ﬁz)(l-az)
T

du(o) (2.3.13)

for |z] < 1, where u is a probability mass on the unit circle 7. Thus

1 z (1 + yoz)

— % h(z)) = d

K (0) (9(2) » 4(2) J P2) (1-az)(1-Bz2) (- 02) Hio)
T

z(L+7y) -yz(1-o02)
= d
J(p(z)* l:(l—az)(l-ﬂz) (I-Gz)] #o)
T

=J o(z) * [z(l +7(l-a)' (- 0-00! - yz0 -y 1 -ﬁz)'l} du(o)
T

={<o(z) vz (1= o) (1- ﬁz)'l}

-1 -1 -1
5 {(1+7/)J'q0(z)*z(l—az) (1-B2)" (1-o02) du—}’}.

P(2) * z (1 = az)™' (1 - Bz)!
T

The expression in the first parentheses cannot vanish for 0 < |z] < 1 by (2.2.14) and the

expression in the second parenthesis cannot vanish by (2.2.13). This proves the lemma.
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Lemma 2.3.14. Let ¢(z) be convex and g(z) starlike in |z| < 1. Then for each function

F(z) analytic in |z| < | and satisfying

ReF(z2)>0 (2 <), (2.3.15)
we have
F
(oxFo)@) (2l < 1). (2.3.16)
(¢ = £)(2)
Proof. By Lemma 2.3.3 it will be sufficient to show that
1+
o(2) *l—ﬂ 8@ =0 (0<lz<1) 2.3.17)
- 0z

for every a and o satisfying |o| = |o] = 1. According to Lemma 2.3.10 a sufficient
condition for this is that for each & and o we find constants a, » and ¢ with la] = || =

lc] = 1 such that

Q{g{a(l - bg) (1 - )9 @}w (2.3.18)
1 - oz 2

in |z] < 1. However it is clear from Theorem 2.2.22 that such a relation holds, for if we
- 1 * - 1 . . .
set b = o, then ¢ can be chosen ¢ =™ where - ao=¢". By the maximum principle the

possibility of equality occuring in the theorem can be ignored by appropriate choice of a.

Proof of Theorem 2.3.1 and Theorem 2.3.2. If fis close-to-convex, then for a
suitable starlike function g, we have

2f12) = g(2) F(2)
where Re F(z) > 0. From (2.3.16) we obtain

z(¢*ﬂ’=Ke¢*Zf’=Ke¢*Fg

Q=g Qg Qg

Re > 0. (2.3.19)
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Thus ¢ * fis close-to-convex if @ = g is starlike, and hence Theorem 2.3.2 follows if we

can show that ¢ = g is starlike, which is equivalent to theorem 2.3.1. To show that Qxgis

starlike we must establish the inequality

Re [z (ﬁ*—g)] >0 (lzd<1). (2.3.20)
Qxg

Since g is starlike, Re[ zg(z)/g(z)] > 0, and hence (2.3.20) follows from (2.3.16) on putting

F(z) = zg'(z)/g(z). The two theorems are thus established.

Remark 2.3.21. If we say " f is close to ¢ " when

ﬂ@[f—fz—)} 0 (2 <),
01(2)

then we have shown that ¢ « fis close to ¢  y for every ¢ and Y convex with fclose to y.

2.4. Convolution of Functions Starlike of Order 1/2

In this section we shall prove that the structure of functions starlike of order 1/2 is also

preserved under convolution. We need the following lemmas.

Lemma 2.4.1. Let A(z) be analytic in |z| < 1 with A(0) = 0, and suppose that there exists

B satisfying || = 1 such that

xe{u—ﬁ@h—f—)} >0 (Jz < 1) (2.4.2)

Then if ¢(z) is starlike of order 1/2
o2 «h(0)#0 O<l]zl <. (24.3)
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Preof. By Herglotz formula we can write

e B 2]
h’(0) (1-02)(1-fB2)
T
where |y| =1, y#-1. Thus
1 | z(1 + yoz)
h(z) = d
o PO j 0@ « EIE— o)

T

z(l +9) - yz(1 - 02)
= d
f o(2) * (1-02) (1 - B2 H(o)

f [(1 FN Q@ x2(1-02)7 (1- B2y - yo(2) « z(1 - Bz)! ]dmc)
T

i 1-09)7'(1-B2)!
oo st} [ fo o p BRI
T

But 9(2) * z(1-B2)' = @(B)/B, it follows that

1 o(B2) P(2) * z (1-02)"! (1- B2}
) * h(z)=—"EZ] 11 4 ) - v Lduwo).
v 70 MO [{ AT gt

T

The integrand lies in a half-plane not containing 0 by (2.2.14) and o(Pz) =0 (0<|z] <1) so

the lemma follows.
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Lemma 2.4.4. Let ¢ and v be starlike of order 1/2. Then for each function F(z)

satisfying
ReF(z)>0 (lzl< 1) (2.4.5)

we have

©(z) * F(2)w(z)
o(z) * y(z)

] >0 (lz] <1). (2.4.6)

Proof. By Lemma 2.3.3 it will be sufficient to show that for every @ and o satisfying

o) =|o] =1, we have

+

0(2) H‘f W) 0 (0<ld<1)

By Lemma 2.4.1 this relation will be proved if for each such & and o we can find S and
a (lal =8| = 1) such that

1 +aoz wz)
1 -0z 2

Q{g{a (1 - B2) } >0 (2] <1 2.4.7)

Since y(z) is starlike of order 1/2, it is immediately verified that for each o(lo] = 1) the

function [y(z)/1 - o7] is starlike, and hence if we apply Theorem 2.2.22 to this function
. , ¥
with f= e"t, ac=-e" we obtain the required relation (2.4.7).

Theorem 2.4.8. If ¢ and y are starlike of order 172, then sois ¢ * y.

Proof. The result will follow if we prove that

Re M=Kew>l
QY QO x Yy

(2.4.9)

(]

Since y(z) is starlike of order 1/2, we have

[\

.‘Re[z %)> L .
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Thus applying Lemma 2.4.4 with F(z) = [z y{z)/w¥(z)] we obtain

, o(2) * F()y(z) _ R o(z) * zy'(z) >0
©(z) * y(z) o(z) * Y(z)

Izl < 1).

Now (2.4.9) follows from remark 2.3.9.
Corollary 2.4.10. The Hadamard product of two odd starlike functions is starlike.

Theorem 2.4.11. Let @ and y be starlike of order 1/2, and suppose that f satisfies

(@
—=1>(0 1. 2.4.12
ﬁ@(zw&)J> (Jd < 1) (2.4.12)

Then

>0 (lzl<1) (2.4.13)
(¢*wu>J )

and in particular ¢ * fis close-to-convex.

Proof. Applying Lemma 2.4.4 with F(z) = [zf(z)/w(z)] , we have

Re M >0, (lZI <1
(@ * ¥)(2)
or,
Re (M}o, (Il < 1)
Q*y

But by Theorem 2.4.8, ¢ * v is starlike of order 1/2 and hence ¢ *f is close-to-convex in

lz] < 1.
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2.5. A Subordination Theorem
To prove the subordination conjecture of Wilf [71], we need the following lemma.

Lemma 2.5.1. If k(z) is convex and h(z) is analytic, then A(z) is properly subordinate to

k(z) if, and only if, for each o (Jo] = 1)

2k (2)
—_ 0 1). 252
Re(k(z) - h(crz)J g (l< 1 ( :

Proof. Suppose h(z) is properly subordinate to k(z). Then h(z) = k(w(z)) for some
analytic function @ with |ax(z)| < |z]. The image D of k(z) being convex is in particular

starlike relative to the point k(z,) and hence if Izl < lz] < 1,
2k (z)
Now (2.5.2) immediately follows from the maximum principle by choosing z, = ax0z).

Conversely, if the condition (2.5.2) holds, then it holds for every o such that o] < 1.

Suppose that for some w, k(z) # w, where w = h(z;) and |z;] < 1. Thenif |z;] < || < 1,

zk(2) 2k (2)
) —— 150
iRﬁ(k(z) - w) Rg(k(z) ; h(o‘z))>

where o = 7,/z, so that |o] < 1. Since k(z) # w, the maximum principle gives

k/
Re (%) >0  (lz<D),
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which is clearly false for z = 0. Since also (2.5.2) implies that 4(0) = k(0), we deduce that

h is subordinate to k.

Theorem 2.5.3 (Wilf’s Subordination Conjecture). Let ¢ and ¥ be convex in

|z < 1 and suppose that f1is subordinate to y. Then @ * f 1s subordinate to ¢ * .

Proof. We may assume that f is properly subordinate to w. We then have

ZW’(Z)
Rg —r= |50 < 1, 01 - 1)_ 254
(v/(z) - K Gz)) (i | @34

In view of Lemma 2.5. 1, it is sufficient to show that

e 2(@ * v)1(2) >0
(@ * ¥)(2) - (¢ * f(o2)

or,

Re ©(z) * zy(2)
(@ * ¥)(2) - (¢ *fH(oz)

]>O Uzl <1, |0l < D).

This is equivalent to

W(Z) ‘f(O-Z) ’
v V@
©(z) * zy(z)

0(z) *

>0

which follows from (2.5.4) and Lemma 2.3.14.
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2.6. Applications
(a) The de la Vallée Poussin Means

The de la Vallée Poussin means of an analytic function f(z) = z anz” are given by

n=1

n

z ( o )akzk (26.1)

1
V2, f)=——~
) =

forn=1,2, ... Pélya and Schoenberg [41] showed that these means are convex (starlike)

whenever fis convex (starlike) (and conversely). In particular the polynomials
n
_ 1 2n k
V(o) = @) E ( o )z (2.62)
"7 k=1

are convex on putting f(z) = z(1 - z)'l. This apparently weaker statement now implies the

full result, and furthermore the de la Vallée Poussin means of a close-to-convex function are

close-to-convex. In addition Pélya and Schoenberg showed that V,( z, f) is subordinate to f

for every convex f, and conjectured that in this case the stronger subordination condition
Va@h) S V1 @) (n=12,..)

held. This follows from Theorem 2.5.3 as soon as it is shown for the polynomials (2.6.2).

Pélya and Schoenberg verified this case, although the proof was not given.
(b) Univalence of Partial Sums

Let P,(zf) denote the nth partial sum of the analytic function f. If fis convex then P.(z.f)

is convex in |z| < ry, where ry is the radius of convexity of the polynomial




47

2
P()=z+7+-+7",

and if fis close-to-convex, then P, (zf) is close-to-convex for lz] < r. Againif r,is the
radius of close-to-convexity of P,(z), then P,(z,f) is close-to-convex in |z| < r, for every

convex f. These results, which are sharp, have been obtained and the values of r| and r,

have been computed [53,56].

Itis also easy to show from our results that if f(z) is starlike of order 1/2 then

Re (p%) >3 (d<D) (2.63)

In fact, we can write

Pn(Z,f) = Pn(z) * f(2)

=T (- % f@)

= 8(F(2) * f(2)

where g(z) = z/(1 - 7) is starlike of order 1/2 and F (z)=1- 7" lies in a circular disc with

center at 1 and radius 1. Thus by Lemma 2.4.4 and remark 2.3.9 it follows that

Pu(zf)  f(2) * g(2)F(2)
f@ ~ f2)* g

lies in a circular disc with center 1 and radius 1, i.e.,

P,(zf)

700) < 1. (2.64)

1

Now, if we let P, (z,/)/f(z) = u + iv then (2.6.3) follows from (2.6.4)




48

Writing zg1z) = fiz) and using (2.6.3) we have

(P,,(z.g)),)_ P.(z) *zg72)
i’@[z O R )

=R8(Pn(z}(;; f(z))

_ o, (Pu(zf)
=Re(Zr5)>0
Hence the polynomials P,(z,g) are close-to-convex in 7] < 1.

We conclude this chapter by pointing out the following extension of Theorems 2.3.1 and

2.3.2.

Theorem 2.6.5. Let y be convex and suppose that for a function f, f7y/ takes all its
values in a convex domain D. Then for every convex @

@ x zf”

P *zy’

takes all its values in D.

Proof. This follows immediately from Lemma 2.3.14 and Remark 2.3.9.
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CHAPTER III

APPLICATIONS OF CONVOLUTION OPERATORS
TO PROBLEMS IN UNIVALENT
FUNCTION THEORY

3.1. Introduction

In this chapter we shall exploit the strengths and properties of convolution operators. The

strength of these methods lies in their ability to unify a number of diverse results.

In 1947, R.M. Robinson [48] conjectured that if J € S, then the function 12[f(z) + 71(2)]
also belongs to S for |z| < 1/2 . This well-known Robinson’s 1/2 conjecture was verified
by Livingston [33] in 1966 for convex, starlike and close-to-convex functions. In fact, he
proved that if fe C, $* or K, then 12[f(z) + z(2)] is convex, starlike, or close-to-
convex for [z] < 1/2. Many researchers (see [29] , [43], etc) have studied the appropriate
minimum radii for the different operators on various subclasses of S. Using the
convolution results and techniques of Ruscheweyh and Sheil-Small [55] discussed in
Chapter II, Bernard and Kellogg [4] obtained these results and many of their
generalizations. They also obtained a number of new results including a verification of
Robinson’s 1/2 conjecture in the case of y-spirallike functions. It is interesting to note that
the proofs using convolution operators are clearer and more coincise and point out how the
unifying linear structure that is common to so many problems can be used to solve them via

convolution operator techniques.

The aim of this chapter is to study in detail the results of Bernard and Kellogg [4]. In
Section 3.2 we discuss appropriate minimum radii for the different operators on various

subclasses of S, using convolution techniques. Section 3.3 of this chapter is devoted to
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study Robinson’s 1/2 conjecture in the case of Y-spirallike functions. Robinson’s 1/2
conjecture for typically real functions will be discussed in Section 3.4 . Finally, several
other results including a generalization of Bernardi’s results [5] are discussed in the last

section of this chapter.
3.2. Minimum Radii for the Different Operators on Various Subclasses of S

In this section we shall use Theorems 2.3.1 and 2.3.2 of Ruscheweyh and Sheil-Small
[55] discussed in chapter II. In order to apply these results we shall need the following

notation. Let I';, 0 < i < 4 be the linear operators defined on A by the equations below.

Toftd) = 2f () Mif@) =5 @) + 7))

ro= [0SR0 =2 [
0
0

I’4f(z)=fz f(ég:\];(?:) dé, Ix|<1,x#1.
0

We note that Iy, generalizing Ty, was first used by Pommerenke in [43]. It is easy to

verify that each of these operators can be written as a convolution operator given by

Tif =h;+f, 0<i<4

where

< — + 1 z -2
N (1-* 2;1 2 (1 -2)°

h@ =3, ~7" =-log(l - 7)

n=1

h3(z)=i 2 n _ -2 [z+1og(l - 2)]
n=1

n+ 1% z
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L-x" _ 1 l -xz
h4(Z)‘Z T-xn ¢ = l_xlog[ﬁ:l, x| <1, x#1.

For example, if f(z) = Z a,?" , then
n=0

oo oo

Dof =hoxf=3n7"« Y ad® = Y nad = ),
n=0 n=1

n=1

%[Zf(z) +2)]
Cof=hys f =f‘, HED YRR anz”=Jz f(é)glﬂo)dé‘
n=1 n=0 n=1

0

etc.

For a given compact subclass X of 4 |, let r¢ (X) denote the minimum radius of univalence
over all functions fin X . We shall use the corresponding notation for the other subclasses
of §. For example 7y (X) denote the minimum radius of starlikeness over all functions fin

X. Robinson [48] observed that for any f in S, the derivative of I'jf{z) does not vanish for
|zl < 1/2. He also noted that for the koebe function k(z)=z(1-2)2,rg [T1(k)] = 1/2. He

conjectured that ry[T(X)] = 1/2 for X = §. Although 1/2 has been verified to be the

correct radius when X is replaced by many of the subclasses of S, Bernard has proved in

[3] that .49 < rg [Ty(S)] <. 50 .

Many authors have studied the appropriate minimum radii for the different operators I';

0 <i<4 on various subclasses of §. We list below a few of these results. Each of these
and many of their generalizations can be obtained by the techniques presented in this

chapter.

The classical results of Alexander in [1] shows that
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rex [To ()] =rg« [Ty (S*)]=2-3.
In [33], A. Livingston proved that
relTi (O] = ro v [T1 (8] = [Ty (K)] = 172,
and that

rr ()] = 1

Generalizations of these results have been given by Libera and Livingston in [31] and by
Bernardi in [5]. It has been shown by Causey in [11] and others that relT2(K)] = 1. The
example of Krzyz and Lewandoski in [28] shows that rs[T2(8$)] < 1. In [29] Libera
showed that

relB3 (Ol =rg« T3] = rg [D3(®0] =1
and these results have been generalized by Bernardi in [5]. Pommerenke in [43] has shown

that r[T4(K)] = 1.

It is easy to verify that the radius of convexity of each of the functions hi, 0<i<4,
previously defined, that is , re(hy) =2-3, rc(hy) =1/2 and
re(ha) =re(h3) =rc(hg) = 1.

These facts together with Theorems 2.3.1 and 2.3.2 yield the following theorem and its

consequences.

Theorem 3.2.1. Iff isin C, ¥ or K then L'if=h; = fis convex, starlike or close-to-

convex, respectively, up to r (h;) foreach i, 0<i< 4 .

Itis clear that Theorem 3.2.1 encompasses most of the major results previously mentioned
concerning the various radii with the sharpness following by using the standard extremal

functions for the specific subclasses. Livingston’s results in [33] follow from Theorem
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3.2.1. That is , Robinson’s 1/2 conjecture is valid when X is replaced by C, $* or K

simply because rc(hy) =172,

3.3. Robinson’s 1/2 Conjecture in the case of v-Spirallike Functions

In this section we shall prove that X can also be replaced by S;’ the class of y-spirallike

functions. However, the result does not follow directly from the convexity of 4; up to 1/2
because, unlike C, S *, and K, SZ is not preserved under convolution with convex functions
(sec [28]) . We shall still be able to obtain the result using convolution techniques by

applying the lemmas proved in this section.

In the proofs of Theorems 2.3.1 and 2.3.2, Ruscheweyh and Sheil-Small proved a most
interesting key lemma. We give below the following slightly more general version of their
lemma stated without proof in their paper. For completeness we include the proof

suggested by D. Styer and D. Wright which is more coincise than the authors original.

Lemma 3.3.1. Let ¢ and g be analytic in |z] < 1 with ¢(0)=g(0)= 0 and ¢»10),g710) # 0.
Suppose that for each of(|a = 1) and o(]o] = 1) we have

1
0 (—l—ﬂjg @ #0 on  O<lg<r<i. (33.2)
- 0Z

Then for each F in A the image of |z] < r under (¢ Fg)/(@+ g) is a subset of the convex

hull of F(U) .

Remark 3.3.3. We note that in Lemma 2.3.14 we proved that if pe Candge §*
then (3.3.2) is satisfied for all z € U.
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Proof. Since ¢(z) * [(1 + aoz) / (1 - 02)] 8(2)#0for 0<|zl<r <1 is equivalent to
@(rz) « [(1 + aoz) / (1 - 02)] g(z) #0 for 0 <|z] <1 we can assume = 1. In Lemma
2.3.3 we proved that if F has positive real part and (3.3.2) is satisfied, then
?{e{ [(p * gF)/ (¢ * g)](z)} >0 forzin U. For arbitrary F in A the convex hull of F(U)is
defined to be the total intersection of all half planes containing F(U). If we denote by F(O)
the closure of F(U) then a line of support Zof F(U) is the boundary of a half plane
containing F(U) such that B (=¢NFUO)#¢ . Fora given support line ¢let b be a point in
B ,. Then there exists an « such that the half plane defined by the set
[e*@ [(1 +2)/(1-2)] +b:ze U} contains F(U). For this aand b, if Fy is defined by
Fi(z) = eia[F(z) - b] for z in U we have that ReF1(z) >0for zin U. Thus we can apply

the Ruscheweyh - Sheil- Small result to F 1 to obtain

i’{fl{%(z)}= Re{eia%:% (z)-b} >0, ze U.

Therefore, for each z in U we have that [(pgF (@ * g)](z) lies in the appropriate half
plane for each support line ¢ of F(U). Hence, it follows that [(@ * gF)/(@ * )](U) lies in

the convex hull of F(U) as claimed.

Lemma 3.3.4 . Letfbein S and F(z) =1+ ajz + - be regular in U. Then, the image
of |z| < 1/2 under (k; * f F)/(hy * f) is a subset of the convex hull of F(U).

Proof. This result follows from Lemma 3.3.1 upon showing that for all o and
ollal =ldl = 1),

hi(2) *17”"%” fD)=H@E) # 0 for 0<lz| < 1/2.
-0z

From the definition of 4, , we see that

2-22/2 . 1 + oz
(1'2)2 1- oz

H(z) = f2)
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or,

_ oz zf(z) (1 + a)oz
2H(z)-(\1_ )f()[ + 5 J

(1 -02) (1 + aoz)

Since fis in S, if we put £ = oz, it is sufficient to show that for all (| = 1)

e, L@, L+
R (1-6)(1+a5)

for |z], |&] < 172. We note that since fisin S we have that

7 2)
’ log f(T)

< log% for |z] < r.

Let r=1/2, we then have that

12

log gy

log3 for |z|<§ .

Now, we claim that |1+ e® |>4/3 if l@] < log 3. To verify this, it clearly suffices to

consider @ =-p e'9for Qin (-m,x] and p > 0, and note that

2 L 2
,1+e“’l = ll+e—pcose_'psme =1+e_2pcose+2[cos(psin 6)]e_pcose.

It is clear that replacement of 6 by -6 does not change the above expression and thus it

. . 2
suffices to consider 0 < < 1. Letting h(p,6) = [1+e? , , We see that

8—9—2;) _2pcose[sin 0 +sin (6 - p sin H)epcose].
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It now follows that dh/3d9 > 0 and therefore h(p,0) is an increasing function of 6 , and

hence
- 2
[1+e® *2h(p0)=[1+e P |%s (4/3)?
and the claim follows. We now have that | 1 + I D) > 4/3 for Izl <1/2.

Lemma 3.3.4 will follow upon showing that for all o lof=1),

(1 + a)é -
(1-8) (1 +af)

% (3.3.5)

Provided |¢] < 1/2. Inequality (3.3.5) will follow form next lemma which we will use a

number of times in this chapter .

Lemma 3.3.6. For |a| =1, Let

fol2) =

(1 + a)z
(1-2) +az)’

If [o <7 <1, then |fy(2)| < 2r /(1 - 12

2i

Proof. Write = ¢ ¢,-n/2<g0 Sm/2 and z=re®, If we put £ = 6 + ¢ we see that

r(e ip + ei(p) elt
1+ ret (ei(p - e'iq’) il

fo(2) =

_ 2r cos ¢ .
(1-r?)cost+i[2rsing- (1 + r2) sin 7]

Now,

2
(1-r*) cost+ i [2rsin - (1 + ) sin t]l

=(1- r2)2 + 477 gin% - 4r(1 + r2) sin @ sin ¢ + 4r° sinz(p
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2 2
=47° [sin t -Q%—rr—) sin (p] + (1- r)? cos?g

> (1- rz)2 cos’ 0]

and hence

| 2r cos ¢ < _2r
| (1-r?) cos t+i[2rcos@-(1+rd)sine]l ~ 1-r

lfx @] =

2

With these results we now prove below that Robinson’s 1/2 conjecture is valid when S is

replaced by Spy .

y 1
Theorem 3.3.7. rJ [I‘I(Sp )] = 5 -

p

Proof. Since fis in Spy there exists a real ysuch that H(z) = e 2 f(z) /f(z) has positive

real part in U. To show that I'\f= h; x fis y-spirallike in |2 < 172, we define H}, by

i _ eV hy « zf1(2) _ h xf(2)H(z) _
O G R TR 03

Then Lemma 3.3.4 assures that H l(|z| < 1/2) is contained in the convex hull of H(U). The

result follows by noting that k(z) = z (1 - z)‘2 is spirallike for y= 0, and the radius of

v-spirallikeness of I"j (k) is 1/2.

The following result of livingston [33] can be proved directly by using Lemma 3.3.1.

Theorem 3.3.8. r,[T|(R)] = (W5-1)/2.

Proof. Let fe R. Then f’e P. Thus
Ref(z)>0, ze U.
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Since

Mm@ *z2f1z)  hi(z) * 7f(2)
z - hi(z) * z

(hy %) (z) =

we need only to show that Re{ [A1(2) * 2f(2)] [hi(2) * z]} > 0 for |z| <r,

where r,= (V5 - 1)/2 . By Lemma 3.3.1 it suffices to show that

!
H(z) = hi(2) *zl—J'% #0for 0<|2]<r,,|o] = [of = 1.
- 0Z

However from the definition of #; we have that

z-z2/2 . z (1 + aoz)

Hi =
2 (1-2)? 1 -0z

o)

1|z (1 + aoz) 7 + aoz?Y
= +z )
1-o0z 1- o0z

On simplification we have

2H(Z)=Z(1+aozj [2+ (1 +a)oz :’
1 - o0z (1-0z) (1 +aoz)

By using Lemma 3.3.6 we obtain

(1 + a)oz
(1-02) (1 +aoz)

2r
—_— >
(1-r2)

2+

\

2 2- 0,

). { (1 + a)oz
(1-0z) (1 + aoz)

for 0 <r <r,. The result then follows by considering the function f; defined by

fH@=-2log(1-2)-z.
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3.4. Robinson’s 1/2 Conjecture for Typically Real Functions with

Functions in CI

Let T, be Rogosinski’s class of typically real functions on U, noting that functions in 7,
need not be univalent. Let C 1 be Robertson’s (see [44]) class of functions in T, that have
their images convex in the direction of the Imaginary axis. Recall Fejer’s observation that A
is in C; if and only if z4'is in T, . We include a new proof of Robertson’s result in [46]
showing that T, is invariant under convolution with functions in C;. We then give a

corollary showing its application to Robinson’s 1/2 conjecture.

Theorem 3.4.1. If 4 is in C, and fisin T, then h * fis in T,.

Proof. 1t is well-known that f'is in T if and only if fiz) = z(1 - 22)'1 p(z), where p is in P
and has real coefficients. Also, for any function g in T, there exists a non-decreasing

function U on [0,7] with ,ug(n') - ug(O) = 7 and such that

()—if” Z diL(?)
gz—n o L -2zcosi+ 22 Helt) -

For each 1 in [0,7] the function & defined by

28°7(z) =z(1 - 2z cos t + 22)'l ,8(0)=0,
1S convex because zg’, is starlike. Thus, for 7 and s in [0,7], g(z,5,0) = 28'5(2) * g((2) is
starlike by Theorem 2.3.1 and has real coefficients so that g(z,t,s) is in T,. Hence
g(zs81)=z(1 - :,2)'l p(z,s,t) where p isin P . By using these facts and the properties of

convolution, we obtain for /4 in C; that

Z
I -2zcost + g2

h+f)(z) =+ f” h(z)
T 0

2 d.uf(t)
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SRE

T h’ T dg d
j ¢ (Z)*J(; 1-2§cost+§2 ‘uf(t)

0

[ jﬂ' < ) d,uzhr(S)J * £,(2) dﬂf(t)

1
T O1-22coss+z

S I

=$ foﬂ foﬂ' 28'(2) * g, (2) dlt,p (s) d#f(t)

=2 ifon fon P@5,1) dityy (s) dpdr)

1-22

<
R

where P, has real coefficients and is in P from the properties of [, and M¢. Thus, from

the characterization of T, the theorem is proved.

Corollary 3.4.2. Iffis in S and has real coefficients then Ay x f is typically real for
] < 122.

Proof. This follows from Theorem 3.4.1 since rq (hy) = rcl(hl) = 1/2 and any function in

S with real coefficients is in T,.
3.5. Generalization of Bernardi’s Results

In this section we discuss several results including a generalization of Bernardi’s results
proved by Bernard and Kellogg [4]. Throughout Bernardi’s paper he considered ¢

a positive integer. We shall consider ¢ a complex number with ¢ #-1. In each case when ¢

is considered a positive integer we obtain Bernardi’s results. We define d. by
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2

Z

N ntc oa_ z-[c/1+0)]z
dC(Z)—Z; e ™7 o2

For fin A let the operator I'.: A — A be defined by I'e(h=d.*f.

Theorem 3.5.1. (i) If Re{c} > O then relCe(C)] = 1.
(i) If
4r-1-r2

Refc} > (3.5.2)

and fisin C, S * or K then d. = f is convex, starlike, or close-to-convex, respectively, for

2| <r. If ¢ is real and greater than -1 then

relCe(O] = rg* [Te($™)] = rg [Te®)] = 7, (3.5.3)
where r,= {2- (3 +c)"}(1 - ¢)forc # landforc=1,r,=1/2.
i) If

2r
(1-7)

lc+1] > (3.5.4)

and fis in R, then Re {(d, = f)'(z)} > O for |z| <r. If ¢ is real and greater than -1 , then

rplTe(®)] = ry where ry = [-1+2+2c + A1 + o).

Proof. Part (i) follows from Theorem 3.2.1 by the known fact that d, is in K if, and only
if,

IA
D —s

N[ —

(1 +¢)

which is equivalent to Re{c} > 0.

The first part of (ii) will follow form Theorem 3.2.1 upon showing that whenever inequality

(3.5.2) holds then r < rc(dc). Consider, for k(z) = z/1 - z)2 , that
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zd.”(2) dex k x k de* k [(k % k)/k]
+ - —

Ly T d ks OE g @ (59)

Since [(k * k) /k](z) = (1 +2) /(1 - z), Lemma 3.3.1 assures that the term on the right hand

side of (3.5.5) has positive real part whenever

d,+ [MG—Z)J 20 forall o ¢, |of =|o] = 1 (3.5.6)
(1-o02)

and 0 < |z] < r. Thus we need only to show that this r is determined by the condition

(3.5.2). From the definition of d. and the comparison of their corresponding Taylor series

we have that

1 1+ 1+ ’
dox k—220 __1 [ck %0z | [ X202 ]
1 - oz 1-o0z

1 1 + aoz [ Zk’(z)+ (1 + ¥)oz
kz) " (1-062) (1 + aoz)

:' (3.5.7)

1 - oz

Thus, it suffices to show that the bracketed term in (3.5.7) is nonzero for |z| < r determined

by (3.5.2). From the definition of k(z) and Lemma 3.3.6 we have

k1) (1 + a)oz

+z 1 +z N (I + )oz
k@~ (1-02) (1 + aoz)

l-2 " (1-062) (1 + aoz)

| (1+ @)oz
|(1 - 02) (1 + aoz)

> Re(c+ 11J_rzz)— 12r2 >0
-r
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whenever Re{c+ (1+2)/(1-2)}>2r/(1-72) . This holds when

2r 1 -r 4r-1-r2
Re{c}>l_r2—1+r= 7 -

(3.5.8)

1 -r

Hence the bracketed term in (3.5.7) is nonzero for || < r if Re {c} > @r - 1- (1 - 1),
as claimed. Forreal ¢ >-1,(3.5.8) is equivalenttoc + 1 - 4r+ (1 - c)r2 >0, which holds
whenever 0 < r < r,. In order to complete the verification of (3.5.3) we consider the cases

of sharpness. For the convex case we convolute d, (z) with /(1 - 7) to obtain

dc(z)
1+7z =
d’(2)
C

(1 +¢)+4z+ (1 - ¢)z>

(1-2 [ +c)+ (-]

J(2).

It easily follows that J(-r;) = 0. For the starlike and close-to-convex case we convolute d,

with &(z) to obtain

, d//
2(de % k) A9
d.+ & @ =l+z

= J(2).
d'(2)

So that again J(-r))= 0. Since forc =1, d, *f=hy = f=Tf the case ¢ = 1 follows from

our previous results.

We prove part (iii) by using Theorem 3.2.1 and noting as before that

d(2) * 711
dex ) =5 LD,

Since fis in R, Lemma 3.3.1 assures that Re {(d. * )’} >0 whenever

1
dc*(z iﬂ) 20, |of =|o] =1 (3.5.9)
1 - oz




and O< |z] <r. We need only to show that this r is determined by condition (3.5.4)

have
1 + aoy 1 cz(l + aoz) 7+ acz? Y
dox 7=——2% = - rr[F——
l - oz tc l - oz l-o0z

g [c(l + aoz) .\ 1+2acrz-aazzz]
L+el 1.0 (1 - 67)°

z [c(l + aoz) L (+aoy)(1-02)+(1 +a)0'zJ
I+ec 1 -0z (1 - 07)?

1+aoz[ (1+ oz :I Z
= —(1+c+ T+ c
l- o0z (1-0z) (1 +aoz) ¢
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. We

Thus applying Lemma 3.3.6 we have that inequality (3.5.9) holds whenever inequality

(3.5.4) holds as claimed. Forc¢> -1, inequality (3.5.4) is equivalent to

-1+(2+2c+c2)1/2
1 +¢

)< 1 =

That r; = rg [T (R)] follows by convoluting d.(z) withf| (z) =-z-2 log (1 - 7) to obtain

2
(de* £,)(z) = A+c)+2z-(1+0)z

(1- 2)2 =g(2)

where g(-r;) = 0. Hence the theorem.

Another type of problem to which we can apply these techniques is the following. Let

G(2) = A(-2)/fiz) and F(z) = S1-2)f1(z). In [10], Burdick, Keogh, and Merkes determined




65

the smallest o and f such that Re {G(z)}a >0 and Re {F(z)}ﬁ >0,zinU, forfin C,S*

and K. Noting that

f2) * =
G(z) = 1 : Z
R 72
and that
k(z) * f(z) % =
Flg) = 1-; Z
k(z) = f(z) * -

we obtain the following generalizations of their work. Given B.0< B<1,let

S*(ﬁ)={/e S."K,e(z J;;(zz)))>ﬁ,ze U} :

Lemma 3.5.10. If fis in S*(8) then

<

{f(z) * 7 + 2 }1/2(1—,3)

) >0, zeU. (3.5.11)

The result is sharp.

Proof. This result follows readily from Herglotz representation for functions in S >k(,B).

Since fis in $¥( B) there exists a probability measure g such that

V4 .
log (@) =-2(1 -b’)f log (1 - ze') du(r) .
-

Thus we obtain

) b4 _ it
-%ﬂxp[z(l-mj log‘”ﬁdﬂ(”J ’
-

1
1 + ze

and the result follows. The sharpness follows by considering the function

f@) = kg(z) =z (1 - 2?BD
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Theorem 3.5.12. If fis in K then

. “ kp(2) = f(2) * 1szJl/(z(z-ﬁ'))}
¢ kp(2) * f(2)

>0, ze U (3.5.13)

The result is sharp.

Proof. Let Kpg(z) = fz (kp()/E) d& . Since fis in K, 7(2)= g(z) p(2) for g starlike and
0

Re{p(x)}>0,zin U. Let p; designate a function with Re {p;(z)} >0, zin U, for

i=1,2,3 and 4. Using these notations, Lemma 3.3.1 and Remark 3.3.3 a number of times

we have
kp(2) = f(2) * T4 _ K@) F@ 7
kp(z) * f(z) Kp(2) * 2f1z)

Kp(2) * 8(2) p1(2) * 7o
Kp(2) * g(2) pi(2)

[Kp(2) * 8(2)] pa(2) * 12—

[Kp(2) * g(2)] pa(2)

LIKp2) » 5] * 15— }ps(a)
B [Kp(2) = g(2)] py(2)

(3.5.14)

{[kﬂ<z>*f“iﬁ5@d«s] s

0

[ks () » f 29 6] o)
e
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[kp(z) ng%’:)dé] x T

1 +z
0

-1
= p@p, @) .
kp(z) * fz 5%615

0

It is also easy to prove that if 4 is in C then A # kgisin § *(ﬁ). So from the convexity of
2

f [g(&)/E] d&, Lemma 3.5.10 , and Remark 3.3.3, we have that (3.5.14) equals
0

2(1-
a-p,

D4 3(z) p;_l (z) . Inequality (3.5.13) follows. Sharpness is proved by considering the

function

C 2
Z_(1+ c )z
(1-72)

A straightforward calculation gives that

RGELEAS eay
arg kﬁ(z) * d.(2)

| (1-2
1- zv28| ‘T3¢ )%
= e )(T%)

- (11 -+2Cﬂ)z (3.5.15)

If we let (1-2B)/(1 +¢) =Re'?and z = eie, then , for 0=- ¢+ w2, (3.5.15) becomes

kp(z) * do(2) » T
BT k@) 4o

l+e 1 - Rei(6+9)

_if i(6+0)
(3—2ﬁ)arg(l e,‘@) +arg(1+Re )
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=3 -Zﬂ);—r +Arcsin( ) : (3.5.16)

1+ R?
Since R approaches | as |c| approaches e we have that (3.5.16) approaches (2 - f)r and

the result follows.

As another application we answer problem 6.45 posed by krzyz in Research problems in

Complex Analysis in [2]. For 0 < @ <1 let S; be the class of strongly-starlike function

defined by Brannan and Kirwan in [7]; that is,

S:’;: {fe S larg Lz D]l < ans2, |z| < 1}.

Let "©" be defined on A X A as follows: for f(z) = Z a,z" and g(z) = Z bpz" define
n=1

n=1
f®g by
FOg@=) @z”

n=1

Krzyz posed the following problems:
(a) Prove (or disprove) that SZ is closed under ®.

*

(b) Prove (or disprove) that if f isin S:; and g isin Sﬁ then (f®g) in S; for some

Y="Ha,pB).

(¢) One could ask the same question for different convolutions in place of ®.

z
We first make the observation that (f © g)(z) = f [AE)/E] dE + g(z). Since fisin S ; :
0

Z
f [f(&)/E]dE is convex, thus the Remark 3.3.3 applies .
0
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If we let A(z) = (f ® g)(2) , then

JZ@WS « [g(2)] [Eg—@]

zh’(z): . & 8(2)
h(z) Jz @df o)
¢

0

lies in the convex hull of the image of U under z87g , thatis ,

h ’(z))

ZW < an/2

since g is in S; . Therefore SZ is closed under ® and part (a) is resolved. for part (b),

since f(z) * fz [g(&)/E] dE = fz [AE)/E] dE « g(z) it follows that Y= min [e, ] will
0 0

work and if f=1and 0 < & < 1 sharpness follows using f(z) = k().

For part (c) if we denote a general type of weighted convolution by @, , there are still
many interesting open problems. It is interesting to note that if one defines O for fand g
in S:; by

f Owg)@=(fx g+ w)),

then an argument similar to that showing that S;is closed under ® shows that a

sufficient condition for S; to be closed under this @ is that za'(z) be convex.
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CHAPTER IV

A UNIFIED APPROACH FOR UNIVALENT FUNCTIONS WITH
NEGATIVE COEFFICIENTS USING
HADAMARD PRODUCT

4.1. Introduction

[o0e)

Let A denote the class of functions of the form A =z+ Z anz" that are analytic in the
n=2

unit disc U. Denote by S™(¢; ), the class of function J € A which satisfy the condition

£12) £12)
‘Zf(z) ‘1’<ﬂ )

+1-2a‘

for some o, f(0<ax<1,0< B<1) and for all z e U, and let C(a, B) be the class of
functions f(z) for which zf1z) € $*(a,B). The functions in S*(e, f) and C(a;,B) are

respectively called starlike of order ¢t and type 8 and convex of order o and type B in U.

Let R(c, B) be the class of functions f(z) which satisfy the condition

lr@-1]<Blr@ +1-2a

for some o, f(0< x<1, 0<B<1)andallze U.
The classes S*(a. ) , C(a,f) and R(e, f) have been introduced and studied in [22,24].

Note that S™(e;,1) = S™(e), C(e,1) = C(c) and R(ax,1 ) = R(). A function fe A is said
to be prestarlike of order (0 < or < 1) and type B(0 < B < 1), denoted by D(a,pB) , if
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f2) * 2(1-2**? €S* (@ ). The class D(a,1) = D(a) has been studied by Ruscheweyh

[54] and others.

(o0}

Let T denote the class of functions of the form z - 2 I an I Z" that are analytic and

n=2

univalent in U, and let S*T(oc,ﬂ) =S (o, BN T, Cr(a.f)=Cla,Byn T, Rp(a,B) =

R(e,) m Tand Dy(a,f) = D(o, f) N T. Several properties for the classes S; (a,p),

Cr(e,B) and Ry (o, B) including the characterization of extreme points of their closed

convex hull have been obtained by Gupta and Jain [20,21].

The effect of second coefficients on various properties of the subclasses of univalent analytic
functions has been studied by several researchers (see [23],[36],[65] etc.). However, the

first attempt to investigate the effect of second coefficient of functions in the classes

S;.(a,l) = S*[a] and C {(a,1) = C[ax], of starlike and convex functions of order ¢ with

negative coefficients has been made by Silverman and Silvia [66], where they obtain extreme
points, distortion theorems and radius of convexity bounds etc. A unified approach to the
study of these properties for various subclasses of S, using Hadamard product, has been
given by Juneja, Reddy and Mbgra [25]. To determine properties analogous to Silverman
and Silvia [66] and those obtained in [25] for the above mentioned subclasses of T, we

introduce the following new classes.

Definition 4.1.1. Given the functions ¢(z) =z + 2 AnZ®, w(z) =z + 2 Unz™,
n=2 n=2
analytic in U, such that 4, 2 O, u, > 0 and A, 2 y, forn =23, .. we say that

fe Aisin E(o y; 0, P) if fiz) = w(z) # 0 and the inequality

f(2) * ¢(z) .
f(2) * y(z)

M-1’< 1-2a (4.12)

f(@) * w(z)




72

holds for some o, B(0< x<1,0< < 1)and forall z € U.

We shall denote by E; (¢, y; e, 3) the subclass of functions in E(¢ v;a,f) that have their

nonzero coefficients, from second onward, all negative. Thus Ero y;a,p) =

E(oy;08) N T.

It is easy to check that various subclasses of T referred to above can be represented as

EH{ @ w; o p) for suitable choices of ¢ andy . For example,

z z . o
ET((I_Z)Q’ 1 -2 ,a,ﬁ)—ST(a,ﬁ) ’

2
E 2+ 2 , Z o, =C(a,),
T((I-Z)B (1 _Z)z ,B) T .B

ET((I _Zz)z’ Z; 06,[3)= Ry (o),

z+(1 -2a)z? z
ET( (1 - Z)3_2a ’ (1 _ Z)2-2a ) a’ ﬂ)=DT(a’ﬁ) ’

etc. In fact many new subclasses of T can be defined by suitably choosing ¢(z) and Wz). It

may be noted that f e E{¢, y; f) if, and only if,

I Z
soe e ;% [Pt p)

or,

fzf% dt € Er (z¢zva,p) .

0
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In Section 4.2 we obtain a necessary and sufficient condition for a function to be in the class

Er(@, v, B) which leads to coefficient estimates. The extreme points of the class

E;( o, y;0,[3), defined later, are obtained in Section 4.3 of this chapter. Finally, we obtain

distortion and covering theorems for functions in E. o, y; o, ) and EP o, y;a,p) in the last
g v,

section of this chapter. The results thus obtained not only generalize the corresponding
results of Silverman and Silvia [66] and those obtained in [25] but also give an analogous

study for the classes S{a.fB), Ci(a,fB), R{c,B) and Da.B).

It will be assumed throughout that ¢ and v satisfy the conditions stated in Definition 4.1.1

and that f{z) « y(z) #0 forz € U.
4.2. Characterization of the Class E (@, y;a,p)

In this section we find a necessary and sufficient condition for a function to be in

Er(oyo,p) .

Theorem 4.2.1. Letf(z) =z + . a," be in A. If

n=2

2 [+ pa, - -B+20B) ] |an| <2801 - 00, (4.2.2)

n=2

0<a<1,0<B<1,thenfe E(ov; ap).

Proof. Suppose the condition (4.2.2) holds for all admissible values of & and B . Then

forz e U,

|f2) = 90) - fl) * W) | - B | f0) * o) + (1 - 200 /1) * i) |

(=]

=13 @G-zt 280 - 012 +3 (Bt (1200 fius}ane”

n=2 n=2
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Y G-t ] 2B(-0) + 3 {B Ay +(1-20) f, ) lanllel

n=2

|
2
<Li {0+B) M- (1- B+20B) 1} | ay —2ﬁ(1-a)J

<0,

in view of (4.2.2). Therefore it follows that

f(2) * o(2) y I § K(Z) * @(z) N
A2) = y(z) (2) * y(z)

-2
and hence f e E(¢,w; 0, ).

Theorem 4.2.3. Iffilz) =z- Z ]a,,l Z" isin A, then fe Er (o, w;a,p) if, and only if,

n=2

(4.2.2) is satisfied.

Proof. In view of Theorem 4.2.1 it is sufficient to show the " only if " part. Thus, let

flD)=z- Z]an] 7" bein E{@ yw;a,B). Then

n=2

f2) * o(z) ]
A2) = w(2)
z) * ¢(2) .
Az) * y(z)

-2x

o0

Z (An - Hn) lanl Z"
- n=2 < ﬁ
201 - @)z - 3 {4t (1-2a) u,} la,] 2z

n=2
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theorem leads to necessary and sufficient conditions for a function ftobe in S; (o, B),

Cr(aB), Rr(a.f), Dy () etc.

4.3. Extreme Points of the Class E;((p,w;a,ﬁ)

Since by Theorem 4.2.3 for fe Er (¢ w; o),

|an| 2B(1 - ) {1 + PA,- (1 - B+ 20B)u,} , n=23, ...,

we may write
|ao| = {281 - p} / {(1 + BAz- (1 - B+ 20P)p} ,so that 0< p< 1.

We denote by E: (@, y; ¢, ), the functions in E; (¢, y; o, ) that are of the form

o]

_ 2 B(1 - a)p ) .
U Pra (1 B+ 2aBy; ;'a”'z’

where p satisfying 0 < p <1 is kept fixed. From Theorem 4.2.3 it follows that the family

Er (@, y;a,B) is closed under convex linear combinations so that the closed convex hull of

EI; (py;B) is same as ETP (p,w;a.). We now determine the extreme points of

E’;(co, v; o, f).

Theorem 4.3.1. Letfy(z) =z-[2 (1 - a)p/{(1 + B)A, - (I - B+2aP)uy}] 72
and

fn(z) =Z-

2 B - a)p 2. 2 B(1 - ) (1-p) i 432)
(1+B)Az2 - (1-B+ 2P, (1+B)An - (1-B+ 2By,

P
n=34, .., then fe ET(qo,l//;oc,ﬂ) if, and only if,it can be expressed in the

form
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D)= z p,/n(z) where P, 20 and Z p,= L
n=2

n=2

Proof. Suppose f(z) = Z P fn(z) where p,20 and 2 P, =1, and f2(z), fn(2),

n=2 n=2

n 23 are as given in the statement of the theorem. It then follows that

D=1 2 B - a)p Zz'i 2B(1-o) (1-p)p, Z,,
(1+ B)Ar- (1 - B+ 2aB)u; s (L+ BAy-(1-B+ 20,
Since
(L+ BAr-(1-B+2aB)u, 2 B - a)p

2 B(1-a) (1+ B)A2- (1 - B+ 2aB)u,

b3 DA (-Br20fu, 280~ @) (-pp,
= 2 B(1 - ) (14 B)An-(1- B+ 2aB)p,

=p+ X p(l-p)=p+(1-p)(1-py <1,

n=3

it follows from (4.2.2) that fe EI; (¢, v, ) . Conversely suppose

2 B(1 - a)p o P
= - - n n E , W Q, .
fa=z (1+B)A2-(1- B+ 2aP)us ,,éla,z € Erovieh

Since by (4.2.2) we have

2 B - a)(1 - p)
(1+ DA, - (1 - B+ 2aB)u,

lanl < n=34,..

by setting p, = [{(1 +P)An-(1- B+ 20Pu, } |an| ]/{2[3(1 -a)(l-p)},n=3,4,..

andpy=1- Z p,, » we have f(z) = 2 P, Jn(z) . Hence the theorem.
n=3

n=2
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P
Corollary 4.3.3. The extreme points of ET(qo, Y, o, B) are the functions f,(z),

n=273, ..

The same procedure as in the last theorem leads to the following characterization for extreme

points of the class E7 (¢, y; a;, B).

Theorem 4.3.4. Let g,(z) =z, g,(z) =z - [2[5'(1 - Q) /{(Hﬁ)ﬂm - (1-B+ 2aﬁ)#n}]zn»

n=23,. ,thenfe Er(oy;ap) if, and only if, it can be expressed in the form

oo

fz) = Z P, 8&n(z) , where p > 0, and Z p,=1.
n=1

n=1

It may be noted that whereas the function g,(z) = zis an extreme point of EX{¢,y; ¢, B, it is

not even a member of E}T) (@ w;a,B), unless p = 0.

4
4.4. Distortion and Covering Theorems for Functions in ET (ov;a,f)

The extreme points found in Theorem 4.3.4 immediately yield the following distortion

theorems for functions in E7 (¢, w; o, ).

Theorem 4.4.1. Let fe E (o, ;) and 0,= (1 +B)A,-1 -+ 20B)u,,

n=2,3,..1f {0, }n:; is a non-decreasing sequence, then
2B(1 - - 2[3(1 -

r -hL *) < lf(relg)f < r+~——ﬁ( %) . (4.4.2)
le2) 19%)

Further, if {n/an}”: forms a non-decreasing sequence, then

S R W P G-I (4.4.3)
(o)) 02
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Equality holds at both extremes in (4.4.2) and (4.4.3) for g,(z).

The sharp upper and lower bounds for [f|as well as [f’| for a function

fe E (qo,l//;a B) will occur at one of the extreme points of EP (o, ;). However the

bound are not straightforward as noted by Silverman and Silvia [66]. We need the
following lemmas which generalize the corresponding lemmas of Silverman and Silvia [66].

For notational convenience we shall henceforth denote o,=(1+PA,-(1-B+ 2apB)u,,

n=23 ...
Lemma 4.4.4. Let

{03 +40,-2B(1-a)} + [{o3 + 40, - 2,6(1-0:)}2 + 32B(1-cx) 0'2]1/2

Po= 48(1 - a)
27 2 ) 172
-2(1 - p)oy + [4(1 - p) O+ 2p B(1 - o) (1 - p)os]
o= 2B(1 - @) (1 - p)p
and

= 2BL0p 2 280 -0 (- p) 5

02 03

thenfor0< r<1,0<p<1,

2B -0)p 2 2B(1- ) (1-p) 3
(0] 03 ’

,f3(rei9) , > r -

with equality for 8= 0. For either 0 < p < pyand0< r < ryor p <p<l,

| fre® | < r e 2800 2 25(1-0) (1-p) A
(op) O3
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with equality for 6= 7. For0<p <p,andr,<r < 1,

410 +2B(1-0) p2os  282(1-) p2os + 4B(1-a) (1-p)c’

,f3(r€i9)’—<’” 2 + 2 d
4(1-p)o, 0, 03

2 1/2
(1-p)B(1 - &)® {4(1 - pyos +2B(1 - @) p2os}
4
+ ) r
0,03
with equality for
2
0= cos”! [2[3(1 -a) (1 -p)pr*- pG3J
4(1 - p)o,r

Proof. Followmg the same lines as those of Silverman and Silvia [66] we may easily

show that J|f;| /6’0 0 for 6,=0, 6,=rmand

B  cos] [2/30 - @) (1-ppr? -P03:,
’ 4(1 - p)oar

Since 65 exists only when

2
< 2P0 - U - ppre-pos <1,

4(1 - p)oor

We have a third root if, and only if, ro<r <land0<p<p. Thus comparing the extremal

values | f(re'ek) l , k=1,2,3 on the different intervals, we get the result stated in the lemma.

Lemma 4.4.5. Ifo,= (1 + f)A,- (I - B+2aB)u, is a non-decreasing function of n.
e < |fen]

Then forn > 4,
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Proof. The assumption made in the lemma implies that "/, O, is a decreasing function

of n. Thus, we have

fn(reif)), < ra 281 - o)p 2. 201 - a) (1 - p) J
(0]) Oy

oy 280 -ap 2,280 - d-p) 4
(03] Oy

=-fa (-r).

<

Hence the lemma follows.

Lemma 4.4.4 and Lemma 4.4.5 lead to,

Theorem 4.4.6. If f ¢ EI; (o y;0,B) and 0, = (1 + B)A,- (1 - B + 2aPB)u, is a non-

decreasing function of n, then

2B - a)p 2. 2BA-a)(1-p) 3
o)) O3

| fre® | 2 r- 0<r<l)

with equality for f; (z) at z = r and

| re™® | < max { max |7 re®)|, i |,
where m51x I 3 (reig) , is given by Lemma 4.4 4

In view of the fact that fe E; (o y; 0, ) if, and only if,

Z <
#l2) € Er(fo @dt, fo VL(tt—)dt ; 04[3),
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the following Lemma 4.4.7 and Theorem 4.4.8 for J(z) follow easily from Lemma 4.4.4 and

Theorem 4.4.6 respectively.

Lemma 4.4.7. Let

_ {03+ 60,-6B8(1-a)} + [{ 03 + 60, - 6[3(1-05)}2 + 144B(1-0) 0'2]1/2
Pr= 1281 - @)
and
2 2 2 12
-3(1-p)oa+ [{9(1 - p)? 05+ 6B(1 - @) (1 - p) p®o3}]
rl =
65(1 - ) (1- p)p
and

f@=z- B0 0p 2 280 -0)(-p) 5
(o)) 03

then for0<r<1,0<p<1,

’

£ rei®)] 2 1 ABL-op | 60 - @) (1-p) >
0-2 0'3

with equality for = 0. For either 0 < p <p; andO0<r <rj or pj<p<1,

£ )| < 1+ 4BL-@p  6pU-0)(1-p) ,
3 o -

’

with equality for 6 = . For 0<p < p, and ris<r<l,
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3(1p), + 2p(1-a) pPc5  4B(1-0) {2p(1-a) p>03 + 3(1-p) 0} :

,f;(reie) < > + 3 r
3(1-p)o, o, 03

172
128°(1-0*(1-p){3(1-p) 0>+ 2B(1-0) p> 0 }
+ 2 2 2
0'2 03

with equality for

o ol { 68(1 - @) (1 - p)pr’ - pos }
6(1 - p)oor '

P
Theorem 4.4.8. Iffe ET(q),w;a,ﬁ), then

| fe®| > 12202 6B A-p) 2 ooy
(o7) 03

with equality for f; (z) at z=rand

£eed), £ enl,

f’(reie) l < max { max
where max If; (reie) | is given by Lemma 4.4.7.

P
Corollary 4.4.9. If fe ET (o, y;.B), then f{U) contains a disc of radius

_2BA-0)p 2B - ) (1 -p)
o)) O3 )

1 0<p<1,0<a<1,0<B<I.




84

Remark 4.4.10. For suitable choices of ©(z) and y(z) as mentioned in section 4.1, the

*
results of this section lead to distortion and covering theorems for function in S (a,B)

Cr(op), Rr(a,p), Dy (a,B) etc, when their second coefficient is kept fixed

P oo , s ’
Theorem 4.4.11. Letfe ET (o,v;0,8) and g(z) =z + Z A0 k) =7+ E Hnz' s
n=2 n=2

such that 4, > . - Let

Oand u,> 0 and A, >

0203 - (1-0) [(1+8) {p X105 + (1-p) A5 0} - (1-B) {pp203 + (1-p) p130,}]
o=

0203 - 2B(1-a)[ ppy03 + (1-p) p403]

where

=1 + B) A, (1-ﬁ+2aﬂ)un, =23, ... n I
0' —(1+,B)/l - (1-B+ 26ﬁ),u,, and w(n)—c)' /O'n forn 2 3, is a decreasing function

of n, then f € E.(g, h; &, B) . The result is sharp with

) =z 2B(1 - )P 2

9

2B - ) (1-p)

03

3
.

Proof. Since

’

P

’

280 -ap 7

2p(1 - ) (1 - p)

2B(1 - 9) 02 2B(1 - 9) 03
0'; 0';
—p oo (1-0)-p) =1 (4.4.12)
oy (1-9) 1-6 03 ’ '

we have f* € E;(g,h; 8,8) . To show that arbitrary




f(Z)=Z-MZ2- Z'an, z” ,

02 n=2
isin Efr)(g,h; 0,8) , we must show that
% - o,
— ( . 05)17 Z ,an, <1.
%) n=3 2ﬂ(1 - 6)

By Theorem 4.3.1 , we may set, for n > 3, 'a,, l = {281 -a) (1-p) p, }/o,

M

p,, = 1. Thus

=
Il
w

’ ’

(o)) (I @) o G,
Lv-op
— +
02 -6 ,,23 2[3(1-05)l d
=f (L-ap | i T 2B(1- ) (1 - p)p,
0-2 1 - 6 n=3 2ﬂ(1 = 6) O'n
% Gewp wap g %
- a)p - P
= — — 4
()] 1-6 1-6 ;P,, n
% Gewp 0y * e
< — ;p_{_ - -p .
(9] 1-6 1-6 03 n§3 Pn
0'; 0';
< o a-wa-p P
T o, 1-6 1-6 o3 ’

since 0, / o, is adecreasing function of n and by (4.4.12) the result follows.
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(4.4.13)

,Where
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Remark 4.4.14. Choosing ¢(z) = (z + z2)/(1 - z)3 , W(z) = /(1 - 2)2 and g(z) = z/(1 - z)2,
h(z) =z/(1 - z), so that 4, = nz,,un= n, /1’: =n, U, =1with =1, we get the

corresponding result due to Silverman and Silvia [66]. The corresponding result for the
*
classes S (o B . Cr(ap), Rr(ap), Dr(a,p) etc, when there second coefficient is kept

fixed, can be obtained for suitable choices of the function o(z2), Y(z), g(z) and h(z) as

mentioned in Section 4.1.
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