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ABSTRACT

Numerical solutions of ordinary differential equations (initial value
problems) have been given considerable attention, concerning design and
construction of algorithms for their applications in real life modelling,
e.g., modeling of long-range transport of air pollutants in the atmosphere.

In this thesis a new block method of fifth order is derived for solving
initial value problems of ordinary differential equations. Several prob-
lems from the literature were tested to demonstrate the method’s accuracy
using the software C++ language. We compare the accuracy of the new

block method with known Runge-Kutta method of the same order.
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CHAPTER 1
INTRODUCTION

1.1 Statement of the problem and purpose

The solution of initial value problems (IVPs) for ordinary differen-
tial equations using block methods has become an active area of research
during the past few years. These differential equations arise in many ap-
plications in science, engineering and economics. Normally these equa-
tions are too complicated to solve analytically and we have to resort to
numerical integration techniques to obtain an approximation to the solu-
tion.

The main objective in my thesis is to derive an efficient higher order
method which can be used to solve initial value problems. So, the purpose
of this thesis is to present a method to approximate the solution of initial
value problems of ordinary differential equations using block method. A
remarkable advantage of the block method is that it is easily implemented
and gives a result with high accuracy.

The problem we will consider in this thesis is the numerical solution

of the first order initial value problem

y'=f(x,y) , X0 < x < xy (1.1.1)
y(x0) = B (1.1.2)

Here x and y are the independent and dependent variables, respectively,

and y’ denotes dy/dx is the 1% derivative of y with respect to x. In order



to define a unique solution to (1.1.1) it is necessary to give one initial
condition as in (1.1.2). Sometimes, in many applications we will have a

system of n simultaneous first order differential equations in n dependent

variables y1,y2,...,Yn, Which can be written as

y'=1fxy) , yxo)=58 (1.1.3)
where

Y = (Y1,¥25-¥m)

f=(fi,f,....f0)7,

B = (BB, )",

where T denotes the transpose.

1.2 Background and history

Before we discuss the numerical methods which can be used to ap-
proximate the solution of initial value problem (1.1.3), we would like to
know whether a unique solution exists. The existence of a unique solution
is given by the following theorem, whose proof may be found in “Discrete
variable methods in ordinary differential equations” by (Henrici, 1962).
Theorem 1.2

Let the function f(x,y) be continuous for all points in the region D
defined by a < x < b, —e0 < yj < o0, i=1,...,n. Suppose that there

exist a constant I. < oo such that

[ f(x,y) —f(x,y")| < L|y-y"| (1.2.1)



for any (x,y),(x,y") € D. Then for any initial condition f3, there exist
a unique solution y(x) of the initial value problem (1.1.3), where y(x) is
continuous and differentiable for all (x,y) € D. The requirement (1.2.1) is
known as the Lipschitz condition, and the constant L is called Lipschitz
constant, provided that f(x,y) is differentiable with respect to y for all
X € [a,b] and all y, it follows from the mean value theorem that (1.2.1)

can be satisfied using

af

L = sup
dy

(x,y)eD

Throughout this work we will assume that (1.1.3) satisfies this theorem
and that (1.1.3) is well posed.

Having discussed the properties required of the differential equation
itself we go on to discuss the numerical methods which are used to ap-
proximate the solution and examine which properties we require these

numerical methods to have.

1.2.1 Discrete variable methods

Many basic numerical methods for the solution of

y =1fxyy) , yxo)=8 , % <x<x, (1.2.2)

fall into the class known as discrete variable methods. These methods in
their most basic form involve dividing the interval [xg, X,] into a discrete
mesh point x; which is defined by x; = x9 +1h,1=0,1,...,n, where
n = "0 and h > 0 is the step size. In what follows we give some of

the important theories associated with the numerical methods of (1.2.2).



we start off by introducing some terminology.

In particular let the exact solution of (1.2.2) at a point x; by y(x;) and
let the approximation at this point generated by the numerical method be
yi- Then we obtain the approximations {y;} sequentially by solving a
finite difference equation, starting from x¢ and marching to x;.

A general class of numerical methods for the integration of (1.2.2)

and (1.1.3) is given by:
k
Y & yntj = h@s(Xn; Yniks -, ynsh), n=0,1,....N—k. (1.2.3)
j=0

where o are constant, oy # 0 with given starting values yo,y1,...,Vk_1.
If ¢ is independent of y, i then the method is explicit, otherwise the
methods is implicit. If k = 1, the method is known as one step method,
while if k > 1, we have a multistep method (needs starting values) or k-
step method.

Clearly what the user is interested in is to make sure that the nu-
merical solution y; is close to the true solution y(x;) for all i. Note that
the quantity || y, — y(xy,) || is called the global truncation error or GTE
at X = xp, 0 < n < N where the global error is the error over the whole
range.

The general class of methods contains the well-known methods

which are Runge-Kutta methods and linear multistep methods, e.g.



Rk: k=1, ¢ = 2:crkr
r=0

m
k; = f(Xn+har , ¥n+ Z brsks)
s=0

K
LMM: ¢ = Y Bif(Xnti, Yoti)
i=0

where these methods are the most widely used for solving initial value
problems such as (1.2.2) and (1.1.3).

1.2.2 Runge-Kutta methods

The general form of explicit Runge-Kutta methods is
Ynt1 = Yn +h @(Xn, yn, h) (12.4)
¢ (Xn, yn, h) = i brk;
—
where
ki = f(Xa, yn)

r—1
ke = f(xn+her, yn+hY arks)
s=1

r—1
Cr = Z as, r=2,3,...,m
s=1

where b;, a;s and ¢, are real constants. The m-stage Runge-Kutta method

involves m evaluations of f per step.



Implicit Runge-Kutta method is defined by

Yntl = ¥n + h‘P(Xna}’nah)

¢(Xn7 Ynah) = i bk, (1.2.5)
r=1

m
k, = f(xn—f—hcr,yn—i—hZarsks), r=1,2,....m

s=1
The method (1.2.5) is fully implicit if a,s # O for some s > r, the method is
semi-implicit or semi-explicit if a,; = 0 Vs > r, and the method is explicit
ifag=0 Vs>r.

1.2.3 Linear multistep methods

The general form of a linear k-step method is defined by

k k
Y 0ynij =h Y Bfosj (12.6)
j=0 j=0

where f ;= f(Xn4j,¥ntj) and o; and B; are constants with o =1,
|oto| + | Bo| # 0. The method is said to be linear because the expression
in (1.2.6) is linear in f. We say that method (1.2.6) is explicit if B =0
and implicit if Bx # 0. For this reason when using implicit methods we
need a method to predict the starting values of the iteration. This method
is called a predictor and the implicit method (1.2.6) is called a corrector.

The simplest example of linear multistep method is the explicit for-

ward Euler method,

Vi1 = Yo +hf, (1.2.7)



and the implicit backward Euler method

Ynt+1 = ¥n +hin (1.2.8)

Formula (1.2.7) is used as a predictor and formula (1.2.8) as a corrector.
The local truncation error or LTE of (1.2.6) at x, ¢ € [Xo,Xy] is given
by

k
thrk = 3, & Ynrj — h @¢(Xn: Ynik,---, ¥n3 h)
i=0

The quantity t,y is the amount by which the true solution of (1.2.2) fails
to satisfy (1.2.3).

To investigate the behavior of the local truncation error of the linear
multistep method, we shall introduce the difference operator as follows:

k k

Lly(xa);h] = Y [ y(xa+jh) =0 Y By (xa+jh)] (1.2.9)
=0 j=0

where y(Xy) is the exact solution of the initial value problem (1.2.2) and

assuming that y(x,) is differentiable p+1 times then expanding (1.2.9)

using a Taylor series, we obtain:

L{y(xn);h] = coy(xn) + c1hy’(Xn) + ... + cqh%y ¥ (x) 4 ... (1.2.10)



where

$

I
-

KR

=0
K
et =) (jog5—B)
=0
k :q :q—1
J J
- oo — ), —2.34,...
s L (g gomh)

The linear multistep method (1.2.6) and the associated difference operator
defined by (1.2.9) are said to be of order p, if in (1.2.10):

o =¢ =...=¢ =0 and cp11#0
The constant ¢, ;1 is known as error constant and
p+
+1 (p+1
Cp+1 hP y(p )(Xn)

1s called the principal local truncation error.

1.2.4 Predictor-corrector methods

Predictor-corrector methods have a long history in the numerical so-
lution of IVPs. They have been proposed by (Moulton, 1926) in con-
junction with Adams methods, by (Rosser, 1967) in conjunction with
Runge-Kutta methods and by (Shampine and Watts, 1969) in terms of
block methods. Also, two of the earliest papers on these methods for
IVPs were by (Miranker and Liniger, 1967) and (Miranker, 1971), re-

spectively, they point out that many standard predictor-corrector schemes



based on multistep formulas, such as
Yo = ¥+ B (35(xa,¥E) — f(Xoo1,¥5_1) ) (1.2.11)
your = Yo + 5 (f(xnt1, Y0, ) + f(xa,¥2) ) (1.2.12)

are inherently sequential: yS must be computed before yﬁ 41> Which in

turn must be computed before y; |, etc. However, the following pair of

formulas
Yor1 = Yao1 + 20 f(xn,y5) (1.2.13)
e = Yeo1 5 (f(xa,¥8) + f(xa-1,¥5 1) ) (1.2.14)

both yﬁ 41 and y; from (1.2.13) and (1.2.14), respectively, can be com-
puted simultaneously.

Let P denote an application of the predictor, C a single application
of the corrector and E an evaluation of f in terms of known values of its
argument.

So, a predictor-corrector method is an algorithm that proceeds in
two steps. First, the prediction step calculates a rough approximation of
the desired quantity. Second, the corrector step refines the initial approx-
1mation using another means.

We have two kinds of predictor-corrector formulas, the serial
predictor-corrector formulas which has a sequence of computations or
sequential calculations and a parallel predictor-corrector formulas where
the corrector formula does not depend on the result of the correspond-
ing predictor formula so, the sequence of computation is divided into two

parts which may be executed simultaneously on separate processors.

10



For example one possible parallel method has been presented by
(Franklin, 1978) and (Miranker and Linginer, 1967), is the fourth-order,

two processors predictor-corrector method

Yor1 = Yoy + % (8ff —5f5_, +4ff , — 5 _3)
Yo = Va1t oy (934196 —5f, + 15 3)

where the superscripts p and c refer to the predicted and corrected values

and subscript n indicates the step number.

1.3 Justification of the problem

Solving initial value problems is considered to be arising concern
and an active field of research in many applications, science and engi-
neering, motivated by challenging real life problems, the last few years
have seen the most widely used numerical methods for IVPs which were
incorporated as basic tools including Runge-Kutta methods, multistep
methods, different predictor-corrector schemes. This process has been
encouraged to derive a block method with higher order. The method
properties specifies the method order, the error constant and the method
stability, in order to provide good solvers.

According to my knowledge there are some studies in this field are
used to solve IVPs using block methods, so I will try to find my own
way to solve these IVPs taking into account the reduction of the principal

error. Therefore, this study attempts to fill the gap.

11



1.4 Methods and procedures

This section describes in some detail how we derive a new block
method for the numerical solution of the first order IVP (1.2.2). In what
follows, we give an overview of the block methods. The property of these
methods is to produce simultaneously approximation to the solution of
initial value problem at block points X;41,Xp+2, - - -, Xn .k in €ach compu-
tational step. Only the solution at the last point in the block is used to
start the next block. A block method yields a sequence of new estimates
for y;.

If k > 1 is the block size, then in simple case the value of x at which
solutions are computed will be evenly separated. In other words, each
basic cycle of the calculation has the potential to advance the solution
by k new points in the x direction. Each such block can therefore be
considered as a unit of calculation.

Let y; denote the approximation solution to the exact solution y(x;)
at x = x;. Also f; will denote the value of f(x;,y;), the approximation for
y'(xj). For i = mk, a block of solutions can be represented by the vector
Y = (Yit1,Yit2s---»Yitk) . with yirj (1 <j <k) the generated solution
at xjj = x; + jh, where x; the right hand end point of preceding block.

The formula of the block method can be expressed as:
Ym = ey; + hdfy + hBF(Yy) (1.4.1)

where e and d are k-vectors, B is a k x k matrix, and F is a k-vector
whose j'" entry is fi; = f(Xitj, ¥iti)» 1 <j<k. As (1.4.1) is implicit in
Y it has to be solved iteratively using, in the first instance, predicted

solution values. A predictor equation for Y can be expressed in the form

12



Y = ey; + hdf; (1.4.2)

where e and d are k-vectors. Substitution of YE,? ) into the right hand-side

of (1.4.1) yields the block predictor-corrector (BPC) method
Ym = eyi + hdf; + hBF(ey; 4+ hdf;) (1.4.3)

In accordance with the terminology used in the linear multistep case,
this application is called PEC mode. Of course, one can continue this
process by substituting the result of (1.4.3) into the right-hand side of
(1.4.1) arriving at P(EC)E'~Y mode in which y = 0 indicates that the
final evaluation is done before proceeding to the next block.

The demand that the block method has at least principle error term

of order p leads to p systems of equations of size k+1.

k k 2 k 1 P
Oj =1 iy = =, ..., Py = — (1.4.4)
2
j=0 j=0 =0 p
rp—H k jparJ )
— , r=12,...)k
(p+1)! 1 p! Pt

where C;,_; is the error constant of the method on the k™ processor and
o, ; is the coefficients of y;l - The set of equations (1.4.4) represents the
way in which the computation of the coefficients are found.

The block method can be written in the form
YV = coy; + h(A,@D)F(YY)
Y = ey +h(ASDF(YY,), 1=0,..,0-1 (145)

_ T (V)
Ym+1 = ek+1Ym+]

13



Apply (1.4.5) in P(EC)”E mode to the standard test equation
y =iy, A<0

yields YP |, =T"(z)Yy. Consequently, the stability boundary is the
largest number « such that z € (—c,0) when p(T(z)) < 1 where p(T(z))
denotes spectral radius of T(z). Taking v = p, where p the order of the
block method, then

Ck
p(T(z)) = |1 +kz + (f!)p +... 4+ ((pil)! — kgill)(kz)p—%l :

1.5 Proposed chapters outline

The thesis will contain five chapters:

Chapter One: (Introduction)

It includes:

a. Statement of the problem and purpose

b. Background and history

c. Justification of the problem

d. Methods and procedures with research overview

Chapter two: (Literature review)

This chapter is a survey of block methods, in this chapter, we include a
review of the previous publications in the area of numerical solution of
initial value problems.

Chapter three: (Methodology: Fifth order block method)

In this chapter, we show a derivation of a new block method for solving
initial value problems, as well as we compute the local truncation error

and give a stability analysis in details.

14



Chapter four: (Numerical results)

In this chapter, we first describe how to implement our algorithm, then we
show our test problems and the results using the software C++ language,
finally we present a comparison between the experimental results those

obtained by our fifth order block method and Runge-Kutta method of the

same order.
Chapter five: (Discussion)

In this chapter, we present the summary and conclusions and then recom-

mendations and suggestions for future studies.

15
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2.2 Predictor-corrector block methods
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CHAPTER 2
LITERATURE REVIEW

Block methods

The property of the block methods is to produce simultaneous ap-
proximation to the solution of initial value problem at block points
Xn+1,Xn42, .- - Xntk 10 €each computational step. Block method is in-
troduced by (Worland, 1976) and may be applied either in one-step mode

or in a predictor-corrector mode.

2.1 Block one-step methods

In one-step mode, a sequence of open and closed Newton-cotes for-
mulas is applied to generate initial approximation to the solution y(x) at
each point in the current block. Then implicit formulas are applied iter-
atively until convergence is obtained to the maximum order of accuracy
obtainable. Only the solution at the last point in the block is used to start
the next block.

In one-step mode (Lambert, 1973) and (Rosser, 1967) described the
sequence of the computations for this algorithm of formulas for the se-

quential two-point block scheme:

17



Ynt1,0 = Yo +hyy
Yn+1,1 = Yn + % (Yﬁ + Y;1+1,0)
Yn+2,1 = ¥Yn + 2h y;H,l (2.1.1)
Y12 = Yn+ 15 (5yn+8Yai11 — Yarai1)
Yoi2stl = Yo+ 5 (Yh+4Yne12 + Yntos ), s=lor2.
The method (2.1.1) is used to produce the approximation y,.1 and y,»

to Y(Xn+1) and y(Xq42) respectively. The order and the local truncation

error for each formula of (2.1.1) are shown in the following table

Table (2.1.1)
Formulas of the sequential two-point block scheme
Formula number Order Local truncation error
! ! h2/2 yi?(€)
2 2 —h*/12 y)(€)
3 2 h/3 v (€)
4 3 ht/24 yi' (€)
5 4 —h*/90 y5 (&)

This procedure has five function evaluations for two-step block. However,
in order to apply the algorithm at the next block to obtain y, 3, yy14, the
only starting value is y, 2, and the loss of accuracy in y, . ; does not affect

subsequent points and the algorithm remains of order four.

18



Also, we have the corresponding formulas for parallel two-point

block scheme

Yatr0 = Yn+rhyp, r=12
Yartstt = Yo+ 15 (5Yn +8Yny1s — Ynjs) (2.12)
Yni2,s+1 = Yn + % (yn+ 4y;1+1,s + y:1—|—2,s )
where s = 0,1,2,(3) as mentioned by (Worland, 1976).
The first formula is Euler’s method which has order one, and the
local truncation errors are
h2
2

respectively.

yn (§n+1) and 2h? y} yi (§n+2) forr=1and r =2

The local truncation errors for the second and third formulas of
(2.1.2) are

h?

24

respectively. In this case, yp11 and y,4, are obtained simultaneously for

yn (§n+1) and —Yn (§n+2)

each step.

2.2 Predictor-corrector block methods

Block schemes are readily adaptable to a predictor-corrector mode.
The following algorithm is an example of this approach which is two-
point, fourth-order block method of (Shampine and Watts, 1969). The

predictor equations are

19



Yoo = s (Vo ye HyS) R (38, —4f +1362)  221)
Voo = 3 (Yoo +yei +ye) + 15 (29555 — 7265 | + 79£% )

The corrector equations are

Yor1 = Yo+ 15 (56 +8 - ) 2.2.2)
Yaiz = Yo+ 1 (f3 +4fh +1,,)

in which the two predicted steps are computed in parallel, followed by
the concurrent evaluation of the two corrections. Note that in this ex-
ample the solution values are computed at equidistant points (which, in
general, need not be the case). To implement the above algorithm, we
need to compute the first two starting values y, 1 and y,_», after that the
predictor equations (2.2.1) will be dependent on values taken from the
previous block (n,n-1,n-2). The corrector equations (2.2.2) need a single
value from the previous block (n) and predicted values of current block
(n+1,n+2).

Also, one of the most interesting block predictor-corrector schemes
for the parallel solution of ODEs, a block scheme based on the composite
Trapezoidal rule by (Abbas and Delves, 1989) and its principal error term
1s linear in the block size.

Several authors have considered block methods for the solution of

initial value problem (IVP)

y' = f(ty),  y(to)= yo, (2.2.3)

where y,f € R®. Let y, denote the approximation to the exact solution

y(ty) at t = t,. Also, f;, will denote the value of f(t,,yy), the approxima-
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tion for y'(t,). For n = mk, a block of solutions can be represented by
the vector Yo = (Yni1,Yn12,---,Ynrk) | With Yn+j (1 <j <k), the gener-
ated solution at t, ; = t, + jh, where t, is the right-hand end point of the
preceding block and h is the uniform spacing between solution values.
Adopting the notation of (Shampine and Watts, 1969), the formula

for the block method can be expressed as
Ym = eyn + hdf, + hBF(Yy,), (2.2.4)

where e and d are k-vectors, B is a k x k matrix, and F is a k-vector whose
J™ entry is foij = f(tatj, Ynij), 1 <j < k. As (2.2.4) is implicit in Yy, it
has to be solved iteratively using, in the first instance, predicted solution

values. A predictor equation for Y can be expressed in the form
YW = ey, + hdf,, (2.2.5)

where e and d are k-vectors. Substitution of Yir(,) ) into the right-hand side
of (2.2.4) yields the block predictor-corrector (BPC) method

Ym = eyn + hdf, + hBF (ey, + hdf,) . (2.2.6)

Of course, one can continue this process by substituting the result of
(2.2.6) into the right-hand side of (2.2.4) arriving at P(EC)VE!~" mode,
in which y = 0 indicates that a final evaluation is done before proceeding
to the next block. (Abbas and Delves, 1989) considered this approach
using an explicit Euler predictor and then corrected twice by a trapezoidal
corrector applied in the composition case. This method can be computed

in three steps for each equidistant step pointr = 1,... k as
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0
yf,ﬁr = yn +1thf(ty, yn),

r—1

1 0 0
yI(Hzr = yn+ %f(tn, Yo) +h Zf(thri, yr(,li) + %f(tm—r; yt(pgr)a (2.2.7)
i=1

r—1

2 1 1
Yot = yo+ Bi(ta, yo) + b Y i,y + B, yi):
i=1

With Y given by (2.2.5), method (2.2.7) has P(EC)? form

Yr(r?) = eyp + hafn,
Yl = ey, + hdf, + hBF(YS), s =0,1 (2.2.8)
where
_ - L [ 1 T
| ( . % 5 0 ..
| 13 0
1 ) i ,
€= ’ d= ’ d: . ) B= .
' 1 ....... 1 Lo
I k p -
L L L2 IR B B
While the local error of (2.2.8) has the form
3 (3)
4257 () + o(n?) 2.29)

An other method, a fourth-order block method based on the com-
posite Simpson rule by (Voss and Abbas, 1997), is developed for the so-
lution of ordinary differential equations, like the block scheme based on
the composite trapezoidal rule and its principal error term is linear in the
block size. They consider a block method in which the order is fixed but
the block length may be any value at the cost of increasing the truncation

CITOr.
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The method developed using equation (2.2.5) to predict solutions to
the problem and then applies a corrector in P(EC)E mode.

The method can be written as

YO, = @y +h(ap@DF (YY),
YO = e®ya + h(ABDF(Ys,,), s=0,...,v—1, (22.10)

— T ()
Ym+1 = €1 Ymits

where
_ 0
A, = 2
_O 0O ... ... ... k_

is the (k+1) x (k+ 1) prediction matrix. In connection with the block
methods defined by (2.2.10), the matrix A of the method which was de-
fined by (2.2.8), is given by A = (@), 0 <1i,j <kisthe (k+1) x (k+1)

Runge-Kutta matrix of coefficients, with

00 . 0
1 1
110 .0
1 1
11 0 .0
— |1 1
A=l 11 1 0 .0
1 1
1y 1 1o
1 1
_El lz_
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The aim is to produce a fourth-order block scheme, as far as the
order of accuracy is concerned, if we require a method of order p to
be achieved then, as discussed by (Abbas, 1995), the local truncation
error will normally be of order (kh)P™!, a very high dependence upon
the block length k. For this reason, they construct a fourth-order paral-
lel block predictor-corrector method for the numerical solution for IVP
(2.2.3) based on the composite Simpson rule and in order to attain the
desired accuracy, the matrix of coefficients A in (2.2.10) must satisfy the
following equations forr = 1,2,... k:

Yoy =r , Yjuj=5 . Yieui=z , Yia-= rz 2.2.11)

For k = 4, a solution of the order equation (2.2.11) based on the

composite Simpson rule has Runge-Kutta matrix

00 0 00
319 5 1
8 24 24 24
— 11 4 1
A=133 3 00
39 9 3
g 8 g 38 0
14 2 41
.3 3 3 3 3
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while with k = 10, the corresponding coefficients matrix becomes

(000 0 0000 O0O0O0O
3 19 -5 1
B S L 0000000
1 4 1
141 00000000
3 9 9 3
322 30000000
1 4 2 4 1
14 2 4109000000

11 4 17 9 9 3

A=13 3 2% 5 §3 00000
1 4 2 4 2 4 1
33 3 3 3533 0000
1 4 2 4 17 9 9 3
33 3 3 248 35 3000
1 4 2 4 2 4 2 4 1
33 353 3 35333300
14 2 4 24179093
33 3 3 3 3 24 8 8 8
14 2 4 2 4 2 4 241
. 3 3 3 3 3 3 3 3 3 3 3 ]

Now, with four applications of the corrector, the principal local trun-
cation error of SBPC is that of the corrector. The k™ component of the
principal local truncation error is then given by

K
& = Y(tayx) — ¥(ta) —h ) oujyn; (2.2.12)
j=0
For k even, expansion of (2.2.12) yields

£ = [%" S (P S T k1))

S of 4t 6t (k—2)Y) — K%} v (), (22.13)

72
_KkhS )
—kb’ (tn),

with the same result for k odd. From (2.2.13), the principal error is only

linear in the block size k, and consequently, offers the potential for mas-
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sive parallelism.

The linear stability properties of the block corrector formula (2.2.10)

are determined through application to the test equation
y' = Ay, A <O0.

Letting z = Ah, in the case k = 4 (2.2.10) becomes

1 %Zz 25—42 2142 0 Yn+1 rH—%z
~%z 1—%2 0 0 Y42 1—|—%z
g yn.
—%z —%z 1—- %z 0 Yn+3 1+ %z
i —%z —%z —%z 1—32 | | Ynta | i 1+%Z_
With
19 5 1 T i 3, ]
1 ﬁZ ﬂZ —ﬂz O 1+§Z
4 1 1
—3z 1—3z 0 0 1+3z
Q= : 3 and b= 3 ,
—%z ——g—z 1—%2 0 1+%z
4 2 1 1
| -3z —5z2 —32 1-3z | | 1+32

and using Cramer’s rule, we find that

D,(z
Yot = %ylh r:1727334
where D(z) = det(Q) and D;(z) = det(Q;) and Q;, is obtained from Q by
replacing its i' column by the vector b. Absolute stability then requires
ll)k(z)

D(2) < 1.
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Consequently, the interval of stability of Trapezoidal block predictor-
corrector approaches that of scaled explicit third-order Runge-Kutta
methods which is approximately (lz—ilﬂ,O). Similarly, the interval
of stability of Simpson block predictor-corrector approaches that of

scaled explicit fifth-order Runge-Kutta methods which is approximately
—3.2170
(=%0).
(Abbas, 1996) derived a new block methods of order two and three
for the numerical solution of initial value problems. The coefficients ma-
trix of these methods are chosen such that low powers of the block size

appears in the principal local truncation errors.
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Second order methods

Abbas gave two types of methods to solve (2.2.3), each of which is
second order and applicable for arbitrary block size. For each method he
computed the error constant C%, the coefficients matrix A and interval of
absolute stability (—o,0), when the block size k = 10.
Type I

In this case CX = -% when k is even and Cl?f = — % when k is odd.

The coefficients of the matrix A are given by

(0000000000 O]
72000000000
1200000000
1 5 4 1
;724210000000
71115000000
— |1 5 4 2 4 1
A=|4124241 00000
;111112120000
1 5 4 2 4 2 4 1
26333333000
1111111400
1542424 241
2 6 3 3 3 3 3 3 3 3
| J 1111111114

Note that, increasing the number of corrections is recommended to
obtain good results and better accuracy. The interval of stability of this
method is (—0.2505,0).
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Type I

In this case C§ = — 1. The coefficients of the matrix A are given
by

(00 00O 0O 0000O0]
11 000 0 00000
223200 0 00000
1 ¥ %0 0 00000
Ll 9o 00000

A=|3 %% 1 £ 2 7 00000],
11223 1 L0000
121 32 2 11000
111 873 4 11400
111 3 3 2 1111lo
IR IR

and the interval of stability of the method is (—0.2512,0). In general, for
the ki processor there are k + 1 coefficients; we choose og g = 0 = %

and (k —4) coefficients to have value 1.
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Third order methods
Type I

An interesting fact, associated with the principal error term C13‘ =0,
leads to a third order method. In the case of p = 3 and k = 10 with

ck = % the matrix A is given by

1
]

000 0O0O000O0O0O
53533 0 0000000
133 00000000
1232 L 0000000
1322 2 1000000
A=| 53 1 T 2L 100000,
;1 3 2 2 1Lloo0o0o0
;15 23111000
;11 3 2 r11too
;11 3 311140
RRIEEREEE E RN

where the coefficients of the matrix A satisfy the first three order equa-

tions (1.4.4) and the interval of absolute stability is (—0.2785,0).
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Type 11

An interesting choice of finding the coefficients of the matrix
A when p = 3 is C} = rmax(|C}|,|C}|) = & where |C}| = 5; and
|C3| = 0, which are the error terms for r = 1 and 2, respectively. The

coefficients of the matrix A are given by

(000 0 0000000
2210 0000000
13441 00000000
133 L ooooo0o00
22771000000
A=L11 L 2L 100000
b1 i i iito0000
11283111000
;11 53531500
111 s b1 to
2 11 1 g 55111 3]
The error term constant C¥ = 2—1; and the interval of absolute stabil-

ity is approximately (—0.2785,0).

So, as you seen, the author have investigated some second and third
order block methods in this research, which can be utilize an arbitrary
number of concurrent processors. It is shown that particular schemes can
be derived whose principal error terms are relatively “small” functions
of the block size while not deteriorating the interval of absolute stability.

This allows a modest increase in parallelism over similar order methods.
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Similar approaches have been considered by (Franklin, 1978), (Birta
and Abou-Rabia, 1987), who have constructed block methods based on
equidistant points, while (Mouney, Authi and Gayraud, 1991), have im-
plemented an eight-point method of Birta and Abou-Rabia on a network
of 32 transputers. Furthermore, (Chu and Hamilton, 1987), have con-
structed a two-block PECE method of order 4. However, its stability
properties are inferior to those associated with the standard PECE ap-
proach based on the Adams methods of order 4 and 5. A different ap-
proach was adopted by (Miranker and Liniger, 1967), and later refined by
Katz, (Franklin and Sen, 1977), in which predictions and higher correc-
tions at past points move forward simultaneously in a diagonal wavefront.

So, the underlying feature of the traditional block method is that
each application of the method generates a collection of equally spaced
approximations to the solution. Block methods can be one-step as we
have seen before in nature in which the values in a new block depend only
on the last values in the preceding block or have a multi-block format in
which the values depend on information from the previous blocks and

thats what I am going to talk about.

2.3 Multi-block methods

A multi-block method is one in which several blocks of points
are considered simultaneously. Methods of this type are considered by
(Moody and Hans, 1987), and are described as k-block, r-points method.
Time is divided into a series of blocks with each block containing r steps
at which solutions to differential systems are to be found. The computa-

tion proceeds in blocks and is based on the computed values at the earlier
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k blocks.

Let xx = Xo + kh and yy represents a numerical approximation to
the exact solution y(xx) and fy = f(x,yx). Denote the block number by
m=0,1,2,... and r the block size. Let Yy, and F;, be vectors defined by

Ym = [YHa}’nJrla---aynJrr—l }T

Fn = [fnafn+1,--- i P ]T

then the general k-block, r-point method is a matrix finite difference equa-

tion of the form

k k
Ym = Y, AiYny i +h) BiFy; (2.3.1)
i=1 i=0

where the A’s and B’s are chosen to satisfy basic accuracy and the zero-
stability. Note that when r = 1, then (2.3.1) is just the classical k-step
method, and we say the method is explicit if By = 0; otherwise it is im-
plicit. The analogies of predictor-corrector modes for multi-block meth-
ods are given in “Parallel solution of ODEs by multi-block methods” by
(Moody and Hans, 1987). Then the P(EC)'E mode, for example, is given
by

P: Y,(I?) :ZA* +hZB1 m1’
i=1
T
E: Ffﬁ) = [f(Xn,Yr(l))a- f(Xn+r l)yr(ll)r 1)] ’

k
c: Yyt = ZAYm 1+hZBFm .+ hBoEY fors =0,....t—1,
i=1 i=1

T
E: FI(;) Xn,yn y e af(xn-i-r"l’yr(\lrfl)} ’

where the mark ” * " denotes to the predicted values.
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It 1s noted that for economical purposes, one should use a corrector
in which each component has equal or one order higher accuracy than the
predictor. Here the local truncation error of PECE mode is equal to the
order of the corrector.

Finally, after we have seen these different block methods in the lit-
erature I noticed that
* Previous studies provided criteria and guidelines both for solving ini-
tial value problems.

* Provided the knowledge level and informations to suggest a new
method with higher order for solving IVP’s.
* Most of these methods of order two, three and four.

I would like to say that I am going to work on my own fifth order
block predictor-corrector method which is new method and I will show
every thing about local truncation error, stability analysis and my results

in details.
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CHAPTER 3
METHODOLOGY:

FIFTH ORDER BLOCK METHOD

3.1 Introduction

In this chapter, we describe a new fifth order method using a fixed

step-size to solve ordinary differential equations defined by

y,: f(xay>7 Y(XO) = Yo, X0 S X S Xend (311)

using one-step block methods, defined in general as

Yntr0 = Yo + thy) (3.1.2)

k
Yarrstl = Yo +hY Gyhie r=12,...k; s=0,1,2,3,4. (3.1.3)
j=0

We shall give a method to solve (3.1.1), which is fifth-order and
applicable for arbitrary block length k. For our fifth-order method we

compute the local truncation error and give a stability analysis.

3.2 Derivation of a fifth order method

The requirement that the method be fifth order for any block length
k complicates the search for good method. Our aim was to produce fifth
order method which might be very efficient to implement. As far as order
of the accuracy and the stability are concerned, if we require a method
of order S to be achieved then the local truncation error will normally be

of order k" 'h**! which is a very high dependence upon the block length
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k. We seek some methods where the local truncation errors have a lower
power of k, as example, k*h**1, but then over experience with order 2
methods suggests that the stability problem will be possibly serious.

Therefore, we consider the fifth order method

Yntrs+l = Yn +h(Gr0Yn + 01 Ynis + G2Ynias (3.2.1)
+ 03 Yny3s T 0raYnig);
r=1,2,....k; s=0,1,2,3,4.

Note that the method will be fifth order if the coefficients of the

method satisfy the five characteristic polynomials, which are given as:

K k 2 ko 3
Zar,j =r , Zjar,j =7 > Zj Orj = 7
=0 i=0 i=0

4

k k 5
Bo: = a4, T
and j;’)J Oj = 7 jgj %j =% ; r=12..k (3.2.2)

Therefore the coefficients of the method is given by

0o = ﬁrs - %r‘*—% 3—;9 — §r2+r

O = —350 + a1 — B 421

ar,2 = 5161'5 — %IA + %13 . %1’2

or,3 = —%r5+%r4_ %r3+%rz

ard = gor’ — it + 50— g =12,k

After that, we shall give the values of the coefficients for r =
1,2,3,...,10, as follows:
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Whenr = 1:

ao = 251/720
01 = 323/360
o, = —11/30
a3 = 53/360

o4 = —19/720

¥

Whenr = 2:
0o = 29/90
01 = 62/45
0y = 4/15
03 = 2/45
04 = —1/90
When r = 3:
a0 = 27/80
031 = 51/40
032 — 9/10
033 = 21/40
034 = —3/80
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Whenr = 4:

040 = 14/45
041 = 64/45
042 — 8/15
043 = 64/45
QK44 — 14/45
Whenr = 5:

Os0 = 95/144
051 = —25/72
05> = 25/6
053 = —175/72
Us54 = 425/144
Whenr = 6:

0o = 33/10
061 = —66/5
o2 = 144/5
O3 = —126/5
04 = 123/10
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Whenr = 7;

070 = 9107/720
071 = —20629/360

)

7o = 3283/30

073 = —33859/360
074 = 26117/720

Whenr = §&:

00 = 1648/45
01 = —7552/45
o, = 4576/15
og3 = —11392/45
04 = 3928/45

Whenr = 9:

oo = 7011/80
o1 = —15957/40
oo = 7047/10

0oz = —22707/40
Qo4 = 14661/80
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10. Whenr = 10:

o100 = 3305/18
00,1 = —7450/9
002 = 4300/3
003 = —10150/9
004 = 6275/18

Hence,

Yn—l—r,s+l = ¥n + h (ar,Oy;l + ar,IY;H—l,s + ar,ZY:hLZ,s + ar,3 y:‘1+3,s
+ CaYnias): r=1,2,...,10; s=0,1,2,3,4.

is equivalent to

Yot Ya 251/720  323/360  —11/30  53/360 ~19/720
Yni2 Ya 29/90 62/45 4/15 2/45 ~1/90
Ynt3 Yn 27/80 51/40 9/10 21/40 ~3/80 y
Yntd Yn 14/45 64/45 8/15 64/45 14/45 y "
Sars | _| o || 95144 —25/72 25/6 —175/72  425/144 y/"“
Ynt6 Yn 33/10 —66/5 144/5 —126/5 123/10 nt2
Yot 7 Yn 9107/720 —20629/360 3283/30 —33859/360 26117/720 Y e
Ynig Ya 1648/45  —7552/45  4576/15 —11392/45  3928/45 Y4
Yo Yn 7011/80  —15957/40 7047/10 —22707/40  14661/80
Ynt10 Yn 3305/18  —7450/9  4300/3  —10150/9  6275/18
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Now, we would give the formulae of the method when k = 5 and 10.
1.  When k = 5, the formulae are

Ynt1 = ¥n +h [%y; + %Y;H - ;,_(I)Y:wz + ‘3%%3’4&3 - %y;+4}

Yn+2 = yan+h| %% n+ %y;‘l-i-l + %Y;H + %Y;HS - —91—0y;+4]

Yni3 = Yo+ D [ Zyn+ myni+ Ve + BVhis — 5 Vma]  (323)
Yara = Yo+ h [Zyh+ Byio + Syho + BYhe + Hynea ]

Ynis = Yn+h[1gyn— Byt + 2Yno — Byns + 18 Ynia]

2. When k = 10, the formulae are

Yot1 = ¥n +h [%y; + %y;m - é_(l)y;wrz + 3%)’?&3 - %thut]

Yni2 = Yn+h [ yn+ &yl + Syhe + a5 Yn43 — o5 Ynid )

Yots = Yo+ h [Z5yn + 35Yne1 T 10Yhi2 + 0Yhe3 — 9 Ynie )

Yord = Yo +h [ FFyn+ Byio + Syho+ Syhs - Byia]

Yors = Yo +h [ fgYn — Byn + 2ymo— Byea + Byl ] G249

Ynt6 = ¥n +h [%y; - %QYQH + %y;ﬂtz - %6)’;% + %YSM}

yar1 = Yo +h [ yy — By + By, — B8yl s+ Byl ]

Yot = yn +h [ 198y — BXyl 4 80y By g 38y L]

Ynt9 = Yo +h [lg(])—]}’; - 154—9057}’1&1 + %‘)7)’%2 - %y;% + %ygﬁ}
3305 7450 1 4300 1 10150 6275 .1

Ynt10 = ¥Yn +h [—g}’; = 5 Ynit T Y2 — 5 Vs + o8 Ynia ]

3.3 Principal local truncation error

The ' component of local truncation error of (3.2.1) is given by

& = Ynirstl — Yn — D (Oko¥y + 01 Yny s+ 2V nios (3.3.1)
+ &3 y;1+3,s + a'r,4y;1+4,s)
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where yy4r = y(Xn4r) denotes the exact value of the solution at X, .
& can be expressed as a power series in h, and the remained term of
Taylor’s series expansion used to derive &.

Therefore, the k™ component of local truncation error of (3.2.1) is

given by:

/ / /
& = Yn+ks+1 — Yn — h (ak,OYn + O, 1 Ynt1s + 02 Ynt2,s
/ /
+ Ok 3Yni3s T M daYnias)

where

ak,() — 1 k5 k4 + ’:;5 k3 22k2_|_k

120
Ok = —ak + ék“ - B + 212
O = 2_1Ok5 k4Jr 19k3 3k2
O3 = —k + Lk — 2K + 2K
Ohs = 120k5 k4 + %11(3 k2

and using Taylor series:

Yotk = Y(Xn4k) = Y(Xn+kh)

=y<xn>+<kh>y<xn> (B2 7 () + K g7 ()
+ BT v () 4 B2 () 4 S0 ik ) 4 o)
Yool = y(xn+h>-—y<xn>+hy (x >+ 2y'"<xn>+%y“<xn>

+ 5y (n) + 5y (xa) + O(R)

43



/—\

Yiez = ¥/ (xa+2h) = y/(xa) + (20)y"(xa) + By (x0)
+ @y () + By () + @%?y“(xn) + O(h®)
3h)y" (xa) + SEy" (xa)
) + S y(xa) + O(1)
4h)y" (xn) + G5y (x)
xn)+— “(x,) + O(h%)

y
Ynis = ¥ (xa+3h) = y'(xa) +

y;+4 = Y/(Xn+4h) =Yy (Xn) +

3 . 4
+ SEy ) + Sy

we get

g = y(xa) + (k0)y/(xn) + By (x,) 4 K2y y 4 B giv
+ 7 9% (xa) + B0 Vi) + O() = y(xa) — h a0 ¥ (x)
—honr (y(xa) +hy"(xa) + 2y (xa) + B3V (xy)

+ 5y (%) + 5 yY(xa) + O(0%) ) — hoas (¥ (xn)

+(2h) y" (xn) + By (xe) + By () + @ yv(x,)

+ @ ix,) + O(h®) ) — hars (y/(xa) + (3h) y" (xa)

1+ B0 ) 4+ By () 4 By, <5. y“<xn>
+0(h°%)) —haa (y'(xa) + (4h) y" (xn) + B2y (x,)

4
+ GO v () G0 yvix) 4+ B Vi 4+ O(hS) )
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Therefore,

& = (k— 0o — 01 — o — O3 — O ) hy'(xq)
-+ ( 15—2, — ak,l — 2ak,2 — 3051(73 — 4ock,4) h2 y”(Xn)
+ ( 1§—3. — %ak,l — 2042 — %Otka — 84 ) h® y” (xn)
+ ( IZ—T — § 01 — 30 — 503 — 2 o4 ) h* ¥ (xa)
+ ( 1§—5y — 301 — oo — oy — Zogs) by (xy)
+ ( -lé—? - ﬁ Ox1 — % Ok — ﬁ—(]) O3 — % O 4 ) h6YVi(Xn)
+ O(h")

g = K (73gk* — &K + &k — 2k + & ) bSy¥ = O(k*h®)
Then we can express € as:
[%hﬁyy, %hﬁyxi, %héyxi Ve %‘fhﬁygi, S (7—;0k4—616k3+97—6k2— 3—56—k+ %) 116ygi}T

forr=1,2,3, ..., k. So, the local errors of our method (3.2.1) estimated

depend on k®hS. The global errors of this method is of order k>hS.

3.4 Stability analysis

The following analysis is carried out according to the stability of
a fixed step size studied in “A stable block implicit methods” by (Watts
and Shampine, 1972). To discuss the stability of this block method “fifth
order method”, we will check the cases when k = 5 and k = 10.

So, firstly we apply this method when k = 5;

Yntrst+1 = Yn + h (ar,Oy; + ar,1Y;1+1,s + ar,ZY;H—Z,s + 03 y;1+3,s
+ aypias); r=1,2,...,5; $=0,1,2,3,4.
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Now, apply the method to the test equation y’ = Ay, and let H = Ah,
we get

Yotr = Yo + H(GoYn + O 1¥n+1 + O 2Yni2 + e 3Yni3 + 06 aYnta);

r=1,2,...,5.
Hence,
_ 251 323 11 53 19
Ynrt = Yn + H [ 350 + 560Yn+1 — 55¥n+2 + 3g5Ynt3 — 755Yn+4 |

Yni2 = Yn + H [ 3yn + $Z¥nt1 + 15Yn42 + ZYn43 — g55Ynts |

— 14 64 8 64 14
Yn+4 = Yo +H | 75¥n + 5Yn+1 + {5¥n+2 + 503 + zg}’n+4}
175

25 25 425
12aYn — 7 Yn+1 T EYnt2 — 55 Yn+3 T+ 14_4Yn+4}

Yar3 = ¥n+H | %Yn + %Ynﬂ + %Yn+2 + 30yn43 — %}’n+4}
Yn4s = yn + H [

Then the general form when k = 5 of this method in this represen-
tation is given by:

1-32H MH -2H  2H 0 [yan 1+ 2IH
-8y 1-4H -2ZH  LH 0 ||y 1+ %H
—2lH  —&H 1-ZH SH 0 [|yas | =] 1+EH |ya G41)
¢ -8 -8H 1-2H 0 ||y 1+ 32H
ZH -ZH  PH -{5H 1) \yais 1+ 24H
Let
(1-3gH  FH —gH  J5H 0 (14 55H
-2y 1-4AH -ZH  &£H 0 1+ 52H
A= -2l —-ZH 1-%H oH 0 |andB=| 1+ZH
~%g -im -%m 1-Huo 1+XH
\ B -3m BH Em ) L+ 25H )
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Now, let us define q(H), gx(H) by
q(H) = det(A) and qx(H) = det(Ay)

where A, is the matrix A with the r' column replaced by the vector B.

Using the above definitions and Cramer’s rule in (3.2.2), we find that

qr(H
Vnir = %H;yn, r=1,2,...,k;

where q(H) and q,(H) are polynomials with degree k and it is necessary
that A to be invertible for all H.
Forn=mk, m=0,1,2,...,
we have
«(H H) 1™
e = | Sy | [ S| oAk
Hence, the block method is said to be A-stable if and only if

H
Gk (H) ‘ < 1forall H, Re(H) < 0.
q(H)
Therefore, in the case when k = 5, q(H) for the above scheme (3.4.1) is
given by
323 11 53 19
1—355 woH  —3gH H 0
62 4 2 1
—2zH 1-H  —&ZH ooH O
qH) = | —3FH —FH 1-FH  FH 0
64 8 64 14
25 25 175 425
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q(H) = _§H “%H _fH iﬁH
—pf —H 1-%H  gH
~%H —£H -%H 1-3H

The four cofactors for q(H) are:

4 2 1
qVH) = (1-38H)| -0 1-2%H  2H

8 64 14

—-sH  —3H 1—-3:H

_ 323 397 73 2 _ 13
= (1 —-355H)(1 - 55H+ 50H" — 5H”)

360 180
323 114
+ Tosoo H
62 2 1
-5H —H  gH
2
q®(H) = (—%H)| 30 1-2H 2H
64 64 14

= (-pH)(-GH+ Y - £H)
= gH - gH + 2
—H 1-H o gH
qVH) = (-~ 3pH)| -%H  —ZH
~¥y 8 1-1H
= (~30H)(5H — HH +3H)
= —asoH — g0 H’ + 10 H'
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62 4

~9H 1-4H

qV(H) = (—i5H)| -H —HH
64 8

1 Y ¢

76 132 19 14
2025 H o751

76 113
+ 2025 H” + 675

(— 1)~ g1 — g1

Also the qs(H) for the above scheme (3.4.1) is given by

323 11 53 19 251
—355H oH  —35H ol 1+ 55;H
62 4 2 1 29
—H 1-H  —5H ggH 1+5H
— 51 9 21 3 27
-%H - H -%H 1-¥H 1+1H
25 25 175 425 95
»H  —%H 7H —igH 1+ H
The five cofactors for qs(H) are:
4 2 1 29
1-4H -ZH LH 1+2H
(1) 323 —1oH 1-3H gl 1+5H
a5 () = (1= 3H) Sy 14y 144y
T1i50 Tt LT T35
25 175 425 95
_ 323 191 31 112 659 113 13 114
= (l—55H)(1+ mH+HH + FH + 5HY)
_ 241 31 323191 \ g2 659 _ 323 31 \pp3
l+=5H+ (5 —356 % )H + (3% — 35 % )H
13 323 659 4 4199 115
+ (12~ 30 180 ) H — 5 H
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62 2 1 29
-8y -ZH  LAH 1+2H
51 21 3 27
- 1-2H  2H 1+ZH
64 64 14 14
-8y -%H 1-UH 1+U4H

25 175 425 95
»H 7 H —gH 1+35H

_ 11 69 32 L 33 1y
PHY - DH — LHY + OH

62 4 1 29
—EH 1-— BH %H 1+ 9—0H
51 9 3 27
-EH _EH EEH 1+ @H
64 8 14 14
_EH _BH 1-— EH 1+ EH

25 25 425 95

VH) = (-2 H)

= (—%H)(%HZ—%H3—;{H“+§H)

_ __ 3869 yy2 _ 1537 113 583 114 53 115
_ 16200H 16200H + 7200H + 1440H

62 4 2 29
~92H 1-AH -ZH 1+2H
51 9 21 27
ds ( ) o ( ) 64H 8H 64H 1 14H
T4t TIH T T35

25 25 175 95
sH —<H —H 14 {H

19 68 113 1174 27 112 637
—pH)( -3 H — 3H — HH” — 55H)

19 637 \p2 . ST p3 L 323 g4 L 19 115
= (755360 VH" + 500 H" + gi50 H" + 3750 H
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62 4 2
51 9 21 3

) B )51 —mH _EH 1-— EH =H

ds (H) = (1+WH) _ 64y 8 H —%H 1—4Hg

45 15 45
= (1+25H)(5H* - 3H + €1 - ZH)
= —ZH+ (- &5 )1+ 18y + Yoy

+ 2

Therefore, the polynomials q(H) and qs)(H) are
qH) = 1 —2H + JH> - 2K’ + 1H*

gs(H) = 1+3H+ UH? + By’ 4 BTyt 4 5o

Hence, the amplification factor is

gs(H)| _
q(H)
which is less than one for all H € (—2.32688,0). So, the method is
A-stable for all H € (—2.32688,0). Then the method is A-stable when
k=>5.

1+3H+ JH?+ L@ + Bigt 4 g
1-2H+ JH2 - W3 + 1p¢
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Similarly, apply the system (3.2.4) when k = 10 to the test equation,

we get

323
— 360H

62
!

~%H
—%H
ZH
SH

7552
45 H

15457
“ H

7450
5 H

q(H)

q(H)

1 9
$H -3ZH »H 0 0 0 0
4 2 1
1-£H - ZH awH 0 0 0 0
9 21
-H 1-ZH &H 0 0 0 0
&4 14
-&H  —H%H 1-3H 0 0 0 0
75 42
-2 BH -2H 1 0 0 0
144 126 3
-%H  BH -2ZH 0 1 0 0
33859 26117
W%H 360H _720H 0010
4576 11392 928
-8FfH UPEH -EZH 0 0 0 1
7047 22707 14661
-0 20 M8y o 9 0 0
4300 10150 6275
-80y W0y _828H 0 0 0 0
Therefore, q(H) is given by
323 11 _ 53
I=5gH  3H  —36H
62 4 2
—H 1—-H +sH
51 9 21
—pH oH 1—5H
04 3 64
—gsH 1sH sH
25 25 175
_ »H  -gH 7H
66 144 126
sH —-5H  5H
20629 3283 33859
360 H 30 H 360 H
7552 4576 11392
s H —S3H S5H
15457 7047 22707
7 H o H 3 H
7450 4300 10150
5 H 3 H g H
323 1 23
I—36H 30H 36011
62 4 2
_ —3H 1—1H izH
51 9 21
—s0H oH 1-5H
64 8 64
—sH —H —5H

52

Yn+ 1
Yn+2
Yn+3
Ynt4
Yn+s
Yn+6
Yn+7
Yn+8
Yn+9

S = O O O O O O o O
- 0 O O O 0O 0o o o O

Yn+10

|
5
W
an
O O 0 o0 o ~ 0o o o o

S O O O =, O O O O O
o O o = O O O O O O
S O = O O O O O o O

1+ ZlH
1+ 2H
1+ ZH
1+ #H
1+2H
1+ 3H
1+ 20H
1+ &8y
1+ 21y
1+ 3PH

S = O O O O O O O O
—_ o O O O O O O O O

Yn
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q(H) =

q(H) =

(1-32H)(1 - $H+ {HH — 1)
+(—gH)(-SH+ Y1 - AH
+ (-2 H)(5H - 3H 4+ 31H)
+ (- H)(— 81 - 81> - %H)
1-2H+ 10> - 30° + 1H*

Also, qi0(H) is given by

qio(H) =

qio(H) =

1-32 OH -2H SH 00 0 0
-%H 1-4H -2H &H 0 0 00
-3H  —-3H 1-3%H &H 00 00
-4 - H -%H 1-¥H 00 0 0O
ZH -ZH LPH -#2H 100 0
g ¥ g -y o1 0 0
WOH 3B BPH -ZBWH 0 0 1 0
B2H -8PH B2 -3BH 0 0 0 1
B -1 20H -X8H 0 0 0 0
BOH -¥0H 0 -%BH 0 0 0 0

-2y UH -2H  LDH 1+ZH

62 4 2 1 29
_BH I—EH —45H —90H 1+9—0H
51 9 21 3 27
64 8 64 14 14
_EH *ISH —45H 1——45H 1+45H

4300 10150 6275 3305
-3 H TgH —SH 1+ 55°H

53

- O O O O O o o o

)

1+ 2H
1+2ZH
1+ZH
1+ 32H
1+ 25 H
1+32H
1+ 29 H
1+ 1681
1+ 81H
1+ 3%H




The five cofactors for q;0(H) are:

4 2 1 29
1-— ﬁH —4—5H %H 1+ 30 H
9 21 3 27
—=H 1—-%H =H 1+ %5 H
G = (1 5FH) Yo Gy g
_EH ——;GH 1— 4—5H 1+ EH
40y 1010y 625y g 305y
— ( 1 . gégH )( 1 + 33467H 5392 H2 + 3164033 H3 _+_ 238H4 )
7522 5392 323 33467 2 31433 323 5392 3
= 1+ 5°H - (5= + 55 JH” + (55~ + 55075~ )H
323 31433 4 38437 115
+ (238 — 556 JH — ;0 H
62 2 1 29
~2H -2ZH AH 1+2H
51 21 3 27
(Z)H _(_uy _EH I—EH %H 1+@H
ql()( ) o ( 30 ) 64H 64H 1 H 1 14 H
—is Tt 1T T3
7450H 10150H 6275H 14 3305H
o ﬂ 37312 832 2 10688 113 448 ¢14
— (—Mp)(-3l2y g SRp2 10683 Msp
_ 205216 ¢y2 4576 3 58784 yy4 2464 5
- 675 H H 675 H" + H
62 4 1 29
~2H 1-AH  AH 1+2H
51 9 3 27
(3) 0 - 3 _EH —mH @H 1+8 H
qu( ) — ( 360 ) 64H SH 1 14H 1 14 H
—i T LT E T
E(_)_H _43OOH __6275H 14+ 3305H
_ ( %5630 H )( 24794 H2 6223 H3 98 H4 + 293864059 H)
_ 53 298459 2 53 24794 3
- 360 360 )H ( 360 45 )H
53 6223 4 2597 115
+ (360 60 JH + 55 H
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62 4 2 2
51 9 21 27
alf(H) = (—gm)| o Ton LT R
10 720 _ 64y —%H —%H 1+ %H

7450 4300 10150 3305
M0y 4800y 10150y 1 3305y

= (- H)(— SR o2mt - S0P — e
_ 13129yp2 | 21869H3_’_§@H4+24_656H5

600 600 300
62 4 2 1
—4sH 1—3H  —3H g1l
51 9 21 3
(5) 5147y —2oH —pH 1-7H soH
o (H) = (1 +55H)| 8 64 14
~%H  -3H  -%H 1-4H
7450 4300 10150 6275
g H —=5~H —=H —>=H
= (1+ BH)(1120H* — 19401 + 1BI0y2 _ 740
_ 7450 17510 251 7450 2
= - H+ (5~ — 55 5)H
o ( 1940 — % . 17310 )H3 + 1539673 H4 4+ %HS

Therefore,
quo(H) = 1+8H+ 1 H? + Z0H’ + 182714 4 25017
Hence, the amplification factor is

1+ 8H + 127H? 4 2013 + 16274 4 05015
1—2H+ 7H2 — 3H3 4 1H#

qi10(H) l _
q(H)

for all H € (—0.47767,0).
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So, the method is A-stable for all H € (—0.47767,0), which means
that the method is A-stable when k = 10. In general, as the block length
increases, the stability bounds decreases. Note that the stability analysis

depends only on the Corrector formula.
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CHAPTER 4
NUMERICAL RESULTS

4.1 Description of the algorithm

In this chapter we present the experimental results of our block
method which is mentioned in chapter 3. We shall first present the imple-
mentation of the block method, using the Euler’s formula as a predictor
and block method where the block length is equal five as a corrector for-
mula. This method can be computed in three steps for each equidistant
step point r = 1,2,3,4,5 and the mode P(EC)5 which will be used is de-

scribed as follows:

P! ¥ntr0 = yn+r1h y;

Fori=1—75

/
Yotrs T f(xn+r)}’n+r s)
. _ 251 1 | 323 11, 53 1 19
C: Yntis+1 = Yyn+h (720 Yn T 360 Yn+1ls ~ 30Yn+2s T 360 Yn+3s — myn+4,s)

29 .,/ 62 l 4 ! 2 ./ 1!
90 Yn 45 yn+1 s ﬁyH+2,s + EYnJr—S,s - %Yn+4,s)

27 ! 9 o/ 21 ,/ 37
80 Yo+ 40 yﬂ—H,s + ﬁyn+2,s + 4_OYn+3,s - %yn+4,s)

14 _ 7 64/

Yni2s+1 = Yo +h (
Yntdstl = Yn + b ( 5yn S Ymiis + 5 Yni2s T S ynias + B Yhias)

Yni3,5+1 = ¥Yn +h

_ 95 25 1 25 ./ 175 ,/ 425 1
Yntss+1 = Yo +h ({30 — 7 Yotls T € Ynt2s = 72 Yni3s T m}’n+4,s)

s =0,1,2,3,4.

End loop,

where n initially takes the value zero, then increases by the value of 5
until the end of the number of steps.

First, the above algorithm computes the predicted values y,. ,
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Yn+2 > Yn+3 » Yn+4 and yp1 5. Note that the algorithm is implemented using
computer language C++. Second, the algorithm computes the function
evaluations, f(Xp+r, Ynir), r = 1,2,3,4. Finally, the algorithm computes
the corrected values y; 1, y;r 55 - Yois Lhe algorithm is written in

computer language C++ using the following test problems.

4.2 Test problems

In this section we present four select test problems given by:
Problem (i):

The analytic solution is y = e*.
Problem (ii):
We use the following problem in “Two fortran packages for assess-

ing initial value methods” by (Enright and Pryce, 1987),
y'=-vy/2, y0)=1, 0<x<1

1
VXF1

The analytic solution is y =
Problem (iii):

y'=xy, y0)=1  0<x<I
The analytic solutionis y = ¥ /2,
Problem (iv):

y'=x+y, y(0)=1, 0<x<1

The analytic solutionisy = —x — 1+ 2¢e*.
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Using the above first test problem with h = 0.01, the above algorithm
1s written in computer language C++ as follows:
#include<iostream>
#include<cmath>
#include<iomanip>
using namespace std;
int main ()

{

double h=0.01, x[101], yp[101], yc[101], d[101];
x[0]=0;

yp[0]=1.0;

yc[0]=1.0;

d[0]=1.0;

cout<< "all valuable of x from O to 100" <<endl;
for (int i=0; 1<101; i++)

{

X[1]=1xh;

cout<<"x"<<i<<"="<<x][1]<<endl; // compute Xg,X1,X2, . ..,X100
}

for (int n=0; n<96; n=n+15)

{

for (int r=1; r<6; r+-+)

yp[n+r]=yc[n}+r+hxd[n]; /I compute the predicted values

for (int j=1; j<=5; j++)

{

for (int i=1; i<6; i++)
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{

if j == 1) d[n+i]=yp[n-+i]; // compute the function evaluation
else d[n+i]=yc[n+i]; //incasey’' =y

}

yc[n—+1]=yc[n]+h*((251.0/720)*d[n]+(323.0/360)*d[n+1]
—(11.0/30)*d[n+2]+(53.0/360)+d[n+3]—(19.0/720)*d[n+4]);
yc[n+2]=yc[n]+h*((29.0/90)*d[n]+(62.0/45)*d[n+1]
+(4.0/15)*d[n+2]4-(2.0/45)*d[n+3]—(1.0/90)*d[n+4]);
ye[n+-3]=yc[n]+h*((27.0/80)+d[n]+(51.0/40)*d[n+1]
+(9.0/10)*d[n+2]+(21.0/40)*d[n+3]—(3.0/80)*d[n+4]);
yc[n+4]=yc[n]+hx*((14.0/45)+d[n]+4(64.0/45)*d[n+1]
+(8.0/15)*d[n+2]4-(64.0/45)+d[n+3]+(14.0/45)*d[n+4]);
yc[n+5]=yc[n]+hx((95.0/144)«d[n]—(25.0/72)*d[n+1]
+(25.0/6)*d[n+2]—(175.0/72)*d[n+3]+(425.0/144)xd[n+4]);
/I compute the corrected values

if j ==15) d[n+1]=yc[n+1];

if G ==5) d[n+2]=yc[n+2];

if § == 35) d[n+3]=yc[n+3];

if j == 5) d[n+4]=yc[n+4];

if (j ==5) d[n+5]=yc[n+3];

}

}

cout<<<"all valuable of y from 0 to 100" <<endl,
for (int r=0; r<101; r++)
{

cout<< fixed <<showpoint<<setprecision(16);
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cout<<"y"<<r<<"="<<yc[r]<<endl; // compute yo,¥1,y2,---,Y100

}
cout<<"The exact solution = 2.7182818284590451"<<endlI;

cout<<"Error = "<<2.7182818284590451—yc[100]<<endl,
system("PAUSE");
return O;

}

For the remaining programming of the other test problems with each step-

size h (see appendices A — D).

4.3 Computational results

The following tables show the experimental results for the above test
problems and the accuracy of the solution which is measured by com-
puting the differences between the approximation solution and the exact

solution at the end of the steps.

Table (4.3.1)
Block method results using test problem (i)

Step-size h Computed solution Accuracy
0.01 2.7182818284339207 2.51 x 10~
0.001 2.7182818284590464 1.30 x 1071
0.0001 2.7182818284590429 220x 1071

The exact solution is y = e*

The exact solution at x = 1:
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y(1) = el = 2.7182818284590451

Table (4.3.2)
Block method results using test problem (ii)
Step-size h Computed solution Accuracy
0.01 0.70710678109597458 9.1 x 10~
0.001 0.70710678118654646 1.0 x 1015
0.0001 0.70710678118654713 3.3x 10716

The exact solutionisy = 1/v/x+1
The exact solution at x = 1:
y(1) = 1/4/2 = 0.70710678118654746

Table (4.3.3)
Block method results using test problem (iii)
Step-size h Computed solution Accuracy
0.01 1.6487212703448912 3.55x 10719
0.001 1.6487212707001244 3.80 x 10713
0.0001 1.6487212707001289 7.00 x 10716

. . 2
The exact solution is y = e*/

2

The exact solution at x = 1:
y(1) = e!/? = 1.6487212707001282
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Table (4.3.4)
Block method results using test problem (iv)

Step-size h Computed solution Accuracy
0.01 3.4365636568678393 5.0x 1011
0.001 3.4365636569180902 4.0x 10716
0.0001 3.4365636569180955 49x10°15
The exact solutionisy = —x —142¢*

The exact solution at x = 1:
y(1) = —1—1+2e! = 3.4365636569180906

4.4 Comparison with a Runge-Kutta method of the

same order

In this section we compare the experimental results which was ob-
tained by our block method (with block length = 5) and the following
fifth order Runge-Kutta method given by (Luther and Konen, 1965),

Yol = Yo+ (23k; + 125k, — 81ks + 125kg) /192
ki = hf(xn,yn)
ky = hf(xa+h/3, yn+ki/3)
ks = hf(x,+2h/5, yn + (4k; +6kz2)/25)
ks = hf(xn+h, yn+ (ki — 12ky + 15k3)/4)
(
(

W
(¥,
I

hf(xo +2h/3, yn + (6k; +90k; — 50k + 8k4)/81)
= hf(xa +4h/5, yo + (6k; + 36k, + 10ks + 8k4)/75)

o
N
|
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The results from Runge-Kutta method using the above four test
problems obtained from the following C++ programme:
#include<iostream>
#include<cmath>
#include<iomanip>
using namespace std;
double F(double x, double y, int TestProblem) // Test differential equations
{
if (TestProblem == 1)
return y;
if (TestProblem == 2)
return — 1xpow(y,3.0)/2;
if (TestProblem == 3)
return Xy,
if (TestProblem == 4)
return X+,

}

int main( )

{

double K1,K2,K3,K4,K5,K6;

for (int i=1; i<=4; i++) // 1 18 the number of DE

{

cout<<"solution of equation "<<i<<" ="<<endl;

for (int j=2; j<=4; j++) // to manage the step size
{

double h=pow(0.1,j);
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int n=0;

double x[10001], y[10001];

x[0]=0, y[0]=1;

for (n=0; n<1/h; n++)

{

K1=h*F(x[n],y[n],1);

K2=hxF(x[n]+h/3.0,y[n]+K1/3.0,i);
K3=h«F(x[n]+(2.0%h/5),y[n]+(4.0+K1-+6.0+K2)/25.i);
K4=h+F(x[n]+h,y[n]+(K1—12.0xK2+15.0«K3)/4,i);
KS5=h*F(x[n]+(2.0%h/3),y[n]+(6.0xK1+90.0sK2—50.0xK3+8.0xK4)/81,i);
K6=h*F(x[n]+(4.0xh/5),y[n]+(6.0xK1+36.0xK2+10.0«K3+4-8.0xK4)/75,1);
y[n+1]=y[n]+(23.0sK1+4125.0xK2—81.0xK5+125.0xK6)/192;
X[n+1]=x[n]+h;

}

cout<<fixed <<showpoint<<setprecision(6);

cout<<y[n]<<" if h = "<<h<<endl,

}

cout<<endl;

}
system("PAUSE");

return O;

}
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Table (4.4.1)
Comparison between Block method and Runge-Kutta method
using test problem (i)

Step-size Accuracy
h Fifth order block method | Runge-Kutta method
0.01 3.18 x 10~11 1.18 x 103
0.001 1.30 x 10713 1.18 x 10~*
0.0001 2.20 x 10713 1.20 x 107
Table (4.4.2)

Comparison between Block method and Runge-Kutta method
using test problem (ii)

Step-size Accuracy
h Fifth order block method | Runge-Kutta method
0.01 8.9 x 1071 8x 1073
0.001 1.0x 1071 8x107°
0.0001 3.3x 10716 1x 1076
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Table (4.4.3)
Comparison between Block method and Runge-Kutta method
using test problem (iii)

Step-size Accuracy
h Fifth order block method | Runge-Kutta method
0.01 3.56 x 10710 9.54 x 10~*
0.001 3.80 x 10715 9.50 x 1073
0.0001 7.00 x 10716 9.00 x 1076
Table (4.4.4)

Comparison between Block method and Runge-Kutta method
using test problem (iv)

Step-size Accuracy
h Fifth order block method | Runge-Kutta method
0.01 6.4 x 1011 2.36 x 1073
0.001 4.0x 10716 2.36x 1074
0.0001 4.9x10°1 2.40 x 1073

From the above tables we notice that the accuracy is satisfactory and

much better than the 5" order Runge-Kutta method.
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CHAPTER 5: DISCUSSION

5.1 Summary and conclusion

5.2 Future work



CHAPTER §
DISCUSSION

This 1s the final chapter that summaries the main findings of the
study. The chapter is divided into two sections, the first section presents
the conclusion of the study and the the second section presents managerial

recommendations and suggestions for future studies.

5.1 Summary and conclusion

The study is aimed to provide a new block method of higher or-
der which can be implemented as a corrected formula of any block size
together with Euler’s method as a predicted formula. However, this
research is concerned with solving initial value problems using block
predictor-corrector method of 5™ order. The study highlights the impor-
tance of solving initial value problems and their application in the real
life problems.

Many physical situations can be modelled by initial value problems.
There are a variety of traditional number of methods for solving these
problems, nearly all of which follow the basic patter. Because of that
practical importance, we only give a flavor here.

The method we have described in this thesis is a new method in
which we are most interested throughout this research. The Euler method,
the explicit, is used as predictor formula, and our new block method,
implicit, 1s used as corrector formula. The best way of proceeding is to

imply an explicit formula (method) to predict the values and the implicit
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(method) to (refine) correct. It should be noted that the final evaluation in
P(EC)’ (predict, evaluate, correct) mode and the number of corrections
can have a marked influence on the accuracy of the calculated values.

Also, it is worth while looking at the way Runge-Kutta method of
5™ order is implemented in general-purpose software for the solution of
IVPs. As the integration proceeds the exact error is computed. If the error
1s considered to be too large then the step-size is reduced.

Finally, the result indicates that the block method which was derived
in the study could be considered as a good method on the basis of the
accuracy and the comparison with a Runge-Kutta method of the same
order. Also, we noticed that the accuracy is satisfactory and much better
than the 5" order Runge-Kutta method. Thus, for small h we can say
that the algorithm may give a better accuracy. Therefore, the results are

accepted.

5.2 Future work

It 1s important to emphasis here that the previous literatures have ex-
plained that the block methods can be implemented in parallel computers.

The first need that has led to the development of parallel computers
was the desire to be able to solve problems that require more data storage
and take too long to solve on a sequential computers.

The second need that has led to the development of parallel comput-
ers is the requirement to be able to solve more and more problems in real
time. If these computers are available in our university I am sure that our

study will be a very powerful research.
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This study focused on solving initial value problems, therefore fur-
ther studies can solve IVPs using block predictor-corrector method on
multiprocessor computers, which is consist of a number of processors
each of which is capable of performing complex tasks independently of
the others. Another motivating possibility for the future research, both,
speed-up is given by S, = :—;, where t; is the time for the serial algorithm
on a single processor, and, t,, to be the execution time for a parallel al-
gorithm on p processors, and the efficiency is given by E, = %’3 are mea-

sured.
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APPENDIX A
COMPUTER LANGUAGE C++ FOR
TEST PROBLEM (i)

This appendix is to show our algorithm (refer to section 4.1 in chap-
ter 4) written in computer language C++ using the first test problem with
h = 0.001 & h = 0.0001.

e vy =y, y(0) =1, 0<x<1, h =0.001
#include<iostream>

#include<cmath>

#include<iomanip>

using namespace std;

int main ()

{

double h=0.001, x[1001], yp[1001], yc[1001], d[1001];
x[0]=0;

yp[0]=1.0;

yc[0]=1.0;

d[0]=1.0;

cout<<"all valuable of x from 0 to 1000" <<endl;

for (int i=0; i<1001; i++)

{

x[1]=ix*h;

cout<<"x"<<i<<"="<<x[i]<<endl;  // compute Xg,X1,X2,...,X1000

}



for (int n=0; n<996; n=n+15)

{

for (int r=1; r<6; r++)

ypln-+r]=yc[n]+r+hxd[n]; /I compute the predicted values
for (int j=1; j<=35; j++)

{

for (inti=1; i<6; i++)

{

if j == 1) d[n+i]=yp[n+i]; // compute the function evaluation
else d[n+i]=yc[n+i]; //in casey’' =y

}

yc[n+1]=yc[n]4+-h*((251.0/720)*d[n]+(323.0/360)*d[n+1]
—(11.0/30)*d[n+2]+(53.0/360)*d[n+3]—(19.0/720)*d[n+4]);
yc[n+2]=yc[n]+h*((29.0/90)+d[n]+(62.0/45)+d[n-+1]
+(4.0/15)*d[n+2]4(2.0/45)*d[n+3]—(1.0/90)*d[n+4]);
yc[n+3]=yc[n]+h*((27.0/80)*d[n]+(51.0/40)xd[n+1]
+(9.0/10)*d[n+2]+(21.0/40)*d[n+3]—(3.0/80)*d[n+4]);
yc[n+4]=yc[n]+hx((14.0/45)xd[n]+(64.0/45)*d[n+1]
+(8.0/15)*d[n+2]4(64.0/45)*d[n+3]+(14.0/45)xd[n+4]);
yc[n+5]=yc[n]+h=((95.0/144)xd[n]—(25.0/72)*d[n+1]
+(25.0/6)xd[n+2]—(175.0/72)*d[n+3]+(425.0/144)*d[n+4]);
/I compute the corrected values

if § ==5) d[n+1]=yc[n+1];

if j ==5) d[n+2]=yc[n+2];

if j == 5) d[n+3]=yc[n+3];

if j == 5) d[n+4]=yc[n+4];



if j == 5) d[n+5]=yc[n+5];
}

}
cout<<"all valuable of y from 0 to 1000"<<endl,

for (int r=0; r<1001; r+-+)

{

cout<<fixed<<showpoint<<setprecision(16);
cout<<"y"<<r<<"="<<yc[r]<<endl; // compute yo,¥1,¥2,...,Y1000
}

cout<<"The exact solution = 2.7182818284590451"<<endl;
cout<<"Error = "<<yc[1000]—2.7182818284590451 <<end],;
system("PAUSE");

return O;

}

e vy =y, y(0) =1, 0<x<1, h =0.0001
#include<iostream>

#include<cmath>

#include <iomanip>

using namespace std;

int main ()

{

double h=0.0001, x[10001], yp[10001], yc[10001], d[10001];
x[0]=0;

yp[0]=1.0;

yc[0]=1.0;

d[0]=1.0;



cout<<"all valuable of x from 0 to 10000"<<end];

for (int i=0; 1<10001; i++)

{

x[1]=1xh;

cout<<"x"<<i<<"="<<x[i]<<endl; // compute Xg,X1,X2,...,X10000
}

for (int n=0; n<9996; n=n-+15)

{

for (int r=1; r<6; r++)

ypln+r]=yc[n]+4rxhxd[n]; // compute the predicted values
for (int j=1; j<=5; j++)

{

for (int i=1; i<6; i++)

{

if § == 1) d[n+i]=yp[n+i]; // compute the function evaluation
else d[n+i]=yc[n+i]; //in casey’ =y

}

yc[n+1]=yc[n]+h*((251.0/720)*d[n]+(323.0/360)*d[n+1]
—(11.0/30)*d[n+2]+(53.0/360)+d[n+3]—(19.0/720)*d[n+4]);
yc[n+2]=yc[n]+h*((29.0/90)*xd[n]+(62.0/45)*d[n+1]
+(4.0/15)*d[n+2]+(2.0/45)*d[n+3]—(1.0/90)xd[n+4]);
yc[n+-3]=yc[n]+hx((27.0/80)xd[n]+(51.0/40)xd[n+1]
+(9.0/10)*d[n+2]+(21.0/40)*d[n+3]—(3.0/80)*d[n+4]);
yc[n+4]=yc[n]+h*((14.0/45)+d[n]+(64.0/45)+d[n-+1]
+(8.0/15)*d[n+2]+(64.0/45)*d[n+3]+(14.0/45)*d[n+4]);
yc[n+5]=yc[n]+4h=*((95.0/144)+d[n]—(25.0/72)*d[n+1]



+(25.0/6)*d[n+-2]—(175.0/72)+d[n+3]+(425.0/144)*d[n+4]);
// compute the corrected values

if (j == 5) d[n+1]=yc[n+1];

if j == 5) d[n+2]=yc[n+2];

if § ==5) d[n+3]=yc[n+3];

if (j == 5) d[n+4]=yc[n+4];

if j ==5) d[n+5]=yc[n+5];

}

}
cout<<"all valuable of y from 0 to 10000" <<endl,

for (int r=0; r<10001; r++)

{

cout<<fixed <<showpoint<<setprecision(16);
cout<<"y"<<r<<"="<<yc[r]<<endl; //compute yo,¥1,¥2,---,Y10000
}

cout<<"The exact solution = 2.7182818284590451" <<endl;
cout<<"Error = "<<2.7182818284590451—yc[10000]<<endl;
system("PAUSE");

return O;

}



APPENDIX B
COMPUTER LANGUAGE C++ FOR
TEST PROBLEM (ii)

We present hear the computer language C++ for our algorithm (refer
to section 4.1 in chapter 4) using the second test problem with h = 0.01,
h = 0.001 & h = 0.0001
e y'=—-y32, yO)=1, 0<x<I1, h=0.01
#include<iostream>
#include<cmath>
#include<iomanip>
using namespace std;
int main ()
{
double h=0.01, x[101], yp[101], yc[101], d[101];
x[0]=0;
yp[0]=1.0;
yc[0]=1.0;
d[0]=—1.0+(pow(yp[0],3)/2);
cout<<"all valuable of x from 0 to 100" <<endl;
for (int i=0; i<101; 1++)
{
x[i]=ixh;
cout<<"X"<<i<<"="<<x[i]<<end]; // compute Xq,X1,X2, - -, X100

}



for (int n=0; n<96; n=n-+75)

{

for (int r=1; r<6; r+-+)

yp[n-+r]=yc[n]+r+hx*d[n]; // compute the predicted values
for (int j=1; j<=5; j++)

{

for (int i=1; 1<6; i+-+)

{ // compute the function
if j == 1) d[n+i]=—1.0%(pow(yp[n+il,3)/2); // evaluation in case
else d[n+i]=—1.0x(pow(yc[n+i],3)/2); Ny =—y*/2

}

yc[n+1]=yc[n]+h*((251.0/720)*d[n]+(323.0/360)*d[n+1]
—(11.0/30)*d[n+2]4-(53.0/360)*d[n+3]—(19.0/720)*d[n+4));
yc[n+2]=yc[n]+h*((29.0/90)xd[n]+(62.0/45)*d[n-+1]
+(4.0/15)*d[n+2]+(2.0/45)*d[n+3]—(1.0/90)*d[n+4]);
yc[n+3]=yc[n]+hx*((27.0/80)*d[n]+(51.0/40)*d[n+1]
+(9.0/10)xd[n+2]+4(21.0/40)+d[n+3]—(3.0/80)*d[n+4]);
yc[n+4]=yc[n]4-h*((14.0/45)*d[n]+(64.0/45)*d[n+1]
+(8.0/15)*d[n+2]4(64.0/45)+d[n+3]+(14.0/45)+d[n+4]);
ye[n+5]=yc[n]+h*((95.0/144)+d[n]—(25.0/72)*d[n+1]
+(25.0/6)*d[n+2]—(175.0/72)*d[n+3]4+(425.0/144)*d[n+4]);
// compute the corrected values

if j ==5) d[n+1]=—1.0x(pow(yc[n+1],3)/2);

if j ==5) d[n+2]=—1.0x(pow(yc[n+2],3)/2);

if j == 5) d[n+3]=—1.0x(pow(yc[n+3],3)/2);

if § ==15) d[n+4]=—1.0x(pow(yc[n+4],3)/2);



if j ==5) d[n+5]=—1.0x(pow(yc[n+5],3)/2);
}
}

cout<<"all valuable of y from 0 to 100" <<end],;

for (int r=0; r<101; r++)

{

cout<<fixed<<showpoint<<setprecision(17);
cout<<"y"<<r<<"="<<yc[r]<<endl; // compute yo,¥1,¥2,---,Y100
}

cout<<"The exact solution = 0.70710678118654746" <<endl;
cout<<"Error = "<<0.70710678118654746—yc[100]<<endl,
system("PAUSE");

return O;

}

« y'=-=y/2, y0)=1, 0<x<1, h=0.001
#include<iostream>

#include<cmath>

#include<iomanip>

using namespace std;

int main ()

{

double h=0.001, x[1001], yp[1001], yc[1001], d[1001];
x[0]=0;

ypl0]=1.0;

yc[0]=1.0;

d[0]=—1.0+(pow(yp[0],3)/2);



cout<< "all valuable of x from 0 to 1000"<<endl;

for (int i=0; i<1001; i++)

{

x[1]=i1xh;

cout<<"X"<<i<<"="<<x[i]<<endl;  // compute xo,X1,X2,-..,X1000
}

for (int n=0; n<996; n=n+35)

{

for (int r=1; r<6; r++)

yp[n—+r]=yc[n]+r+hxd[n]; // compute the predicted values
for (int j=1; j<=5; j++)

{

for (int i=1; 1<6; i++)

{ /I compute the function
if G == 1) d[n+i]=—1.0x(pow(yp[n+il,3)/2); //evaluation in case
else d[n+i]=—1.0x(pow(yc[n+i],3)/2); Iy =—y3 /2

}

yc[n+1]=yc[n]+h*((251.0/720)*d[n]+(323.0/360)*d[n+1]
—(11.0/30)*d[n+2]+(53.0/360)*d[n+3]—(19.0/720)*d[n+4]);
yc[n+2]=yc[n]+h*((29.0/90)*d[n]+(62.0/45)*d[n+1]
+(4.0/15)*d[n+2]+(2.0/45)xd[n+3]—(1.0/90)*d[n+4]);
yc[n+3]=yc[n]+h*((27.0/80)xd[n]+(51.0/40)*d[n+1]
+(9.0/10)xd[n+2]4+(21.0/40)+d[n+3]—(3.0/80)*d[n+4]);
yc[n+4]=yc[n]+hx*((14.0/45)*d[n]+4(64.0/45)*d[n+1]
+(8.0/15)+d[n+2]+(64.0/45)+d[n+3]+(14.0/45)+d[n+4]);
yc[n+5]=yc[n]+h*((95.0/144)xd[n]—(25.0/72)*d[n+1]



+(25.0/6)*d[n+2]—(175.0/72)*d[n+3]4(425.0/144)xd[n+4]);
/I compute the corrected values

if § == 5) d[n+1]=—1.0x(pow(yc[n+1],3)/2);

if (j == 5) d[n+2]=—1.0x(pow(yc[n+2],3)/2);

if (j == 5) d[n+3]=—1.0x(pow(yc[n+31,3)/2);

if (j == 5) d[n+4]=—1.0x(pow(yc[n+41,3)/2);

if (j == 5) d[n+5]=—1.0%(pow(yc[n+5],3)/2);

}

}
cout<<"all valuable of y from 0 to 1000" <<end];

for (int r=0; r<1001; r++)

{

cout<<fixed<<showpoint<<setprecision(17);
cout<<"y"<<r<<"="<<yc[r]<<endl; // compute yg,y1,¥2,---,Y1000
}

cout<<"The exact solution = 0.70710678118654746" <<endl;
cout<<"Error = "<<0.70710678118654746—yc[1000]<<endlI,
system("PAUSE");

return O;

}

- y'=-y¥2, y0)=1, 0<x<1,  h=0.0001
#include <iostream>

#include<cmath>

#include<iomanip>

using namespace std;

int main ()



{
double h=0.0001, x[10001], yp[10001], yc[10001], d[10001];

x[0]=0;

yp[0]=1.0;

yc[0]=1.0;

d[0]=—1.0x(pow(yp[01,3)/2);

cout<<"all valuable of x from 0 to 10000"<<end]l;

for (int i=0; i<10001; i++)

{

x[1]=i1xh;

cout<<<"x"<<i<<"="<<x[i]<<endl; // compute Xg,X1,X2,.-.,X10000
}

for (int n=0; n<9996; n=n+5)

{

for (int r=1; r<6; r++)

ypln+r]=yc[n]+rkhxd[n]; /I compute the predicted values
for (int j=1; j<=5; j++)

{

for (inti=1; 1<6; i++)

{ // compute the function
if j == 1) d[n+i]=—1.0x(pow(yp[n+i],3)/2); // evaluation in case
else d[n+i]=—1.0x(pow(yc[n-+i],3)/2); Iy =— y3/2

}

yc[n+1]=yc[n]+h*((251.0/720)*d[n]+(323.0/360)*d[n+1]
—(11.0/30)*d[n+2]+(53.0/360)*d[n+3]—(19.0/720)*d[n+4]);
yc[n+2]=yc[n]+h*((29.0/90)*d[n]+(62.0/45)*d[n+1]



+(4.0/15)*d[n+2]+(2.0/45)*d[n+3]—(1.0/90)xd[n+4]);
yc[n+3]=yc[n]+h*((27.0/80)+d[n]+(51.0/40)*d[n+1]
+(9.0/10)*d[n+2]+(21.0/40)+d[n+3]—(3.0/80)*d[n+4]);
yc[n+4]=yc[n]+h*((14.0/45)*d[n]4(64.0/45)*d[n+1]
+(8.0/15)*d[n+2]+(64.0/45)*d[n+3]+(14.0/45)*d[n+4]);
yc[n+5]=yc[n]+h*((95.0/144)+d[n]—(25.0/72)*d[n+1]
+(25.0/6)*d[n+2]—(175.0/72)*d[n+3]+(425.0/144)+d[n+4]);
// compute the corrected values

if j ==35) d[n+1]=—1.0x(pow(yc[n+1],3)/2);

if G ==35) d[n+2]=—1.0x(pow(yc[n+2],3)/2);

if j ==15) d[n+3]=—1.0x(pow(yc[n+3],3)/2);

if (j ==5) d[n+4]=—1.0x(pow(yc[n+4],3)/2);

if G ==135) d[n+5]=—1.0x(pow(yc[n+5],3)/2);

}

}
cout<<"all valuable of y from 0 to 10000"<<endl;

for (int r=0; r<10001; r++)

{

cout<<fixed<<showpoint<<setprecision(17);
cout<<"y"<<r<<"="<<yc[r]<<endl; // compute yo,y1,Y2,---,Y10000
}

cout<<"The exact solution = 0.70710678118654746" <<endl;
cout<<"Error = "<<0.70710678118654746—yc[10000]<<endl,
system("PAUSE");

return O;

}



APPENDIX C

COMPUTER LANGUAGE C++ FOR

TEST PROBLEM (iii

In this appendix we show our algorithm (refer to section 4.1 in chap-

ter 4) written in computer language C++ using the third test problem with

h = 0.01, h = 0.001 & h = 0.0001

oy =xy, y(0) =1, 0<x<l, h=0.01
#include<iostream>

#include<<cmath>

#include<iomanip>

using namespace std;

int main ()

{

double h=0.01, x[101], yp[101], yc[101], d[101];
x[0]=0;

yp[0]=1.0;

yc[0]=1.0;

d[0]=0.0;

cout<<<"all valuable of x from 0 to 100" <<endl,
for (int i=0; i<101; i++)

{

x[1]=ixh;

cout<<"x"<<i<< " ="<<x[i]<<endl; // compute Xg, X1, X,

}

-++3X100



for (int n=0; n<96; n=n+>5)

{

for (int r=1; r<6; r+-+)

yp[n+r]=yc[n]+r+hxd[n]; // compute the predicted values
for (int j=1; j<=5; j++)

{

for (inti=1; i<6; i++)

{

if (j == 1) d[n+i]=x[n+il*xyp[n+i]; /I compute the function
else d[n+1]=x[n+i}*yc[n+i]; // evaluation in case y’ = xy
}

yc[n+1]=yc[n]+h*((251.0/720)*d[n]+(323.0/360)*d[n+1]
—(11.0/30)*d[n+2]+4(53.0/360)*«d[n+3]—(19.0/720)*d[n+4]);
yc[n+2]=yc[n]+h*((29.0/90)*xd[n]+(62.0/45)*d[n+1]
+(4.0/15)*d[n+2]+(2.0/45)*d[n+3]—(1.0/90)xd[n+4]);
yc[n+3]=yc[n]+hx*((27.0/80)xd[n]+(51.0/40)*d[n+1]
+(9.0/10)*d[n+2]4-(21.0/40)*d[n+3]—(3.0/80)+d[n+4]);
yc[n+4]=yc[n]+hx((14.0/45)*d[n]+(64.0/45)*d[n+1]
+-(8.0/15)*d[n+2]+(64.0/45)*d[n+3]+(14.0/45)+d[n+4]);
yc[n+5]=yc[n]+hx((95.0/144)xd[n]—(25.0/72)*d[n+1]
+(25.0/6)xd[n+2]—(175.0/72)*d[n+3]+(425.0/144)*d[n+4]);
// compute the corrected values

if j ==5) d[n+1]=x[n+1]*yc[n+1];

if j ==15) d[n+2]=x[n+2]*yc[n+2];

if G ==5) d[n+3]=x[n+3]xyc[n+3];

if G == 5) d[n+4]=x[n+4]xyc[n+4];



if  ==5) d[n+5]=x[n+5]*yc[n+5];
}

}
cout<<"all valuable of y from 0 to 100" <<endl,;

for (int r=0; r<101; r++)

{

cout<<fixed <<showpoint<<setprecision(16);
cout<<"y"<<r<<"="<<yc[r]<<endl; // compute yo,y1,¥2,---,Y100
}

cout<<"The exact solution = 1.6487212707001282" <<endl;
cout<<"Error = "<<1.6487212707001282—yc[100]<<endl;
system("PAUSE");

return O;

}

ey =xy, y(0) =1, 0<x<1, h =0.001
#include <iostream>

#include<cmath>

#include<iomanip>

using namespace std;

int main ()

{

double h=0.001, x[1001], yp[1001], yc[1001], d[1001];
x[0]=0;

yp[0]=1.0;

yc[0]=1.0;

d[0]=0.0;



cout<<"all valuable of x from 0 to 1000"<<end]l;

for (int i=0; i<1001; i++)

{

x[i]=ixh;

cout<<"x"<<i<<"="<<x[i]<<endl;  // compute Xg,X1,X2,...,X1000
}

for (int n=0; n<996; n=n-+75)

{

for (int r=1; r<6; r++)

ypln+r]=yc[n]+4rxh*d[n]; /I compute the predicted values
for (int j=1; j<=5; j++)

{

for (int i=1; i<6; i++)

{

if j == 1) d[n+i]=x[n+i]xyp[n+i]; /I compute the function
else d[n+i]=x[n-+i]*xyc[n+i]; // evaluation in case y’' = xy
}

yc[n+1]=yc[n]4+h*((251.0/720)*d[n]+(323.0/360)*d[n+1]
—(11.0/30)*d[n+2]+(53.0/360)*d[n+3]—(19.0/720)xd[n+4]);
yc[n+2]=yc[n]+h*((29.0/90)*d[n]+(62.0/45)*d[n+1]
+(4.0/15)*d[n+2]+(2.0/45)*d[n+3]—(1.0/90)*d[n+4]);
yc[n+3]=yc[n]+hx((27.0/80)*d[n]+(51.0/40)*d[n+1]
+(9.0/10)xd[n+2]+(21.0/40)+d[n+3]—(3.0/80)*d[n+4]);
yc[n+4]=yc[n]+h*((14.0/45)*d[n]+(64.0/45)*d[n+1]
+(8.0/15)*d[n+2]+(64.0/45)+d[n+3]+(14.0/45)*d[n+4]);
yc[n+5]=yc[n]+h=*((95.0/144)xd[n]—(25.0/72)*d[n+1]



+(25.0/6)xd[n+2]—(175.0/72)*d[n+3]+(425.0/144)*d[n+4]);
// compute the corrected values

if (j ==5) d[n+1]=x[n+1]xyc[n+1];

if (j == 5) d[n+2]=x[n+2]*yc[n+2];

if j ==5) d[n+3]=x[n+3]*yc[n+3];

if (j == 5) d[n+4]=x[n-+4]xyc[n+4];

if (j == 5) d[n+5]=x[n+5]*yc[n+5];

}

}
cout<<"all valuable of y from 0 to 1000" <<endl;

for (int r=0; r<1001; r++)

{

cout<<fixed <<showpoint<<setprecision(16);
cout<<"y"<<r<<"="<<yc[r]<<endl; // compute yg,y1,y2,
}

cout<<"The exact solution = 1.6487212707001282" <<endl,
cout<<"Error = "<<1.6487212707001282—yc[1000]<<endl;
system("PAUSE");

return O;

}

o y/=xy, y(0) =1, 0<x<1, h = 0.0001
#include <iostream>

#include <cmath>

#include<iomanip>

using namespace std;

int main ()

.-+, ¥1000



{
double h=0.0001, x[10001], yp[10001], yc[10001], d[10001];

x[0]=0;

yp[0]=1.0;

yc[0]=1.0;

d[0]=0.0;

cout<<"all valuable of x from 0 to 10000"<<endl;

for (int i=0; i<10001; i++)

{

x[i]=ixh;

cout<<"x"<<i<<"="<<x[i]<<endl; // compute Xg,X1,X2,-..,X10000
}

for (int n=0; n<9996; n=n+5)

{

for (int r=1; r<6; r++)

ypln+r]=yc[n]+r+h*d[n]; // compute the predicted values
for (int j=1; j<=5; j++)

{

for (inti=1; i<6; i++)

{

if j == 1) d[n+i]=x[n+i]xyp[n+i]; /I compute the function

else d[n+i]=x[n+i]*xyc[n+i]; /l evaluation in case y’ = xy
}

yc[n+1]=yc[n]+h*((251.0/720)*d[n]+(323.0/360)*d[n+1]
—(11.0/30)*d[n+2]4-(53.0/360)*d[n+3]—(19.0/720)*d[n+4]);
yc[n+2]=yc[n]+h*((29.0/90)*d[n]+(62.0/45)*d[n+1]



+(4.0/15)*d[n+2]+(2.0/45)*d[n+3]—(1.0/90)*d[n+4]);
yc[n+3]=yc[n]+h*((27.0/80)*d[n]+(51.0/40)xd[n+1]
+(9.0/10)*d[n+2]4-(21.0/40)+d[n+3]—(3.0/80)*d[n+4]);
yc[n+4]=yc[n]+h=*((14.0/45)*d[n]+(64.0/45)*d[n+1]
+(8.0/15)xd[n+2]4(64.0/45)+«d[n+3]+(14.0/45)+d[n+4]);
yc[n+5]=yc[n]+h=*((95.0/144)*d[n]—(25.0/72)*d[n+1]
+(25.0/6)xd[n+2]—(175.0/72)*d[n+3]+(425.0/144)*d[n+4]);
/l compute the corrected values

if  ==15) d[n+1]=x[n+1]xyc[n+1];

if j ==5) d[n+2]=x[n+2]xyc[n+2];

if (j ==5) d[n+3]=x[n+3]*xyc[n+3];

if (j ==15) d[n+4]=x[n+4]xyc[n+4];

if j == 5) d[n+5]=x[n+5]xyc[n+5];

}

}
cout<<"all valuable of y from 0 to 10000"<<end];

for (int r=0; r<10001; r++)

{

cout<<fixed<<showpoint<<setprecision(16);
cout<<"y"<<r<<"="<<yc[r]<<endl; // compute yg,y1,y2,---,Y10000
}

cout<<"The exact solution = 1.6487212707001282" <<endl;
cout<<"Error = "<<yc[10000]—1.6487212707001282<<end]l;
system("PAUSE");

return O;

}



APPENDIX D
COMPUTER LANGUAGE C++ FOR
TEST PROBLEM (iv)

This appendix is to show our algorithm (refer to section 4.1 in chap-
ter 4) written in computer language C++ using the fourth test problem
with h = 0.01, h = 0.001 & h = 0.0001
e y'=x+y, y(0) =1, 0<x<1, h=0.01
~ #include<iostream>
#ir.clude<cmath>
#include<iomanip>
using namespace std;
int main ()

{

double h=0.01, x[101], yp[101], yc[101], d[101];
x[0]=0;

ypl[0]=1.0;

yc[0]=1.0;

d[0]=1.0;

cout<<"all valuable of x from 0 to 100" <<end]l,
for (int i=0; i<101; i++)

{

x[1]=ix*h;

cout<<"x"<<i<<"="<<x[i]<<endl; // compute Xg,X1,X2,...,X100

}



for (int n=0; n<96; n=n+>5)

{

for (int r=1; r<6; r++)

yp[n+r]=yc[n]+r+hxd[n]; // compute the predicted values
for (int j=1; j<=5; j++)

{

for (int i=1; i<6; i+-+)

{

if (j == 1) d[n+i]=x[n+i]4yp[n+i]; // compute the function
else d[n+i]=x[n+i]+yc[n+i]; // evaluation in case y' = x+y
}

yc[n+1]=yc[n]+h*((251.0/720)*d[n]4-(323.0/360)*d[n+1]
—(11.0/30)*d[n+2]+(53.0/360)*d[n+3]—(19.0/720)*d[n+4]);
yc[n+2]=yc[n]+h*((29.0/90)*d[n]4-(62.0/45)*d[n+1]
+(4.0/15)*d[n+2]4+(2.0/45)*d[n+3]—(1.0/90)*d[n+4]);
yc[n+3]=yc[n]+h*((27.0/80)*d[n]4(51.0/40)*d[n+1]
+(9.0/10)xd[n+2]4(21.0/40)*d[n+3]—(3.0/80)+d[n+4]);
yc[n+4]=yc[n]+hx*((14.0/45)+d[n]+(64.0/45)*d[n+1]
+(8.0/15)xd[n+2]4+(64.0/45)+d[n+3]4+(14.0/45)*d[n+4]);
yc[n+5]=yc[n]+hx((95.0/144)*d[n]—(25.0/72)*d[n+1]
+(25.0/6)xd[n+2]—(175.0/72)*d[n+3]+(425.0/144)*d[n+4]);
// compute the corrected values

if j == 5) d[n+1]=x[n+1]+yc[n+1];

if (j ==15) d[n+2]=x[n+2]+yc[n+2];

if § ==15) d[n+3]=x[n+3]+yc[n+3];

if (j == 5) d[n+4]=x[n+4]+yc[n+4];



if (j == 5) d[n+5]=x[n+5]+yc[n+5];
}
}

cout<<"all valuable of y from 0 to 100" <<endl;

for (int r=0; r<101; r++)

{

cout<<fixed <<showpoint<<setprecision(16);
cout<<"y"<<r<<"="<<yc[r]<<endl; // compute yo,y1,y2,-.-,¥100
}

cout<<"The exact solution = 3.4365636569180906" <<end]l;
cout<<"Error = "<<3.4365636569180906—yc[100]<<endl;
system("PAUSE");

return O;

}

ey =x+y, y(0) =1, 0<x<1, h =0.001
#include <iostream>

#include<cmath>

#include<iomanip>

using namespace std;

int main ()

{

double h=0.001, x[1001], yp[1001], yc[1001], d[1001];
x[0]=0;

yp[0]=1.0;

yc[0]=1.0;

d[0]=1.0;



cout<<"all valuable of x from 0 to 1000"<<endl;

for (int i=0; i<1001; i+-+)

{

x[i]=ixh;

cout<<"x"<<i<<"="<<x[i]<<endl;  // compute xg,X1,X2,.-.,X1000
}

for (int n=0; n<996; n=n-+75)

{

for (int r=1; r<6; r++)

ypln+r]=yc[n]+4rxhxd[n]; /I compute the predicted values
for (int j=1; j<=5; j++)

{

for (inti=1; i<6; i++)

{

if G == 1) d[n+i1]=x[n+i]+yp[n+i]; // compute the function
else d[n+i]=x[n+i]+yc[n-+i]; // evaluationin case y' = x+y
}

yc[n+1]=yc[n]+h*((251.0/720)*d[n]+(323.0/360)*d[n+1]
—(11.0/30)*d[n+2]+(53.0/360)+d[n+3]—(19.0/720)*d[n+4]);
yc[n+2]=yc[n]+h*((29.0/90)xd[n]+(62.0/45)*d[n+1]
+(4.0/15)*d[n+2]+(2.0/45)xd[n+3]—(1.0/90)*d[n+4]);
yc[n+3]=yc[n]+h*((27.0/80)*d[n]+(51.0/40)xd[n+1]
+(9.0/10)*d[n+2]+(21.0/40)*d[n+3]—(3.0/80)*d[n+4]);
yc[n+4]=yc[n]+hx*((14.0/45)+d[n]+4(64.0/45)*d[n+1]
+(8.0/15)xd[n+2]+(64.0/45)xd[n+3]+(14.0/45)*d[n+4]);
yc[n+5]=yc[n]+h*((95.0/144)+d[n]—(25.0/72)*d[n+1]



+(25.0/6)xd[n+2]—(175.0/72)«d[n+3]+(425.0/144)+d[n+4]);
// compute the corrected values

if j ==5) d[n+1]=x[n+1]+yc[n+1];

if j == 5) d[n+2]=x[n+2]+yc[n+2];

if (j == 5) d[n+3]=x[n+3]+yc[n+3];

if (j == 5) d[n+4]=x[n+4]+yc[n+4];

if (j == 5) d[n+5]=x[n+5]+yc[n+5];

}

}
cout<<"all valuable of y from 0O to 1000"<<end];

for (int r=0; r<1001; r4-+4)

{

cout<<fixed<<showpoint<<setprecision(16);
cout<<"y"<<r<<"="<<yc[r]<<endl; // compute yo,Yy1,y2,
}

cout<<"The exact solution = 3.4365636569180906" <<endl;
cout<<"Error = "<<3.4365636569180906—yc[1000]<<endl;
system("PAUSE");

return 0;

}

oy =x+y, y(0) =1, 0<x<l, h = 0.0001
#include<iostream>

#include<cmath>

#include<iomanip>

using namespace std;

int main ()

.-+, ¥1000



{
double h=0.0001, x[10001], yp[10001], yc[10001], d[10001];

x[0]=0;

ypl0]=1.0;

yc[0]=1.0;

d[0]=1.0;

cout<<"all valuable of x from 0 to 10000"<<endl;

for (int i=0; 1<10001; 1++)

{

x[1]=1xh;

cout<<"x"<<i<<"="<<x[i]<<endl; // compute Xg,X1,X2,...,X10000
}

for (int n=0; n<9996; n=n-+75)

{

for (int r=1; r<6; r++)

yp[n+r]=yc[n]+r+h*d[n]; // compute the predicted values
for (int j=1; j<=5; j++)

{

for (int i=1; i<6; 1+-+)

{

if j == 1) d[n+i]=x[n+1]4+yp[n+i]; // compute the function
else d[n+i]=x[n+i]4+yc[n+i]; // evaluation in case y/ = x +y
}

yc[n+1]=yc[n]+h*((251.0/720)*d[n]+(323.0/360)*d[n+1]
—(11.0/30)*d[n+2]+(53.0/360)*d[n+3]—(19.0/720)*d[n+4]);
yc[n+2]=yc[n]+h*((29.0/90)*d[n]+(62.0/45)*d[n+1]
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