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Abstract

In this thesis we use Weisner’s group theoretic method to find
different generating relations for generalized Hermite polynomials and

functions.

The cases that we discuss in this work include, Hermite two variables
polynomial, Hermite matrix polynomial and function, and Hermite

polynomial associated with parabolic cylinder.

All the steps are shown in details starting from finding recurrence
relations, commutative operator relations, the extended form of the groups
generated by the operators, and ending with some new generalizations of

well-known generating relations.
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Introduction

1.1 Statement of the Problem

The purpose of this work is to show how to derive generating
relations of some generalized Hermite polynomials by Weisner's

method.

1.2 Justification of the Problem

(Wesnier 1955) has derived a method for obtaining generating
functions for sets of functions which satisfy certain conditions. Among
the functions which do satisfy these conditions are the Hermite
functions.

Recently (Shahwan 2003, 2006, 2009), (Pathan 2003) and (Khan
2009, 2010) derived many generating functions for generalized
Hermite polynomials. Here, we study some of these works in details
and use the same technique in finding the generating relations for
generalized Hermite polynomials associated with functions of
parabolic cylinder introduced by (Wunsche 2003).



1.3 Literature Review

Many special functions including generalized Hermite polynomials
have their applications in many branches of science, e.g. (Andrews 1998)
and (Lebedev 1972).

In physics and electronics, the solution of Laplace equation in terms
of Legendre polynomials arise when we try to find the electric potential
due to a hollow sphere. Bessel function also plays a big role in lengthening

pendulum problems.

If we try to determine the temperature in homogenous solid when the
distribution of temperature throughout the solid is known at time t=0 and
temperature at every boundary is known, or when we try to describe the
wave motion of natural or mechanical system such as vibrating membrane,
subject to initial and boundary conditions, special functions arise when
solving the relevant model differential equations since they form many of

the solutions of theses equations.

Hermite function also have many applications in physics. For
instance, single- variable Hermite function H,,(x) is just the wave-function
of quantum harmonic oscillator. Their importance has been recognized
only recently (Dattoli 1993) and has been exploited to deal with quantum
mechanical and optical beam transport problems. Within this last
framework, generalized forms of harmonic oscillator eigenfunctions have
been proposed and the relevant annihilation-creation operator algebra has

been developed.



Hermite polynomials are orthogonal and orthogonal polynomials in
general and the classical orthogonal polynomials in particular are
connected with numerous problems of applied mathematics, theorical
physics, chemistry, approximation theory and several other mathematical
branches. In particular, their applications are being widely used in theories
as Pade approximants, continued fractions, spectral study of Schordinger
discrete operators, polynomial solutions of second-order differential

equations and others.

Important applications of the orthogonal polynomials are to the
development of quadrature rules of maximum algebraic degree of
exactness, most notably Gauss- type quadrature rules, Gauss- kronrod and
Gaouss-Tur an quadratures. Modification algorithms and discretization
methods find applications in constructing quadrature rules exactly not only
for polynomials but also for rational functions with prescribed poles.
Gauss-type quadrature rules are applicable also for constructing Cauchy

principal value integrals.

Due to the noticeable importance of generating functions of Hermite
polynomials and it is generalization, further generating functions of these
functions have been obtained. The details of methods and ideas leading to

generating relations are based on the approach of (Weisner's 1955).



1.4 Theoretical Framework

In chapter 1, we study the most important definitions and
notification of the Lie group and Lie algebra, special functions and
generating relations.

Chapters 2 and 3 explain in details the Weisner’s group theoretic
method in getting generating relations of generalized Hermite
polynomials, Hermite matrix polynomials and functions, respectively.
Some new generating relations of the generalized Hermite polynomials
associated with functions of parabolic cylinder are derived in chapter 4

by using the same technique as in (Wunsche 2003).

1.5 Methods and Procedures

Using the recurrence relations of the generalized Hermite
polynomials, we introduce first order differential operators, called
raising, lowering and stationary operators, satisfying certain
commutation relations, where these operators generate a Lie group
(Chon 1961, Miller 1968). We find the extended form of the group
generated by the given operators. Then, we use a method suggested by
(Weisner 1955) which is based on Taylor's series formula to get some

new generating relations (McBride 1971).



1.6 Proposed Chapter Outlines

Chapter 1: Introduction:

Definitions and notations, Lie groups and Lie algebra, special

functions, generating relations.

Chapter 2: Generating relations of two variable Hermite
polynomials by Weisner's group theoretic method:

Generating function of generalized Hermite polynomial H,, (x.y)
are obtained by giving suitable interpretations to the indices (n) with

the help of (Weisner 1955) groups theoretic method.

Chapter 3. Generating relations of Hermite matrix polynomials
and Hermite matrix functions by Weisner's group theoretic method:

Generating relations for Hermite matrix polynomials H,, (x.A)
are obtained by giving suitable interpretations to the index (n) with the

help of (Weisner 1955) group theoretic method.

Chapter 4: Generating relations of generalized Hermite
polynomials associated with functions of parabolic cylinder:
Generating relations of generalized Hermite polynomials D,,(z)
associated with functions of parabolic cylinder are derived.
This is followed by a summary of thesis work.



1.7 Background and History

1.7.1 Hermite Function

There are many special functions in mathematics which play a very
important role in many physical and statistical applications. These special

functions are the solutions of certain differential equations and integrals.

Special functions are analytic and most of them are considered as functions

of a complex variables.

Hermite polynomials and functions are one of the main and most
Important special functions, which are used in many applications such as

probability, numerical analysis and physics.

The first Hermite polynomial H,,(x) was introduced by the French
mathematician (Charlize Hermite 1864) which contains only one variable.

It is defined by means of the relation
exp (2xt —t*) Z Hn(x)— (1.1)

which is valid for all finite x and t.
It follows from that
&

(—DFn! (2x)"2k
Hn(x) = k! (n — 2k)!
k=0

This function has been developed and modified by many
mathematicians including (Dattoli 1992, 1993, 1995, 1999,200, 2005,
2007) and (Wunsche 2003).


https://en.wikipedia.org/wiki/Differential_equation
https://en.wikipedia.org/wiki/Integral

Through this thesis, we consider three of these generalizations which
are: Hermite two variables polynomial, Hermite matrix polynomial and
matrix function, and Hermite polynomial associated with functions of

parabolic cylinder.
1.7.2 Lie Algebra

The theory of special functions is closely related to the theory of Lie

groups and Lie algebras.

A Lie algebra is an algebra that is anti-commutative and satisfies
Jacobi identity. That is: If g is an algebra over a field of real numbers F,
with product [x,y], then g is a Lie algebra if:

1. [x,x]=0, Vx € g

2. [x, vzl + [y, [z x]] + [z, [x, y]] = O VX,y,Z2€g
Anti-commutative may be written as [X,y] = - [y,X]

An abelian Lie algebra is a Lie algebra with commutative Lie bracket.

That is: [X,y] = [y,x]. Hence, the Lie bracket in abelian Lie algebra is the
identity which equals to 0.

The commutator product of x and y is a Lie bracket defined by:

[x,y] = xy — y x on associative algebra. Lie brackets are defined

similarly throughout of this thesis.



1.7.3 Weisner's Group Theoretic Method

There are many methods to derive generating relations of functions,
including Rainsville’s method, Truesdell method, Miller’s method, series

manipulation method and Weisner’s method.

Each of these methods suits some type of functions that satisfy certain

conditions.

Among the functions which do satisfy Wiesner’s conditions are the

Hermite functions which will be discussed through our work in this thesis.

Finding generating relations for Bessel polynomials, generalized Laguerre
polynomials, Gegenbauer polynomials can also be done by using

Weisner’s method, as they satisfied Weisner’s conditions too.

Weisner's method is a good method for obtaining generating functions
for special functions starting from their polynomials using representation
theory of Lie groups and Lie algebras. This method has been introduced by

the Canadian mathematician Louis Weisner in 1955.

By this method we use some partial differential equations beside the use of

Lie algebra.

To illustrate this method, we will discuss its main steps in the next page

and hence use it in more details in coming chapters.



Weisner’s Group Theoretic Method Steps:

1. Recurrence Relations:
Finding differential recurrence relations where the function

satisfies.

2. First Order (Linear) Differential Operators:
Finding three types of operators which are called:
1. Raising operator (J%)
2. Lowering operator (J°)

3. Stationary operator (J°)

Every linear differential operator of the first order generates a
one parameter Lie group. If we know the linear differential operator
we will be able to determine the extended form of the group
generated by it. In other words we will be able to determine the

effect of the operator e on f(x, y) where,

(cC)? (cC)* — (cO)k
C — cee =
ec“=1+cC + T + o4 7l + Z 7l
k=0

and C is assumed to be an operator.

3. Commutative Relations of the Operators (Group of Operators)
Using the commutator notation, [x,y] = xy — yx to find the
three relations:
1. [, 7]
2. [33, 7]
3. [J5, 7]

10



These commutator relations show that the operators J3, J*, J

generate a Lie group.

. The Extended Form of The Group Generated by Operators
Here we are seeking to find e?/” f(x,y) and e<" f(x,y),
where f(x,y) is an arbitrary function, with b and c are arbitrary
constants,
e““f(x,y) = o(x,y) g(x,y)
which is the extended form of the transformation group generated
by C.

. Generating Functions
Finding generating relations using Weisner’s method which is

based on Taylor’s series in the form of

d
exp [cﬁF(X)] =FX+0C)

We will consider the following three cases:
1. The effect of both J* and J together (i.e. b # 0 & ¢ # 0)
2. The effect of J only (¢ = 0)
3. Theeffectof J*only (b = 0)

n=0

11



Chapter 2: Generating Relations of Two
Variable Hermite Polynomials by Weisner's
Group Theoretic Method

2.1 Introduction
2.2 Generating Relations using Weisner’s Method
2.2.1 Recurrence Relations
2.2.2 First Order Differential Operators
2.2.3 Commutative Relations of the Operators
2.2.4 Extended Form of the Group Generated by Operators
2.2.5 Some Generating Functions

2.3 Some Applications

12



Generating Relations of Two Variable Hermite
Polynomials by Weisner's Group Theoretic
Method

2.1 Introduction

Hermite Function has been modified by many mathematicians. One
of the main generalizations is the Hermite polynomial of two variables
which has the following form (Lebedev 1972):

(0] tn
ZHn (%) — = exp Qxt—yt?)
n=0 '

Which gives:
[ni2]
(=D*n! _
Hy(x,y) = z m(Zx)(” 2R yk (2.1)
k=0

where [g] Is the greatest integer less than or equal to %

The generalized Hermite polynomial H,, (x,y) is a solution of the

following partial differential equation:

o7 + 2 v 2nv =0
Y dx?2 x 0x =
This leads to
n X
Hn(x: y) =y2 Hn ﬁ (2-2)

13



2.2 Generating Relations using Weisner’s Method

2.2.1 Recurrence Relations

Here, we derive some pure and differential recurrence relations. We
differentiate Hermite generating function of two variables which

considered in (2.1) partially with respect to each of the variables x,y and t.

Case (i)  Differentiating (2.1) with respect to x, gives:

Tl

- 0
Z O_H (x, y) — = 2t exp(2xt — yt?)
n=0

X
n=0 n=0
o a tTL s n+1
Y —Hy ()= =2 ) Hy (6 —
n=0 n=0

n=0 n=1
= 9 - nth
> L b =2 Y Hoy o)™
n=0 n=1

By comparing t" coefficients, we get the following first recurrence relation:

0
aHn(xi y) = Zan—l(xry)' n=1 (23)

14



Case (ii) Differentiating (2.1) with respect to y, gives:

n

t
H, (x,y) o= —t% exp(2xt — yt?)

ﬁMs
m|Q)

S tn - tn
@Hn (X,y) EZ _tz an (xry)m
n=0 n=0
> i
3y xy)
n=0
ReplacenbynZ
K
Za_H (x, y) an 2 (%, y) 2),
> 9 n(n— 1"
D5y (69) = Zan(xy)—_
n=0

By comparing t" coefficients, we get the following second recurrence

relation:

aa—y Hy(x,y) = —n(n— DH,_,(x,y), n=2 (2.4)

Case (iii) Differentiating (2.1) with respect to t, gives:

= (2x — 2yt) exp(2xt — yt?)

n-1 i t"
— = (2x — 2yt) z H, (x,y) —
n=0 '

15



—ZxZH (x,y) ——ZytZH (x, y)

tn+1
ZH (xy) 1),—2sz (xy)——ZyzH e, y) —
Replace n by n+1 Replace n by n-1
(e 0] tn (0] tn (0] tn
D M )17 =2x ) Hy(63)35=2 ) Hua ) oy,
n=0 n=0 n=1

- ¢n - ¢n - nt"
D Hus (o) =2x ) Hy (60— =2y ) Hyoy (63) =
n=0 ' n=0 ' n=1 '

Finding H,.,(x, A) at n =0 by using definition (2.1)
(-1D° 1!
0'(1-0)!

Hl(x,A) == 2x

Hy(x,A) = (2x)(170)y0

and since Hy(x, A) = I, then:

= tn - tn - ntn
D Hun () =20 ) Hy (6y) =2y ) Hyoy (B9)—
n=1 n=1 n=1

By comparing t" coefficients, we get the following third recurrence
relation:

Hn+1(x, y) = 2x Hn(x, y) - Zyan—l(x;y)' nz 1 (25)
Replace n by n-1, then we have:
H,(x,y) = 2x Hp_1(x,¥) = 2y(n — DHp_5(x,y), n=2 (2.6)

Now by substituting (2.3) and (2.4) in (2.6) we have:

0 0
nHy(x,y) = x - Hn(x,y) + 2y - Hy (%, ) (2.7)

16



2.2.2 First Order Differential Operators

From the recurrence relations as mentioned before, we introduce the
following three operators: Lowering operator (J°), increasing operator (J%)

and stationary operator (J3).

Case (i) TofindJ:
From (2.3) we get: J~ = t‘laa—x such that

JT[Hy (o, y) "] =2nHyy (x,y) 771 (2.8)

Case (ii) To find J%:

From (2.7)

0 0
X aHn (x,y)+2y @ H, (x,y) = n H, (x,y)
So we get: J3 =x 9 4+ 292 such that

) ox yay

J[Hy (uy) t"]=n Hy (x,y) " (2.9)

Case (ii1) To find J*:
From (2.5)

2x Hy (x,y) —2yn H,_; (x,¥) = Hyy1 (x,Y)

Substitute (2.3) in the previous equation to get:

d
2x HTL (x,y) -y aHn (x)y) = Hn+1 (x'y)

17



0
(Zx—y F )H (x,¥) = Hpyq (%, )
Soweget: J*t =t(Rx—y i) such that
0x

J[Hy (o)™ = Hpyq (e, p) ™ (2.10)

2.2.3 Commutative Relations of the Operators

We use the commutator notation [A,B] with [A,B]f = (AB — BA)f
where f = f(x,y;t) = H, (x,y)t™ in order to get the following three

relations:

Case () [%,)*]=J*
Proof: [%J*1f = (P - J*1)f
= gl -y Dl -le (e -y Dl 5+ 2055l

=[x :—x+2y%][2xtf—yt;—xf]—[t(2x— )Hx —f+2y ]

—x[2xt—f+2tf yt—— f]+2y [th—f ytaxayf_ axf]—

7]

[Zx t—f yt[ f+ — f] +4xty5f— axay

= 2x? t—f+2xtf—xyt f+4xyt—f—2y tﬁf—Zyaf—

|2x?t = f — xyt = f-yt Zf+ 4xyt5f— zyztajayf]
= ontf— 2t gt L
= 2xtf y axf y axf

0
= 2xtf — ytaf

18



- (e y )1

=J*f

Case (i) [J°)71=-J"

Proof:[J°,J71f =3I~ - JJ3)f

[ arral yaayH 1%]f' [t_laax][ aa yaay]f

O R I I I I
62 62 2 2

b —f 42yt f- [t lx=—f+ t‘lif + 2yt~1 g f1
d0x? 0x0y dx? dx 0xdy

= xt~

0
— _1 —_—
t (')xf

=-Jf

Case (iii) [J*,J7] = -2

Proof:[J*,J71f =(*]"-JJOf
=lee—y DU Er -l a e -y )]s
oo Bl - Sl

) 9* 0 9*
=2xaf—y§f [2x—f+2f Y 3 zf]

= —2f

19



From the following operator relations:
J7[Hy Goy) th ] =2nHyy (x,y) "7
JP[Hy (e y)t"] =n Hy (x,y) t"
JT]7[Hy G )E"] =] [2nHp—y (x, ) t777]

=2nH, (x,y) t"

. : d GE d
We can form the differential operator L = 2x Fo e i ZtE

L=J*" —2n
L= t(2x — y;—x) .t‘1:—x—2n

L=2 0 o 2 h =t
=2x o= T2 n, where n=t-

Which commutes with J*,J~ and J3, that is

[L.J*1=0, [L,J7]=0and [L, J°]=0

(2.11)

According to Weisner’s group theoretic method, since the above

relations are not isomorphic to any commutation relations obeyed by a

well-known Lie algebra of a local Lie group, therefore we cannot link the

set of differential operators { J3,J~,/*} with a particular Lie algebra and

hence we are only bound to say that these differential operators generate

three dimensional Lie algebra.

20



2.2.4 Extended Form of the Group Generated by Operators

Here we find the extended form of the group generated by J3,J~

and J* as follows:

Case (i) JT=tRx—y aa_x)

Let c be any arbitrary constant. Then,

dy

E‘O
dy =0
y =k

Applying the initial condition when ¢ = 0, y(0) =y, = y,(0) = k

=Y =Y
Similarly,

dt _ 0

dc

> t= to

dx

dc —Yolo
dx = —ytydc

X = —Yyotoc +k

whenc =0,x(0) =x5 = k =x,

21



= X = xO_y()tOC

dv oyt
i xtv
dv

— = 2xtdc

Substituting the values of x, y and t
dv
? - Z(xo - y0t0C)t0 dC

Inv = 2xycty — yotoc? +k

Applying the initial condition whenc = 0,v(0) =1,In1 =0
k=0

= Inv = 2x,cty —yot%c2

= v = exp(2xycty — yot(z,cz)

ecf+f(x, y; t) = exp(2xct — yt%c?). f(x — ytc,y,t)

.. - _ .10
Case(ii) J— =t Pl

Let b be any arbitrary constant. Then,

dy

— =0
db

=Y =Y
dt_o
db

22
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>t = t()

dv_o

db

>v=1

dx

P |
ap b

dx = t,"1db

X = t0_1b+k
whenb =0, k = x,

>X = X +t0_1b

T fyit) = f (x+ 39,1

g3 0 a9
Case (ili) J° = x6x+2yay :

Let a be any arbitrary constant. Then,

dt_0
da
>t= t()
dv_o
da
>v=1

23
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da_ ”~

dx

— = da

X

Inx = a+k

whena =0, x(0) =xy = Inx, =k

Inx = a+Inx,
= x = elatlnxg)
=>x = e%l"%o
=>X = Xge?
dy

— =2

da y

d

—y=2da

y

Iny = 2a+k

whena =0, y(0) =y, = k=1ny,

Iny = 2a+Iny,

=Y

=Y

=Y

e(2a+lny0)

eZaelnyO

yO eZa

e f(x,y;t) = f(xe®y e?%,t)
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2.2.5 Some Generating Functions

From the previous section, we have:

e F(x,y;t) = exp( 2xct — yt2c?) . f(x — ytc,y,t)
_ b
e’ flryit) = fx+2,3,0)

e f(x,y;t) = f(xeye?%t)

Now, we study the effect of the operators in the following three cases:

Case 1: The effect of the three operators: J=, J*and J3 on f(x,y, t):
eI eI e’ f(x,y,t)

= exp(2xct — yt2c?) e? e’ f(x — ytc,y, t)
5 b
= exp(2xct — yt?c?) e¥” f(x — ytc + 2., t)
b
= exp(2xct — yt?c?) f ((x — ytc + ?) e,y e??, t)

b
= exp[ct(2x — cty)] f ((x — ytc + ?) et ye?s, t)

Now ifweputa =0; b+ 0, ¢+ 0andwriting f(x,y,t) = H,(x,y)t",

we get

eI  ePI” (H, (x, y)t™) = exp[ ct(2x — cty)]. Hy, (x — ytc + g,y) t"(t # 0) (2.15)
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Working on left hand side and by using the power series expansions, we
get for t # 0:

e e?” (H, (x, y)t™)

(0]

+\k
=L o ey
k=0

‘;— P (Y4 (Ha(, ) £)

I
WM 8

7" (Hpi () £745)

Il
[
.»m

=
Il
o

z ( ] |) (Hn+k (x, y) tn+k)

Il
1
=] %

L!
k=0 L=0
(00] oo L
=YY PO ey )
k=0L=0
=S Gy ey
k=0L=0

ZL m+k)n+k—1Dn+k—-2).... (n+k—(L — 1)) (Hyppp (x, )t

ng
Ms

-
I

1L
0

. ) © oo !
T () = Y Y L(n(f:_)w!(Hn+k_L<x,y)tn+k-L> (2.16)

k=0L=0

From (2.15) and (2.16) we get for t # 0:

b
exp[ct(2x — cty)] .H (x —ytc +— ,y) t"

(0]

— i Z L (Tl + k)' (H (x )tn+k—L) (2 17)
- KL (nak—py o mretio |
k=0L=0
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Case 2: The effect of one operator: /= on H,,(x, y):
Putt=1andc=0in (2.17), we get:

n!
Hy, (%) (2.18)

H,(x +b,y) = ZF 2 T
L=0 '

Case 3: The effect of one operator: J* on H,,(x, y):

Lett=1andb=01in(2.17), we get:

2. -k
Cc
exp(2xc = ye?) Hy(@—yey) = ) —Hu(xy)  (219)
k=0

2.3 Some Applications

Using the relation (2.2) in (2.19), we get:

[ee)

k

(2 2)y2 H <x_yc> < ST H <x>

exp(2xc = ye) y2 Hy (S 2= ) = ) =y 2 Hu (=
Kl

Jy Sy

k=0
X — ok
yc c® Kk X
exp(2xc —yc?) H, ( ) = z o V2 Hy g <—> (2.20)
If we put y=1, c=t, then we have:
exp(2xt —t?) H, (x —t) = Z 7 H, ., (x) (2.21)
k=0

This equation is a well-known result discussed by (Mc Bride 1971).
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Putting n=0 in (2.21), then we have:

exp(2xt —t?) Hy (x — t) = Z ol H, (x)
k=0

exp(2xt —t?) = Y — Hp(x) (2.22)
kZO k! K

This equation is a well-known generating function of Hermite polynomial
H,, (x) given by (Lebedev 1972).

Since [J*,J~] = —2, then the operators J~,/* are non-commutative
so et ebl” % bl ecl?

ie. eSS ebl” £ ecJTHDI”

If we interchange the order of the operators, we get the below new

relation

eb)”ecl” f(x,y,t)
+ b
=e" [f(x+ ?,y,t)]

b b
= [exp(2(x + ?)ct —yt?c?). f(x + P ytc,y,t)]
Then for t # 0,

_ b b
eP)" eI H, (x, y)t"™ = exp(2(x + ?)ct — yt?c?). Hy(x + Tt y) t" (2.23)
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Working on left hand side and by using the power series expansions, for
t #0:

b= cjt ny _ o N bh L n—L+k
e”l e (Hp(x, y)t )—LZO kZOHEZ m(Hn—Hk(X,Y)t ) (2.24)

So, the left-hand side of each of (2.23) and (2.24) are equal, we can

get a new relation for t + 0 as follows:

b
exp[2xct + 2bc — yt2c?]. H,(x + - e, y) t"

L -k |

oo %) b |
N Z ZHEZL (n - D1 (oG 17515 (2.25)

L=0 k=0

a

This generating function that we derived cannot be obtained by series
rearrangement techniques, but it is easy to generate it by using Weisner’s

method which is very useful in many cases.
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Chapter 3: Generating relations of
Hermite Matrix Polynomials and Hermite
Matrix Functions by Weisner's group
Theoretic Method

3.1 Introduction

The Hermite Polynomials and Functions play an important role in
guantum mechanics and in many boundary value problems in parabolic
cylindrical coordinates.

Hermitian matrix is a complex square matrix that is equal to its own
conjugate transpose. In a Hermitian matrix all the elements of the main

diagonal are real.

A Hermitian matrix M is said to be positive definite if the scalar
z*Mz is strictly positive for every non-zero column vector z of n complex

numbers.

where z* is the conjugate transpose of z.

B is a square root of A if B2 = Aand A = VB.
An nxn matrix with n distinct nonzero eigenvalues has 2™ square roots.

A positive definite matrix has a unique positive definite square root.

Some matrices have no square roots. An example is the matrix [8 (1) :
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1
The absolute value of a matrix A equals to (4*4)z. And the

exponential expression of it is represented by

n

eAx = zxiyiTexli, A e cnxn

i=1
where x; are the eigen vectors of A,

y; are the eigen vectors of AT, and

A; are the eigen values of A and AT.

(Jador and Company 1996) introduced a theory of Hermite matrix
polynomials as finite series solutions of second order matrix deferential

equation. These Hermite matrix polynomials H,,(x, A) are defined by

[ni2] n—-2k
B (—1*(xv24)
H,(x, A) = n! RZO T (3.1)

where [g] Is the greatest integer less than or equal to % , and

V2A is the square root of the matrix 2A such that v2A4 = exp(%log(ZA)).

Through our work we consider that A is a Hermitian positive definite

matrix in C™™ and o (A) is the set of all eigen values of A.

Here
Hy(x,A) =1 (3.2)
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Equation (3.1) is a solution for the second order differential equation

d*v dv
W—XAa-FTlAU:O (33)

The scalar Hermite Polynomials can be expressed as (Rainville 1960),

U”Z]C_l)k (Zx)n—ZR
k! (n—2k)!

H,(x) =n!
k=0

(3.4)

By using (3.1) and (3.4) and special mapping theorem for each real

number X, we get

[nl2] n—2k
(-D¥ (xv2a)
O'(Hn (x,A)) =<n! z KT = 2] ;a € a(A)

k=0

= {Hn (x \/g) - a(A)} | (3.5)

The Hermite matrix functions Tn(x,A) which is used through this

thesis was introduced by (Jador and Defez 1998) and defined by

—Ax?

T,(x,A) =e 4 H,(x,A), n=0 (3.6)

where H, (x, A) is the Hermite matrix polynomial as defined in (3.1).

Equation (3.6) is a solution for the second order differential equation

d’y 1 <Azx2

20 2

Tz 3 + A)y +(n+1)Ay =0 (3.7)
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3.2 Generating Relations using Weisner’s Method
3.2.1 Hermite Matrix Polynomial

3.2.1.1 Recurrence Relations

The following matrix generating function
G(x,t) = exp (xtV2A—t%I) : x,t €C (3.8)
has the Taylor series about t = 0 of the form:

VEZZ Nn.,NN —1)" 2n
G(“>=Z( T)l!Xt 2( 7)l!t

n=0 nz=0

5]
~ Zi (— D)k (xVZA)™2ken
k=0

i k!'(n— 2k)!
G(x,t) = ZW (3.9)
n=0

Differentiating (3.8) partially with respect to x,
d
o G(x,t) = tV2A exp(xtV24 — t?1)

iG(x, t) = tV24G(x,t)
0x

: :H, X,A t : :HTL X,A t

n!
n>1 n=0
H (x,A)t" H, (x,A) t"*1
z n (x,A) _ TAZ n (x, A)
n! n!
n>1 n=0

Replace n by n-1
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H) (x,A) t" B H, (x,A)t"
Z n! B mi (n—1)!

nz1 nz1

By comparing t" coefficients, we get the first recurrence relation

H! (x,A) =V24An H,_,(x, A) (3.10)

Differentiating (3.8) partially with respect to t,

%G(x, t) = (xV24 — 2t) exp(xtV24 — t21)
%G(x, t) = (xV24 — 2t)G(x, t)

%G(x, t) = x\/ﬂG(x, t) — 2tG(x,t)

Using (3.9), we get,
d H, (x, A)t" H,(x,A)t" H, (x, A)t™
_ZL =xm2% _thL

ot n! n!
nz0 n=0 n=0

Since Hy(x,A) = I, then %Ho(x,A) =0,s0

H,(x,A)t"1 H,(x, A)t" H,(x, A)t"*1
zn n (X, 4) zxmz n(ﬁ;') _ZZ n(x, 4)

n! n!
nz=1 T n=0 n=0
Replace n by n+1 Replace n by n-1
+1)H, LA™ H,(x,A)t" H,_;(x, A)t"
(Tl ) ++i('x ) =xmz (x' ) _Zz 1(151))'
n=0 (Tl ) n=0 n nz1 (Tl '
H, . ,(x, A)t" — N H,(x, A)t™ nH,_,(x, A)t"
Z n! = xv24 z n! —2 Z n!
n=0 n=0 nz1
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Finding H,,,,(x, A) at n=0 by using definition (3.1)

D (wzA) T
Hi(xA) = D= =550

Hy(x,A) = x\V24

and since Hy(x, A) = I, then:

H, . ,(x, A)t" H, (x, A)t™ nH,_;(x, A)t"
2. =xV2A) S -2

n! n!
n=1 n>1 n>1

By comparing t" coefficients, we get the second recurrence relation

H,. ,(x,A) = xV2A H,(x,A) — 2nH,_,(x, A), n=>1 (3.11)

3.2.1.2 First Order Differential Operators

From the recurrence relations, we find the following three operators:

Lowering operator (J°), increasing operator (J*) and stationary operator (J3).

Case (i) TofindJ:
From (3.10) we get: J~ = t‘laa—x such that

J[H, (x, At"] = nW2A H,_; (x, A) t*1 (3.12)

Case (ii) To find J*:
Multiplying (3.11) by v/24, we get:

V2A H,,,(x,A) = x\2A\2A H,(x,A) — 2nvV24 H,_,(x, A)
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Substitute (3.10) in the previous equation, we have:

V2A H,.,(x,A) = x2A H,(x,A) — 2H](x, A)
0
V24 Hyyy (0, 4) = (x24 = 22-) Hy(x, 4)
Sowe get: J* = t(x24 — 2 :—x) such that
J*[Hy (x, A)t™] = V2A Hpyq (x, A) ™1

Case (iii) To find J3:

We define: J3 = t% such that

J3[H,, (x, D)t"] = n H,(x, A)t"

3.2.1.3 Commutative Relations of the Operators

(3.13)

(3.14)

Consider f = f(x,4;t) = H, (x, A)t™ we use the commutator
notation [A,B] with [A,B] f = (AB — BA)f in order to find the following

relations:

Case (i) [J°)1=-J
Proof: [J3,]71f = U3 -] ]3)f

el sl e s
-[eqille 5]l e ae

= -t (! s f—t‘zi —-t_lt o f
i Oxdt 0x i 0xdt
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B 0% (-1 0 0%
B axatf 0x axatf

Case (i) [3,Jf1=J*
Proof:[J3,J*1f = (3]t -J " ?)f

- [t %] [t (ZxA—Z;—x)]f—[t (ZxA—Z;—x)] [t %]f

L e

2Ata + 2xA 2 J 2/11:Za 2t2 o7
XAt oL f +2xAf = axt | 7|24 5t axat!

2 a a 2
— 2t— f-2xAt* —f + 2t?
atf 0x

d 0
= 2XAt? —f + 2xtAf — 2t
xtatf+xtf t(’)x

2 2

—2At26 + 2xtA tha 2ta 2xAt? 9 +21:Za
= 2xA o f + 2xtAf axar] TS AxAY Hf perel

0
= thAf — Ztaf

<2xA - zg—x)f

=J*f
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Case (iii) [J*,J7]= —24
Proof:[J*,]71f ="~ -JJOf
= :ZxAt — Zt:—x] [t‘lj—x]f - [t‘lf—x] [ZxAt — Zt:—x] f

[oceae gl e -2

—_ZAa 262 ZAa + 24 262
B i x axf axzf x axf ! axzf

= —2Af

From the operator relations obtained in (3.12) and (3.13), we get:
J*I7[Hn (x, )t = J* V24 Hy_y (x, A) £
= 2nA H,(x,A) t"
Now, we can form the following differential operator:
62
L =xA —x —— == At =

L=]" —2nA

L= t(ZxA— Zj—x).t‘l(f—x—ZnA

d 02
= ZXAa— Zﬁ —2nA

5}
L =ﬁ—an+nA wheren=ta (3.15)
which commutes with J*,J~ and J3. That is

[L.J*1=0, [L,J7]=0and [L, J°]=0
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Remark: We observe that as in chapter 2 and according to Weisner’s
group theoretic method, the above relations are not isomorphic to any
commutation relations obeyed by a well-known Lie algebra of a local Lie
group. Therefore we cannot link the set of differential operators { J3,]7,J "}
with a particular Lie algebra and hence we are only bound to say that these

differential operators generate three dimensional Lie algebra.

3.2.1.4 Extended Form of the Group Generated by Operators

Here we find the extended form of the group generated by J3,J~
and J*.

. 3 _ i
Case (i) J =t

Let b be any arbitrary constant. Then,

dx 4

= 0, which gives: x = x,,
dv_ 0 which eives: v = 1
E— ,W 1C glVGS.U— )

At _ ¢ which gives: Int = b + k
7, = bwhichgives: Int =

and if we let e* = t,, then we have: t = t, e

and

ePl f(x, A;t) = f(x,A,teb) (3.16)
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.. - -1 0
Case(il) J= =t Pl

Let c be any arbitrary constant. Then, we have:

dt 0 which eives: £ = ¢

7o = 0, whichgives: ¢ = ¢,

dv — 0 which gi v=1

7 = O whichgives:v = 1,

dx . .

== to 1, which gives: x = t,"c + k

and if we set c = 0 and k = x,, we have: x = x, + t, ‘¢

and

ecf_f(x,A;t)=f(x + %,A,t) (3.17)

Case (i) J* = thA—Zt% ,

Let a be any arbitrary constant. Then,

dt—O hich gi t=1
7g = 0 whichgives:t = ¢,

dx
T = —2t,, which gives x = =2ty a+ k

and if we seta = 0 and k = x,, we have: x = x, — 2ty a

dv
1a = 2xt A v, which gives: Inv = 2xtAa + k

and substituting the values of x and t as given above, we get
Inv = 2xyatyA — 2t¢ a’A + k.

Whena =0, v (0) = 1,we get k = 0 and hence,
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v = exp(2xyatyA — 2t§ a?A),
and

e f(x,A;t) = exp(2xatd — 2t? a?A) . f(x — 2t a,A,t)  (3.18)

3.2.1.5 Some Generating Functions

From the extended forms (3.16), (3.17) and (3.18), we study the effect

of the operators in the following three cases:

Case 1: The effect of the three operators: /= ,J* and J3 on f(x, 4, t):
e el eb)’ f(x, A, ¢)

= exp(2xatA — 2t% a?A) e bV’ f(x — 2ta, A,t)

= [exp(2xatd — 2t% a?A) eV’ f(x — 2ta + t71c, A, 1)]

= exp(2xatA — 2t? a?A) .f(x — 2ta + t"'c,A, te?) .

Now if we putb =0; a # 0, ¢ # 0andwriting f(x,y,t) = H,(x,A)t",

we get
PAPDN (Hn(x,A, t”)) = exp(2xatA — 2t* a®A) .H,(x — 2at + ct™1 A, t).
(3.19)

Working on left hand side and by using the power series expansions, we
get for t # O:

PAPU (Hp(x,4,t™)

°° +\k
= Z % e’ (H,(x,A)t™)
k=0 '
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=

eV J*( Hy(x, A) t™)

Il
I
a~|9

e ((V2A)* Hpyp (x,4) "*5)

Il
]
a~|9

k=0
® L ® L

= S S L (I ) 75
k=0 L=0
co 0o L—

_ 22% (VIR () £7)
k=0 L=0

= S N o (VIR Hpan ) €7
k=0 L=0

SN akct k+L i
= ZZk'L' (m) (Tl+k)(7'l+k—1) ""(n+k—(l‘_1))Hn+k_L(X,A)tn+k L
k=oL=0

e®" gcl” (Ho(x, A, t™))

k+L (n+ k)! ~
Z Z i ICE TR G AL, (3.20)

k=0L=0

Now from (3.19) and (3.20) we get for t # O:

c
exp(2xatA — 2t? a®A) .H,(x — 2at + ?,A, t)

e gkt k+L  (m+k)!
= zz (vV24) mHn+k_L(x,A)t"+"‘L

(3.21)

where [v24]| < 0, In|v24]| <
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Case 2: The effect of one operator: /= on H,,(x, A):
Putt=1anda=0in(3.21), we get:

H,(x +c,A) = Z% (x/ﬂ)L nn—1)..(n—=L+1) H,_,(x,A)

n!
A Hy_1(x,A) (3.22)

= L L
H,(x +c,A) = z o (v24)
L=0
Case 3: The effect of one operator: /* on H,,(x, A):

Sett=21andc=0in(3.21), we get:

2k
exp(2xaA —2a*A) H,(x—2a,A) = z % (\/ﬂ)k Hn+k(x,A) (3.23)
k=0

3.2.1.6 Some Applications

By using the relation (3.5) in (3.23), we get:

4\ = a(vZA)" \F)
exp(2xaA — 2a2A) H, | (x — 2 a)\ﬁ = —— Hp.| x |=](3.24)
( 2) kZO k! f < 2

where |/24] < oo .

This is a generalization of the generating functions obtained by (Weisner
1959, Rainville 1960 and Mc Bride 1971), and new generating function of
Hermit polynomial H,, (x) in terms of matrix argument can by obtained by
putting n=0, or by using (3.4) and (3.5) in (3.23), so we get:

(e0)

" k
exp(2xad — 2a%A) = Z@ H,, x\/é (3.25)

k!
k=0

with |\/24| < oo .

which is a well-known generating function of Hermite polynomial H,,(x)
in terms of matrix argument obtained by (Rainville 1960).
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3.2.2 Hermite Matrix Function
3.2.2.1 Recurrence Relations

Differentiating equation (3.6) with respect to x, gives:

—Ax?

F) —Ax? Ax
T (6 A) = e+ Hy(x,4) = —T, (x,4).

Using (3.10), we have:

—Ax?

0 Ax
aTn (x,A) =e 4 nv2AH,_,(x,A) — 7Tn (x, A)

d Ax
aTn(x, A) =nV2AT,_; (x,A) — 7Tn (x,A)

(:—x+ %)Tn (x,A) = nV2A4 T, (x,4) (3.26)

—Ax?

Multiplying equation (3.11) by e 4 gives:
Tpiq1(x,A) = xV2A T, (x,A) — 2nT,_,(x, A), n=>1 (3.27)

3.2.2.2 First Order Differential Operators

From the recurrence relations, we find the following three operators:

Lowering operator (J), increasing operator (J*) and stationary operator (J°).

Case (i) TofindJ:
From (3.26) we get: ]~ = t71( Az—x + aa_x) such that

J7[T, (x, A)t"] = nW2A T,_; (x,A) t" ! (3.28)
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Case (ii) To find J*:
Multiply (3.27) by V24 , we get:

V2A T, 1(x,A) = x V2AN24 T,(x,A) — 2nV24 T,_,(x,A) .

Substitute (3.23) in the previous equation, we get:

d Ax
V2ATy1(x,A) = 2Ax T, (x, A) — 2(a+ 7) T, (x, A)

d
V2A Ty (x,A) = 2Ax T,,(x, A) — Zng(x,A) — Ax T, (x, A)

0
V2A T, . (x,A) = (xA — 2 ) Tu(x,4) .
Sowe get: J* =t(xA— Zs—x) such that

J*[T, (x, A)t™] = V24 T, 1 (x, A) t"*1 (3.29)

Case (iii) To find J3:
We define: J3 = t% such that

J3[T, (x,A)t™] = n T, (x, A)t™ (3.30)
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3.2.2.3 Commutative Relations of the Operators

We use the commutator notation [A,B] with [A,B]f = (AB — BA)f
where f = f(x,A;t) =T, (x,A)t™, in order to get the following three

relations:

Case (i) [J°.J1=-J
Proof:[J*,J71f = U] -] ®)f

ol o | =] Vi C Gl L

[ ] Gl ]

5 8 Ax D 92

= [t @t r-e2p|+ et s f P <[ E RS + o]

_[Ax 9 o Ax, 0% 10 Axd o 9%
= |G 5N+ Gaf ~ 5D -GS s
_Ax 0 o Ax,_q. 9 o .10, Axd . 9
T2 6tf 2 t=f + axatf t 6xf 2 atf axatf

Ax 0
=——t 1 f—t7t—

2 f (')xf

L Ax 0
(5t )f
=—J°f
Case (i) [/3,J*]1=J*
Proof:[J3,J*1f = J3Jt - JTIDf

[e llewa-2g]r-[roa-2 ][ 5l
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o sl

d 82
=let<taf+f)— a 3 f)l—let2 f—2t fl

a ot
= xAt? J + xAt 2t? o 2t I At? I + 2t? i
= XA o) + XAt axar] T2yt AT G axat!
= xAt 2t J

= t(xA 2a
=txA—-2-9)f

=J*f

Case (iii) [J*, ] ]=—-24

Proof:[J*,)71f =0 ]~ -J7IOf

Axt™1 Axt™1

+e o -1

= [xAt - Ztai] [ + t‘lj—x] [xAt - Zt:—x]f

_ [xAt — 2t L[ et 2] [A";_lﬂ-l%] [xAtf—Ztaa—xf]
iy py+xals 22

Axaf+A(xaf+f)—zﬁf]

= - 24f

From the operator relations obtained in (3.28) and (3.29), we get:
JH [T G, A = J V24 T,y (3, 4) t777]

=2nAT,(x,A) t"
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Now, we can form the following differential operator:

L—ﬁ—l(x2A2+A)+A(1+t%)

T dx2 2\ 2
L=Jt~—2nA
—t<A za)t—l(Ax+a) 2nA
-t ox/)’ 2  Ox n
_x2A2+ Aa A AXa 262 2nA
2 X 9% dx dxz "
X242 52
= 5 —A—ZW—ZTIA
x2A? 02
= —2A+A—-—2———2nA
2 + dx? n
0%  x2A?
= -2 —2A+A—-2nA
dx2+ > + n
= 0o* +XZA2 A+A A
dx? 4 2 n
= o* +1 x2A2+A A(l +
Tz 2\ 72 (1+n)

LAY G +A(L+n) heren =t~ (331
=——=—5|= n), where n =t — (3.31)

which commutes with J*,J~ and J3. That is
[L,/*]=0, [L,/"]=0and [L, J3]=0

Similar to previous case, these differential operators generate three-

dimensional Lie algebra.
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3.2.2.4 Extended Form of the Group Generated by Operators

Here we find the extended form of the group generated by J3,J~
and J*.

: 3 _ . 0.
Case (i) J° = t

Follows similarly to the case of the stationary operator of Hermite matrix

polynomial, we have:

ePl’ f(x, A;t) = f(x,A,teb) (3.32)

Case (i) J~ =t (£ +):

2 ox

Let ¢ be any arbitrary constant. Then,

dt = (0 which gi t=1¢

- = Owhichgives ¢t = ¢,

dx

== to~! which gives x = t,"lc+k

and hereif c = 0and k = xy,we have x = x, + t, lc

_ -1
@z Ax G A(xy + to o)t
dc 2 2

v, which gives

to 1Axgc  ty2Ac?
Inv = > + 2 + k, and here

to 1Ax,c N ty 2Ac?
2 4

ifc=0,v(0)=1thenk =0and Inv =

to TAx,c t0'2A02>

thus, v = exp( > + 2
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and

_ Axc  Ac? C
e f(x,A;t) = exp <7+ F)f(x +? ,A,t) (3.33)

coon 4 5.0
Case (iil) J© = Axt Ztax.

Let a be any arbitrary constant. Then,

dt o

i 0 which gives t = t,,

dx

T = —2t, which gives x = =2t a + k

and hereifa =0,v(0) = 1,thenk =0and x = x, — 2ty a

dv
- = Axtv = A(xy — 2ty a)ty , which gives

Inv = xqat,A —ti a?A+k

hence,v = L exp(xyaty,A — tZ a*A) and if a = 0,v(0) = 1 then
k = 0 and we get:

v = exp(xyatyd — t§ a’A)

and

e f(x,4;t) = exp(Axta — At? a?) . f(x — 2t a, A, t) (3.34)
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3.2.2.5 Some Generating Functions

From the extended forms (3.32), (3.33) and (3.34), we study the effect

of the operators in the following three cases:

Case 1: The effect of the three operators: J=,J" and J3 on f(x, 4, t):
e eI bl f(x, A t) =

exp( Axta — At? a?) e eb)’ [f(x — 2at, 4, )]

B Axc_l_Ac2 Axta — A g2) b 2t+CAt
=exp| -+ 13 exp( Axta a?) e [f(x —2a A, )]

= AXC+AC2 Axta — At? a* 2at + =, A, te?
= exp % 12 exp(Axta a).f(x a ’ ,te?)

= AxC+ACZ+ tA —a’t? A 2at + -, A, te?
= exp ot 12 xa a f(x—2a ’ ,te?)

Now, if we putb =0; a # 0, ¢ # 0 and letting f(x,y,t) = T, (x, A)t",

we get:

Axc

+ -_
e¥ e (T, (x, A, t™)) = exp( —

2
+ 25+ Axta — Aa?t? ). Ty(x — 2t a+ 5, 4,t")

(3.35)

Working on left hand side and by using the power series expansions, we
get fort # 0:

e gcl” (T (x, A, t™)
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N @h”

" e (T,(x,A)t™)

k=0

=

el J** (T, (x, A) t™)

Il
I
a~|9

" (V2A)* Toyi(x, 4) £"*5)

Il
[
a~|9

k=0
- ak <o (e )" ) Tk
=ZEZ (V2" Tk (x,4) £745)
k=0 L=0
0o 00 Ly—
- ZZ% ] (V2A) Tpype(x, A) t"HF)
k=0L=0
- ZZ 7 T (V2D T, A) £7)
k=0L=0

[o2]

Z L ((\/_) (71+k)(n+k—1) ((n+ k= (L A+ 1)) Tpypy (x, A) £7HE7L)

0L=0

MS

=
Il

et gcl” (Tn(x,A, t”))

[00]

%) k+L

kel (V24 + k)!

_ atct(v24) (it . (x, A)t™ L (3.36)
k!L! (n+k—L—2) "kt

k=0 L=0 T '

Now, from (3.35) and (3.36), we get:

CZ

Axc y 5 c n
exp(2—t+ F+Axta— t a).Tn(x—Zta+E,A,t)
o k+L
akct(+/24 n+k)!
-3y (v24) (+! L ayeneL
bt L k!L! (n+k—L-2)!

(3.37)

where |\/ﬂ| < 00 ,ln|\/ﬂ| < oo and t # 0.
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Case 2: The effect of one operator: J~ on T,,(x, A):

Putt=1anda=0in (3.37), we get:

Axc

Ac? L L
exp( T+ T) T,(x+cA) = ZF (\/ZA)
L=0

n!
oL mixAd) 338)

Case 3: The effect of one operator: J* on T,,(x, A):

Lett=1andc=0in (3.37), we get:

exp(xad — a?A) Ty(x — 2 a,A) = Z ol (V2A)¥ T, (x,4) (3.39)
k=0

3.2.2.6 Some Applications

Using the relation (3.6) in (3.39), we get:

—A(x—2a)? - ak —Ax?
exp(xaA —a*A)e” 4  Hy(x—2a,A) = Z T (V2A)* e 4 H,, . (x,A)
k=0

Ax? o ak —ax?
exp(xad — a’A — - axA — a?A) H,(x —2a,A) = Z o (V24)f e 2 H, 1 (x,A)
k=0

© Lk
exp(2 xad — 2a24) H,(x — 2 a,A) = Z % (V2A)k H,,,, (x, A) (3.40)
k=0

where |{/24| < oo . This relation is a special case of (Shahwan 2009).
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Also, by using the relation (3.5) in (3.39), we get:

2k

exp(2xad — 2a?4) H,((x — 2 a)\/é) = z % (V24)k H, ., <x\/§> (3.41)
k=0

where |{/24| < o

This is also a special case of (Shahwan 2009) which has been derived
earlier by (Weisner 1955, Mc. Bride 1971 and Rainville 1960).

If we put n=0 in (3.41), we have:
gk A
exp(2 xaA — 2a*A) = z = (V2A)* H | x 2 (3.42)
k=0

where |/24]| < o

This is the well-known generating relation for Hermite polynomial given
by (Rainville 1960), and it is also a special case of (Shahwan 2009).
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Generating Relations of Generalized Hermite
Polynomials Associated with Functions of

Parabolic Cylinder

4.1 Introduction

The associated Hermite polynomials He!(z) that generalize the
scaled Hermite polynomial He,,(z) corresponding to v = 0 are introduced
to represent the raising and lowering of the indices of functions of the

parabolic cylinder D,,(z) in finite integer steps.

The functions of parabolic cylinder D,,(z) are the solutions of Weber
equation, an ordinary linear second order differential equation for a

complex variable z with a complex parameter v (Wunsche 2003).

d” ZZ+ +1 D =0 4.1
gz atvts v(2) = (4.1)

The function of parabolic cylinder D,(z) satisfies the Whittaker

standardization:

B 217/2\/E
T
D, 2%1\/%

57



The explicit series representation of D, (z) is given by:

2 ov/2 © _
z?2 2V/%\r (-D*rk —v) (\/ZE)" 43)

Pol2) = exp(=) T2 Lr (ForrT)
= k! -

For nonnegative integer n, the function can be expressed as follows:

2

D, (z) = exp (TZ> He,(2), n=012...) (4.4)

where He, (z) are the well-known Hermite polynomials in scaled form

defined by Rodrigues type.
u B 10%\ _ (—)n z%\ 0" z? 45)
e,(z) = exp —53,2)% = (Dexp| o |oTexp| —— :

He, (z) can be expressed using the usual Hermite polynomials H,, (x)

by:
2]

L ki (n = 2I2E s T g i

(-1)*n! n-2k _ 1 (i) (4.6)

He,(z) = 2

k
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4.2 Generating Relations using Weisner’s Method

4.2.1 Recurrence Relations

Using Weber equation as in (4.1), we have:

02  z? 1
<ﬁ— Z+U+Z>Dv(z) =0
372 —D,(2) — 2 DU(Z) + vD,(z) + %Dv(z) =0 (4.7)

Also by using the equation as in (4.3), we have:

22 2T & (=D (k — v)
Dy(2) = exp (=) 7 Z)k, r(Ee 1) (ﬁ)

2 23ym | I(-v) o (1T (k —v)
_ZZ) F(—Z) F(—v;-yl— 1) + ;k! F(k - 127 +771) (ﬁ)

b ~ 22 2V/2\7 o (-D*rk —v) z¥t 2z
3720 = exp (=) T L r(k—127+1) 7

( zz) 2V/2\T (-D*rk —v) z¢1 z @
= exp(—— — - =D,(z
I G- r (=) vz' 2
replace k by k+1

( ZZ) 2V/2\[ ( D rk+1—-v) zF D.(2)
= exp(—— - =D,
p 47 I'(—v) =T (k - 127 + 2) \/Ek"'l 2

22 27137 <& (- 1)( D* (k—v) I'(k — v)

z
= exp(——) I (=v) 2 ; F(kgv) \/El (\/E> - ED‘U(Z)
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z?_ 22 \/_ (-Dkrk —v) z
= - V2 —) - =D,(2).
exp(~ ) Ty ); o (22 (%) — 30
Thus,
0 B z
55 2@ = vDy1(2) — 5 Dy(2) (4.8)
If we replace v by v — 1 in (4.8), we get:
Dy (2) = (v = DDy 2(2) =5 Dy s (2) (49)
9° d 9
— DD == [0 Dy D] = - [5 D, @]
9° N zd
= Dy(2) = v Dyea (2) 5 Dyl — 25Dy (@)

Now, from (4.9) and (4.8), we have:

2 2

0 Dy(@) = (0 = DDy (2) ~ 20D, 4(2) — 3Dy(2) + 2D,

Substitute the last equation in (4.7), we have:

1 7?2 72 1
v(v —1)D,_»(z) — zvD,_41(z) — D ,(Z) +— D ,(z) — DU(Z) +vD,(z) + > D,(z) =0

v(v—-1)D,_,(z) — zvD,_,(z) + vD,(z) = 0, (v+0)

Dividing by v, we get:

(v = 1)Dy_(2) — zD,_1(2) + Dy(2) = 0
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Replace v by v + 1, we get:
vDy,_1(2) — zDy(z) + Dyy1(2) =0

Dy41(2) — zDy(2) + vDy_1(2) = 0

D11 (2) =5 Dy(2) = 5 Dy(2) + 0Dy 1 (2) = 0

5} z
Dv+1(z) + EDU(Z) - EDU(Z) =0

0 _z
Dv+1(Z) + &Dv(z) - ED‘U(Z)

From (4.8), we have:

0 _ Z
&DU(Z) - vDu—l(Z) - _EDU(Z)

Now, adding (4.11) to (4.12), we have:

9]
Dysr (2) +22-Dy(2) = vDy 4 (2) = 0

4.2.2 First Order Differential Operators

(4.10)

(4.11)

(4.12)

(4.13)

From the recurrence relations, we find the following three operators:

Lowering operator (J), increasing operator (J*) and stationary operator (J°).

Case (i) Tofind J*:

By adding (4.10) and (4.13) together, we get:

)
2 Dy + (25— 2)Dy =0
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0
2Dy =(z—2 E)Dv

z 0
Dyir =G - E)Dv :
So we get; J* = (g — %) t such that

]+[Dv(z) t V] = Dy41(2) v+ (4.14)

Case (ii) Tofind J~:

By subtracting (4.10) from (4.13), we get:

0
(2£+Z)D1,—217D,,_1 =

)
25— +2)D, =2v D,y

Jd =z
(& + E)Dv = v Dy_4
Soweget: J~ = (g + %) t~1 such that

J7[Dy (2)t¥] = v Dy (2) t77} (4.15)

Case (iii) To find J3:

We define: J3 = t% such that

J*[Dy (2)t7] = v D, (2)t” (4.16)
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4.2.3 Commutative Relations of the Operators

We use the commutator notation [A,B] with [A,B] f = (AB — BA)

where f = f(z;t) = D,, (z)t" in order to get the following relations:

Case (i) [P 1=-J
Proof: [J3,]°1f = (3] -] J>f

=[5l G-l GHalleslr

¢ a_[t‘lz +t‘1a ] [t‘lz+t‘1aHt 0 ]

[ o 2/ a2’ 1f 2 az) ¢ 3t

_ 120 2z —1. 0% —2 9 z0

- _t (t 2o Tt f+t azat )] [zatf azat ]

N EAC 12 +62 t_la z 0 +62
__zatf 2 T azad oz’ | |zat! T azat!
_ 1%, 40

-t Zf ‘ azf

-G

=) f

Case (ii) [J3,Jf]1=J*
Proof: [J3,J1f = (3]t - JYI®)f
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::t%: (z‘a)] [(E_E)” at]
=[e el [« Gr -5 -G53/

= t@;gf"‘ - tazatf__f)] [tzzat Zazatf]

_[,22z0 __25___][2 232]
__t 26tf+tf taatf t;f tzat tazatf

9,
=t= f ta_Zf
—t(z—a—z)f
=J*f

Case (iii) [J*,J7]=1
Proof: [J*,J71f = U+~ - JJNf
'z 01z 0
- 2752 _§+a_] ‘[z az][z‘&]
:_E_E_ __f+azf] 2 62” f_Ef]
=L+ -G D - -+ G D) - e

f f

R - L

=f
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From the operator relations obtained in (4.14) and (4.15), we get:
JTJ7[Dy ("] =] [v D,y ()"
=vD,(z)tY
We can form the following differential operator: L = — et T ;v

L=J*"—v

_(z O . z+6 (-1
_<§ a_z>'(§ E) Y

S 2 2% 27202 a2 "
z2 1 07
T4 T2 92 Y
L= —£+ i—l—v wherevzti (4.17)
0z2 4 2 ot

which commutes with J*,J~ and 3. That is:

[L.J*1=0, [L,J7]=0and [L, °]=0
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4.2.4 Extended Form of the Group Generated by Operators

Here we find the extended form of the group generated by J3,J~
andJ* .

Case (i) J3=t %:

Let a be any arbitrary constant. Then,

z
— =0 andweget z = z,,

da

W _ ) andwe get v = 1
da— an Wege v = ,
dt—t d tlnt=a+k
da— an Wege nt=a

which implies that: t = e%* = t, e®
Thus,

e’ f(z;t) = f(z; te?) (4.18)

i - _4-1Z, ,-10 .
Case (i) J- =t Sttt

Let b be any arbitrary constant. Then,

dt

%z 0 andweget t = t,,

dz 1 1
T to” andweget z= z,+ t,” b,
dv_ A

db 2t "
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v 2t to
av [z, N b b
v \2t, 2t
ny= 20, b +k
R TP

Ifb=0,v(0)=1thenk =0

zob b2
Thus, v = exp Z_to + iz
0

and

zb  b?

bj~ 1) = -4
e’ f(z;t) exp<2t+4t2

Case (ili) J* = to—t—,

Let c be any arbitrary constant. Then,

dt—O d tt=1t¢

I andweget t = t,,

dZ— t d tz= t
i o and we get z = z, 0C,
dv_ tZ

dc Zv

dv_ tZd

v 2 ¢
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Substituting the values of z and t as given above, we get:

vt . p
o 2 (2o 0 C) dc
dv [zyt, ct?
— = —— ) dc
v 2 2

ZO toC CZ tg
| = — + k
nv > 7

Ifc=0,v(0) =1thenk =0

Zotoc % td
Thus, v = -
us, v exp( 5 2
and
2.2
eV f(z;t) = ex <Z_tC_C ‘ ) f(z —tc;t) (4.20)
' P\2 " 74 ) ' '

4.2.5 Some Generating Functions

From the extended forms (4.18), (4.19) and (4.20), we study the effect

of the operators in the following three cases:

Case 1: The effect of the three operators: /= ,/*and J3 on D, (2)t:

eI ebl"ea)® f(z; 1)

ztc  c? t? _
=e"p<7‘ Z )e” e [f(z—tc,b)]

<Ztc c’t?> zb b?
= exp

b
o o= ) pap _ _
> 2 +2t+4t2>e [f(z tc+t,t)]
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<Ztc c’t? zb b?
=exp|——

b
_ _ _ _ a
5 2 +2t+4t2)f(z tc+t,te)

Now ifweputa=0;b # 0, ¢ # 0andwriting f(z;t) = D, (z)t", we get:

ztc c*t? zb b2
eI"eb)"p, (2)t¥ = exp | = — +o-+-—|D (z—tc+—)t”(421)

2 4 2t 4t?

Working on left hand side and by using the power series expansions, we
get for t # 0:

el bl p,(2)t"

N (@

T (0 (@)

= N e g, e

k=0
2. ok

= ) e Do D7)
k=0

=S ESEL 0, @)
k=0 L=0

= > ) T U Dy ()
k=0L=0

O kbl _
- Z Z W@+ k= 1) @+ k= (L= D) Dy, ()

_ ckbt (v +k)!
e<I* ebI ™D (2)tV = z Z O G Tl Do (D0 (422)
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Now, from (4.21) and (4.22) we get:

ztc  c? t? Zb b?
exp 4t2

> )D(z—tc+—)t”
SN CkbL (17+k)! v+k—L
N 22 I (ot k=L Do)t

w‘

Case 2: The effect of one operator: /= on D,, (z):

Putt=1and c =0 in (4.23), then we have:

2bz + b? 2 pl
exp () Doz +b) = ) i Do)
L=0

Case 3: The effect of one operator: J* on D, (2):

Putt=1and b =0 in (4.23), then we have:

e (25 Duta- o) - z D@
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4.3 Some Applications

Applying the relation (4.4) in (4.25) with v = n, we get:

2cz — c? —(z —¢)? ok —z?2
exp ) exp <(T> He,(z—c) = Z 77 6P <T> He, . (2)
k=0
cz ¢* z? 2cz c? — ck —z?
exp(?—z—z+ T__) He,(z —c) = 2 OF exp | —— He, . (z)

c? cz c?

cz ck
exp(5 — =+ = =) Hey(z— ©) = ZEHean(Z)

2 2 ck
exp <cz — ?> He,(z—c) = z FHenJrk(z) (4.26)
k=0

Also, by applying the relation (4.6) in (4.26), we get:

amter=5 e (55) = 35 e ()

exp <cz - 62—2) (Z _ C) Zo: — H, 4k (\/ZE) (4.27)

Now if we replace ¢ by V2t and z by v2z and put n=0 in (4.27), we get:

exp<ﬁt_ﬁz _(ﬁt)2> HO<\/_z —\/_t> Z(\/_t)" 1 <\/§z>

2 2

exp(2zt —t?) = 7l Hk(z)

k=0
This is the well-known generating function for Hermite polynomials H,, (x)
(Lebedev 1972).
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4.4 Conclusion and Summary

Through the work in this thesis, we have seen that Weisner’s group
theoretic method have proved to be very useful for obtaining the generating
functions of the generalized Hermite polynomials with two variables
H, (x,y), Hermite matrix polynomials H, (x,A) and Hermite matrix
functions T, (x, A). The new generating relations for generalized Hermite
polynomials associated with functions of parabolic cylinder D, (z) are
obtained and the well-known generating relations for Hermite polynomials

H,, (x) are derived as special cases.

This technique proved how it is useful to be used in finding generating
relations for different Hermite polynomials and functions. It is also can be
used to find generating functions of other polynomials such as Bessel

polynomials, generalized Laguerre polynomials, Gegenbauer polynomials.

For future work, it deserve some interest to find generating relations
for other functions such as Dexon polynomials which are very useful in

digital communications and technology, and Chebyshev polynomials too.

Beside that, we may try to apply a similar technique and work in

finding generating functions with fractional order differential equations.
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