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ABSTRACT

The resonance properties of the bubbles are considered in this thesis.

Firstly, the oscillation of the gas bubble is studied, and the resonance
frequency of that bubble is investigated by linearization the radius of the
bubble. It is assumed that the pressure is uniform inside the bubble, but that
will not be the case for the temperature, which maintain us to investigate an
analytical solutions for the amplitudes of pressure and temperature by the

mean of perturbation method.

The calculation of the temperature profile inside oscillating gas bubble is
studied and it is investigated to be non-monotonic. Also velocity profile of a

gas bubble is determined to be almost linear.

The dynamics of soluble gas bubble in liquid, which controlled by diffusion
is considered later in this thesis, by using the basic equations that describe the
behavior of a soluble gas in liquid, and it is shown that this problem can
reduced to a problem of dynamics of vapor bubbles with phase transitions, also

formula is obtained for the second resonance of soluble gas bubble.
The capillary effects and diffusion taken together, are shown to produce a

new resonant frequency of a small soluble gas bubbles which differs from that

described by Minnaert.
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INTRODUCTION

The problem of dynamics and heat transfer of gas bubbles, and dynamics of
vapor and soluble gas bubbles in liquid is considered. An analytical method 1S
developed to calculate both the amplitudes and phase of an oscillating bubble
in liquid subjected to an acoustic field. Thermal conduction, viscosity, and
surface tension are all taken into account. Analytical solutions, which are valid
for small — amplitude oscillations, are also obtained for the radius and

temperature.

In chapter I : we derive Rayleigh — Plesset equation by using Euler’s equation
and by the mean of linearization the Rayleigh — Plesset equation we can obtain
the amplitude of radius of the bubble. The amplitudes of pressure and
temperature are obtained by linearization equation of uniform pressure and
heat equation respectively, and we will study the resonance phenomenon ofa
gas bubble.

And we will also obtain the formula of the velocity profile of the gas inside
the bubble, which describes the velocity distribution inside the bubble.

In chapter II : we will study the dynamics of soluble gas bubble and we will
show that the problem can be reduced to a problem of the dynamics of a vapor

bubble with phase transitions.

We shall also discuss the existence of a new resonance frequency for the

vapor and soluble gas bubbles which differs from Minnaert frequency.
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CHAPTER 1

DYNAMICS AND HEAT TRANSFER OF GAS
BUBBLES IN LIQUID

1.1 INTRODUCTION

The behavior of a single bubble in an infinite domain of liquid at rest far from
bubble has been investigated in many papers ( see for example Brennen 1995,
Chapman & Plesset 1971, and Nigmatulin & Khabeev 1975 ). And for
experimental bubble dynamics ( Lauterborn 1982 ).

In this chapter we will consider a gas bubble and the thermodynamic behavior

of the gas inside the bubble.

As a typical nonlinear system, it may pulsate with a combination of many
different frequencies including the fundamental, higher harmonic, and

subharmonic frequencies when forced by an external force of oscillatory nature.

In this chapter, a theory is developed which describes the characteristic of an
oscillating gas bubble in liquid subjected to an acoustic field. Surface tension
and viscosity are taken into account in the analysis. Analytical solutions are
obtained by the means of the perturbation method. These solutions include the
amplitude and phase of the bubble oscillation and the temperature and velocity
distributions inside the gas bubbles.




1.2 RAYLEIGH-PLESSET EQUATION

Consider a spherical bubble of radius R in an infinite domain of a liquid whose

pressure far from the bubble is p(ec) and the liquid density is p.

Rayleigh (1917) analyzed the problem of cavitation and dynamics of a bubble.
He derived the equation ( Brennen 1995 & Leighton 1993 ) :

3

RR—FERZ _ P(R) - P(x0)

yo,

(%)

The formulation (%) was derived in the absence of the surface tension, and the

viscosity. It was developed by Plesset (1949) when he involved the surface

tension ¢ and the viscosity i, then the equation became:

3

p pR  pR

(k%)
To derive equation (%) we will start with the continuity equation:

0

-a—‘(t)+div(,oﬁ)20 (12.1)

Since we are dealing with an incompressible fluid, then the density p of the

liquid is constant, and hence div(u)=0




Since the bubble is spherical, we will transform div(T) =0 to spherical

coordinates and it will take the form:

— ~(r*u)=0
r2 ar( )

Thus: i(1’211)=()
or

Hence: r2u(r,t) = f(t) (1.2.2)

Where f{t) is related to R(t) by a kinematic boundary condition at the bubble

surface and it will be in the form: f(t)=R*R

Since the liquid is incompressible, which means that the velocity at a distance r

from the bubble center is given by:

RZR
I_2

u(r,t) = (1.2.3)

o u . . . X
The total derivative —(ﬁ is the rate of change of velocity of a given flmd

particle as it moves in a space, and by using chain rule which take the form:

du OJu ou
= +u
dt ot or

(1.2.4)




By substituting (1.2.3) into (1.2.4) after differentiating and simple algebra we

can receive:

du_RR? 2RR* 2R'R’

= 1.2.5)
dt r? r? r (12>

We shall substitute (1.2.5) into Euler’s equation in one-dimensional motion:

du_ 3P

= 1.2.6
P dt or ( )
We will get:
RR?> 2RR?> 2R*R? oP
p(——+"—F——"—= =- (1.2.7)
r r T or

Now we will integrate both sides of (1.2.7) withrespectto 1 from R to

as follow:
= RR? 2RR? 2R*R? = 9P
P j( ot T s—)dr= - J —— dr
g T r r xR OT
RR? 2RR? 2R*R? ¥
p[ 5 + 7 - 5 ] :_[P(OO)—P(R)]

1 T T R




ol RR+2R2—§ ] = P(R)~-P()

3

Thus: RR+ 2R = HE=H)

Jo,

(1.2.8)

Which is equation ().

To complete this part of analysis, a dynamic boundary condition on the bubble
surface must be constructed. For this purpose consider a control volume

consisting of a small infinitely thin lamina containing a segment of interface.

The net force per unit area balance at the bubble surface yields ( Brennen
1995):

26 4uR
P,(R)=P(R) - - 129
1(R)=P(R) = R (1.2.9)
Now substitute (1.2.9) into (1.2.8) we get:
RR+R2= TR =P(0) 20 4uR (12.10)
2 yo, pR  pR




1.3 LINEARIZATION OF THE RADIUS OF THE BUBBLE :

All parameters are changing around the equilibrium position. Hence for a very

small parameter amplitudes, the response is linear.

It 1s important to note that these situations follows with changing amplitudes,

and to note that other factors are important in determining the kind of response.

We will consider forced oscillation when the pressure far from the bubble is

represented by the real part of the expression ( Wang 1974 and Khabeev 1987 )
iot
P(w)=p_+P, ¢ , ‘PA } << Py (1.3.1)

Since the gas bubble execute small forced oscillations in the liquid, then the
instantaneous bubble radius R can be described by the real part of the

expression:

ot

R=R [1+aec”] (1.3.

o
S’

Where o 1s a complex number and l a [ <<1

Now we will try to find an analytical solution for the amplitude of radius of a

gas bubble «.




To investigate when it will be maximum and hence we have resonance.

The Rayleigh — Plesset equation (1.2.10) 1s:

3

RR+5R2: P(R)-P(0) 20 4uR

p pR pR

We will use the fact that { o i << 1lin (132) R=R [1+a e ], then

we will differentiate it with respecttot, we get :
R=R,aine"" (13.3)
R____RO amz CiCDt

Since a? -0 ( second order ) = R*—>0 = wecan ignore R?, asall

second order terms.

iot

Hence : RR=R0(1+aCimt)(—ROOLOJZC )

= —RO(ROOLcozei(Dt +R a‘o‘e )

2 1ot

= -R*aon’e (1.3.4)




Now consider a small oscillation, the familiar relation for an adiabatic behavior

of the gas bubble, we have ( Leighton 1993 ) :

PR3 =constant  (where y is the specific heat ratio )

= p, R, =p,R”

3y
= Eg:(-R—Oj (1.3.5)
Po R

Substitute (1.3.2) into (1.3.5) we get:

3y
Py _ R,
Po \Ro(1+ae®)

t

~ 1—37(16"0

t

= p, = PR) = p,(1-3yae®) (13.6)

Now substitute (1.3.1), (1.3.2), (1.3.3), (1.3.4) and (1.3.6) into (1.2.10) we get

2 iot

1 iot iot
2 _
-Roo”e —;[po(l—Syae )-p,.—P,¢

26 _4pRjioae™
R,(1+ae®) Ry(l+ae®")




1 ) ) _ iot
2_[_3yp0aelm1_PAelmt_ 20 — X 1 aeimt
Jo, Roy(1+ae®) l1-ae
4pioae™ § 1-ae®"
1+ae®  1-ae™
= L 3ypaciet =P, et~ 20 1 29 et _4piga et ]
0 0
2 2 20 :
Hence: pRy"ao” = 3ypya + P, — = + 4uioa
0
2 2 20 :
a( pRy® "3YP0+E““4H1(D)=PA
0
— o = 2GPA (1.3.7)
pRO2 o’ + == - 3yp, - 4pio
R,
Let us define S to be the denominator of o , as follow :
S = pR,5 0 + —zﬁg - 3yp, — 4pio (13.8)

0




The natural frequency of an adiabatic gas bubble in the absence of viscosity

and capillary effects is determined by solving the equation:

pRy* 0> ~3ypy =0

L= L | 3P (13.9)
Ry P

and it is got by ( Minnaert , 1933 )

The resonant frequency is determined by solving the following equation :

0| S ’
CIEIN 0 (1.3.10)
oo
| . 0°[S]
And checking the result by the condition ——->0

oW

To investigate the resonant frequency of the gas bubble we will take the

modulus of (1.3.8) to get :

S|= (PR02®2+%E—3“{130)2+(4W)2 A5

0

10




Now differentiate (1.3.11) with respect to © we get:

2 2 20
am_f’rpRo o(pRy ®2+i—0—3ypo)+32u2w

o0 2-\/(pR02032+—12£z—3yp0)2+16u20)2
0

(1.3.12)

If we apply (1.3.10) to (1.3.12) we can obtain the analytic formula for the

resonant frequency of the gas bubble and it will be in the form :

2
1 [3vh 20 _ g“ 5 (13.13)
1{0 P pRO P Ro

And now we will represent the graph of the amplitude and phase for the

oscillation of a gas bubbles in water as a function of bubble radius and

frequency.

11
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Fig 1 : Amplitude and phase for the oscillation of gas bubbles in water at 22 kHz as a
function of bubble radius.
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a
In fig 1, the dimensionless amplitude &'91)—1—-1 and phase ¢ for the
A

oscillation of gas bubble in water at 300 °K are calculated as a function of the
bubble radius using equation (1.3.7) . It is seen in the figures that for certain
bubble radii, the pulsation amplitudes are grossly amplified, which is called
resonance phenomenon. The resonant amplitude occurs at a bubble radius of

size approximately at 150 microns.

A special characteristic of the phase curve around the resonant size is a sharp

decrease from 180° to the minimum value of nearly 0°.

In fig 2 , the amplitude and the phase distribution for oscillation of a gas

bubble of radius R j = 10™*m in water as a function of the frequency.

The resonant phenomena in amplitude is seen to occur at the frequency of

)
about . ~ 33 kHz, at which the phase difference between the bubble
i

pulsation at and the excithng pressure is approach 90°. The phase undergoes a

sharp decrease from 180° to 0° at the resonant frequency.

14




1.4 THE AMPLITUDE OF TEMPERATURE AND PRESSURE:

Let us consider the thermal behavior of the gas inside the bubble is given by :

4T _x o ,oT, dp,
Pt TPor or’ dt

(1.4.1)

Where ¢, 1s the specific heat at constant pressure, and A is the thermal

conductivity of the liquid ( Haberman 1987 ).

We suppose that the pressure is uniform but the temperature is not, this

‘assumption 1s adopted in the Rayleigh formulation for the dynamics of a single
bubble, viz a spherical symmetry of the process and pressure uniformity p,(t)
(homobaricity) within the bubble. In the course of bubble oscillations, the
homobaricity prevails when the size of the bubble is much less than the length of
a sound wave 1n the gas, ® R << C (where C is the speed of sound ). For the gas
bubble without phase transitions it is valid to make the simplifying assumption

Tg = Ty ( Nigmatulin & Khabeev 1974 ), which make it possible to get by
solving only the interior thermal problem in the gas. This is connected with the
fact that the thermal conductivity of the liquid is much greater than that of the
gas, while the thermal diffusivity of the liquid is much less than of the gas.

The need to consider the exterior thermal problem for a gas bubble and to take

into account the fact that Ty # T, can only arise in the pressure of intense

overcompression of the gas in the bubble.

The boundary conditions for the heat supply equation (1.4.1) is of the form:

TR)=Ty=const , T(0)<w

15




Suppose that the pressure inside the bubble and temperature are described by
the real parts of the expressions ( Chapman — Plesset 1971 ):

p=p, (1+Pe'°") (14.2)

T=T, (1+6(r)e"") (1.4.3)

Where P and O(r) are a complex number which represent the amplitude of

pressure and temperature respectively such that : l | |<<1 and ' 0(r) ]<< 1.

Now we will find the analytic solution for the amplitude of temperature and the

amplitude of pressure.

We will start by differentiating (1.4.2) with respect to t , and differentiating
(1.4.3) with respect to r and t to get :

dp . iot

—=p,Pioe 144

dt Do ( )

oT =T, 40 iat (1.4.5)

or dr

oT ;

—=T,08(r)iwe'®" 1.4.6

51 0 (1) (1.4.6)

Substitute (1.4.4), (1.4.5) , and (1.4.6) into (1.4.1) to get :
. i LA o, ,d6, 4, . e

Py, (TyB(r)ime ‘):;’Té—r(r E)e "+p,Piwe'®

16




: T,A d :
= p,c, T, 8(Nio= ;’2 E;(r —)+p,Pio

T - _Tor d® o .
= pgcp To (r)w)———;—d?(r (r))+py Pilo (14.7)

Since from equation of state we have :
y—1
Po = P BTy =TPO ¢, T

Hence (1.4.7) becomes :

2 —
pog;QimOG):EQ&~gz{r9ﬁ))+l—l;%cprhﬁP
r dr Y
2 —
= iedr)=—1_1 dZ(IGO)y+l~lPim
Py C, Tdr Y
2 —
Put: a=—" = imG@j:fzjlg(IGU))+———1Pi®
Po Cp rdr Y
2 : 1 —_
:>-3700@»—19rmo:—59145nm (14.8)
dr a a v
Let 16N =y(@) , 2=k
a
" y-1
= y(@)-kyd)=—-k—Pr (1.4.9)
Y

17




= yh(r)=Ccosh\/Er+Dsinh Jkr

y,(1)=Ar+B
And  y,(1)=A
yp(1)=0

'

(1.4.10)

Substitute (1.4.10) into (1.4.9) we get :

—k(Ar+B):—k1:lPr
Y

= yc(r):Ccosh\/Er+Dsinhw/Er+1———lPr
Y

= rB(r):Ccosh\/Er+Dsinh\f1€r+—y—_—lPr
Y

= G(r)zgcosh\/Er+Esinh\/Er+y—_—lP
T T Y

cosh Vkr 3
T

Since :  lim o  which gives that C=0

r—>07

- e(r)zp—sinh«/EHY—*—lP (1.4.11)
r Y

18




X S T i
Now let us use this substitution (1) = R corresponding to the boundary

condition: N(0)=0 , n(R)=1

= e(n):—R—I—)—sthERn+y——lP
M

Y
Since: 6(1)=0 = Ozgsinh\/—lzR+Y———1—P
Y
- p=-Y~lp_ X 2
Y sinh 10R
a
.. |[ioR?
y—1 p sinh n -1
Hence : O(M)=— - a + P
sinh 1oR M Y
a
2
Let 1oR =G
a
9(n)=—y_1' : P -Smh\/énJrY_lP (1.4.12)
vy sinh /G n Y
~ or)=-U-DPR sinhvkr y-1, (14.13)

ysinh\/G. T Y

19




To investigate the amplitude of the pressure P, we shall start by deriving the
equation of the uniform pressure, and to derive this equation we will use the
equations of heat influx, continuity equation, and equation of state which takes

the form ( Nigmatulin & Khabeev 1974 ) :

Py (t)= pg(r,t) BT(r,t)  which can be written in the form :
T=—b— (1.4.14)

Take the total derivative for T with respect to t , we have :

dT_ 1 dP, P, dp,

= 3 (1.4.15)
dt pr dt Bpg dt
Substitute (1.4.15) into (1.4.1) we get :
dP P, d dP
PeCp I % e 5 : :—}—;——a—(rZ 8T)+ £ (14.16)
p,B dt B p, dt r“ or{ Or dt

Multiplying both sides of (1.4.16) by r and integrating with respect to r from
OtoR , we get:

R dP, P, d R R _dP
[ R i = - dr={ k—-Q‘{I'Z—a-I)dI-PJ- r’—2dr
o pyB dt Bp, dt o Or_ or o dt

R> dP PR ;2(4 3dP
= or g_Sp £ U %P g -r2[2 9T (R (1.4.17)
3B dt B | p\ dt or R 3 dt

20




The boundary condition for the equation of gas heat influx (1.4.1) may be

represented in the form:

=0 : 8T =0, u=0
ar

r=R : T=T,=constant, u= R
Multiplying both sides of the gas continuity equation,

dpy , Pg 0

T ar(1r2u):0 (1.4.18)

2
T ) .
by — and integrating with respect to r from 0 to R and using the boundary

condition, we get:
R .2 /74 .
jr—(ﬁ]drz—Rz u(R)=-R?R (1.4.19)
o Pg\ dt

Substitute (1.4.19) into (1.4.17) gives:

3
i L e e YA +fR—3§—P§’-
3B dt B or 3 dt
3 dP, ¢ :
- RS |80 % p p2g_R? Ll (1.4.20)
3 B ,)dt B *° or )
C C —1- _
Since : ¥ hence: 1 — - =1—- LA P { 1 v_ 1
B y-1 B y—1 -1 v—1

21




Therefore : (1.4.20) becomes :

R3 dP,
3(y-1) dt

_%2p r2p g2 218
B & o1 )y

(1.4.21)

_ dP, 3(y-1) 0T _3yPgR
dt R (Tor), R

That is the equation for uniform pressure, which is used to derive the amplitude

of the pressure inside the bubbles.

Now we are seeking for the amplitude of pressure P .

T
We will start by the substitution: 1= —li

By chain rule , we have :

But from (1.4.3) we have :

T=T,(1+6() ei‘”‘) = £P7‘——T—:T0@ei°’t (1.4.22)
on dn

From (1.4.12) we have :

-1 P sinh/G -1
o) =—~ 141

i . P
Y sinh /G n Y

22




Differentiate (1.4.12) with respect to 1 , we get :

d6  y-1 P \/Gncosh\/ﬁn—sinhx/an
2

=— . 1.4.23
dn v sinh/G n (14.23)
Substitute (1.4.23) into (1.4.22) we have :
8T _ (y-DTPe" (VG cosh/Gn _ sinh VG (1.4.24)
on ysinh VG n n? o

Consider (1.4.2) p=p, (1+P e'®! ) differentiate it with respect to t we get

Q_It1=p0 Pioeo (1.4.25)

Consider the (1.4.21) in the surface :

dp_3(y-Df, 10T _3vmR (1.4.26)
dt RO R() 5?1 n=1 RO

From (1.4.25) and (1.4.21) we have :

popmemt:?»(y—l)[x 1 BTJ _3yp,R (1427)
R Ry, On n=1 Ry

Substitute (1.5.24) into (1.5.27) we have :

ot
p, Pime® =— 3(; D[; (szl_i;rlo\l/)_g (\/Gcoshxff}—-sinh\/a)jt
0 0 1

3yp,Ryaioe™
RO

23




= pOPiw:—3(Y )’ KTP(\/acoshx/- sinh VG )
Oysmh\/~

-3yp, 1o

But we know that :

ATy =ac, p To:a(y—}_l_—JBpo Toza[il)po

= p,Pio=- 3= ayp, P (VG cosh VG —sinh VG )
R,y (y—1)sinh /G

~3Yp, L1® (1.4.28)

Substitute (1.3.7) into (1.4.28) to get :

. 3(y-DaP B
Pio=- Osmh\/_(«/ﬁcosh\/- sinh VG )

3yP, 10

2 2 :
oo RO“—3yp0+I—{E—4u1m

0

3(y—1)a (G cosh /G - sth—)
R,’ sinh /G

= P(io+

3yP, io

2

L O R02—3yp0+%£—4uico

0
24




ioR,’ smh«/—+3(y l)a(\/_cosh\/— smh\f_)

P R, * sinh VG

3yP, 10

2 .
p o R02-3yp0+ﬁg——4u1®

0

~3yR,‘imsinhy/G P,
(R, sinh/G +3(y~Da(vG costG —sinhyG)(pe? R ~31p, +% _ 4yiio)

P=

(1.4.29)

Which is the amplitude of the pressure inside the bubble at equilibrium radius R,

Substitute (1.4.29) into (1.4.12) we get :

o = 3(y-DR,’ioP, sinhv/Gn
(imR02 sinhy/G +3(y—1a(\/G coshVG —sinh\/fi)(pa)2 R02 -3vp, +§E—4mm) N

0

3(y-)R,’iwsinh/GP,
(ioR,’ sinhv/G +3(y ~1)a(vG cosh/G - sinh/G)(p®®* R, > = 3yp, + %‘5 — dpiw)

0

(1.4.30)




1.5 THE RELATION BETWEEN THE AMPLITUDE OF THE
TEMPERATURE AND THE AMPLITUDE OF RADIUS :

The amplitude of the temperature in the gas bubble will now be illustrated
graphically for the oscillation of three different size of air bubbles in water
under the acoustic frequency of 20 kHz. The mean radii of the bubbles are

taken to be 500 micron, 100 micron, and 50 micron and it will be matched with

the amplitude of radius.

Since O(1) is a complex valued function :
= 6(m)=6,(n)+i6,m) (15.1)

Where 0,(1) and 0,(n) are real valued function , that represent the real

part , and imaginary part of 6(m) respectively.

Substitute (1.5.1) into (1.4.3) we get :
T=T,(1+(0,(m+i6,m)e)
=T, (1+[6,(m)+i6,(m)][coswt+isinwt])

=T, (1+(06,(n) cos wt - 0,(n) sin ot )

+1(0,(n) sin ot +6,(n) cos ot ) )

26




Since the temperature is taken to be the real part of T, which means that the

behavior of the temperature during the time t can be represented by :

O(n) =06,(n) cos ot - 0,(n) sin ot (1.5.2)
And we wi . . . PO(M) S
we will graph that function by taking the ratio T— for the times :
A

mtzo,aaﬂ’n,ﬁ’andﬁ
5 5 5 5

And for same manners , we will represent the radius o by the following

equation
o = o €os ot — a., sin ot (1.5.3)

For familiar values of the parameters in T = 300K , the curves are illustrated as

follows in the figures :
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the oscillation of a gas bubble in water at the radius R =50 micron.
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« Re
The illustrated figures show the temperature distribution 0™ = { el(,n) } P
A

during one pulsation period of time for a gas bubble pulsations in water for

thermal diffusivity a=2 x 10° m?/s under the acoustic frequency of 20 kHz.

Mainly, the temperature profile inside the bubble is non-monotonic, an
interesting phenomenon is that the temperature varies in the region near the
bubble surface, that is due to the gas temperature gradients at the bubble surface
vary with time periodically from positive value to a negative one for the small
bubble and vice versa for the large bubble.

L Re
And if we compare 6* with the amplitude of radius 0. = _P(DP_{O‘} we
A

observe that as we increase the radius of the bubble, the temperature will

decrease.
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1.6 THE VELOCITY DISTRIBUTION INSIDE THE BUBBLE:

In this section we will discuss the velocity distribution inside the bubble , and
we will begin by deriving the velocity profile of the gas bubble ( Nigmatulin &
Khabeev 1974 ).

From (1.4.15) we get:

dP, P, d
dT_l(_l_ . Py ng a6

dt p,| B dt Bp, dt

dP d
dT _ 17 1%% 127 (1.6.2)
dt pg\ B dt dt

Substitute (1.6.2) into (1.4.1) we get:

1 —l-dPg—pog =}_a rzaT +dPg
py\B dt dt | t?or\ or dt

PeCp

dP d dP,
pdfy 9P A0 20T %%
B dt P dt 201\ oOr dt

d dP,
. Py _ 1 _C_PL__l __D__i_q IZQ_T_ (1.6.3)
dt ¢, T|\B dt r20r\ Or

Substitute (1.4.21) into (1.6.3), we get:

dog 1 |(o_\|3=D(,8T) _3vPR| 2 o[0T
dt c¢.T|\ B R ot )y R 20t or

p
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_ 1 (% )3a-Df,aT) _3vBR| A af,aT
¢, T B R or Jo R rchTar ot

C ¢, —B _
But : _L(__E_l): 1 ( p ): ! [l—y 1): 1
c, I\ B c, T\ B BT Y BTy

Therefore we get that :

dpg _ 1 |30-Df,8T) _3vBR| 1 af, ,0T
dt BTy R or R R rchTal’ or

(1.6.4)

Substitute (1.6.4) into (1.4.18), we get:

3vyP, R
XD 0T MeRl 1 01520101, 9 20
p BTy R 61‘ R rcT5r or or

2 _ 2 3yPR 2
r? 3y 1)(X6Tj YRR a(kza ]+_(r =0
PeBTY R or ) p.BTy R Pgr c, TOr or
2, : _
= Sr(v=1) kaT —3r2§——y 19 r?xéj—I +—a—(r u)=0
P, YR or )p R vyP, Or or) Or
(1.6.5)

Integrating both sides of (1.6.5) with respect to r from O to r, we get:

3. R v—
r(y-1 k&T _rjg_}’_lrz x?—z +r2u(r,t) =0 (1.6.6)
P,yR \ 8r), R yP, or ),
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Dividing both sides of (1.6.6) by 12, we get :

u(r, t)—r5+y——l{[ka—T—) - L(Kﬂ) } (1.6.7)
R Y or ) R or Jx

T o 1 0

Now smce : N=— = —_——
R

Apply this rule to the derivative of (1.4.3) with respectto r we get :

oT 10T leG ot

(1.6.8)
ar R@n R "~ dn

Substitute (1.4.23) into (1.6.8) we get :

a_T__T_geim _(y-DP (\/acosh\/an_sinhx/an)
dr R y sinh /G n n°

(y—-DT,Pe'® | VG cosh /G _sinh+/G 7
yRsinh«/G n n2

Back to (1.6.7) in equilibrium state :

U(Roﬂ)zﬂR+y—1

{_ My -DTPe'® JG cosh+/Gn _sinh xfén)
TPo

My—DT, Pe”‘“(\/—cosh\/—n smh\/—n)
i yR,sinh/G M n’ =
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Since :  po=p9 BT,

u(Rgn) =nR+ A(y—1)>T, Pe'® VG cosh+/Gn sinh+/G 1
po BT, y%sinh+/G n n?

+n(J§coshJ§—sth5)]

a(y-1DT,Pe'® [_«/—Gcoshx/—én . sinh/G n

+—L /G cosh /G — 1 sinh +/G |
R, Ry

=nR +

L 3aly- )y aiosinhV/Ge'®' VG cosh+/G n

ysinh/G A - Ron

Slnh\/_n
Ron

I?\/‘cosh\/a——smh\/_]

VG cosh /G — sinhv/G
R,?

Where : A=3a('y—l)[ J%—icosinh\/g

~ uRen)=nRjioae®

- 3a(y-1ioe®! li _JG cosh VG
A Ron

smhfn /G cosh /G — L sinh VG
Roﬂ Ro Ry
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3a(y—D)Ry i o e'®!
3a(y-1)(¥Gooshy/'G —sinhvG) +i0R 2 sinh/G

[ fcoshJC—}n sinh/G n n
Rom’ Ron’?

=nNRyimae'®" —

\/(_} cosh/G ——- smhx/é ]

. 3a(y-1)
=Rploa[n-
0 3a(y - 1)Y(VG cosh/G - sinhvG) + ioR ,* sinh VG

\/—cosh«/_n sinh /G 1
n n2

+n/G cosh/G —nsinh /G ) Je'®*
(1.6.9)

Like what we did for the amplitude of radius and temperature , we will
illustrate the characteristic velocity distribution within an oscillating gas bubble

at different of time , by using the function

U(n) =u,(n) cos ot — u,(n) sin ot

Fig 6. presents the characteristic velocity distribution withim an oscillation gas
bubble at different time at the radius at the radius of Ry =100 micron.
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Fig 6. The characteristic velocity distribution within an oscillation gas bubble at different

time at the radius of Ry = 100 micron
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Fig 6. shows the plot of the characteristic velocity distribution of oscillating

gas bubble at different time corresponding to the sequence of angles

2 4 61 8
ot=0,2% Sﬁ 7, and -51 that illustrate the time for thermal

5

diffusivity a=2 x 10" m2/s under the acoustic frequency of 20 kHz with

specific heat ratio y = 1.4 and radius Ry = 100 microns.

The velocity profile is almost linear, with maximum deviation of the velocity
from the basic linear dependence is about 10 % and this deviation is duo to the

temperature gradient.
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CHAPTER II

DYNAMICS OF VAPOR AND SOLUBLE GAS BUBBLLES

2.1 INTRODUCTION :

The behavior of oscillations of vapor and soluble gas bubbles in liquid has
been examined in a number of studies ( Nigmatulin & Khabeev 1975 and
Nagiev & Khabeev 1985 ).

It was shown by ( Khabeev 1981 ) that the resonance frequency of large vapor
bubbles practically coincides with the natural frequency of adiabatic gas bubbles
which we described in the last chapter, while in the case of small bubble, the
presence of capillary effects and phase transitions leads to a new resonance

frequency that differs from the Minnaert frequency.

By using the analogy of similarity between vapor and soluble gas bubbles a
simple analytic formula is obtained that relates the resonance frequency of the

soluble gas bubble and its radius.
It is shown in this chapter that the problem of the mass, thermal and dynamic

mteraction between a bubble containing a soluble gas and liquid can be reduced

to a problem of the behavior of a vapor bubble with phase transitions.
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2.2 RESONANCE OF VAPOR BUBBLES :

The formulation of the oscillation of a gas bubbles in viscous fluid has been
previously presented in sec 1.3 within the framework of a linear representation,

analytic solution has been obtained for the oscillations of bubbles.

In this section, we will use this solution to study the resonance properties of a

vapor bubbles.

In the case of vapor bubbles in an incompressible fluid, the amplitude of radius
of bubbles is given by the formula ( Khabeev 1981 ) :

PA 2 2 20 . 3
o=-"2 here S=p;0° R, +——-4iou, — — 2.2.1
S W, Pr o *¢ Ly 0 ( )

0

_1-ig,[BH(-b)+k(1+EG)]/(0R,?)

Here = 222
Y Po +ioa,p, [BHb-b(1+EVG)]/3 (2.2.2)
And we will define the parameters as follow :
c, T i 2
b=P 0 c_ioR, . E= % B=4G coth'G -1
14 a, a
A A 20
a, = *— g = : » Po =P t=—, Ty =T(p,)
va CP pl Cl RO

H=3(y-D(1-b) , k=3(y—l)b2%

1%
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Here Q is the compressibility of a bubble, T(p) is the saturation temperature,

and the subscripts “/“ and “v*“ refer to the liquid and vapor parameters

respectively, while the subscript “ o  refers to parameters in the equilibrium state.

Let us estimate the size of a bubble dimensions and frequencies of the acoustic
field, such that the resonance frequencies and dimensions of a large bubble are

determined by considering the conditions :

4dop; <<3Ype %G—<<3ypOO (2.2.3)
0

In the other limiting case of sufficiently small bubbles, in which we have the

conditions satisfied:

‘G|<<kll+E\/§’ ) El\/§l>>1

1
o) o* R02 <<§—G , 4oy <<AR, 0? (2.3.4)
0

Then, the expression for the resonance function is of the form :

1 2 2 |
S=2% _AR, 02 (1+i), A:-g—/—)"—wlfl— (2.3.5)
R, AT, V2

To obtain the resonant frequency of the vapor bubble we begin with taking the
modulus of S.
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JS!=J(§’——AR0& Y +(ARp0?
{]

407 ol At2A’ R, o (2.2.6)
RO

Now differentiate w . 1. t © we get

| 26A 25 2
5]5] — N +2A° Ry
oo 46 1/2 2
2 o2 —4oc0 ' “A+2A RO )
0
a|S| .
Put 3(&)— =0, we get that the resonance frequency of vapor bubble is :
- 2
m:(X) R, 2.2.7)

Now we will illustrate the amplitude P f (0 ! to determine resonance values
A

of the oscillation.
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Table 1 : The amplitude of radius of a vapor bubble versus the bubble radius
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116.824
116.855
116.775
116.167
113.191
95.993
68.284
41.053
29.544
23.377
~ 5000 | 19.540 0>

- 8500 | 13574 182 x10° | 1.639
T 10000 | 11514 | 183x10° | 1.646
10000 3.245 134 x10° | 1.643
710000 | 1163 | 185x10° | 1638
50000 | 0630 | 190x10° | 1.537
= 1000 0.509 - 2.00x10° 1.168
T 20000 | 0429 | 250x10° | 0352
50000 | 0.382 300x10° | 0.182
- 80000 | 0.406 400x10° | 0.081

0.488
0.537
0.603
0.695
0.830
1.031
1.324
1.487
1.613
1.628

Table 2 : The amplitude of radius of a vapor bubble versus the bubble frequency
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Fig 7. The phase and amplitude of a vapor bubble pulsations in water at oscillation frequency

2%6 = 22 kHz versus the bubble radius.
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2.3 BASIC EQUATIONS FOR SOLUBLE GAS BUBBLE :

In this section we will state the main equations which describe the dynamics of
the soluble gas bubbles in liquid , and the first equation is the diffusion equation
for the gas in a liquid in the spherical Euler coordinates ( 1, t ) which take the

form :

oc RRzac 260

1t

—+ R 231
ot 2 0r 201 or i @3.1)

Where C is the concentration of the gas in the liquid , and D is the
diffusion coefficient ( Plesset & Prosperetti 1977 ).

The boundary condition at the surface and remote from the bubble are :
r=R() : c=¢c=Ip , r=0 : c=¢cy=Ip, (23.2)
Where C is the saturation concentration , and I' 1s the Henry’s coefficient.

The velocity of the bubble surface R and the mass velocity of the gas at that

surface w are related by the relation :

R=w+-2L , j= D[aC) (23.3)
PR or

Where ; is the rate of mass transfer per unit interphase surface.
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The heat supply equation and the equation of state of the gas take the form :

6T oT. 1 6 . ,8T. dp
C AT + —
P (Gt ), (M 50 4

0<r<R

p)=p(r,t)BT(r,t) (2.3.4)

The boundary conditions for the heat supply equation (2.3.4) is of the form :

R=R(t) : T=T, , r=0: ZT 0 (2.3.5)
T

The equation for the uniform pressure (1.4.21) and the velocity profile of gas

(1.6.7) which we mentioned before are :

dp_3@-D _3va
dt R ar R |

ury= LR YL 0T xa—T
R YP or R\ or

The Rayleigh — Plesset equation (1.2.10) and the equation of change of mass of
the bubble are of the form :

REi3p2_P~Ps 20 4uR
2 P s R pR
m=4nR?j (2.3.6)
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The behavior of a soluble gas bubble in a liquid for a given law of action p.(t)

1s determined by the following physical characteristics ( Nagiev & Khabeev
1985):

R():p()bpg:pl:y:k ,D,CP,G,u,andr

Which form the following seven independent non dimensional parameters :

Dp,c
Y,A:&,L:_pgp,pe:&/gﬁ,sz °
Pr Ay D\ p Ro Po

M=—F_  and kK=1Ro
pr D P

Thus , the entire range of solutions of the problem of the behavior of a soluble
gas bubble is determined by this set of the seven independent dimensionless
parameters, which verify that there are several possible conditions of solution of

the problem.
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2.4 SMALL OSCILLATIONS, RESONANCES :

Let us consider the damping of free oscillation of a bubble which caused by the
solubility of the gas in the liquid. In this case the radius of the bubble is given by
the real part of the expression ( Khabeev 1981 ) :

R=Ro[1+8e™] , |§|<<l

The frequency of the oscillation is :
® Im(h)
f = =
2n 2T

System of equations (2.3.1) — (2.3.6) 1s linearized. The condition of existence
~of a nontrivial solution of the system of a linear equations leads to a

characteristic equation in h.

And the system of equation (2.3.1) — (2.3.5) describing the behavior of a
soluble gas bubble in a liquid 1s analogous to the system of equations describing

the behavior of an equilibrium vapor bubble with phase transitions ( Nigmatulin
& Khabeev 1975 ) :

8T,+RR26T[:a_€ 0 (rzaTl)
ot 2 0r r?or or

dL _ L 2k 9h (2.4.1)
dp {p, £\ or )i
Where a; is the thermal diffusivity , T

is the vapor saturation temperature, for which Clapeyron — Clausius relation hold.
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1n the case of small oscillations, after linearization (2.3.1) — (2.3.3) equation

(2.4.1) can be written in the dimensionless form :

0C_1.0 (22 9%, yo[2= 242
gt n°on on oP on

66_ a; 0 (nZ 00 aes_ Po J:plCITOaI[aej (243)
1

6t Dn2én  on 8P Lp, Tpp¢D o7
T
Where L 'c—-t-—Dz— . o=-L n:_r__
I'po R, T, R
j= IR p-P
I'py D Po

If we make the identification C = 0 and require that the dimensionless
combinations in these equations be the same , then systems (2.4.2) and (2.4.3)

will completely coincide.

Hence it is necessary to satisfy the conditions :

a_y Py Al 2.4.4)
D £ g, I'po?

Thus , all the analytical results for linear problems obtained for equilibrium

vapor bubble with phase transitions can be taken to the case of soluble bubbles.
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For this it is necessary to make substitutions in the corresponding equations
from (2.4.4). Following the above procedure and suitable adjusting for the
expression for natural frequency of vapor bubble (1.3.8), the natural frequency
of a soluble bubble can take the form :

1 3YPo 1-3y I'p,

R, \' o 2p, JPep |

P = 2§0 N 3YPo 2.4.5)
Pi

Where PeD is the diffusion Péclet number.

0=

The steady — state oscillation of vapor bubbles in an acoustic field is associated
with the interesting phenomenon of second resonance. The second resonance
frequency of a vapor bubble is caused by frequency dispersion, since, as distinct
from the case of gas bubbles, the compressibility of vapor bubbles depends to a
considerable extent on the frequency of the oscillations and small frequencies

increases rapidly as the frequency decreases.

At low frequencies, when phase transitions ( dissolving of the gas in the liquid )
can take place, the change in the volume of the bubble is accompanied by a

change in the pressure in it due only to capillary effects.

The expression for the second resonance frequency of vapor bubble (2.2.7) can
take the form :
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2F? _on T,

o= , F
a RO4 62 pv2

(2.4.6)

Using substitution (2.3.4) , (2.4.6) can be written for the case of a soluble gas
bubble in the form :

2

2D [ oT

oR = ——4—[ o j Q24.7)
Ro™\ Py
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Table 3 : The amplitude of radius of a soluble bubble versus the bubble radius
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115877 0.
115.883 0.662
115.882 0.602
115.878 0.469
115.671 0.433
114.289 0.426
- 113.138 0428
- 104.067 0450
92.640 0.503
81.712 0.600
- 52.696 0635
44533 0.932
25.798 1.130
18.862 1.331
15.246 1.382
9.553 1.365
5.795 1.160
4256 0.902

Table 4 : The amplitude of radius of soluble bubble versus the bubble frequency
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Fig 9. The phase and amplitude of a soluble gas bubble pulsations in water at oscillation

frequency -i% = 22 kHz versus the bubble radius.
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2.5 DISCUSSION OF THE RESULTS:

As seen in the figures 7, 8, 9, and 10, unlike the case of gas bubbles, there
exist two resonance frequencies for each vapor and soluble gas bubbles.

Fig 7 and fig 9 present the dependence of the oscillation amplitude ] a | S

Pwo
PA

and phase on bubble radius for the vapor and soluble gas bubbles respectively.

The bubble radius oscillating in water at atmospheric pressure at a frequency of
22 kHz.

Computations demonstrated that there exists only the Minnaert resonance for

large vapor and soluble gas bubbles ( Ry > 10~ m ) in water, while for bubbles

with R, < 10 m there are two resonance frequencies and the second resonance

frequency of the vapor bubbles induced by capillary effect and phase transition,
while the second resonance frequency of the soluble gas bubbles is due to

capillary effect and diffusion.

Fig 8 and fig 10 present the dependence of the bubble oscillation amplitude and
phase in water for the vapor and soluble gas bubbles respectively at the

atmospheric pressure p.. = 0.1 Mpa as a function of the acoustic field frequency
withRy =10 m.

There exist two weak resonances, the resonance due to the capillary effect and

phase transitions occurs at very low acoustic field frequencies.
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NOMENCLATURE

R - bubble radius;
R - time derivative of the radius;
R - acceleration of the radius;
r - radial coordinate;
t- time;
p - pressure;
T - temperature;
p - density;
u - velocity;
w - radial velocity of the gas ;
2 - thermal conductivity;
a - thermal diffusivity;
D - interdiffusion coefficient;
B - gas constant;
j - rate of phase transition
L - Viscosity;
- specific heat of vaporization,
vy - specific heat ratio;
¢p, - heat capacity of a gas (vapor) at constant pressure;
f - frequency of oscillation;
o =2 nf external frequency;
m - mass of a bubble;
S - resonance function;

. : . T
n - non — dimensional coordinate, n = —
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P, - acoustic pressure amplitude;

a - amplitude of the radius of the bubble;
P - amplitude of the pressure of the bubble;
O(r) - amplitude of the temperature of the bubble;

Q - bubble compressibility;

¢ - surface tension coefficient;

I - Henry’s coefficient;

¢ - concentration of the gas in the liquid;

. . ) C
C - non - dimensional concentration, C = ——

I'po
Pe - Péclet number;
Pep-diffusion Péclet number;
0 - amplitude of free oscillation;
h - exponential index.

Subscripts

I - liquid

v - vapor

g - gas

s - at saturation

0 - at equilibrium

w - conditions far away from the bubble.
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