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University of Bahrain, Department of Electrical and Electronics Engineering,

P.O. Box 32038, Isa Town, State of Bahrain.

Abstract

H® robust fuzzy control systems have received a substantial amount of attention in the
control research. This is due to the potential benefits of mixing a knowledge-base system

representing the “fuzzy systems” with the well-established theorems in the area of

“ H" robust control”. This has resulted in a knowledge-based robust control system that is

governed by rules in terms of describing the control aspects of a system operation.

In this sense, this thesis has presented two main issues related to H * robust fuzzy control of

nonlinear dynamical systems. The first has been fuzzy modeling of nonlinear dynamical

systems, whereas the second was directed towards H™ fuzzy gain-scheduling control

systems.

Regarding fuzzy modeling, that was achieved by employing Takagi-Sugeno (T-S) fuzzy
modeling technique. The employed (T-S) fuzzy modeling technique was able to cluster the
entire nonlinear global model into linear sub-models that are governed by fuzzy rules. (T-S)
fuzzy modeling has a number of potentials with respect to other fuzzy modeling techniques;

that is a small number of rules are obtained even for complicated multivariable systems.

With respect to the /1 fuzzy gain-scheduling, the thesis has first presented an approach for

designing H ” fuzzy controller for disturbance rejection via defining a suitable LYAPUNOV
potential function of the fuzzy model. Hence designing a controller by reducing the problem

to a standard Linear Matrix Inequalities (LMI) formulation.

H* fuzzy gain-scheduling has been achieved via treating the (T-S) fuzzy sub-models as a
Linear Parameter Varying (LPV) system. Hence synthesizing a scheduling controller for

variation in parameters.

The novel idea of H * fuzzy gain-scheduling has been based on sensing variations in system
parameters, adapting the LMI designed controller, while preserving the robustness character

of the controller in phase of parametric variation.
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1.1 General Introduction

Increasingly, control systems are required to have high dynamic performance and robust
behaviors, yet are expected to cope with more complex, uncertain and highly nonlinear
dynamic systems. Along with this increased systems complexity is the increased abstraction
and uncertainty in the models and their mathematical representation. One significant
approach in dealing with major changes and uncertainty in nonlinear dynamical systems is
through intelligent modeling and control. Intelligent controllers are generally self-organizing
or adaptive and are naturally able to cope with significant changes in plants and their
environment, while satisfying the control design requirements. As with any advanced control
theory, a central issue is the representation and development of appropriate systems models
with known approximation errors. As processes increase in complexity, they become less

amendable to direct mathematical modeling that are based on physical laws, since they may

be [1]:

- Distributed, stochastic, nonlinear and time varying,
- Subject to large unpredictable environmental disturbances,
- Have variables that are difficult to measure, have unknown causal relationships, or are too

difficult or expensive to evaluate in real-time.

One aspect of intelligent control is to develop systems that incorporate the creative, abstract
and adaptive attributes of humans; while minimizing the undesirable aspects such as
unpredictability, inconsistency, fatigue, subjectivity and temporal instability. Intelligent
controllers  should be able to perform under significant systems uncertainties and
incompleteness in the system and its environment. This is achieved while being both robust

and reconfigurable to cope automatically with system failures and being adaptive to cope with

new goals.

Research in intelligent systems started in the forties of this century [2], as presented in Table
[1.1]. Hence, within the field of Arrificial Intelligent (Al) for control applications, two
important paradigms are worth mentioning. These are Neural Networks and Fuzzy Logic.
Neural networks represent models of the human brain, while fuzzy logic deals with
vagueness, imprecision, and linguistic approach to human reasoning. The integration between
these two paradigms is the Neurofuzzy systems that aim at providing fuzzy systems with

automatic tuning abilities.
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Decade Conventional Al Neural Networks Fuzzy Systems Other Methodologies
1940s 1947 Cybernetics 1943 McCulloch-Pitts
neuron model
1950s 1956 Artificial 1957 Perceptron
Intelligence
1960s 1960 Lisp language | 1960s Adaline Madaline 1965 Fuzzy sets
1970s mid-1970s 1974 Birth of Back- 1974 Fuzzy 1970s Genetic algorithm
Knowledge propagation algorithm controller
Engineering (expert | 1975 Cognitron
system) Neocognitron
1980s 1980 Self-organizing map 1985 Fuzzy mid-1980s Artificial
1982 Hopfield net modeling (T-S Immune modeling
1983 Boltzmann machine model)
1986 Backpropagation
algorithm boom
1990s 1990s Neuro-fuzzy 1990 Genetic

modeling

1991 ANFIS
1991 FALCON
1994 CANFIS

programming

Table [1.1] A historical sketch of soft computing constituents and conventional Al paradigms.
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1.2 Artificial Neural Networks (ANNs)

BIOLOGICAL NEURONS

Artificial Neural Networks form a class of systems that is inspired by biological neural
networks in the brain. A human brain consists of approximately 10" neurons of many
different types. A schematic diagram of a typical biological neuron is shown in Figure [1.1a].
A typical neuron has three major parts: the cell body or soma, where the cell nucleus is
located, the dendrites, and the axon. Dendrites are treelike networks of nerve fiber connected
to the cell body. An axon is a single, long, clindric connection extending from the cell body
and carrying impulses from the neuron. The end of an axon splits into strands or a fine
arborization. Each strand terminates in a small bulb-like organ called a synapse, where the
neuron introduces its signal to the neighboring neurons. The receiving ends of these junctions
on the neighboring neurons can be found both on the dendrites and on the cell bodies

themselves. There are approximately 10* synapses per neuron in the human brain.

ARTIFICIAL NEURONS

Figure [1.1b] shows a simple mathematical model of the biological neuron proposed by
McCulloch and Pitts in (1943). In this model, the /" processing element computes a weighted

sum of its inputs x, while outputs y;=1 (firing) or 0 (not firing) according to whether this

weighted input sum is above or below a certain value of threshold &.,.

The collective behavior of ANN, like a human brain, demonstrates the ability to learn, recall,
and generalize from training patterns or data. Models of neural networks are specified by
three basic entities: models of the processing elements themselves, models of interconnections
and structures (network topology), and the learning rules (ways information is stored in the

network).

The ANNs consist of a large number of simple processing elements called nodes (or neuron),
that are interconnected to each other. In most cases one or more layers of neurons are
considered that are connected in feedforward or recurrent way. Signals are passed between
nodes along weighted connections, where the weights are the network’s adjustable
parameters. Basic features of neural architectures are that they are massively parallel, the
weights have to be learned from a set of examples and can be adapted. Although ANNSs can
perform human brain-like tasks such as object and pattern recognition, speech recognition or

associative memory, there is still a huge gap between biological and artificial neural nets.
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(b) Schematic diagram of a McCulloch and Pitts Neuron.

Figure [1.1] Correspondence between a biological neuron and an artificial
neuron.
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The arrangement of the network’s nodes and connections defines its architecture and there are
many possible variations. The learning rules used to train the networks can generally be
classified as supervised or unsupervised. Supervised learning rules require the desired
network output to be available and they adapt the weights so that the output error is reduced.
Unsupervised learning is used to organize the network’s structure based only on the training
inputs presented to the networks. ANNGs offer solutions to problems that are very difficult to
solve using traditional techniques and the potential benefits of neural approach for modeling

and control are [3]:

BENEFITS OF ANNS FOR MODELING AND CONTROL

- ANNs are universal approximators: It is proven that any continuous nonlinear function
can be approximated arbitrarily well over a compact interval by a multi-layer neural
network that consists of one or more hidden layers.

- Parallel distributed processing: The network has a highly parallel structure and consists of
many processing elements with a very simple structure, which is interesting from the
viewpoint of implementation.

- Hardware implementation: Dedicated hardware is possible, resulting in additional speed.

- Learning and adaptation: The intelligence of neural networks comes from their
generalization ability with respect to fresh, unknown data. Also on-line adaptation of the
weights is possible.

- Multivariable systems: ANNs have naturally many inputs and outputs, which makes it

easy to model multivariable systems.

Indeed ANNs have provided good solutions to many problems in various fields: examples
include classification problems, vision, speech, signal processing, time series prediction,

robotics, optimization, expert systems and financial applications.

1.3 Fuzzy Logic (FL)

FUZZY CONCEPTS

Fuzzy sets, introduced by Zadeh in (1965) [4] as a mathematical way to represent vagueness
in linguistics, can be considered a generalization of classical set theory. The basic idea of
fuzzy sets is quite easy to grasp. In a classical (non-fuzzy) set, an element of the universe
either belongs to or does not belong to the set. That is, the membership of an element is crisp,
it is either yes (in the set) or no (not in the set). A fuzzy set is a generalization of an ordinary
set in that it allows the degree of membership for each element to range over the unit interval

{0,1}.  Thus the membership function of a fuzzy set maps each element of a universe of
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discourse to its range space which, in most cases, is set to the unit interval. One of the biggest
differences between crisp and fuzzy sets is that the former always has unique membership
functions, whereas every fuzzy set has an infinite number of membership functions that may
represent it. This enables fuzzy systems to be adjusted for maximum utility in a given

situation.

In a broad sense, as pointed out by Lotfi Zadeh, any field can be fuzzified and hence
generalized by replacing the concept of a crisp set in the target field by the concept of a fuzzy
set. For instance, we can fuzzify some applied fields such as neural networks, genetic
algorithms, stability theory, and pattern recognition to obtain fuzzy neural networks, fuzzy
genetic algorithms, fuzzy stability theory and fuzzy pattern recognition respectively. The
benefits of such fuzzification include greater generality, higher expressive power, an
enhanced ability to model real-world problems, and a methodology for exploiting the
tolerance for imprecision. Hence fuzzy logic can help to achieve tractability, robustness, and

lower solution cost.

TYPICAL FUZZY FEATURES
One major feature of fuzzy logic is its ability to express the amount of ambiguity in human

thinking and subjectivity (including natural language) in comparatively undistorted manner.

WHEN TO USE FUZZY LOGIC? [5]

- When the process is concerned with continuous phenomena that are not easily broken
down into discrete segments;

- When a mathematical model of a process does not exist, or exists but is too difficult to
encode, or is too complex to be evaluated fast enough for real-time operation, or involves
too much memory on the designated chip architecture;

- When high ambient noise levels must be dealt with or it is important to use inexpensive
Sensors;

- When the process involves human interaction;

- And when an expert is available who can specify the rules underlying the system behavior

and the fuzzy sets that represent the characteristics of each variable.

1.4 Fuzzy-Neural Integrated Systems

Fuzzy logic and Neural Networks are complementary technologies in the design of intelligent
systems.  Each method has merits and demerits. A comparison of these techniques is
presented in Table [1.2]. To combine their merits and overcome their demerits, some

integration and synthesis techniques have been proposed [5].
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FS ANN
Mathematical model SG B
Learning ability B G
Knowledge representation G B
Expert knowledge G B
Nonlinearity G G
Optimization ability B SG
Fault tolerance G G
Uncertainty tolerance G G
Real-time operation G SG

The fuzzy terms used for grading are good (G), slightly good (SG), slightly bad (SB) and bad (B).

Table [1.2] Comparison of Fuzzy Systems (FS) with Artificial Neural Networks (ANN)

ANNs are essentially low-level computational structures and algorithms that offer good
performance in dealing with sensory data, while fuzzy logic techniques often deal with issues
such as reasoning on higher level than ANNs. However, since fuzzy systems do not have
much learning capability, it is difficult for a human operator to tune fuzzy rules and

membership functions from the training data set.

Since the internal layers of neural networks are always opaque to the user, the mapping rules
in the network are not visible and are difficult to understand. Thus, a promising approach for
reaping the benefits of both fuzzy systems and neural networks (and solving their respective
problems) is to merge or fuse them into an integrated system. This fusion of two different
technologies can be realized in three directions, resulting in systems with different

characteristics:

1. Neural fuzzy systems: use of neural networks as tools in fuzzy models.
2. Fuzzy neural networks: fuzzification of conventional neural neiwork models.
3. Fuzzy-neural hybrid systems: incorporation of fuzzy logic technology and neural

networks into hybrid systems.

The first two systems represent supportive combinations, where one technology assists the
other, and the third system exhibits collaborative combination, where two technologies are

incorporated intimately to perform a common task.
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Neural fuzzy systems, or Neurofuzzy systems, aim at providing fuzzy systems with automatic
tuning abilities. With this approach, we witness the use of neural networks in learning or
tuning membership functions and fuzzy rules of fuzzy systems. Neural network learning
techniques can thus substantially reduce development time and cost while improving the
performance of fuzzy systems. After learning, the user can understand the acquired rules in
the network. With respect to learning speed, Neurofuzzy systems are usually faster than

conventional neural networks.

1.5 Neurofuzzy for Modeling and Control
Fuzzy modeling concerns the methods of describing the characteristics of a system using
fuzzy inference rules. Fuzzy modeling methods have a distinguishing feature in that they can

express complex nonlinear systems linguistically.

Applications of fuzzy systems to automatic control was first reported by Mamadani [61,
where, based on Zadeh’s proposition, a fuzzy logic controller (FLC) was used to emulate a
human operator’s control of a steam engine and boiler combination. Since then, fuzzy logic
control has gradually been recognized as the most significant and fruitful application for
fuzzy logic and fuzzy set theory. In the past few years, advances in microprocessors and
hardware technologies have created an even more diversified application domain for fuzzy
logic controllers, which ranges from consumer electronics to the automobile industry. Indeed,
for complex and/or ill-defined systems that are not easily subjected to conventional automatic
control methods, FLCs provide a feasible alternative since they can capture the approximate,
qualitative aspects of human reasoning and decision-making processes. However, without
adaptive capability, the performance of FLCs relies exclusively on two factors: the
availability of human experts, and the knowledge acquisition techniques to convert human
expertise into appropriate fuzzy IF-THEN rules and membership functions. These two factors

substantially restrict the application domain of FLCs.

In order to develop methods to incorporate human knowledge, the first issue to be considered
is the types of human knowledge that are going to be used. From a high-level conceptual
point of view, any control system consists of at leasta plant and a controller. Therefore,
human knowledge about a control system can be classified into two categories: plant
- knowledge and control knowledge. Depending upon the human knowledge used and the
structure of the fuzzy controller, adaptive fuzzy control is classified into the following three
categories:

* Indirect adaptive fuzzy control: the fuzzy controller comprises a number of fuzzy

systems constructed (initially) from the plant knowledge.
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¢ Direct adaptive fuzzy control: The fuzzy controller is a single fuzzy system
constructed (initially) from the control knowledge.

o Combined indirect/direct fuzzy control: The fuzzy controller is a weighted average of
the indirect and direct adaptive fuzzy controllers, therefore, both plant and control

knowledge is used.

1.6 Classes of Intelligent Control

There are two distinct approaches which have been formulated in the adaptive control field:
direct and indirect schemes [1]. A direct adaptive control scheme builds an explicit model of
the desired controller, whereas an indirect scheme produces a model of the plant and synthesis
the control law, using a predefined optimization/inversion calculation. For instance, the
majority of neurofuzzy controllers have been direct, as a fuzzy rule base is used as a
controller and there exists a performance index which relates errors in the plant’s output to
errors in the control signal in order to update the rule base. In contrast, most of the adaptive
neurocontrol schemes have been indirect, as an explicit plant model is generally constructed,

to be used in a predictive control algorithm for example.

DIRECT STABILIZING CONTROLLERS

One of the simplest direct learning control schemes is shown in Figure [1.2], where a fixed,
stabilizing, linear, feedback controller is used to train a learning network. The linear
controller is designed so that the closed-loop system is stable in every operating region and
the control signal provides a training signal for the learning module. The performance of the
closed loop system depends on the current operating point, although the iterative training of
the network gradually improves its performance (and the performance of the control signal)
on line. As the operating point changes, the learning controller builds up a nonlinear model of
the desired control surface, such that when the plant returns to the original operating point, the
learnt response has not been forgotten and it can be improved upon. This is requires a
learning module which is temporally stable; learning about one area in the input space affects

the knowledge stored in a different region minimally.

Despite the algorithm’s simplicity, this approach has one main drawback; the design of the
fixed linear controller. It has been claimed that the algorithm is robust with respect to the
design of this controller, although the rate of convergence of the learning module depends on
the quality of the training signal. A learning module is slow to adapt when the linear

controller is performing poorly.
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PREDICTIVE LEARNING CONTROL SCHEMES

Indirect predictive learning control schemes attempt to formulate a control strategy by
assessing the effect of their actions for many time-steps into the future and selecting the
current “optimal” control action, which is then applied to the plant. The architecture requires
the development of a plant model, a performance function to evaluate the effect of a control
action. This is illustrated in Figure [1.3], where a learning control element has also been
included, so that after sufficient training, the full optimization calculation does not need to be
calculated and the computing resources can be allocated to other tasks. If the plant is time-
varying, the model is generally adaptive, although the initial optimization calculations may

give very poor closed-loop control if the process model is poor.

When the plant model is good and the performance function and the search strategy are
appropriately chosen, this control scheme can provide excellent closed-loop control.
However, the multi-step ahead optimization calculation is generally very expensive and is
only applied to systems which are not time-critical. Many simplifications of the above

architecture can be performed which makes this technique more suitable for real-time control

tasks.

MODEL REFERENCE ADAPTIVE CONTROL

The model reference learning control architecture has been widely used in the linear adaptive
control field, and is shown in Figure [1.4]. The control objective is to adjust the control signal
in a stable manner so that the plant’s output, y”(£), asymptotically tracks the reference model’s

output, y'(2), i.e.:
lim [y (6)-y" ()] <& (L1)

where & is a small positive constant. The performance of this algorithm depends on the
choice of suitable reference model and the derivation of an appropriate learning mechanism.
Researchers in the sixties found that simple gradient-based learning rules were sometimes
insufficient and there is no reason why this should not also be the case for more general

nonlinear plant models and controllers.

INTERNAL MODEL CONTROL

Internal model control uses a similar structure to the predictive learning control scheme as
shown in Figure [1.5]. A learning module is used to model the process directly, receiving the
applied control signal rather than the reference signal which is used in the model reference
adaptive control scheme. The error between the model and the measured plant output is used

as a feedback signal and this is passed to the controller. The internal model controller is

11
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Figure [1.5] An internal model control architecture.
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generally designed to be an inverse plant model (when it exists). It is claimed that this

approach extends readily to nonlinear systems and yields to robustness and stability analysis.

FUZZY GAIN-SCHEDULING

One more type of controller is Fuzzy Gain-Scheduling that can capture nonlinearities or
parameter dependencies on slowly-varying scheduling variables; typically, local linear
controllers are interpolated by means of fuzzy logic. Gain-Scheduling is a widely used
technique for controlling certain classes of nonlinear or linear time-varying systems. Rather
than seeking a single robust Linear Time Invariant LTI controller for the entire operating
range, gain-scheduling consists in designing an LTI controller for each operating point and in

switching controller when the operating conditions change.

The common drawback of the inverse and predictive control methods is the lack of techniques
for analyzing the stability, robustness and performance properties of the closed loop system.
A well-known limitation of the gain-scheduling methods is that only slowly-varying

trajectories are admissible for the controller to work as desired in the closed-loop [7].

Having discussed the classes of controllers that can be incorporated with fuzzy logic and
neural networks, we shall now concentrate on one aspect of such controllers which is the

robust fuzzy control methodology, as will be presented in the coming sections.

1.7 Robust Control

Robustness of control systems to disturbances and uncertainties has always been the central
issue in feedback control. Feedback would not be needed for most control systems if there
were no disturbances and uncertainties. Developing multivariable robust control methods has

been the focal points in the last two decades in the control community. The state-of-the art

H™ robust control theory is the results of this effort. The H® norm was found to be
appropriate for specifying both the level of plant uncertainty and the signal gain from

disturbance inputs to error outputs in the controlled system.

If a control system is considered with sources of: uncertainties, noise and disturbances, two
types of problem are considered.

Analysis problems: Given a controller, determine if the controlled signals (including tracking
errors, control signals, etc.) satisfy the desired properties for all admissible noises,
disturbances, and model uncertainties.

Synthesis problems: Design a controller in such a way that the controlled signals satisfy the

desired properties for all admissible noises, disturbances and model uncertainties.

13
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Some robust control essentials that have relations to the thesis, will be discussed in chapter

two.

1.8 Robustness Behavior of Fuzzy Controllers

Control design of nonlinear systems is a difficult process, and in practical control systems,
plants are always nonlinear. Thus many nonlinear control methods have been developed for
nonlinear systems to overcome the difficulty in controller design for real systems. However,
in these control system designs, nonlinear systems must have some predictable behaviors.
For instance, the system must be minimum phase, it must be sufficiently smooth, and the
parameters must be exactly known in order for the feedback linearization method to be
applied.  Furthermore, these control schemes are so complicated that they are not suitable for

practical application.

In recent years, engineers successfully utilized fuzzy logic ina variety of industrial control
applications. Despite the success, it has become evident that many basic issues remain to be
addressed.  The most important issue for fuzzy control systems is how to get a system design

with a guarantee of stability, control performance and robust behavior.

1.8.1 Literature Review in Robust Fuzzy Control

STABILITY ISSUES

In fact, most of the critical comments on fuzzy control are due to the lack of a general method
for its stability analysis. Researchers are still seeking an appropriate tool for the stability
analysis of fuzzy control systems, although this situation is now being improved, as will be

discussed later.

The success of fuzzy control, however, does not imply that we do not need a stability theory
for it. The main drawback of the lack of stability analysis would be that we couldn’t take a
model-based approach to fuzzy controller design, since the stability theory will certainly give

us a wider view on the future development of fuzzy control.

TAKAGI-SUGENO FUZZY MODEL

In general, fuzzy control systems can be classified as linguistic (Mamdani [8]) type and
Takagi-Sugeno T-S type [9]. The linguistic type fuzzy control system is well recognized and
received by the control society. The T-S type fuzzy system, which will be used in this thesis
mainly focuses on the modeling aspect. It has been reported that a T-S fuzzy system can

exactly model any nonlinear system [10]. On the other hand there is a main drawback of the

14
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linguistic model compared with the T-S model in that there is a difficulty in dealing with a
multidimensional system since a large number of fuzzy rules have to be used. It is, however,
known that we drastically reduce the number of rules if we use T-S type for the fuzzy
modeling of higher order systems. In connection with linear systems, T-S system becomes

linear once the number of rules is restricted to one.

In the conventional control theory, stability analysis of a control system is based on that of an
unforced dynamical system, i.e., a system without control. Therefore, needless to say, what is

first needed is a methodology of the stability analysis of an unforced fuzzy dynamical system.

TAKAGI-SUGENO MODEL STABILITY

Stability of an unforced system of T-S type, where u= 0 was first analyzed for a discrete case
in [11] where a conventional Lyapunov function approach was taken. Related works on the
stability concerns both discrete-time systems and continuous time systems. The idea in the
stability analysis is to regard fuzziness in a T-S system, i.e., its nonlinearity, as uncertainty in
a polytopic linear system. Hence to embed the stability problem in the control system as

compatible with the conventional control theory.

There are some works in the literature that are mainly concerned with the stability analysis of
a T-S fuzzy model. Interest in the stability research is now shifting from the linguistic type to
the T-S type. The existence of a proper T-S fuzzy model is first assumed. In other studies, a
nonlinear plant was approximated by a T-S fuzzy linear model, and then a model-based fuzzy
control was developed to stabilize the T-S fuzzy linear model. The appeal of the T-S model is
that the stability and performance characteristics of the system can be analyzed usinga

Lyapunov approach as were investigated by: [12], [13], [14], [15], [16] and [17].

In practice, the effect of approximation error between the nonlinear system and its fuzzy
model does deteriorate the stability and control performance of the nonlinear system.
Therefore, the stability and control performance of nonlinear control systems still need further

study. M. Sugeno [18] summarizes all attempts done in the stability of both fuzzy types.

RESEARCH EFFORTS IN T-S STABILITY; THE LYAPUNOV APPROACH

Based on the stability conditions, model-based control of T-S systems has been developed for
the discrete case [11], [15], [17] in addition to the continuous case [19], [20]. In these studies,
state-space models are used. Tanaka and Sugeno [15] have provided a sufficient condition for
the asymptotic stability of a fuzzy system in the sense of Lyapunov through the existence of a

common Lyapunov function for all the subsystems. Tanaka and Sano [17] have extended this
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to robust stability in case of systems with premise-parameter uncertainty. Tanaka et al. [13]
suggest the idea of using linear matrix inequalities LMI for finding the common Lyapunov P
matrix where in [12] an iterative algorithm for the choice of such common P matrix is

proposed.

T-S CONTROL ISSUES

A further and a significant step has also been taken to utilize Lyapunov function based control
design techniques to the control synthesis problem for T-S models. The so-called Parallel
Distributed Compensation (PDC) ( J. Li et al. [21], [22], [23], D. Niemann et al. [19], H.
Wang et al. [24]) is one such control design framework that has been proposed and developed
over the last few years. It has been shown that within the framework of T-S fuzzy model and
PDC control design, design conditions for the stability and performance of a system can be
stated in terms of the feasibility of a set of linear matrix inequalities (LMIs) ( J. Li et al. [21],
[22], D. Niemann et al. [19], H. Wang et al. [24]). This is a significant finding in the sense
that there exist very efficient numerical algorithms for determining the feasibility of LMIs, so
even large-scale analysis and design problems are computationally tractable. The PDC
control structure utilizes a nonlinear state feedback controller which mirrors the structure of
the associated T-S model. The gains of the controller can be determined automatically using

an LMI formulation.

FUZZY H™ CONTROL

Recently, nonlinear H * control schemes have been introduced to deal with the robust
performance design problem of nonlinear systems. In the conventional optimal control, the
plant model must be known beforehand. However, the designer has to solve a Hamilton-
Jacobi equation, which is a nonlinear partial differential equation [25]. Only some very

special nonlinear systems have a closed-form solution. In general, conventional nonlinear

H ' control schemes are not suitable for practical control system design.

For practical control design, a simple fuzzy control design with guaranteed control
performance is more appealing for nonlinear systems. In this work, the fuzzy linear T-S
model is used to approximate a nonlinear system. Hence, a hybrid fuzzy controller is

introduced to stabilize the nonlinear system, and at the same time to eliminate effects of

external disturbance below a prescribed level, so that a desired H * control performance can
be guaranteed, B. Chen [26]. In this approach only a linear fuzzy control design is used,

without complicated feedback linearization or parameter update law, although, the same

H * control performance is achieved. In addition, fuzzy control design with robustness
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optimization is also introduced based on the optimal A * control scheme by minimizing the

attenuation level.

The methods attempt to combine the fuzzy linear model and H* performance to obtain a
simple but practical algorithm for robust performance control design of nonlinear systems.

This attempt is made to create a bridge between two important control design techniques, i.e.,

robust and fuzzy control design, so astosupply H* control design with more intelligence
and fuzzy control design with better performance respectively (B. Chen ez al. [14], B. Chen
[26], K. Tanaka et al.[13]).

The perfect matching of parameters in an adaptive fuzzy logic system is generally deemed
impossible. ~ Therefore a desired tracking performance cannot be guaranteed in the
conventional adaptive fuzzy control systems. The influence of both the fuzzy logic
approximation error and external disturbance on the tracking error is attenuated to a

prescribed level.

LMI TECHNIQUE

In recent years, LMlIs have emerged as powerful mathematical tools for the control engineers.
However, many researchers expressed their results in LMI conditions without realizing that
these results can be (or have been) solved through Algebraic Riccatti Equation (ARE)
approach. Conversely, many classical results expressed in AREs can also be written in the
form of LMIs. Within the development of fast optimization algorithms for LMIs, these
classical results are more easily solved through their counterparts expressed in LMIs. For
instance, J. Li er al. [28] shows the relation between LMIs and AREs through absolute

stability criteria, robustness analysis and optimal control. This analysis of robust stability of

fuzzy control systems via quadratic stabilization, H” control theory is solved by LMI
techniques. This LMI based technique is not only an analysis tool; it can also be utilized to
automate the controller design process, LMI is a very efficiert numerical algorithms and can

involve large scale systems.

FUZZY GAIN-SCHEDULING

On the other hand, the research in the area of fuzzy parameter dependent Gain-Scheduling is
limited. There are a few numbers of research such as, P. Korba ez al. [7], [27] are proposed a
fuzzy controller via Gain-Scheduling method for the T-S fuzzy model based on LYAPUNOV
method and LMI techniques.
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1.9 Thesis Objectives
This thesis has an objective of looking in details at synthesizing an optimal H * Robust Fuzzy
Control for two nonlinear dynamic systems, in which the first is a SISO system and the other

is a MIMO system. In addition, the thesis also presents an approach to synthesize H Fuzzy

Robust Gain-Scheduling control methodology for the two nonlinear systems.

The two problems have been framed as an LMI problem formulation where modeling has

been achieved via Takagi-Sugeno fuzzy modeling of nonlinear process.

1.10 Problem Formulation
Since the thesis objectives have been centered around synthesizing linear H fuzzy gain-
scheduling for nonlinear systems, the problem has been formulated through the consideration

of obtaining suitable fuzzy sub-models. That was achieved via the employment of Takagi-

Sugeno fuzzy modeling technique with clustering. Hence, H * robust control synthesis have
been synthesized based on the formulation of a suitable Lyapunov Function for the nonlinear

systems under consideration. That was formulated as Linear Matrix Inequality Problem.

Finally, H " Fuzzy Gain-Scheduling was formulated by utilizing changes in the T-S fuzzy

sub-models and regarding the dynamic system as a Linear Parametric Varying system.

Hence, seeking suitable /7 controller through the expression of the problem in terms of LMI
formulation.  Gain-scheduling is then achieved once the system under consideration

undergoes change in parameters.

1.11 Thesis Outline

This thesis is presented in seven chapters and organized as follows:

CHAPTER ONE: THESIS INTRODUCTION

Chapter one serves as an introduction to the whole thesis objectives; first it gives a general
introduction  to the historical development of artificial intelligent and its two important
approaches, fuzzy logic and neural network. After that, it gives a brief idea about their
applications in modeling and control. Robust fuzzy control, the main subject of this thesis is
then introduced briefly, where a survey on the work done in this area is presented. Finally,
this chapter introduces the thesis objectives and the problem formulation being investigated in

this thesis followed by a brief content of each chapter.
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CHAPTER TWO: ROBUST CONTROL ESSENTIALS AND LINEAR MATRIX INEQUALITIES
FORMULATION

This chapter presents an overall formulation of the essentials of linear robust control theory.

After the introduction, the chapter gives the closed loop feedback prospect and properties.
The H® formulation with a level of disturbance is presented via Riccati-based and LMI-

based formulations. Optimal / * formulation and the mixed sensitivity H * are presented as

well in this chapter. Then the LMI techniques are introduced with the LMI formulation of the

Quadratic LYAPUNOV Function and H“. Finally, model uncertainty is discussed with a

description about uncertain state-space models.

CHAPTER THREE: NEUROFUZZY ARCHITECTURE AND TAKAGI-SUGENO MODEL
Presents some important concepts and topics involving fuzzy logic (fuzzy sets, rule-based
fuzzy models) and neural network (multilayer perceptron, backpropagation learning

algorithm), so that to introduce the neurofuzzy systems used in this work.

CHAPTER FOUR: TAKAGI-SUGENO FUZZY CLUSTERING AND MODELING OF NONLINEAR
SYSTEMS
This chapter introduces the application of the neurofuzzy systems to nonlinear dynamic

system modeling. It is concentrated on the modeling via Takagi-Sugeno modeling technique
and the employment of fuzzy clustering to generate suitable initial membership functions.

Such initial memberships are then employed to construct the suitable T-S models.

The T-S Fuzzy modeling have been applied to model two nonlinear dynamic systems. The
first is a nonlinear mass-spring-damper system, whereas, the second is a nonlinear antenna
system with two coupled outputs. Furthermore, the T-S fuzzy models have been validated

and checked through the use of some standard model validation techniques.

CHAPTER FIVE: FUZZY H” ROBUST CONTROLLER SYNTHESIS FOR NONLINEAR
SYSTEM

Chapter Five presents the synthesis of fuzzy H * robust controllers of nonlinear systems that
have been modeled in chapter four by T-S fuzzy models. The whole chapter is considered as
a mathematical formulation of the proposed controller. In this respect, more detailed
description of T-S fuzzy model is presented with some related issues such as the stability of
T-S models. H * robust control and its LMI formulation is presented in this chapter. Finally,

the proposed controller is applied to two case studies in order to verify it. Some conclusions

are presented at the end of this chapter regarding the Fuzzy H ® Robust Controller.
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CHAPTER SIX: FUZZY-BASED H® ROBUST GAIN-SCHEDULED CONTROLLER
Chapter six introduces the concept of Linear Parametric Varying systems (LPV) and discusses

how a T-S fuzzy model can be viewed as a LPV system. The chapter presents issues related
to the design of H ™ Fuzzy Gain-Scheduling Control, hence it extends to the design of

H® Gain-Scheduling for the two nonlinear systems, which have been modeled using the

concept of T-S fuzzy models. The chapter then presents two simulation examples for the

H " Fuzzy Gain-Scheduling.

CHAPTER SEVEN: CONCLUSIONS

Finally, chapter seven presents the thesis conclusion.
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2.2 Feedback Properties

Considering the one-degree of freedom configuration shown in Figure [2.1]. The plant G(s)
and controller K(s) interconnection is driven by a reference command r, output disturbances
d, disturbance at plant input d, and measurement noise n. Shown also the output y to be

controlled, u, the plant input and u are the control signals.

It is convenient to define the input loop transfer matrix, L;, and output loop transfer matrix,

L, as
L=KG, L,=GK (2.1)
respectively. Here, L, is obtained by breaking the loop at the input u of the plant while L, is

obtained by breaking the loop at the output y of the plant. The input sensitivity matrix is

defined as the transfer matrix from d; to u,, as:

S =(+L,)", u =Sd 2.2)
The output sensitivity matrix S, is defined as the transfer matrix from d to y by:

S, =(I+L,)", y=S.d (2.3)
The input and output complementary sensitivity matrices are hence defined as:

T =1-S,=L,(I+L,)" (2.4)

T() :I-—'S() = L() (I+L(J )_1 (2'5)

respectively.  The word complementary is employed to signify the fact that T is the

complement of S, T=1-S. The matrix I +L, is called the input return difference matrix

and I+ L is called the output return difference matrix.

It is easy to observe that the closed-loop system, if it is internally stable, should satisfy the

following transfer function conditions:

y =T{)(r—n)+SoGd, +S,d (2.6)
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Figure [2.1] Feedback Configuration.
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r-y= Sa(r—d)+ S,Gd, +T,n (2.7)
u=KS (r-n)-KS,d+Td, (2.8)
u,=KS,(r-n)-KS d+Sd, (2.9)

These four conditions represent the fundamental benefits and design objectives inherent in
feedback loops. For instance, Equ. [2.6] shows that the effect of disturbance d on the plant
output can be made “small” by making the output sensitivity function S, small. Similarly,
Equ. [2.9] shows that the effects of disturbance d; on the plant input can be made small by
making the input sensitivity function S; small. The notation of smallness for a transfer matrix
in a certain range of frequencies can be made explicit using frequency-dependent singular

values. For instance, o __ (So)<1 over a frequency range would mean that the effects of

disturbance d at the plant output are effectively desensitized over that frequency range.

Hence, a good disturbance rejection at the plant output'y would require that the following

conditions to be satisfied accordingly,

c..(S,)=0., ((I +GK)™ ) (for disturbance at plant output, d)
S S
O in I + GK)
O 8,G)=0 ., ((I +GK)'G ) (for disturbance at plant input, d,)
=0, (GS,)

be made small and good disturbance rejection at the plant input u, would require that,

oo (S)=0 (1+KG)") (for disturbance at plant input, d,)
1
o, [+KG)
o .SK)=0c,, (K(I +GK)™ ) (for disturbance at plant output, d)
T, (KS,)

be made small, particularly in the low-frequency range where d and d; are usually significant.

Generally, the output sensitivity S, and the input sensitivity S, are not equal (S, # S,) unless

K and G are square and diagonal, which is true if G is a scalar system. Hence, small
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o...(S,) does not necessarily imply small o (S,). Inother words, good disturbance

rejection at the output does not necessarily mean good disturbance rejection at the plant input.

2.3 H” Control Generalization

There are many ways in which feedback design problems can be cast as H © optimization
problems. It is very useful therefore to have a standard problem formulation into which any
particular problem may be manipulated. Such a general configuration is shown in Figure-
[2.2]. In the figure, the plant P(s) and controller K(s) are assumed to be real, rational and
proper. It will be assumed that the state-space models of P(s) and K(s) are expressed as
Linear Fractional Transformation LFT and to be available where their realizations are

assumed to be stabilizable and detectable.

This configuration shown in Figure [2.2] is described by,

MRS M g W
u=K(s)y (2.11)

with state-space realization of the generalized plant P(s) expressed as,

(2.12)

The signals are: u the control variables, y the measured variables, w the exogenous signals
such as disturbances w, and commands r, and z the so-called “error” signals which are to be
minimized in some sense to meet the control objectives. The closed-loop transfer function

from w to z is given by LFT [29] as,

z=F (P K)w (2.13)
where

F,(PK)=P, +P,K(I-P,K)'KP, (2.14)
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Disturbance Controlled
> ’ output
W P(s)
» z
System input System output
u Y

K(s)

Figure [2.2] Representation of linear fractional transformation
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Therefore, H™ control involves minimization of H* norms of F,(P,K) below a

disturbance level .

IF,(P.K)|. <7 (2.15)

The most general, widely available and widely used algorithm for H* control problems

synthesis are based on the state- space solutions as given by Glover and Doyle [26].

RICCATI-BASED AND LMI-BASED APPROACHES

H* can be constructed through two well-known methods, the Riccati-based and LMI-based
approaches. The LMI approach is computationally more involved for large problems, in
addition, LMI has the merit of eliminating the regularity restrictions attached to the Riccati-
based solution. Since both approaches are state-space methods, the plant P(s) is given in

standard LFT form as where expressed in Equ. [2.12] as,

x=Ax+B,w+B,u
z=Cx+D,w+D,u (2.16)
y=Cyx+D,,w+D,u

The linear H ” Riccati approach is applicable to plants satisfying a number of conditions [30].

These are given as,

- (A, B,, C),) are stabilizable and detectable.

- Both D, and D,; matrices have full rank.

A-jowl B, |
- ~ | has full column rank for all @ .
C] Dl2_
A-jol B, |
- has full row rank for all @ .
L C, DZ]_

- DHZO and D22=O.
0
- D, =L} and D,, = [0 I]

- D;I}C} =0 and B1D;‘1 =0
- (A, B)) are stabilizable and (A, C)) are detectable.
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The H® algorithms also find a sub-optimal controller K, in such away that for a specified

disturbance level 7, a stabilizing controller is found for which |F, (PX)| <7 Ifan

optimal controller is required then the algorithm can be used iteratively, while reducing

¥ until the minimum is reached within a defined tolerance.

H? Norms:
Letting a transfer function of a system given as G(s) e RI® and recalling that L™ norm of a

matrix rational transfer function G is given by,

IGl. = SUP O (G(jw)) 2.17)

The interpretation of the infinity norm ofa scalar transfer function G is the distance in the
complex plane from the origin to the farthest point on the Nyquist plot of G. Also it appears
as the peak value on the Bode magnitude plot of GG )

The H® norm of G(s) is its largest input-output RMS gain, i.e.

I+,
|G, =supy— (2.18)
Jull,
uel,
uzl
corresponding to the peak gain of the frequency response G( jco) ie.
IG|, =supo,, (G(jo)) (2.19)

The H ®control synthesis is the one of disturbance rejection. It consists of minimizing the
closed-loop RMS gain from w to z. Thisis effectively minimizing the effect of the worst-

case disturbance w on the output z.

For a stable system given by the P(s) representation in Equ. [2.12], the Hamiltonian matrix is

then defined as:
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-7 BR—I T
_z[ A+BR'D'C B J (220

~c’fi-pp’['c -(A+BRD'C
inwhich R=I-D'D.

Once “PHU <1, H has no eigenvalues on the imaginary axis H € dom(Ric) and the

stabilizing solution Ric(H) > 0, where (Ric(H)) > 0 if (C, A) is observable.

2.4 Optimal H” Control:

With reference to the general control configuration shown in Figure [2.2], the standard H *

control problem is to find all admissible controllers K which will minimize F,(P, K given

by:
IF,(P.X)|, = max o, (% P.K)(jw)) 2.21)

Here the /1™ norm has several interpretations in term of performance. One is that it

minimizes the peak of the maximum singular value of F,(P(jw),K(jw)) . Italso hasa

time domain interpretation as the induced (worst-case) 2-norm. Letting z = F, (P,K)w , then

|7, (PKY, = max ’;‘VZV((ZXX‘I"‘ (2.22)

in which,

()], = \/.[: Dl (t)fdz is the 2-norm of the vector signal.

In practice, it is usually not necessary to obtain an optimal controller for the H* problem,

hence it is often computationally and theoretically simpler to design a sub-optimal one (i.e.

close to the optimal ones in the sense of the /7 norm). Letting ¥ . be the minimum value
of ”F, (P’K)Hw over all stabilizing controllers K, then the //* sub-optimal control problem

is: givena y < y ., find all stabilizing controllers K such that

IF(PK)| <7 (2.23)
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This can be solved by reducing y iteratively, until an optimal solution is approached. The

algorithm is summarized below with all simplifying assumptions.

2.5 Riccati-based Optimal H ” Algorithm
For the general control configuration of Figure [2.2] described by Equs. [2.10]-[2.12], there

exist a stabilizing controller K(s) such that |F,(P,K)|_ < if and only if [31],

() X” 20 is a solution to the algebraic Riccati equation

A'X” +X"A+C/C, +X"(y?B,BT -B,B] )X" =0 (2.24)
such that

Re 4,|A +(7?B,B] -B,B! )X~ |<0, V,; and (2.25)
(i) Y™ >0 is a solution to the algebraic Riccati equation

AY” +Y“A+B B/ +Y*(y2CTC, -CIC,)Y" =0 (2.26)
such that

Re 4,|A+Y"(y?ClC, -CLC,)Y"|<0, V,; and (2.27)

iy p(X*Y")<y?
All such controllers are then given by K(s) = F, (K, (s),Q), in which

A”| -Z°L° Z-B,

K. (s)=| F* 0 I (2.28)

-C,| 1 0
F*=-B)X”, L =-Y"Cl, Z°=(1-y2y"Xx") (2229)
A” =A+y7B,B/X” +B,F” +Z°L"C, (2.30)

and Q(s) is any stable proper transfer function such that NQHw <y. For Q(s)=0, we get
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K(s)=K_,(s) (2.31)

=—Z°L°(sT-A*)'F" (2.32)

This is called the central controller and has the same number of states as the generalized plant

P(s).

¥ ~-ITERATION:  If we desire a controller that achieves ¥, to within a specified tolerance,

then a bisection can be performed on y until its value is sufficiently accurate. The above

result provides a test for each value of y to determine whether it is less than ¥ min OF greater

than y . .

2.6 H” Mixed-Sensitivity Problems
A good performance is required in some frequency range, typically some low-frequency
range (0,@,) [31],

o (GK)<<1, o, (KG)<<l, o, (K)<M, (2.33)

min min

where M is abounded value. A good robustness and good sensor noise rejection required in

some frequency range, typically some high-frequency range (a)h ,OO) ,
0o (GK)<<1, o, (KG)<<1, o,, (K)<M, (2.34)
where M is not too large. Such design requirements are shown graphically in Figure [2.3].

WEIGHTED H * PERFORMANCE

In this sub-section, we consider how to formulate some performance objectives into
mathematically tractable problems. The performance objectives of a feedback system can
usually ~be specified in terms of requirements on the sensitivity functions and/or

complementary sensitivity functions or in terms of some other closed-loop transfer functions.

For instance, the performance criteria for a scalar system may be specified as requiring,
1S(jw)|<e, Vo<o,

2.35
1S(w)|sM, Vo>ao, e
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@, logw
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Figure [2.3] Desired loop gain
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where S(jw)=1/(1+ P(jw)K(jw)). However, it is much more convenient to reflect the

system performance objectives by choosing appropriate weighting functions. For instance,

the preceding objective can be expressed as,

W, (jo)S(jw)|<1, Vo (2.36)
with

Vo<o,

W, (jo)|= {%’ (2.37)

Ni» Vo>,
To use W, in control design, a rational transfer function W,(s) is usually used to

approximate the foregoing frequency response.

The advantage of using weighted performance specifications is obvious in multivariable
system design. First, some components of a vector signal are usually more important than
others. Second, each component of the signal may not be measured in the same units.
Therefore, weighting functions are essential to make these components comparable.

Furthermore, we might be primarily interested in rejecting errors in a certain frequency range.

In general, the standard feedback scheme in Figure [2.1] can be modified into Figure [2.4].
The weighting functions in the figure are chosen to reflect the design objectives and
knowledge of the disturbances and sensor noise. For instance, W, and W, may be chosen to
reflect the frequency contents of the disturbances d and d, or they may be used to model the
disturbance power spectrum depending on the nature of the signals involved in the practical

systems.

The weighting matrix W, is used to model the frequency contents of the sensor noise while
W. may be used to reflect the requirements on the shape of certain closed-loop transfer
functions (for example, the shape of the output sensitivity function). Similarly, W, may be
used to reflect some restrictions on the control or actuator signals, and the dashed pre-
compensator W, is an optional element used to achieve deliberate command shaping or to

represent a nonunity feedback system in equivalent unity feedback form.

Hence, an essential step in the controller design process is to choose the appropriate weights,
W,., W, W, and possibly W,, W, W,.

Mixed-sensitivity is the name given to transfer function shaping problems in which the
sensitivity function is shaped along with one or more other closed-loop transfer functions

such as K(s)S or the complementary sensitivity T.
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u d, d
Wu VV: WY(/
A

d; d
ey y ¢
W, K L G w, >
n ~
W, |le—2

Figure [2.4] Standard feedback configuration with weights
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Putting it in standard forms, the output weights are then given by minimizing the following
cost function,

“shl{,»“eu =|W.S,W,|_ (2.38)

subject to some restriction on the control energy or control bandwidth,

”Sl“,lpHu“ =|W,KS W, (2.39)

or more frequently, by introducing a parameter p and a mixed criterion,

2

sup {Jel + o* [} |- 240

4],

WS W,
WKS

The parameter o in Equ. [2.40] defines the tradeoff between good disturbance rejection at

the output and control effort or disturbance and sensor noise rejection at the actuators.
Alternatively, if the system robust stability margin is the major concern, the weighted

complementary sensitivity has to be limited. Thus the whole cost function may be expressed

WS W,
PWT,W, w

where Wy and W, are the frequency-dependent uncertainty scaling matrices, these design

as,

(2.41)

problems are usually called H * mixed-sensitivity problems.

2.7 Model Uncertainty

For control design purposes, the possibly complex behavior of dynamical systems must be
approximated by models of relatively low complexity. The gap between models and the true
physical system is called the model uncertainty. Another cause of uncertainty is the imperfect
knowledge of some components .f the system, or the alteration of their behavior due to
changes in operating conditions, aging, etc. Finally, uncertainty also stems from physical
parameters whose value is only approximately known or varies in time. Model uncertainty

should be distinguished from exogenous actions such as disturbances or measurement noise.
There are two major classes of uncertainty:

¢ Dynamical uncertainty, which consists of dynamical components neglected in the

linear model as well as of variations in the dynamical behavior during operation.
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» Parameter uncertainty, which stems from imperfect knowledge of the physical

parameter values, or from variations of these parameters during operation.

Other important characteristics of uncertainty include whether it is linear or nonlinear, time
invariant or time varying, and whether it is parameter-dependent or not. Model uncertainty is
generally a combination of dynamical and parametric uncertainty, and may arise at several
different points in the control loop. For instance, there may be dynamical uncertainty on

system actuators and parametric uncertainty on some sensor coefficients.

2.7.1 Uncertain State-Space Model

Physical models of a system often lead to a state-space description of its dynamical behavior.
The resulting state-space equations typically involve physical parameters whose value is only
approximately known, as well as approximations of complex and possibly nonlinear

phenomena. In other words, the system is described by an uncertain state-space model,

Ex = Ax + Bu (2.42)
y =Cx+Du

where the state-space matrices 4, B, C, D, E depends on uncertain and/or time-varying

parameters or vary in some bounded sets of the space of matrices.

POLYTOPIC MODELS

We call a polytopic system a linear time-varying system,

(2.43)

E(t)c = A(t)x + B(t;u

y =C(t)x + D(t)u

A(t)+ JE(r) B()

whose system matrix S(t):[ :
C(t D(t)

} va:iss within a fixed polytope of

matrices [32], i.e.,

k k
={Za,s, ca, 20, Za, = } (2.44)

where S,,..S, are given vertex systems:
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s =|AF/E B g _|At/EL B, (2.45)
l C] Dl ¢ C/( Dk

S(r) is a convex combination of the system matrices S,,...S, . The nonnegative numbers

a,,...a, are called the polytopic coordinates of S.

AFFINE PARAMETER-DEPENDENT MODELS

The equations of physics often involve uncertain or time-varying coefficients. Once a system

is linear, this gives rise to parameter-dependent models of the form,

E(6)k = A(6)x+B(S)u
y=C(6)x+D(5)u (2.46)

where A(.),...,E(.) are known functions of some parameter vector & = (5] yees O, )

The parameter uncertainty range can be described as a box in the parameter space. This

corresponds to cases where each uncertain or time-varying parameter O, ranges between two

empirically determined extremal valuesd, , and &, ,

min

5 el

!

(2.47)

imin >~/ max ]

If 6= (5] ,..‘,5,7) is the vector of all uncertain parameters, Equ. [2.47] delimits a hyper-

rectangle of the parameter space R" called the parameter box, as illustrated in Figure [2.5].

Robustness against fast parameter variations is more stringent than robustness against
constant but uncertain parameters.  Alternatively, uncertain parameter vectors c~n be
specified as ranging in a polytope of the parameter space R” like the one shown in F igure

[2.6], for two parameters, this polytope is characterized by three vertices.

2.8 LMI Techniques
Linear Matrix Inequalities (LMIs) technique has emerged as powerful design tool in areas
ranging from control engineering to system identification and structural design. These are a

number of issues that make LMI techniques appealing [32]:
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Figure [2.5] Parameter Box.
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Figure [2.6] Polytopic parameter range.
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* A variety of design specifications and constraints can be expressed as LMIs
formulation.

* Once formulated in terms of LMIs, a problem can be solved exactly by efficient convex
optimization algorithms.

» While most problems with multiple constraints or objectives lack analytical solutions in
terms of matrix equations, they often remain tractable in the LMI framework. This

makes LMI-based design a valuable alternative to classical analytical methods.

A Linear Matrix Inequality (LMI) is any constraint of the form,
A(x)= 4, +x,4, +..x,4, <0 (2.48)

where,

e XxX= (x1 sees Xy ) is a vector of unknown scalars (the decision or optimization variables)
e A,,...,A, are given symmetric matrices

e <07 stands for “negative definite”, i.e., the largest eigenvalue of A(x) is negative.

The constraints A(x)> 0and B(x)>0 are special cases of Equ. [2.48] since they can be
rewritten as — A(x) <0 and — B(x) <0, respectively.

e Its solution set, called the feasible set, is a convex subset of R".

* Finding a solution x to Equ. [2.48], if any, is a convex optimization problem.
Convexity has an important consequence: even though Equ. [2.48] has no analytical solution
in general, it can be solved numerically with guarantees of finding a solution once a solution

exists.

A system of LMI constraints can be regarded as a single LMI since

is equivalent to A(x)= diag(4, (x),.... 4, (x))<0 (249

where diag (4,(x),.., 4, (x)) denotes the block-diagonal matrix with 4, (x),... 4, (x) on its

diagonal.
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In most control applications, LMIs do not naturally arise in the canonical form Equ. [2.48],

but rather in the form of,

L(X,,..X,)<R(X,,.X,) (2.50)

where L(.) and R(.) are affine functions of some structured matrix variables X . G

For instance, a simple example is the Lyapunov inequality

A'X+XA<0 (2.51)

where the unknown X is asymmetric matrix. Defining x, ..., X, as the independent scalar

entries of X, this LMI could be written in the form Equ. [2.48].

LMI USE IN CONTROL.:

Many control problems and design specifications have LMI formulation. This is especially
true for Lyapunov-based analysis and design, optimal LQG control, H “ control, covariance
control, and other techniques. Further applications of LMIs arise in estimation, identification,
optimal design, structural design, and so on. The main strength of LMI formulations is the

ability to combine various design constraints or objectives in a numerically tractable manner.

2.8.1 LMI Formulation of Quadratic Lyapunov Functions:
In terms of time varying control systems, quadratic stability is useful for analysis, as it can be

expressed as,
E()x(r) = A(r)x(r), x(0) = x, (2.52)

Given such system, a sufficient condition for asymptotic stability is the existence of a

positive-definite quadratic Lyapunov Function,

V(x)=x"Px (2.53)
in such a way, V(x) < 0 as given by
M <0 (2.54)
dt

along all state trajectories. In terms of Q = P!, this is equivalent to
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A()QE(Y +E()QA() <0 2.55)

at all times ¢.

Assessing quadratic stability is not tractable in general, since Equ. [2.55] places an infinite
number of constraints on Q. However, Equ. [2.55] can be reduced to a finite set of LMI

constraints in the following case:

A(?) and E(7) are fixed affine functions of some time-varying parameters &, (t),...,dn (t),

Alt)=4,+8,()4, +..+65,(t)4, (2.56)
E(t)=E, +6,()E +..+5,()E, (2.57)

This is referred to as an affine parameter-dependent model, which corresponds to systems
whose state-space equations depend affinely on time-varying physical parameters. The
quadratic Lyapunov Functions guarantee stability for arbitrarily fast time variations, since this

is their main source of conservatism.

LMI FOR LINEAR TIME-VARYING SYSTEMS:
Quadratic Lyapunov functions are also useful to assess robust RMS performance.

Specifically, a time-varying system

E(t)x = A(t)x + B(r)u L ss
y = C()x + D(t)u 258)

with zero initial state satisfies
I¥[,, <7lul, (2.59)

for all bounded input u() if there exists a positive-definite LYAPUNOV function V(x)=x"Px

such that,

%@er]‘y—yzuru <0 (2.60)

Interms of Q=P thisis equivalent to the family of inequalities given by,
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A()QE([) +E()QA() B() E@)QC()
B(t) -yI D) <0 (6]
C()QE()" D)  -yI

the smallest y for which such a Lyapunov function exists is called the Quadratic

H" performance. This is an upper bound on the worst-case RMS gain of the system.

LMI FOR LINEAR PARAMETRIC VARYING SYSTEMS:

Sufficient LMI conditions for quadratic stability are defined by considering a parameter-

dependent model as,

E(6 )k = A(6)x, (2.62)
with,

A(6)=4,+6,(0)4, +..+6,(1)4, (2.63)

E(6)=E, +6,(t)E, +..+5,(1)E, (2.64)

where 8,(t)e (6. .6, nax J» and let

/ min ?

V=@ @,): @, €18, 0006 (2.65)

denoting the set of corners of the corresponding parameter box as was shown in Figure [2.6].

n

The dynamical system is quadratically stable if there exist symmetric matrices Q and {M ,}

i=]

such that,

A(0)QE(w)" +E(0)Q Alo) + waM,. <0 foralwev (2.66)

APE +EPAT +M, >0 forall i=l,...n (2.67)
M, >0
Q>1
2.8.2 H” LMI Formulation

Given a state-space realization of a system G (s) in an LFT format as,
x=Ax+B,w+B,u

z=Cx+D; ,w+D,u (2.68)
y=Cx+D,w+D,u
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hence for H® performance, i.e. (the closed-loop RMS gain from w to z does not exceed a ¥)

if and only if there exists a symmetric matrix X such that the following matrix inequalites

are satisfied [33]:

(A+B,K)X” +X"(A+B,K)’ B, X°(C,+D,K)
B/ -1 D/, <0 (2.69)

1

(C] “"D]zK)Xoo D, _VZI

X*>0

such formulation is a well known theory through which LMI has been employed to compute

the associated suitable vector X® to synthesis an H * control structure.

2.9 Conclusions
This chapter has looked in depth at essentials of linear robust control theory and the main
formula for LFT dynamic systems. In this sense, the chapter has been organized to present

the main theorems which will be employed later in the forthcoming chapters. Hence we have
looked at the formulation of the optimal A, Riccati-based, H “ - based formulation and the
LMI H formulation, since they represent the mathematical bases for the synthesis of a

robust H ” control paradigms.

In terms of defining the LMI technique, the chapter has indeed presented the LMI formulation
for solving the H * robust control problem once the system under concern is not easily

formulated in terms of the Riccati-base formulation. Furthermore, since the H* robust
controller synthesis is expressed as LMI problems, this chapter has looked at the LMI theory

in depth as it will be employed later in chapter five.

Of essential importance presented in this chapter the concept of the H ” mixed-sensitivity

problem and the weighted / * performance. Such performances are essential once the
designer is looking at specific system behavior that is synthesized at different frequency

ranges.
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The chapter has looked at some theories related to the issue of model uncertainty, since a
modeled system can be viewed at as a nominal model in addition to specific parametric
variations- in addition to fixed parameters. Such theories are of a focus, specifically once
looking at the design of a fuzzy gain scheduling controller synthesis, which will be presented

in chapter six.

Finally, the H* design of Linear Parametric Varying Systems via the LMI formulation has
been presented and discussed with the emphasis on the LFT system realization. In
conclusion, the chapter has been casted to introduce the essentials of robust linear control
theories in terms of the Riccati-based and LMI-based formulations, since the two approaches
will be employed to synthesise the robust fuzzy control system design in chapters five and

SiX.
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3.1 Introduction

Fuzzy systems can be implemented through utilization of the neural networks learning
capabilities. In this sense, such an integration results in a neurofuzzy systems. Neurofuzzy
systems are a class of adaptive networks that are functionally equivalent to fuzzy inference
systems. This class is referred to ANFIS, which stands for Adaptive NeuroFuzzy Inference

System proposed by Jang [2].

The most popular fuzzy logic systems in the literature may be classified into two main types:
fuzzy logic systems with fuzzifier and defuzzifier (linguistic model) and Takagi and Sugeno
T-S fuzzy systems. Each type has its own characteristics and applications. T-S fuzzy system

is a special class of neurofuzzy systems.

For modeling and control applications, the employment of neurofuzzy system for
implementing the Takagi-Sugeno fuzzy model have indeed resulted in establishing a br_idge
between neural networks and linearized fuzzy model. Breaking a global nonlinear model into
a number of linear models is one of the potentials of using T-S models. However, there are a
number of issues regarding their use and training in addition to the converge toward sub-

models as will be the main issues presented in this chapter.

In order to introduce the concept of ANFIS and their relation to T-S models architectures
which is used in this thesis, some concepts of fuzzy logic systems and artificial neural
networks are explained. First, an introductory concepts about fuzzy sets is explained in
section 3.2 then the architecture of the rule-based fuzzy models are explained in section 3.3
for both types. In section 3.4 basics of ANN is introduced, that is the multilayer perceptron
which will be used in the sequel for modeling and control purposes. The back-propagation
learning paradigm for the multilayer perceptron is presented in section 3.4.2. ANFIS is
discussed in section 3.5 which shows how to decompose the parameter set to facilitate the
hybrid learning rule for ANFIS architectures representing Takagi-Sugeno fuzzy model.

Finally, section 3.6 concludes some remarks of the chapter.
3.2 Fuzzy sets
Fuzzy systems are used to represent imprecision. To describe this Zadeh [4], [34] introduced

the concept of a fuzzy set. Fuzzy represents vague descriptions of objects. Mathematically, a

fuzzy set, 4, is a function defined on the universe of discourse, U, given by,

1, (x): U——)[O,l] (3.H
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where A is the fuzzy label or linguistic variable describing the variable x. The universe of
discourse of a variable is its 'range and can be either continuous or discrete. As variables
found in modeling and control applications are typically continuous, the former is considered
here and therefore u4(x) is a continuous function. As an extension to Boolean logic z,(x)

represents the grade of membership of x belonging to the fuzzy set 4.

TYPICAL EXAMPLE: TEMPERATURE CONTROL AS A FUZZY SYSTEM

Consider the fuzzy variable TEMPERATURE, which can be described by many different
adjectives each with its own fuzzy set. A typical partition of the universe of discourse, 0-
40°C, is shown in Figure [3.1] where the fuzzy sets COLD, WARM and HOT are defined.
Here the crisp temperature 20°C has a grade of membership of 0.5 for both COLD and WARM
fuzzy sets 1.e. peotd20°C)= ptwarm(20°C)=0.5. It is clear that the definition of fuzzy sets is non-
unique and is very context-dependent. This is the nature of language and emphases how the

actual definition of the sets are both application and user specific.

3.2.1 Classes of Membership Functions

A fuzzy set is completely characterized by its membership function (MF). Typical example
of such MFs are the TRIANGULAR MF, TRAPEZOIDAL MF, GAUSSIAN MF and the
GENERALIZED BELL MF, as shown in Figure [3.2]. The mathematical definitions of such
membership functions and their derivatives are important for fine-tuning a fuzzy inference

system to achieve a desired input/output mapping.

TRIANGULAR MFS
A typical triangular MF is specified by three parameters {a, b, ¢} as follows:

[0, x<a
x4 a<x<b
triangle(x;a,b,c)=4b—a (3.2)
c—x
b<x<c
c—b
. 0, c<x
by using min and max, there is an alternative expression for the preceding equation:
. -a c-
triangle(x; a,b, c) = max| min al , ¢ xj’ 0 (3.3)
b—a c-b
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Figure [3.1] Membership functions for TEMPERATURE.
(a) Triangular MF (b) Trapezoidal MF
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Figure [3.2] Examples of four classes of parameterized MFs: (a) Triangle(x;20,60,80);

(b) Trapeziod(x;10,20,60,95); (c) Gaussian(x;50,20); (d) Bell(x;20,4,50).
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The parameters {a, b, c} (with a<b<c) determine the x coordinates of the three corners of the

underlying triangular MF.

TRAPEZOIDAL MFS
A trapezoidal MF is specified by four parameters {a, b, ¢, d} as follows:

[ 0, x<a
r—a asx<bh
b—a
trapezoidal(x;a,b,c)=J 1, b<x<c (3.4
d-x c<x<d
d-c
0, d<x

an alternative concise expression using min and max is,

trapezoidal(x; a,b, c) = max min( x—d g, d- x], 0 (3.5)
b—a d-c

the parameters {a, b, ¢, d} (with a <b <c <d) determine the x coordinates of the four

corners of the underlying trapezoidal MF.

Due to their simple formulas and computational efficiency, both triangular MFs and
trapezoidal MFs have been used extensively, especially in real-time implementations.
However, since the MFs are composed of straight line segments, they are not smooth at the
corner points specified by the parameters. In the following, other types of MFs are introduced

and defined by smooth and nonlinear functions.

GAUSSIAN MFS
A Gaussian MF is specified by only two parameters {c, o }:

)2
+7) (3.6)

Gaussian(x; c, T) =e

The Gaussian MF is determined completely by ¢ and 7 ; ¢ represents the MFs center and

7 determines the MFs width.
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GENERALIZED BELL MFS
A generalized bell MF is specified by three parameters {a, b, ¢}:

bell(x;a, b,c) = 3.7)

where the parameter b is usually positive (If 4 is negative, the shape of this MF becomes an
upside-down bell). Because of their smoothness and concise notation, Gaussian and bell MFs
are becoming increasingly popular for specifying fuzzy sets. But they are unable to specify
asymmetric MFs, which are important in certain applications. Refer to Figure [3.2] for

examples of the four types of parameterized MFs.

3.3 Rule-Based Fuzzy Models
In rule-based fuzzy systems, the relationships between variables are represented by means of

fuzzy IF-THEN rules of the following general form,

IF antecedent proposition THEN consequent proposition

The antecedent proposition is always a fuzzy proposition of the type “x is 4” where x is a
linguistic variable and 4 is a linguistic constant (term). The proposition’s truth value (areal
number between zero and one) depends on the degree of match (similarity) between x and 4.
Depending on the form of the consequent two main types of rule-based fuzzy models are

distinguished,
e Linguistic fuzzy model: both the antecedent and the consequent are fuzzy propositions.
*  Takagi-Sugeno (1-S) fuzzy model: the antecedent is a fuzzy proposition, the consequent
is a crisp function.
These two types of fuzzy models are detailed in the subsequent sections.
3.3.1 Linguistic fuzzy model
The linguistic fuzzy model (Zadeh [34]; Mamdani [6]) has been introduced asa way to

capture available (semi-) qualitative knowledge in the form of IF-THEN rules:

R:IF x is 4, THEN yis B, i=1,2,...,r (3.8)
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Here x is the input (antecedent) linguistic variable, and 4; are the antecedent linguistic terms
(constants). Similarly, y is the output (consequent) linguistic variable and B, are the

consequent linguistic terms. Values of x (or y) and the linguistic terms A4, (or B;) are fuzzy
sets defined in the domains of their respective base variables: xe U — R'™ and

yeV cRim,

The membership functions of the antecedent (consequent) fuzzy sets are then the mappings
i, (x): U————)[O,l], and u,(y): V——)[O,l]. Fuzzy sets A, define fuzzy regions in the
antecedent space, for which the respective consequent propositions hold. The linguistic terms

4; and B, are usually selected from sets of predefined fuzzy terms. Denoting these sets by A
and B respectively, insuch away 4, € Kand B, € B. The rule base R = {R,.] i= l,2,...,r}

(where r represents the total number of rules in the rule-based model), and the sets & and B

constitute the knowledge base of the linguistic model.

BASIC STRUCTURE OF A FUZZY SYSTEM

A typical architecture of a fuzzy system is shown in Figure [3.3]. It is comprised of four
principal components: a fuzzifier, a fuzzy rule base, an inference engine, and a defuzzifier.

Details about the operations of these components are described in the following sections:

[1] Fuzzifier

A fuzzifier performs the function of a fuzzification, which can be defined as a mapping from
an observed input space to labels of fuzzy sets in a specified input universe of discourse.
Since the data manipulation is based on fuzzy set theory, fuzzification is necessary and
desirable at an early stage. In fuzzy control applications, the observed data are usually crisp
(through they may be corrupted by noise). A natural and simple fuzzification approach is to
convert a crisp value x, into a fuzzy singleton 4 within the specified universe of discourse.
That is, the membership function of 4, u,(x), is equal to 1 at the point xo, and zero at other
places. In this case, for a specific value x,(z) at time ¢, it is mapped to the fuzzy set M;, with

degree p1(x(1)) and to the fuzzy set M;, with degree u(x(t)) , and so on.

There are two categories of fuzzifiers in use. They are 1) singleton, when using it, the
calculation of the system’s output is simplified and 2) nonsingleton, which can suppress noise
in the input. A singleton fuzzifier has one point (value) x, as its fuzzy set support, i.e., the

membership function is governed by the following relation:
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Crisp Rule Base Cri
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Figure [3.3] Basic architecture of a fuzzy system.

If X is A, then ;is B;
Model={ If X is A, then ¥ is B, B
If X is A; then Y is By

Input: X is A" — VisB’

v

Figure [3.4] A schematic representation of the Mamdani FIS.
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l, x=x,€U

1y (x) = { (3.9)

0, x#x,eU

[2] Fuzzy Rule Base

A fuzzy rule base consists of a set of fuzzy IF-THEN rules. It is the heart of the fuzzy system
in the sense that all other components are used to implement these rules in a reasonable and
efficient manner. The general form of the fuzzy control rules in the case of multi-input-

single-output systems (MISO) is:
IF xis A4,...AND yis B, THEN zis NOT C, i=12,.,r (3.10)

In which x...y and z are linguistic variables representing the system state variables and control
variables, respectively, and 4,...B; and C; are the linguistic values of the linguistic variables
x...y and z in the universes of discourse U,...,V, and W, respectively, “AND,” “OR,” and

“NOT?” are connectives of the rule.

In general there are many forms and variations of fuzzy rules. For instance, the following

form whose consequent is represented as a function of a system state variables x,...,y,
RiIF xis A4,..AND y is B, THEN z=f(x, ..,)) i=1,2,...r (3.11)

Fuzzy control rules evaluate a system state (i.e. state, state error, state error integral, and so
on) at time ¢ and compute and decide control actions as a function of the state variables
(x,...,y). This type of rules does not need a defuzzifier to decode any linguistic fuzzy values
into numerical values. Such fuzzy model is called Takagi-Sugeno model will be explained

later.

[3] Fuzzy Inference System (FIS)

In order to be able to employ a linguistic model, we need an algorithm which allows us to
compute an output value given some input value. This algorithm is called the fuzzy inference
algorithm (or mechanism or engine) such as Mamdani FIS shown in Figure [3.4] with three
rules.  For the linguistic model, the inference mechanism can be derived using fuzzy

relational calculus.

The fuzzy inference engine performs the decision-making aspect of the system. A complete

rule base with fuzzy input sets F,,, and fuzzy output sets F,,, consists of F, inpXFou Tules each

52




Chapter Three: Neurofuzzy Architecture and Takagi-Sugeno Fuzzy Model

with its own membership function u,,(x,y) defined on the product space {AXB} R*"'. The

resulting rule base 14, (X, y) is hence defined as the union of these membership functions:

pe(x.9) = JIFp,, (x) THEN 1, (3) ¢, (3.12)
if

=Uu, x.»)

S(I(ﬂAl (x), Hpi ). e )r--:t(ﬂAFmp (x), H g pou (y)ﬁcFmpjv‘w, ), (3.13)

which is also known as the fuzzy relational surface. From this rule base a fuzzy output is

inferred by the computational rule of inference defined as:

Mg (V) = pp(x) 0 trp(x, )
= [ 0 () 0 g (x, y)ax (3.14)

where o is the composition operator, 1, (x) is the fuzzified input and uz(y) represents the
distribution of the fuzzy membership functions across the output. Using singleton
fuzzification this reduces to a slice through the fuzzy relational surface. The result is a fuzzy

output representing the degree to which the input is related to each of the fuzzy output sets.

[4] Defuzzifier

Defuzzification is a mapping from a space of fuzzy control actions defined over an output
universe of discourse into a space of nonfuzzy (crisp) control actions. There are many
different defuzzification techniques, the most natural is the center of gravity or center of area

where the crisp model’s output is found from,

D v, ()
y, = (3.15)

ZIUAI W)

MULTIVARIABLE SYSTEMS

In the MIMO case, all fuzzy sets in the model are defined on vector domains by multivariate
membership functions. It is, however, usually, more convenient to write the antecedent and
consequent propositions as logical combinations of fuzzy propositions with univariate
membership functions. Fuzzy logic operators, such as the conjunction, disjunction and

negation (complement), can be used to combine the propositions. Furthermore, a MIMO
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model can be written as a set of MISO models. Therefore, for the ease of notation, we will
write the rules for MISO systems. Most common is the conjunctive form of the antecedent,

represented by:

R, :IFx; is 4; AND x; is 4; AND ... AND x, is 4,
THEN yisB, i=12,...r (3.16)

The above model is a special case of Equ. [3.8], as the fuzzy set 4, in Equ. [3.8] is obtained as

the Cartesian product of fuzzy setsd;: 4, =A;XApX .X 4 F,, - 1he degree of fulfillment

M, is given by:

K, =,uA,.,(x,)/\yA,z(xz)/\.../\,uAi,inp(mep) 1<i<r (3.17)

Other conjunction operators, such as the product, can be used. A set of rules in the
conjunctive antecedent form divides the input domain into a lattice of fuzzy hyperboxes,
parallel with the axes. Each of the hyperboxes is a Cartesian product-space intersection of the
corresponding univariate fuzzy sets. This is shown in Figure [3.5a]. The number of rules in

the conjunctive form needed to cover the entire domain is given by,

F/‘np
r=T1"w, (3.18)

where F,, is the dimension of the input space and o is the number of linguistic terms of the

™ antecedent variable.
By combining conjunctions, disjunctions and negations, various partitions of the antecedent
space can be obtained, the boundaries are, however, restricted to the rectangular grid defined

by the fuzzy sets of the individual variables, see Figure [3.5b]. For instance, considerine the

rule antecedent covering the lower left corner of the antecedent space in the figure,
R,- :IF x; is NOT A13 AND X is Ay THEN ...

Degree of fulfillment of such a rule is computed using the complement and intersection

operators,

p=l-p, (x)Au, (x,) (3.19)
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(b)

(©

Figure [3.5] Different partitions of the antecedent space. Gray areas denote the
overlapping regions of the fuzzy sets.
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The antecedent form with multivariate membership functions Equ. [3.8] is the most general
one, as there is no restriction on the shape of the fuzzy regions. Boundaries between these
regions can be arbitrarily curved and opaque to the axes, as depicted in Figure [3.5¢]. Also the
number of fuzzy sets needed to cover the antecedent space may be much smaller than in the
previous cases. Hence, for complex multivariable systems, this partition may provide the
most effective representation. Note that the fuzzy sets 4;to 44 in Figure [3.5¢] still can be
projected onto x; and x, to obtain an approximate linguistic interpretation of the regions

described.

3.3.2 Takagi—Sugeno Fuzzy Model

The linguistic model, introduced in the previous section, describes a given system by means
of linguistic IF-THEN rules with fuzzy proposition in the antecedent as well as in the
consequent. Takagi-Sugeno (T-S) fuzzy model [49], on the other hand, uses crisp functions
in the consequents. Hence, it can be seen as a combination of linguistic and mathematical
regression modeling in the sense that the antecedents describe fuzzy regions in the input space

in which consequent functions are valid. A typical T-S rules have the following form:

R:IF x is A, THEN vy, =f(x) (3.20)

Contrary to the linguistic model, the input x is a crisp variable (linguistic inputs are in
principle possible, but would require the use of the extension principle [56] to compute the
fuzzy value of y, The functions f; are typically of the same structure, only the parameters in
each rule are different. Generally, f; is a vector-valued function, but for the ease of notation
we will consider a scalar f. A simple and practically useful parameterization is the affine

(linear in parameters) form, yielding the rules,

IF xis4, THEN y=a/x+b, i=12,...r (3.21)

In Equ. [3.21] a; is a parameter vector and &, is a scalar offset. This model is called an affine

T-S model.
INFERENCE MECHANISM OF T-S FUZZY MODEL

The inference formula of the T-S fuzzy model is a straightforward extension of the singleton

model inference,
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,»r=l u[yl

y=—=
Zi:l’ui
_ z;l,u, (a,.Tx+b,)

r
Yy

(3.22)

once the antecedent fuzzy sets define distinct but overlapping regions in the antecedent space
and the parameters a, and b, correspond to a local linearization of a nonlinear function, the T-
S model can be regarded as a smoothed piece-wise approximation of that function. Figure

[3.6] shows a nonlinear function that can be described by three different affine equations.
T-S MODEL AS A QUASI-LINEAR SYSTEMS

The affine T-S model can be regarded as a quasi-linear system (i.e., a linear system with

input-dependent parameters). Denoting the normalized degree of fulfillment by

B (x)= 2,00/ 1, (%) (3.23)

Here A, (x) can be written explicitly as a function of x to show that the T-S fuzzy model is a

quasi-linear model of the following form:

) =[§hi(x)a,r)x+§hi(x)bi

=a’ (x)x +b (x) (3.24)

where the ‘parameters’ a(x), b(x) are convex linear combinations of the consequent

parameters a,; and b,, defined by,

a(x)= Zh (x)a,,  b(x)= Z B, (x)b, (3.25)

In this sense, a T-S model can be regarded as a mapping from the antecedent (input) space to
a convex region (polytope) in the space of the parameters of a quasi-linear system, as

schematically depicted in Figure [3.7].
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Figure [3.6] T-S fuzzy model as a smoothed piece-wise linear
approximation of a nonlinear function.
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Figure [3.7] A T-S model with affine consequent can be regarded as a mapping
from the antecedent space to the consequent parameters.
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This property facilitates the analysis of T-S models in a framework similar to that of linear
systems. Methods have been developed to design controllers with desired closed loop

characteristics and also to analyze their stability, as were introduced in chapter one.

3.4 Artificial Neural Networks
Having discussed the background of fuzzy logic and systems, it is essential to highlight as

well the essentials of neural networks as they constitute the fundamentals of multilayer

perceptron.

3.4.1 Multilayer perceptron

The best known neural network architecture is the multilayer feedforward neural network
(multilayer preceptron). It ié a static network that consists of a number of layers: input layer,
output layer and one or more hidden layers connected ina feedforward way. Each layer
consists of a number of neurons. One single neuron makes the simple operation of a weighted
sum of the incoming signals and a bias term (or threshold), fed through an activation function
and resulting in the output value of the neuron.

A network with one hidden layer is described in matrix-vector notation as,

y= Wa(Vx +,B) (3.26)

or in the elementwise notation;

yi =Zwﬂ‘ a( V’f/x_/ +ﬁr ]3 i=1,---,n() (327)
r=1 Jj=1

Here x € R"is the inputand y € R™ the output of the network and the nonlinear operation
a(.) is taken elementwise. The interconnections matrices are ¥ € ®R"™*™ for the output layer,
Ve R™™ for the hidden layer, /€ R"™ is the bias vector (thresholds of hidden neurons)

with », the number of hidden neurons.

For a network with two hidden layers (see Figure [3.8]) y is calculated as,

y=Wa(V,alV\x+ )+ p,) (3.28)
or

27,12 th

y=2w,a Zvif"’[Zvi,”x,+ﬁ.§”J+ﬁ£2’, =l....m,  (3.29)
1 J=1

r=1 §=
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The interconnection matrices are W e R™™ for the output layer, V, € ™™ for the
second hidden layer and V, € ™™ for the first hidden layer. The bias vectors are

B, €R™, B € R™ for the second and first hidden layer respectively. In order to describe

a network with Ny, layers (Nj. —1 hidden layers, because the input layer is a ‘dummy’

layer), the following notation will be used in the sequel,

N,
xl.' = a(é’,’), f,.[ = Z w,;.)cj"1 (3.30)
J=1
where I=1,..., Niye is the layer index, N, denotes the number of neurons in layer /and x,' is

the output of the neurons at layer /. The thresholds are considered here to be part of the

interconnection matrix, by defining additional constant inputs.

The choice of activation function a(.) may depend on the application area. Typical activation
functions are shown in Figure [3.9]. For applications in modeling and control the hyperbolic

tangent function,

_ ,2x
tanh(x)z1 ¢

- (3.31)
l+e

2x

is normally used. In case ofa ‘tanh’ the derivative of the activation function a'= 1 - a2is

used. The neurons of the input layer have a linear activation function.

A class of neural network that has received a lot of attention recently in the field of neural

networks is the Radial Basis Function Network RBFN. This network can be described as,
y= Zw,g(ﬂx—ci H), (3.32)
i=]

with x € R" the input vector and y € R the output (models with multiple outputs are also
possible). The network consists of one hidden layer n, hidden neurons. One of the basic

differences with the multilayer preceptron is in the use of the activation function: in many

cases one takes a Gaussian function for g(.), which is radially symmetric with respect to the
input argument. The output layer has output weights we R™ . The parameters for the

hidden layer are the centers ¢, € R" .
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Figure [3.9] Some possible activation functions for the neurons in the multilayer

perceptron.
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The multilayer preceptron and the radial basis networks are feedforward neural networks,
which means that there is a static nonlinear mapping from the input space to the output space,

the layers are interconnected in a feedforward way to each other.

3.4.2 Back-propagation Learning Algorithm

The back-propagation learning algorithm is one of the most important historical developments
in neural networks. This learning algorithm is applied to multilayer feedforward networks
consisting of processing elements with continuous differentiable activation functions. Such
networks associated with the back-propagation learning algorithm are also called back-

propagation networks.

For a given training set of input-output pairs {(x(k),d(k))}, k =1,2,...,n4a, the algorithm
provides a procedure for changing the weights in a back-propagation network to classify the
given input patterns correctly. The basis for this weight update algorithm is simply the

Gradient-Decent method as used for simple perceptron with differentiable units.

For a given input-output pair {(x(k),d(k))}, the back-propagation algorithm performs two
phases of data flow. First, the input pattern x®is propagated from the input layer to the
output layer, and as a result of this forward flow of data, it produces an actual output y(k).

Hence, the error signals resulting from the difference between d*) and y(k) are back

profoagated from the output layer to the previous layers for them to update their weights. To
illustrate the details of the back-propagation learning algorithm, consider a three-layer

network as shown in Figure [3.10].

The results can be easily extended to networks with any number of layers. In F igure [3.10],
we have m PEs (Processing Element) in the input layer, / PEs in the hidden layer, and n PEs
in the output layer; the solid lin~< show the forward propagation of signals, and the dashed

lines show the backward propagation of errors.

To illustrate the mechanism of learning, consider an input-output training pair (x,d), where the

superscript & is omitted for notation simplification.

Given an input pattern x, a PE g in the hidden layer receives a net input of,

net, = qu/xj (3.34)
J=1
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Figure [3.10] Three-layer back-propagation network
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and produces an output of

z, = alnet, )= a{qujxjj (3.35)

J=1

The net input for a processing element i in the output layer is then

- Zl:wu/a[i VyX, } (3.36)

and it produces an output of

The above equations indicate the forward propagation of input signals through the layers of
neurons. Hence, we need to consider the error signals and their back propagation. Defining a

cost function £(w) given as,

2
n 2

E(w)=13(d,-,)

i=1

2

= gznl(d, — a(net,)) (3.38)
i=]

2
- %Z{di —-a[iwiqzqﬂ . (339)
i=] g=1

In accordance to the gradient-descent method, weights in the hidden-to-output connections
are updated in accordance to,
OF

Bw,, ==n—— (3.40)

q

Using Equs. ([3.36]-[3.38]) and the chain rule for 6an , we have
ig

o 2] 2]
o, || Onet, | ow,
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=nld, -y, [a'(ret, )] z,1

Anéb,z,, (3.41)
where &, is the error signal and its double subscript indicates the /" node in the output layer.

The error signal is defined by,

_OE
"= Oner,
__|OE | oy
oy, || Onet,
=[d, -y, Jla'(net,)] (3.42)
where net, is the net input to PE i of the output layer and a'(net,) = da(ner %l o

The result is identical to the delta learning rule for a single-layer preceptron whose input is

now the output z, of the hidden layer.

For the weight update on the input-to-hidden connections, we use the chain rule with the
gradient-descent method and obtain the weight update on the link weight connecting PE ; in

the input layer to PE g in the hidden layer,

[ o
Av, =-g ——:‘
q/ —avq/
I OE 6netq
=-n
_anetq 8vq/

{aE :‘[ azq }{&wtq
=7 (3.43)
azq 8netq avq]

From Equ. [3.39], each error term [d, -Y ], i=1,2,....n, is a function of z,.

Evaluating the chain rule, we have
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Av, = 772 [(d, -y, )a’(net, )w,q ]a'(netq )x»/ (3.44)
1=1

Using Equ. [3.42], we can write Equ. [3.44] as
Av, = 7721 [(dm.w,q ) a’(netq )xj.]

—18,%, (3.45)

where O », 18 the error signal of PE g in the hidden layer and is defined as

e EE* azq
624 anetq

= a'(net,)> 5, w, . (3.46)
i=1

where net is the net input to the hidden PE g Equ.[3.34]. The error signal of a PE in a

hidden layer is different from the error signal of a PE in the output layer, as seen in Equs.

[3.42] and [3.46].

Because of this difference, the above weight update procedure is called the generalized delta

rule. It is observed from Equ. [3.46] that the error signal &, ofa hidden PE g can be

hg

determined in terms of the error signal &,, of the PEs output y,, that it feeds.

The coefficients are just the weights used for the forward propagation, but here they are
propagating error signals (50,) backward instead of propagating signals forward. This is

shown by the dashed lines in Figure [3.10]. In addition, it demonstrates one important feature
of the back-propagation algorithm, the update rule is local; that is, to compute the weight
change for a given connection, we need only quantities available at both ends of that
connection. The above derivation can be easily extended to the network with more than one
hidden layer by using the chain rule continuously. In general, with an arbitrary number of

layers, the back-propagation update rule is in the form:
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Aw,; =nd,x,,

=718 x (3.47)

output—i *~~ input — |

where “output-i” and “input-j” refer to the two ends of the connection from PE to PE i, Xj is

the proper input-end activation from a hidden PE or an external input, and &, is the learning

signal which is defined by Equ. [3.42] for the last (or output) layer of connection weights and
defined by Equ. [3.46] for all the other layers. In summary, the back-propagation learning

can be outlined in the following algorithm.

BACK-PROPAGATION LEARNING RULE ALGORITHM

Considering a neural network with Q feedforward layers, g=1,2,..,0 and let “net, and
7y, denote the net input and output of the /™ unit in the q" layer, respectively. The network

has m input nodes and » output nodes. Let ?w, denote the connection weight from 'V to
p P i g Y

q

Y,
INPUT: A set of training pairs {(x(k) ,d(k)) |k =12,...,n,, }, where the input vectors are

(k) _ -1

m+l

augmented with the last elements as 1, that is, x

STEP 0 (Initialization): Choose 7)0and E., (maximum tolerable error). Initialize the

weights to small random values. Set E=0and k= 1.

STEP 1 (Training loop): Apply the ™ input pattern to the input layer (g=1):

Iy =y =x® for all .

STEP 2 (Forward propagation): Propagate the signal forward through the network using

iy, = a("net,)
=a(zqwu"'lyjj
J

for each i and g until the outputs of the output layer ¢ y, have all been obtained.

STEP 3 (Output error measure): Compute the error value and error signals Q5, for the output

layer: E= %i(d[(k)—gyi )2 +E,

i=]
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95 = (d,(k)—gyl )a'(gnet,)

STEP 4 (Error back-propagation): Propagate the error backward to update the weights and

compute the error signals ?~'§, for the preceding layers:

new g old q
y =W, +A Wy

q —pd 5 97 q
A'w, =n‘6""y, and ‘w

5 = a'(""net, )Z ‘w, 0, forg=0,0-1,....2.

J

STEP 5 (one epoch looping): Check whether the whole set of training data has been cycled
one. If k<p, then k=k+1 and go to step 1; otherwise, go to step 6.

STEP 6 (Total error checking): Check whether the current total error is acceptable: If E<E,,,,,
then terminate the training process and output the final weights; otherwise, =0, k=1, and

initiate the new training epoch by going to step 1.

The presented algorithm methodology adopts the incremental approach in updating the
weights; that is, the weights are changed immediately after training pattern presented. The
alternative is batch-mode training, where the weights are changed only after all training
patterns have been presented. The relative effectiveness of the two approaches depends on
the problem, but batch-mode training requires additional local storage for each connection to

maintain the immediate weight change.

3.5 ANFIS: Adaptive Neuro-Fuzzy Inference Systems
Having talked about the fuzzy system and artificial neural networks separately, here it is the
time to present their integration. In this section we will concentrate on the ANFIS

architectures for the first order T-S fuzzy model because of its transparency and efficiency.
For simplicity, we assume that the fuzzy inference system under consideration has two inputs
x and y and one output z. For a first-order T-S fuzzy model, a common rule set with two

fuzzy IF-THEN rules is the following:

R IF x is Ay AND y is B;, THEN f£=px+ qy +r (3.49)
Ry TF x is Ay AND y is B,, THEN fo=px+ gy + 1, (3.50)

Figure [3.11a] illustrates the reasoning mechanism for this T-S model.
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W,
A=p x+q, y+r; f_W1f1+szz

—) W 4w,

Rule 1

L=p, xtq, )47,

I =VV1f{ +W2’]S
Rule 2 ! W,

I

i

|

|

X (a)

Layer 1 Layer2 Layer3 Layer 4 Layer 5

v

: [
’ v o
A I1 N f \W]Afl )
B, 1 (: }_,_ f

w, W, T w, f,

Figure [3.11] (a) A two-input first-order Takagi-Sugeno fuzzy model with two rules; (b) equivalent
ANFIS architecture.
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3.5.1 ANFIS Architecture
The corresponding equivalent ANFIS architecture is as shown in Figure [3.11b], where nodes
of the same layer have similar functions, as described next. (Here we denote the output of the

" node in layer 1 as O;,.

LAYER 1 every node i in this layer is an adaptive node with a node function

O,=u, (x), fori=1,2, or

0, = My, (y) for i=3,4,
where x (or y) is the input to node i and 4, (or B,,) is a linguistic label (such as
“small” or “large”) associated with this node. In other words, O, is the membership
grade of a fuzzy set 4 =(4,, 4,, By or B,) and it specifies the degree to which the
given input x (or y) satisfies the quantifier A. Here the membership function for A
can be any appropriate parameterized membership function, such as the generalized

bell function:

Hy (x)=

2b 2

where {a, b, c;} isthe parameter set. As the values of these parameters change, the
bell-shaped function varies accordingly, thus exhibiting various forms of membership
functions for fuzzy set 4. Parameters in this layer are referred to as premise

parameters.

LAYER 2 every node in this layer is a fixed node labeled [, whose output is the product of

all the incoming signals:

=t (¥, (v) =12
Each node output represents the firing strength of arule. In general, any other T-
norm operators that perform fuzzy AND can be used as the node function in this

layer.

LAYER 3 every node in this layer is a fixed node labeled N. The " node calculates the ratio

of the i" rule’s firing strength to the sum of all rules’ firing strengths:

Q3,l . Wt
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w, ,
=— i=1,2
w, +w,

for convenience, outputs of this layer are called normalized firing strengths.

LAYER 4 every node i in this layer is an adaptive node with a node function
Q4,1 = W}lﬁ

=w(px+qy+r)

where W, is a normalized firing strength from layer 3 and {p, ¢, »;} is the parameter

set of this node. Parameters in this layer are referred to as consequent parameters.

LAYER 5 the single node in this layer is a fixed node labeled >, which computes the overall

output as the summation of all incoming signals:

Overall output = Qs = Z w. f,

_ Ziwifi
) Ziwi

Thus we have constructed an adaptive network that is functionally equivalent to a T-S fuzzy
model. The next sub-section will presents the learning algorithm for the five layer ANFIS

network just explained above.

3.5.2 ANFIS Learning Algorithm
From the ANFIS architecture shown in Figure [3.11b], we observe that as the values of the
premise parameters are fixed, the overall output can be expressed as a linear combination of

the consequent parameters. In symbols, the output fin Figure [3.11b] can be rewritten as,

f=—fx

W, + W, W, + W,

W,

/2

:Wl(plx'*'%)H'rl)+W2(p2x+%y+r2)

= (Wlx)pl + (WlJ’)% + (W] )’”1 + (sz)pz + (Wzy)% + (Wz )r2 (3.51)
which is linear in the consequent parameters py, q,, 1, P2, ga,and .

From this observation, we have

S = set of total parameters,
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S} = set of premise (nonlinear parameters)

S, = set of consequent (linear) parameters

A hybrid algorithm adjusts the consequent parameters S, ={pi, qi, ¥1, P2, 2, 1> } in a forward
pass and the premise parameters S;={a;b,c;} in a backward pass (Jang et al.) [2]. In the
forward pass the network inputs propagate forward until layer 4, where the consequent
parameters are identified by the Least-Squares method. In the backward pass, the error

signals propagate backwards and the premise parameters are updated by Gradient Descent.

3.6 Conclusions

This chapter describes in details the two famous rule-based fuzzy models; the linguistic fuzzy
model and Takagi-Sugeno fuzzy model. Fuzzy models are the most important modeling tools
based on fuzzy set theory. Conventional fuzzy inference systems are typically built by

domain experts and having their drawbacks once a controller is constructed.

T-S fuzzy modeling paradigm is important issue in this chapter, since they represent the
methodology of nonlinear modeling. Hence, the chapter has indeed presented adequate issues
regarding the T-S models as a quasi-linear system. As will be shown later in chapter four, T-
S fuzzy models is used to model nonlinear dynamic systems resulting in a state space sub-

models of the linearized system.

Back-propagation learning rule, in addition to the ANFIS have been presented as the building
blocks of the T-S modeling technique. Finally the chapter has ended with an emphasizes on
the ANFIS learning algorithm, learning the leader prepared to the T-S modeling of nonlinear

systems that will be presented in chapter four.
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4.1 Introduction

Developing mathematical models of real systems is a central topic in many disciplines of
engineering and science. Models can be used for simulations, analysis of the system’s
behavior, better understanding of the underlying mechanisms in the system, design of new

processes, or design of controllers.

Takagi-Sugeno T-S modeling plays an essential role in deriving local linear models of the
nonlinear dynamic system under concern. Through the use of the heuristic rules inherent in
the fuzzy systems, T-S fuzzy models, then makes it possible to have a transparent like system

which is governed by the fuzzy inference system and rules.

T-S fuzzy models have indeed received a focused attention in terms of their utilization in
most advanced control paradigms. In a similar way fuzzy clustering has been utilized as well
in classifying the data-driven fuzzy modeling, since it draws a methodology for assigning
label like to similar data. Such assignment does gives quantitative directions for shaping the

fuzzy membership functions.

T-S fuzzy models will then be utilized to design H “ robust controllers for nonlinear systems.

Such H * robust controllers will then be selected based on the operating condition of the

system under control.

Once T-S fuzzy linear models are obtained, their state space models are computed, since most

advanced control methodologies depend on the state space system model.

Model validation and verification is also an important task in the modeling paradigm. This is
due to the choice of the right model from a number of models that might present similar
characteristics. ~ Statistically validated models in addition to probabilistic validation are used

sometimes to make the suitable choice of a system model.

This chapter divided into eleven sections integrated together to clarify the idea of T-S
modeling of nonlinear dynamic systems. Beginning with an overview of modeling
terminology in section two. Then, discussing fuzzy modeling of dynamic systems and how to
build such fuzzy models in section four and five. Section six introduces neurofuzzy
modeling, the structural and parametric tuning in such neurofuzzy system. The concept of
modeling based on fuzzy clustering is presented in section seven and the concept of extraction

of a state space model from T-S sub-models is explained in section eight. Section nine
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discusses the validation of the resulted fuzzy models. Finally, T-S modeling is applied to

two case studies of different dimensions showing its strength and characteristics.

4.2 Overview of Modeling Terminology:

WHITE BOX MODELING

Traditionally, modeling is seen as a conjunction of a thorough understanding of the system’s
nature and behavior, and of a suitable mathematical treatment that leads to a usable model.
This approach is usually termed “white-box” (physical, mechanistic, first-principle)
modeling. However, the requirement for a good understanding of the physical background of
the problem at hand proves to be a severe limiting factor in practice, when complex and
poorly understood systems are considered. Difficulties encountered in conventional white-box
modeling can arise, for instance, from poor understanding of the underlying phenomena,
inaccurate values of various process parameters, or from the complexity of the resulting
model. A complete understanding of the underlying mechanisms is virtually impossible for a

majority of real systems.

However, gathering an acceptable degree of knowledge needed for physical modeling may be
a very difficult, time-consuming and expensive or even impossible task. Even if the structure
of the model is determined, a major problem of obtaining accurate values for the parameters
remains. It is the task of system identification to estimate the parameters from data measured
on the system. Identification methods are currently developed to a mature level for linear
systems only. Most real processes are, however, nonlinear and can be approximated by linear

local models only.

BLACK BOX MODELING

Another approach assumes that the system under study can be approximated using some
sufficiently general “black-box” structure used as a general function approximator. The
modeling problem then reduces to postulating an appropriate structure of the approximator, in
order to correctly capture the dynamics and nonlinearity of the system. In black-box
modeling, the structure of the model is hardly related to the structure of the real system. The
identification problem consists of estimating the parameters of the model. If representative
process data are available, black-box models usually can be developed quite easily, without
requiring process-specific knowledge. A severe drawback of this approach is that the structure
and parameters of these models usually do not have any physical significance. Such models

cannot be used for analyzing a system’s behavior otherwise than by numerical simulation. In
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addition they cannot be scaled up or down when moving from one process scale to another,

and therefore are less useful for industrial practice.

GRAY BOX MODELING

There is a range of modeling techniques that attempt to combine the advantages of the white-
box and black-box approaches. In this way, the known parts of the system are modeled using
physical knowledge, and the unknown or less certain parts are approximated in a black-box
manner, using process data and black-box modeling structures with suitable approximation

properties. These methods are often denoted as hybrid or “gray-box” modeling.

INTELLIGENT MODELING

A common drawback of most standard modeling approaches is that they cannot make
effective use of extra information, such as the knowledge and experience of engineers and
operators, which is often imprecise and qualitative in its nature. The fact that humans are
often able to manage complex tasks under significant uncertainty has stimulated the search for
alternative modeling and control paradigms. In the case of “intelligent” modeling and control
methodologies, which employ techniques motivated by biological systems and human

intelligence to develop models and controllers for dynamic systems, have been introduced.

These techniques explore alternative representation schemes, using, for instance, natural
language, rules, semantic networks or qualitative models, and possess formal methods to
incorporate extra relevant information. Fuzzy modeling and control are typical examples of
techniques that make use of human knowledge and deductive processes. The different

modeling paradigms are summarized in Table [4.1].

Modeling Source of Method of Example Deficiency
approach information acquisition

Mechanistic formal knowledge mathematical differential cannot use “soft”

(white-box) and data (Lagrange Equ.) equations knowledge
Black-box data optimization regression, neural | cannot at all use

(learning) network knowledge

Fuzzy various knowledge knowledge- rule-based model “curse” of

and data based + learning dimensionality

Table [4.1] Different modeling paradigms.
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4.3 Practical Relevance of Fuzzy Modeling

There are a number of practical issues that are related to the fuzzy modeling, some of these

issues are stated below:

(/) INCOMPLETE OR VAGUE KNOWLEDGE ABOUT SYSTEMS.

Conventional system theories relay on crisp mathematical models of systems, such as
algebraic and differential or difference equations. For a large number of practical problems,
gathering of an acceptable degree of knowledge needed for physical modeling is a difficult,
time-consuming and expensive or even impossible task. In the majority of systems, the
underlying phenomena are understood only partially and crisp mathematical models cannot be
derived or are too complex to be useful. A significant portion of information about some
systems is available as the knowledge of human experts, process operators and designers.
This knowledge may be vague and uncertain to be expressed by mathematical functions. It is,
however, often possible to describe the functioning of systems by means of natural language,

in the form of IF-THEN rules.

(i7y ADEQUATE PROCESSING OF IMPRECISE INFORMATION.

Precise numerical computation with conventional mathematical models only makes sense
when the parameters and input data are accurately known. As this is often not the case, a
modeling framework is needed which can adequately process not only the given data,
however, also the associated uncertainty. Stochastic approach is a traditional way of dealing
with uncertainty, where it has been recognized that not all types of uncertainty can be dealt
within the stochastic framework. Various alternative approaches have been proposed, Fuzzy

Logic and Set Theory being one of them.

(i1]) TRANSPARENT (GRAY-BOX) MODELING AND IDENTIFICATION.

Many real-world systems are inherently nonlinear and cannot be represented by linear models
used in conventional system identification. Recently, there is a strong focus on the
development of methods for the identification of nonlinear systems from measured data.
Artificial Neural Networks and fuzzy models belong to the most popular model structures
used. From the input-output view, fuzzy systems are flexible mathematical functions, which

can approximate other functions or just data (measurements) with a desired accuracy.
Compared to other well-known approximation techniques such as Artificial Neural Networks,

Fuzzy Systems provide a more transparent representation of the system under study, which is

mainly due to the possible linguistic interpretation in the form of rules. The logical structure
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of the rules facilitates the understanding and analysis of the model in a semi-qualitative

manner, close to the way human reason about the real world.

4.4 Modeling of Dynamic Systems
Before discussing fuzzy modeling, recall that time-invariant dynamic systems are in general
modeled by static functions using the concept of the system’s state. Given the state of a

system with a given input, the next state x(k + 1) can be determined. In the sense of discrete-

time setting, it can be written as,
x(k + D=f (x(k), u(k)) (4.1)
where x(k) and u(k) are the state and the input at time £, respectively, and f'is a static function.

Fuzzy models of different types can be used to approximate the state-transition function. As
the state of a system is often not measured, input-output modeling is usually applied. The
most common is the NARX (Nonlinear AutoRegessive with eXogenous input) model, which

is given by,
Wk+1) = f(y(k), p(k),..., Wk —ny, +1), u(k), u(k-1),..., u(k —n, +1) ) (4.2)

where Y(k),..., y(k-n,+1) and u(k),..., u(k-n,+1) denote the past model outputs and inputs
respectively and n,, n, are integers related to the model order (usually selected by the
designer). For instance, a linguistic fuzzy model of a dynamic system may consist of rules of

the following form,

R:IF y(k) is 4y AND y(k-1) is 4; AND,..., W(k-n+1) is 4, AND u(k) is B,
AND w(k-1) is B;; AND,..., u(km+1) is B,, THEN y(k+1) is C, (4.3)

The dynamic behavior is taken care of through an external dynamic filters added to the fuzzy
system shown in Figure [4.1]. In Equ. [4.3], the input dynamic filter is a simple generator of

the lagged inputs and outputs, and no output filter is used.
Since the fuzzy models can approximate any smooth function to any degree of accuracy [35],

models of the type in Equ. [4.3] can approximate any observable and controllable modes of a

large class of discrete-time nonlinear systems.
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Input
Dm e Rule Base
Filter
Output
Numerical Numerical
Data ! Data
y
Fuzzifier > Fuzzy Inference Engine > Defuzzifier
Fuzzy Fuzzy
Set Set

Figure [4.1] A generic fuzzy system with fuzzification and defuzzification

78




Chapter Four: Takagi-Sugeno Fuzzy Clustering and Modeling of Nonlinear Systems

4.5 Building Fuzzy Models
Two common sources of information for building fuzzy models are the prior knowledge and
data (process measurements). Prior knowledge can be of a rather approximate nature

(qualitative knowledge, heuristics), which usually originates from “experts”, i.e., system

operators.

Building fuzzy models from data involves methods based on fuzzy logic and approximate

reasoning, in addition to ideas originating from the field of neural networks, data analysis and

conventional systems identification.

4.5.1 Structure and Parameters

The design of fuzzy models requires two basic items: the structure and the parameters of the
model. The structure determines the flexibility of the model in approximation (unknown)
mappings. The parameters are then tuned (estimated) to fit the data at hand. A model with a
rich structure is able to approximate more complicated functions, but, at the same time, has

worse generalization properties.

In fuzzy models, structure selection involves the following choices:

e Input and output variables.

With complex systems, it is not always clear which variables should be used as inputs to the
model. In the case of dynamic systems, one also must estimate the order of the system. For
the input-output NARX model (Equ. [4.2]), i.e. to define the number of input and output lags
n, and n,, respectively. Prior knowledge, insight in the process behavior and the purpose of
modeling are the typical sources of information for this choice. Sometimes, automatic data-
driven selection can be used to compare different choices in terms of some performance

criteria.

e  Structure of the rules.
This choice involves the model type (linguistic, singleton, T-S) and the antecedent form.

Important aspects are the purpose of modeling and the type available knowledge.

e Number and type of membership functions for each variable.
This choice determines the level of detail (granularity) of the model. The purpose of
modeling and details of available knowledge will influence this choice. Automated, data-

driven methods can be used to add or remove membership functions from the model.
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e Type of the inference mechanism, connective operators, defuzzification method.

These choices are restricted by the type of fuzzy model (Mamdani, T-S). Within these
restrictions, however, some freedom remains, e.g., as to the choice of the conjunction
operators. To facilitate data-driven optimization of fuzzy models (learning), differentiable

operators (product, sum) are often preferred to the standard min and max operators.

Once the structure is fixed, the performance of a fuzzy model can be fine-tuned by adjusting
its parameters. Tunable parameters of linguistic models are the parameters of antecedent and
consequent membership functions (determine their shape and position) and the rules

(determine the mapping between the antecedent and consequent fuzzy regions).

4.5.2 Knowledge-based design

To design a (linguistic) fuzzy model based on available expert knowledge, the following steps

are to be conducted:

1. Select input and output variables, structure of the rules and inference, and defuzzification
methods.

2. Decide on the number of linguistic terms for each variable and define the corresponding
membership functions.

3. Formulate the available knowledge in terms of fuzzy IF-THEN rules.

4. Validate the model.

4.5.3 Data-Driven Acquisition/Tuning of Fuzzy Models
It is assumed that a set of N input-output data pairs {(x DY Xi =12,..,N } is available.
Recall that x; € R are input vectors and y; are output scalars. Denote X € R 2 matrix

having the vectors XZ in its rows, and y € R" a vector containing the outputs y;:

X =[x...xp]", y= D’l---)’N]T (4.4)

LEAST-SQUARES ESTIMATION OF CONSEQUENTS
The defuzzification formula of the T-S model as was explained in chapter three by Equ.

[3.22], is linear in the consequent parameters, a,, b, These parameters can be estimated from
the available data by least-squares techniques. Denote I', € R"*"the diagonal matrix
having the normalized membership degree 4, (x ' )of (Equ. [3.23]) as its &A™ diagonal element.
By appending a unitary column to X, an extended matrix X, = [X, 1] is created. Denoting

X, the matrix in R™*" composed of the products of matrices I, and X,

80




Chapter Four: Takagi-Sugeno Fuzzy Clustering and Modeling of Nonlinear Systems
X, =X, ILX,.I/X] (4.5)
The consequent paraméters a; and b; are lumped into a single parameter vector ¢

0e SRK(F'"”H)
O=[a b, alb,.alb.] (4.6)

Given the data set X, y, now Equ.[3.22] can be written in a matrix form, y = X, 0+¢.

This set of equations are solved for the parameter 8 by:
9 = [(Xie )TXie]Ml(Xie )Ty (47)

This is an optimal least-squares solution which gives the minimal prediction error. In
addition, it may bias the estimates of the consequent parameters as parameters of the local
models. If an accurate estimate of a local model parameters is desired, a weighted least-

squares approach applied per rule as given by,

r : -1
s ] =[xrx,'xITy. “8)
In this case, the consequent parameters of individual rules are estimated independently of
each other, and therefore are not “biased” by the interactions of the rules. By omitting a, for

all 1 <7< K, Equs. [4.7] and [4.8] are directly applied to the singleton model.

FROM FUZZY TO NEUROFUZZY

In conventional fuzzy approach, membership functions and consequent models are fixed by
the model designer according to a prior knowledge. If this knowledge is not available but a
set of input-output data is observed from the system, the components of the fuzzy system
(membership functions and consequent models) can be represented in a parametric form and
the parameters are tuned by a learning procedure. In this case the fuzzy system turns into a
neurofuzzy approximation system. Neurofuzzy systems are a powerful trade off in terms of
readability and efficiency between a human-like representation of the model and a fast
learning method. However, what mainly distinguishes neurofuzzy estimates from other kinds
of nonlinear approximators is their potentiality for combining available a priori first principle
models with data driven modeling techniques. The learning methods provide the adaptation
of the inference system and fuzzy architecture allows an easy integration into the system of

available knowledge about the process to be modeled.
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4.6 NeuroFuzzy Modeling

In Section 4.5.3 we have looked at the parameters that are linearly related to the output can be
(optimally) estimated by least-squares methods. In order to optimize also the parameters
which are related to the output in a nonlinear way, training algorithms known from the area of
neural networks can be employed. At the computational level, a fuzzy model can be seen as a
layered structure (network), similar to artificial neural networks. Hence, this approach is
usually referred to as neurofuzzy modeling [1], [2]. Figure [4.2] shows an example of a

singleton fuzzy model with two rules represented as a network. The rules are:

IF X1 is A]] AND X2 is A;_] THEN y:b1
IF X 1s AD_ AND X2 is A22 THEN y=b2

The nodes in the first layer compute the membership degree of the inputs in the antecedent

fuzzy sets. The product nodes [] in the second layer represent the antecedent conjunction

operator. The normalization node N and the summation node 2. realize the fuzzy-mean

operator (Equ. [3.22]).

Using smooth antecedent membership functions, such as a Gaussian function, as given below

in Equ. [4.9]:

X, —C;

‘uAl/ (x‘/’cu’rlj ): €Xp| ~ ?i ’ (4'9)

Y

in which ¢; and 7, parameters are adjusted by gradient-descent learning algorithms, such as

back-propagation. This allows for a fine-tuning of the fuzzy model to the available data in

order to optimize its prediction accuracy.

STRUCTURAL AND PARAMETRIC LEARNING IN NEUROFUZZY INFERENCE SYSTEMS

In a neurofuzzy system, two types of tuning are required, namely structural and parametric
tuning.  Structural tuning aims to find a suitable number of rules and a proper partition of the
input space. Once available a satisfactory structure, the parametric tuning searches for the
optimal membership functions together with the optimal parameters of the consequent
models. There may be a lot of structure/parameter combinations which make the fuzzy model
behave in a satisfactory way. The problem can be formulated as that of finding the structure

complexity which will give the best performance in generalization. In our approach we
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Figure [4.2] Neurofuzzy network architecture with two rules.
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choose the number of rules as the measure of complexity to be properly tuned on the basis of
available data. We adopt an incremental approach where different architectures having
different complexity (i.e. number of rules) are first assessed in cross-validation and then
compared in order to select the best one. The whole learning procedure is represented in the

flow chart in Figure [4.3].

The initialization of the architecture is provided by a hyper-ellipsiod fuzzy clustering
procedure inspired by Babuska and Verbruggen [36]. This procedure clustering the data in
the input-output domain obtaining a set of hyper-ellipsiods which are a preliminary rough
representation of the input/output mapping. Methods for initializing the parameters of a fuzzy
inference system form the outcome of the fuzzy clustering procedure. Here we use the axes
of the ellipsoids (eigenvectors of the scatter matrix) to initialize the parameters of the
consequent functions, we project the cluster on the input domain to initialize the centers of the
antecedents and we adopt the scatter matrix to compute the width of the membership

functions.

Once the initialization is done, the learning procedure begins. Two optimization loops are
nested: the parametric and the structural one. The parametric loop (the inner one) searches
for the best set of parameters by minimizing a sum-of-squares cost function which depends
exclusively on the training set. In the case of linear T-S models this minimization procedure
can be decomposed in a least-squares problem to estimate the linear parameter of the
consequent models and a nonlinear minimization to find the parameters of the membership

functions.

The structural identification loop (the outer one) searches for the best structure, in terms of

optimal number of rules, by increasing gradually the number of local models.

4.7 Fuzzy Clustering

BASICS OF FUZZY CLUSTERING

Identification methods based on fuzzy clustering originate from data analysis and pattern
recognition, where the concept of graded membership is employed to represent the degree to
which a given object, represented as a vector of features, is similar to some prototypical
object. Degree of similarity can be calculated using a suitable distance measure. Based on that
similarity, feature vectors can be clustered such that vectors within a cluster are as similar as

possible, and vectors from different clusters are as dissimilar as possible.
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Figure [4.3] Flow-chart of the neurofuzzy learning procedure.
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This idea of fuzzy clustering is depicted in Figure [4.4a]. Data is clustered into two groups

with prototypes v, and v,, using the Euclidean distance measure. The partitioning of the data

is expressed in the fuzzy partition matrix whose elements u,; are degrees of membership of

each data points [x,, y;] in a fuzzy cluster with prototypes v;.

Fuzzy IF-THEN rules can be extracted by projecting the clusters onto the axes. Figure [4.4a]
shows a data set with two apparent clusters and two associated fuzzy rules. The concept of
similarity of data to a given prototype leaves enough space for the choice of an appropriate
distance measure and of the character of the prototype itself. For example, prototypes can be
defined as linear subspaces, or the clusters can be ellipsoids with adaptively determined shape
[37], as shown in Figure [4.4b]. From these clusters, the antecedent membership functions

and the consequent parameters of the T-S model can be extracted [38] as follows:

IF  xisA4, THEN y=ax+b
IF xisA, THEN y=ax+b,

Each obtained cluster is represented by one rule in the T-S model. Membership functions for
fuzzy sets 4, and A, are generated by point-wise projection of the partition matrix onto the
antecedent variables. Such point-wise defined fuzzy sets are then approximated by a suitable
parametric function. The consequent parameters for each rule are obtained as least squares

estimates (Equ. [4.8]).

FUZZY CLUSTERING ALGORITHM

Consider a finite set of elements X = {xl I SN x”} as being elements of the F,,, dimensional

Euclidean space R | that is, x; € R J =12,....n. The issue is to perform a partition of

such collection of elements into ¢ fuzzy sets with respect to a given criterion. Hereby c is a
given number of clusters. The criterion is usually to optimize an objective function that acts
as a performance index of clustering. The end result of fuzzy clustering can be expressed by

a partition matrix U such that,

U=[u,], i=1l.,c. j=l..,n (4.10)

In Equ. [4.10], u, is a numerical value in [0,1] and expresses the degree to which an element

x; belongs to the i" cluster. However, there are two additional constraints on the value of uj.

First, a total membership of the element x , € X inall classes is equal to unity; that is,
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1 forall  j=12,.,n (4.11)

<
"

Second, every constructed cluster is a nonempty and different from the entire set; that is,

0<Du, <n forall i=12,., ¢ (4.12)

J=1

The general form of the objective function used in fuzzy clustering is,
U.,vk)z g[w(x,.),u,.j]d(xj,vk) (4.13)

where w(x;) is a prior weight for each x; and d(x; v) is the degree of dissimilarity between the
data x; and the supplemental element v;, which can be considered the central vector of the 4%

cluster. Degree of dissimilarity is defined as a measure that satisfies two assumptions given

by,

M dlx,v)20 (4.14)
G) dlx,v,)=d,x,) (4.15)

Based on the above background, fuzzy clustering can be precisely formulated as an

optimization problem:

Minimize
T, v,)=33 kc gl ), Jdx,v,) ik=12.cj=1200n  (416)
b
Subject to
u, =1 forall j=12,.n

=1

O<Zuy<n forall i=12,.,¢c

J=l

One of the widely employed clustering methods based on Equ. [4.16] is the fuzzy c-means
(FCM) algorithm. The objective function of the FCM algorithm is expressed in the form of,
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m>1 (4.17)

S, )= 3 us

1=l =1

x—v

b

where m is called exponential weight that influences the degree of fuzziness of the

membership (partition) matrix. To solve this minimization problem, the objective function
J (uu , k) is differentiated in Equ. [4.17] with respect to v, (for fixed uy, i=1,..c, j=1,..n)

and to u; ( for fixed v, i=1,...,c) and apply the conditions of Equ. [4.11], obtaining,

__ 1 ) _
[ vl SUIN U1 B 99 i=12,..,c (4.18)
ZFI(%) Z;l i J
(1/“" ‘V“ )/ i=12,.c; j=12,..n (4.19)

N

The system described by the Equs. [4.18] and [4.19] cannot be solved analytically. However,
the FCM algorithm provides an iterative approach to approximating the minimum of the
objective function starting from a given position. This algorithm is summarized by the

following;:

ALGORITHM FCM: FUZZY C-MEAN ALGORITHM

STEP 1: Select a number of clusters c(2 <c< n) and exponential weight
m (1 <m< oo). Choosing an initial partition matrix U and a termination criterion

€. Set the iteration index / to 0.

STEP 2: Calculate the fuzzy cluster centers {v,([)i i= 1,2,...,c} by using U” and Equ.

[4.18]

STEP 3: Calculate the new partition matrix U""” by using {v,(l)li =1,2,...,c} and

Equ. [4.19].

y

STEP 4: Evaluate A, where A =”U(M) ” =max, (’”) u(()‘. If A>e¢g,

then set /=/+1 and go to step 2. If A <e, then stop.
END FCM
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The iterative procedure described above minimizes the objective function in Equ. [4.17] and

leads to any of its local minima.

4.8 Extraction of a Linear State Space Model
At each sample time £, given an operating point condition (for example u(k-1) and y(k-1) ), a

local linear fuzzy state-space model can be constructed via calculating the degree of

fulfillment 4, (x(k)) of the antecedents, using product as the fuzzy logic AND operator. The

inference gives:

,r=1 Hi; (x, (k))y,,- (k + 1)

yk+1)= : (4.20)
: i i (x, (k ))
il +1)= (¢, (k) +7,u(k)+6,) 421)
Defining ¢, , 77, and 6, as follows:
’ kNG,
é,l _ lzlrlull (x/( ))é’h (422)
ot (5, (K)
" (o, (k)
77/ _ ,-=1r/u11 (xl( ))7711 (423)
i Hii (¥, (k)
;1 Hi (x, (k ))-‘9/, (424)

S ()

Defining x, u and y for the state-space description as,
x(k) = [x, (k) . X (k -n, ) X, (k) X, (k -n, ) u, (k -~ 1) U, (k -n,—n, )]' (4.25)

ulk) =, (k) u,(k) ... u,, (k)]" (4.26)

y(k) =[x, (k) x,(k)...x, (k)] (4.27)

In order to employ Quadratic Programming for systems which depend on current as well as
on the previous inputs, it is necessary to construct a state-space representation, such that the
state vector x(#) to accommodate not only the state variables, appearing in y(k), but also the

previous inputs and the offset as last element. This results in a system with only current
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inputs, but leads to a more complex A-matrix. The latter contains also 77s, corresponding to

the previous inputs.

If the maximal delay in the input i, i=1,....n; iS % gna, then the number of the additional

columns is Zlnzl rnax(u,’ dmax 1,0). In the last column of A are stored the offsets 8's.

The columns with 77s corresponds to the previous inputs, stored in the state vector; these

columns are not included in B. The ones in A correspond to the delayed values of a certain

variable. The local linear system matrices are derived as follows:

A is a x & square matrix, where
n; Ry;
a=a + lel max(u,,dmax - 1,0)+ La = Z,:l max(nyj —1),

Bisan axn; and Cisa n x a matrix:

[ Cli Gra e e e e Siey My - om0
1 0 0 0 0 0
0 1 0 0 0
0 5
g‘; 1 4/2’2 . 42,0(, 772 i 77,;,,,] 92,1
A= 0 S : SR S (4.28)
é’n,,,l éln”,Z 4n(,,a] nn,, K ﬂn J en a;
0 0 1 0 0 0 0 0
0 0 0 0 0
0 0 0 0 J
TR TR
0 0
0 0
B= (4.29)
Ty T, Man,
7711 1 77'7(, 2 77”:; N,
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C=|: sl (4.30)

The ones in C are positioned such that y, (k) =X, (k)

The obtained linear state-space model will be utilized in the robust control system discussed

later in chapter five. At any time index £, initially the control signal u(k-1) is used.
However, after the optimization, u(k) is available and could be used in next iterations.

4.9 Fuzzy Model Validation

The importance of a model structure is clear and in this section methods which can be used to

assess the performance of different models are introduced [39].

4.9.1 Validation via Hypothesis Testing:
Hypothesis testing addresses the problem of determining which of two hypotheses; the null
hypothesis (H,) and the alternative hypothesis (H,), is more statistically likely given the data.

Applied to the problem of model selection, it is generally presented as follows.

Considering a model with a parameter vector w composed of two disjoint sub-vectors such

that,

where w; is a column vector of dimension s, wy is a column vector of dimension p-s and p is

the dimension of w. The two hypotheses are defined as,

Hy: wi=z (null hypothesis)

H: wy#z (alternative hypothesis)

In which z is a zero vector. The null hypothesis represents a reduced model with some of the
parameters equal to zero. Using classical hypothesis testing the aim is to determine whether

there is enough evidence in the data to justify the use of the larger model.

These hypotheses are tested by using an appropriate statistic, which is simply a function of

the data. Associated with any statistic (test), there are two possible errors; rejecting Hy when
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wi= z and rejecting H, when wy#z, which are classified as type I and type II errors,

respectively.

The aim of hypothesis testing is to find a test statistic such that the probabilities of these

errors,

It

a Prob(type I error)

B

I

Prob(type II error)

are low. The probability distribution function (p.d.f) of a chosen statistic can be used to

define its probabilities, azand f. Usually, the p.d.f of the statistic for the null hypothesis to

be correct is split into regions; the acceptance and the critical regions. If the realization of
the statistic falls in the acceptance region the null hypothesis is accepted, otherwise it is
rejected. The probability &, known as the test’s significance level, is the area of the critical

region which is a trade-off between & and £, as « is decreased S will increase.

A common statistic for the restricted model comparison is the Log Determinate Ratio (LDR)

test, where for single output modeling is expressed by:

d(y)=N log{%’%} (4.31)

where Jy is the objective function. Such statistic is asymptotically equivalent to the F-test

conventially used in system identification, and converges to a X 2(s) distribution as

N——, where s is the number of degrees of freedom of this distribution. From this, given a

significance level «, the acceptance and critical regions can be determined. The critical

point of a X?*(s) distribution, denoted by K « (s), is *he point where the area under the p.d.f
to the right is @. If d(y)is greater than K (s), there is sufficient evidence in the data to

accept the null hypothesis.

Hypothesis testing as described here is very restrictive as only the comparison between two

models, one being a subset of the other, is preferred.
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4.9.2 Model Selection Criteria

In this section the more realistic problem of selecting a model from a large set of models is
considered. There have been many different criteria derived for this purpose, selections of a
model among a number of models. All these different criteria adhere to the underlying

principle of parsimony which is the determination of a trade-off between model’s bias

(complexity) and variance (accuracy).

Hypothesis Testing

Hypothesis testing is extended to the problem of selecting a model from a number of different
models, known as the model set. Given this set of competing models the best one is defined

as the one that minimizes the following criteria:

C = Nlog(J, (W))+ pK (1) (4.32)
the trade-off between the two terms, log(J N (ﬁ/)) (model accuracy) and p (model size), is

controlled by K{(1) which can be set to give the desired significance level . K(1)isa
parameter that defines the probability of rejecting the correct smaller model when comparing
two models whose parameters differ by 1. For example if K(1)=4, the probability of rejecting
the correct model is given by a = 0.0456. Similar to the hypothesis test in the last section,
this assumes that every model is the same structure as a full model with some of the
parameters equal to zero. Despite being restrictive this is a common occurrence when models

are iteratively constructed. Like most of the criteria considered in this section, this criteria is

represented by the ability of the model to fit the data set N log(J v (v?/)) penalized by the

complexity of the model, hence explicitly enforcing the principle of parsimony.

Information Measures: _
One of the original model order (i.c. n,*tn,) selection criteria is derived from considering an
information theoretic measure of the distance between the estimated p.d.f for the data and the

true one. Using the Kullback-Leibler distance measure [50], Information measure (A,c) given

by,
A, = Nlog(J, (W))+2p (4.33)
The Ajc can be considered a special case of the hypothesis test criteria with the significant

level set by K(1)=2. The Ajc has been found by many researchers to over estimate the
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model’s size, this can be attributed to this small significance level. The final prediction error

(Fpg) test, given by:
n (N + p)
F,.=J 4.34
PE N (W) (N ~ p) (4.34)
in such a way,
Nlog(F,, )= Nlog(JN (#)+ Nlog[MD. (4.35)
(N -p)

This loss function is asymptotically equivalent to Ac as N approaches o and it can be seen

that it conforms to the general model criteria structure of accuracy penalized by complexity.

An alternative information theoretic approach was proposed by Rissanen [50], where the aim
is to find the model that can accurately describe the data with the minimum amount of
information. Based on the ideas of optimal coding theory, the Maximum Descriptor Length

(Mpy) criteria for model selection is derived as:
n log(N
M, =log(J, (W))+ —f-’% (4.36)

A very similar criterion can be derived from Bayesian estimation. This criteria takes the
familiar structure of accuracy penalized by complexity and can be considered a hypothesis

test with the significance level defined by the data set size, log(N).

Cross Validation
A very popular method of model selection is the cross validation. The empirical data set is

split into two disjoint sets, one for identifying the model and one for validation.

There are several problems associated with this technique, from these:

0] Data is often limited, and hence to sufficiently populate the input space all data
should be used during system identification;

(in) The separate validation data set can guide model selection to fit its own
idiosyncrasies and so ideally a new independent validation set is required for each
test; and

(ii7) It 1s computationally expensive to perform.
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An alternative is to perform v-fold validation. Such a data set is split into v separate data sets

D,, where the following cross validation (C,,) criteria is defined:

c, =1 Jy (W) (4.37)
, ,

In Equ. [437] J, (ﬁ/) is the mean square error across D; for the model identified on all the

data except this data set. This approach requires less data, however, it is still very
computationally expensive requiring v parameter identifications per model. Based on these
ideas, a computationally efficient method, the Generalized Cross Validation (Gcev) has been

derived:

_ L)
cv = (l —p/N)z (4.38)
N1og(Ge, )= Nlog(J, (%))~ Nlog{(i— p/N)?). 4.39)

This criteria exhibits similar behavior to the Fpg, to which it is asymptotically equivalent.
Nonlinear Models
The criterion described in the last section is only applicable to selecting models which are

linear in their parameters. Much of this original work was derived for ARX type models.

Nonlinear model selection has been addressed by the following criteria,
N, =Nlog(J, (W) +2p,, . (4.40)

This is equivalent to the linear hypothesis measure (and Ac) where the number of parameters

hz. been replaced by the effective number of parameters of the nonlinear model defined as,

Py =rle"gH ™)), (4.41)

where tr[.] represents the trace of the matrix and g is the variance of the gradient of the cost

function defined by,

g= Va{a]ai’v—(w)] (4.42)

96




Chapter Four: Takagi-Sugeno Fuzzy Clustering and Modeling of Nonlinear Systems

and

2 A
H = E[——a I (W)} (4.43)

indicating expectation of the Hessian of the cost function Jy(.).

Both of these are estimated as averages across the data at the maximum likelihood model
weights. If this effective number of parameters is much lower than the actual number, Njc
and the equivalent linear measure will select different models. However, due to the
computation required to calculate the effective number of parameters, generally linear
techniques are employed to select nonlinear models. One advantage of these measures is that
they can be used to determine the amount of regularization required i.e. the value of the

regularization coefficient.

In deriving many of the selection criteria above J (ﬁ/) is seen as an estimate of the noise in

the data, and hence either the biased or the unbiased estimate can be used. For small data
sets, this choice can be very important and the use of the unbiased estimate produces
significantly better behaved selection criteria. For instance once using the unbiased estimate

of a noise the Ajc becomes,

A =Nlog(J,(W)+2p+ Nlog[N
-p

J . (4.44)

The difference is only significant for a small training set.

4.9.3 Correlation Tests:

Practical experience has shown that model selection criteria, described above, can potentially
select incorrect models, hence further validation is required. The simplest form of model
validation is by expert inspection. If the model is simple and/or can be described
qualitatively, an expert can verify the model by inspection or interrogation. However,
traditionally more rigorous statistical validation tests are employed in which models residuals
are examined and if found to be sufficiently correlated with a function of the data then the
model is inadequate.

This is achieved by defining a matrix Z, where Z is, :

Z(x[): [m(t),m(t—1),...,m(t—td)]T (4.45)
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x' is the observational vector of inputs, outputs and errors seen up to time step ¢ i.e.
¥ = luz—l,yr—l’et—IJT (4.46)
and m(z-1) is a monomial of the vector x' given by,

m(t)=y(t —1)u?(r-2). (4.47)

The following two hypothesis can be defined:

H, : e(?) is uncorrelated with Z (x' ), E (e(t)Z ()):
H, : e(?) is correlated with Z (x' ), E(e(t)Z ()) #0

where the purpose of validation is to use the data to decide if H, holds.

Two different test statistics have been proposed in the literature, the most common being the

standard sample correlation measure p(k) , which is defined as,

/NS (e - k +1)e(t))
ISP =+ 1) -k + D)3 el0)elr)

plk)= (4.48)

where k =1,...,t;, and p(k) € [— 1,1] If Hy holds this statistic asymptotically approaches a

normal distribution, and with 95% confidence limits H, is accepted if

p(k)e[-1.96/N 1.96/N]T.

An alternative statistic is given by:

=N O] [25 20 N[ 20z O [ (20e )] @so

which is Hy hold is asymptotically a X*(s) distribution where s is the number of delays, #,.

For a given acceptance level (typically 95%) the critical point is found, and if elements of 4

are outside this acceptance region, Hj is rejected.
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4.10 Case Studies: Neurofuzzy Modeling of Nonlinear System.

The proposed neurofuzzy methodology developed in this chapter has been applied to two case
studies to illustrate the respective attribute of this method. To test these algorithms further,
they are applied to the modeling of two realistic nonlinear dynamical systems. Admittedly
these are still only simulations but are considerably realistic, in which simulations are entirely
done using MATLAB software. Two systems are considered, a nonlinear mass-spring-
damper system (SISO) and a nonlinear dynamics of an antenna (MIMO) system with two
coupled inputs and two coupled outputs. The two systems are described in details in
appendices [A-1] and [A-2]. Hence, the objective of this section is to demonstrate the use of

the neurofuzzy modeling as was illustrated by the flow chart shown in F igure [4.3].

[A] Nonlinear Spring-Mass-Damper System

Training Pattern

A block diagram was built using SIMULINK/MATLAB representing the mass-spring-damper
system in order to geta 1000 sample of input/output data to be used as an identification data
in the T-S fuzzy modeling technique presented in this chapter. The data was produced by
applying random force signal to the input channel, with a sampling rate of 2 samples/sec. The
training pattern has been selected in such a way to excite the mass-spring system and drive it
over all its operating regions. The length of the training data extends up to 500 seconds. The
unit of the input signal is considered as Newton, where as the displacement were measured in
meter unit. Half of the training pattern was used for the modeling whereas the other half was
used to validate the fuzzy models resulted of the modeling process. For a typical sequence of

inputs, the response of the mass-spring-damper system is shown in F igure [4.5].

Clustering of Training Pattern

Since the desired T-S model of the mass-spring-damper system depends on the membership
centers, the training pattern has been clustered resulting in a clustered training pattern
accordingly. For instance, Figure [4.6] shows the associated input-output training pattern
prior to clustering whereas Figure [4.7] shows the training pattern after clustering. The
clustering algorithm used in the simulation was the c-mean fuzzy clustering, and the number

of clusters is chosen to be three, fuzziness parameter m was kept at 2.2 and the termination

criterion €= 0.01.

Membership Functions and Associated Fuzzy Rules
To make the fuzzy models valid models, it is required to generate the right and suitable

memberships.  Hence Figure [4.8] displays the MFs of the fuzzy model that has been
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extracted from the clusters. Since the mass-spring system has only two inputs (in terms of its
fuzzy mode]), and one output, three universe of discourse are shown, where each universe of
discourse has only three MFs representing the assigned three clusters. Memberships of u(k)

are shown to be within the limit of —4 N up to +4 N, representing the range of the variables.

These MFs are: F}', FI2 , F13 . In a similar way the fuzzification of the fuzzy variable y(k-1)

is also shown in addition to y(k). For our case the two inputs for the fuzzy model are u(k),

y(k—=1) and the output was y(k).

On the other hand, shapes of the membership functions show how the mass position y(k) has
been related to y(k-1) and u(k) via different equations representing the linear behavior of the

global model (local models),

yle)=[uk). y(k-1), Ay(k ~1)]

Fuzzy Model Validation
Once the fuzzy models of the nonlinear mass-spring system have been constructed, it is
necessary to validate such models. As was mentioned already, there are a number of

techniques that are employed to validate the constructed fuzzy model.

MEASURE OF ERROR
Figure [4.9] shows the actual mass-spring output superimposed over the fuzzy model output.
From the figure, it is clear how the fuzzy model output resembles the actual system output. In

this respect, the model output is able to move within 1.8 meter range of mass displacement.

Figure [4.10] shows the associated error between the two outputs, where the error is being
averaged around the zero level, hence validating the fuzzy model by nearly 98% of accuracy.
Further analysis of such error can be shown as well in Figure [4.11], the histogram of the
error, where it is evidence how the error is being concentrated around zero with a narrow

error spread.

CORRELATION FUNCTIONS

Furthermore, two approaches have been employed to investigate how the fuzzy model is
strongly resembles the original system dynamics. These are the auto-correlation and the
cross-correlation finctions. For instance, Figure [4.12] shows the associated auto-correlation
function of the moceling error signal (between fuzzy model and actual system output) as a

function of lagging indices. From the figure, a good result can be seen since the correlation
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lies within the limit of confidence +1.96//N which is represented in the figure by two

dashed lines. In addition to this, Figure [4.13] displays the cross-correlation of the error
signal and the mass-spring input signal used for training. It shows that the two signal are not

correlated.

Fuzzy Sub-models

Once the fuzzy models have been validated, it is essential to determine the associated fuzzy
sub-models. Since we have been able to cluster the training pattern into three main clusters
(as was shown in figure [4.7]), three fuzzy sub-models of the nonlinear mass-spring system
can be constructed. By using the algorithm in section 4.8 to get T-S state space sub-models

from T-S fuzzy sub-models, such models are,

IF u(k) is F' AND y(k-1) is F; THEN x(r)= A x(t)+B,u(r)

y= Clx(t)
IF u(k) is F? AND y(k-1) is F} THEN x(t)= A,x(r)+B,u(r)
y= sz(t)
IF u(k) is F;' AND y(k-1) is F; THEN x()=A,x(r)+B,u(r)
y= C3x(t)
where,
Sub-model 1:
[—0.318 —0.064 0.0123
A, = ) B, = > C = [1 O]
1 0 0
Sub-model 2:
[-0.318 0.100 0.100
A2= }’ Bzz[ ]’ CZ =[1 0]
o 0 0
Sub-model 3;
-0.020 0.200 0.030
A= 1 o I B, = o | C,=[1 0]

These sub-models are to be employed at later stage (chapter five and six) to synthesis a robust

H ™ control system.
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Figure [4.5] Input/output training pattern of mass-spring system.
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Figure [4.6] Training pattern of mass-spring system prior to clustering,
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Figure [4.7] Input-output training pattern of the mass-spring system after
clustering.
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Figure [4.8] Extracted membership functions of Y(k-1), u(k) input
regressors and output y(k) of the mass-spring system.
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Figure [4.9] Fuzzy model response in comparison with mass-spring system
actual output (shows exact modeling).
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Figure [4.10] Error between fuzzy model response and actual output of the
mass-spring system.

104




Chapter Four: Takagi-Sugeno Fuzzy Clustering and Modeling of Nonlinear Systems

12

10

frequency of repeatation
[e2]

Figure [4.11] Histogram of the error distribution of the mass-spring
system.
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Figure [4.12] Modeling error auto correlation of the mass-spring
system.
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Figure [4.13] Cross-correlation of mass-spring input signal and error.
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[B] Antenna System:

Input/Output Training Pattern

A data set containing 500 samples of data was produced by applying random torques to the
different channels, with suitable sampling rate and an amplitude drawn from uniform random
distribution in the range [-1.5,1.5] N/m. These torques are chosen to emulate typical
operating conditions. Such block diagram used to produce the identification data was
simulated through SIMULINK/MATLAB, using a set of nonlinear differential equations that
describes the antenna system as detailed in Appendix [A-2]. Half of the training pattern is
used in the modeling of the dynamic system whereas the other half is used to validate the
fuzzy models resulted from the modeling. For a typical sequence of torque inputs the

response of the antenna is shown in Figure [4.14]

Clustering and Training Pattern

As discussed in section (4.6.6), fuzzy modeling of any dynamical system can be achieved
through clustering the training data, where in this simulation example clustering has been
applied to the antenna training pattern. Figure [4.15] shows the training pattern to be
clustered. The number of clusters is chosen to be three clusters, fuzziness parameter m was
kept at 2.2 with a termination criterion € =0.01. The result of the clustering algorithm is the
fuzzy partition matrix and the cluster centers matrix, which will be used to construct the fuzzy
model for the antenna system. Figure [4.16] shows the training pattern after applying the
clustering algorithm, where it shows clearly the three clusters and their three associated

centers.

Neurouzzy Modeling

Neurofuzzy modeling is applied to the problem of identifying a discrete model of the antenna.
A fuzzy model can be constructed from data by using the output of the clustering algorithm
and by constructing regressors to form inputs to the neurofuzzy network. Hence a
conventional linear difference model with regressors is constructed containing previous inputs

and outputs, i.e.

Fuzzy IF-THEN rules can be extracted by projecting the clusters onto the axes and the

membership functions of the fuzzy sets generated by point-wise projection of the partition
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matrix onto the antecedent variables. Then consequent parameters for each rule are obtained
as least squares estimates. When an initial structure is obtained through clustering, then the
membership functions and the consequent parameters are tuned to satisfy certain cost function

through the learning procedure of the neurofuzzy.

Membership Functions and Associated Fuzzy Rules

As a result, the membership functions of all the inputs (regressors) and output are shown in
Figure [4.17] and [4.18] for azimuth angle and elevation angle respectively. The antenna
system has six inputs (in terms of its fuzzy model) and two output, hence two groups of seven
sets of MFs are shown. Each universe of discourse (set)has three MFs representing the

assigned three clusters. Such memberships are representing the range of the inputs.

Fuzzy Model Validation
MEASURE OF ERROR

The output response of the fuzzy model is shown in Figure [4.19] compared to the process
output in Figure [4.14], as it is obvious the degree to which the fuzzy model can approximate
the process output is reasonable (96% for output (1) and 94% for output (2)). It is obvious
that this linear model adequately models the training pattern and it can be more accurate after

some adjustment by trial and error techniques.

Figure [4.20] shows the associated error between the two outputs. Further analysis of such
error can be shown as well in Figure [4.21], the histogram of error, where it is clear how the

error is spread over a quite narrow range.

CORRELATION FUNCTIONS:

Furthermore, we employed correlation tests to check that suitable regressors are uncorrelated
with the models residuals. Figure [4.22] shows the cross-correlation of the error signal with
the first input signal of the antenna. The correlation in the figure is within the confidence

interval, which indicates that the two signals are not correlated.
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Figure (4.16) Input-Output training pattern of the antenna system after clustering.
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Figure (4.18) Extracted membership functions of all inputs regressors associated
with the elevation angle.
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Figure [4.20] Error between the actual output and the fuzzy model output for both
azimuth and elevation outputs of the antenna system.
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Figure [4.22] Cross correlation of system first input with its associate error of the
antenna system.
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Fuzzy Sub-models

The presented T-S fuzzy model has been used to identify the nonlinear antenna system. As
was mentioned before that the number of rules in the T-S fuzzy model equals the number of
clusters in the product space. The consequent of each rule is a local model that approximate
the output of the real function for the range of x for which the rule is applicable. As a result
of the modeling process, the following rules are obtained for azimuth angle, the same for

elevation angle,

Rule 1:1F T, (k-1) is F;' AND T, (k-2)is F, AND T, (k-1) is F} AND ok -1) is
F,} AND ¢(k-2) is F AND y(k-1)is F} AND y(k—-2)is F;
THEN x(t) = A,x(¢)+B,u(r)
y(e)=Cx(0)

Rule 2: IF T, (k ~1) is F;* AND T, (k-2) is ' AND T, (k—1) is F;} AND p(k 1) is
F} AND (k-2) is F} AND w(k-1) is F} AND p(k—-2) is F?
=A

(
THEN x(f)= A,x(¢)+ B, u(t)

Rule 3:IF 7, (k1) is F;" AND T,(k—2)is F;' AND T, (k~1) is F; AND g(k 1) is
F;} AND ¢(k-2)is F AND w(k—1) is F;’ AND w(k-2)is F’
THEN x(t) = A,x(r)+ Bu()

y(t)= C3X(t)

where,
[0.09510 -0.4265 0.0300 -0.2998 0.0116 0
] 0 0 0 0 0
A 0.0348 —-0.0273 0.8022 -0.3315 0  0.0013
: 0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0 |
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10.9354
1
0.0373
A, =
: 0
0
.0
10.9020
1
0.1294
A, =
0
0
0
[0.0128
0
0
B, =
0
1
0
Cx = Cz = C3
D1 = Dz = D3
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- 0.4667
0
-0.0384
0
0
0

—-0.4099
0
-0.1098
0
0
0

0.0525
0
0.0844
1
0
0

0.0142
0
0.7887
1
0
0

00000
0 0 0

—-0.0475 0.0119

0
-0.3715
0
0
0

-0.0157 0.0108

0
—-0.2987
0

|

0

0
0
0
0

0
0
-0.0002

[0.0118

0

where the C and D matrix are common for all of the three fuzzy sub-models, and the D matrix

is equal to zero. Also, the elevation angle output is of the same above structure.
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4.11 Conclusions
Chapter four has been concentrated on the modeling of nonlinear dynamic systems via the

utilization of the well known fuzzy modeling paradigm, the Takagi-Sugeno T-S modeling

technique.

The central objective of this chapter has been the modeling technique via T-S modeling, for
the purpose of H * robust control system later design of two nonlinear systems, a SISO mass-
spring system and a multivariable antenna system. T-S models depends heavily on some
initial membership centers of the universe of discourse of the used fuzzy variables, such
centers have been obtained through the used of clustering algorithm. Once such centers are
known, the fuzzy system can establish initial membership centers through which they are

updated via some learning mechanism.

One of the advantages of T-S modeling is that systems can be modeled by a few rules, and
consequently few linear sub-models. This advantage has overcome the problem of the large

number of rules in the fuzzy modeling.
Fuzzy models have also been verified and validated through some standard validation

techniques. Shows clearly the successful ability of T-S modeling to model nonlinear systems

with a good degree of accuracy.
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5.1 Introduction
In the past few years, considerable attention has been paid to the problems of robust
stabilization and robust performance of dynamic systems described by fuzzy models. Hence,

one of the most important requirements for a fuzzy control system is the robustness property.

An attempt has been made to create a bridge between two important control design

techniques, Robust and Fuzzy Control Design. This will help to supply H  control design
with more intelligence and to supply fuzzy control design with better performance (i.e.
robustness).  The bridge is achieved by first introducing a fuzzy linear T-S model to
approximate a nonlinear system. Hence, a neurofuzzy controller is introduced to stabilize the

nonlinear system, and at the same time to eliminate the effect of external disturbance below a

prescribed level.—In this way a desired /7~ control performance can be guaranteed. Such
design of robust fuzzy control is solved via Linear Matrix Inequality (LMI) techniques. At
the end, a simple but practical algorithm is obtained for robust performance control design of

nonlinear system.

We shall address the problem of robust H © disturbance attenuation for a class of nonlinear

system modeled via T-S fuzzy models in which both robust stability and a prescribed
H* performance are to be achieved. Furthermore, the robust stabilization problem and

robust H * control problem will be directly addressed using LMI approach.

In this context, the chapter has been divided into four main sections. Section one is the
chapter introduction, where as section two presents the basis of robust fuzzy control through

the problem formulation of the closed loop Lyapunov function, here the formulation of the
robust H” control is represented as an LMI problem. Section three presents the design of

H 7 robust control for the nonlinear mass-spring system and the nonlinear antenna system
which have been modeled via T-S fuzzy modeling in chapter four. Finally section four draws

few points of conclusion.

5.2 Robust Fuzzy Control

A general multivariable nonlinear dynamic system is represented by the following form,

x(t) = 1 (x(0)) + gx())u(r) + w(r) (5.2)
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in which
x(t)=[x,) x,@)..x,¢)] er™ (5.3)

presents the system state vector,

u(t)=[u,(t) w,(t)...u, ()] e ™ (5.4)

denotes the control input vector and,

w(t)= [w1 ) wy(t)...w, ()] er™ (5.5)

denotes the unknown disturbances vector acting at the system output and being characterized

with a known upper bound w,, 2 “w(t) , and f(x) and g(x) depend on the system state x(z).

A fuzzy dynamic model has been proposed by Takagi and Sugeno in their well known paper
[9], and used to represent local linear input-output relations of the nonlinear system under

consideration.

5.2.1 Takagi-Sugeno Fuzzy Model Formulation

As it was mentioned earlier in chapter four, we represent the nonlinear system by a T-S fuzzy
model that is described by IF-THEN fuzzy rules. Hence locally representing linear input-
output relations of the system. In this sense, the ith rule of this fuzzy model for the nonlinear

system described by Equ. [5.2] is of the following form,

Dynamic Part:
Ruleii  IFz(t)is M, ... AND z(t) is My,  i=12,...r (5.6)
THEN x(z) = A, x(t)+B,u(t) + w),

Qutput Part:
Rule i IF zy(t) is M) ... AND zy(t) is M, i=12,...r 5.7
THEN y(¢) = C x(r)

where,

z(t)=[z,(c) z,()....z, ()] e ®™ (5.8)

The vectors x(#), u(f), and y(#) denote the state, input and output vectors respectively, and
A eR",B, eR”,C, e R™ . Each variable z(#) is a known parameter and may be

function of state variables, external disturbances, and/or time. In Equs. [5.6] r is the number
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of IF-THEN rules, M, is the fuzzy membership function associated with the /" rule and g"

parameter component.

There are two functions of z(¢) associated with each rule. The first function is called the truth
value (or the degree of fulfillment or the weight), where the truth value for an i® rule is

defined by,

1, (z(t)) = [g'IIM ,(z,0) (5.9)

where M, (z ; (t)) is the grade of membership of z, (t) The possibility that the i rule will

fire is given by the product of all the membership functions associated with the /™ rule. Each

M, is a non-negative function and that the truth value of at least one rule is always nonzero.

The second function is called the firing probability. The firing probability for an /* rule is

hence, defined by,

)= A(20)
h,(2(0)) S (5.10)

which is always a well defined function taking values between 0 and 1, and the sum of all the

firing probabilities is identically equal to unity.

In Equ. [5.9], it is assumed that,

#,(2(t)) 2 0 (5.11)
and z 1, (z(t))>0 (5.12)
i=1
for all 2. Therefore, we get,
h(z(t))= 0 (5.13)

and Y h,(z(r))=1 (5.14)

For a given a pair of (X(t), u(t)), using the center of gravity method already presented in

chapter three for defuzzification, the final output of the T-S fuzzy system is then inferred as

follows,
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3" 1, a(e)[A x()+ Bu()]

x(r) == +w()

gmo»

= Zh (z())[A,x(t)+B,u(r)]+w() (5.15)

and y=> h(z(r)) C.x (5.16)

5.2.2 Basic Stability Condition

Stability is the most important issue in control systems. Obviously, it is important to specify
control parameters K; in the fuzzy controller such that the stability for the closed-loop
nonlinear system can be guaranteed. For the fuzzy open loop systems of (Equ. [5.15]) are

defined as follows:

Once u(?)= 0 then,

=2 1 z0)[A x()] (5.17)

Each linear consequent equation represented by Ax(f) is called “sub-system”. Stability
condition for ensuring the stability of the system in Equ. [5.17] is found [11]. Hence, the sub-
systems are asymptotically stable in the large if there exists a common positive definite

matrix P such that,

A'P+PA, <0 (5.18)
fori=1,2,..., r, that is, for all the sub-systems defined by the T-S fuzzy models.
Equ. [5.18] depends only on the system sub-models (i.e. A,). In other words, it does not
depend on the disturbance w(#). This is reduced to the Lyapunov stability theorem for linear

systems once r=1. That gives a sufficient condition for ensuring the stability of the system

defined by Equ. [5.17].
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The problem of finding a common Lyapunov function P in Equ. [5.18] can be solved
numerically by convex programming algorithms involving LMI’s. These algorithms are
extremely efficient in practice, especially once the system under control is of a large number

of states and of a multivariable nature.

Therefore from Equ. [5.2] and Equ. [5.15] we get,

()= £(x(0)+ g(x)u(t) + w()
= 35 (&(0)[A x(0)+ B u()

1=]

+ {[f(X) - Z h, (z(t))[A,x(t)]] - (g(x) - zr: h,(z(r))(B, )J u(r } +w(r)

=] i=]

(5.19)

where,

{(f() Z (z0))[A, x(t] ( (x)- Zh(z ] ()} (5.20)

denotes the approximation error between the nonlinear system Equ. [5.2] and the fuzzy model

Equ. [5.15].

5.2.3 Fuzzy Controller
A typical fuzzy controller of u=Kx is employed to deal with the control system design. In

terms of fuzzy rules this is given by,

Control Rule .
Rulej: IF z)(¢) is M, ... AND z,(f) is M, (5.21)
THEN u(?) = K x(t)

Forj=1,2,...,r, the overall fuzzy controller is defined by,

Zu (2K x(:)

u(t)= (5.22)

Zzl: ,uj z(r))
= 31, @)K, x(0) (5.23)

J=1
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where h, (Z(t )) was defined by Equ. [5.10] and K; are the control parameters for j from 1 up

tor.

5.2.4 Closed Loop Dynamics of Fuzzy Systems
In order to obtain the entire closed loop dynamics of the nonlinear system, Equ. [5.23] is
substituted into Equ. [5.19]. This yields the closed-loop nonlinear control system given

below by,

(1) = f(x(e)+ g(x(0))ulr) + wir)
=3 S b (2)h, 20)(A, +BK,) x(:)

+(f<x>—§h,<z(r»A,x(t)j
S )3 )~ B K X))

=33 k(@ )k, @A, +BK, ) x()+ Af + Ag +w(r)

(5.24)

where, Af and Ag are the error between the fuzzy model and the actual system.

( -Snte ))Ax] (5.25)

and

Ag =Y h(z())) h, (z())(g(x)- B, )K x(r) (5.26)

If there exist bounding matrices AA; and AB, in such away that,

AA x(t

laf] < (5.27)

and

(5.28)

“Ag” < r h, (z(t))zr: h, (z(t))AB,Kjx(t#

i=1 J=1

for all trajectory of x(7) and the bounding matrices AA,and AB, are described by,
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AA, 0,A »
J = (5.29)
AB, nB,
where H5,H <1 and Hn,“ <1, fori=12,...,r

Now, if we assume g = n and
zZ, (t) =X, (t), z, (t) =X, (t) s Z, (t =X, (t) (5.30)

then the plant rule can be represented as

Dynamic Part:
Rulei: IF x(f) is M;; ... AND x,(f) is M, (5.31)

THEN x(t)= A,x(t)+B,u(f)+w(),

In reference to the above assumptions, Equ. [5.27] and Equ. [5.28], are the worst case

representations for the approximation error if there exist AA, (: 5,Ap)and AB, (: U;Bp)

such that Equ. [5.27] & Equ. [5.28] hold for some |§,| <1 and |, <1 (fori=1,2,...,r),

where A, and B, are bounding matrices.
While the above assumption in consideration, we get,

() 1)~ 100~ S )0 [ 16)- S et)ax0)

s(ih,( 1))AA x(r) J(Zh )AA x(r j

<(a,x()) (A, x()) (5.32)
and

(ag)" (ag)

(S )3 0 (S0 s -8 )Kx0)
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s[’h,.(z(r»ihxz(r))(() AB K x( j[zh S e0)e)- 88 )K x<>)

j=

= [ h, (z(t))i h, (2(0)(g(x)-7,B, )K x(t )} ( Ir h, (Z(t))zr: K (2(t))(g(x)- 7B, )Kjx(;)j

<[ )m, ¢ x0)| [t ¢ 50) 53

i.e., the approximation error in the closed-loop nonlinear system is bounded by the specified

structured bounding matrices A, and B,,.

5.2.5 H” Control

Disturbance effect is an important issue in the design of robust control. In this thesis, we
assume that w(¢) is an unknown but bounded disturbance. However, the effect of w(z) will
deteriorate the control performance of fuzzy control system. Therefore, how to eliminate the

effect of w(¥) to guarantee the control performance is the main objective.

Since H ” control is the most important control design to efficiently eliminate the effect of

w(?) on the control system, it will be employed to deal with the robust performance control.

Considering the following H  control performance,

J‘/ x”(¢) Qx(r)dt
. <y’ (5.34)
j;’wf(t)w t)dt

sz "(6) Qx()dr <y I w' (e)wle)dr (5.35)

where t; denotes the terminal time of the control, ¥ is a prescribed value which denotes the

worst effect of w(f) on x(¢), and Q is a positive-definite weighting matrix. The physical
meaning of Equ. [5.35] is that the effect of the disturbance w(f) must be attenuated below a

desired level y from the view point of energy, no matter what w(¢) is. The desired level of ¥

is chosen as a positive small value less than 1 for attenuation of w(z).
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The inequality given by Equ. [5.35] can be seen as bounded disturbance and bounded state

but with a prescribed gain y . If the initial condition is also considered, the inequality Equ.

[5.35] is modified as,
j:/ x" (1) Qx(t)dt < x" (0)Px(0)+5? j:/ w/ (()w(t)dr  (536)

where P is some symmetric positive-definite weighting function.

From the above analysis, the design purpose of the fuzzy control system is to specify a linear

fuzzy controller such that both the stability of fuzzy linear control and the H” control

performance in Equ. [5.36] with a prescribed attenuation level y are guaranteed.

The robustness optimization is to achieve a minimum }/2 in Equ. [5.36] to obtain maximum

elimination of the effect of the disturbance w(f). For the nonlinear system Equ. [5.2], this
design problem is reduced to specify a stabilizable fuzzy control K as will be discussed in the

coming section.

5.2.6 H” Control Design via Fuzzy Linear Control

From the description in the above section, the design purpose is how to specify a fuzzy linear

control law in Equ. [5.23] for the nonlinear system in Equ. [5.24] with the guaranteed H*

céntrol performance in Equ. [5.36].

Since the system in Equ. [5.24] is nonlinear system, then choosing a LYAPUNOV function of
the form,

V(r)=x"(c)Px(r) (5.37)

where the weighting matrix P =P’ > 0.

The time derivative of ¥(¢) is
V(e)=x"()Px(e)+ x" (r)Px(r) (5.38)

For the X(t ) in Equ. [5.38], and by substituting Equ. [5.24] for it, V(t) is expressed as:
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X @)(P(a, +BK )+ (4, +BK, ) P)x(t)}+ (ar) Px()+ x" ()P (af) +(ag) Px(r)

+ xT(t)P(Ag)+ x’ (t)Pw(t)+ wT(t)Px(t) (5.39)

1=] J=1

A O(Pla, +BK, )+ (a, +BK, )V PJele)+ (a7 (a7)+x" ()PPx(r) + (ag) (2g)

+x”(¢)PPx(z) }+x ()Pw(e)+w’ (r)Px(r)

DWACODNACT)

=1

{37 OP(a, +BK )+ (8, +BK, FP()+(a,x0) (4 x())+ B, K x()f (8, x(1)

+2x” (t)PPx(t) }+ x’ (t)Pw(t) +w’ (t)Px(t)

< Zh (z(t))g b, (2(2))

X" ()ATP+PA, +PBK +K'B'P+A’A +(B K, J(B K, )+ 2PP x(1)}

+x’ (t)Pw (t) +w’ (t)Px(t) (5.40)

Hence, if the fuzzy controller Equ. [5.23] is employed in the nonlinear system Equ. [5.2] and

there exists a positive-definite matrix P =P’ >0 such that the following matrix

inequalities:

A'P+PA +PBK +K'B'’P+A’A
/ i i J J i 14 r

r 1
+(BPKJ)’(BPK/)+{2+—2JPP +Q <0 (5.41)
‘ 4
are satisfied for i, j=1,2,..., r then the closed-loop nonlinear system Equ. [5.24] is bounded

and the H* control performance of Equ. [5.36] is guaranteed for a prescribed }/2 .
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From Equ. [5.40], we get,

)< Y S k(@) h, (20)

=l y=1

\x"()(A7P+PA, +PBK, +K'B'P+ATA, +(B,K, ] (B,K,)+2PP )x()
{xf(f)pw(r)wf(t)px(f) W (W)~ e )J

+;VL2xT ()PPx(r)+ 7w (t)w(r) (5.42)

W ()(A’P+PA, +PBK, +K'B'P+A’A, +(B,K, ] (B,K,)+2PP )x(r)}
+ (% Px(t)-y w(t)j T [% Px(r)-y w(t)}

+ %XT ()PPx(r)+y*w’ (1) w(r)

STl
{)(

P+PA +PBK, +K'B/P+ATA, +(B,K, ) (B,K, )+2PP)x(1)}

+ LT (O)PPx(r)+ 2w ()wlr) (5.43)
4

from Equ. [5.41], we get,
A/P+PA, +PBK, +K'B/P+A’A

+(B,K,) (B,K,)+2PP < -yizPP ~Q (5.44)

from Equ. [5.43] and Equ. [5.44], we get,

<SS b el ()" (t){_ o- %PP}x(t)

i=1 j=1 Y

+ L xT()PPx()+ 72w ()w) (5.45)
4
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from the properties of 4, (z(t)), the above inequality can imply the following inequality:

V(1) < —x" () Qx(¢)- xT(f)ppx(t)+ylzxf(f)ppx(myzwf(t)w(t)

=—x"(()Qx(r)+y*w (t)w(r) (5.46)

Since ”w(t)” <w,,,we get
V()< —x"(£)Qx(t)+y w2,
< —c,x" (£)x(t)+ > wi, (5.47)

where ¢, = (Q) (the minimal eigenvalue of Q), whenever “x ” > e (o) V(t ) <0.

mm

According to a standard LYAPUNOV extension, this demonstrates that the trajectories of the

closed-loop system Equ. [5.24] are bounded.

Integrating Equ. [5.46] from ¢ = 0 to ¢ = ¢ yields,

ve,)-v(0)
<-['x"() Qx(t)dr+y W W (5.48)
from Equ. [5.37], we get,
'[:/ x' (1) Qx(r)dr < x” (0)Px(0)+»> '[)l/ w! ()w()dt (5.49)

this is Equ. [5.36] and the /™ control performance is achieved with a prescribed a

In the case of w(s), if the fuzzy controller Equ. [5.24] is employed in the closed-loop

nonlinear system Equ. [5.25] and there exists a positive-definite matrix P = P” > 0 such that
the matrix inequalities given in Equ. [5.41] are valid, this results in quadratically stable

closed-loop system of Equ. [5.24].

5.2.7 H” LMI Formulation

In general, it is not so obvious to find an analytical common solution in such away

P=P' >0 for Equ. [5.41], especially in terms of solution of the Riccati equations. In this
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sense, the synthesis problem is reformulated into the Linear Matrix Inequality problem (LMI).

Hence, the matrix inequalities in Equ. [5.41] are transformed to the equivalent LMI’s by

introducing new variables W and Y, in such a way W =P~ and Y,=K,W, is equivalent to
g J TR q

the following matrix inequalities:

WAT +AW+BY, +Y/Bl + WATA W

+(B,Y,f (BPYJ)+[2 +~17JI+WQW <0 (5.50)
4
Which can be finally rewritten in a general form as,
i A T’ l T |
WA  +AW+BY, +Y'B’ +(2+—2J1 B,Y)) W
. . y .
BY, -1 0 <0 (5.5
T -1
w 0 -{A’A,+Q]

fori,j=12,...,r

If the LMI’s in Equ. [5.51] have a positive-definite solution for W, then the closed-loop

system is stable and the H® control performance in Equ. [5.36] is guaranteed for a

prescribed y .

The H” optimization design for fuzzy control system of Equ. [5.2] is formulated as the

following constrained optimization problem:
Minimize y 2

Subjectto W=W’" >0

and
WAZ'+A,W+B,.Y,.+Yj‘B,T+(2+i2j1 B,Y,) w
| y
B,Y, -1 0 <0 (5.52)
7 -
W 0 -{A’A, +Q]
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where solutions for W and Y; can be computed numerically and efficiency by convex

optimization algorithm, already introduced in chapter two.

In reference to the LMI Toolbox of MATLAB [32] and by expressing Equ. [5.52] in to the

standard form of Equ. [2.69] in chapter two, H * controller K is synthesized.

Having derived the complete LMI formulation for the design of H ” fuzzy control of a
nonlinear system in terms of its T-S models, the next section shows how can such LMI

formulation can be used to synthesis a typical controller.

5.3 Case Studies on H” Robust Control Synthesis

The last section has discussed the potential of designing a H  robust regulator controller for
a fuzzy system via a LMI formulation (Equ. [5.52]). This section will rather focus on some
simulation design for both the nonlinear mass-spring-damper (SISO) system and the nonlinear

antenna system (MIMO) presented in Appendices [A-1] and [A-2].

[A] Nonlinear Mass-Spring-Damper System

With reference to the nonlinear mass-spring-damper system presented in Appendix [A-1], this

system has been used to design a robust H © fuzzy controller as will be explained below.

Through the T-S fuzzy modeling procedure of the mass-spring-damper system in section
4.10, it was found that the system was sub-modeled as three linearized models over different

operating regions. In this respect, the three sub-models are,

Sub-model 1:
-0.318 -0.064 0.0123
A = , B, = , C = 0]
1 0 0
Sub-model 2:
[~ 0.318 0.100] [0.1007]
A, = , B, = , C,=[1 o
Pl 0 | Lo ] .=l 0]
Sub-model 3:
[-0.020 0.200] 0.0307]
A3= 1 O s B3: 0 5 C3 :[1 O]
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The T-S fuzzy model exactly represents the nonlinear system, where such fuzzy models have

common C and D matrices.

Open Loop Frequency Response

Once the linearized state-space sub-models are obtained, it is necessary to have a look at the

frequency response before the design of the controller is discussed. In this respect, Figure

[5.1] shows the open loop frequency response of a fuzzy sub-model 1, where it shows that the
system does exhibit a fair degree of stability with short enough settling time. At high

frequency, the system has a slow decrease in magnitude from 0.1 up to 1 rad/sec. In terms of

the largest singular value of the system, Figure [5.2] shows the same result using singular

value decomposition, where such largest singular value will be used to design the

H? controller.

Disturbance Rejection

As was mentioned already, we would like to design a robust H * controller in such a way to

have a fair disturbance rejection over a quite wide range of frequencies. In this respect, the
H® controller has been synthesized with the aid of LMI toolbox for each identified sub-

model.

By representing each sub-model by the interconnection matrix P(S) given in Appendix [A-

1], the mass-spring fuzzy model interconnection matrix is given by,

A B, B,
P(s)= C, D, D,
C, D, D,

where,
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To synthesis the H* fuzzy controller it is essential to determine three feedback gains in its
consequent parts. After solving the LMIs formulated problem presented by Equ. [5.52], the
feedback gains are obtained for each fuzzy sub-model, a typical fuzzy control law will be,

IF u(k) is F|' AND y(k-1) is F} THEN u(?) =K, x(?)
1 2

In this respect, Figure [5.3] shows the impulse responses of the mass-spring system with the
associated controller. It shows how the synthesized controller is able to regulate the system
output in a robust way. This is done by bringing back the system output (mass position) to

the zero state after the system has been subjected to a disturbance at its input.

Also Figure [5.3] shows the response of the system for different levels of disturbances,
however, the controller was able to bring back the system output to the zero state within 0.01

seconds.

Closed Loop Frequency Response

Feedback gains have been used to form the closed loop system, hence for further
examination, the closed loop frequency responses over a quite wide range of frequencies is
shown in Figure [5.6]. For instance, (T,:Y ) represents the relation between the disturbance w
input and the z output signal. Since the mass-spring system has only one output, hence one
Bode is shown i.e. (T,:Y;). Inthe same graph, (T,:Y,) describes the relation between the w

disturbance input signal and the system output y.

Both (T,:Y:) and (T,:Y;) show a wide range of frequencies over which the two outputs have
very low gain and constant behavior (up to 10° rad/sec). Hence emphasizing the low gain to

eliminate the effect of disturbance.

For the purpose of investigating the closed loop frequency response of the designe< zontroller
(i.e. between y and w). Figure [5.7] shows the associated closed loop singular value of the
system, which has been very well minimized to its lowest value over a wide range of
frequencies i.e. from 0.1 rad/sec up to 10* rad/sec. From the figure as well, it is shown how

the frequency response has got a nearly flat response over a wide range of frequency. The

maximum magnitude of H ™ norm is close to 0.000015 dB. In this respect the H “ norm has

been achieved.
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Bode Diagrams
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Figure [5.1] Bode plot of the open loop fuzzy sub-model 1 of the mass-sprin
system.
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Figure [5.2] Maximum singular value of the open loop sub-model 1of the
mass-spring system.
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Amplitude

Impuilse Response

Time (sec.)

Figure [5.3] Impulse response of fuzzy model of the mass-spring system
due to different disturbance levels where To:Y1 is the response between w and
z, To:Y2 is between w and y.

Impulse Response

Amplitude

Time (sec.)

Figure [5.4] Impulse response of fuzzy sub-models of the mass-spring system
due to different disturbance levels when D,,=1, where To:Y1 is the response
between w and z, To:Y?2 is between w and y.
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Amplitude

Impulse Response

Time (sec.)

Figure [5.5] Impulse responses of fuzzy sub-model 1 &2 of the mass-spring
System when D,,=1, where To:Y1 is the response between w and
z, To:Y2 is between wand y.
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Bode Diagrams

Phase (deg); Magnitude (dB)
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<%

o

Figure [5.6] Frequency Response of the closed loop fuzzy sub-model 1 of
the mass-spring system. (To:Y1 is the frequency response between z and

w, To:Y2 is the frequency response between y and w).
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Figure [5.7] Maximum Singular value of the closed loop fuzzy sub-model 1
of the mass-spring system.
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[B] The Nonlinear Antenna System

Through the T-S fuzzy modeling procedure of the antenna system already discussed in section
4.10, it was shown that the nonlinear antenna system was sub-modeled as three linearized
models over the operating regions. In this respect, the three sub-models state-space matrices

have been derived as,

[0.09510 —0.4265 0.0300 —0.2998 0.0116 0 | [0.0128 0
1 0 0 0 0 0 0 0

0.0348 -0.0273 0.8022 -0.3315 0 0.0013 0  0.0240
A=l 0 1 0 0 o |'B=] 0
0 0 0 0 0 0 1 0

0 0 0 0 0 0 | 0 1|
[0.9354 —0.4667 0.0525 —0.0475 0.0119 0 ] [0.0128 0
1 0 0 0 0 0 0 0

A -|0-0373 —0.0384 0.0844 -03715 0 -0.0002 | _ 0 0.0137
: 0 0 ] 0 0 0 i 0 0
0 0 0 0 0 0 1 0

0 0 0 0 0 o | 0 I
[0.9020 -0.4099 0.0142 -0.0157 0.0108 0 | [0.0118 0
1 0 0 0 0 0 0 0

A - 0.1294 -0.1098 0.7887 -0.2987 0  0.0002 B - 0  0.0028
} 0 0 1 0 0 0 o 0
0 0 0 0 0 0 1 0

0 0 0 0 0 0 | |0 1|

where the C and D matrix are common for all of the three fuzzy sub-models, and the D matrix

is equal to zero.
Open Loop Frequency Response

Figure [5.8] displays the open loop frequency response of the antenna first fuzzy sub-model

where it shows clearly that the modeled system is fairly stable for both outputs. In terms of
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the singular values of the antenna fuzzy model, Figure [5.9] shows the frequency response of
the open loop antenna system using singular value decomposition. The system two singular
values are nearly constant over a wide frequency range (i.e. from 0.0001 rad/sec up to 1

rad/sec), then it starts to decrease with a nearly constant slope at higher frequencies.

Disturbance Rejection

The interconnection matrix P(s) of the antenna fuzzy model is given by,

A B B,
P(s): ¢ Db, D,
C, D, Dy

where,

[0.09510 —0.4265 0.0300 —-0.2998 0.0116 0
1 0 0 0 0 0
o _| 00348 00273 08022 -0331S 0  0.0013]
‘ 0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0 |
I [0.0128 0
0 0 0
B, = 8’ p | 0 00240
0 0
0 1 0
0] L0 1

10000 0
C,=[001000],C2=010000,

0 0

0 0 0
D, = , Dy = . Dy =0, D22:[0 Ol

The robust H * fuzzy controller is to determine three feedback gains. After solving for the

H ™ gains using the LMIs presented in the last section, the feedback gains are obtained for

each sub-model.
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A typical fuzzy control law will be,

IF T,(k-1) is F AND T,(k-2) is F, AND T, (k-1)is F, AND p(k-1)is F,
AND @(k—-2)is F} AND w(k—1)is F, AND w(k-2)is F!

THEN u,(7)=K,x(r)

For evaluating the closed loop fuzzy control behavior, Figure [5.10] shows how the
synthesized controller is able to regulate the system output in a robust way, by bringing back
the system output to the zero state after the system has been subjected to a disturbance at its
input.  The three responses are for the antenna three outputs. The response is settled down in
15 seconds, which is a fast settling time according to the antenna system. In Figure [5.10],
the first output T,Y, is the z output, whereas the second T,:Y; and the third T,:y; outputs

represent the azimuth and elevation angles controlled outputs in the antenna system.

Closed Loop Frequency Response

The feedback gains are used to form the closed loop system, hence for further examination,
the closed loop frequency responses over a quit wide range of frequencies is shown in Figure
[5.11]. For instance, T,'Y, represents the relation between the disturbance input w and the
output z, whereas, in the same graph, T,:Y, and T,:Y; describe the relation between the

disturbance w and the azimuth angle and the elevation angle respectively. The frequency
responses indicate how the system gains have been well reduced by the H  synthesis, thus

emphasizing the H” behavior.
For the purpose of investigating the closed loop singular values of the designed controller,

Figure [5.12] shows the associated closed loop singular value of the system. It is evident from

this figure, how the frequency response has low gain over a wide range of frequency.
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Figure [5.8] Frequency response of the open loop antenna fuzzy sub-model 1

for both inputs.
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Figure [5.9] Maximum singular values of the open loop antenna fuzzy
sub-model 1.
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Figure [5.10] Impulse response of fuzzy model closed loop antenna
system.
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Figure [5.11] Frequency response of the controlled fuzzy sub-model 1 of
the antenna system. (To:Y1 is the frequency response between z and w,

To:Y2 is the frequency response between y and w).
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Figure [5.12] Maximum singular values of the controlled sub-modell of

the antenna system.
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5.4 Conclusions

In this chapter the bases for the robust fuzzy H * controller design of a nonlinear system have
been formulated and simulated for both a SISO and MIMO systems. Both systems do exhibit
a degree of nonlinearity in terms of their dynamics, however such nonlinearites have been

dealt with via the actual linearization by employment of Takagi-Sugeno modeling technique.

In term of the design of a robust H” controller, the bases of design was achieved via
derivation of the closed loop fuzzy control system, through which Lyapunov function has

been derived and reduced to an LMI formulation for each sub-model of the nonlinear systems.

In terms of the LMI formulation, first a suitable Lyapunov function was chosen, from which
the nonlinear closed loop stability was investigated. That was simply reduced to each sub-

model due to the existing of different linear models representing the global nonlinear model.

In particular, the mass-spring system has been sub-modeled into three T-S models, through
which stabilization controllers have been designed. The mass-spring system with a
H* controller has been simulated for an input disturbances. Once the controller was in the
feedback, the mass-spring system was able to return to the original state, hence rejecting the

disturbance effect.

With regard to the antenna system, H ™ robust control system has been also synthesized in
such a way the T-S sub-models have been utilized to synthesis the local controllers. The
antenna response have been investigated and verified for some input disturbance, where the

controller was able to bring back the antenna states back to the original states.
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6.1 Introduction

The design of arobust H “ gain-scheduling is of essential importance once the system under
concern exhibits specific changes in parameters due to the nonlinearity. Gain-scheduling
problem has been a subject of a great deal of research over recent years, both from theoretical
and practical point of views. This renewed interest stems from the development of new
techniques and softwares which allow for a more rigorous and systematic treatment of the
gain-scheduling problem.  Expressed in terms of Linear Matrix Inequalities, the gain-
scheduling problem is readily and globally solved using currently designed fuzzy system in

addition to the available efficient LMI softwares.

Fuzzy H* gain-scheduling is a new paradigm in which the system parameters are extracted
from the fuzzy models, hence are used to synthesis a suitable controller. Changes in
parameters from one fuzzy sub-model to another can be considered as the parameter
dependent system, hence gain-scheduling control is synthesized in this respect. Gain-
scheduler is achieved by expressing the fuzzy model of the system as Linear Parameter
Varying (LPV) system, where H ” control is synthesized based on selecting a suitable

feedback controller.

To verify the proposed methodology, parametric trajectories (indicating changes in system

parameters as if they are in real time) have been generated in such a way to give a nonlinear

parametric variations. At the end fuzzy H " gain-scheduling for both the nonlinear mass-
spring-damper system and the nonlinear antenna system have been achieved to verify the

proposed methodology.

This chapter has been divided into a number of sections. Section 6.2, represents in a very
primitive way the Takagi-Sugeno fuzzy models of nonlinear systems since they represent the

bases for fuzzy gain-scheduling. Section 6.3 introduces Linear Parameter Varying (LPV)
systems, whereas section 6.4 presents the H “ control for LPV systems. Section 6.5 discusses
the mathematical formulation of H”via LMI for LPV systems and section 6.6 and 6.7

present the employed fuzzy scheduler and the design of H” fuzzy gain-scheduling. Case

studies of employing gain-scheduling controller is presented in section 6.8. Finally section

6.9 draws few conclusions about the introduced H * fuzzy gain-scheduler.

6.2 Takagi-Sugeno Fuzzy Model
Fuzzy controller design procedure is based on the representation of a given nonlinear plant in

terms of the T-S fuzzy model given by Equ. [6.1]. As already introduced in chapter four, the
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antecedent of each rule R, contains fuzzy linguistic descriptions M of the scheduling

variables 0, (t) and the consequent part contains a local linear sub-model of the nonlinear

system. For instance, a typical rule with the scheduling variables ¢ (t) will be,

Rulei: IF &,(¢) is M, ... AND & () is M, (6.1)
THEN X, ()= A x(t)+B,u(t)+w (¢)

y,)=Cx)

The entire fuzzy model of the plant in Equ. [6.1] is obtained by blending of the consequent
fuzzy sub-models. For a given pair of vectors x (¢) and u (#), the final output of the fuzzy

system is hence inferred as a weighted sum of the contributing sub-models:

> 1, (SO A, x()+B,u())

x(r) = 62)

" 1, (6()NC x(¢) + D u(e)}
y(t)== . (6.3)
> u,(6())

i=1
where U, (6 (t)) is the degree of fulfillment of rule i, introduced already in chapter five.

Equ. [6.2] and Equ. [6.3] can be written as;

x()=>"h(50){A x()+Bu()} (6.4)

y(0)= 3 1 (60)(Cx()+ D,u()) ©.5)

While considering how fuzzy sub-models parameters vary from one sub-model to another,
Equs. [6.4-6.5] show that specific parameters in the obtained state-space model undergo

variation over a specific range as the operating condition of the system changes.
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The T-S fuzzy model can also be regarded as a quasi-linear system, i.e., a linear system in
both x(¢) and u(¢f) whose matrices A(.), B(.), C() and D() are not constant, but varying as

the operating condition of the system changes. This is given as:

<()= A+ BEO)N() 6
()= CoE)x(0)+ D))

From Equs. [6.2-6.3] one can observe that for all possible values of & (t), these are bounded

within a polytope whose vertices are the matrices of the individual rules.

The parameter dependence is affine; that is, the fuzzy state model
A(5(t)), B(5(t)), C(5()), D(5(z)) depends affinally on §(¢). This means the time-varying
parameter S(¢) varies in a polytope © of vertices &,,8,,...,0,. Here the time varying

parameter &(¢) is defined in terms of,
5(t)e ® = Co{5,,5,.....6, }

where L is number of vertices in a polytope.

In other words, the state-space of Equ. [6.6] are given in terms of a number of models

depending on & (t) ,

{A(é‘(t)) B(c?(t))} C{[Af B’:’;izl,...,L 6.7)

c(®) p@E@)) " °llc, b
where

Co {8, :i=12, L} ={ 2" 2, ()8, : " a,()=1, a,()> 0}

AI Bl
and S, =

i 1

The described design method is intended for the control of nonlinear systems. In this case,

the scheduling variables are a function of the state, hence 5(t)=§(x(t)) and

X = A(x)x + B(x)u :
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Having presented T-S fuzzy model as a linear system with parametric changes, the next

section presents the theory behind Linear Parameter Varying systems.

6.3 Linear Parameter Varying Systems (LPV)
There are three important classes of linear systems which are related to our investigations.
The Linear Time-Invariant (LTI) systems is the more familiar class in the control system

literature and give rise to the most successful and self-contained theories. LTI systems are

described as,

X = Ax+ Bu 68
y =Cx+Du )

Secondly, Linear Time-Varying (LTV) systems, the state-space description of LTV systems is

completely defined by the functional time-dependence of the state-space data

A(t), B(2), C(¢) and D(t) whose associated differential equations are,

x = A(t)x+B(t)u
6.9)

y = C(t)x +D(¢)u

Finally, the Linear Parameter-Varying (LPV) systems, where the state-space model entries
A(.), B(.), C() and D() are explicit functions of atime-varying parameter o (t) Hence,

they have a differential representation of the form of Equ. [6.10],

(6()x+B(5(:))u

x=A
y = C(6(r))x+D(5(t))u (6.10)

LPV systems are “on-line” systems as they are completely known once the trajectory
o0=0 (t) is pre-defined, when the system is operating and experiences a particular trajectory

in its domain.

In other words, the study of LPV systems requires the anticipation of the future behavior of

the system and thus has immediate advantages for real-world applications.

The operating domain ® of an LPV system Equ. [6.10] is the parameter range of the system,

that is the domain of the parameter space where it takes its trajectories 5(r). Hence, LPV
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system is well-defined whenever its parameter-dependence and its operating domain are

fixed. Thié can be expressed more formally by the set of state-space relations as,

x = A(5()x +B(5(r))u
y =C(6())x +D(5(t))u

5()e®, V>0,

(6.11)

LPV systems, can be viewed as linear systems subject to uncertainties 5(t). As a

consequence an adequate controller K(s) (see Figure [6.1]) must be robust in the face of

parameter uncertainties.

In addition, they can be viewed as a family of linear systems issuing from the linearization of
a non-linear plant or more simply as parameter-dependent systems where the parameter
values are directly exploitable in the control structure. This leads to a scheduling problem in

a general sense as shown in Figure [6.2].

Mixing the above two situations; one comes up to the more general case where the parameter
vector & can be partitioned as & =(5,;68,) where &, is known in real-time and &, is an

uncertain parameter as shown in Figure [6.3].

The notation of LPV systems provides a formalization of various important issues of the
control design problem. One of the most significant potentiality of the LPV framework is the
derivation of LPV or “self-scheduled” controllers. Such controllers have the same parameter-

dependence as the system and can be described in state-space form as

k= A, (6()x+ B, (5()
IS (¢12

6.4 Robust H” Control of Linear Parametric Varying (LPV) Systems

For H7 design of linear parametric varying systems, it is essential that the system model is

presented as LPV in the form of Equ. [6.10].

We are interested in a class of LPV systems where,

(/) The parameter-dependence is affine, that is, the state-space matrices

A(5()), B(5(r)), €(5(r)), D(5(r)) depend affinely on &(r).
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u y
K > G(5) —
Fixed LTI LPV plant
controller

Figure [6.1] LTI Control of a LPV system.

S
{ L,
k(5) —* 666) T
) LPV LPV plant
controller

Figure [6.2] LPV Control of a LPV system.

5,
v | ,
U
K (52 ) G % >
- 5,
LPV
controller LPV plant

Figure [6.3] LPV Control of a mixed LPV system.
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(ii) The time-varying parameter 5([) varies in a polytope ® of vertices 6,,0,,...,0, . That
is,

5(t)e ®:=Co{5,,6,,...6,} (6.13)
these vertices represent the extremal values of the parameters.

This description encompasses many practical situations. From this characterization, it is
clear that the state-space matrices A(5(z)), B(5(¢)), C(5(r)), D(5(¢)) involved in a polytope

of matrices whose vertices are the images of the vertices J,,6,,...,J, .

In other words our fuzzy model is put as,

{A@) 3(5)} Co{l:Ai B’]:i=1,...,L (6.14)

c(5) p(s)|°

where

[A, B,}:[A(é) B(5,)J (6.15)

Hence, the H” control problem for LPV systems is similar to the customary H® synthesis

where the robust A * norm bound is replaced by the more suitable notation of quadratic H

performance and the plant under consideration is now LPV.

Hence, for LPV system defined by the state-space equation as,

x=A(5(t))x +B(5(r))u

y =C(5())x + D(5(t))u (6.16)

has quadratic //* Performance y if and only if there exists a Lyapunov function V(x) such

that V(x)szPx with P >0 that establishes global stability and the L, gain of the

input/output map is bounded by y . That is,

I¥ll, <7l (6.17)

along all possible parameter trajectories & (t) in ®.
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LINEAR FRACTIONAL TRANSFORMATION FOR LPV SYSTEMS

An augmented LPV plant need to be considered [54], mapping exogenous inputs w and
control inputs u to the controlled outputs z and measured outputs y as shown in Figure [6.4].
Such formulation is given by the standard Linear Fractional Transformation (LFT) already

presented in chapter two (section 2.3) and given in terms of LPV as,

%= AG)x +B.(5()w +B,(5()u
z=C|(5(t))x+D11(5(t))w+D]2(5(t))u (6.18)
y= C2(5(t))x+ D,, (5(t))w +D,, (5(t))“

5(t)e ® =Co{s,,5,,..,6,}, for Vi20

The plant is further assumed to be polytopic, i.e.

A1) B,(s(t) B,(5(t) A, B, B,
C (5(t) D,(6(t) D,(6()|eP:=Coi|C, D, D, |, i=12..L (619
C2(5(t)) D?I( ()) D22( ()) CZ: D21: D22:

in which A,,B,,,... denote the values of A(S5(¢)),B,(S(t))... at the vertices 5{t)=6, of
the parameter polytope. With reference to Equ. [6.19] the problem dimensions are thus given

by
A(5(t)) e R™" Dl | (5({)) e RI™ l)22 (5(!)) c RPm

where the following assumptions on the plant are considered:

o D,, (5([))= 0 orequivalently D,, =0 fori=12,...,L.
(it) B, (5()).C,(5()), D, (5(¢)), D, (5(¢)) are parameter-independent or equivalently,
B, =B,, C,=C,, D,=D,, D, =D, (i = 1=2='-->L)

(iif) The pairs (A(5),B,) and (A(5),C,) are quadratically stabilizable and detectable

respectively over ® .

With such notations and assumptions, the H* control problem for LPV systems can be

stated as follows;
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Synthesis a LPV robust controller of state-space form of,

A (8()x+B(5()u
y =C, (6(t))x+D(5(:))u (6.20)

which guarantees Quadratic H ® Performance y for the closed-loop system of Figure [6.4],

in such away to ensure the following control objectives,

- The closed-loop system is quadratically stable over ® ,

- The L,-induced of the operator mapping w into z bounded by y for all possible

trajectories 5(¢) in © .

To find the controller of Equ. [6.20], the LMI technique has been used in this respect as will

be presented in section 6.5.

6.5 LMI Formulation of LPV H ® Controller
Considering a continuous LPV polytopic system of Equ. [6.18] and working under the three

assumptions in section 6.4, and by letting Nr and Ng denote bases of the null space of
(Bﬁ , Dllz) and (C2 ,D,, ), respectively, the H ® controller can be synthesized. There exists an
LPV controller guaranteeing Quadratic /7 Performance y along all parameter trajectories in
the polytope ©® [32]. This is achieved if and only if there exist two symmetric matrices (R, S)

in R™” satisfying the system of (2r +1) LMIs formulation of,

'AR+RA’ RC! B,
NR 0 NR 0 .
C,R -yI Dy, <0 i=12,..,L (6.21)
0 I . . 0 1
i B, D, -7yI1
'AS+SAT sc! B,
N, 0 N, 0 ,
: C,S -A D, || - <0 i=12,..,L (6.22)
0 I ; ! O |
L B, Dy, -
R 1 >0 6.23
I S|~ (6:23)

where 7 is the number of vertices.

152




Chapter Six: Fuzzy-Based H “ Robust Gain-Scheduled Controtler

P(s,é')

K(s,5)

A

Figure [6.4] H ” Synthesis LFT structure for LPV systems.
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Since these conditions are LMD’s in the variables R and S, they are convex and fall into the

scope of efficient convex optimization techniques. For », R and S solutions to the LMI’s

Equs. [6.21-6.23], there always exist LPV polytopic controllers solving the problem [55].

In turn, such controllers are described by a system of LMI’s from which one can extract a

particular solution by algebraic manipulations. More precisely, along some trajectory & (t) in

the polytope O, i.e.

5(r)= Za (1)s, (6.24)

The state-space matrices A (5(r)), B, (5()), C, (6@) D (5 (t)) of the LPV polytopic

controllers are then read as,
4 A B
J: > a,(t) [ ki K‘J (6.25)

where the «,’s are computed according to the convex decomposition Equ. [6.24].

It is important to note that while the state-space data matrices A,,,B,,,C,,,D,, are
computed off-line, the LPV controller matrices A, (5),B (5 ) C, (6).D, (6) mustbe

updated in real time depending on the parameter measurement & (t)

6.6 Fuzzy Controller

The control of nonlinear system by means of fuzzy gain-scheduler controller begins with the
determination of the linear sub-models in the operating regions of interest of the system to be
controlled.  Optimization techniques are then used to design local controllers within a fuzzy
gain-scheduling scheme with the desired overall behavior. In this way, a wide-range
stabilization and control problems can be solved. For a reference input r and in the

continuous-time case, the T-S fuzzy control rules have the form of,

Rulei: IF &,(r) is M, ... AND &, (¢) is M, (6.26)

THEN u,(r)=r(r)~y(r)-K x(:)
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where K is the controller gain and ¢, (t) is the scheduling variable. With r(z) as the

reference, the controller’s output can be written as,

,

> 1, (@Ne(r) - y(0) - K x(0)}

ut) == (6.27)

and can be expressed as,

r

u(r)= > A (S ()Hr(r)-y()-K x()}

i=1

= r(r)-[K(5()+ C(60)]x() (628)

If the scheduling vector & (t) is a function of the state x(¢), then u(¢) represents a nonlinear

gain-scheduled control law. Hence, the goal of the controller design is to determine the
constant matrix K, such that the desired dynamic of the closed-loop system and the desired
steady-state, input-output behavior are obtained. Designing the state-feedback gains K;
requires dealing with the system dynamics and hence ensuring stability. This problem is
solved by means of LMI. For the T-S fuzzy controller in Equ. [6.26], a feedforward gains V;

can be also included in the design and can be given as,
-1 -1
\% =(c,.(— A, +BK,) B,) (6.29)

This ensures for each closed-loop sub-system a unity steady-state gain. In other words, if a
perfect model is available, the T-S fuzzy controller Equ. [6.26] used for tracking yields y(¢)
approaches r(¢). However, a reasonable requirement for the controller is rather to satisfy x(¢)
approaches 0 once ¢ approaches co. This implies the stabilization problem of the control
system once r(z)=0. Usually, this T-S fuzzy cortroller cannot be satisfactorily in tracking
control problems where a given reference trajectory r(¢)# 0 is to be followed. The reason for
this is the ever-present mismatch (in practice) between the fuzzy model and the real plant
dynamic resulting in steady-state errors. A fuzzy scheduler Which tackles this problem will

be introduced later in section 6.7.

FUZZY CLOSED-LOOP DYNAMICS

The closed-loop system consisting of the fuzzy model and the fuzzy controller is obtained by
substituting the fuzzy controller Equ. [6.28] into the state equation of the fuzzy model Equ.
{6.4]. The closed-loop system is then given by,
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()= > S 6Ok EONA, -B,(C, +K )x()+Brl)}  (630)

i=l j=1

It is assumed throughout this section that; the weight of each rule in the fuzzy controller is
equal to that of the corresponding rule in the fuzzy model. This assumption is easy to satisfy
since all weighting factors of the controller can be simply taken over from the known fuzzy

model. Then, Equ. [6.30] can be rewritten as,

£0)= 3 h ) GG X0+ 234 B0 G0) " 50)
. 1 (5@)h, (50)B, r(r) 631)
where |
G,=(A,-BK,) (6.32)

For the particular case of common matrices B, i.e., B,=B for all sub-models i=1,2,...,r and
for the shared rules, the following simplified description of the entire closed loop system can

be derived as,

r

x()=> 1 (60) {(A, -BK, )x(t)+B,r()} (6.33)

i=1

Equ. [6.33] represents the terms for achieving closed loop stability for each fuzzy sub-model.
They are responsible for the stability of the control system matrices K; and calculated via

LMISs such that a Quadratic LYAPUNOV function is found (as was presented in chapter five).

6.7 Fuzzy H” Gain-Scheduler
With reference to Figure [6.5], the system receives input signal u(z), which has already
computed based on the controller gain K. Hence, it will be necessary to choose the

appropriate value of K, in accordance to the condition under which the system is operating.

In section 6.6 we introduced the H~ control under which the system to be controlled

described as LPV system. Fuzzy gain-scheduling is introduced here in twofold,
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update of 5(1‘) :______é:(;t) ______
f u(f) :
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w@ L
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sub-controllers
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Figure [6.5] A dynamic Output Feedback H” Fuzzy Controller.
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The first is via the use of different fuzzy state space sub-models (i.e. T-S models) to designate

the parameters that are changing. This will formulate the bases of constructing a suitable

LPV system based on fuzzy models for the entire operating region. H * controller is then

synthesized in according to LPV systems.

The second of is to employ the LPV already obtained from fuzzy modeling in designing

H? controller K(s), hence, adapting the controller gain K using fuzzy IF-THEN rules. In this
way, the system is getting much transparent and knowledgeable in terms of its operating

condition.

The entire fuzzy system can then be described as,

x(r)= A, ()x(z)+ B, ()r() (6.34)
y.()=C,()x() (635)

Based on the LPV theory already introduced in section 6.3, the fuzzy state-space matrices are

given by,

A ()= zzh (6O, 50)[a, -B,(c, +K )] (636)

Bw(.>=gh,.(5(r»3, (637)
c.()= Zh G()C, (6.38)

These equations are expressed as,

Aw<.>:§h,<a(r»A; (6.39)
Bw(.)=gh,<a<r»3; (6.40)

cw(.>=§h,.<5<r»c; | (6.41)

The fuzzy controller consists of two parts:

The first is u; and is based on the state variables of the controlled system whereas u, is based

on the difference between the reference input r(t) and system output y(z),
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u,(6)=-> h(6()K,x() (6.42)

r

u,(6)=r(t)- > h,(50))C x(t) (6.43)

i=]
The entire gain-scheduled control law is then determined by,

u=u,(x)-u,(x) (6.44)

)= )~ 31 B0)Cx0)- 31 (G0)K x0)

i=] i=]

u(f) = r(t)-ghi (60)c, +X,]x() (6.45)

ut)=r(r)-K, ()x(r) (6.46)

with K,()=Y 460, +K,]

as the state feedback-gain matrix.

The closed-loop behavior of the fuzzy controller is then written as,
x(1)=A,()x()+B,()r() (6.47)
In Equ. [6.47] Kw (t) 1s a time-varying system matrix, satisfying the LPV in Equ. [6.7],
A,()eCofAr :i=12,.,L1}, (6.48)
for the entire time domain the matrices A’ are formed as follows,
A=A -B.|C, +K/ | (6.49)

Equ. [6.49] gives the transformations (A’ B/ ,,K’w) for the synthesis of the controller,

W

denoted as Fuzzy Scheduler, into the standard problem (A .,B.,K ,)-

159




Chapter Six: Fuzzy-Based H * Robust Gain-Scheduled Controller

The gain-scheduler fuzzy control is shown in Figure [6.5], with reference input r(#) applied to

the system.

Once the system parameters start to change, the fuzzy controller rather select K from a large

range computed to satisfy the H ° performance. At the same time, the H* controller K is

computed to satisfy the extremals of system parameter variations as expressed by Equ. [6.21].

In addition, Figure [6.6] shows the fuzzy scheduling variable & (t) that makes the controller

switche from one controller gain K; to another. The figure shows the variation of two
parameters, M; and M), and when more parameters are required, the figure will be complicated

to visualize.

From the figure, the parametric box represent the changes in system parameters of two
dimensional, whereas the shown membership function show the extremes in parameters

variation which have been obtained from the modeling procedure in chapter four.
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Figure [6.6] Fuzzy gain-scheduling mechanism.
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6.8 Case Studies

This section presents an application of the Fuzzy H “ Gain-Scheduling to the two nonlinear
dynamic systems already modeled in chapter four. The two dynamic systems are considered
as nonlinear systems, where the parameters are assumed to be measured in real-time.
Therefore, based on the linearization of the two dynamic systems around specific operating
conditions, LPV representation can be developed. Hence the gain-scheduled H ™ control
presented in section 6.7 is then immediately applicable to the two problems under

consideration.

[A] Fuzzy Gain-Scheduled H ” control of a mass-spring-damper nonlinear system:
An open-loop analysis of the mass-spring system is presented. As a result of this preliminary

analysis, the motivations for using the LPV control will appear clearly.

Open Loop Analysis
With reference to the T-S fuzzy model in chapter four, the associated fuzzy linearized
dynamics of the mass-spring system variables are re-described by replacing the varying

parameter by variables in a state-space representation in the form of,

[2] {? ‘ﬂ{:}{%}u (6.50)
SN

It should be mentioned here that; the state-space model of Equ. [6.50] (see page 101) have

been obtained based on the observations of changes in parameters of the three derived fuzzy
sub-models. The varying parameters v,,0, and ¢, are all functions of the mass-spring system

motion and are therefore available to measurement in real time.

The parametric changes (i.e. v,,0,and (), are shown in Figure [6.7], indeed, there are

abrupt changes in such parameters as functions of the mass-spring system motion that range

over a large operating domain. The stability properties of the system are greatly influential.
For further validations of the final LPV controller, 18 operating points have been selected in

the parameter range. These points are regularly distributed over the entire region of

operation.  Figure [6.8] displays the pole-zero map of the associated 18 LTI models.
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Moreover, the mass-spring system can be very close to the marginally stable localities,

depending on the sign of v .

The interconnection matrix P(s,5 (t)) of the mass-spring fuzzy model is then given by,

A(5()) B, B,
P(s,é(t))= C D, D,
C, D, D,

where,

C =[ o c,=[t o]
D, =0, D,=0, D, =0, Dy =0,

Assuming that the augmented plant P(s,5 (t)) is polytopic (refer to chapter two), the LPV
control problem can be described as the hull of four matrices. Each matrix corresponds to the

extremal values of the two varying parameter (U, ,0, ).

A

A, = Ay, ’U2max)
A; = A(Ul max > U2 min)
A, = A(u1 mx,UZmax)
and, for i =1,2.3.4.
B, =B, B, =B,
C, =C, C, =C,

Dll/ = Dn 8 DIZI = Dl2 > D21i = D21 > D22i = Dzz
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Fuzzy Controller and H* Gain-Scheduling

A two-degrees of freedom synthesis has been considered as was indicated in Figure [6.4].
Hence the design process is similar to the usual H * synthesis, except that the operators for

minimization are parameter-dependent. In this way, the A~ minimization must handle all

possible trajectories in the operating domain, hence all possible models.

For the system formulation of the system introduced above and the interconnection shown in
Figure [6.5], we are ready to perform the H ™ gain-scheduled controller synthesis. The
optimization algorithm converged and produced a polytopic LPV controller with a minimum

¥, with structure of,
K(s,6(1)= Co{K,(s,5()), i=12.34}

Fuzzy Controller Validation

The previously described controller will now be tested and analyzed. Superimposing the time
responses corresponding to 50 different testing points is first considered as shown in Figure
[6.9]. For each of these points, one determines its polytopic coordinate, then the

corresponding system model and controller.

Furthermore, in order to perform such real simulations, one parameter trajectory has been
examined. Such trajectory varies continuously in the operating domain and converges to a
predefined value within one second time. Figure [6.10] shows such trajectory used in this
analysis. Hence, the actual response due to such parameter trajectory is shown in Figure
[6.11], where the corresponding control action is shown in Figure [6.12]. As an overall view,

the system was able to converge to the required set-points with an achieved stability even

under changes in the parameters. This confirms the H* fuzzy gain-scheduling.

In this simulation, changes in model parameters were computed by the pre-defined trajectory,

and the H ™ controller was switching from one set of controller gain K; to another set K,

depending on the model parameters.
It was essential in this simulation to define a well established trajectory, as shown in Figure

[6.10], since any invalid parameter trajectory could results in undefined system model, i.e.

outside the parameter box.
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The H® controller synthesis that was achieved via the LMI toolbox, was integrated to our

controller simulation code that was written in MATLAB script.

In reference to Figure [6.11], fuzzy gain-scheduling was achieved with H * performance (i.e.

minimizing the worst case disturbance on the system input).
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Figure [6.7] State-space parametric variation over the entire operation
region for the mass-spring system.
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Figure [6.9] Step response of the mass-spring system subject to local
simulation of 50 points, and the corresponding control action.
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Figure [6.10] Predefined parameter trajectory
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Figure [6.11] Step response of the mass position over a defined
trajectory parameter.
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Figure [6.12] Control action for the mass-spring system.
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[B] Fuzzy Gain-Scheduling // * Control of an Antenna Nonlinear System
In the same way we analyzed the mass-spring system, we are going to achieve the same for

the antenna system which has been introduced and modeled by a T-S fuzzy system in chapter

four.

Open Loop Analysis
The associated fuzzy linearized dynamics of the antenna can be described by a state space

model of the following structure,

5] (o, a a5 a a5 01[x | [5 0]
L1 0 0 0 0 0fx] |0 o
| _|ag a; ap a0 ay || x . 0 B, [ul} 6.52)
X, 0 0 1 0 O X, 0 0 ||u,
i o o o 0 x| |10
5 L0 0 0 0 0 0lx]| [0 1]
]
X
{1 0000 0} X, [0 o}[ﬂ
y = + (6.53)
01000 0fx,| [0 0]u
Xs
%6

It should be mention that, the given state space model of the antenna system (i.e. Equs. [6.52-
6.53] have been obtained based on the observation of the variations in the parameters of the

obtained fuzzy state space sub-models over the entire operation region of operation. Hence,

the varying parameters «,, &, ,..., &, are all functions of the antenna motion and are therefore

available for measurement in real time.

Parametric Uncertainty

Figure [6.13a,b] and Figure [6.14a,b] show the parameters changes for the antenna system,
representing variation in the state-space model. It is clear that changes in parameters are even
severe for some elements. Hence this could drive the antenna system to operate in an
unsatisfactory behavior.

In terms of parametric changes (ie. «,,a,,...,a,) aswasshown in Figure [6.13a,b] and

Figure [6.14a,b], there are abrupt changes in such parameters as functions of the antenna
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system and over the range of operation. In addition, some parameters are not showing any

sever changes, hence can be ignored.

In terms of the poles and eignvalues evoluation, Figure [6.15] displays the associated location
of the open loop poles due to the changes in parameters for 18 operating points have been
selected in the parameter range. Due to location of the poles over the right-hand side of the s-

plane, this makes the construction of the controller much difficult task to be achieved.

The interconnection matrix P(s, o (t )) of the antenna fuzzy model is given by,

A(5(t))1 Bll BZ:
P(s,6())ecoil €, Dy, Dy, | i=1234
C2i D2]1 D22i

where,
_al a, a; a, QO |
1 O 0 0 O
a, o, o, «a 0 «a
A 5 )= 6 7 8 9 10
( ()) 0 O 1 0 0
0O 0 0 0 0
i 0O 0 0 0 OJ
=k _ﬂ, 0
0 0 O
0 0
B,=| |, B,= % ,
0 ; 0 O
0 1 0
10] | 0 1]

1 0000 O
10100 0 0f

0 0 0
DH:‘::” Dlz:{o O:I, D21:0> DD:[O Ol
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Assuming that the augmented plant P(s, 5(1)) is polytopic, the LPV control problem can be
described as the hull of four matrices, where each matrix corresponds to the extremal values

of the varying parameter «,, @, ,..., @, .

P(s.6()ecoy| €, D, D, |, i=1234
C,, D,, D,,
with,
A, = Aldg > Xy )
A, = Al i)
A3=A( s> T )
= Al s Faa )

and, For i =1,273,4.
B]/ :BP B2/ :Bz
C]/ :C]7 C7I = 2

D,=D D, =D, D,,, = Dy, D,

1 11> 2

Fuzzy Controller and H * Gain-Scheduling
For the system formulation above and the interconnection shown in Figure [6.5], we are ready
to perform the H” fuzzy gain-scheduled controller synthesis. The convex optimization

algorithm converged and produced a polytopic LPV controller with a minimum value of ¥ .

Its structure is described below as,
K(s,0(:))= Co{K,(s,5()), i=1234}

Fuzzy Controller Validation

The previously described controller will now be validated and analyzed. Superimposing the
time responses corresponding to 50 different testing points is first considered as shown in
Figure [6.16]. For each of these points, one determines its polytopic coordinate, hence the

corresponding model and controller gain K.

Furthermore, in order to perform such simulations, two parameters trajectory has been

examined. Such trajectory varies continuously in the operating domain and converges to a
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predefined value within 10 second time. Figure [6.17] shows such trajectory used in this
analysis. Hence, the actual response due to such parameter trajectory is shown in Figure

[6.18], where the corresponding control action is shown in Figure [6.19].

As an overall view, the system was able to converge to the required set-points and also the
stability is achieved, even under changes in the parameters, hence confirming H * gain-

scheduling of the fuzzy system.

In reference to the shown parametric trajectory in Figure [6.17], two parameters have been
selected for variation. This is due to the fact that; to clarify the concept of gain-scheduling, it
will be a complicated issue to change all or most of the parameters given in Equ. [6.52].
Moreover, the parametric changes shown in Figure [6.13ab] and Figure [6.14ab], have
indicated that some antenna parameters are not very much subjected to large variations. In

this respect, only two parameter have been selected to follow the shown trajectory.

Regarding the controller and antenna system response, the scheduling mechanism has resulted

in a good response of the system, although the two parameter (a,,a,), changing within the

range between (-0.0512 to 0.3901) for @ and (0.6136 to 0.9215) for g .

The fuzzy gain-scheduling has resulted in a reasonable response, with an error at the steady-
state time. Such error can be reduced or even eliminated by including an integral control in

the forward loop.
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Figure [6.15] Evolution of system poles as the parameters vary
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Figure [6.19] Control action for the antenna system.
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6.9 Conclusions

Chapter six has been directed towards the employment of T-S fuzzy linear models in the

design of H ™ gain-scheduling fuzzy controller. The outcomes of the chapter were a number
of issues regarding the design of a robust gain-scheduling fuzzy controller. The designed
fuzzy controller was synthesized based on the use of the T-S fuzzy models; through the
observation of the parametric variation among different sub-models. Such parameter

variations are hence considered as model uncertainty, hence a good gain-scheduling with

H ™ characteristics to be considered.

With respect to the controller, it was constructed based on the parametric values of the system
under concern, hence the fuzzy sub-models (obtained from chapter four) are used at this stage

to extract the actual values of parameters.

Gain-scheduling has been achieved via constructing an artificial trajectory ( such as a circle or
nonlinear line trajectory), this has help in looking at how the controller was able to adapt itself

once the system under concern was exhibiting different parameters values. The synthesized

H? controller was able to adapt itself based on the simulated parameters trajectory.

The synthesis of H” fuzzy gain-scheduling control did indeed require two main results that
have been looked at in depth in this thesis. The first was the formulation of the H* for LPV

systems, which allows the construction of H ” controller in phase of parametric variations.
The second was the use of the T-S fuzzy modeling technique to investigate the fuzzy linear
local models in addition to the observation of how the entire global model can be considered

as LPV system.

H?” fuzzy gain-scheduling has shown to have two main advantages; the first was the use of
the linear H” theories to control nonlinear plants, whereas the second was the use of fuzzy

system to make the H ” control much transparent.
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Concluding Remarks

This research framework has investigated a number of issues regarding the integration of
fuzzy logic and robust H® control. In this respect, two major issues have been looked at in
this thesis that have been employed to form this class of integration. The first was the
dynamic system modeling via a newrofuzzy system with its associated transparency

characteristics for nonlinear systems modeling.

The second issue is the design of an associated H * robust controller that makes the system
under concern performs in accordance to a ready defined performance measure, in terms of

frequency and time domain specifications.

|a] System Modeling

In reference to the first issue of the research, which is the system modeling, it was achieved
via five-layered neurofuzzy structured with clustering algorithm. The clustering technique
was employed to generate the appropriate training data centers, hence the appropriate initial

center of membership functions.

Furthermore, for a closer look at the system modeling, two practical examples have been
employed. The first was a SISO nonlinear mass-spring-damper system, whereas the second

was a nonlinear MIMO antenna with interactions.

Takagi-Sugeno (T-S) modeling technique was implemented. Such an algorithm has the
ability to sub-divide the entire nonlinear plant dynamics into linear sub-models via a ruling

mechanism.

The modeling algorithm was able to model the two systems (i.e. the nonlinear mass-spring
system and nonlinear antenna system) with a good degree of accuracy that reach 98% and
94% for both dynamic system respectively. The modeling methodology was found to be

accurate in terms of representing the modeled systems.
However, an issue of concern was found in the literature of a difficulty to deal with systems

once the number of rules is increased. This has been overcome using T-S modeling, that

reduces the number of rules and consequently the number of sub-models.
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The main advantage of the T-S modeling was the ability of this algorithm to sub-divide the

entire operating region of the process into a number of linear sub-models which have been

utilized later for H ” control synthesis.

Convergence to a defined tolerance while training could be a major drawback of the T-S
modeling technique. Even so, preliminary knowledge of the system to be modeled is also a
concern that have been found and dealt with in this thesis. This is specifically concerning the

number of clusters and the number of delays in time lags.

[b] The H ” Robust Control Synthesis
The second main issue of the thesis was the associated robust H design for the two

nonlinear systems. With respect to the design of H * nonlinear control system, this is a ve
Y p g Y ry

complicated mathematically formulated theory. However, via the employment of the Takagi-
Sugeno modeling technique, it was possible to design linear H * robust controllers for each

linear sub-model. Hence, linear robust H * control synthesis can be applied accordingly.
In terms of robust H design, two design methodologies have been investigated.

Regarding the first, that was H “ regulation problem, which was mainly concerned with

designing an appropriate static feedback gains to minimize the effect of disturbance level y
on the system input. The static feedback gains were synthesized based on the linear

H? control theory, hence switching between different controller is achieved based on the

operating conditions of the system via fuzzy rule base.

Regarding the second approach, that was based on the gain-scheduled H* control synthesis.

In the scheduled H ™ control design, the nonlinear system was considered as uncertain

dynamical system, where its parameters vary within region of limits.

[c] Gain-Scheduling H “ Control Synthesis

In the gain-scheduling H” synthesis, the nonlinear systems under concern were treated as

uncertain system with parametric range of variations (i.e. region of variation). Hence,

scheduled H “ controller has been synthesis for such parameter varying systems. Knowledge

of real time parameter changes is obtained via the employed fuzzy modeling technique.
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From the designed H  gain-scheduling for both dynamic systems under concern, it was
found that the scheduled H ™ controller where able to adjust controller gain parameters to

follow the changes in the performance requirements for scheduled H © characteristics.

Synthesizing H® fuzzy gain-scheduling is indeed a new paradigm in the area of fuzzy
control. Hence this thesis has indeed looked in depth at specific mechanisms to achieve such

synthesis.  Considering the global model of a nonlinear fuzzy system to schedule the

H? controller is one approach, however other approaches are to be investigated.

In general fuzzy system has been employed extensively to achieve a good performance of the
scheduled H ® behavior for nonlinear system via the utilization of the linear scheduled

H” control theory. Fuzzy modeling was able to give a well knowledge-base models with all

associated issues of transparency which is an essential for any control system design.
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Appendices

[A-1] Nonlinear Spring-Mass-Damper System
The system shown in Figure [Al.1]is a SISO mass-spring-damper system. It is a nonlinear
system, where it is assumed that the nonlinearity is produced by the stiffness of the spring.

The system is described by the following differential equations,

where M is the mass, K is the spring stiffness, B is the damper viscous friction coefficient and
u is the force in Newton acting on the mass. The function X; is the nonlinear term with

respect to the spring. y is the output of the system representing the displacement in meters of

the mass object.

Representation of the system in LFT is shown in Figure [A2.1], which will be used in chapter

five and six, in the design of H ” robust fuzzy control.

B
¢ ul u
< A Mo e—

@)
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—

Figure [A1.1] Mass-spring-damper system.
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Figure [A1.2] A block diagram of LFT representation of the mass-
spring system.
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Appendices

A coupled two degree of freedom satellite dish, typical of the type used for Oceanary satellite

communication systems, are presented.

The behavior of the antenna is described by the following nonlinear idealized time invariant

state space equations:

z=lp ¢ v vy

)
T, =b,¢ - ¢y(I' = I)sin(2y)

I'sin’ () + I cos? ()
v

T, =b,y = 3(I'- 1)y sin(2y)

where @is the azimuth angle, y is the elevation angle, bw and bw are the associated friction

coefficients, and 7 and 7, ,, are the torques applied to the axes. Nominal values [52] are given

in Table [A2.1]. To produce a more realistic simulation the outputs are corrupted by additive

Gaussian noise, e, (¢t) e ()17, representing a crude approximation to measurement noise.
v

b, b, I I
Isotropic 0.3375 0.3375 | 02Nms® | 0.2 Nms’
Non-isotropic 0.3375 03375 | 02Nms” | 0.02 Nms® |

Table [A2.1] Antenna system parameters.

The azimuth is permitted to turn through a complete revolution, while end stops restrict the

elevation to the interval [0,72']. Such antenna system can be depicted schematically in Figure

[A2.1] and [A2.2].

In this antenna there are essentially two sources of nonlinearity; that produced from the end

stops on the elevation and the other as a results of the non-isotropic moment of inertia tensor
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Figure [A2.1] Schematic of an antenna

@ Elevation

Figure [A2.2] A detailed schematic of an antenna system.
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i.e. I'# I. Indeed when isotropy is present the state space equations (above) are linear. The
strength of this non-linearity depends on the degree of anti-isotropy and the angular velocities

of the antenna.

Neurofuzzy modeling is applied to the problem of identifying a discrete model of the
dynamics of the antenna. For this task it is assumed that only measurement of the angular
positions are available. However, the rate of change, or at least the direction, of the
respective motions of the antenna may be very useful to the modeling process hence a
regressor is constructed containing previous inputs and outputs, and previous changes in the

outputs i.e.

i

x(7)

I, =1)....T, = n, )T, (e =1).. T, (e =y J(-1)
q)(t - 1),...,(0([ - n¢),y/(t - 1),...,://(1‘ -n, ),A(p(t - 1),

...,Agp(t—nA(p),A(//(t —1),...,Al//(l‘— nw) ]

where t represents discrete time intervals and A represents the difference in the last two time
steps, Ap = go(t)— go(t - 1). The use of this differencing can be considered as a simple
method of input space projection (rotation). Assuming no a priori knowledge of the process,
the maximum tap  delays in the  regressor are chosen to be

n, =n, =n,=n, =n,, =n,, =2. This highlights one of the major difficulties in

Y v ® v — tap Ay

dynamical system modeling, even for simple low dimensional systems the input space

prescribed by the size of the regressor is typically high.

Representation of the antenna in LFT is shown in Figure [A2.3], which will be used in

chapter five and six, in the design of H robust fuzzy control.
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Figure [A2.3] A block diagram of LFT representation of the
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