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ABSTRACT

This work is concerned with the study and implementation of parallel
algorithms  for  solution of linear system and initial value ordinary
differential equations on MIMD machine.

In Chapter 1, we discuss the available types of parallel computers,
showing the need for higher performance and describe a summary of Ada
language. In Chapter 2, we present a survey of nparallel algorithms for
solving a system of linear equations. In Chapter 3, a summary of basic
material is given, together with the recent parallel methods on the numerical
solution of intial value problems. Chapter 4 gives a full description of two
parallel algorithms to solve a system of linear equations together with the
theoretical and actual costs. In Chapter 5, we introduce three types of
parallel second-order variable block length methods for solution of initial
value problems; a stability analysis shows that all the methods are stable,
while method three and four retain satisfactory properties in a parallel
environment. We also give the experimental and the theoretical costs.
Finally, Chapter 6 contains a description of an algorithm for solving initial
value problems using a new fourth order method.

All the computational results we present in this work are carried out on

Sequent Balance 8000.
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CHAPTER 1

Introduction

In this chapter we present a survey on the subject of parallel computers and

parallel computation.

1.1 The Need for Parallel Computers

There are many reasons for the use of parallel computers, some of the

most important are:-

1)  The increase of computing speed to obtain faster results for existing
problems;

2)  The ability to solve problems that require more data and take a long
time to solve on sequential computers;

3)  Solving problems with inherent parallelism.

Computers of this type have indeed been available for some time, examples are
the ILLIAC IV, STARAN, the CRAY-1 and, more recently, the Sequent Balance
8000. In the next section, the classification of computer architectures will

be described.



1.2 Classification of Computer Architectures

In [9], a taxonomy of parallel computers is given.  This taxonomy is
particularly  useful  for describing  the features of  multi-processors,
and parallel computers in this taxonomy are characterized by the number of
independent paths memory along which data can move in parallel, and by the
number of independent instructions which can be executed in parallel.

Thus, four classes of computers are given as:-

1)  Single Instruction Stream - Single Data Stream (SISD) which represents
most sequential computers. An SISD Computer may have multiple functional
units, but these are under the direction of a single control unit.

2)  Single Instruction Stream - Multiple Data Stream (SIMD) which includes
most array processors. A processor array executes a single stream of
instructions, but contains a number of arithmetic processing units, each
capable of fetching and manipulating its own data.

3)  Multiple Instruction Stream - Single Data Stream (MISD) which includes
specialized streaming organizations using multiple instruction streams on a
single sequence of data.

4) Multiple Instruction Stream - Multiple Data (MIMD) which includes most
multiprocessors.

The following figures show the classification of above computers.
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Figure 1.1 - where C,P,N and S denote to the Control Unit, processor,

data organization and the store respectively
(U. Schendel [1984]).

1.3 SIMD Processors

There are three basic types of SIMD processors which are mentioned in
[10].  That is, processors characterized by a master instruction applied over
a vector of related operands, the following types are:

1) The Array Processor

This type is most frequently chosen as a model for an SIMD computer. It
consists of n processors which simultaneously execute the same instructions.
The control unit analyses the program contained in the main store. The two
most well-known examples of this computer are ILLIAC IV and ICL-DAP.

We shall give a brief look at the design of ICL-DAP. The ICL-DAP
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consists of an array 64 x 64 one-bit processors instructed to perform the same
operation by a single master processor, the master control unit. Each
processor can communicate with four neighbours. In Great Britain ICL
manufactures the DAP, also delivered the first production models in 1980.
The DAP is designed to be integrated into an ICL-2900 computer. Figure 1.2

shows a typical 2900 system, which consists of an order code processor and

store
MCU
Conventional DAP Conventional
store store store
SMAC DAC SMAC
Order code Store access : Peripheral
processor controller y\'—j controliers
Figure 1.2 SMAC, store multiple access controller. DAC, DAP access

controller and MCU, master control unit. (Hockney and Jesshope

[1981])

access controller, both cross connected with a number of memory units. One or
more of these memory units may be a DAP, which provides memory and can also be
instructed by a processor to execute its own DAP code. The store access
controller provides access to memory and transfer blocks of data between
memory units.

The main components of the DAP and data highways are shown in Figure

1.3.  The processors are arranged into a 64 x 64 array. Each 64-bit word in



2900 corresponds to a row across the DAP memory. Increasing the 2900 address
first increases down the columns of the DAP array and then through the 4k DAP
address space. The column highway fetches data words from DAP memory,
fetches rows to a master control unit register and fetches DAP instructions

from the DAP store.

MCU
registers

Row highway

Instruction
buffer
60 % 32 bits

‘ Modifier
DAP Column highway - -
access C?\—J i
Tofrom | control . o
2900

‘ b

N

6;:34 | Instruction
counter
processor
ar;ay
Figure 1.3 - Major components of the DAP. (Hockney and Jesshope

[1981])
DAP instructions are stored two per word. The row highway has one-bit for
each row of processors in the array and is used for transferring data to and
from master control unit registers. Finally, the DAP single processing
element is illustrated in Figure 1.4. One of the objectives of the system
designs was to use inexpensive, good quality techmology to achieve high
processing power. A processing element contains two multiplexers, a 1-bit

full adder, three 1-bit registers and 4k 1-bit memory.
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Figure 1.4 - single DAP processing element. (Hockney and Jesshope
[1981])
The A register gives programmable control. The other registers are

accumulator Q and the C register is for carry store. The adder adds Q, C and
the input to the processing element, giving sum and carry outputs, which are
stored in the Q and C registers respectively. The ICL-DAP i3 fully described
in [18].

1.3.1 Massively Parallel Machines

In this section we shall give a brief description of two super-computer
machines.
1. The DAP 610

As we know that the DAP (Distributed Array of Processors) technology was
manufactured in Britain by ICL, before being taken over and further developed
by AMT (Active Memory Technology) in Irvine, California.

AMT’s first production was DAP 510, which has 1,024 processors and fits
under a desk. The new DAP 610 has 4,096 processors, and thus has four times
the performance of the original machine. The DAP is hosted by a SUN

workstation, and powerful Fortran development tools are provided, permitting



the DAP to be programmed from the SUN under UNIX.
The performance of the DAP 610 is 200 million floating point operations
- or 1,600 million integer operations - per second.

More information can be found in [46].

2. The Connection Machine

The Connection Machine was manufactured by Thinking Machines Corporation
(TMC) in Cambridge, Massachusetts. The Connection Machine is fine grained,
it was designed to contain up to 4 modules of 16,384 processing elements
each, for a maximum configuration of 65,536 processing elements. Each of
these elements has 4,096 bits of memory and 1-bit-wide ALU (Arithmetic and
Logical Units), so that adding two 32-bit numbers takes 32 cycles. Each
module is controlled by a single microcontroller which executes
macroinstructions originating in a host computer. A machine cycle (3
microcontroller states) takes about 750 ns, yielding a raw system throughput
exceeding 2 billion 32-bit operation per second. Communication is allowed by
three independent communication networks:

1) A 1-bit-wide global-OR network, 2) A 2-dimensional grid; and

3) A 12-dimensional hypercube with 16 processors at each vertex.

A global-OR network permits such operation as global minimum, global-OR
to be executed in a time span proportional to the length of the operands: on
the order of microseconds per bit. The architecture of the Connection

Machine is illustrated in the following figure:
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Figure 1.5 - The Connection Machine and one of 65,536 processing

elements (K.A. Frenkel [1986])

The grid permits instantaneous communication between nearest neighbours. The
hypercube network supports full packet-switched communication between

arbitrary processors. More details can be found in [12].

2)  The Piplined Processor

One of the most successful ways of speeding up arithmetic is known as the



pipeline. The basic idea is to introduce some simultaneity processing by
breaking a complex, time consuming function into a series of simpler, faster
operations.  Figure 1.6 shows that instead of having many processors working
in parallel, it just has one extremely elaborate processor. Pipelines are
designed to speed up the evaluation of vector loops, as a simple example

C‘=Ai+Bi,i=l,...,n ,

i
Initially, the A and B arrays are fetched from memory to the general
registers.  Processing begins as A and B, sent from registers to segment 1 of
a pipeline processor. When segment 1 processing of these two operands is
complete, the results are sent to segment 2, and so on until the result Cl
emerges from segment K. But when the intermediate results of Al + B1 passed
to segment 2. A and B, can enter the pipeline, through segment 1. Thus,
by the time C1 emerges from the pipeline, the result of A, and B2 are nearly
completed and entering segment K and so on until the pipe to segment 1 where
A and Bk+l are entering.  Notice that the process is very much like an

assembly line, when each segment does a little further processing of the

intermediate results, and segment K is given the completed summuation.
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Figure 1.6 - model of pipeline computer C, S is control unit and store.
(U. Schendel [1984])

Pipelined processors can be classified as a memory to memory or a
register to register, depending upon how vector instructions are executed. In
memory to memory, vectors are streamed directly from memory to arithmetic
units and back to memory. In a register to register, internal registers are
used to store operands and results. The CYBER-205 has a memory to memory,
while the CRAY-1 has register to register.

We now present a brief description of the above computers.

a) The CRAY-1

The CRAY-1 is the most famous pipelined processor ever built.  The
first CRAY-1 went to Los Alamos National Laboratory in April 1976. The
diagram of CRAY-1 is shown in Figure 1.7. Since the CRAY-1 is a register
- to register architecture, the functional units take data from and put
results into register. Memory is divided into 16 memory banks that may work
simultaneously.  There are twelve functional units, organized in four groups;

address, scalar, vector and floating point. Each functional wunit is

10



pipelined into single clock segments.  Figure 1.7 shows the CRAY-1 registers
in relationship to the functional units instruction buffers, input/output
channel control registers and memory. The basic set of programmable
registers are as follows:

Eight 24-bit address (A) registers, eight 64-bit scalar (S) registers and
eight 64-bit word vector (V) registers. There are sixty-four 24-bit buffer
registers between the address registers and main memory and sixty-four 64-bit
registers between the scalar registers and main memory.

The CRAY-1 can chain together a series of vector operations, allowing a
second vector operation to begin as soon as results begin streaming out of the
first function wunit’s pipeline. Useful discussions of the CRAY-1

computer system are given in [37].

b) The CYBER-205

Control Data Corporation manufactures the CYBER-205. The first computer
delivered to Great Britain was in 1981.

The CYBER-205 has either two or four memory units, each containing one
million 64-bit words. The architecture of the CYBER-205 is shown in Figure
1.8.  The scalar part of the Central Processor Unit consists of a load/store
and five arithmetic functional units. The functional units take arguments and
return results to a set of 256 registers of 64-bits.

All the functional units are pipelined and may take new arguments every
clock period.  Concurrency is limited by the fact that registers can supply at

most one pair of arguments to the functional units and accept ome result every

11



clock period. However, the result of any functional unit can be passed
directly to another functional unit without first being sent to a register.
The CYBER-205 has no vector registers, argument vectors are fetched from
memory, and the resultant vectors are stored in memory. A stream unit feeds
vectors into arithmetic section of the central processor unit, which consists
of one, two or four floating point pipelines and a string unit. Each floating
point pipeline consists of five separate pipelined functional units which are
as follows: an addition unit, multiplication unit, shift unit, logical unit
and delay unit.  Each unit can generate results at the rate of 50 million
results per second for 64-bit operations and 100 million results per second

for 32-bit operations. More details about CYBER-205 can be found in [18].

12
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3) The Associative Processor
This is a variation of array processor. Processing elements are not
directly addressed. The processing elements of this type of computer are

activated when a generalized match relation is satisfied between an input
register and characteristic data contained in each processing  elements.
An example for such a computer is STARAN IV.

In the following, we give a short description of the above computer. The
STARAN computer contains a large number of processors working simultaneously
under a single control. Figure 1.9 illustrates the basic architecture of
STARAN which consists of traditionally addressed control memory for program
storage and data buffering, a control unit for sequencing and decoding
instructions from control memory.  Also there are up to 32 array modules.
Figure 1.10 shows a simplified block diagram of an array module. Each array

module contains 256 simple processing elements. Each processing element is

14
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given enough logic and storage to perform bit-serial searches and arithmetic
functions. The processing element communicates with a multidimensional access
memory through a “flip” network which can permute a set of operands to allow
interprocessing element communication.

The multidimensional access memory contains a square array of bits,

256 words with 256 bits in each word.

| BT sucE

LT R7TT77777

LLTTTT7T TR

WORDS

WORD SLICE

L7777 777777777

L1l

24
I

[ Ll 1|
256 WORDS X 256 BITS PER ARRAY

Figure 1.11 - Two access modes. (Rohrbacher and Potter [1977))

The bit slice access mode, which is illustrated in Figure 1.11, is used
,in the associative operation to access one bit in all words in parallel,
while the word access mode is used in input/output operations to access all
bits of one word in parallel. The processing elements must be able to
access more than one word in the memory. The permutation network is capable
of permutating the 256-bit vector read from the multidimensional access
memory in a wide variety of ways. More about the design may be found in

[35].
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1.4 MIMD Processor

MIMD computers consists of n independent processors Px’ P2,..., Pn each
having its own control unit. These processors may share, among other things,
a number of input and output units and a main store. At every instant the
processor can carry out different instructions in parallel. Examples are
Sequent Balance 8000, Transputer and Hep.

Sequent Balance is available in the Statistics and Computational
Mathematics Department at the University of Liverpool, and all the
experimental work in this thesis is carried out using this computer.

In [4], it is mentioned that the Sequent Balance 8000 has a large global
memory accessible in unit time to all processors, data (eg. Large
arrays) may then be stored in this memory and supposed to be available to all
Processors.

Transputer array has no shared memory. Each processor has its own local
memory, the communications between the processors must be through message
passing.

We give here a short brief description of the architectures of the

Sequent Balance 8000, Transputer and Hep.

1) The Sequent Balance 8000

The Sequent Balance 8000 first computer was delivered in 1984 [31], and
manufactured by Sequent Balance Computer Inc, Beaverton, Oregon, United States
of America. Sequent Balance offers general purpose computing which is

suitable for both academic and industrial research.

17



The Sequent Balance 8000 system, as in Figure 1.12, is a true
multiprocessor not an array processor or an ensemble computer, and can contain
two to twelve 32-bit processors, cover a performance up to 8.4 MIPs and

support up to 96 users.
ETHERNET

—-— /-
DUAL CPU MEMORY MEMORY SCS! CONTROLLER
PROCESSOR _ CONTROLLER EXPANSION ETHERNET INTERFACE
BOARD  gi2---— BOARD BOARD DIAGNOSTICS PROCESSOR
A = REMOTE
CONSOLE

LOCAL
SCS! BUS CONSOLE

MULTIBUS | MULTIBUS
INTERFACE |  ADAPTER
BOARD | BOARD romoye Ve TAPE
9-SLOT MULTIBUS DISK
T j
16-LINE .
2" TAPE  396-MByte
Mux user  ’ DISK "

DEVICES

Figure 1.12 - Architecture of the Sequent Balance 8000.
(Oscterhauge, A)

All the processors share a single common 28 Mbytes. They also contain a
single copy of DYNIX operating system supports 4.2 bsd and system V
application in the same time. In addition, all processors automatically
schedule themselves to ensure that all of them are kept busy as long as there
are executable processes available. Each processor has 8 kbytes of local RAM
and 8 kbytes of small and fast memory units, both of which greatly reduce the
number of times the processor must access system memory. For secondary mass

storage, the Balance system offers both disks and tape drives. Balance

18



systems are available with Szlt inch, 8 inch or 10 inch disks and can be
configured with up to 32 disks of any one type. Also the system contain up to
reel-to-reel tape drives. Both 6250-bpi and 1600-bpi drives are available.
On the Balance, parallel programs execute simultaneously. At any instant, the
system can be executing multiple instructions from multiple processors.

Sequent’s parallel programming library provides a powerful set of
services to support parallel programming in C, Fortran, pascal and Ada,
where the Balance is the first available system to offer Ada Language
facilities in a truly parallel environment.

2) The Transputer

The transputer is a micro-supercomputer. It is a product of INMOS,
designed and manufactured in the United Kingdom, for building high performance
computer systems. The transputer is ome of the most powerful processors
available.

Transputers are the first range of VLSI (Very Large Scale Integration)
device [32]. The development of VLSI has made it possible to contain
wide amounts of memory and processing ability on a single wafer of silicon.
All the transputers use local memory and point-to-point communication
links, figure 1.13, which allow networks of any size and topology to be
created.

The first transputer available was T414, a 32-bit microprocessor with
throughout of 10 MIPs (Million instruction per second). The T414 has 2
kilobytes of on-chip RAM and four INMOS serial links. Also the transputer can

address up to 4 gigabytes of memory over a 32-bit local memory. The TS800 is

19



compatible with T414 but includes floating point hardware and 4k of internal

RAM.
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Figure 1.13 - Transputer Architecture (Packer, 1)

Occam is the transputer language, since the transputer arrived in 1985.
Also transputers are designed to be programmed in high level language such as

Fortran, Ada, C and Pascal.

3) The Hep

The Hep was manufactured by Denelcor of Denver, Colorado. It was
designed to contain up to 16 processors execution modules (PEM’s), up to
128 data memory modules, connected by a high-speed switching network. The
architecture of a four processor Hep [34] is shown in Figure 1.14. Every PEM
has its own local program memory, constant memory and 2048 general

registers and 4096 special registers.  Each processor can execute ten

20



million instructions per second, it achieves this speed only when at

least 8 processors are being executed, and a single process can never

execute faster than 1.25 MIPs.
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Figure 1.14 - Architecture of a four-processor Denelcor HEP.

(M.J. Quinn [1988])



1.5 Processor Organizations

In this section, we shall define five important processor organizations
of connecting processors in a parallel computer.
1)  Mesh

In a mesh network, the nodes are arranged into a q-dimensional lattice.
Communication is allowed only between neighbouring nodes, hence the interior
nodes communicate with 2q other processors. Figure 1.15a illustrates a
two-dimensional mesh. Some variants of the mesh model allow wrap around
connections between processors on the edge of the mesh. These connections may
connect processors in the same row or column (Figure 1.15b), or they may

toroidal (Figure 1.15c¢).
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Figure 1.15 - Two dimensional meshes. (M.J. Quinn [1988])

This connectivity is popular on transputer arrays.



2)  Pyramid

A pyramid network is used to organize processors. A pyramid of size 16
which is illustrated in figure 1.16 has, at its base, a two-dimensional mesh
network containing 16 processors. The levels of the pyramid are numbered as
follows: the base has level number 0, the processor at the apex of the
pyramid has level number 2. In general, the total number of processors in a
pyramid of size p is (4°*!-1)/3.

A machine with this type of connectivity is believed to be under

development at Warwick. The nodes consist of transputer tied to a small DAP.

3)  Shuffle - Exchange Network

A shuffle-exchange network consists of n = 2% nodes, numbered 0, 1, ...,
n-1, and two kinds of connections, called shuffle and exchange. Exchange
connections link pairs of nodes whose numbers differ in their last significant
bit.  The perfect shuffle connection links node i with node 2i modules n-1,
with the exception that node n-1 is connected to itself. See figure 1.17 for
a drawing of an eight-node shuffle exchange network. Shuffle connections are
indicated by solid arrows, dashed arrows represent exchange links. To see the
meaning of perfect shuffle, consider shuffling a deck of eight cards, numbered
0,1,2,3,4,5,6,7. If the deck is divided into two exact halves and shuffled
perfectly, then the result is the following order: 0,4,1,5,2,6,3,7. The final
position of the card that began at index i can be determined by following the

shuffle link from node i.
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4)  Butterfly

A butterfly network consists of (k+1)2° nodes divided into k + 1 rows,
or ranks, containing n=2" nodes each (Figure 1.18). The ranks are labelled
O through k, although the ranks O and k are sometimes identified, giving each
node four connections to other nodes.

Let node (/,m) refer to the mth node on the lth rank, where 0 < /| < k and
0 = m < n. Then node (I,m) on rank ! > 0 is connected to two nodes on rank
I-1; node (/-1,m) and node (I-1,r), where r is the integer found by inverting
the lth most significant bit in the binary representation of m. The Bolt,
Beranek and Newman Butterfly [34] is an example of a machine using this

connectivity.

5)  Hypercube

A hypercube network is a butterfly with its columns collapsed into single
nodes. The network consists of n=2" nodes forming a k-dimensional hypercube.
The nodes are labelled 0,1, ..., 2k-1; two nodes are adjacent if their labels
differ in exactly ome bit position. Figure 1.19 illustrates a four
dimensional hypercube. The hypercube has become popular in recent years; the
Intel iPSC is an example of a machine using this connecting. More details can

be found in [34].
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Figure 1.17 - Shuffle
exchange network with
eight nodes

(M.J. Quinn [1988])

Figure 1.6 - A pyramid network of
size 16 (M.J. Quinn [1988])
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0 8
s 3
1 9
Rank | 6 14
2 10
Rank 7 l
s DU XD XTI 2 2
Figure 1.18 - A Butterfly network Figure 1.19 - Four-dimensional
with 32 nodes (M.J. Quinn [1988]) (16 nodes) hypercube

M.J. Quinn [1988])

1.6 Complexity

In this section we shall take a brief look at questions of complexity in
the context of numerical methodology. Two important measures of the quality
of parallel algorithms implemented on multiprocessors are speedup and

efficiency.
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The speedup of parallel algorithms is defined by
S =T/T
P Lp

where t, is the execution time of the algorithm using a single processor, T

iIs the execution time of the algorithm using p processors. One hopes that
Sp> 1, the corresponding efficiency is given by

Ep = Sp/p
where Ep measures the utilisation of parallel computers. One expects Ep<1
rather that Sp< 1, but there are cases where because the algorithm takes
different paths when run on more than one processor, we find Ep> 1.

We shall give an example to illustrate the concepts of the speedup and

20
the efficiency. Suppose we wish to sum A= 7Y a. Using a single processor
i=1

requires 19 additions. Let the number of additions be used as a measure of
the time needed. Then Tl = 19 time units. If p = 2, then we have two sums

b=a +a + ... +a and b =a +a_ + ... + a
1 1 2 10 20

2 11 12
which can be calculated simultaneously, and then form ¢, = bl + b2. Thus A
can be obtained in T,= 10 time units. When p = 10, the time required is
T = 5 time units.

10

The following table measures the speedups and the efficiencies:

Table 1.6.1

Number of Processors Time Units Speedup  Efficiency

P Tp Sp Ep
1 19 1 1

2 10 1.9 0.95
4 6 3.17 0.79
10 5 3.8 0.38
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We should take account of the communication costs in evaluating the
complexity of a parallel algorithm. Sometimes the communication cost is too
much compared with the computational cost. In other words, more time is
spent in sending the data among processors than in carrying out useful work.

In [34] can be found useful notes about communication and
synchronization. It is noted that the communication is achieved either
through shared variables or through message passing. The type of the
communication available may be dictated by architectures.  For example, in
multiprocessors which do not have shared memory, the communication is
achieved through message passing. The message passing is a form of
communication, since a processor receiving a message is receiving values
from another process. The message passing is also a form of
synchronization, since a message can be received only after it has been
sent.

In the next section we shall give the important and typical case of time

and processor bounds in the evaluation of arithmetic expressions.

1.7. The Use of Parallelism for Evaluating Arithmetic Expression

In [21], [22] some examples of arithmetic expression evaluations are
given. For any arithmetic expression, how much time reduction can be
acheived? Can general bounds and algorithms for the achievable
speedups? How many processors are needed? To answer these questions, we

will give some results concerning the evaluation of expression.
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Definition 1.1

An arithmetic expression is any well-formed string consisting of at least
one of four operations (+,-,*/), left and right brackets and atoms which are
constants or variables. An arithmetic expression A of n different atoms will
be denoted by A < n >.

The time required to evaluate A < n > in one processor is n-1 time units.
With any number of processors A < n > can be evaluated in 10g2n time steps.
Denote [x] is the smallest integer greater than or equal to x. The following

lemma provides the bound on the time required to compute a given expression.

Lemma 1.1
Given any arithmetic expression A < n > we have
TA < n >) = [log n]
On the other hand, the expression whose evaluation requires O(n) time units
independent of how many processors are available can be constructed.
Consider, for example, the Hormer scheme for the evaluation of the

polynomial of degree n

__ 2 n
Pn(x) = a + ax + ax + ,..., + a X
= a, + x(a1 + x(a2 + ,..., + x(an_l + xan) ).
It requires O(n) operations. The availability of more than a single

processor has, therefore, no power to speed up the calculation. However,
by using associativity, commutativity and distributivity we may be able to

evaluate the above expression more quickly.
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EXAMPLE 1
Consider the following expression
A <4 > = ((a+b) + ¢) +d , abedeR

Figure 1.20 shows the parse tree. This tree requires three steps for its

equation
Step 3
Step 2
Step 1 / \ \
(@ + + d)
Figure 1.20
with T = 3. We refer to this as a tree height of three. However, by using

the associative property of addition, the expression can be written as
A< 4> = (a+b) + (c+d)
which can be evaluated as in the following figure
+4

Step 2

Step 1 +
ep +

/N 7\
@ + b © + 4
Figure 1.21
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with T =2, S =T/T =32, E = 3/4.
2 2 1 2 2
EXAMPLE 2
Consider the expression

A<4>=a+bc+d , abedeR
we have a tree of height three. In this case the tree is not unique, but no

lower height tree for the expression can be found by using associativity.

+
Step 3 /

Step 2 +
Step 1 / \ .
a  + b/ . \c + d
Figure 1.22
The time required T1=3. However, by using the commutative property of

addition we have
A<4> =a+4d+ bc,

and the tree of Figure 1.23, whose height is only two

+'\
Step 2 / \
g IN

Step 1

/

c
a + d +

Figure 1.23
with T =2, 8§ =372 , E, =3/4.

An upper bound on the reduced tree height, assuming that only associativity
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and commutativity are used, can be given.
In [20] the following theorem was given:-
THEOREM
Let A < n | d > be an arithmetic expression with a depth d of parenthesis
nesting. By the use of associativity and commutativity only, A < n | d > can
be transformed in such a way that
Tp(A<n]d>)s [logzn] +2d +1 ,
with p < [n/2 - d].
Note: if the depth of parenthesis nesting d is small, then this bound is quite

close to lower bound of ]'log2 n]. More details can be found in [22].

1.8 The Algorithm Must Fit the Architecture

The performance of an algorithm depends on the architecture and the
language [1]. Sometimes this is due to communication overhead, and sometimes
other factors are involved. Let us define the concept of the granularity
which is the size of the pieces into which the problem is divided into
equivalent numbers of instructions.  Then, usually, algorithms that perform
relatively few operations between synchronization, for example, have small
granularity, give poor efficiency on MIMD computers. This yields to the range

of the granularity which depends also on the application.
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1.9 Parallel Processing in Ada

Ada language has been used in this thesis in order to implement our
algorithms in parallel processing. Here we shall give some background on Ada
and its facilities.

In the mid 1970’s the American Department of Defence (D.0.D.) became
worried at the amount of money spent on computing [5]. Investigation was
carried out to find where the money was spent. They found too much money was
spent on software. More than one hundred languages were in use. They
observed that the huge number of languages was itself a problem, then they
decided to put forward a new programming language which has facilities for
parallel programming.

The D.O.D. set up a working group to study programming languages. This
group included representatives from the Army, Navy and Air Force and had
members from U.K., France and West Germany. It was decided that the language
should be called Ada, in honour of Ada Byron, Countess of Lovelace, who
assisted Charles Babbage on his analytic engine in the nineteenth century.
Ada is now seen as an international language, not just an American idea, and
it is almost certain that Ada will become the word standard language for
embedded computer system programming.

Now we shall discuss Ada’s facilities for parallelism which are given in
[1] and [5].

1) Ada Tasks
In Ada, parallel activities are described using tasks. A task is a

program unit that can be executed simultaneously with other program units.
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The task consists of specifications such as
Task T is
and the body which is specified seperately as follows
Task body T is
Consider, for example, a family consisting of three members, mother, father
and son going shopping. They need meat, salad and bread whose purchase is to
be represented by procedures buy-meat, buy-salad and buy-bread. If each
member of the family gets just one item and meet together in the car park,
then the parallel solution is as follows:
Procédure Shopping is |
Task get-salad;
Task Body get-salad is
Begin
Buy-salad;
End get-salad;
Task get-bread;
Task body get-bread is
Begin
Buy-bread;
End get-bread;
Begin
: 'Buy-'meat;

End Shopping;
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The mother is the main processor and calls by-meat directly. The father
and the son are subservient processors and perform locally declared tasks
get-salad and get-bread. The sequence of the actions in the above example are
as follows:

First, the tasks get-salad and get-bread are declared to be part of main
task, then they all start working in parallel when the moment that begins the
main task is reached. The two tasks continue to execute at the same time
until terminated. The main task does not terminate until the dependent tasks

terminate.

2) The Rendezvous

Two tasks are said to rendezvous when the first task calls an entry
declared in the second. An entry is declared in the task specification:

Task T is

Entry E(...);

End;
The declaration of the entry is like procedure specification. It is called in
the similar way to a procedure

T .E(..);
In the body of the T task the entry point appears in an accepted statement and
looks like the following:

Accept E(...)do

- - - sequence of statements

End E;

34



When a task accepts an entry it executes a sequence of code on behalf of the
calling task. This is sometimes referred to as remote procedure calling.
There may be a time delay between the call of an entry and its acceptance.
When one task calls the entry, the task containing the entry executes it. The
accept statement cannot be executed until a task calls the entry and the entry
task containing it reaches the entry. One of these will happen first and the
task concerned is suspended until the other catches up.  When the entry is
completed, the rendezvous is complete and the tasks once again continue in
parallel.

Return again to the shopping procedure. Suppose the father is not there
and they wanted only bread and meat. The mother gives her son the money and
buy-bread and buy-meat are replaced by functions that take in money and return
the item wanted. Then the example would be:

Procedure Shopping is

Task get-bread is

Entry pay (M:in money);
Entry collect (S:out bread);
End get-bread;

Task body get-bread is

Cash : money

Eat : bread

Begin

Accept pay (M: in money) do
Cash : = M;
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End pay;
Eat : = buy-bread (cash);
Accept collect (S: out bread) do
S : = eat;
End collect;
End get-bread;
The main task is as follows:

Begin
Get-bread . pay (100);
MM : = buy-meat (200);
Get-bread . collect (BB);

End;

The above example shows that the meat and bread end up in variables MM
and BB whose declaration would appear somewhere in the program. When
get-bread becomes active, it meets an accept statement and waits until the
main task calls the entry pay. After calling the function buy-meat, the

main task calls the collect entries.

3) Task Types
If we find ourselves writing the same task structure for several tasks,
then we should use a task type. A task type is specified by the form
Task type T is
Entry E;
End;
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The task body is as before, we treat the task type as a template. For
example, if the number of T tasks are N then we could have an array of tasks
as follows:

S: array (1..N) of T;
introduce a new task referred to as S, and S(i), as an example, refers to the

ith task.

4) The Select Statement
The select statement allows a task to select from one of several

rendezvous. Suppose we have within a task

loop
select
Accept read (X : out item) do
X:=YV;
End
or
Accept write (X : in item) do
V:=X;
End;
End select;
End loop;

The select statement begins with reserves word select and finishes with
end select. In Ada, systems will make an arbitrary choice when deciding which

one, read or write, is to be executed first. In this example there are three
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possibilities:

a) If neither read nor write has been called then the task is suspended, one
or other is called and then the corresponding accept statement is obeyed.

b) If calls of both read or write are queued then only one of them is chosen

¢) If one or more calls of read are queued but there are no queued calls of
write, then the first call of read is accepted and vice versa with the

roles of read and write reversed.

5) Shared Variables
Shared variables are variables that are used in more than one task. It
is important to note that when using shared variables, sometimes these

variables are changing in two different tasks at the same time.
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CHAPTER 2

A Survey of Parallel Methods in Numerical Linear Algebra

2.1 Introduction

In this chapter we shall review some work dome on parallel solution of

linear systems of the form
Ax =b (2.1.1)
where A is n x n matrix, x and b are vectors of order n. Direct techniques
are considered to solve (2.1.1). Gauss Elimination method, Gauss-Jordan
method, Cholesky method and WZ factorization, are particularly suited to
parallel computation. =~ We then describe column sweep algorithm, a recurrent
product algorithm and two algorithms for solving triangular systems of
equations.  Also, we describe some algorithms for solving tridiagonal systems.
Most sequential techniques reduce the system of equations to a trianglar
form which can easily be solved for unknowns, using backward substitution.
Solving the linear system, using Gauss elimination method, for example, or its
variant LU_decomposition, requires O(2n°/6) multiplications and  divisions,
whereas  Gauss-Jordan  requires O(3n3/6) multiplications and  divisions.
Throughout this chapter, we give the speedup and the corresponding efficiency
of most parallel algorithms which are mentioned above as much as we can. Note
that the communication cost of these algorithms is ignored by the literature.

However, the cost in our algorithms, which are given later in Chapter 4, has

been calculated.
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2.2 Gauss Elimination Method

A linear system (2.1.1) can be solved in three steps:-
a)  Decompose A into the product of lower triangular matrix L and upper
triangular matrix U,

b) Solve L y = b and,

¢c) Solve U x = y

The first step has the highest computational cost. We shall first
describe a parallel algorithm developed by [26].

The description that follows in [26], and is idealised, is not taking any
account of communication costs.

Consider the sequential algorithm for perfoming an LU-decomposition of
0 X n dense matrix A by using pivoting.

LU_decomposition

For k «— 1 to n-1 do

Find [/ such that |a(/,k)| = max (|a(k,k)|,... ,|a(n,k)|)

piv (k) «— [ {l is the pivot row}

a(piv(k),k) «— a(k,k)

¢ «— l/a(k,k)

For i «— k+1 to n do

a(i,k) «— a(i,k) * ¢ (elements of L)

Endfor

For j «— k+1 to n do

a(piv(k),j) «—— a(k,j)

For i « k+1 to n do
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a(i,j) «— a(i,j) - a@.k) * a(k.])
Endfor
Endfor
Endfor

Define a task Tkj to be a portion of the algorithm that computes a
particular column of j for a given value k. The set of tasks is given by
J={T'|1=ks<j=<n k=<nl}
Noted that task Tkj must be performed before task Tml if either
a) j<landk =m or
b) k < m.
The range and domain of these tasks are:
R (Tkj) = {a(i,j) | k =i < n}
D(T)) = {a(i,j) | k =i =0} U{aGik | k =i = n} respectively.
We can observe that, for example,
{Tkk“,Tkk“,...,Tk“} are independent of each other and can be
executed in parallel.
Assume that a time step consists of either a multiply and a substract or a

multiply and a compare. Neglecting any overhead for loop control, we notice

the execution time W(Tkj) for each task is :

{ n+1-k if k =j
W(T)) = {
{ n-k if k <j



Figure 2.1 is a maximally parallel graph that upholds all the precedence
relations. (Lord, Kowalik and Kumar [1983])

The longest path in the graph traverses the nodes

1 2 2 3 3 n-1 n
T T T T T eee. , T T .
IO T R T S | > Tn-l

The length of path is
n-1 2
n+1+2 23 =n-1.
i=2
This path is so long that it is easy to come up with a schedule that
assigns remaining tasks to [n/2]-1 processors so no tasks finish after task

Tn‘_‘l. The first processor is assigned the tasks along the critical path. The

second processor will execute the tasks

3 4 4 5 5 n
T T, T, T, T ..., T .
The third processor will execute the tasks

5 6 6 7 7 n
T , T , TS, T, T, ..., T,
and the jth processor will execute the tasks
2j-1 2j 2j 2j+1 n
T, T, =, T, seee s Tn_20_l) .
Note that these tasks are not paths through the graph. When n is even, the

following figure illustrates the schedule.
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Figure 2.2 - Schedule using n/2 processors (n even).
(Lord, Kowalik and Kumar [1983])

The sequential LU_decomposition algorithm requires n’/3 + O(®) time unit
to execute. Since the schedule in Figure 2.2 has length n’-1, then this
schedule is optimal for n/2 processors. The parallel algorithm requires
(nz-l)(n/2)/p time units to execute. Hence, the efficiency of this algorithm
using p processors, is

n’°/3 + O(n?)
(n* - 1)n/2
The following table gives the actual and the predicted efficiency

E =

which is equal to 2/3 as n —— oo,

together where the program is run with n < 35 and 1 < p < 8, using the Hep

parallel computer which is described in Chapter 1.
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Table 2.1

(Lord, Kowalik and Kumar [1983])

Number of Processors, P Actual or

n 2 3 4 5 6 7 8 Predicted
10 0.833 0.719 0.642 0.633 A
0.852 0.739 0.678 0.685 P

15 0.888 0.794 0.740 0.651 0.618 0.625 0.581 A
0.900 0.815 0.766 0.679 0.652 0.681 0.633 P
20 0.921 0.843 0.774 0.758 0.670 0.623 0.605 A
0.931 0.863 0.798 0.789 0.703 0.656 0.640 P

25 0.934 0.878 0.830 0.763 0.755 0.692 0.642 A
0.944 0.896 0.855 0.739 0.788 0.726 0.675 P
30 0942 0.892 0.844 0.818 0.757 0.744 0.710 A
0.949 0.911 0.863 0.843 0.783 0.777 0.745 P

35 0948 0901 0.862 0.819 0.790 0.747 0.741 A
0.956 0.918 0.880 0.843 0.827 0.779 0.769 P

2.3 A Parallel Algorithm for Positive Definite Symmetric Matrix

In [23],
(2.1.1), where

described.

a parallel

A

is

a

decomposition by elimination method for

real, symmetric

and positive

definite

The serial version of the algorithm is just Gauss elimination:
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For k

1 to n-1 do

For j = k+1 ton do

m=a_ /a
jk kk

Fori =j to n do > T

a =a - a x M
ij ij ik

This algorithm produces the factor LD of A = (LD)LT by Gaussian elimination

method, where L is a unit lower triangular and D is diagonal matrix with
positive element.

Define the task Tkj as the code segment

{m = a /a
jk  kk
i =
Tk— { . - .
{aij=aij-mxai_k s, 1 =7 ,j+1 ,...,n

The total work tl of the above

algorithm or uniprocessor computer is
1

n - n
t, = z 2
k=1 j=k+l

W(Tjk) = n°/3 + 0’2 - 50/6 .
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Figure 2.3 - Procedence graph G’ of the maximally system C’ (Kumar and
Kowalik [1986])

The longest path LP is
LP =(', T2, T?,. , T
2 3 4 n
and has the minimum execution time

n-1
W(LP) = X W(Tnil) =n- 1.

k=1

The maximum number of processors which can be used in parallel is n-1.

the speedup is given by

g, = 0'/3 + 10’2 -50/6 _ n
P 2 - 3

n

for larger n when compared with Gauss elimination.

The corresponding efficiency is

Ep = Sp/p = 0.3333 for larger n.
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2.4 Gauss - Jordan Method

This method can also be used to solve linear system (2.1.1). Suppose we

wish to solve a linear system of 4 x 4, the four equations are:

El: X + 3x2 + 7x3 + X, = 32
E: x + 4 + 9x 4+ 2x = 44
2 1 2 3 4
E3: 2X1 + 8)412 + 19}(3 + 3)114 = 87
E:3x + 13x + 33x + 4x = 144
4 1 2 3 4

which will be solved for unknowns X X)X, and x,. The first step is to use
equation El to eliminate the unknown X from E, E  and E, by performing
(E2 - El) — (Ez), (E3 - 2E1) S E3 and (E4 - 3E1) —_ E4. The resulting

system is:
E:x + 3x + 7x. +x = 32
A 2 3 4
E : X + 2x +x = 12
2 2 3 4
E : 2X + 5x. + x =23
3 2 3 4
E: 4x + 12x. + x = 48
4 2 3 4
In the new system, E is used to eliminate X, from E3 and E4 by the operations

(E, - 2E) — (E)) and (E, - 4E)) — (E) to give

E:x + 3x + 7x. + x = 32
1T 2 3 4

E : X +2x + x = 12
2 2 3 4

E3: + X, - x4=-l
E :

4

+4x -3x = 0
3 4
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In the Gauss-Jordan method we climinate the elements above the diagonal as
well as below. Perform the following step (E1-3E2)—>(El) which eliminates

X, from E1 to give:

E: x + X -2x = -4
1 I 3

E : X +2X + x = 12
2 2 3 4

E3 x3-x4=-1

E: 4x - 3x = 0
4 3 4

Next  perform the following  operations (E4-4E3)—>(E4), (E2-2E3)——>(E2)
and (E1 - Ea) —> (El) to give:

E: x - X =3

1 1 4

E : X + 3x = 14
2 2

E3: x3-x4=-l

E : X = 4
4 4

Finally, perform the following operations (E1 + E4) —> (El), (E3 + E4) —
(Ez) and (E2 - 3E4) — (Ez) to give:

E: x = 1

1 1

E : X = 2

2 2

E3: X, = 3

E4: x, = 4
It should be noted that backsubstitution is not needed. In [27], a
computational network of Gauss-Jordan algorithm is presented. In the

following algorithm, no pivoting is used and each diagonal element in the

48



matrix A is used to eliminate all the elements in the corresponding column.
The right-hand side b is considered as column n+1 of A and upon completion of
the elimination, the solution X Is stored in the last column. The algorithm

is as follows:

Fori = 1,... , n do
a =ala , j=1i+1,..,n+ 1
ij j i

Fork =1,..,i-1 and k=1i+ 1,... , n do
a =a -a *a , j=i+1,..,n+1
kj kj ki ij

Assuming that the matrix A is dense, we denote the operations for the
multipliers n - i + 1 by D and Uik the n - i + 1 operations for the update of
row k caused by contributions from row i during the elimination of a .

The network used in [27], consists of n stages, s = 1,... , n each
consisting of n - s + 2 cells. The network is shown in the following figure
where each cell is labelled by a pair (r,s), indicating its position with

respect to the shown axes.

Figure 2.4 - The computational network. (R. Melhem [1987])
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Assuming that any diagonal cell (s,s) may broadcast data to the other cells in
the same stage. However, it should be clear that this broadcast may be easily
replaced by local vertical interconnections, if the input one is skewed
properly.

The element of a row i of the matrix A enters the network at cycle i and
crosses stages s = 1,2,... , i-1, where at each stage s the operation Us,i
takes place.  When row 1 arrives at stage i (at cycle 2i-1), cell 34,1
broadcasts a_ to the other cells and the operation Di is executed.

The updated elements of row i are then stored in stage 1 for n-1 cycles
during which rows k = i + 1,... , n followed by rows k = 1, 2,... , i-1 cross
stage. At the end of cycles 2i+n-1, row i comes out of stage n after 2i+n-1
cycles with a. = 1, aij =0 for j = 12,..,n,j # i and a ., = X. In
other words, the outputs X ,...,X  are produced at cycles 2n,... , 3n-1.

The network which is described in [27], uses n(n+3)/2 cells and the

network completes execution in 3n-1 cycles. There are no timings produced in

[27].

2.5 Cholesky Method

In [23], the implementation of Cholesky method is described. When A is a
symmetric positive definite matrix, it can be factorized in the form:
A=LDL" = (L DI/Z) (DI/ZLT) =L LT,
where L is a lower triangular matrix with identity elements and D is a
1

diagonal matrix with positive elements. To avoid the quantity D %, we prefer

to compute the factors L and D rather than L.
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The algorithm LDL" is as follows:

1. Initialization

fori = 1ton do

2.  Compute first column of L

for j = 2 ton do

| =a /d 1 — s T
jl 1

il

3.  The main loop for D and other columns of L

fori = 2 ton do

i-

1 .
d =d- 2 d xI_ «xI —> T

i i k=1 'k ik ik

(=8

If i=n, go to end, else
for j=i+1 to n do

N i-1 A,
lji =lji B 1c2=ldk Xlik lek - rI;
I =1 /. —> T
ji Ji i J

end

The total time for LDLT using a single processor is

t, = z [3G-1)  +3(3-1)(a-i)+(n-i)]  +(o-1)
i=2

=3n(n’+n-2/2) - 2(a*n) - 320’ +2n*+0-6/6) +5(n’+n-2/2) - 2(n-1)
= (90’ +9n-180-120" + 12n-6n°-9n’-3n + 18 + 150 + 150-300-120 + 12)/6
=(3n’+30’-6n)/6
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=n’2 +n*2 - 6 steps
But, actually when we factor the matrix A into LLT, using the following

algorithm:

1

LoL) . j=it+l..n.
1

1 =1 (a, - 27
! l k=

the cost is O(n3/6) (see appendix A).
The above algorithm divides the program LDL” into a set of computational
tasks, T, where a task is an indivisible collection of computational
activities. The above algorithm gives the definition of the tasks Tii, ’i‘:
and Tj

Consider the parallelism in LDLT when the number of processors is O(n).
Let

J={T;:15isn;lsjsn,'f‘;:2sisn;isj5n}
be the set of these tasks.
The length of the longest path

LP = (T, T, T T}, T ..., T "™, T" is given by

W(LP) = 3/2n - 1/2n - 1.
The execution time of schdl, using n-1 processors, is given by
tt =3/20° - 0/2 - 1 ~ 3/20° for larger n.
The speedup and efficiency are given by

n’/2 + n’/2 - n
Sp = tl/tp = = n/3 + O(n) + O(1/n)

3/2n° - n/2 - 1
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Ep =S/p = 1/3 + O(1/n%)

which for large n becomes

Sp = n/3 , Ep = 0.3333 ,
But, if we define the speedup of parallel algorithm to be ratio between the
execution time of the most efficient sequential algorithm running onm a serial
machine and the execution time of parallel algorithm running on parallel
computer, we might find

S o=t/ =R/6+0mY)

P 320 - n/2-1
for larger n. The corresponding efficiency is

o =S/p =~ 0.1111

2.6 WZ Factorization

We shall give a brief description of WZ factorization method for the
solution of (2.1.1). The method is due to [7]. The idea is to factorize A

into the form WZ, where A is nxn nonsingular matrix. A has the form

A = WZ
where
1 0

Vv?.,l 1 0 ‘Xn
W = 1 0 W

?g,l 3,2 1 3,n-1 and

: 0 1 w

n-2,0 n-2,0-1
V‘:1-1,1 1 “:x i,n
0 1 |
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[— yA Z - = e e e - e e e .o yA
1,1 1,n 1,n-1 1,n
0 Z - e e - e e e zZ 0
2,2 2,n-1
Z = 0 0
0 z 0
n-1,2 n-1,n-1
VA Z - s e e e e - o VA yA
| o 1 n,2 n,n-1 oo |

The elements of W and Z are given by
( 1,i=j
{ 0,i=1DM/72] , j= (i+1D(1)(n-i+1),

0, i = m(n , ] = (@i+1)(1D)3GE-1),
w_ , otherwise

IM[+1)/2] , j = i)@-i+1) ,

z = {z , i=mMDn , j=(@i+DA)i ,

N

.

-
I

0 , otherwise

where m = {n+1 - |n/2]} and the symbol |I| denotes the largest integer not
greater than the real value of /.
Assuming A is positive definite and symmetric, we let W = [Wl, WZ,... ,WD] and

t
Z'= (2, Z,,... ,Z] where

( 0,... ,01LW_ .....W .. ,0,..,0, i=1(1)|(a-1)/2]
i‘ 1 b >
W =4 100..,0,10,...,] = {?éiz)/z ) n even i=m+1y2 , a odd
i-1
0,... .0, W ... W_ ,10,. 0] i = |(n+4)/2](1)n
n-i+1 & s

and
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0,... ,01' i = 11)|(m+1)/2]

.,z ,0,... 0] i = [(n+3)/2)(1)n.

Therefore

To compute the elements of the matrices W and Z, at the beginning of the k™
stage,we have the column vectors

W, w,..,w , W ] and the matrix
n

w
k-1 T nk+2’

k-1 n
A =A-7 WiZi‘ -7 wZ'

k .
i=1 i=n-k+2

whose first and last (k-1) rows and columns are zero.

Thus
(k)
zZ = a .
k,j K,j j =k, n-k+1
— &
n-k+1,j n-k+1,j
and
(k)
z W + z = a
Kk j,k n-k+1,k Wj,n—k+l j,k } 2.6.1)
k
Z W o+ z W, = af)
k,n-k+1 Jj.k n-k+1, n-k+1 j, n-k+1i js n-k+1

for j = k + 1(1) n-k.

Then Ak_1 becomes

t
Z .
nk+1 nk+l

— - t_
Ak+1 - Ak Wka w

At least |[(n-2)/2] such stages are required to compute all the elements of W

and Z. The coefficients w. . and W, for j = k+1(1)(n-k) can be obtained

s n-k+1
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LN
Yep,
"\‘a

from (2.6.1) in 3 time steps using 2(n-2k+2)+1 processors.
To solve (2.1.1), rewrite Ax = b as

WZx = b, so that we first solve an n element vector q where

Wa=»b 2.6.2)
and

Zx=4q 2.6.3)

To solve (2.6.2), let
Wq=b=>b"_— v qiwi=b(l)
i=1
hence,
— k)
q = bk
for k = 1,2,... , [0/2]
NGS)

R N n-k+1
where

k) _ k-1
br=b TG Ve Lrz Woran 2.6.4)

At the k™ stage, compute the quantity (2.6.4) in one multiplication using
2(n-2k) processors and two subtractions using (n-2k) processors. Therefore, 3
time steps are required at the k™ stage and then the system (2.6.2) requires
3[(n-2)/2] steps to be solved. The system (2.6.3) can be solved as follows:

At k" stage, solving 2x2 system

z X + z X = q
m-k+1,m-k+! m-k+1 m-k+1{,n-1+k n-m+k m-k+1
Zn-m+k,m~k+lxm-k+l + Zn-m+k,n—m+kxn-m+k - qn-m+k
where m = |(n-1)/2], and this system requires 3 time steps using Cramer’s
rule. Therefore, the solution of (2.6.3) can be solved in a total of

6[(n-1)/2| time steps using no more than 2(n-2) processors.
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2.7 Linear Recurrence Relations and Algorithms for their Solution

We shall, in the course of this section, define the linear recurrence,
describe the column sweep algorithm and the product recurrent algorithm [21]
for solving dense systems. Defining a linear recurrence system R < n, m > of
order m for n equations by

0 for k=<0
R <nm>: X = (2.7.1)

c + ¥ a_xj for 1 < k < n

where m =< n-1. This system is called a general linear recurrence system and
is denoted by R < n >,

Rewrite (2.7.1) in matrix-vector notation as

X =c¢+ Ax (2.7.2)
t t .
where x = (xl, X s ,xn) , € = (cl, Coee ,cn) and A = a i,
k=1,2,...n is strictly a lower triangular matrix with a_ = 0 for i < k or

1-k > m. Ais a band matrix for m < n-1.

For example, an R < 4,2 > has the form

x —

i o

X, = c, + a, X

X, = ¢ + a, x + a, x 2.7.3)
x4 = c:4 + + a42 x2 + a43 x3

It should be noted that the constant vector and the coefficients matrix
generally contain values which can be calculated before the recurrence

computation starts.
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The column sweep algorithm is as follows:

Given any R < n > system, we initially know the value X Then

Step 1: The expressions a x + c can be evaluated in parallel. Now X,
is known and there remains an R < n-1 > system.

Step 2: Evaluate the expressions ax + ci(“ with ci“) = ax + ¢
1.

il 1 i

are evaluated in parallel. Hence X, is known.

Step k: X is known and the expressions a X + c are evaluated where

-1 (k-
c Y =a 4 ¢l
1

2) ..
iving X
i i,k-1 giving X,

+1°

Clearly for nxn system requires n-1 steps and n-1 processors at step 1 and

fewer thereafter. So Tp = 2(n-1) with p = n-1. The time required to solve
the system using a single processor is T1 = n(n-1). Hence, the speedup is
given by

Sp = n(n-1)/2(n-1) = n/2
with an efficiency of

1

Ep = Sp/p = n/2(n-1) > 5

It can be seen that the column sweep algorithm for an R < n,m > system has
speedup factor Sm = O(m).

One of the fastest methods for solution R < n,m > system is called the
recurrent product algorithm. The description of the algorithm is as follows:

Given R < n > system, then (2.7.2) can be written as

x=(0-A)'e = L'
where A is strict lower triangular matrix, and L’ can be expressed in the

product form
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with

1 0
1
M = llaii
'ai+1/aﬁ 1
L O -ani/aii 1 ]

Thus

X = Mn-an-z'“ Mlg
is the product of n-1 lower triangular matrix. The solution vector x can be
evaluated in parallel.

From (2.7.3), we can write the matrix A as

0 0 o0 o | 1 0 o0 o
A = - 0 0 0 [ A, 1 0 0
a4 a, 0 0 L TR ! 0

| 0 2 0 ] i 0 Ay A 1 |

To find the L,

1st column:

- . F [ . -

1 0 0 0 u 1
-a, 1 0 0 a1 0
Ay Ay, 1 0 31 - 0
| 0 -a, - 43 IJ | L J i 0 J
= ll =1, TR Y 131 = +a32a21
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and 141 =a42a21 +a43(a3l +a32a21) )
2nd column:
10 o0 o] |1 ] 0 |
12
-a,, 1 0 0 7 1
A, Ty, 1 0 132 = 0
i 0 - 2 %4 1 | | 147 ] | 0 |
= b =0, I._ =1 132 =a; and 142 =2 +a43a32
3rd column:
1 0 o0 o [ 0
13
-a 1 0 0 l 0
21 23
Ay Ay, 1 0 33 = 1
| 0 - n A4 1 | T4 I 0 |
= l13 =0, 123 =0, 133 =1 and l43 =a_ , finally,
4th column:
. )
1 0 0 o 0
14
-a 1 0 0 0
21 24
- - 1 0 = 0
31 32 34
| 0 A, A 1 | | Taa | L 1 ]
=1, =0, l24 =0, 134 =0 and l44 =1
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0
0
0

so we have

'a
{2l
i a31+a32a21
|
! a42321 +a43(a3l +a32a21)
L
o ol l1 o
0 0 0 1
1 0 0 a,
a, 1 N 0 a,,
L'c = MMM c
= 320 <
-
0 0 1 0 0
0 0 0 1 0
1 0 0 a, 1
a 1 0 0
43 e 42
+ ¢

0
1
a32
42 a43a32
0 0
0 0
21
1 O 31
0 1 0
ol 1 o
0 a 1
21
0 a, 0
1 0 O
+c,
+ a43 (a3l Cl

61

0 0
0 0 |

1 0

a, 1
0 0 0
1 0 0
0 1 0
0 0 1

11

0 c

0 c,

0 C

3

1 c
. L 4 -
+ c, ) + c,




Then any linear recurrence system R < n,m > can be computed in

Tp < 2 + log2 m) logzn - (logi m + Iog2 m)/2
with

<{ m (m+1)n/2 + O(m’) for 1 < m < n/2

’ 0’/68 + O(n?) for n/2 < m =< n-1
In the partiuclar case of an R < n,2 > system with large n the necessary time
and number of processors for the evaluation of the system can be shown by an
exact calculation to satisfy

Tp = 2 + log22) log2 n - 10g22 (log2 2+1)/2 = 3 log2 n-1
with

p < 3n-8.
Hence, the parallel evaluation for the above example with m = 2, n = 4 gives

Tp < 310g24 -1 =35

time unit steps and p < 4. More details can be found in [21].

2.8 Dense Triangular Systems

In this section we pi‘csent two algorithms which are given in [41] solving
the system L x = ¢ for dense triangular system and give bounds on the time
and the number of required processors. In [3] and [16] they have shown that,
given p = O(n’) processors, a triangular system L x = ¢ can be solved in
O(logz n) steps. The two algorithms are as follows:

a)  Algorithm 1
It is assumed that the system to be solved is of the form L X = ¢ with L

a lower triangular matrix defined as L = [aij]. The inverse is given by
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n  n-l 1
where
.
1
1
" Va,
M = v ,1 =12, ..., n
1 - . 1
ai+l,i/aii .
0 -an,i/aﬂ 1
L J
and the solution is given by
x=MM .. Mpc
Evaluating the product Mn~1Mn-2"'M19 in parallel requires u = logzn
steps.
Let M =M i =12,.. ,n-l
c? = ¢ and s = 2 1 =01,... ,u = logzn

Then at each stage (j+1) we calculate the matrices
Mi("*1> = szii M;) for j = 0,1,... , u-2 and i = 1,2,... ,(n/2s) -1

and the vector

S+ — Ml(i)c(i) , j =0,1,.., u-l.

Each matrix Mi(j) has the form

I‘i” 0 0
MO) — 0 I:i(J) 0
0 sWw v
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where LL? is lower triangular matrix of order s, 19 and IY are unit
1 1

matrices of order qi” = is-1 and ri(j) = (+1)-(i+1)s respectively.  Clearly,
o 1 © _ 1 t :
Li = a: and Si = (- aii) ( PRI an’i).
Let
) UU)
SY = " , 1=12.., (nfs) -2
1 VU)

where UY is an sxs. Thus
1

LY 0
2i
L=, . and S0V = [§¥  yP4+ yvOO
1 LU) U(J) L(J) 1 i 2i+1 2i 2i 2i+1
2+l 24 2i+

j=01,..,u2andi = 1.2,.. , (n/s) - 1.
If ¢V = (bi”, bij), b;”))t where b:j), b;j’ and b;j) of orders s-1
n + 1 - 2s. Then

, § and

b(i)
1
T = MU= | L0 =01, -1

The triangular system of equation L X = ¢ where L is lower triangular matrix

of order n, can be solved in T = (logz n)/2 + ?:(log2 n)/2 + 3 steps using no

more than p = (15/ 1024)n3 + O(nz) processors. Also L™ can be calculated in
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the same time T using no more than p = (21 n° + 60 n)/128 Processors.
b)  Algorithm 2

In [41], is given another algorithm for the solution (2.1.1) in which A

is a complete lower triangular unit matrix.

The solution of L x = ¢ is
carried out by

= 11, =
x =L¢c= Dﬂ-lDIH'" Do c
where 4 = logn. Starting with L? =

L we can then choose intermediate
matrices Di such that

LY =p D _..D L?
)1 j2 0

1 =120, u .
Each matrix LY has the form

- )
I
b

GY I
21 s

LU) —

G(.U GU) I

31 32 S

Glj) G(J) I
a/s,l n/s,2 n/s,n/s-1 s

where s =

2', and GEQ) = aij/aii , therefore
J

O = diag P, L., LY

Ln/s )
where
I 0
S L
Lim = i=20,1,. ,n1andj = 0,,.. , nfs.
GY I
2i,2i-1 s

65



Thus, for stage (j+1) we have,

I 0 GY GV
5 2i-1,2k-1 2i-1,2k
GU +1) —
ik -GY I -GV G(j)
2i,2i-1 5 2i,2k-1 2i,2k

forj =0,1,.., 41,k =12,...,@2s)-1andi =k + 1,...,n/s + 1

and
()
Is C2i-l
C(i+ L)
: -G I ¥
2i,2i+1 s 2i

J=0,..,u-1, 1i=1,..., n/s+1.

Hence, the total time for solving the linear system is given in [41] as
Tp = log; n/2 + 3 logz n/2 + 1

and the required number of processors is

p = n°/32 +n%/8.

2.9 Tridiagonal Systems

Stone [43] has developed an algorithm for solving a tridiagonal system of
linear system in time O(logzn) using O(n) processors. The explanation of

Stone’s algorithm is given in [38] as follows:
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b c
1 1
a b C
2 2 2
Let A = a b C
3 3 3
anl bn-l Cnl
, Wb
be non-singular tridiagonal matrix where b, i = 1,2,... ,n are diagonal
1
elements, and a_ ,C, j = 1,... , n-1 are the off diagonal elements. Let D
] J

be a diagonal matrix with elements o, L and U be identity lower and upper
bidiagonal matrices with off diagonal elements ﬂjH and Y j = 1,2,... , n-1

respectively. Then A can be written as

1o 0 [a 0. 0 1y 0.0
g1 0 o 0 1 y,
A=LDU=| 0 . ' '
- 0 0
. n-1
0... 0 B 1 0 .. I 0 0 1
L n L 1 L J
1 al yl O
ﬂl al ﬂZ al yl +a2 a2 }’2
= 0 ﬁS O& ﬂ3 CS )5 +a a3 }’3
ﬁnl n-2 yn-2 +an-l anl n-1
i nanl ﬁnanl yn-l +an |
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Hence, we obtain the recurrence relation
b — —
al ’ yl Cl/bl >

b = a + a ci_l/a ,1=23,...,n ,

i-1

ﬂi = ai/oci_1 , 1 =2,...,n ,

Y, = ci/oci , 1 =1,..., n.
If we take the non-linear recurrence

b = o + a ci_l/ozi_1 , 1 =23,...,n

1

and multiplying both sides by

B, = aa.. o , we have the linear recurrence

M -bu

+ a
i1 ii-l

c M4, =0, i=23.,n

with u, = 1 and M= bl.

The evaluation of T i = 2,3,... , n requires 2 log2 n+O(1) steps using 2n-4
processors [38]. Hence the total time for solving the system is 6 1og2 n+0O(1)
steps using 2n-4 processors. The resulting speedup over the sequential
algorithm is of O(n/logzn) with an efficiency of O(l/logzn).

In [38], it is mentioned that the number of operations required by this
parallel algorithm is O(n logzn), yielding a redundancy of O(logzn). However,
the algorithm fails if any leading principal submatrix of A is singluar.
Observe that if pivoting is necessary to complete the factorization, the
parallel algorithm reduces to its serial counterpart, requiring time Of(n).
Even if pivoting is not necessary, this parallel algorithm suffers from the
possibility of over or underflow. Also, the bound on the absolute error in

the calculating of the second linear recurrence in 4; grows exponentially with

n.
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5
e,

In [40], a parallel algorithm for solving tridiagonal systems is given,
with discussion of its shortcomings and presents another algorithm to avoid
them. The algorithm is based on the orthogonal factorization Q A = R, where A

is a tridiagonal matrix given by

a)  Algorithm 1
We annihilate the subdiagonal elements of A by applying the orthogonal
transformation
— pl-b (2) ph
Q = Pn—l,u AR P2,3 P12

where PY ., Totates rows 1 and i+1 annihilating the elements in the position

i,i

i+1, j),
i+l = diag (Ii-l i Ui,‘1+l ’ n-i—l)
and
C S
U, = (-ST Cl ). where C. = Cos ¢ and S, = Sin 9, [39].

i i
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Therefore, P'""... Pf; Pi“ A is given by

r-1,r 2
{ C(1 ﬂl yl
Cl’2 ﬁZ )"2
arl r-1 J}r-l
A t C
r r-1 r
a b c
r+1 r+1 r+1
It follows that
t =Ala , s =a Jo , 1r =1 2.9.1)
r r r r r+l
with
=t b -t _ s c
r 1 r-2 r-f -l
= >
ﬂr sb +t tec r =1 2.9.2)
= 8§ C ,
r r r+l

where t0=1, SO-—-C. From (2.9.1) and the first of (2.9.2), we obtain the

recurrence relation in @,

ta = tr‘lbr -t (cr_lar/ar_l). (2.9.3)

k
Let W=t igl a, then (2.9.3) reduces to

, r =2

Wr = br Wr-l B (Cr-lar) wr-2
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where Wo = 1 and Wl = bl.

system of equations,

......................

The system can be solved [39] in 210g2n steps using (2n-4) processors, n

Obtaining the vector (W, ..

Pl = 2n-4 processors. Defining

k
2
0 = II «o
k X i
i=1

and using (2.9.1) and the fact that tzk + szk

_ 2 2
0k akHOk_l +wk , k=1

., w_ ) requires T

0

1]

]

This can be expressed as unit lower triangular

(2.9.9)

= 4.

1 + 2log2n steps with

=1, we get

where the corresponding systems of equations is given by

:
1 "3
2
-a)) 1 67l
2 .
-a’, 1 :
_ -a’ IJ i 0,
where 00 =w, = 1.

This system is solved in [39] in 2log n steps with n-1 processors.

i=1,... , n-1 can be obtained in T =

Processors.
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w2
2

n-1

6,

1+210g2n steps using no more than 2(n-1)



Obtain t, « and s from
J ] J

2 )
C=w/0 , & =6/ and s° = a, /o
j i i it j st U

in two steps and one square root using 3(n-1) processors. Once these are
obtained, '8,’ ;vj, j = 1 and @ = A are obtained in 3 steps using 2n

o
processors.

From [14], Q is lower Hessenberg with elements

Kij = gn if 1 = j
=5 if j = i+l
=0 otherwise
where g = tiCH ;N = ti_llz_,'i_l i i=1,2,... , n,
with {, =0 11 s, > i=12,.., n-l
k=1
in which Co = t, =t = 1. The matrix Q can be expressed as

Q=GLY + SE
where G = diag(gl,... s gn), Y = diag(nl,... s nn), S = diag(sl,... s sn_l,O)

h

and E = (0, e,... , e, ), Wwhere e is the i column of the identity. L is

1
a lower triangular matrix whose elements are all one. The evaluation of
(Cl,... ) Cn_l)' requires logzn steps using (n-2)/2 processors. The matrices
G, Y and S are obtained in one step with 2n-3 processors. Consequently, the
factorization QA = R can be obtained in 8+5 logzn steps.  Hence, the
solution x is obtained by solving R X = Q f. The algorithm requires 11+9log2n
steps and have square roots with 3n processors. The speedup is of O(n/logzn)

with efficiency of O(l/logzn).
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In [40], it is noted that the algorithm (1) does not fail if any of the
principal minors vanishes, it still shares the two disadvantages of Stones

algorithm, namely the possibility of over and underflow in computing
k k

W= tkH @ and Bk = [7 af for 1 < k =< n-1. Second, an error analysis
i=1 i=1

of the parallel algorithm for solving (2.9.4) [39] shows that if the computed

solution D then

| 0 -0 <2016 +¢ , (2.9.5)
where | . | denotes the o - norm, & is the unit of roundoff error, and

0 = ¢ + 2¢ in which ¢ = max {b, c.a}.

The absolute error in the solution (2.9.5) can be extremely large for large n.
To avoid the backdraws, algorithm (1) should be applied to systems of order no
larger than logn.  Hence, the probability of over or underflow in calculating
W, and Gk is reduced. Also if 6 = 21, for an integer 1, then (2.9.5) is
reduced to

| O -v | = 26 (logal2)) ¢ .
Now, we shall give algorithm (2) which is suitable when the number of

processors is limited.

b)  Algorithm (2)
Assuming that the tridiagonal matrix A = A” as above, such that

ca_ > 0. First we shall give the following Lemmas.

Lemma 2.1

Let A, as above, satisfy the assumption ca = > 0, i = 1,2,... , n-1.
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Then A is of rank no less than n-1. Moreover, if A is of rank n-1, this means
if « =
o

}.n = (0 then t | F 0.
Proof:

The proof of this first part of lemma is as follows:
Since ca_ > 0 there exits a nonsingular diagonal matrix D, such that
DAD" is a symmetric tridiagonal matrix with positive off-diagonal element

vceca

a,, 5 1= 1,... , n-1.

For the second part:

Let t, = 0 ; since @ = An = 0 then from (2.9.2) we have
t = bt /' ¢ s . But s = ga / a and c¢ are both different from
n-2 n n-1 n-1 n-1 r r+1 r r
zero, for all r.

Thus t , must be zero. From (2.9.1)

A =1 a thend = 0.
n-1 n-1 n-1 n-1

Note that a > 0 for i

= 1,2,... , n-1. Continuing this process we get
t, =0 and 4 = bt -sc =0.
This give the contradiction that either s, = 0or ¢, = 0, proving the lemma.
Lemma 2.2
Let V = [ Yy

G, g, ] where G is an n x n symmetric tridiagonal matrix
with positive off-diagonal elements and rank n-1, Y, = ae and g,
which a, b > 0.

be in
n

Let Q G = R and let
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[y

f

P= ihl n
[0 h' 1J

where h1 = e, and h0 = e,

~n

If QVP = [y, R, g |

then R is a nonsingular upper triangular matrix and

W={e; R"yl][ei R‘lgl] > 0.

Proof:
R and R bhave the same diagonal elements except the last. The last

~n

diagonal element of R is @ =ct (from algorithm (1)), where t, * 0.

~n

This means R exists. Also R = Q(G+Cenen[) = QW, and G'=R7'Q. Also

~N

Y, =aQe1+cel, g, =ern, where a >0 is the first diagonal element of R.

- - -1
Thus e' R Y, =ae;1 R7Qe, =ae' G e, and
n n

‘lgl =be; R'lQen =be; Gle

~ 2

et
1 n

~ ~n ~n
Since G is a symmetric matrix, then W =ei G'len =e; G'le1 and W =acw’ = 0.
The results of lemma 2.2 hold if:

1) G is singular and h1 =0,

i) G is nonsingular and h =0

ii1) G is nonsingular and P = In+2 .
Then the various stages of the algorithm are as follows:

Stage 1: From AY =DA(O)D'1, where the elements of D are given by 51=1,

o) =5'C1N ca . , 1 =1 = n-l. Hence AV s symmetric with elements
1 1

i+l
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~n ~N N ~N ~
[c,» b ¢l where b, =b and c_ =/ca .
j j

-1 j g+l

Stage 2: Partition A" in the form

i AD B
1 1
B(l)t A(U B(l)

1 2 2
B“)‘ A(l) B(l)
m-2 m-1 m-1
B(l)l A(l)

m-1 m J

where AE” are symmetric tridiagonal matrices with positive off-diagonal

elements, and of order q=log n, except possibly A;l), and m = [n/q]. The
~n ~n ~n
(D

i

i column of the identity [. Let Q = diag (Q.Q..., Q) where QiA§1)=Ri

columns of each B~ are all zero except the first one €W where e, is the

1S upper triangular and Q,  is orthogonal matrix; hence Q 1is also orthogonal.
pPp g ) g g

Now if A® =QA“),

'R B?
1 1
L?® R B®
1 2 2
AP =
L@ R B®
m-2 m-1 m-1
L® R
L m-1 m |
2 ~n ~n
All the columns of each BE’ are zero except the first one, ctiieq, and each

~ ~n
LQ) has all its columns zero except the last, ctiH_l e
1
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Stage 3: Let P be an nxn matrix that differs from the identity In in, at
most, the positions (iq + 1, iq) , i=1,2,..,m-1, with elements §=1 when the

last diagonal element of R is zero, a’ = 0. Form A® = A%p,
q

~ ]

B(Z)
1

L(3) I’{ B(2)

m-2 m-{ m-1

L R |

m-1 m

~

3 . . . .
where R =R and L” =L§2) if R is nonsingular; otherwise
1 1

~n ~ N~

Ri =Ri + ctii eqc:l , 1 = 1,2,..,m-1, and the last and only non zero column

~ ~N
of Lf) is Ctii +lel+ozi‘+”c:l , ai‘) being the first diagonal element of
~n ~

R. From ulgorithm 1, we can see that the last element of cti,lcq is given by
~n

ciqt;fi. If Ri is singular then t;fi #* 0 by lemma 2.2, and since € >0 by
n ~n
assumption, then Ciqt;fi # 0 and R;l exists.
Stage 4:
U u
Let R =
m o u
~n ~n o~ ~n
and R =diag(R;1,..., R;l, U'l), where U’ =Rl;]l if Rm is non singular,

otherwise U™ =diag (U'l,l). Then RA® is of the form
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1 q 2
R AY =
L(4) I B(3)
m-2 q m-1
LY K
m-1

~nooNv ~n

where the first and only non zero column of B® is now ¢ _qR,'lQ €.
1 1 1 1

~
LY =Ri'i 1L1(3) , i=1,2,..,m-2, has all its columns zero except the last one

~ ~n ~ ~n ~
which is given either by (CiqRi'ilQiHel +ai1+l)R;ilel) if R= R is non
singular. K is the identity of order q = n - (m-l)q if Rm is non singular;
otherwise
I. u
q-1
K = 0

with U =U"u. Finally, the last and only non zero colum of L;:i can be
obtained. Let P be a permutation that exchange columns iq and iq+1 for
i=1,2,.., m-1, and form A =R Amf)'.

Stage 5: Note that rows q, q+1, 2q, 2q+1,..., (m-1)q, (m-1)q+1, and n
form a tridiagonal matrix G of order 2m-1. Then there ixists a permutation M

such that

AY =MAY M* = , where [ = n-2m+1.
S
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Since A is a nonsingular matrix then G is also singular. Let H = M R Q D and

J =D'pp M ; then AY =HAJ. The system Ax = f can therefore be written as

(oY)

A(S)y = f where y =J'1)_( and _'f'_=f which gives the form

¢ 0 W
S I1 Xz f2
Assuming that the tridiagonal G y, =f can be solved via algorithm 1 without

difficulty, then
, and x =Jy

The above process, stages 1 to 5, may be repeated until the reduced
tridiagonal system is of order q. Once this last tridiagonal system is solved
via algorithm 1, then it is easy to find the solution. Finally, algorithm 2
requires a time O((log q)(log n)) using less than 5n processors.

For more details see [40].

2.10 Parallelisation of Iterative Algorithms

We shall look for parallel elements in the Jocabi, Gauss-Seidel and SOR
processes for solving (2.1.1). We shall describe the ideas which are
mentioned in [42]. Consider the matrix A to be tridiagonal, decompose A into
lower and upper triangular matrices L and R respectively so that A = LR.
Assume without loss of generality, that the diagonal elements a o of A are all
unity, then A can be written as

A=LR=AL-+-I~1~AR
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where

and

L

A
L

+ DR=1+1J

D is the diagonal matrix, I is unit matrix and

o

A=0
L

0

0

a
43

and A§=

0

J has the same structure as AR. (See appendix B).

a)

The Jacobi algorithm

The solution of (2.1.1) is given by

k+1

X

_ k
—-(AL + AR)x +b

k

. 0

0,1,

a
12

0

ceey

a

23

0

n-1,n

(2.10.1)

since this is a matrix vector iteration, the procedure is inherently parallel.

b)

The Gauss-Seidel algorithm

The outer iteration is

@+ A) x£ = -A, 1 + b

k _ -1 k-1 -1
X' = -I+A)" A X'+ @+A)TD
¥ = -Tx*!' + U

where T = (1+AR)'l A and U = (I+A)"b
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The specific form of the components arising from (2.10.2) is

k-1

o

X = -t X + u
m m m-1 m
k -1 .
X = -t xl_‘ +u -ex" , 1 = m-1,m-2, ..., 2
i i i-1 i i i+t
k k
X = u -ex ,
1 1 )
the above components of x* can only be calculated serially. But if we
substitute
z =-A ' + b , y = X

L
then the components of Z can be calculated in parallel and (2.10.2) can be
written as

aIT+ A)y =z (2.10.3)
Then (2.10.3) is solved by the following iteration

i

y = 7 - AR yi_l R l = 1,2,...

¢) SOR algorithm
Introducing a factor W, then rewrite (2.10.2) as
I+ wA) x° = [(1-W)-wA ] X' + wb (2.10.4)
w>0, k=1,2,...
This converges for 0 < w < 2.

Now we substitute

z, = [(1-w)-wA ] X! + wb,

w

Uk
Yy =Xx,

w

and (2.10.4) is reduced to the form
a+ WAR) y =z . (2.10.5)
Hence, the system (2.10.5) is solved by the iteration
yi =1z - WA ij'l , i=1,2,...
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CHAPTER 3

A Survey of Parallel Algorithms
for Ordinary Differential Equations

3.1 Introduction

A second part of the work carried out has been on the solution of
ordinary differential equations. This chapter has two aims. The first is to
present some basic theory of the numerical solution of initial value
problems. The second is to review some work done on parallel methods for

solving the initial value problems.

3.2 Initial Value Problem

We consider the initial value problem
y' = f(x;y) , y@) = y » as=x=b 3.2.1)
Before attempting to solve (3.2.1), we would like to know whether a unique
solution exists. The existence of a unique solution is given by the
following theorem, whose proof may be found in [17].

Theorem 3.2

For the initial value problem (3.2.1), let f(x,y) be continuous for all
points in the region D defined by a < x = b, - @ < y < oo, and let there exist
a constant L < o such that

| f(x.y) - fx2) | < L [y-z]| (3.2.2)
for any (x,y), (x,z2) ¢ D. Then there exists a unique function y(x) which
satisfies (3.2.1). The condition on f(x,y) is called Lipschitz Condition and

L is called Lipschitz Constant.
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From the mean-value theorem, it is easy to see that f(x,y) satisfies
Lipschitz Condition (3.2.2) if the partial derivatives gyf is bounded in
absolute value for x in [a,b] and all y. To see this, assume jg(%—’ll] < L;
then f(x,y) - f(x,z) = g;(x,v)(y_z), where v is between y and z. Hence if
{g}g (X’Y)] = L for a = x < b, then |f(x,y)-f(x,2)] = L |y-z|.

In the following sections, we shall introduce some of the methods for
solving (3.2.1.) with respect to a constant stepsize h, and give concepts of
the error.

3.3 Discrete Variable Methods

Discrete variable methods yield a sequence of approximation y, = yx),
n
where x = x + h,and h > 0 is the step size, x = a, x_ = b;
n+! n n n [¢] N

n = 0,1,... ,N-1. Conceptually, the simplest way of advancing the solution
from the point X tox is by Taylor series

yx ) = yx) + ha(x,y, h

n+1i

where
A — h ., h’ .
X, Y B =y + 5y ® + 377 x) + ..
The Taylor series method is obtained by truncating the above series to give

yx ) =y&x) +hex,y.h)y , n=01,...

n

where
- h ’ hp-1 fp—l
o(x.y,h) = f(x,y) + > f'xy) + ... + D! x,y)
y_ will always denote an approximation to y(xn) and if y(x) is a solution of
y’ = f(x,y), where we assume f(x,y) is infinitely differentiable, then the
higher derivatives of y(x) are completely determined by the function f(x,y).
We shall write y” = f'(x,y), y”’' = f”(x,y) and generally y®*" = ff(x,y),

p=1 2, ...
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¢(x,y,h) is called the increment function, ¢(x,y,h) also satisfies a
Lipschitz conditiop,
| #(6y*h) - ¢(x,y,h) | = L | y* -y |,
where y*, y are any numbers.
For p = 1, we have Euler's method which is given by

Yoq1 = ¥, T hf(xy). (3.3.1)

n+l

For p = 2, we have
Voer =Y, * i) + 5 [E )+ fx,y)fxy)) | 332)
from which, given y,» approximations {yn} can be obtained, one step at a time.

Consider the general class of methods defined by
k

_ZO ay = h¢(xn;yn+k,... Y h) (3.3.3)
for 0 < n =< N-k, b-a = Nh, where {ai} are constant, o # O with given
starting values Yo¥seer 5Y,,- I ¢ is independent of y ., the method is
explicit, otherwise the method is implicit. This general class of methods

contains the well-known methods which are Runge-Kutta methods and linear

multistep methods, eg.
m

RK: k=1, ¢ = X ck

r=0 rr
m
k = f(x +ha ,y + Z b, k)
k
LMM:¢ = 2 B f(x .y ).

i=0

Definition 3.1

The local truncation error of (3.3.1) at xn+k£[a,b] is given by

k
Lo = 2 oY) -h ¢ (x5 y(x ), ¥(x); by

n+k
i=0
The quantity t .. is the amount by which the true solution of (3.2.1) fails

to satisfy (3.3.3) and may be regarded as a first measure of the accuracy of

34



the formula. For Euler’'s method the local truncation error at i‘® step for
(3.2.1) is given by

LY -y hf(xi-l’yi-l) » 1=12,.., N
where y, = y(xi) denotes the exact value of the solution at X. The local
truncation error measures the accuracy of the method at a specific step,
assuming that the method was exact at the previous step. As such, it depends
on the differential equation, the stepsize, and the particular step in the

approximation. The local truncation error in Euler's method is

t = %?y”(éi) for some éi, X < fi < X and when y”(x) is known to be
bounded by a constant M on [a,b], this gives
[t ]| < h—2 M.
' 2!
Definition 3.2
The quantity | y - y(xn) | 1is called the global error at x = X

0 <= n = N where Y is the numerical approximation to the solution y(xn) at

the point x . The global error is the error over the whole range. In the
n

previous definition, we have seen that the local truncation error in Euler's

method is O(h?), then the global error is O(h).

Definition 3.3

A method of class (3.3.3) is convergent if, when applied to any problem
of class (3.2.1), y —> y(x) as h —> 0 where nh = x-a for any x¢[a,b].
The condition for a method of class (3.3.3) to be convergent is that it must

be consistent and zero-stable.
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3.4 Runge-Kutta Methods

The general form of explicit Runge-Kutta methods is

Yorr =Y, T héd(x,y, b (3.4.1)
¢ x,y,h) = X brkr
r=1

where
k = f(x,y)
r-1
k =f(x+hcr,y+h b a_ k)

s=1
1

r-
c = 2 a ,r=23,...m
r s=1 IS

where br, a_ and c_ are real constants. The m-stage Runge-Kutta method
involves m evaluations of f per step. These methods are casy to use since
they are self-starting and permit a change of step length without difficulty

during the computation. The parameters for the above formula can be put in a

tableau és follows:

0 0
) 4
e 4 Ay
c_ a_ a ... a
..... b b
b1 bz m-1 m

Here we assume

M
[N

c = and 2b =1
r Is r

s =1 r=1

Implicit Runge-Kutta method is defined by
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.y, b= I bk (3.4.2)

kr=f(x+crh,y+h2arsks),r=1,2,...,m

s=1

represented by the tableau:

c | a. a_ ...

1 11 12 alm
C2 321 322 ..... 3.2m
< .
C a a ... a

m ml m2 mm

b b ... b b
1 2 m m+l

The method (3.4.2) is fully implicit if a_ # 0 for some s > r, the method is

semi-implicit or semi-explicit if a =0V s > r and the method is explicit
if a = 0V s = r. Implicit Runge-Kutta formulae are intended for stiff
problems. The local truncation error is O(P®*") for sufficiently smooth

problems. The minimum value of the number stages s, for given p is shown as

follows:

P | 123456738
s | 12346709 11

Some examples of explicit Runge-Kutta methods:

For s = p =1
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This is the first method of Euler.

For s = p = 2.

From (3.4.1) we get
¢(x,y,h) = j? brkr

r=1

= blk1 +bk
= blf(x,y) +b f(x+hc_, y+ha”f(x,y))
where bl, b, ¢ and a, are constant to be determined.

Actually,

k

2

f(x+hc2. y+h321f(x,y))

f(x.y) +clh Qgﬁ'—” + a“hf(x,y). Q(g%l

Then we have.
¢(x.y.h) =bfxy) +bfxy +bch of +pan ¥ fxy)
(XY XY XY 272 0X 2210 dy 24
=(b1+b2) f(x,y) +hb2c2fX +hbzazlfy . f(x,y)
=(bl+b7)f(x,y) %—hbﬁ(cqfx +a”fy . f(x,y))
from (3.3.2) we have

S(x.y.h)  =f(x.y) +hﬁx+§ .ﬁxwﬂn

macth these two expansions.we get

_ — 1,
bl -+-b: =1 ) b2c2 =12
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This is a set of two equations in three unknowns and thus there exists a one
parameter family of solutions.

For ¢, = %2, %5 and 1, we obtain the following forms

0 0 0
12 12 2/3 2/3 1 1

0 1 1/4 3/4 12 12
For c, = 12 For c, =2 For c, = 1

More details about different types of Runge-Kutta methods can be found in

[15].

3.5 Linear Multistep Methods

This is the second major class of methods used in practice. The general
k-step linear multistep is defined by
k
2 «a "
j=0 ot

we say that the method (3.5.1) is explicit if /)’k = 0, and implicit if ﬁk * 0.

<

k
=h X By, (3.5.1)

=0

For an explicit method equation (3.5.1) yields the current value Yo

directly in terms of yn+j, y aty? ] = 0,1,..., k-1,
An implicit method, however, will call for the solution at each stage of the

computation of the equation

Yorr = BB Y(x .y )t g (3.5.2)

n+k
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where g is a known function of previously calculated values Yasi and y;ﬂ,
j = 0,1,... k-1

When the differential equation in (3.2.1) is linear, then (3.5.2) is
linear in Yok When y’ is non-linear, there exists a unique solution of

(3.5.2) for Y_,,» Which can approach arbitrarily closely by iteration

[s+1]
yu+k

where L is the Lipschitz constant with respect to Yo of the right hand side

= h ,Bk y’(xn+k, yiii ) + g, yii’i arbitrarily provided that 0 <= L =< 1,
of (3.5.2). If the Lipschitz constant of y’ with respect to y is L*, then
clearly we take L to have the value L*h|ﬂk[. Thus a unique solution for Yok
exists, and the above iteration convergent to it, if

h < l/L*]ﬁk] (3.5.3)
when implementing the method (3.5.1) one needs to supply starting values by
some auxiliary starting procedure wusually a one-step method such as
Runge-Kutta method or a sequence of linear multistep formulae for different k
(see appendix C).

An  example of an explicit linear multistep formulae is the

Adams-Bashforth method,

— h 7 ’ 7’
- yn+2 + _15 (23y n+2 ) 16y n+1 + Syn)

and an implicit method is Adams-Moulton method,

ju— h 4 / ’
y - yn+2 + -E (Syn+3 + 8yn+2 ) yn+l).

n+3
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3.6 Predictor-Corrector Methods

In using an implicit linear multistep method to solve the initial value

problem (3.2.1), at each step we must solve for Yok the equation:

k-1 C o
Yorr T j—foozy“,- =hf fx ., . v,,) +h jfo BE.., (3.6.1)
where 'y . f . j=0,1,..k-1, are known. In general this equation is
n+j n+j g q

non-linear.  As mentioned in the previous section, a unique solution for Yok
n

exists and can be approached arbitrary closely by the iteration

[s] k-1
atk Vot e Wove 0 Vo) TRZ B E L (3.62)

=0 i=0

[s+1] k-1

y

where yiii 1s arbitrary, provided that condition

L < VL|B | is satisfied.
To make the initial guess yiii as accurate as we can, we use an explicit
method to estimate yigi. The explicit method is called the predictor, and
the implicit is called the corrector. After getting the first corrected
value yl[hii we can continue the iteration till convergence. Let p denote an
application of the predictor, ¢ a single application of the corrector and E
an evaluation of f in terms of known values of its argument. Let the linear
multistep method used ~as  predictor be defined by the characteristic

polynomials

pru) =

k
}=

. k-1 .
at i, S*u) = X gy (3.6.3)
0 ) j=o 4

and that used as corrected by
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k _ K ,
pPU) = X au . Sw) = X ﬂ)ﬂ’ ; (3.6.4)

J=0 j=0

Then the modes P(EC)"E and P(EC)™ are defined as follows for m=1,2,...

i) P(EC)"E:
o1 L 3! e m b g flnl
yn+k - Olj yn+j - o i ntj
1=0 j=0
E: %1 =fx yi®)
n+k n+k’” n+k s=0,1,..m-1
. [s+1] _ {s] [m] 3.6.5)
C oy J‘ia y =hp, L *hH J‘_‘? 'ijnﬂ
E: % = f(x . ylmh
n+k n+k u+k
i)  PEC)™:
(0] £ [m] £ (m-1]
. * m % m
P: yn+k + jfoaj yn+j Jfoﬁ fn+J
. [s] — [s]
E: fn+k - f(xuﬂc n+k)
C. [°+l] + Z _ hﬂ f[S] +h E ﬂf[m'fl] S=051,..-,m'1
© Varx e Y - Wl int (3.6.6)

1=0 i=

Note that as m —> o, the result of computing with either of the above modes
will tend to those given by the mode of correcting to convergence. When m=1,
the mode which is described in (i) will be PEC, in which the final
derivative evaluation after the correction is omitted (comparing to mode
PECE), and in which the an value using the predicted Y,,, 18 used to next

cycle of computation. Such methods save one derivative evaluation per step.
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In order to start the computation, we need to used some auxiliary method to

obtain the starting values.

3.7 Conditional Stability Theory

We have seen that for convergent method the numerical solution y_ tends
to the exact solution y(xn) as h —> 0, h —> o, nh fixed. In practice the
limit cannot be taken, so we investigate the behaviour of global
discretization error as h —> o, and h is fixed. This stability of the

method (3.3.3) makes use of the scalar equation

y’" =4y , A complex 3.7.1)
known as the test equation, Re(d) = 0 implies any solution of (3.7.1) remains
bounded, since if, e.g. y(0) = 0 is the initial condition, the exact solution
1s y(x) = el". For a method to be stable we require the behaviour of the

approximate solution to mirror that of the exact solution.

Definition 3.4

The method (3.3.3) is said to be absolutely stable for a given Ah if,
for that Ah, all the roots of the stability polynomial lie within unit
circle. A region R of the complex plane is said to be a region of absolute
stability of (3.3.3) if (3.3.3) is absolutely stable for all Ahe¢R.

The condition for absolute stability for Runge-Kutta methods is
|u(Ah)| < 1. Where u(ih) is polynomial in Ah if the method is explicit, and

a rational function if it is implicit. In figure (3.7.1) are given sketches
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of R for these examples:

1) Euler's method:

Yo, =V, +hf(x y)

n+1

when applied to (3.6.1) yields

Yoo = (1+Ah) y,

where u(Ah) =1+Ah and the condition for absolute stability is
[1+Ah| =<1 =Aih &(-2,0)
which ensures that Y., =(1~l-,1h)“y0 -> as n —> oo,

iil)  Backward Euler method:

1

y ) ; u(ih) ~T1-Zm = Ahg(-0,0).

iii) Any 4th order 4-stage explicit Runge-Kutta methods; where
_ (Ah)* | (Ah)* | (Ah)*
u(Ah) =1 +4h to— Tty -

=y, Thfx .y

n+l n+l

Note that for each of m = 1,2,3,4, all m-stage explicit Runge-Kutta methods

of order m have the same region of absolute stability = Ahg(-2.8,0).

33
A
/R/ Z /R
'ZW / +2 -2 “
7
(1) (11) (111

Figure 3.7.1 - (Hall and Watt [1976])
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The most usual method for finding the region of absolute stability is the
so-called boundary Locus method [15].

The midpoint rule is given by

yn+1 = yu—l * 2h f(xn’yn)

«<
i
~

=

Apply this method to test equation
we have
- 2hu-1 =0
whose roots are
#, =ih +V ’h’+1 and B, =ih- v 2’n*+1
and we can see that
(u,| =|Ah +V A’h*+1| >(ih- V A*hP+1] =|u,|
For 1 < 0,
ju,| =|rb- vV 2’0*+1] > L
From the definition of the absolute stability (3.4) ensure that midpoint rule
is absolutely unstable.

We wish to make further points. First, we shall give the coefficients
of Adams-Bahsforth methods and Adams-Moulton methods together with local
truncation errors. Second, we shall list the stability intervals of some
predictor-corrector methods [25], which are used in practice. Table 3.7.1

illustrates the coefficients for Adams-Bahsforth methods for k=1,2,3 and 4.
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Table 3.7.1

|
K f 5, ) 5, , B 5, Order L.T.E
11 1 h*/2)  y?
2 32 -1 2 (5h°/12) y©
323/12 -6/12 5/12 3 (Oh*/24) y@
4 55/24 -59/24 37/12  -9/24 4 (2510°/720) y*¥

The following table illustrates the coefficients for Adams-Moulton methods

for k=1,2,3 and 4.

Table 3.7.2
k g B B, B, Order L.T.E
1 1/2 172 2 (_h3/12) yf)
2 5/12 8/12  -1/12 3 (-h*24) y®
3 9/24  19/24 -5/24  1/24 4 (-190°/720) y®
4 251/720 646/720 -264/720 106/720 5 (-27h6/1440)y(63

The following table gives a stability intervals [25].
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Table 3.7.3

Method Stability Intervals
1. Euler : P (-2,0)
Modified Euler : C (-00,0)
PE(CE)° (-2,0) , s=1
(2,00 , s=2
(-2,0)0 , s=3
2. Nystrom : P Unstable
Modified Euler : C (-00,0)
PE(CE)° (-2,0) , s=1
(-2,0) , s=2
3. Third Order Adams (-0.55,0)
P (-6,0)
C (-1.8,0) , s=1
PE(CE)* (-1.3,0) , §=2
4. Fourth Order Adams (-0.3,0)
P (-3,0
C (-1.3,0) , §=1
PE(CE)® (-0.9,0) , §=2
5. Fifth Order Adams
P (-0.2,0)
C (-1.8,0)
PE(CE) (-0.95,0)

Definition 3.5

A method of class (3.3.3) is said to be strongly stable if it is
consistent and satisfies the strong root condition ie. 1Ist characteristic
polynomial of the method has only one root with magnitude one.

Some methods may have more than one root on the unmit circle. These

methods are usually called weakly stable. For example the characteristic
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equation of midpoint rule is
pz - 2hAu - 1 =0 which has the roots

U

, =1 +ih +:ab)* +0hY) and u, =-'u .

If we consider the limit of h —> 0 then the two roots are M= +1 and H,= -1.

Thus the midpoint rule is a weakly stable method.

Definition 3.6

The method (3.3.3) is said to be relatively stable for a given Ah, if

for that Ah, all the roots of the stability polynomial are less than le}'h| in
modulus. A region R of the complex plane is said to be a region of relative

stability of (3.3.3) if (3.3.3) is relatively stable for all AheR.

3.8 Stiff Equations

Several engineering and scientific fields such as chemical engineering,
control  theory, chemical kinetics, circuit theory, yield initial value
problems with a property known as stiffness.

Definition 3.7

The initial value problem
y' =f(x,y) , y@ =y, , xe[ab]
is said to be stiff in the interval IC[a,b] if, for x ¢ I.
If the derivatives g—}f; are continuous and bounded, the Lipschitz constant
L =|ofldy| > p(3f/dy)

where the spectral radius p is defined to be
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p =max 4|

1

i1=1,....s
Definition 3.8 (Dahlquist, 1963)

The numerical method is said to be A-stable if its region of absolute
stability contains the whole of the half-plane Re(ih) < O, The A-stability
property was originally formulated for linear multistep methods, and it
proves to be a very restrictive requirement for such methods.

Definition 3.9 (Widlund, 1967)

A numerical method is said to be A(a)-stable, ae(0,m/2), if its region

of absolute stability contains the infinite wedge,

w,={ih|-a <7 - ang ih <a}; it is said to be A(0)-stable if it
is A(a)-stable for some ag(0,7/2).
(1) Re(}.i) <0 , i=1.2,...s and

(i) s(x) =max Re(-;ti)/min Re(-,li) is large,
1=1,..,s i=1,..,s
where ,{i are the eigen values of g; evaluated on the solution y(x) at x. The

quantity s(x) is called the stiffness ratio and it provides a measure of the
severity of the stiffness of the initial value problem.

For stability on such a problem we require hieR, i=1,....,s. This is a
severe restriction on h for explicit methods, as shown in figure (3.8.1).
The efficient solution of stiff systems requires the wuse of implicit
formulae. In the initial rapid transient phase accuracy comsideration
dominate and an explicit method can be used efficiently.

The stiffness ration may be used as a measure of the stiffness of the
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problem. A stff problem is often referred to in the literature as a problem
with  “widely differing time constant” or a system with Large Lipschitz

constant.

hA pigne

"ABSOLUTE
/STABILITY

17744
7

Figure 3.8.1 - A(«a)-stability (Hall and Watt [1976])

Note that in the above definitions a given eigen value A either lies
inside or outside the wedge, regardless of the positive stepsize used.
Widlud proved that no explicit linear multistep method could be A(0)-stable,
and showed that implicit linear multistep methods of order three and four
existed that were A(a)-stable for any o < 7/2.

In some respects the A-stability property is not stringent enough, and
studies of A-stable one-step methods have produced a number of additional
stability concepts. A one method applied to the equation

7

y’ =Ay gives an approximation

Yoo =,u(/1h)yn to the solution
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y(an) =e'1h y(xn) , and A-stability ensures that lu(dh)| < 1 for
all Re(Ah) < 0. For many A-stable one-step methods, however, u(Ah) is such
that

ju(Ah) —> 1 as Re(lh) —> -oo
so that numerical appoximations to the rapidly decaying eigen solutions with
very small time constants may decay only very slowly.

Definition 3.10

A one-step method is said to be L-stable if it is A-stable, and when
applied to the equation
y’ =4y with Re(4) < 0, it gives
Yoo = u(Ah) Y, , - where
|uAh)| —> 0 as Re(Ah) — o
There are some basic results on multistep methods:
1) An explicit k-step method cannot be A-stable.
2)  The order of an A-stable linear multistep cannot exceed two.

3) There is only one A(o)-stable method with P = k+1, the trapezoidal rule.

More details can be found in [24].

3.9 Overview of Work on Parallel Methods

The second aim in this chapter is to review some work dome on parallel

methods for solving the initial value problem (3.2.1).
We have to ask ourselves why we use parallel computers for ODES? The

answer is if the function is very expensive to evaluate, for example if
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(3.2.1) refers to large sets of coupled equations, the problem may not be
solvable without parallel computers; or the response time may be so important
the problem is not solvable in a short enough time using conventional
computers. Furthermore, the parallel computers can be cost effective.

There are two major means in which parallelism can be applied to ODES
namely ‘across the method' (different parts of the method are executed on
different processors), and ‘across the system’ (each equation or group of
equations in a large system is assigned to different processors)[13]. There
is  already  significant  literature on  parallel methods for ordinary

differential equations. We shall mention them in the following sections.

3.10 Predictor-corrector Methods

The ideas of parallel algorithm of [28] are most easily described by
means of simple example. Let us consider the scalar ordinary differential
equation

y’ = f(x,y) where x > 0 and y(0) = y (3.10.1)

0
At first sight, it seems that there is little scope of parallelism in solving
(3.10.1) since the wusual integration methods are essentially serial. There
exists, however, parallel versions of serial predictor-corrector methods.
Fix a mesh size h and let X = (n-1)h, n = 1,2,... , where h > 0. Let
y be an approximation to the solution y at X , then the serial

n

predictor-corrector formulas are:
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Y =Yl ot 6E - )

ye =y[°1-+—9(fp + )

2 " n+l n
where y” and y. are predicted and corrected values of y, f denotes f(x_,y°)
and f‘; denotes f(xn,yi).

The sequence of computations proceeds as follows:

> yP > f* > y° > f°

n+l n+! n+1 n+l

and 1s clearly sequential calculations.

A parallel mode of integration is given by the following pair of

formulas:
Yorr =Y, T 2bf
Vo =Vt CE L)

where the corrector formula does not depend on the result of the

corresponding predictor formula. The sequence of computation is divided into

two parts:
> yP > P >
n+1 n+l
C
>y ———>tf1 —_—>

which may be executed simultaneously on separate processors.
One possible parallel method has been presented by [11], [28] is the

fourth-order, two processors predictor-corrector method

P — P h -
yn+l yn-l + 5 (st N Stfl-l + 4ff1-2 t<:1-3 )
Ya = y;-l + 54 (ng + lgfr:l-l B Stz-z + fz-3 )

103



where the superscripts P and c refer to the predicted and corrected values
and subscript n indicates the step number.

Suppose that the system to be solved is described by N first order
differential equations. The predictor and corrector formulas are each solved
once for each of the N equations. In the two-processor case, the predictor
and corrector formulas are solved in parallel. One set in each processor.
The fact is that the function evaluations f° and f* are also performed in
parallel. The parallelism of the method guarantees that the function
evaluation time per step decreases directly as the number of processors
increases. The overall time for a single step is given by

T =Nt + t, + 3Nt =+ 2tsyn,
where t. is the time to solve the predictor (corrector) formula for one
component given the function values, t, is the function evaluation time for
all N differential equations, t.. and tsyn are the communication and
synchronization times respectively. Communication must occur between the
processors at each step. At each step y° and f°, values must be passed from
the corrector processor to predictor processor, and all of f° values must be

passed from the predictor processor to corrector processor, In this case,

therefore, the question of optimal allocation of equations does not occur.

3.11 Block Methods

The property of these methods is produce simultaneously approximation to

,X in

X n+k

the solution of initial value problem at block points X

+1° Ta+2?""
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each computational step. In [45], block method is introduced and may be

applied either in one-step mode or in a predictor-corrector mode.

3.11.1 Block One-Step Methods

In one-step mode, a sequence of open and closed Newton-cotes formulas is
applied to generate inital approximations to the solution y(x) at each point
in the current block. Then implicit formulas are applied iteratively untii
convergence is obtained to the maximum order of accuracy obtainable.  Only
the solution at the last point in the block is used to start the next block.
Let k be the number of points in a block. Assuming equally spaced nodes
within each block, thus

X .= X + rh, r = 1,2,... k,

where h is the stepsize.

The formulas for the sequential two-point block scheme are:

yn+1,0 = yu + h y,n

T A 1 AR

Yoty =Y, t2by (3.11.1)
Yosi,2 =y, t !113 [Sy; * Sy;-H,l ) y::+2,|]

Yoraser = Y, T : [y; Ay, T y;”,S] ,$ = 1or2,

The method (3.11.1) is used to produce the approximations Youl and Y., tO
y(x +1) and y(xn+2) respectively. The order and local truncation error for

each formula of (3.11.1)are shown in the following table
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Formula | Order Local truncation

f Number error
T o 2y ()
| 2 2 -h*/12 (&)
3 2 '3y ()
4 3 b2 y®g)
5 4 -0’90 y9()
B

Table 3.2

Let Ym denote an approximation to y(x +m), m =
n

sS

the initial approximation, Y’0
sS

will not change with s.

= y’(xn,yn), s = 0,

1,2. Let Y0 =Y is

R) n

where Y and Y’
0,s 0,8

The sequence of the computations for the algorithm wuses (3.1i.1) is

described in [24], [36] as follows:

Yx,o = ¥t b Y[),o

Yll,o - y,[ Korr? Yl,O ]

Y= [ Yot Y]

Y;,x = yl[ xnﬂ’ Y1,1 ]

Yz’1 = y + 2h Y;’l

Yz’,l = y'[ Kn+2’ Y2,l]

Y1,2 = %7 %2 [SY:J,I + 8Y;,1 } Yz',n ]
Y;,z = y’[ Xt Y1,2 ]

Yoo o[,y
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Y2,2 = y ( xn+2’ Yz,z ]

Y = y+E[Y’+4Y’+Y’}
1,2 2,2

2,3 n 3 0.2
The computation is completed by setting

y =Y and Yoo = Y

n+l 1,2 2,3 °

This procedure has five function evaluations for two-step block. However, in
order to apply the algorithm at the next block to obtain Yosy Y., the only
starting value is Y . and the loss of accuracy in Y. does not affect

subsequent points and the algorithm remains of order four.

The corresponding formulas for parallel two-point block scheme are

Yotro = Y, trhy’ | r=1,2
p— h ’ ’ 7

yﬂ+1>5+1 - yn + 12 [ 5yn + 8yn+l,s B yn+2,s ] (3113)
— h ’ y ,

yn+2,s+l - yn + 3 [ yn + 4yn+l,s + yn+2,s ]

where s = 0,1,2,(3) as mentioned in [45].
The first formula is Euler’s method which has order ome, and the local

truncation errors are
h? (2) 2 (2 _ —
Y, (énH) and 2h y. (§u+2) forr =1 andr = 2

respectively.
The local truncation errors for the second and third formulas of
(3.11.3) are
-h?

Ty
24 °m

)

n+2

5
) and By
90

n+1i

respectively.
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To apply the above scheme, we need to compute y;ﬂ_s ;1 = 0,1,2. So
the scheme might be written as follows:
1) Compute y;

2)  Processor r computes Yi4ro Using Euler's method r = 1,2,

,0

3)  Send the value of ynﬂ’0 to all processors. 3.11.4)
Set s = 0.

4)  Processor r computes yl: i S 1,2

5)  Send y; v © all processors.

6) Processor r computes ynﬂ’s, r = 1,2

Set s = s + 1,
7)  Go to 4.
In this case, y,,, and Y,,, arc obtained simultaneously for each step.  The
number of function evaluations is reduced from five in (3.11.2) when s = 2, to
three or four in the parallel algorithm (3.11.4) when s = 0 or s = 1
respectively. Note the iteration may be stopped at s = 1 in (3.11.2) and
s = 2 in (3.11.3).

An algorithm for the four-point case is represented by the sequence, as
in [45],
y =y + rh y;, r=1,2,3,4, 3.11.5)

n+r,0 o

_ h ’ ’ ’ ! ’
=Y, *t [251yn + 646yn+1,s ) 264yn+2,s + 106yn+3,s - By ]

yn+l,s+l o 720 n+4,s

— h ’ ’ 4 4 - ’
yn+2,s+l - yn + % [ 29yu + 124yn+l,s + 24yn +2,s yn+3,s yn+4,s]’
_ 3h ’ , ’ ’ - ’
yu+3,s+—l - yn + 30 [ 9yn + 34yn+l,s + 24yn+2,s + 14yn-‘l>3,s yn+4,s ] ?
- 2h ’ ’ ’ ’ ’
yn+4,s+l - yn + 45 [ 7yn + 32yn +1,s + 12yn+2,s + 32yn+3,s * 7yn+4,s ]
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where s = 0,1.2.3.4 or S.

In this case. y

y and y are obtained simultaneously for
n+4

> Y

n+t’ n+2 n+3

each step. The first formula of (3.11.5) is Euler’s method which is of order
one as mentioned before. The second, third and fourth formulas of (3.11.5)
are of order 5, and the fifth is of order 6. The local truncation errors

corresponding to these formulas are

T60 " © 90 ° : Teo~ » and gzz s
respectively.

To apply the method (3.11.5), it might be use the sequence in (3.11.4),
where r = 1,2,3 4.

In [45], it is noted that the process of increasing the number of block
points k or of changing the stepsize is straightforward and may be
implemented in a manner similar to the sequential approach. In practice,
however, k would not exceed 16. The speedup ratio when k varies between 2
and 10 might vary between 1.7 and 5.9.

3.11.2 Predictor-Corrector Block Methods

Block schemes are readily adaptable to a predictor-corrector mode. The
following algorithm, mentioned in [11], [45] is an example which is suitable
for parallel computers with k = 2,

The predictor equations are

S ] e[, e, 13£, | (3.1L6)

o
|
-

= sl ) e, me, 4 e )
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The corrector equations are

c _ c h ‘

Ve = Vot (56 s, - ) G.117)
c — c h

yu+2 - yn * 5 [ffl + 4f§+l + fi+2 ]

For both equations (3.11.6) and (3.11.7) the values of y,, and Y,,, are
obtained simultaneously. The predictor equations (3.11.6) are dependent on
values taken from the previous block (n,n-1,n-2).  The corrector equations
(3.11.7) need a single value from the previous block (n) and predicted values
of current block (n+1,n+2). Both equations within each part are independent
of each other. They can easily be mapped onto two processors, the processors
must exchange information twice per block. Once after predictor equations
and function evaluations are completed and once after the corrector equations
and function evaluations are completed.

The solution of each block provides two values with the function
evaluations, and y variable calculation for two performed in parallel. If we
use more than two processors, then it is possible to increase the number of
steps per block and change the block size such that each processor is
allocated to one or more points per block. We presume this idea later; but

aim to produce families of methods which may use very large k.

3.12 Multi-Block Methods

A multi-block method is one in which several blocks of points are

considered simultaneously.  Methods of this type are considered in [29], and
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are described as k-block. r-points method. Time is divided into a series of
blocks with each block containing r steps at which solutions to differential
systems are to be found. The computation proceeds in blocks and is based on
the computed values at the earlier k blocks.

Let X, = x + kh and Y, Tepresents a numerical approximation to the
exact solution y(xk) and fk = f(xk,yk). Denote the block number by m=0,1,2...

and r the block size. Let Ym and Fm be vectors defined by

— T
Y, = [yn’ yn+l"“ ’yn+r—1 J

m

F=[f,f e f }T
m n n+l n+r-1
then the general k-block, r-point method is a matrix finite difference

equation of the form

k k
Y =X AY +hX BF (3.12.1)

n-
1 i=0 ! !

where the A’s and B's are chosen to satisfy basic accuracy and the
zero-stability. Note that when r=1, then (3.12.1) is just the classical
k-step method, and we say the method is explicit if Bo= 0; otherwise it is
implicit. ~ The analogies of predictor-corrector modes for multi-block methods

are given in [29]. Then the p(EC)'E mode, for example, is given by

Kk k
P. Y? =2 A'Y +h X B FO ,
m =1 i m-i i=1 1 m-1
E: F® = f(x (S)) f(x (S)) T,
’ m n’yn R n+r-1’ yu+r-l ’
k k )
C:YS™ = 2 A YO +h I BFY 4 hBFY for s=0,... , tl,
m i m- i m-i

i i=1
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E: FY = [f(xn,y;”) e £OE Ly ) ]T ’

n+r-
where the mark "*” denotes to the predicted values.

It is noted that for economical purposes, one should use a corrector in
which each component has equal or one order higher accuracy than the
predictor.  Here the local truncation error of PECE mode is equal to the
order of the corrector. The machine used was the Hep, which was described in
chapter 1. The Hep supported an enhanced version of Fortran 77 which allows
for parallel execution of multiple task within a single program. These
extensions are implemented in Hep-Fortran, but are commonly used through
higher level monitors (macros) in Argone. The macros allow for multiple task
schedulling and other associated concepts useful in multiprocessing.  Various
tasks to be done on the Hep are referred to as "processes” .

In [29], the macros “getsub” and “barrier” schedule the execution of the
processes, and provide the necessary synchronization between these processes.

Consider the case when k = 2 and r = 2, where the predictor predicts at
X and X ., and the corrector corrects at X and X ..+ The PECE at X is
handled by one process while PECE at X . is handled by a second process.
The main program represents a third process. The location of PECE at X or
X ., o a process is handled by the “getsub” macro. Since the corrector step
requires the function evaluation from the predictor step, the “barrier” macro
is used to synchronize the process after PE has been completed by both

processes. The “barrier” is again used to synchronize processes after CE has

been completed. This is represented as follows:
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Process-1 Process-2 Process-3

(Maip prog.) (PECE(xn)) (PECE(X0+1))
r%C>reatse PECE(xn) "getsub” "getsub”

Create PECE(x__ ) PE _ PE :

| "ba{rler #1" "bamcr # 1

"barxiier # 2" CE CE

X ., =X + 2h "barrier # 2" "barrier # 2"
——> STOP RETURN RETURN

In the above, process-2 and 3 may be viewed as subroutines running
simultaneously with the main program, process-1. The “create” statements are
equivalent to the FORTRAN “call” statement except the execution continues
after the statement is encountered. This provides the concurrent execution
of the process. The “getsub” is contained in subroutine PECE and assigns the
X or x  step. The “barrier” statements cause the processes to "wait”
until all other processes in that category have completed their work before
continuing. The "RETURN” statements cause both processes 2 and 3 to “die”
off and the main program to prepare for another block of two steps. The
problem tested on the HEP was

y' = -2y ,y0) = 1.
Theoretically, with three processes, there is an expected speedup of 66%, but

actually omly two processes are heavily loaded, hence the speedup is closer

to 50%.
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In [29]. it is mentioned that since the algorithm is highly vectorizable,
it is desirable to experiment with a multiprocessor computer which has vector
instructions. such as the Cray X-Mp, which is an improved version of the

Cray-1.

3.13 Multiplexing and Interpolation

A class of methods for parallelizing integration methods for initial
value problems are considered in [30].

The problem considered is to integrate

y' = f(xyy) ., x ¢ [a,b] (3.13.1)

y@ =y
The idea is to divide [a,b] into N equal subintervals [xH,xi], X = a,
x =b, i = 1.2,..., N. Then make a prediction yio’ of the solution y(x),

n

i = 1,2,..., N. After that at each X, Mi of values yij_, j = 1,2,...,Mi are
chosen. For each i, the y, are in the vicinity of y§°). Now with some fixed
numerical method M, all of the following initial value problems are to be
solved simultaneously

y' = fxy) . y@ =y ; x ¢ [ax] (3.13.2)

y' = f(x,y) , y(xi) =Y, , X & [xi,xiﬂ] (3.13.3)

i = 12,., Mi; 1= 12,.., N-1.
In the time it takes to apply the method M to (3.13.2) we solve all of the
problem (3.13.2) and (3.13.3), Suppose Y(x,yij) is the result of solving

(3.13.3), where Y(x,yij) = yij for each i and j. The approximations u to
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y(xi), i =1,.., N are computed as follows:
u is taken to be the value at X calculated by applying the method M to

(3.13.2), u_is obtained by interpolating the function Y(xz,y) of yaty = u

1

using the pairs (ylj, Y(xz,y“)), ] =1.2,..., Ml.

Similarly u is obtained by interpolating Y(xi,y) at y = u_ using the pairs

i-1

O, Y (x, yi_l,j)) ;) =12,...,M ,i=3,.. N.

In [30], it is mentioned that the result will bhave been computed in one
N" the time required for the serial integration from X to x  using the
method M, together with the time required for the initial predictions y?, for
the interpolation, and for some additional bookkeeping due to the parallelism
of the method. Also it is noted in [30], the methods unfortunately are
inefficient in the sense that, for equal accuracy, they involve more work.
As we known these methods were produced in 1964, and Nievergelt suggested
that if he had powerful computer at that time, he will compute the result

faster.

3.14 One-Parameter Method

A one-parameter method is mentioned in [8], for the parallel high-speed
low-precision integration of a system of S ordinary differential equations.
Given a fixed step size h, the integration parameter is evaluated a new at
each iteration so to provide an optimal method which gives the minimum of the
maximum error on S simultaneous equations and allows a complete integration

step in no more than h units of time.
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Consider the initial value problem for a first order system

YOSy Ly ) =y (3.14.1)

where y =y e y )

Then consider

y' =Ay CoY(x) =y (3.14.2)

where A is the Jacobian of f at a particular point, and it is s x s real
matrix. where the Jacobian of f is J = df/dy . The one-step method of order

one is often referred to as the "#-method” and is given by
Voo TV B[00y 0y ]
which is A-stable if and only if § < % [24].  Furthermore, the method is
implicit for every non-unitary value of .
To minimize the maximum error over S equations, applying the @-method to

the equations (3.14.1) and (3.14.2) yields after one step of integration

y,, = [‘—”J"“"‘J y, (3.14.3)

1+
1-i-@ha

where « represents one of the distinct eigen values of A. Equation (3.14.3)
represents just one of uncoupled approximate ODE solutions. Since the actual

solution at x, * his given by

b
u = u e (3.14.9)
then € be chosen to minimize the maximum value of the error
h 1+6hc
et . Y

1o 1-O)ha
The algorithm for a system S of equations consists of three tasks, first task
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concerns with (3.14.4) in order to evaluate the error given by the method,
estimating the actual solution which is required for every equation.
Secondly, evaluate the value 6 which minimizes (3.14.4).  Thirdly, compute
the approximate solution by"using (3.14.3) and the value of 6 computed by the
previous task.

The particular problem solved was a system of 6 equations with the

matrix A of (3.14.2) given by

sl0 0 0 o0 o o
o 8 0 0 0 o0
o 0 5 0 0 0
A =
o 0 0 3 0 o0
o 0 0 0 -1 0
0O 0 0 0 0 -01

with a steplength of 0.01 seconds.

The algorithm was run on the transputer which was described in chapter 1.
The programming language was Occam.

The optimization method first is running on a single processor which
requires 1.43 seconds to carry out 100 iterations. The maximally implicit
and "¢ = 0.122" methods require 63.4 milliseconds.

The first task takes an average of 7.6% of the total time. The second
task requires an average of 87% of the total time, the third task takes about

5.4% of the time which is spent calculating the approximate solution. So the
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method spends much of its time choosing how to carry out the next step.

It is mentioned in [8], that two modifications will add a little
overhead but are certainly worthwhile to reduce the total time of
computation.  During the first phase of the integration, check on the size of
the error curves; and not all searches are required to find the optimum value
of #, but each eigen value should appear at least once in the different pairs
investigated.  Secondly, we need to check the magnitude of 6 to make a
decision on when to switch from the optimization method to the maximally

implicit method. More details can be found in [8].
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CHAPTER 4

The Solution of Sets of Simultaneous Linear
Equations on Parallel Processors

4.1 Introduction

In this chapter we shall describe the parallel implementation in Ada
multi-tasking of a linear equations solver on the Sequent Balance.

Consider the problem of solving a set of linear equations

Ax =y “4.1.1)

where A is a square and dense matrix of size n, Xx and y are nxl column
vectors.  Throughout this chapter, we give two algorithms to solve (4.1.1).
The first algorithm uses Gauss elimination followed by back substitution with
individual rows treated via parallel tasks. The second solves a block system
of equations using block LU-decomposition followed by forward and backward
substitution.  In this algorithm the treatment of different blocks is carried
out in parallel as far as possible; the individual blocks are processed
serially, and the block size determines the granularity of the parallelism.

We also present the predicted and actual costs for these algorithms
noting that the communication cost is associated with the computation in
evaluating the predicted cost.

Finally, we give the speedups and the corresponding efficiencies.
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4.2 Elimination Method: A Parallel Row Oriented Algorithm

Consider the system (4.1.1) where
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A of order nxn, x and y of order nxl.

For convenience of computatioﬁ we perform the operations on the
augmented matrix nx(n+1) by attaching the column y to the matrix A, so that y
is the (n+1)st column of the system.

Consider the sequential algorithm for forward elimination

For i in 1..n-1 loop
For j in i+1..n loop
a;: = aji/aii;
For k in i+1..n+1 loop
A = ajk—aji*aik;
End loop;
End loop;
End loop;

4.2.1 Row Oriented Algorithm

We can rewrite this algorithm using parallel multi-tasking to handle

single rows in parallel, as follows:
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Task required:
1)  Task type forward elimination:
Accept pivot-row(i), elimination-row(j), i;
Compute the multiplier
For j>ik>1 do
a)_k <— ajk-aﬁ* a;
Return row(j).
2)  Main procedure:
For i in 1..n-1 loop
For j in i+1..n loop
send row(i), row(j), i to forward elimination task ]
End loop;
For j in i+1..n loop
collect modified row(j);

End loop;
End loop;

The parallelism involved here is very straightforward, but we note that

the number of tasks is determined wholly by n, and no control over the

granularity is available.

4.2.2 Backward Substitution

Solve Ux = a . 1=1, 2,..., n; where U is upper triangular system.
— i,n
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- _
a a " X W (
11 12 13 In 1 Lo+l
0 a a a X
22 23 2n 2 2,n+1
0 0 a X =
33 3n 3 3,n+1
0 0 0 a J X
L n,n | o J n,n+!}
We have
X = a
n n,n+1 n,n
X = a / a - la / a X
n-1 n-1,n+1 n-1,n-1 n-1,n n-1,n-1 n
X = g - /a -
n-2 n-2,n+1 n-2,n-2 n-2,n n-2,n-2| n n-2,n-1 n-2,n-2] n-1

The procedure then takes the following form:

parallel

serial

parallel

For i in reverse 1...n loop
XA / 4

End loop;

For j in reverse 2...n loop
For 1 in reverse 1...j-1 loop
X:= X - (ai’j / ai,i) X;

End loop;

End loop;

Now, we present the tasks required to compute x:

Task type backward substitution:

Accept row 1i,i,
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Calculate X:1= a / a ;

Lo+l i
Collect the result;
Serial-loop j:
Accept xj;
Calculate X;
Collect the result;
The main procedure is
For i in reverse 1...n loop

Send row(i),i to backward substitution task i;

Collect X ;
End loop;
serial For j in reverse 2...n loop

parallel For i in reverse 1...j-1 loop
Send xj to backward subst task i;
End loop;

parallel For i in reverse 1...j-1 loop
Collect X
End loop;
End loop;
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4.3 The Predicted Cost of Row Elimination Method

1) Forward Elimination:
Consider the matrix

a a a ]
[ 11 12 a13 alu l,n+1
a a a oo a a
A = 21 22 23 2n 2,n+1
a a a
nl n2 n3 ann n,n+l J

using serial machine to triangulate A requires (n-1) stages with cost
approximately n’/3 multiplications and additions.

We shall now describe forward elimination using the parallel
algorithm. Let the matrix A as before contain n rows, and assume there is a
task for each row at each stage (but not necessarily a processor for each
task).

The algorithm is as follows:

Send pivot_row(i), elimination_row(j),i;
Calculate the multiplier aji/aii;
which needs to be computed once only per row.
For j>ik>i do
a, <— a, - a * a
Update the row(j).
We shall give the predicted time of the above algorithm in terms of

arithmetic operations count, communication cost and data sending. We have

one rendezvous to send the data and one rendezvous to receive the update, and
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3(n+1) data items are sent, so we have 2(n-1) rendezvous at each stage 1,
n- [
altogether X 2(n-i) equal to n(n-1) rendezvous. A total of 3(n+1)n(n-1)/2

i=1

data items are sent which is approximately 3n’/2 if the whole row is sent
n-1 ’
each time. The total number of arithmetic operations is X (n-i) = n’*/2.

i=1

If we assume that the number of processors p < n, then the total
number of arithmetic operations should be multiplied by n/p.  Therefore, the
number of arithmetic operations is n3/2p. Assume the time to set up one
rendezvous is r, the time to send one item is s and the time to do one
multiplication or addition is m, then the predicted time of forward

elimination is approximately

[n3/2pJ m + [n(n - 1)] r o+ [3113/2] 5 . 4.3.1)

A test program was written to measure these quantities.  The estimate

of m is 0.25 millisec, r = 2 millisec and s = 0.02 millisec (see appendix D,
E, G).

2. Backward Substitution

We shall now evaluate the predicted cost of backward substitution.
The algorithm is as follows:
Send row(i),i

Calculate Xi= a

/a__ (Here x is computed)
i,n+1 i,i n

Collect X, i =1,.., n.

For j in n to 2 do
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Send x (communicate x into each remaining tasks so as to modify the
J J
right hand side).
0 t =X - .
Compute X, i (aij/aii) X.

Update the result.

In the first part there are two rendezvous, one to send the data and
one to receive the result, altogether 2n rendezvous. For the second part, we
have one rendezvous to send X, to n-i tasks and one to receive the result.
Altogether n(n-1) rendezvous. Then the total rendezvous is n(n+1). For the
first part we have n+2 data items which are sent and 2 data items which are
sent for the second part. Altogether n(2n+1) data items are sent.

Finally, the arithmetic operations for the first part is n/p, and for
the second part is n(n-1)/p. In case that the number of processors p<n, then
the arithmetic operations is approximately nz/p.

Thus, the predicted time for backward substitution is

[0*/plm + [n(@+D]r + [n2n+1)]s. (4.3.2)

4.4 Test Problem

The following test problem [20] solves the system A x = y, where the

coefficients of the matrix A are given by
a. . = 10, i =1,...,n,
J
a_ =10, i = 2,...,n,

11

L =float()) , i = 2,..., n,
1

a =1.0,1i=2,.., n-1.

aj
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The right hand side is given by

a =float (2i) , i = 2,..., n-1
a =float (n(n+1)/2) ,
a =float ( (n+2)(n-1)/2 + n).

The solution is XT = (1,2,3,...,n).

4.5 The Computation Results

We now present the computation results of the system which were
mentioned in (4.4). Table 4.1 shows the actual and predicted costs (with
s = 0) for the parallel row elimination, where the predicted costs are found
using (4.3.1) and (4.3.2). Denote that the actual and predicted costs by
t(A) and t(P) respectively. The program was run for p = 1,23,..., 7 for

each value of n.
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Table 4.5.1

[ P\“j 60 80 120 140 160  t(A)or (P) |
|1 554 1154 3555 585.6  880.9 HA)
423 912 2272 4263 6208 «(P)
2380 757 2155 332.6 496.5 t(A)
283 584 1674 2523 3616 «P)
3336 644 1744 2645 388.6 t(A)
23.7 475 130.8 1943 2752 1(P)
4323 613 1582 238.8 3463 t(A)
213 420 1125 1653 2320 «(P)
5 1337 605 I51.8 2284 3279 t(A)
200 387 1015 148.0 206.1 '(P)
6 | 347 611 1532 2271 3265 t(A)
190 365 942 1363 188.8 t(P)
7 1352 638 1567 2323 3329 t(A)
183 350 89.0 128.1 176.5 '(P)

where the time is measured in seconds.

The above table illustrates the comparison of the actual and predicted
times. We notice that the differences between them, which might be expected
when the times of the data transfer are neglected in the predicted cost, are
high.  We also observe that for fixed n the actual time decreases to four
processors when n is small, then increases slightly when p > 4. But if n is
large, the actual time decreases to six processors.

If we take account of the quantity of data sending, then the above
predicted time will be increased. So from figure 4.6.3, where n = 120 we

compute s as follows:
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[3 0’2 + nQn + 1) ] %5 = 52.4 seconds (4.5.1)
Note that the quantity in the left-hand side is the whole data sending in
both forward elimination and back substitution. Then (4.5.1) becomes
[ 3 (120072 + (120)(241) J * s = 52.4 seconds
gives
s = 0.02 milliseconds.
This is an evidence to ensure that the experimental test on estimating the
time of sending single item is correct.
Taking data transfer into account using this figure, the predicted

times are shown by the table below.

Table 4.5.2
p " 60 80 120 140 160
1 489 1068  329.6  509.4  744.7

34.9 74.0 219.8 335.4 485.5
30.3 63.1 183.2 277.4 399.1

26.6 54.3 153.9 231.1 330.0
25.6 52.1 146.6 219.4 312.7
24.9 50.6 141.4 211.2 300.4

2

3

4 27.9 57.6 164.9 248.4 355.9
5

6

7

L

From the above table, we observe that the predicted times are improved and

the differences between the predicted times in table 4.5.2 and the actual
times in 4.5.1 are slightly better than the diferences between the predicted

and the actual times in table 4.5.1. However, there is a significant change
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in the predicted times when we add the time of the data sending to the
computation cost.

The following table shows the predicted times as a percentage which are
required for the computation, rendezvous and data sending for n = 60, 120 and

160 and p = 1,2 and 5.

Table 4.5.3
n Number of Computation Rendezvous Data Sending
Processors Time Time Time
60 1 571 % 294 % 13.5 %
2 39.8 % 41.3 % 18.9 %
5 209 % 542 % 24.8 %
120 1 66.6 % 17.5 % 159 %
2 499 % 262 % 23.8 %
5 285 % 37.4 % 34.0 %
160 1 69.6 % 13.8 % 16.6 %
2 534 % 21.1 % 25.5 %
S 314 % 31.0 % 37.5 %

From the above table, we notice that the computation requires much more time
‘when p = 1, but the time decreases by increasing the number of Processors.
However, the communication times which consist of the rendezvous and data
sending times, will have more influence when the number of processors is more

than one.

4.6 Speed Up and Efficiencies

Table 4.6.1 shows the actual and predicted speedups and efficiencies for
the values of n equal to 60, 80, 120, 140 and 160. The predicted time are

those which are obtained from table 4.5.2.

130



Table 4.6.1

Actual or
1 2 3 4 5 6 7 Predicted

F p

n
60 1.0 146 165 175 164 160 1.57 S(A)

1.0 0.73 055 043 033 0.27 022 E(A)

1.0 140 161 175 1.84 191 1.96 S(P)

1.0 070 054 044 037 032 028 E(P)
80 1.0 152 1.79 1.88 191 1.8 1.81 S(A)
1.0 076 059 0.47 0.38 0.31 0.25 E(A)

1.0 144 169 1.8 197 205 2.11 S(P)
1.0 072 056 0.46 0.39 0.34 0.30 E(P)
120 1.0 1.65 2.04 225 234 232 227 S(A)
1.0 082 0.68 0.56 047 039 0.32 E(A)
1.0 1.50 1.80 2.00 214 225 2.33 S(P)
1.0 075 0.60 0.50 043 0.37 0.33 EP)
140 1.0 176 221 245 256 258 2.52 S(A)
1.0 0.88 0.74 0.61 051 043 0.36 E(A)
1.0 1.52 1.84 205 220 2.32 241 S(P)
1.0 0.76 0.61 0.51 044 0.39 0.34 E(P)
160 1.0 1.77 227 254 269 270 265 S(A)
1.0 0.8 076 0.63 054 0.45 0.38 E(A)
1.0 1.60 1.87 2.09 226 2.38 2.48 S(P)

1.0 080 0.62 052 045 0.40 0.35 E(P)

We notice that the actual speedup increased by increasing the
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calculation performed on each processor. In the case when n = 120, p varies
between 2 and S5, the actual speedup increases from 1.65 to 2.32 and the
corresponding efficiency decreases from 0.82 to 0.47 which is around the
predicted value. Also we observe that the time spent on communication is not
very cheap compared to the computation time and will affect the speedup.
Figures 4.6.1 to 4.6.5 show the actual and predicted times plot for the
number of processors p.
The following notation is used in the figures.
t(A): The actual time.
t(P):  The predicted time in terms of arithmetic operations and the
time of the rendezvous.
t’(P): The predicted time in terms of arithmetic operation, the time of
the rendezvous and the time of data distribution.
Figure 4.6.6 shows the behaviour of the actual time as n increases for fixed

P.
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4.7 Solving Block System of Equations by Block LU Decomposition
followed by Forward and Backward Substitution

Alternatively, we consider an algorithm based on sectioning the matrix
into blocks.

Consider the system in (4.1.1) where A of order n*n and X, Y are column
vectors n*1. Partition A into q° of blocks order wxw each.

Also partition the vectors X, Y into q blocks of order wxl, where q=n/w.
In Ada, the matrix A may be stored in block_row (1..q9) of blocks. Y stored

in block_vector (1..q) of vectors.

4.7.1 LU Decomposition

Consider the sequential algorithm for block LU_decomposition without
pivoting:-
For 1 in 1..g-1 loop
Transpose (Aﬁ,pivot); - store transpose of Aii in pivot
variable
Triangulate (pivot);
For j in i+1..q loop
Transpose (Aji, Elim); - store transpose of Aji in Elim
variable
Solve (pivot, Elim, Mult);
Ai:= Mult;

J
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For k in i+1..q loop
Ajk:= Ajk - Mult * Au;;
End loop;
End loop;
End loop;
As mentioned earlier, the individual blocks are processed serially. So,
we need the following procedures:
1. Procedure to transpose a block A;
2 Procedure to triangulate a block A;
3. Procedure to multiply two blocks;
4 Procedure to subtract two blocks;
5 Procedure to solve B A = C where A and C are given. Where the block B
denotes to the multiplier block.
We shall describe the computational scheme for evaluating the matrix B
as follows:
First, transpose both sides of B A = C, we get
AT BT = (T
Let AT = pivot and C" = Elim. Second, factoring the pivot into L, lower
triangular matrix and U, upper triangular matrix, that is pivot = LU.
The process involves writing the system AT ]éT = ClasLUB' = C. So,
we solve
LC=C ad UB" =C.

To solve the system L C = C, we have

137



w2 w3

ch

C
22

23

1 0 0. 0 ] 0 Sy € ] (c“ n Ca
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a 1 i = |
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e a, A, 1 ey e | |
where w is the size of these blocks.
From the above scheme, we have
For i in 2..w loop
For j in 1..w loop
Sum = 0.0;
For k in 1..i-1 loop
Sum = sum + a *
End loop;
C,i= ¢, - sum;
End loop;
End loop;
Now solve U BT = C
(a“ A, 13 77 alw" rbu b21 bwl {Cu
0 A A 3w bu bzz bwz a1
0 45 b13 b23 Y
0 : i ‘
_0 0 0 0y | | bw By bwwJ <,

which gives,
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For i in 1..w loop

End loop;
For i in reverse 1..w-1 loop
For j in 1..w loop
sum:= 0.0;
For K in reverse i+1..w loop
sum: = sum -+ a * bj,k ;
End loop;
End loop;
bji:= (cij - sum)/aii ;

End loop;
Then we use the results in eliminating blocks in the other columns.

To get new blocks, we use
Ajk <— Ajk - Mult * Ajk , 1= 1,.,q-1,
j =1+ 1,.,q and
k =i+ 1,..., q.
Assume that q processors are available, then the update blocks in each block
row can be carried in parallel, on this basis, we need a task type to compute
the new blocks as follows:
1)  Task type (elim block:= elim block - Mult x pivot block):
Accept A,P,B: in blocks;
Compute A:= A - P * B;

Return A;
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The major task type for LU-decomposition is
2)  Task type (LU-decomposition);

Serial loop

Accept row (i), row(j), i ;

Call procedure to transpose Aﬁ;

Call procedure to triangulate A

’

Call procedure to transpose A,i
j
T,

it’

Call the above task (1) to update the blocks;

Solve AiTi * Mult®:= A

Collect the results;
Return row(j);

The main procedure is
For 1 in 1...q-1 loop
For jin i + 1...q loop
Send row(i), row(j), i to LU-decomposition task iE
End loop;
For jin i + 1...q loop
Collect the updated row(j);
End loop
End loop;

4.7.2 Forward and Backward Substitution

1)  Forward Substitution:

Solve LZ:= Y;
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We have

Z:=
1
= - *
Zz. Y2 A21 Z1

Z:=Y -A *7Z - A x2Z
t 32 2

Z:=Y -A *Z - A
1 q

X Z -..-A * Z
q q ql 2

2 qq-1 q-!1

Then we can write
Parallel  For i in 1..q loop
Zi:= Yi;
End loop;
Serial For i in 1..g-1 loop
Parallel  For j in i+1..q loop
Zj:= Zj - Aji * Zi;
End loop;
End loop;
In this case, we need the following procedures:

1) Procedure to multiply block by block vector,

2)  Procedure to subtract two block vectors.
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To compute Z using ZJ_ = Zj - A'i * Zi, 1 = 1,., g-1; j = i+l,...,q, we
j

assume that q processors are available, then Z can be calculated in parallel

using the following task type:

1)  Task type (Vector:=Vector - Matrix * Vector),
Accept X,Y: in vector; A: in matrix;
Compute X:= X-A*Y;

Return X;
The forward substitution task type is given by
2)  Task type (Forward Substitution):
1. Evaluate the first column of intermediate vector;
Accept Yi; Return Zi;
2. Update the vector Z;
Serial_loop
Accept Zj,Zi,Aﬁ;
Call task(1);
Collect the result;
Return vector Zj;
Then the main procedure takes the following form:
Parallel  For i in 1..q loop
Send Yi; Collect Zi;
End loop;
Serial For i in 1..q-1 loop
Parallel For j in i+1..q loop
Send Zj’Zi’Aji to forward subst task j;

End loop;
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Parallel  For j in i+1..q loop
Collect updated ZJ,;
End loop;
End loop;

2)  Backward Substitution

Finally, we solve the system U X = Z for X. Consider,

WA A A [ X z |
0 A A X Z
22 23 2q 2 2

(e»]

(]
&>
e
W

1
N

...........

...........

0 0 0 A X Z
L qu L 4 | L . |
We have
A *¥X = Z
aq q q
* =7Z -A * X
q-1q-1 q-i q-1 q-1q q
* X =7Z -A *X -.,.-A xX.
11 1 1 1q q 12 2

Then we can write:
Triangulate A ;
qq
Solve forward & backward Substitution for Xq;

Serial For i in reverse 2..q loop
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Parallel For j in reverse 1..i-1 loop
Z,-= Zj - Aji * X
End loop;
Triangulate Ai_“_l ;
Solve Forward & Backward substitution for XH;
End loop;
We may summarize the above procedure as follows:
1)  Compute Xq
2)  The expression Zj = Zj - Aji * Xi, for i =q, j = i-1,..., 1 can be
calculated in parallel.
3) Compute Xq_l, then compute Zj = Zj - Aji * Xi for i = g-1, j = i-1,...,1.
4)  This procedure continues and in general ....
The calculation of Xl completes the calculation of the vector X. Now, we
shall give the task required for backward substitution.
1)  Task type (Vector=Vector - Matrix * Vector):
As mentioned in forward substitution.
2)  Task backward substitution
Accept block_vector Z;
Triangulate Aqq;
Solve forward & backward substitution for Xq;
Serial_loop i:
Call task (1);

Collect the result;

Triangulate Ai_l, ;

i-1’
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Solve forward & backward substitution for Xi_l;
End loop;
Return block_vector X;
The main procedure is:
Send block_vector Z to backward substitution task;

Collect the solution X;

4.8 The Predicted Cost of Block System

1)  LU_decomposition:

Consider the matrix A of order nxn and partition into q2 blocks as

follows:
| A A
11 12 13 1q
A A A
A = 21 22 23 2q
A. . A . A ..... A
L Tal e T Q|

which contains q block_rows, and each block_row contains q blocks of order
wxw, where w = na/q.
The Algorithm to triangulate the matrix A is as follows:
Serial loop
Send block_row(i), block_row(j),i;
Transpose (A_,pivot);
Triangulate(pivot);
Transposc(Aji,Elim);

Calculate the multiplier Aji;
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Call task to compute;

Ajk <— Ajk - Aji * Aik;
Collect the result;
Collect the update block_row(j);
End loop;

As before, we shall give the predicted time of the above algorithm in
terms of arithmetic operations count, communication cost and data sending.
Here we have one rendezvous to send the data and one rendezvous to receive
the update. So we have 2(g-i) rendezvous at each stage i. And 3q2(q-1)W2/2
data items are sent. On the other hand, there is one rendezvous to send

three blocks and one rendezvous to receive the update block. So we have

q-1
Z  2(gi)’ equal to q(q-1)(2q-1)/3 rendezvous and 2q(q-1)(2q-1)w?*/3  data

i=1

items are sent.
Table 4.8.1 describes the number of multiplication and addition, and the
number of steps which are required for each operation; it is assumed

that there are at least q processors available.

Table 4.8.1

Operations No. of Multiplications No. of Steps
and Additions

Transpose A_ - (q-1)

Transpose Aji - (g-1)

Triangulate A w/3 (g-1)

Compute the multiplier 2w’ q-1)
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Compute:
3
Ajk <— AJ_k -M * A 2w q(q-1)/2
If the number of processors P < q, then the npredicted time for

LU_Decomposition is approximately

[29(q-D(q+ D] 1/3 + [q(g-1)(17q-4)w*] 5/6 + [(q-D(3q+7)w’q] m/3p 4.8.1)
where r is the time to set up one rendezvous, s the time to send one item and

m the time to do one multiplication or addition.

2) Forward Substitution
The first part of the algorithm is:
Send the right hand side Yi; Return Zi
The second part is:
Serial_loop
Call a task to compute:
Zj _— Z,- - Aji * Zi;
Collect the result;
Update the vector ZJ ;

In the first part we have one rendezvous to send the right hand side and
one to collect the result, and two data items are sent each time. This gives
qr + 2qws.

On the other hand, there is one rendezvous to send Zj,Zi,Aji and one to
receive Zj, and four data items are sent, three of them are vectors of order

w * 1, and ome block of order w * w. The same quantity required for the
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calling task. This gives [2q(q-D]r + [q(g-1)(B+wW)W]s.
Finally the algorithm requires (g-1) steps to update the vector Z. Then
the predicted time for forward substitution is approximately

[a2q-D]r + [qw(3q-1) + (¢-DW’]s + [q(g-1)w'Im/p. (4.8.2)

3) Backward Substitution
The algorithm is as follows:
Send the right hand side block_vector Z;
Triangulate Aqq;
Compute Xq;
Serial_loop
Call task to compute:
zZ —> Zj -A *X;

J Jl 1
Collect the result.

b

Triangulate A it
i-1i-

Compute Xi—l ;
Receive the solution X.

Here we have one rendezvous to send Z and one rendezvous to collect X, and
2q data items are sent. This gives 2r + (2qw)s.  Also we have q(q-1)
rendezvous, and four data items are sent. So the total cost is
[a@-Dlr  + [q(g-1)(3+w)w]s/2.

The number of multiplications and additions together with number of steps

are shown in the following table 4.8.2:
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Table 4.8.2

Operations No. of Multiples No. of Steps
and Additions

Triangulate Aqq w/3 1

Compute Xq 2w? 1

Update Zj w? (g-1)

Triangulate Ai_u_1 w/3 (g-1)

Compute X 2w’ (q-1)

Then the total number of arithmetic operations is
W’h)q + w'(3q-1)
The predicted time for backward substitution is approximately

Cla@-H+2] r + [Q@+3)w/2 + 3q(g-1w*/2] s + qlqw’/3+w (3q-1)Im/p. (4.8.3)

4.9 Computational Results

In this section we present the actual and predicted time, speedup  and

efficiencies for values of n equal to 60, 80 and 100.
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Table 4.9.1;: n=60

9 p HA)  uP) S(A)  S(P)  E(A) E(P)

10 1 65.6 69.0 1.0 1.0 1.0 1.0
37.5 36.4 1.75 1.89 0.88 0.95
28.8 25.5 2.28 2.71 0.76 0.90

2

3

4 25.0 20.1 2.62 3.43 0.66 0.85
5 23.3 16.4 2.82 4.21 0.56 0.84
6 22.2 14.7 2.95 4.70 0.49 0.78
7

22.1 13.1 2.97 5.30 0.42 0.75

12 1 71.9 69.6 1.0 1.0 1.0 1.0
2 40.9 37.6 1.75 1.85 0.88 0.93
3 31.3 26.9 2.29 2.59 0.77 0.87

15 1 82.9 71.7 1.0 1.0 1.0 1.0
2 47.2 40.3 1.76 1.78 0.88 0.89
3 36.0 29.8 2.30 2.41 0.77 0.80

108.4 78.7 1.0 1.0 1.0 1.0
2 61.1 47.8 1.77 1.63 0.89 0.82
3 46.6 37.5 2.33 2.09 0.78 0.69

20

[y

The above table shows the actual and predicted time, speedups and
efficiencies for n = 60, when q equal to 10, 12, 15, 20. We observe that the
actual time decreases when the number of processors increases. However, for

block LU_decomposition more than five processors used and the actual time
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When p > 1. we again observe, for fixed n and variable q of the actya] time

time.

differences increase slightly and reach the maximum value when P =7 In
this case, when n = 60, ¢ = 10 and P = 7, the difference is equal to 9.0
seconds. But the actual speedup increases from 175 to 2.97 when P = 2 and
P = 7 and the efficiency decrease from 0.88 to 0.42.
The following table illustrates the results for n = gp when q is equal
to 16 and 20.
Table 4.9.2: n=8op

P tA)

t(P) S(A) S(P) E(A) E(P)
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The attempts to enlarge the value n will affect the actual time, This is a
fortunate consequence and gives a better speedup. In this case, when q = 16
the actual speedup increases from 1.85 to 3.84 when p = 2 and 7.

The table below shows the results for n = 100 when q is equal to 20 and 25.

Table 4.9.3: n=100

9 p tA) uP) S(A)  S(P) E(A) E(P)
20

[—y

3148 3031 1.0 1.0 1.0 1.0
165.9 163.6 1.90 1.8 095  0.93
1182 1170 2.66 259 0.89  0.86
95.6 938 329 323 082 0.8l
832 798 378 379 076 0.76
76.4 705 412 430 069 0.72
726 639 434 474  0.62  0.68

~N A s W N

25 1 363.9 3139 1.0 1.0 1.0 1.0
2 192.1  176.2 1.89 1.78 0.95 0.89
3 138.7 130.2 2.62 2.41 0.87 0.80

From the above table we observe that the behaviour is similar to that of the
previous tables. Exactly the same remarks apply to table 4.9.3.
The following tables give the predicted times as a percentage of the

total time for the computation, rendezvous and data distribution.
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Table 4.9.4;: n=60

q P Computation Rendezvous Data Distribution |
Time Time Time
10 1 94.4% 2.8% 2.8%
2 89.6% 52% 5.2%
3 85.0% 7.5% 7.5%
7 70.9% 14.5% 14.5%
20 1 78.5% 16.4% 5.1%
2 64.6% 26.9% 8.4%
3 54.9% 34.4% 10.7%
7 34.2% 50.2% 15.6%
Table 4.9.5: n=100
q p Computation Rendezvous Data Distribution
Time Time Time
20 1 92.1% 4.2% 3.7%
2 85.3% 7.9% 6.8%
3 79.5% 11.0% 9.5%
7 62.4% 20.2% 17.4%
25 1 87.8% 7.8% 4.4%
2 78.2% 13.9% 7.9%
3 70.5% 18.8% 10.7%
7 50.6% 31.5% 17.9%
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Tables 4.9.4 and 4.9.5 show the predicted times for n = 60, q = 10 and
20 and for n = 100, ¢ = 20 and 25 respectively when p = 1,2,3,7.

From the above tables, we observe that the rendezvous time dominates the
computation time when q is large enough and w is small. Also the time taken
to send and collect the results goes up as more processors are used.
However, the communication cost is too large when compared to the cost for
the computation.

The following figures 4.9.1, 4.9.2 and 4.9.3 show the actual and
predicted times plot for the number of processors.

The figures 4.9.4 and 4.9.5 show the speedups and efficiencies plot for
the number of processors respectively.
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4.10 Optimum Number of Processors

The total estimated for LU decomposition is
T = (24”3 + 3¢° - 84/3 + 2)r + (174°W*6 + Tq*w/2 + qw/2 - 4qw*/3 - w*

- 2¢°wW* - 4qw’/3)s + QW - qgw’ - Tqw'/3 - 2qw’ + 4w2q2)m/p (4.10.1)
where r, s and m denote the time required to set up one rendezvous, the time
required to send one data item and the time required to do one multiplication
or addition.

As mentioned before, w = n/q, we assume that there are q processors
available, so, formula (4.10.1) becomes

T = (2p"/3 + 3p” - 8p/3 + 2)r + (170%p/6 + Top/2 + n/2 - 4n’/p - n*/p’

- 20 - 4n’/6p)s + (@’/p - 0’/p* - Tn’/3p° - 20%p? + 40*/p)m (4.10.2)

By differentiating (4.10.2) with respect to p we can find a theoretical
optimum number of processors when dT/dP = 0.
We have
@p" + 6p - Dr + (6 + Tn/2 + 4n¥p? + 20%p + 20%3p)s
+ (0’/p’ + 20°/p° + T’p* + 4n’p’ - 40%/pHm = 0
Taking the dominant terms, we get

2p’ r + 170%/6 - p’m/p® = 0 (4.10.3)
suppose we ignored the data sending time, then for large n we get

P = (113m/2r)”4

On the Sequent Balance, the ratio m/r is equal to 0.125. Then the optimum

number of processors is

3
P = 0.5n /4.
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If n = 60, we can say that the number of processors in this case is 10.

Taking account of s, then the optimum number of processrs is

p? _ -(170%) +V(17n%)* + 288n°mr

/9, 2
T, =V n%%2r? + n’m/2r

In this case the optimum number of processors 1is

1
P = [ n's?/sr? + n’m/2r ] /4 .

4.11.1 Conclusion

From the results of the computation carried out using row-oriented

algorithm and block LU-decomposition algorithm we can give the following

remarks:

1)

2)

3)

The idea which is used to implement each of them is clearly acceptable in
the case of using multiprocessors.

The speedups and the efficiencies of the calculation of row-oriented
algorithm is much less than block LU-decomposition for fixed n and fixed
number of processors. This can be shown that when n=80, the actual
speedups for row-oriented algorithm and block LU-decomposition when p=7
are 1.81 and 3.84 respectively. This shows that the speedup of block
LU-decomposition algorithm is about 2 times the speedup of row-oriented
algorithm. The corresponding efficiencies are 0.25 and 0.55.

The optimum number of processors for row-oriented algorithm is 5, this

means that the speedup for a given problem size increases to the maximum
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4)

when p=5 and then decreases. This is due to the high cost of the

communication.
Finally, the block LU-decomposition gives a better speedup which is 4.34
with the efficiency falling only to about 0.62 for a problem of size 100

using seven processors.
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CHAPTER §

Parallel Solution of Initial Value Problems
Using Second Order Block Methods

S.1 Introduction

In this chapter, we describe four new parallel algorithms using a fixed
stepsize to solve ordinary differential equations defined by

y' = 1xy), y&x) =y, Xy S X < X (5.1.1)
using one-step block methods, defined in general as
Yoreo = Y. F rh y; (5.1.2)
k
ynH’SH =y + h j=20' arj y;ﬂs, r=1,2,...k; s=0,1 (5.1.3)

where k is the block length.

We shall give three types of methods to solve (5.1.1), each of which is
second order and applicable for arbitrary block length. For each method we
compute the local truncation error and give a stability analysis. Finally,
we present the description of parallel algorithms based on these methods, the

theoretical cost and some experimental timings.

5.2 Methods 1 and 2

The requirement that the methods be second order for any block length k
complicates the search for good methods. Initially, we looked for methods
which had only very few nonzero coefficients; the aim was to produce methods
which might be very efficient to implement. We found two classes of very

simple second order methods, and we describe these first.
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The first method considered is defined as

yn+r,s+l = yn + h(ar,r-l yr;+(r-l),s+ ar,ry;+r,s) ’ r=1’2’“’k; S=O’1 (521)

2

r
wher = = = - .
e au_l 5 ar,r r(1-r/2)

The second method is defined as

Yoer et =y +h(ar0y;+ a”y;HS) , r=1,2..k; s=0,1 5.2.2)
where a  =a_ =r/2
Note that

the methods will be second order

if the coefficients of the
methods satisfy the first

and the second characteristic polynomials, which

are given as:

k k
2 a =r, X
o U _

ja. =2 ,  r=12,.k
i j=o M

(5.2.3)

5.2.1  Principal Local Truncation Error

The ™ component of local truncation error of (5.1.3) is given by

k
& TVarrsr T Yoo h,fo Y (5.2.4)

where y . =y(xn+r) denotes the exact value of the solution at X
n

£

r

r

can be expressed as a power series in h, and the remainder term of

Taylor’s series expansion used to derive €.

Therefore, the k™ component of local truncation error of (5.2.1) is
e, = (2K - 3k2)h3y£3)/12.

Then we can express ¢ as

T
[-h3yf>/12, By >3, oy, R3Oy } ,
for r=1,2,3,....k.
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The local truncation error of (5.2.2) is given by
, . T
¢ = [-hf‘yf’/lz, 20y, ony V4, Kby ]

So the local errors of the methods (5.2.1) and (5.2.2) estimated depend on

K’h’. The global errors of these methods are of order k*h’.

5.2.2. Stability Analysis

The following analysis is carried out according to the stability of a

fixed stepsize studied in [44]. Consider the general block method

K
Y =y +h 2 a y’ ,  r=12,..k; s=0,1.

n+r,s+1 n+j,s
j=0

Apply the method to the test equation y’ = 1y, we get

k
Ypur =Y, THZ a y o, =12k

n+r i=o0 n+j
where H = Ah.
Hence,
Y. =Y. + H(al_0 y +aLl Yool e + al,k A )
Yoo =Y, + H(a2’O v +a2’1 Yol P + az,k Yo )
Yoo =Y. + H(a3’0 Y, -}-::13’l Yo S U + a3’k Yok )
yn+k = yn + H(ak,o yn +ak,l yn+l Fo + ak,k yn+k )
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Then the general form of the method in this representation is given by

[ y 1
IaL1 H a, H ... A, H Yoo W ( 1+211,o H]
a, H l—az,2 H ... 2, H Y. is 1+§1’0 H
'33,1 H -a,, H 1—a3’3 H... -aB‘k H yﬁ3 = 1+§'0 H y, 5.2.5)
] ‘ak,l H —akyz H.......... l-ak,k HJ L yn+k | ] 1+E’0 HJ
Let
1'31,1 H -al’2 H.... —al’k H 1+Ell'0 H
-az,l H l-az)2 H..... az,k H 1+'§1’0 H
A = ‘ . and B = i
_ —ak’1 H ............. l—ak,k Ha _ 1+ﬂ’0 H_

It is necessary that A to be invertible for all H. Let us define q(H), qk(H)
by

q(H) = det (A) and qk(H) = det (Ak)
where A is the matrix A with the ™ column replaced by the vector B. Using

the above definitions and Cramer’s rule in (5.2.3) we find that
q, (H)

y. y. o, =12,k
T q(H)

where q(H) and qr(H) are polynomials with degree k.
For n=mk, m=0,1,2,...,

we have
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| (H) q (H
y T e W , r=12,...k
o+r

q(H) q(H)

Hence, the block method is said to be A-stable if and only if
' q,(H)
q(H)

< 1 for all H, Re(H) < 0.

In the case when k = 2, (5.2.5) becomes

l_al,l H a, H Yot1 _ 1_Hll,o y
a,, H l'az,z H Yot2 1+§,0 H
-1
;
_ Yot1 _ l-al,l H a,, H 1+2ll,0 H
Yoi2 2, H l_a2,2 H 1+§,o H
where
l-a11 H -a H
A= :
-a, H l-azv2 H
H (a 5 al‘0 -a al’0 ) -i—H(al’2 - az’2 ) +(Hal' +1)
Yot1 H—(az,l 4, T3, 3, ) +H(az,1 T A ) +(Ha2'
yu+2 = 2
H(all az,2 - az’1 ) -f—H(al'1 +a ) +1
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q @)

q, (H)
— B — yn
q(H)
1+alOH -a
where q (H) = det ’ b s
1+a_ H 1-—9 H
2,0 2
l-a11 H 1+Zilo H
qz(H) = det ’ ’ , and q(H) = det A.
-a, H 1+9O H

Hence, qr(H) = det(Ar)

where Ar is the matrix A with the r™ column replaced by the vector

I+a_ H | . Then we get

q (H)
Yo, = y, » r=L2
q(H)
where q(H) and qr(H) are polynomials with degree 2. Then we can say the

method is A-stable (k=2) if and only if
q,(H)
q(H)

2
H(az’l a -a A ) +H(a2,

1,0 L1 T ) +H(az,o +1)

1

2
H(aLl a,  -a a,, ) +H(a

5 12 +a2’2 ) +1 <1

1,1

for all H, Re(H) < 0.

Note that the stability analysis depends only on the Corrector formula.
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To discuss the stability of the methods 1 and 2, we apply the first

method (5.2.1) to the test equation y’=1y, we find

C1H2 0 0 0 0 0 vy, || 1eme
2H 1 o 0 0 0 v, 1
0 ©SH2 143H2 0 0 0 y .. 1
0 0 s wH 0 o ||
0 0 0 0 ‘
_ 0 0 0 0 -kK'H2 1-k(1-k/2)H 1 §n+k | ~i |

The q(H) and qk(H) for the above scheme are given by

1-H2 0 0 0 0 |
2H 1 0 0 0
0 -9H/2 1+3H/2 0
=] 0 0 -8H 1+4H ,
S 0
0 0 0 -kK'H/2 1-k(1-k/2)H
1-H2 0 0 0 0 1+H?2
-2H 1 0 0 0 1
0 9H/2 1+3H2 0 0 1
%= 0 0 -8H  1+4H 1
0
0 0 0 ACHR 1
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The amplification factor is
q, (H)
q(H)

k(k-HH> +Qk-DH +2

-H+2

which is less than one for all values of H ¢ [ ]T(%f ,0 ] So the method is
A-stable for all H ¢ [1;%[ ,0]. In general, as the block length increases,
the stability bounds decreases.

We want now to examine the stability of method 2. To illustrate this by

applying method (5.2.2) to the test equation y’ =1y, we have

1H2 0 0 0. o | [y . | [1+u2
0O IH 0 0. 0 y 1+H
0 0 13H2 O0... 0 y .| =| 14382 y
f : 0 | ° : B
; 0
0 0 0. 0 kHZ ||y, 14+kH/2

The amplification factor is given by

1+KkH/2 |

q (H)
’ < 1 for all H < 0, then

q(H)

1-kH/2

we can say that the method is A-stable for all H<O.

5.2.3 Parallel Algorithms

We shall, in this section, describe the implementation of parallel

algorithms of methods 1 and 2.
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Let k be the block length, for parallel implementation the block
length is divided into p=k/q sub-blocks. In these algorithms the treatments
of different sub-blocks is carried out in parallel, and the size of sub-block
q determines the granularity of the parallelism. Thus, the procedure can be
applied using k/q tasks, where each task is allocated to do the calculations
for q points.

a) Algorithm 1

We shall first present the parallel implementation of method 1, using

the formula (5.1.2) as a predictor and (5.2.1) as the corrector-formula. The

mode P(EC)2 which will be used is described as follows:

P:y =y +r*hx*y

n+r n

E: y,P f[xn+r’ y:+r]

n+r

c: y© y. +h[ @*/2)y’ "

n+r n+(r-1)

+ /2yt ]

n+r

c: ¥ =y +h[ @y S+ a2y ]

r =1,2,.. .k
where n initially takes the value zero, then increases by the value of k
until the end of the number of steps.
From the above sequence, we can say that the predicted values for k/q

tasks can be obtained in parallel, where each task computes the predicted
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values for q points, similarly for the function evaluations and the corrected
values.  On this basis the algorithm needs three task types. The first task
is as follows:

Task type predictor-formula:

Send-initial (i,q,step-size) to task i;

Declare;

ynew:vector (1..q);

Begin

Serial-loop

Send data (initial-value, function-value);

function-value: =stepsize * function value;

ynew(1): =initial-value + float(1+(i-1)q) * function-value;

for r in 2..q loop

ynew(r): =ynew(r-1) + function-value;

End loop;

Collect the values (ytempi);

End Serial-loop;

End;

End predictor-formula;
The above task computes the predicted values for k/q tasks. For example,
task 1 computes the predicted values yn+1,...,yn+q, task 2 computes

and so on until task k/q computes Yoraeqsty  Yask'

yn+(q+l)""’yn+2q
Now, we present the task required for the function evaluations.

Task type function-evaluations:
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Send-initial (i,q) to task i;
Declare;

xnew,ynew,znew:vector (1..q);
Begin
Serial-loop
Send-data (xnew,ynew) to task i;
For r in 1..q loop
znew (r):= dy(xnew(r),ynew(r)); --call the function dy;
End loop;
Collect the function (ztempi);
End;

End function-evaluations;

The remaining task is the task to compute the corrected values.
Task-type corrected-formula:
Send-initial (i,q) to task i;
Declare
anew : column (1..q);
bnew : diagonal (1..q);
ynew,znew : vector (1..q);
Begin
Serial-loop
Send-data (anew,bnew,function-value,znew);
Call a procedure to compute the corrected values;

Collect the values (ytempi);
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End loop;
End;
End corrector-formula;
where anew and bnew denote the
a_ and a for r=(i-1)q+1,...,iq; i=1,...,k/q
respectively.
The main procedure is as follows:
Declare;
X,y,z : vector (1..k);
a : column (1..k);
b : diagonal (1..k);
Begin
For i in 1..k/q loop
pv(i).send_initial (i,q,step_size) to predictor_formula task i;
fv(i).send_initial (i,q) to function_evaluation task i;
cr(i).send_initial (i,q) to corrector_formula task i;
End loop;
n:=0;
loop
Exit when n > number of steps;
zz:= dy(xstart, initial_value);
--call predicted task
For i in 1‘..k/q loop
pv(i).send_data(initial_value,zz);

End loop;

171



For i in 1..k/q loop

pv(i).collect(y((i-1)*q+1..i*q));

End loop;

For s in 0..1 loop -- correction loop

-- call function evaluation task

For i in 1..k/q loop
fv(i).send_data (x((i-1)*q+1..i*q), y((i-1)*q+1..i*q));

End loop;

For i in 1..k/q loop
fv(i).collect (z((i-1)*q+1..i*q));
End loop;

-- call corrector task

For i in 1..k/q loop
cr(i).collect (a((i-1)*q+1..i*q), b((i-1)*q+1..i*q), zz, z(((G-1)*q+1..1*q))

End loop;

For 1 in 1..k/q loop

cr(i).collect (y((i-1)q+1..i*q));

End loop;

End loop; -- end correction loop;

-- the values xstart and initial_value for the next block;
initial_value:=  y(k);

xstart: = x(k);
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n:=n+k;-- increment the n_value;
Exit when n=number of steps;
End loop;
End procedure;
/

where zz denotes to y;, z((i-1)*q+1,..,i*q) denotes Y. o r=(@1-1)*q+1,..,i*q;

i=1,..,k/q.

b) Algorithm 2

We present the parallel implementation of method 2. The algorithm here
is exactly similar to the algorithm (1) except we use the corrector-formula
(5.2.2) which is different from the (5.2.1).

The description of the algorithm is as follows:
1. A task type to compute the predicted values.
2. A task type to evaluate the functions.
3. A task type to compute the corrected values.
Note that all the algorithms in this chapter were implemented on Sequent
Balance using Ada multitasking. All these algorithms require for each run
the specification of p, the number of processors, k, the block length, q, the
sub-block length and Nsteps, the number of steps to be used and hence the

stepsize h can be computed.

5.2.4 Theoretical Cost

We shall give the theoretical cost of the algorithms in terms of

arithmetic operations count, communication costs, data sending and function
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evaluations.  In the Sequent Balance, we assume that the time to do one
multiplication or one addition is m=0.25 millisec, the time to send one item
is $=0.02 millisec, the time to set one rendezvous is r=2 millisec ~and the
time to do one function evaluation depends on the type of the function (see
appendix F).
As mentioned above, the algorithm 2 is exactly similar to algorithm 1.
So we shall give the theoretical cost of algorithm 1 only. Also we give the
total cost of the sequential mode of algorithm 1.
1 The Parallel Cost of Algorithm 1
The first part of this algorithm is to compute the predicted values, so

we have three rendezvous to send 3+q data items, the total number of
arithmetic operations is q. Assume the number of processors p < k/q, then
the total number of arithmetic operations is k/p. So the total cost of
the predicted task per block is given by

c+s)k/q  + [2kr/q +(2+q)ks/q +km/p].
On the other hand, the cost of evaluating the functions is

kr/q + [ dkr/q +6ks +2kf/p ]
Finally, the cost of computing the corrected values is

ke/q +[ akr/q +(8q+2)ks/q +10km/p}.
Hence, the total cost of algorithm 1 is

Gr+s)k/q +[ 10kr/q +(15q+4)ks/q +(11m+2f)k/p] xc/kh  (5.2.6)

where ¢ is the end of the interval and h is the stepsize.

2) The Sequential Cost of Algorithm 1

The total cost of the sequential algorithm is given by
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[ llkm+2kf] c/kh.
Then the speedup is given by

[ 11km+2kf ] c¢/kh

! (Br+s)k/q +[ 10kr/q +(15q+4)ks/q +(11m+20)k/p] c/kh

Assuming the number of tasks is equal to the number of processors, then

[ 11km+2kf ] ¢/kh
S = (5.2.7)
(3r+s)p +[10pr +(15q+4)ps + (11m+2f)q] c/kh

5.2.5 Test Problems

In this section we present four select test problems given by:
Problem (i):
y'=y, y0)=1, 0 =<x=s1.
The analytic solution is y=e*.
Problem (ii):  we use the following problem [6],

y'=-y2 , yO0=1, 0 =x =20.

The analytic solution is y = 1/\/1+x
Problem (iii):
y’=(0y-y)/80 , y0)=1 , 0 =x=<20
The analytic solution is
y =20/(1+19 &%),
Problem (iv):

y'=ycos x , y0=1, 0=<x=<l
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The analytic solution is

sin x

y=¢

5.2.6 The Results for Algorithm 1

We shall present the theoretical costs obtained by applying algorithm 1
to problem (i) where the cost is measured in seconds and the number of steps

= 10,000.

Table 5.2.1

Blocklength | Sub-block p Number Sequential Parallel Speed
k q of Tasks Cost Cost Up
5,
500 250 2 2 27.9 17.5 1.59
500 100 5 5 27.9 10.2 2.74
200 100 2 2 27.9 18.7 1.49
200 50 4 4 27.9 13.5 2.07
200 40 5 5 27.9 13.2 2.11

The above table shows the theoretical costs of the sequential algorithm
and parallel algorithm  but only when the number of tasks is equal to the
number of processors. We observe that as the number of processors is
increased the speedup increases to the maximum value. In this case, S =274

when k=500, q=100 and p=5. Note that the speedups are obtained from 5.2.7).

176



It is important to know the space of time needed for the computation and

the communication. The following table illustrates the theoretical cost for

the computation, function evaluation, rendezvous and data distribution as a

percentage, when solving problem (ii).

Table 5.2.2

Block Sub- p | Computation | Function Rendezvous Data
Length | block Cost Evaluation Cost Distribution
k q Cost Cost
200 100 1 68.9% 19.5% 6.5% 5.0 %
2 61.7% 17.5% 11.6% 9.0 %
200 50 1 65.6% 18.6% 9.5% 6.2%
3 49.8% 14.1% 21.7% 14.1%
4 44.6 % 12.7% 25.9% 16.9%
200 40 1 64.1% 18.2% 11.7% 6.1%
2 54.3% 15.4% 19.8% 10.3%
5 37.4% 10.6% 34.0% 17.7%

From the above table we observe that the time of function evaluations

dominates

the

computation

and

the

communication

time.

The

function

evaluations time and the computation time decrease by increasing the number

of processors, while the communication time increases.

q = 50 and p = 4, the total of the communication cost is 42.8% which is so
expensive compared the time of both function evaluations and the
computation. Also we can deduce that for small q, the cost of the rendezvous

is very effective.

The

experimental

timings,

t(A),

the

theoretical

cost,

t(p),

and

However, for k=200,

the

corrresponding speedups S(A) and S(p) for algorithm 1 solving problems (i) and

(i) are given in tables 5.2.3 and 5.2.4 respectively.

177



Table 5.2.3

Block Sub- Number| Number| Number of | t(A) t(p) s(A) | s(p)

Length | Block of of Processors

k q Tasks Blocks p

k/q

500 250 2 20 1 31.3 | 30.8 | 1.0 1.0
2 204 | 175 | 1.53 | 1.76

500 100 5 20 1 325 | 325 | 1.0 1.0
2 21.5 | 18.7 | 1.51 1.74
3 17.7 | 14.0 | 1.84 | 2.32
4 17.3 | 11.5 | 1.89 | 2.86
5 17.5 | 10.2 | 1.86 | 3.19

200 100 2 50 1 326 | 325 | 1.0 1.0
2 21.6 | 18.7 | 1.51 1.74

200 50 4 50 1 345 | 344 | 1.0 1.0
2 238 | 207 | 1.45 | 1.66
3 189 | 158 | 1.83 | 2.18
4 17.2 | 13.5 | 2.00 | 2.55

200 40 5 50 1 364 | 355 | 1.0 1.0
2 23.1 | 229 | 1.58 | 1.55
3 190 | 16.8 | 1.92 | 2.11
4 185 | 145 | 197 | 2.45
5 18.8 | 13.2 | 1.94 | 2.69

The above table illustrates the comparison of the experimental and
theoretical times. We observe that the experimental time decreases to a
minimum and then increases slightly when p > 4. The number of processors
required is quite small.  This depends on the total number of arithmetic
operations which are not too much and the high cost of the communication.

Also we notice that the actual speedup for k=500 and =100 increases from
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1.51 to 1.89 when p varies between 2 and 4, whereas the corresponding

theoretical speedup increases from 1.74 to 2.86.

Table §5.2.4

Block Sub- Number| Number| Number of | t(A) | t(p) s(A) | s(p)

Length | Block of of Processors

k q Tasks Blocks p

k/q

500 250 2 20 1 389 | 38.7 | 1.0 1.0
2 23.8 | 21.1 | 1.63 | 1.83

500 100 5 20 1 40.0 | 399 | 1.0 1.0
2 245 | 223 | 1.63 | 1.78
3 19.6 | 16.3 | 2.04 | 2.45
4 18.2 | 13.4 | 2.20 | 2.98
5 18.3 | 11.7 | 2.19 | 3.41

200 100 2 50 1 40.0 | 399 | 1.0 1.0
2 24.7 | 223 | 1.62 | 1.79

200 50 4 50 1 42.0 | 419 | 1.0 1.0
2 256 | 243 | 1.64 | 1.72
3 204 | 184 | 2.06 | 2.28
4 203 | 154 | 2.07 | 2.72

200 40 5 50 1 432 | 429 | 1.0 1.0
2 25.8 | 253 | 1.67 | 1.70
3 21.0 | 19.3 | 2.06 | 2.22
4 19.8 | 164 | 2.18 | 2.62
5 20.1 | 14.7 | 2.15 | 2.92

Table 5.2.4 illustrates that the time taken to run algorithm 1 solving
problem (i) is longer than the time taken for problem (i). The time
difference between these problems [(i),(ii)] is 7.4 seconds (if the number of

processors is one). This is because the function evaluation cost if very
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expensive compared to the function evaluation cost for problem (i), (see
appendix G).

As mentioned in section 5.2.1, the truncation errors of methods 1 and 2
depend on kK’h’.  This means that, if k is too large, as determined in our
results, the local truncation errors are too big. To avoid this problem, we
seek methods for which the local truncation error has a lower power of k. At
this point we have two alternative methods. The first alternative is

described in the following section.

5.3 Method 3
The third method considered is defined as

=y -+-h(aro y; +a y’ +a y’ ) $.3.1)

yn+r,s+1 n+l,s r.k n+k,s

r=1,2,...k ; s=0,1

where
_ 2 _ .2 —

a, =r(2+k)/3 - /2 a, =r"/2 - rk/2 and a =r/3
Note that these coefficients satisfy (5.2.3) for r=1,2,..k.

We note that the values of a  and a ~are dependent on k for
r=1,2,...k.

The coefficients for this method are shown in the table below, where

k=2,3 and 4.
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Table 5.3.1

k T ar,O ar,l ar,k
2 1 5/6 -1/6 | 1/3
2 2/3 2/3 | 2/3
3 1 7/6 -1/2 1/3
2 4/3 0 2/3
3 1/2 3/2 1
4 1 3/2 -5/6 | 1/3
2 2 -2/3 | 2/3
3 32 1/2 1
4 0 8/3 | 4/3
Clearly the coefficients a_, and a_ take different values for

different k, whereas a_ does not change.

5.3.1 Principal Local Truncation Error

The method (5.3.1) can be written in the form

_ (1 |k , 1 k , 1 _,
Yarr =Y, Th [6 +’5] Ya +[2‘ 3] Yast +3Yn+k]
_ (2 |2k , 2 , 2,
yu+2 —yn +h L ) 3_ +—3] yn +[ 2_ 3_ k] yn+l +-3-yn+k:|
= (-3 c 4[] 4y 53.2
yn+3 _yn +h B Z +k yn + 2_- k yn+l +yn+k ( e )
_ [ 16 , 4k , 4 , 4 ,
yn+4 -yn +h L L B ——3- +_3] n +[ 8 i 3 ] yn+l * 3- yn+k ]
_ (55 |5 , 25 Sk , 5.
yn+5 —yn +h [ k- —3+3-k] yn +[_2- —3] yn-H +3_yn+k:|
o (2k k') ., ,k* _, k _,
Yaer =Y, *h [ 3" Tc] Yo ¥76 Your T3 Ym]
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Using (5.2.4), we get
T
P =[ QUA)-DRY N2, (D + DY L, Ry O ]

We note that the local truncation error for method (5.3.1) depends on
k’h’ which is smaller than the local truncation errors for methods 1 and 2.
Thus, we may expect higher accuracy than that of previous methods and when h
is small enough, the results will always be stable. Actually this is what we

preferred.

5.3.2 Stability Analysis

To analyse the stability of (5.3.1), apply (5.3.1) to the test equation

y’=Ay, then the schemé 1s

- @G20H6 0 0 0. w3 | |y 1 +(1+2K)H/6 |
- (62k)H/3 1 0 0 -2H/3 Y.\ 1 +(-24+2k)H/3
-(92kH2 0 1 0 -H Y., | =| 1 +(-5+2kH/2
yn
- (16+4K)H/3 0 0 1 -4H/3 Y.,
O n
- K*H/6 0 0 0 1-kH/3 Yo 1 +(4k-k*H/6 |
L A ] L

which has the values of the determinants as follows:
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am = {1 520 (28 4] (59

2
—1-};+%£—)H and

q(H) = { 1 - @%Eﬁ} {1 +(4k-k2)H} +{ | +(1+%k)H} (k;H)

_ (2k-1) 2(k*-k)H?
=1 +5—H + ==

Then the amplification factor is given by

6 +(6k-3)H +2(k*-k)H?
<1 for all value of

q_ (1) l
q(H)

6 - 3H + (k-k*)H?

He { I-E:-Z_f’ 0 ] , so the method is A-stable for all He [ f(%f , 0 ] .

5.4 Method 4

The fourth method considered is given by

yn+r,s+1 =yu +h j{o arj yl:"'j,s ’ r=1929--,k ’ S=O,1 (5.4.1)
where a  =a_ '=% , r=1,273,..k ;
a =1 , r=23,..,k ; j=12,.r-1.

r.j

The following table illustrates the coefficients for the .above method.
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Table 5.4.1

I ar,O ar,l ar,2 ar,3 a'r,4 ar,S """ ar,k
1 1/2 1/2

2 12 1 1/2

3 1/2 1 1 1/2

4 12 1 1 1 1/2

5 1/2 1 1 1 1 1/2

k 1/2 1 1 1 1 1 ...... 1/2

It is easy to show that these coefficients satisfy (5.2.3) when r=1,2,...,k;

1) For r=1
a + a = 172, a = 1/2
2) For r=2
a +a +a =2 , a +2a = 2
2,0 2,1 2,2 2,1 2,2
3) For r=k
k-1
a +a +.... +a +a =1+ 2 1 =k;
k,0 k.1 k. k-1 K.k ol
k-1
a, +2ak’2 +3ak’3 +... +(k-1) a +kak’k =:€1 r +k/2

=kk-1)/2 + k12 = K2

5.4.1 Principal Local Truncation Error

To start this discussion, we first give the k™ formula of 5.4.1

— h ’ ’ ’ ’ ’
Yore = Ya T2 { Y +2yn+l +2yn+2 T +2yn+(k-l) Ty ] )

n+k
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Using (5.2.4), we get

n+1 n +(k-1) n+k

h 7 Vs 7 / 7
& =y . - Yy, - » [yn +2y +2y T +2y +y ]
=b’ y© [—k3/6 A { [ 144+94.... + (k-l)z] + Kk ?2} ]

=h® y® [k3/6 ; [218 - 3R 4k +3k2]/12 ]

b y® [k3/6 - 1K/6 - K12 ]

Therefore,
e =-kb'yV/12
Thus, the local truncation error, €, can be written as
3 3 3 T
§ =[ - h_—y[(f) s = E‘ y:f) s T b" Yl(]3) seses = k_h3 yr(l?’) ]
12 6 4 12

In this case, we expect the method will be more accurate than the previous

methods and give better results.

5.4.2 Stability Analysis

Finally, the scheme of method (5.4.1) may be written in matrix form

Clw2 0 0 0. o ||y, | [1+m:]
-H 1-u1/2 0 0... 0 Y. .o 1+H/2
-H -H 1-u/2 0... 0 Yoy | = 1+u/2 A 5.4.2)
-H -H -H (0) Yot 1+u/2
-H -H -H -H 1-H/2 yn " 1 E+}1/2
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Consider, for example, the case k=2, to find the stability region. The above

scheme (5.4.2) becomes

1-H/2 0 y 1+H/2
y
-H 1-H/2 y 1+H/2 !

The value of the determinates q(H) and qz(H) are as follows:
qH) = (1-H/2)? and
q,(H) = (1-H/2)(1+H/2) +H(1+H/2)=(1+H/2)(1+H/2)= (1+H/2)%.

Therefore, the amplification factor is given by
q, (H) (1+H/2)?

q(H)

< 1 for all values of H < 0,

(1-H/2)?

thus showing this method is A-stable for k=2,
Similarly for k=3,

qH) =(1-H/2)’,
q,(H) =(1-H/2) { ( 1-H/2)(1+H/2) +H(1+H/2)}+ (1+H/2) { B +H(1-H/2) }
=(1-H/2)(1+H/2)> +H(1+H2)* = (1+H/2).

So, the amplification factor is

q. (H) (1+H/2)’
& = | — <1
q(H) (1-H/2)
In general, we have
q (H) (1+H/2)"
K = |l— which is less than one for all H < 0, so the
q(H) (1-H/2)

method is A-stable.
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5.5 The Parallel Algorithms for Methods 3 and 4

Before we go directly into the parallel algorithms, we want to discuss
how these methods work in practice.  We start first with the third method
which was mentioned in (5.3). The method is given by
Yieesrr =Y, +h [(r(2+k)/3 - °12) y, o+ 2 - 1k/2) Y.t @3) y;m]

r=1,2,...k; s=0,1.

In particular, three coefficients matrix will be considered. We may
summarize the procedure in the following manner:

1. Compute y;, then compute the predicted values Yol and Yok using (5.1.2).

2. Evaluate the functions y;H and y; "

3. Using method 3 to compute the corrected values Y. Y
In fact, for each block the corrector formula requires only three function
evaluations which are y;’ y;Hand yr’1+k, also these are needed for each step.
On this basis we shall calculate both of the predicted values and the
functions serially, while the corrected values can be calculated in parallel.

We now turn to method 4 which was mentioned in (5.4). The corrector

formula (5.4.1) can be written in the matrix form as

- - ~ - ~ . - -

Yorr || Y ;o y,

yn+2 yn 2i 1 2i yl:+l

Yaws | =| Y | tRI; 11 ., | (5.5.1)
yn+k— ‘yn_ 21 1 1 ... 1 %J _yx:ﬂ‘
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In order to start the calculation, we need y; to compute the predicted

values Y. U using (5.1.2). In this case, we need to evaluate

n+2 n+k

all the functions y;H, y[’w2 yeons y;ﬂ( using the predicted values, then using
method (5.4.1) to compute the corrected values. Here we can implement both
the predictor and the corrector formulac in parallel. On this basis, this
method would appear to be an excellent one compared to the previous methods.
There is one point to note about the above scheme (5.5.1). As we mentioned
before in section (5.2.3), in an attempt to divide the blocklength k into
several sub-blocks, each of size ¢, the valuesy;+r,r=1,2,..,k; should be
available for each sub-block.

Next we shall describe the parallel algorithms for methods 3 and 4 using

Ada multitasking.

a) Algorithm 3

We shall first give the parallel implementation for method 3. The idea
is to use (5.1.2) as a predictor formula and (5.3.1) as a corrector formula.
As we mentioned above, the predicted values and the function evaluations can
be obtained serially, this means no need to create any tasks for these values.
The only task required in this algorithm is the one to compute the corrected

values. The task required is as follows:

Task type corrected_formula:
Send_initial (i,q) to task i;

Declare:
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ynew: vector (1,,q);
col_0, col_1, col_k: column (1..q);
Begin
Serial_loop
Send_data (col_0, col_1, col_k, zz, z(1), z(k));
Call procedure to evaluate the corrected values;
Collect the corrected values (ytempi);
End loop;
End corrector_formula;
where q is the sub-block length as mentioned in (5.2), the columns col_0,
col_1, col_k denote the coefficients a ar,land a, respectively and zz,

z(1) and z(k) denote y, y;H and y. ., Tespectively. To illustrate the above

k
task we shall give the description of the main procedure.

The main procedure is as follows:

Declare

a,b,c: column (1..k);

Begin

For 1 in 1..k/q loop

cr(i). Send_initial (i,q) to corrector_formula task i;

End loop;

n:= 0;

Loop

Exit when n > number of steps;

zz:= dy(xstart, initial_value);
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-- Evaluate the predicted values

y(1):= initial_value + h * zz;

y(k): = initial_value + float (k) * h * zz;

For S in 0..1 loop -- correction_loop

-- compute the function

z(1):= dy(x(1), y(1));

z(k):= dy(x(k), y(k));

-- call corrected_formula

For i in 1..k/q loop

cr(i). send_initial (a((i-1) * q+1..i * q), b((i-1) * q+1..i * @)),
c((i-1) * g+1..1 * q), zz, z(1), z(k);

End loop;

For i in 1..k/q loop

cr(i). collect (y((i-1) * q+1..i * q)),

End loop;

End loop;

y(k):= initial_value;

x start: = x(k);

n:=n+k;

Exit when n = number of steps;

End loop;

End procedure;

Let us now discuss the above procedure.

The first thing required is to send two integers i and
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corrected_formula task i, where i is the specific task number and q is the

sub-block length. Set n=0.

2. Calculate the predicted values Youl and Yo

3. Fors = 0,1.

4. Compute y[’wl and y; e

5. Send a . a, and a y; , y;ﬂ and y;+x to corrector-formula task i,
where r = (i-1)*q+1,..., i*q and i = 1,..., k/q.

6. Collect the corrected values y((i-1) * q+1 ,..,1*q) ;

7. Go to 3.

8. Increase the value of n by Kk, repeat the calculation to the end of the

number of steps.

b) Algorithm 4
We present the parallel implementation of method 4. The algorithm here
is similar to the algorithm (1) except the corrector_formula task which is
different. The description of the algorithm is as follows:
1) A task type to compute the predicted values
2) A task type to evaluate the function
3) A task type to compute the corrected values
where 1 and 2 are the same as algorithm (1).
The task to compute the corrected values is given by:
Task type corrector_formula is
Declare
z: vector (1..k);

Begin
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Send_initial (i,q) to task i;
Declare
ynew: vector (l..q);
Begin
Serial loop
Send (function_value, z);
Call procedure to compute the corrected values;
Collect the values (ytempi);
End loop;

End corrector_formula;

The main procedure is similar to that mentioned in algorithm (1) except
the corrector task calling, which is given by
For i in 1..k/q loop
cr(i). send (zz,z); --send whole vector z(1..k)

End loop; --to task i;

§.5.1. The Comparison between Algorithm 3 and 4

There are some important differences to note between algorithm 3 and
algorithm 4.  The first is the amount of work which is required for each of
them. Algorithm 3 requires for each block two predicted values, three
function evaluations and k corrected values, whereas algorithm 4 requires for
each block k predicted values, k function evaluations and k corrected values.

Thus, it seems that algorithm 4 1is slightly more expensive than algorithm 3
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and the amount of work is great enough to keep all the processors busy (see
appendix H), while algorithm 3 has less work to do. Second, algorithm 4
requires a large number of data to distribute and collect the results. We

will see later the theoretical and experimental costs of these algorithms.

5.6  Theoretical Costs of Algorithms 3 and 4

In this section we shall give the sequential and parallel costs of
algorithms 3 and 4 in terms of the three parameters which were mentioned in
(5.2.4). We present first the theoretical cost of algorithm 3.

a) The Cost of Algorithm 3
1. Cost of Sequential Algorithm:
The total cost of the sequential algorithm is:
[ (12k+6)m+ 5 ] c/kh .
2. Cost of Parallel Algorithm
Since there is only one task type to compute the corrected values, then the
time required for each block is:

kr/q +[ akr/q +(8q+6) ks/q +12km/p)] :

The predicted values and the function evaluations can be obtained in times 6m
and S5f respectively. Hence, the total cost of the algorithm 3 is

approximately

kriq + [ 4kr/q + (8q+6) ks/q + (6m+5f-+—12km/p)} c/kh .
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Then the theoretical speedup is given by

[(12k+6)m + 5f] c/kh

S, =

kr/q +[4kr/q + (8q+6) ks/q + (6m+S5f+12km/p)jc/kh

Assuming that the number of tasks is equal to the number of processors, hence

[(12k+6)m + 5f] c/kh
S = (5.6.1)
pr +[4pr +(8q +6)ps +(6m +5f +12gqm)] c/kh

which gives the speedup when p=k/q.
b) The Cost of Algorithm 4
1. Cost of Sequential Algorithm
The total cost of the sequential algorithm is
[ Tk + (K" + kq)/qHhm + 2kf ] c/kh .
2. Cost of Parallel Algorithm
First, the cost of computing the predicted values is
(r+s)k/q +[ 2kr/q + (2+q)ks/q +km/p] .
Similarly, the cost of evaluating the functions is
kr/q + [ 4kr/q + 6ks +2kf/p ] .
Finally, the corrector_formula task requires three rendezvous to send (k+q+1)
data items, and the procedure which used to compute the corrected values is
given by:
sum: =0.0;
For r in 1..(i-1)q loop
sum: =sum + z(r);

Endloop;
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w(l):= Y, +h(zz/2 +sum + z((i-1)q+1)/2);

For r in 2..q loop

w(r):= w(r-1) +h(z(r+(@{-1)g-1)+z(r+(i-1)q))/2;

End loop;

y(r):= w(r), r=1,..q.
The above procedure requires (6+2i)q multiplications and additions. This
indicates that the number of operations differs from one task to another; this
means the first task requires the smallest number of operations, whereas the
k/q‘h task requires the largest number of operations. On this basis, task 1
executes first, while k/q™ task executes last. The following table shows the

arithmetic operations which are required for each task:

Table 5.6.1

Task Number| Number of Operations
1 8q
2 10q
3 12q
i (6+2i)q
k/q « 6q+2Kk
Therefore, if the p=k/q (number of processors = number of tasks) then the

number of arithmetic operations considered is the number which is required for
the k/q™ task (takes the longest time). So, if p =< k/q then the number of
operations which will be chosen depends on the number of processors which is

used.
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Assume that the number of operations is O(q) then the total cost of the
corrected values is kr/q

kr/q + [4kr/q + (k+q+1)ks/q +O(q)m] .
So, the total cost of algorithm 4 is

(S+3r)k/q +[ 10kr/q + 2k + 9q + 4) ks/q +(k/p + O(q))m +2kf/p ] ¢/kh

If the number of tasks is equal to the number of processors, then the expected

speedup is given by

[ 7k + (" + kq)/q®>)m +2kf ] c/kh

S (5.6.2)

Y (s+3np +[10pr +(Qk +9q +4)ps +(7q +2k)m +2qf ] c/kh

5.7 The Results of Algorithms 3 and 4

In this section we present the theoretical and the experimental costs
of algorithms 3 and 4, solving the test problems which were mentioned in
(5.2.6).

a) The Results of Algorithm 3

The following table shows the time required for the computation,

function evaluations, rendezvous and data sending when applying algorithm 3 to

test problem (ii).
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Table 5.7.1

Block Sub p | Computation | Function Rendezvous Data
Length | Block Time Evaluations Time Sending
k q Time
500 250 1 93.3% 0.12% 0.93% 5.0%

2 88.2% 0.23% 1.76% 9.4%
500 100 1 92.4% 0.12% 25 % 4.9%
2 85.8% 0.23% 4.6 % 9.1%
3 80.1% 0.32% 6.4 % 12.8%
4 75.5% 0.40% 8.0 % 16.1%
5 71.1% 0.47% 95 % 19.0%

From the above table we observe that most of the calculation time is involved

in the computation. The time spent on the function evaluations is very cheap.

the cost and the parallel cost of

Table sequential

5.7.2 presents
algorithm 3 when solving problem (iv), but only when the number of processors
i1s equal to the number of tasks. The theoretical speedups 83 are those which

were in 5.6.1.

Table 5.7.2
Block Size Sub Block | p | k/q | Sequential Parallel S3

k q Cost Cost

500 250 2 2 30.1 17.0 1.77
500 100 5 5 30.1 8.5 3.54
200 100 2 2 30.3 17.6 1.72
200 50 4 4 30.3 10.9 2.86
200 40 5 5 30.3 9.8 3.09
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The following

cost, t(p) and the corresponding speedups S(A) and S(p)

tables show

problems (ii) and (iv).

the experimental

timings,

t(A),

the

theoretical

of method 3 solving

Table §.7.3

Block Sub Number| Number| Number t(A) t(p) S(A) | S(p)

Length | Block of of of

k q Tasks Blocks | Processors

k/q

500 250 2 20 1 320 | 319 | 1.0 1.0
2 2.8 | 17.0 | 1.40 | 1.87

500 100 5 20 1 33.1 {325 | 1.0 1.0
2 20.7 | 175 | 1.59 | 1.86
3 18.2 | 12.5 | 1.82 | 2.60
4 17.9 99 | 1.85 | 3.28
5 18.1 84 | 1.83 | 3.87

200 100 2 50 1 32.0 | 32.0 | 1.0 1.0
2 20.7 | 17.0 | 1.55 | 1.88

200 50 4 50 1 335 | 334 | 1.0 1.0
2 223 | 184 | 1.50 | 1.82
3 17.5 | 13.8 | 1.91 | 2.42
4 17.2 | 10.8 | 1.95 | 3.09

200 40 5 50 1 340 | 33.8 | 1.0 1.0
2 229 | 18.8 | 1.55 | 1.80
3 17.8 | 13.8 | 1.91 | 2.45
4 17.4 | 11.2 | 1.95 | 3.01
5 18.0 9.7 | 1.89 | 3.48

The experimental timings in the above table decrease as the number of

processors

increases,

the speedup ratio varies

between

1.59

to

1.85,

k=500 and q=100 and the number of processors varies between 2 and 4.
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Table 5.7.4
Block Sub Number| Number| Number t(A) | t(p) S(A) | S(p)
Length | Block of of of
k q Tasks Blocks | Processors
k/q
500 250 2 20 1 348 | 32.0 | 1.0 1.0
2 245 | 17.0 | 1.42 | 1.94
500 100 5 20 1 333 | 325 | 1.0 1.0
2 233 | 175 | 145 | 1.86
3 183 | 125 | 1.82 | 2.60
4 17.9 | 10.0 | 1.86 | 3.25
5 18.7 85 | 1.78 | 3.82
200 100 2 50 1 327 | 326 | 1.0 1.0
’ 2 235 | 17.6 | 1.39 | 1.82
200 50 4 50 1 340 | 334 | 1.0 1.0
2 23.8 | 184 | 1.43 | 1.82
3 18.7 | 134 | 1.82 | 2.49
4 18.4 | 109 | 1.85 | 3.06
200 40 5 50 1 342 | 338 | 1.0 1.0
2 239 | 18.8 | 1.43 | 1.80
3 18.8 | 13.8 | 1.82 | 2.45
4 185 | 11.3 | 1.85 | 2.99
5 19.0 9.8 | 1.80 | 3.45

Comparing the timings in tables 5.7.3 and 5.7.4, it is very clear that the
timings in table 5.7.4 are slightly longer than the timings in table 5.7.3.
‘This is due to the cost of problem (iv) which, as we believe, is approximately
twice the cost of problem (ii) (see appendix G). |

The follow‘ing tables show the experimental timings, where the
timings are measured in seconds, speedup, efficiencies and the accuracy for

problems (i), (iii) and (iv) using method (3) for fixed k and q and a variable

199

L



number of steps, where the accuracy of the solution was measured by evaluating
the [ nmorm of the differences between the approximate solution and the exact
solution at k equally spaced points.

Table 5.7.5
The block length = 200, q = 20 and k/q = 10
Test Problem (i)

Number Number
of of t S E Maximum Error

Steps Processors

2000 1 11.0 | 1.0 | 1.0
2 8.7 | 1.26 | 0.63 9.43 x 103
3 8.4 | 1.31 | 0.44
4 8.1 | 1.36 | 0.34

3000 1 132 1 1.0 | 1.0
2 10.5 | 1.26 | 0.63 2.71 x 107
3 9.8 | 1.35 | 0.45
4 92 | 1.43 | 0.36

4000 1 14.0 | 1.0 1.0
2 11.2 | 1.25 | 0.63 1.09 x 107
3 10.5 | 1.33 | 0.44
4 10.1 | 1.39 | 0.35

5000 1 169 | 1.0 1.0
2 13.7 | 1.23 | 0.62 5.70 x 10°®
3 12.6 | 1.34 | 0.45
4 12.3 | 1.37 | 0.34

6000 1 20.0 | 1.0 1.0
2 16.1 | 1.24 | 0.62 3.49 x 10
3 15.0 | 1.33 | 0.44
4 14.8 | 1.35 | 0.34

7000 1 23.1 | 1.0 1.0
2 18.5 | 1.25 | 0.63 2.32 x 10°°
3 17.9 | 1.29 | 0.43
4 16.6 | 1.39 | 0.35

8000 1 249 | 1.0 1.0
2 20.3 | 1.23 | 0.62 1.64 x 10
3 19.1 | 1.30 | 0.43
4 18.2 | 1.37 | 0.34
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Table 5.7.6

200, q = 20 and k/q = 10

The block length

Test Problem (iii)
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Table 5.7.7

10

The block length = 200, q = 20 and k/q

Test Problem (iv)

oy p—

=t
)
=
foed
[44] b 1 n v v v ?
=) o < o =) o o
m — — — Yo o— ey o
m S [ »d > > » »d
o o — -+ < vy o0 (=)
% © <, < — o0 = N
M < — O o — — ~
Aot N0 AN\ \O
SNt 20¥a | ov¥a
OO0 —_O0O0 | ~OoOO
ANt O — ne~m
Q=N CATT Qe

AR g=) AFANG | Ve
N O N C-NA = AVt o
vy p— — oy po— p— Yy p— p—
[ 2]
O et
el Q
g 4
u.,.m& AN Nealhs b Ko Kea i J —— NN <t
Z "8
A
15
o = o o ) =) o o
Hw & | D b < S S S b=
500 |9 S S S S S S
N mm o (e8] < w O o~ Q0

202




From the above tables we observe that the experimental timings decrease
by increasing the number of processors. The speedup for problem (iv), as an
example, increases from 1.23 to 1.43 when p varies between 2 and 4 and the
corresponding efficiency decreases from 0.62 to 0.36 when the number of steps
= 5000. We also notice that the accuracy of problem (iii) is high with h=0.01
and k = 200. Thus, for small h we can say that the algorithm may give a better
accuracy.  The following table shows the results of problem (iii) when k=10
and h varies.

Table 5.7.8

Step Size Maximum Error Computed Solution
h

0.01 1.21 x 10°® 1.773017 x 10!

0.005 1.79 x 1077 1.773012 x 10"

0.0025 2.88 x 107 1.773012 x 10"

0.000125 5.18 x 107 1.77302 x 10™!

We see that the method is more accurate as k and h are decreased.
Figures 5.7.1 and 5.7.2 show the |[log max error| plot for the experimental
timing for a fixed number of processors, where the results are obtained from
tables 5.7.6 and 5.7.7.

We can see that the maximum number of processors which are used here is
4. Also we notice that the maximum and the minimum values of |log max error|

are 3.91 and 2.05 and 5.10 and 3.34 for problems (iii) and (iv) respectively.
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b) The Results of Algorithm 4

We now turn to computational results of algorithm 4.

The following

table shows the theoretical cost of arithmetic operations of algorithm 4 when

solving any problem and the number of steps is 10,000.

Table 5.7.9

ﬁBIock length | Sub block Number of Processors
: i 1 2 4 5
500 250 25.0 13.8
500 100 32.5 21.3 15.6 8.5
200 100 25.0 13.8
200 50 30.0 20.0 18.1 -
200 40 32.5 21.3 14.6 8.5
The above table shows that for fixed k and variable q the cost is
increasing when q is decreasing.
The following tables are meant to show the theoretical cost of function

evaluations of algorithm 4, if problems (ii), (iii) and (iv) are used.
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Table 5.7.10

Block length | Sub block Number of Processors
: 4 1 2 3 4 5
500 250 7.8 3.9
500 100 7.8 3.9 2.6 1.95 1.56
200 100 7.8 3.9
200 50 7.8 3.9 2.6 1.95 1.56
200 40 7.8 3.9 2.6 1.95 1.56
Table 5.7.11
Block length Sub block Number of Processors
X 4 1 2 3 4 5
500 250 8.2 4.1
500 100 8.2 4.1 2.7 2.0 1.6
200 100 8.2 4.1
200 50 8.2 4.1 2.7 2.0
200 40 8.2 4.1 2.7 2.0 1.6
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Table 5.7.12

Block length Sub block Number of Processors
g 4 1 2 3 4 5
500 250 16.0 8.0
500 100 16.0 8.0 5.3 4.0 3.2
200 100 16.0 8.0
200 50 16.0 8.0 53 4.0
200 40 16.0 8.0 5.3 4.0 3.2

In the light of the above tables, we notice that the function evaluations
cost of problem (iv) is approximately twice the cost of function evaluations
of problems (ii) and (iii).

The following tables show the experimental timings, t(A), the theoretical
timings, t(P) and the corresponding speedups S(A) and S(P) of method 4,

solving problems (iii) and (iv)
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Table 5.7.13

Block Sub Number| Number| Number
Length | Block of of of t(A) | t(p) S(A) | S(p)
k q Tasks Blocks | Processors
k/q
500 250 2 20 1 394 | 36.2 | 1.0 1.0
2 246 | 199 | 1.60 | 1.82
500 100 5 20 1 489 | 46.0 | 1.0 1.0
2 331 | 29.8 | 1.48 | 1.54
3 26.5 -- 1.85 --
4 242 | 23.0 | 2.02 | 2.00
5 23.1 | 15.5 | 2.11 | 2.96
200 100 2 50 1 40.2 | 369 | 1.0 1.0
2 249 | 22.1 | 1.61 | 1.67
200 50 4 50 1 490 | 45.2 | 1.0 1.0
2 32.7 | 31.1 | 1.50 | 1.45
3 28.9 -~ 1.70 --
4 27.5 | 27.1 | 1.78 | 1.67
200 40 5 50 1 52.6 | 49.1 | 1.0 1.0
2 36.8 | 32.8 | 1.45 | 1.50
3 28.9 -- 1.82 --
4 26.7 | 25.0 | 1.97 | 1.96
5 250 | 185 | 2.10 | 2.65
The actual timings in the above table decrease as the number

processors increases, the speedup ratio varies between 1.48 to 2.11 for k=500,

q=100 and the number of processors varies between 2 and 5.

that for fixed k, the time increases as q decreases; this means for small q we

get more tasks which require more communication and data distribution.
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Table 5.7.14

Block Sub Number| Number| Number -

Length | Block of of of t(A) | t(p) S(A) | S(p)

k q Tasks Blocks | Processors

k/q

500 250 2 20 1 489 | 444 | 1.0 1.0
2 203 | 25.2 | 1.67 | 1.76

500 100 5 20 1 584 | 543 | 1.0 1.0
2 379 | 35.1 | 1.54 | 1.55
3 30.5 -- 1.91 --
4 284 | 254 | 2.06 | 2.14
5 272 | 17.5 | 2.15 | 3.10

200 100 2 50 1 529 | 456 | 1.0 1.0
2 30.7 | 264 | 1.72 | 1.73

200 50 4 50 1 569 | 534 | 1.0 1.0
2 37.2 | 354 | 1.52 | 1.51
3 31.4 -- 1.81 --
4 309 | 29.5 | 1.84 | 1.81

200 40 5 50 1 590 | 573 | 1.0 1.0
2 38.8 | 38.1 | 1.52 | 1.50
3 35.4 - 1.67 -
4 325 | 274 | 1.81 | 2.09
5 28.6 | 20.5 | 2.06 | 2.79

It is clear that the timings in table 5.7.14 are longer than the timings
in table 5.7.13 and the time difference is approximately 8 seconds (if the
number of processors is one) and 4 seconds (if the number of processors is
two).

The following tables give the experimental results, speedup, efficiency

and the accuracy of problems (iii) and (iv) using algorithm 4.
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Table 5.7.158
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Table 5.7.16

200, q = 20 and k/q = 10
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Figures 5.7.3 and 5.7.4 show the |log max error| plot for the
experimental timing for a fixed number of processors, where the results are
obtained from tables 5.7.15 and 5.7.16.

The above tables show the results of method 4, using different values of
h.  We observe that the accuracy increases as h decreases which might be
expected. As mentioned earlier, because the global error is of O(hz), we can
say that the best accuracy may be obtained when h is small enough and the
behaviour like ch’.

For large k and/or h, the principal truncation error may, however, be

misleading, and the next term of the error which is given may dominate,

4 3 3 3 3.3
g =& @ _h [2(9— 80 D) gy kR } y®

S g 31 3! 31 31 4 e
4, 4 4 3.4
=[ kb b 1484274 41y - KD J y @
24 6 12 B
=[ k*n* [h_“} K (k-1)> k3h4] e
24 6 4 12 .
=[ k*n* k*n* _K’n _ k’n*  k’nf ] e
24 24 12 24 12 "
24
__ k'h" _ O(k2h4)
24
For fixed k and sufficiently large k, this will always essentially be
larger than the principal term kh’. For this reason, we will increase the

number of iterations to obtain good results and better accuracy.
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Tables 5.7.17 and 5.7.18 show numerical results of problem (i) and (ii)

using method 4.

Table 5.7.17
Number Step "1” Correction
of Size
Steps Computed Solution Max Error
1000 0.001 2.702708163 1.55 x 107
2000 0.002 2.714080847 4.20 x 107
3000 0.00033 2.716366958 1.91 x 1073
4000 0.00025 2.717191054 1.09 x 107
5000 0.0002 2.717578493 7.03 x 10*
6000 0.0001667 2.717790904 4.91 x 10*
7000 0.0001429 2.717919853 3.62 x 10*
8000 0.000125 2.718003443 2.77 x 10*
Number Step "2" Corrections
of Size

Steps Computed Solution Max Error
1000 0.001 2.717509562 7.72 x 10*
2000 0.002 2.718177314 1.05 x 10™
3000 0.00033 2.718250034 3.18 x 107
4000 0.00025 2.718268239 1.36 x 10°
5000 0.0002 2.718274817 7.01 x 10°
6000 0.0001667 2.718277499 4.08 x 10°®
7000 0.0001429 2.718279251 2.58 x 10°®
8000 0.000125 2.718280097 1.73 x 10°
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Table 5.7.17 (Cont)

Number Step ”3" Corrections
of Size
Steps Computed Solution Max Ertor
1000 0.001 2.718251359 3.05 x 107
2000 0.002 2.718278005 2.03 x 10°
3000 0.00033 2.718281430 3.98 x 107
4000 0.00025 2.718281707 1.22 x 107
5000 0.0002 2.718281781 4.70 x 10°®
6000 0.0001667 2.718281807 2.09 x 10
7000 0.0001429 2.718281834 1.01 x 10
8000 0.000125 2.718281823 5.13 x 10”
Number Step "4" Corrections
of Size

Steps Computed Solution Max Error
1000 0.001 2.718281037 7.92 x 107
2000 0.002 2.718281850 2.29 x 10®
3000 0.00033 2.718281849 2.05 x 10°®
4000 0.00025 2.718281841 1.30 x 10
5000 0.0002 2.718281837 8.69 x 107
6000 0.0001667 2.718281834 6.14 x 10°
7000 0.0001429 2.718281833 4.55 x 10°
8000 0.000125 2.718281832 3.50 x 107
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Table 5.7.18

Number| Step ”1" Correction

of Size -
Steps Computed Solution Max Error
1000 | 0.02 2.325877653 x 10" 1.68 x 10?
2000 | 0.01 2.212278396 x 107! 3.29 x 103
3000 | 0.0067 2.194162629 x 10™ 1.26 x 107
4000 | 0.005 2.18837903 x 10! 6.43 x 107
5000 | 0.004 2.185941407 x 10 3.87 x 10°
6000 | 0.0033 2.18469392 x 10 2.57 x 10°°
7000 | 0.002857 | 2.183975826 x 10 1.83 x 10*
8000 | 0.0025 2.183525823 x 10" 1.37 x 10°
Number| Step "2" Corrections

of Size
Steps Computed Solution Max Error
1000 | 0.02 2.1112851019 x 10* 8.18 x 107
2000 | 0.01 2.1760429 x 107! 6.59 x 10™*
3000 | 0.0067 2.180585862 x 107" 1.67 x 10*
4000 | 0.005 2.1815572839 x 10" 6.44 x 107
5000 | 0.004 2.181876770 x 10 3.11 x 103
6000 | 0.0033 2.1820104538 x 10" 1.72 x 107
7000 | 0.002857 | 2.1820757428 x 10 1.05 x 1073
8000 | 0.0025 2.1821112723 x 10™ 6.88 x 10°
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Table 5.7.18 (Cont)

Number| Step “3" Corrections

of Size

Steps Computed Solution Max Error
1000 | 0.02 2.19864506 x 10™ 1.91 x 1073
2000 0.01 2.1833006659 x 10" | 1.21 x 10™
3000 0.0067 2.1823858766 x 10" | 2.17 x 107
4000 | 0.005 2.18224049 x 10™ 6.38 x 10°
5000 | 0.004 2.182202930 x 10™ 2.47 x 10°
6000 | 0.0033 2.1821900445 x 10" | 1.14 x 10
7000 0.002857 | 2.1821847227 x 10" | 5.94 x 107
8000 | 0.00257 | 2.1821822183 x 107! | 3.38 x 107
Number| Step "4" Corrections

of Size

Steps Computed Solution Max Error
1000 0.02 2.17705056 x 10™ 5.94 x 10™
2000 0.01 2.181991003 x 10 2.02 x 107
3000 0.0067 2.1821538714 x 10" | 2.62 x 10°
4000 0.005 2.182172910 x 10™ 6.21 x 107
5000 0.004 2.182176872 x 10™ 2.09 x 107
6000 | 0.0033 2.182780323 x 10 8.91 x 10
7000 0.002857 | 2.182178459 x 10’ 4.51 x 10°®
8000 0.00257 | 2.82176465 x 10™ 2.60 x 10
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In table 5.7.17 we present the results of problem (i) when k=200 and q=20
for different values of h. We can observe that when using more iteration we
expect the solution will be quite accurate. Exact solutions are also shown.
These figures show quite nicely the effect of increased accuracy associated
with decreasing values of h.

In table 5.7.18 we give the results of problem (i) when k=100 and q=10
for different values of h. Exactly the same remarks apply to table 5.7.18.
Finally, the time required will be increased.

Figures 5.7.5 and 5.7.6 show the |log max error| plot for |log h| for
fixed block length and sub-block length, where the results are obtained from

tables 5.7.17 and 5.7.18 respectively.

5.8 Conclusion
We have shown in this chapter three types of methods, each of which has
different local truncation error and  easily adapted to parallel
implementation.
From the results of the computation we can give the following remarks:
1. Method 3 is preferable to use when k is small. Also the time required is
slightly cheaper when compared to the other methods.
2. Method 1 is not good enmough, because the local truncation error depends on
K’h’.
3. The best method we recommended is the fourth method. It is more accurate
and gives better speedups. Two corrector iterations are more efficient

for small stepsize and four iterations for large stepsize.
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CHAPTER 6

Parallel Solution of Initial Value Problems

Using Fourth Order Block Methods

6.1 Introduction

In this Chapter. we shall present a fourth order method which is
applicable for arbitrary block length to solve ordinary differential equation
(refer to 5.1.1). The coefficients of the method satisfy the characteristic
polynomials, which are given as:

k

k k
a =1, X ja =12, Z ja = r'/3

9] , ,
1=0 =0 1=0

k
and X j3a” =r'4; r=12.k

j=0

Our aim was to produce fourth order methods which might be very
efficient to implement. As far as order of the accuracy and the stability
are concerned. if we require a method of order S to be achieved then the
local truncation error will normally be of order k**'h**' which is a very high
dependence upon the block length k. We seek some methods where the local
truncation errors have a lower power of k, as example, kh**' but then over
experience with order 2 methods suggests that the stability problem will be

possibly serious.

6.2 The Outline of a Fourth Order Method

Consider the fourth order method

y = yn +h(ar,oyn + ar,lyn+l,s + ar,k~lyn+k-l,s+ ar,kyu+k,s) (6.2'1)

n+r,s+1

., = 1.2,..k, s = 0,1.
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where the coefficients of the method is given by

= Gr* - 4k’ + 6kr? - 6r°)/12k(k-1)

r.k
a,, = [ (s - £1) - K(k-Da_, } / (k-1)(k-2) |
ar’k = /s - (k-1) ar,k_1 -k a and
a,= r-a -a,  -a; r =12,k
We shall give the values of the coefficients for r = 1,2,3k-1 and k for any
k, as follows:
1) Whenr = 1I:
a = (6K’ - 22k* + 23k - 6) / 12k (k-1)(k-2) ,
a, =(6k’ - 148" + 7k) / 12k(k-1)(k-2) ,
a = (k-2k%) / 12k(k-1)(k-2) and
a, =@k - 7k + 6) / 12k(k-1)(k-2).
2) Whenr = 2:
a, =(16Kk* - 56k + 48) / 12k(k-1)(k-2) ,
2, =(24k’ - 88K’ + 80k) / 12k(k-1)(k-2) ,
a,, = (8K’ - 16k) / 12k(k-1)(k-2) and
2, =(-8k’ + 40k - 48) / 12k(k-1)(k-2) .
3) Whenr = 3:
2, =(-18K" + 162K* - 441k + 378) / 12k(k-1)(k-2) ,
a = (54K - 270% + 351k) / 12k(k-1)(k-2) ,
3, = (54K’ - 135k) / 12k(k-1)(k-2) and
a, =(-54k> + 297k - 378) / 12k(k-1)(k-2) .
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4)

5)

When r = k-1

a_ o =K + 8k - 18 + 10K + 7k - 6) / 12k(k-1)(k-2) ,
3, =K - 2k* + 217 - k) / 12k(k-1)(k-2) |

a - (K - 2k* - 6K° + 14K* - 7k) / 12k(k-1)(k-2) and

3, =(-k* + 8k* - 24K + 34k* - 23k + 6) / 12k(k-1)(k-2) .
When r = k;

a_ =(-K + 8k* - 18K’ + 12k%) / 12k(k-1)(k-2) ,

a, =k’ - 2k% / 12k(k-1)(k-2) ,

a =(k> - 2k% / 12k(k-1)k-2) and

a, =k + 8k* - 18K’ + 12k%) / 12k(k-1)(k-2)

We notice from the above values that the coefficients of the method

depend on k. This means the coefficients take different values for different

k.

1)

As an example, we should give the formulae of the method when k = 3 and

When k = 3, the formulae are

i

A RS AR L TR T

Voo =Y.t 3 |V + 4y o+ y;+2] (6.2.2)
=y + 2y 43y 43y 4y

yn+3 yn 8 i yn yn~+~l yu+2 yn+3
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2) When k = 4, the formulae are:

Ve SNt | S vowyl -y sy ]

Vo TV om0 220y, 3yl -y ]

Vo TV o [P0y ey oy ][O
Yors T, + % [32y; + 256y111+1 + 256y;+3 + 32y;+4] J

6.3 Principal Local Truncation Error

The k™ component of local truncation error of the above method 6.2.1)
is given by:

e = 2k'k* - 8k® + 22K* - 25k + 10)h5y1(15)/ 1440k (k-1)(k-2)

k

= k3(k2-5k+5)h5yff>/ 720 = O(’h).

The local truncation error ¢ for (6.2.2) and (6.2.3) are

¢ = { -198%y1120 , by 9790 , -30%/30 } and

e = { -1 1h5y;5>/180 ,167h5y;5>/4320 ,3h5y;5>/20 ,8h5y§5>/9o }

respectively.

6.4 Stability Analysis

To analyse the stability of (6.2.1) we will use the concept of the
stability which is discussed in Chapter 5 when the method (6.2.1) is applied
to the test equation, the results are as follows:

The three cofactors for q(H) are
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1. (6k*-18K° + 12k )H
12k(k-1) (k-2)

q( l)(H) —

L (12k%-60k7 +66k® +102k°-268Kk" + 196k’-49k*)H>
144 k% (k-1)2(k-2)?2
(72k''-744%'° + 3 192k9-738k8+9942k7-7812k6+3318k5-388k4)H3
1728k (k-1) ? (k-2)3

q¥H) =

-1y [(2k7-5k6+2k5+4k4-4k3+k2)H2
144k ? (k-1)%(k-2)?

+(-2k1°+78k9-204k8+276k7—204k6+78k5-12k4)H3 }
1728k’ (k-1)° (k-2 ) 3
and

QVH) = (1) [(-2k7+11k6-20k5+12k4)H2 )
144k% (k-1) %k - 2)?
_ (12k‘°-90k9+264k8-378k7+264k6-72k’)H2]

1728k (k-1) * (k-2)°

The three cofactors for q (H) are

5 4 3 2
g = 1 +CK 48K 18K+ 12K
12k (k-1) (k-2 )

4 (-2k7-25k°+ 148K°-268k* + 196k’-49k*)H?
144k (k-1)%(k -2)2

L (36k''-444K'°-2178k°- 5604k ® +8244k7-6972k° + 3150k>-588k*)H
1728k (k-1) % (k - 2)°

(4k*-4K° +k*)H? +(12k%-54k 7 + 84k°- 54K % + 12k%)° ]

(2), 2k-2
(H) = (-1)
% [ 144K% (k- 1)k - 2)° 1728k * (k-1) % (k - 2)?
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and

GOVH) = (17 [(ks-zk“)H +(12k8-58k:+97k6-64k5+12k4)H2
12k(k-1)(k-2) 144k* (k-1)*k-2) 2

+(36k“-276k1°+846k9-1320k8+1098k7-456k6+72k5)H3 ]
1728k°(k-1)3 (k-2)°?
Therefore, the polynomials q(H) and qk(H) are

— 2 3
qH) = (al-a2H+a3H -a4H )/al and

qk(H) = (al+a7H+a3H2+a4H3)/al where

a = 1728°(k-1)’(k-2)’,
= 1728K°-1552k" + 57024k -108864K5+ 114048k*-62208k" + 13824k,
a, = 144K%(k-1)*(k-2)*(6k* 18K’ + 12K),
=864k -7776k’ +28512k"-54432Kk” + 57024k°-31104K’ + 6912K",
a, = 12k(k-1)(k-2)(12k>-60k’ +72k°-84k>-252k* + 192k°-481?),
= 144k 1152k +3312k°-3024K"-4320k” + 13392k 13536k" + 6336k*-1152,
a, = 72k''-720k'"+3024k°-6912k" + 9288k’-7344k5 + 3168K>-576K".
Hence, the amplification factor is
q,(H)
q(H)

which is less than one for all H < 0. So the method is A-stable for all k.

2
_ (al+a2H) +H (a3+a4H)

b 2 -
(al-azH) + H (a3 a4H)

We check the cases when k = 3 and k = 4.
Apply the system (6.2.2) to the test equation, then the values of q(H) and
q,(H) are as follows:

q(H) =(576-864H+528H>-144H%)/576 and

q,(H)= (576 +864H +528H’ + 144H%)/576.

Hence, the amplification factor is
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|a,(H)
aH) |

I | 576 +864H+528H2+ 144H°

576-864H +528H>- 144H°

then the method is A-stable when k=3,

Similarly, apply the system (6.2.3) to the test equation, we get

[ 1-94H /144 0
-22H/144 1
-270H/144 0
-256H,/144 0

14H/144
-32H/144
1-162H/144
-256H /144

Therefore, q(H) is given by

q(H) =(1-94H/144) [ (1- 162H/144)(1-32H/144)-(27H/144)(-256/144)]

-(14H/144) [ (-270H/144)(1-32H/144) +(256H/144)(27H/144)]

-5H/144
+8H/144

+27H/144
1-32H/144

4

<lI,

’V yn+l -
y

n+2

y

n+3

y

n+4

]

1+59H,/144]
1+40H,/144|
1+27H,/144|
1432H/144 J

-(5H/144) [ (-270H/144)(-256H/144) + (256H/144)(1 -162H/144)]

q(H) =(2985984-4575168H + 4727808H2-1492992H3)/2985984

q (H) is given by

q(H) =

[ 1-94H/144
-224H /144
-270H /144
-256H /144

14H/144
-32H/144
1-162H/144
-256H /144

1+59H/144]
1+40H/144
1+27H/144

1+32H/144

(1-94H/144) [ (1-162H/144)(1+32H/144H)-(1 +27H/144)(-256H/144)]

- (14H/144) [ (-270H/144)(1+32H/144) + (256H/144)(1 + 27H/144)]

+ (1+59H/144) [(-270H/144)(-256H/144) +(256H/144)(1-162H/ 144)]
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= (2985984 +663552H-1456704H-162432H)/2985984

+  (28224H°+24192H°%)/2985984 + (5308416H +6156288H" +1631232H%)/2985984.
Therefore,
q,(H) = (2985984+5971968H +4727808H>+ 1492992H%)/2985984.
Hence, the amplification factor is
q,(H)
q(H)

2985984 +4575168H +4727808H> + 1492992 H*

<1

2985984-4575168H +4727808H*-1492992H°

for all H < 0. Then the method is A-stable when k=4.

6.5 Parallel Algorithm

The following algorithm is based on the above method. The description of
parallel algorithm which is given here is similar to algorithm(2) which is
given in Chapter 5.

The algorithm is as follows:

and y _  using

1.  Compute yl;, then compute the predicted values Yorr Yorr

the formula Your = YV + rhy;, where r = 1, k - 1 and k.

4

2. Evaluate the function y;H, y’ and Y. o

0 +k-1
3. Computation of the corrected values is carried out by the following task:
Task type corrected-formula:
Send-initial (i,q) to task i;
Declare

ynew:vector (1..q);

col-0,col-1,col-(k-1),col k; column (1..9);
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Begin
Serial-loop
Send-data (col-O,col-l,col-(k-l),col k,zz,2(1),2(k-1),z(k);
Call procedure to evaluate the corrected values;
Collect the corrected values (ytempi);
End loop;

End Corrector-formula;

The main procedure is as follows:
Declare
a,b,c,d:column(l..k);

Begin
For i in 1..k/q loop
Cr(i).send-initial (i,9) to corrector-formula task I
End loop;
n:=0;
loop
Exit when n > number of steps;
z2:= dy(xstart,initial-valuc);

--Evaluate the predicted values
y(1):=initial-value + h * zz;
y(k-1):=initial-value + h * float (k-1) * zz;

y(k):=initial-value + h * float (k) * zz;

Since the predictor formula of order one and the corrector formula of order

four, then it is important to use the mode p(EC)’.
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For s in 0..2 loop -- correction loop
z():= dy(x(1),y(1));
z(k-1):= dy(x(k-1),y(k-1));
z(k):=  dy(x(k),y(k));
--Call the corrector-formula
For 1 in 1..k/q loop
Cr(1).send-initial (a(i-1) * q+1..i*q), b((-1) * q+1..i*q),
c((-1) * q+1..i*q), d((-1) * q+1..i*q), zz, z(1), z(k-1), z(k));
End loop;
For i in 1..k/q loop
Cr(i).collect(y((i-1) * q+1...1*q));
End loop;
End loop; --end correction loop;
Initial-value: = y(k);
xstart: = x(k);
n:= n+k;
Exit when n = number of steps;
End loop;

End procedure.

6.6 Theoretical Cost

In this section we shall present the parallel cost of the above

algorithm in terms of the four parameters which were mentioned in previous
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chapters (4,5).

For each block we need three predicted values and four function which can
be obtained in times 8m and 10f respectively.  Since there is only one task
type to compute the corrected values, then the time required is

kr/q + [6kr/q + (159 + 12) ks/q + 27km/p].

This shows that, there is one rendezvous to send 1,q to k/q task and two
rendezvous to send and collect Sq + 4 data items. The total number of
arithmatics operations is 9q. If we assume that the number of processors
P = k/q, then the number of arithmatics operation is 9k/p. Thus the time
required for each block is

kr/q + [ 2kr/q + (5q + 4) ks/q + Okm/p ] x 3
where 3 is the number of iterations.
Hence, the total cost of this method is
kr/q + [6kr /q + (15q + 12)ks/q + 8m + 27km/p + 10f] c/kh  (6.6.1)
where ¢ is the end of the interval and h the stepsize. But if we assume the
number of tasks is equal to the number of processors, then the formula (6.6.1)

becomes

kr/q + [6kr/q + (15¢ + 12)ks/q + (8 + 27q)m + 10f] c/kh (6.6.2)

6.7 Comparison with Other Methods

In this section we compare between our 4th order block method derived in

this chapter and four order Adams predictor-corrector method [33] in two ways:
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a) The behaviour of global error
b) Time taken to run each method

The Adams predictor-corrector method is given by:

. p — h ’ ’ ’ ’
p-y yn +2_4 (Ssyn ) 59yn-1 +37yn-2 ) 9yn-3 ]

n+1l -

. < — h ’ ’ ’ ’
c: yn+l —yn +2_‘I [gyu+l +19yn B Syu—l +yn-2 ]

The truncation errors for these formulas are:
2510°y¥(2)/720 and  -19h’y®({)/720 respectively.
The above formulas have the same order, then it is necessary to make one
application of the corrector for each step, provided h is small.
To implement the above formulas we shall use fourth order Runge-Kutta
method which is defined by
k= hfey).
k =nh f(x + h/2, y, tk/2)
k =h f(xu + h/2 , y, tk/2) ,
k, = hf(xn + h, y, tk) ,
Yoo =V, +(k1 +2k2 -%—2}(3 +k4)/6 ,

to obtain the starting values Y, ¥, and y3(see appendix c¢). So, for each
step, compute the predicted value yzﬂ, evaluate y;il and compute the
corrected value yZH. The serial algorithm of the above methods can be
written as

- - Compute the starting values using R-k methods

For i in 1...3 loop
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ki= hfx .y );
k:= h f(xi_1 + h/2, y, t k]/2) ;
k:= h f(xm + h/2, Y., + k2/2) ;

k:= hf(xi_ + h, y

| k) ;

i-1
=y, + (k1 + 2.0 * k2 + 2.0 * k3 + k4)/6.0 ;

End loop

- - compute the function evaluations

Zy= f(x.y) ;
Z:= f(x.y);
Z:= f(x)y) ;
Z:= f(x.y) ;

For i in 4 .. n loop
- - compute the predicted values

Y= Yoy ThTG50%Z -590%z, +37.0%Z .90+ Z )/24.0;

- - Evaluate the function
Zi= txy)
- - Compute the corrected values
yr= vy, +h*(©9.0* Zi + 19.0 * Zi_1 - 50 * Zi_2 +Zi_3)/24.0 ;

End loop;

6.7.1 Predicted Cost of Adams Methods

The Adams method used here requires four starting values (including

initial value), so using 4th order Runge-Kutta method requires four function
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evaluations per solution value, Before we start the predictor-corrector
procedure, four function evaluations have to be used to compute the predicted
value. Thus with PEC mode, one function evaluation needs to be calculated
after the predicted value. Hence the number of function evaluations is

3

2 444+ 31 =1 +13

i=|] i=4

where n is the number of steps.
The number of additions and multiplications is approximately 19 n.
Therefore, the total time is
T=0+13)f + 19n m

where f is the time to do one function evaluation and m is the time to do one

addition or multiplication.

6.8 Numerical Results

The numerical results presented here are those produced by the Adams

predictor-corrector method and our fourth order block method when applied to

test problems (i), (ii), (iii) and (iv).

233



Table 6.8.1 - Test Problem (i)

Global Error

Number of Stepsize

Steps Adams p-c Block Method
100 0.01 5.87 x 10" 5.61 x 10°®

200 0.005 4.07 x 10" 3.56 x 10°

300 0.003333 8.30 x 10" 7.08 x 107'°
400 0.0025 2.67 x 102 2.25 x 107
500 0.002 1.11 x 10" 9.22 x 10
600 0.001667 5.38 x 10" 4.45 x 10
700 0.0014286 2.92 x 10" 2.40 x 10
800 0.00125 1.72 x 108 1.41 x 10"
900 0.001111 1.00 x 10 8.81 x 102
1000 0.001 6.62 x 10 5.78 x 1072
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Table 6.8.2 - Test Problem (i)

Global Error

Number of Stepsize
Steps Adams p-c Block Method
100 0.2 1.71 x 10™ 5.05 x 107
200 0.1 1.22 x 107 2.72 x 10°
300 0.066667 2.44 x 10°® 4.99 x 107
400 0.05 7.64 x 107 1.51 x 107
500 0.04 3.08 x 107 6.03 x 10°
600 0.03333 1.46 x 107 2.85 x 10°®
700 0.02857 7.80 x 10 1.52 x 10®
800 0.025 4.54 x 10°® 8.80 x 107
900 0.02222 2.80 x 10°® 5.45 x 107
1000 0.02 1.81 x 10°® 3.55 x 10°
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Table 6.8.3 - Test Problem (iii)
&= 2.8.J - 16st Froblem (iii)

Global Error 7
Number of |  Stepsize
Steps Adams p-c Block Method
0.2 4.73 x 107 2.14 x 107
0.1 4.18 x 10°® 1.38 x 10°°
0.06667 9.14 x 10° 2.74 x 107
0.05 3.03 x 10° 8.72 x 10°®
0.04 1.28 x 10° 3.58 x 10
0.03333 6.28 x 107 1.73 x 10°®
0.02857 3.43 x 10'° 9.34 x 10°
0.025 2.03 x 10'° 5.48 x 10”
0.0222 1.28 x 107 3.42 x 10°
0.02 8.44 x 10 2.25 x 107
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Table 6.8.4 - Test Problem (iv)

Global Error T
Number of | Stepsize
Steps Adams p-c Block Method
100 0.01 6.35 x 107° 1.55 x 10°®
200 0.005 3.79 x 10! 9.57 x 107
300 0.00333 7.37 x 102 1.89 x 107
400 0.0025 2.31 x 1072 5.96 x 10!
500 0.002 9.41 x 107° 2.44 x 10!
600 0.001667 4.53 x 108 1.18 x 107
700 0.0014286 | 2.44 x 10" 6.33 x 102
800 0.00125 1.46 x 109 3.72 x 102
900 0.001111 8.84 x 107 2.32 x 10
1000 0.001 5.51 x 107 1.52 x 102
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6.9 Timing Results

The experimetnal timings in this section are those produced by the Adams
method and 4th order block method when applied to the test problem (i), (ii),
(iii) and (iv).

First, we shall give the actual and predicted times which were obtained

using the Adams method, when the program was run on a single processor.

Table 6.9.1

Test Number

Problem of Steps t(A) t(P)
@) 500 2.40 1.61
1000 3.80 3.45

(i) 500 3.0 1.80
1000 4.0 3.62

(ii1) 500 2.80 1.81
1000 4.10 3.64

(iv) 500 3.50 2.04
1000 4.10 4.10

The following table illustrates the timings when 4th order block method

is used.
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Table 6.9.2

Test Number Number of Processors t(A) or |
Problem | of Steps 1 2 3 t(P)
6)) 500 8.6 8.3 t(A)
6.7 5.2 t(P)
1000 15.5 13.6 14.3 t(A)
13.7 10.3 9.2 t(P)
(ii) 500 8.9 8.3 t(A)
7.3 5.6 t(P)
1000 16.0 13.7 13.8 t(A)
146 11.3 10.1 t(P)
(iii) 500 8.8 8.3 t(A)
73 5.7 t(P)
1000 16.0 14.6 14.3 t(A)
147 11.3 10.2 t(P)
@iv) 500 10.7 9.7 t(A)
7.9 6.2 t(P)
1000 16.3 15.2 154 t(A)
L 15.7 12.4 11.2 t(P)

6.10 Discussion and Conclusion

Tables 6.8.1 to 6.8.4 show the global errors of the Adams method and the
block method when block length k=4 and sub-block q=2.

We observe from these tables that once the stepsize h has changed to
h/2, the value of the ratio (between the current error and previous error) is
near 16, which is the theoretical ratio that would be expected since these

methods are fourth order. Comparing the global errors in table 6.8.1, we can
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see that the Adams method has smaller errors than block method, for example,
the Adams method has error 0.01 times that of the block method. In table
6.8.2, block method has global error 0.01 times that of the Adams method. In
table 6.8.3, the global error of problem (i), using the Adams method, is
0.01 times the global error of the block method. Finally, exactly the same
remarks apply to table 6.8.4.

Tables 6.9.1 and 6.9.2 show the time taken to run the Adams method and
the block method respectively. The Adams method seems to be much cheaper than
our block method, and one of the reasons is in the Adams method mode PEC was
used, while in the block method P(EC)3 was used, but the numerical results are

satisfactory since no real difference in accuracy between the two methods is

shown.
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CHAPTER 7

Suggestions for Future Work

This chapter has two aims. The first is to present some modified methods
used in solving linear system (2.1.1) and it would be interesting to carry out
more theoretical and computation study in order to find the best method
suitable for parallel computers. The second is to present new methods for

solving the initial value problems.

7.1 Future Work on Linear Systems

In this section, we present a description of some modified methods used
in  solving linear system (2.1.1). Block Gauss elimination with partial

pivoting. It is slightly different from algorithm 2 which was mentioned in

chapter 4. Also it is useful to compare the cost of this algorithm with
algorithm 2. Concerning direct factorization with partial pivoting, the
matrix A is to be factored using LU decomposition. It is interesting to

compare the cost here with the cost of algorithm (1) which was mentioned in

chapter 4. Block Gauss-Jordan and Choleski’s methods are given.

7.1.1 Block Gaussian Elimination

In this section we shall give an algorithm to solve a linear system
A x = b using block Gauss elimination with partial pivoting, consider a matrix

A of order n x n and the vectors x and b are of order n x 1.
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If we partition the matrix A into q° blocks of order m x m each and partition
X and b into q x 1, where ¢ = n/m then the forward elimination algorithm can
be written as |
For i in 1..q loop
q row (i):= 1
-- denotes the row numbers
End loop;
For 1 in 1..g-1 loop
let o be the smallest integer with
1 = a=sgq
| A (qQ row(a),i) | := max | A (q row(j),i) |
1<j =g
if  A(q row(a),i) := 0
then no unique solution exists.
if q row(i) # q row(a)
then interchange rows.
For jini + 1 .. q loop
m = Aji AI: ;
For kini + 1 .. q loop

T Ajk - m Aik ;
b := b - m. b
End loop;
End loop;
End loop;
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The individual blocks are processed serially, so we need the following

procedures:
1. Procedure to compute A™';
2. Procedure to multiply two blocks;
3. Procedure to subtract two blocks.

As we know Cramer’s method is used to compute the inverse of a non
singular matrix, involving the computation of q+1 determinants, so the
computation of these determinants is fairly expemsive. @A much more efficient
method for finding A™ is as follows:

let e denote the i column of identity matrix I; that is:
1

0
0
! 1 i component
0
0

let ¢ denote the i"™ column of the matrix A”. Then
AA! =1
= A c =e, i=12,.,m
Thus the solution to the equation

AZ=c¢ (7.1.1)
is just the i™ column of A Hence, A" can be computed by solving (7.1.1)
for i=1,2,..,m. This can be done using Gaussian elimination.

To solve the system of equations, we shall use backward substitution

which is given as follows:
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q 4.9 q
-1
X = A b - A X
Tq-1 q-1,q-1 (‘q—l q-1,9 _q)
-1
X = b - X - A X
Tq-2 q-2,q9-2 (—q-2 92,9 ~q q-2,q-1 _q-l)
-1
= A - A x - A - .
1 1l (l—)l 1,47 1,q-1 lq-l Al,q-lxq-l A1,252)
) -1 .
We assume that Aii, 1 = q,.., 1 are known then we can compute the following:
O = ok - i = q-
B| AL * b -ALx) , i=ql., 1
where
BV = A b - X) e X
q- q-1,q-t q-1 q-1,q q q-1
Then
B? B Al * A X
i i ii i,q-1 q-1
1 = q-2,.., 1
where
B® = BWY _ Al * A X e X
“q-2 Tq-2 1-2,q42 a2,9-1 g “q2

and so on. Then the final step is

B(Q‘l) = B(Q'z) _ A‘l * A x - .
1 1 11 12 72 1

| >4

Note that the pivoting that was done during the elimination should, however,

also be included in the backward substitution.
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7.1.2 Direct Factorization with Partial Pivoting

We are interesting to solve the linear system Ax=b using
LU-decomposition with partial pivoting. The system of linear equations can be
solved in three stages.

a) decompose A into the product of a lower triangular matrix L and upper

triangular matrix U;
b) solve L Z = b and,
c) solve Ux = Z.
The following task is used to factor the coefficients of the matrix A into L
and U, where the entries aij = lij for each i = 23,.., n and j = 1,2,..,i-1;
L= 11=ii+l,., n.

The task required to triangulate the matrix A is
Accept pivot row (i), elimination row (j), i;
-- to find the first pivot

let q be the smallest integer such that 1 < q < n

and |a | = max |a | ;

ql il

l <j=<n

if |aql| = 0, then is no unique solution exists.
if @ # 1 then interchange rows q and 1 in A.
Compute the multipliers
Forj >i,k >1 do

— - * .
a, <—a, a a

Return row j ;
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To complete the solution of linear system, the following tasks are required:
The forward substitution task is given as
Accept the vector b;
Zj =bi , i=1,..,n

Accept a. , Z ,
ij j

Z =Z -a *7Z
i i ij ]

Return Zi;
The task is started by copying b into Z for i= 1,.., n. At this point Z1 is
computed. To compute Zi, i=2,..,n, Z1 and bi(=Zi) are needed. So both Zl and
Z2 are computed. The next step 21’ Z2 and Zi, i=3,..,n are needed. Then the
calculation of Z!1 completes the calculation of the vector Z.

The backward substitution task is:

Accept a. Z ;

1

Compute x. =Z,/aii , i=1,..,n
1 1
Return X;
Accept a. , x ;
3 J
Compute X =X - (aij/aii)xj
Return x
1

The task is started by evaluating the value of X , then communicate X into
each remaining tasks, so as to modify the right hand side. The above
implementation is carried out in a manner similar to the forward substitution
task.

In order to compare this algorithm with algorithm 1, which was

mentioned in chapter 4, we expect that the cost will be slightly more than the
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previous algorithm, this is due to the time consumed to interchange rows and

the forward substitution.

7.1.3 Block Gauss-Jordan Method

Solving a linear system A x = b using Gauss-Jordan method converts
[A | b] to [I | b™], so that at the completion of the elimination x = b®.
To solve A x = b by this method on sequential machine requires n’/2 which is

more expensive than regular Gauss elimination. If we consider a matrix A of
order n X n and x and b are of order n x 1, and partition the matrix A into q2

and the vectors x and b into q x 1, then the system will be

( Au A12 A13 Aln -)51 bx

A A A X b

21 22 23 20 = =2

%l ‘%2 %3 %n K3 = l23

A A A A X b
L nl n2 n3 on | | o | | o |

In Gauss-Jordan method every block is eliminated from each row of the matrix
except the diagonal block, which is made equal to unity. However, we can
write a simple algorithm as follows:
1) Multiply row (1) by A",
2) Multiply row (1) by Akl , k=23,..4q

row (k) <— row (k) - row (1) * AHAH
3) Multiply row (2) by Azé , multiply row (2) by Ak2 and compute,

row (1) <— row (1) - row (2) * Ai;) A' and

22

row (k) <— row (k) - row (2) * Ag) A221 , k=34,.q.
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This places a zero block in the second column position for every row except
row (2), which contains unit block. Also we do the same thing for the right
hand side. Repeat step (3) for rows J = 3,4,.., q, noting that k is the range

over all rows except row j.

Now, suppose q = 4, we have

11 fHZ }ﬁ3 134 bl
[El 132 XEB A§4 b2
A A A A b

| 4l 1442 /\43 1444 b4 ]

Applying the first two steps from the above algorithm, we get

-1 -1 -1
Ay <— Ay - A12A21A11 A32 <— A32 ) A12A31Au Ay <— A42 ) A12A41A11

-1 -1 -1
n < A23 B A13A21Au A33 <— A33 B A13A31Au A43 <— A43 B A13A41A11

-1 -1 -1
2w < A24 ) A14A21A11 A34 <— A34 ) A14A31Au A44 <— A44 B A14A41A11

-1 -1 -1
bz <— bz B b1A21A11 b3 <— b3 B b1A31A11 b4 <— b4 B b1A41A11

The system becomes
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1 A
12 13
0
2 23
0 4, A
0 A A
42 43
Applying the 3rd step,
-1
An <— A12 B AzzAlezz
1
3 ST AT A23A12 22
< ) -1
14 14 24 12
-l
b1 <= b1 B b2A12A22

This will give

-

I 0
13
0 I A
_ 23
0 0 Al
0
| 43

Repeat step 3 for row 3,

A <—A-AAA
13 13733

A <—A-AAA
14 14 7734771303

b1 <—’b - bABA33

14 b1 1
4, b
P§ b
4 3
A b
44 4 |
-1
n < A32 B A22A32A22
<— A - A AA!L
33 33 23" 320
-1
3 ST A34 ) A24A32A22
-1
< b3 B b2A32Azz
1
\4 b
24 bz
b3
44 b4 IR

23

24

<—A-AAA'1

23

33 23 33

<—A-AAA

<—b

24
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34 23 33

- bA Al

3 23 33

42

43

44

<_

42
<— A43
< — A44
<— Db

4

22 42 22

-1
23 492 22

A Al

24 42 22

-1
b2A4zA22

<— A B A33A43A33

1
<— A A34‘6‘43A33

44

<— b-
4

bA Al

3 43 33



This gives

r

P
o
o
>
o

£
—

—

o
N~
&

o
o
g e

>
o
[S—

The final step is

A <— A -AAA' 50
14 14 44 14 44

A <—A -AAA' 50 ; A <— A -AAA!
24 24 44 24 44 34 34 44 34 44

The final form of the matrix is

1 o0 o

0 bl
0 I 0 0 b2
0 0 I 0 b3
0 0 0 I b
L 4]
which yields to
x =b ., x, =b , x =b , x =b

We can say that in case q=4, we should have 3 processors available.

step (finding the miltipliers)
1.  Compute the multipliers
m, =A“A;: , 1=2,3,4 in parallel

Compute the following blocks
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22 32 42
A A A

23 33 43
A A A

24 34 44
b2 b3 b4

in parallel. In this case we can create a task defined as
block(l) <— block(l) - block(2) * Multiplier
Compute the multipliers

-1 -1 -1
m =A A . m A A R m = A A
1 12° 22 3 32022

Update the blocks

A A A
12 32 42
A A
13 33 43
A A A
14 34 44
b, b, b,

Compute the multipliers

_ -1 _ - — -1
m. = A13A33 , my = AA > m, A43A33

Update the blocks

A A A
13 23 43
A A
14 24 44
b1 b2 b4

Compute: ml=A13A;; , m =A A’ , m =A Al

Update
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A A
13 23 43
14 24 44

1 2 4

5. Then the solution is obtained by setting

X = b s i = 15253’4

1 1

The above procedure can be implemented on parallel machine using three

processors.

7.1.4 Choleski’s Method

It is interesting to solve the linear System A X = b wusing Choleski’s
method, because the cost is about nl§ using sequential computer. Let A be a
symmetric and positive definite matrix of order n, then the algorithm might be

written as follows:

1) Find l11 = Vva

11
2) Find lji = aji/l“ » J=2,..,n in parallel

3) Foriin2 . n-l loop
R 12
Compute 1ii = [aii - 2 1k ]

k=1
i-1 .
Compute lji = [aﬁ - ki 1Jk I, ] / L
,J =1+ 1,..,n in parallel.
n-1 ) 12
4) Compute Inn = [ann - kf’l lnk J
5) Solve the system
LZ=pb and L'x =p
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An important work has to be carried out theoretically and computationally in

future and this is a continuation of chapter 4.

7.2 Future Work on Initial Value Problem

The primary aim of this work was to produce second and fourth order
blocks methods for initial value ordinary differential equations which are
applicable for arbitrary blocklength. In addition,the knowledge of the
stability ~properties allows us to choose the efficient methods which are
A-stable. Moreover, we prefer the methods where the local truncation errors
bave a lower power of k (blocklength).

Clearly, much additional work on block methods can be carried out. In
particular, there are some methods we have thought about, but for which there

has not been sufficient time for a complete analysis.

7.2.1 Block Methods

The first method suggested is given by

r
= yn+hZ‘ a y’

rj 7 n+j,s
i=0 1] J

y

n+r,s+1

,r=12,.,k ; s=0,1

where the coefficients can be put in tableau as follows:
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Table 7.2.1

I ar,o ar,l ar,2 ar,3 ar,4 ar,S e ar,k-l ar,k
1 1/2 1/2

2 215 6/5 2/5

3 2/5 11/10  11/10  2/5

4 2/5 11/10 1 11/10  2/5

5 2/5 11/10 1 1 11/10  2/5

k 2/5 11/10 1 1 1 1 ... 1 11/10 2/5

where the coefficients satisfy the following:
a) whenr = 1:
172 + 12 =1, 112 = 112
b) whenr = 2:
25 + 6/5 +2/5 + 10/5 =2, 6/5 + 4/5 = 10/5 = 2
C) when r = 3:

2/5 + 11/10 + 11710 + 2/5 = 39 = 3

10
11/10 + 22/10 + 12/10 = 45/10 = 9/2

d) whenr = k:

k-2
2/5 + 11/10 + X1 + 11/10 + 2/5 = (4+11+10k-30+11+4)/10 = k ,
j=2

k-2
11710 + 2 j + 11(k-1)/10 + 2k/5 = (11+5k*-15k+11k-11+4k)/10 = K*/2.

i=2
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The k™ component of the local truncation error is

£, =[(kh)3/6 - RP11+102%+3% 4. +(k-2)* + 11(k-1)° + 4k2)/20]y”’

n

= [k% - (11+1002K>-9K° + 13k-12)/6 + 11(K*-2k+1) + 4k2)/20]h3y”'n
Therefore
&, = (k/60 - 1/10)h’y”* = O(kh?).
To check that, suppose k=3, then the 3rd component of local truncation error
is given by

e, =[276 - (11 +44+36)/20| 0y "

=(27/6 - 91/20)h’y” ‘(x) = -h’y”’/20.
Also when k=4, the 4™ component of the local truncation error is given by

& = [64/6 - (11+40+99+64)/20]h3y:'

= -h3y: ' 130.

The second method suggested is given by

T
=y 4+ h2 a vy’
n i=0

r=12,....k ; s=0,1

yn+r,s+l rj yn +],8

where the coefficients represented in the tableau below:

255



Table 7.2.2

a .
r,2 r,3 r,4 r,5 ar,k-l .k

2 [ 2/5 6/5 2/5

3| 2/5 11/10  11/10 2/5

4 | 2/5 16/15  16/15 16/15 2/5

S| 2/5 21/20  21/20 21/20 21/20 2/5

k|25 Okd) Gked)  (Skd) (Skd) (5k-4) 5
Sk-1)  S(k-1)  5(k-1)  5(k-1) 5(k-1)

The coefficients satisfy the first and the second characteristic polynomials,
which are given by:

k k
2a =71 and 2Zja = 1’2 , r=1,... k.
=0 " =0 ©

The k" component of the local truncation error is given by:

k-1
£, =h3{k3/6 - (Sk-4)( X )/10(k-1) - k2/5} Ve’

i=1

=(k2-4k)h3y:: ‘160 = O(k’h).

The third method suggested is given by
y =y, Zay

n+r,s+1
r=12,..k ; s=0,1

where the coefficients represented in the tableau below:
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Table 7.2.3

roa, a a, a_, B, e a_

1 172 172

2 2/3  2/3 2/3

3 3/4  3/4 3/4 3/4

4 4/5  4/5 4/5 4/5 4/5

k| k/ik+1 kK/k+1 oo, k/k+1

The coefficients satisfy the first and the second characteristic polynomials,

which are given as

k k
Ya =r1 and Ta =172 , r=12,.k
j=0 1 j=0 ¥
when r = k, the local truncation error is given by
k
h3{k3/6 S jz)/2(k+1)} y"”

i=1

&
k

=h3{k3/6 - kz(k+1)(2k+1)/12(k+1)} y”’

n

= (-k*’h*/12) y’’ = O(’n’)

The fourth suggested method is given by

r
=yn+h):arjy'

o +j,s

y

n+r,s+1
i=0

, r=12,....k ; s=0,1

where the coefficients are shown in the table below:
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Table 7.2.4

rla, a, a, a. a, a a a,

1| 172 12

210172 1 1/2

3112 5/6 4/3 1/3

4 112 1 1 1 172

5112 5/6 4/3 2/3 4/3 1/3

k-1 172 5/6 4/3 2/3 4/3 2/3 4/3 1/3

k|12 1 1 1 1 I 1 172
where the coefficients satisfy the first and the second characteristic
polynomials, which are given by

k k

2a =71 , > jfa = rn.

j=o ” j=o Y

So, the k™ component of the local truncation error when k is even given by

g = Ckn)yr /2,

and when k is odd

?

g = -h3y: /12 which does not depend on k.

The fifth method suggested is given by

y

n+

2,...

, k

>

r
r=yn+h‘2arjy

i=0 "
s=0,1.

’

n+j,s
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In this case we can choose the coefficients when r=1 as follows

a, = 9/24 a = 19/24 31,2 = -5/24 a ., = 1/24.

So, the coefficients for this method are shown in the table below when k is

even.
Table 7.2.5
T ar,O ar,l ar,2 ar,3 ar,4 ar,S ar,6 """" ar,k
1| 9/24 19/24 -524 1/24
2| 1/3 4/3 1/3
3| 3/8 9/8 9/8 3/8
4 | 1/3 4/3 2/3 4/3 1/3
51 1/3 4/3 17/24 9/8 9/8 3/8
6 | 1/3 4/3 2/3 4/3 2/3 4/3 1/3
k| 1/3 4/3 2/3 4/3 2/3 4/3 ... 2/3  4/3 1/3

The coefficients of the method satisfy the characteristic polynomials, which

are given as:

T

£ k 2 £ 2 3
Z’arj=r, Zija =172 , Z‘jar=r/3

=0 i
53 4
and X jar, =r/4 , r=1,...k.
j=0
The local truncation error when r=k is given by

s. s 5 4.5
¢ =[k h _h_{4(1“+3“+5“+7“+..+(k-1)“)+2(24+4“+6“+..+(k-2)“}-k—h~]Y‘”
£olizo 72 &
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n

h’ b’ {4k(k-1)(3k3+3k2-7k~7) N 2k(k-1)(3k3-12k2+8k+8)} K4hS ]y“)
IR DOK 30 T0T) | 2k DK - 1260+ 8K+ 8)] k48]

120 72 30 30 -
=[EL - 00 (k- 2K+ 12K5-28k-28) - k (k- 1)(6K*-24K°+ 16k + 16) - 3Ok4]h5y(5)
120 2160 2160 2160 n

5
={18k5-18k5+30k4-12k-30k4}h5y<5>/2160 _-kh®
: 180 °®
= 0(kh’)

To check that, suppose k=2, then the formula when r=2 becomes

— h 7 ! ’
yu+2 —yu + 3 [yn + 4yn+l yn+2;l

where

e = 23 1 [4+24]}h5y(5)= 32 _ ﬂ)} h5y(5)

2 120 72 "ou20 72 "

=-b’y*/90.
Also, in case k=4, then the 4" component of the local truncation error is
given by
5 :
e ={4 1 (4+2.24+4.34+4")}h5y<” =-h%y 945,
¢ 120 72 » 5

When k is odd, the k' formula can be written as
v, =7y + h[y'/3+4y;+l/3+2y;+2/3 oyl BRIy s

n +(k-4)
B, n/8FOV /843y +k/8J .

Therefore, the local truncation error is

5.5 5 4 4 4 4 4
=&_L[j+£+4.3 24 ket 17k-3)

€
k 120 24 3 3 3 3 3 24
4 4 4
+ 9k-2)*  9k-1) L 3K ]} e
8 8 8 n
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i
5,

,

s
={L L [4(14+34+54+...+(k-4)4J+2(24+44+64+...+(k-5)4)]
120 72

C17(k-3)* 9(k-2)*  9k-1*  3k* } By
576 192 192 192 .

={72k5/8640 - (72K° - 1200k* + 7920k - 25920k° + 42168k - 27360)/8640

(255k* - 3060k’ + 13770K* - 27540k + 20655)/8640

(405k* - 3240k’ + 9720k - 12960k + 6480)/8640

(405k* - 1620K° + 2430k* - 1620k + 405)/8640

135k*/8640 } by .

Hence,
& = —(180+48k)h5yi5)/8640 = O(kh®).

To check that, in case k=3, the formula for r=3 becomes
y +y.,)

n+3 n+2

=y + gﬂ (v, + 3y, + 3y
which has

e, = -30’y'V/80.
The formula, in case when r=5 (k=5), is given by

Yo, =Y, T hy!/3 + 4y’ 13+ 17y’ /24 + 9y’ I8 + 9y;+4/8 + 3y;+5/8,

and
__ 7 hSy

8 F—— R,
5 144 o
This work on these methods is currently in progress, but still needs some more

work to report about it; and we think it is important to investigate the
stability analysis of such methods. Also, for fourth and higher order

methods we should seek some methods to use as predicted formulae.
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7.2.2 Runge-Kutta Methods

As far as this work is concerned with parallel solution of ordinary
differential equations and because the Runge-Kutta methods have been used to
produce high equality ordinary differential equations software, we should
mention some ideas about parallel Runge-Kutta methods.

Consider the general form of an explicit Runge-Kutta method which
consists of evaluating the quantities

ko= f(x,y)
k = f(x +hc,y + h 5l a_k )

s=1

and

using a sequential machine, kl,kz,...,km are evaluated in sequence and in
order.

It is noted in [13], that such methods can easily be used either across
the method or across the system. In case of solving a system of equations, at
each value of xn-i-hc:r there are nk values which depend upon n derivative
equations.  The calculation of the derivative functions can be carried out in
parallel, and each set of kr, r=1,2,....m is assigned to a different
processor. The idea here is how to compute the derivative functions

simultaneously.  However, if we try to think for a new Runge-Kutta method,
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where the value of kr, r=2,..,m depend only on k1 (say),. this will be fine and
it is suitable to use.
Now, we shall describe a new technique which might be helpful for
parallel computation.
Let us start with fourth order Runge-Kutta method
kl = f(xn’yn)
k2 = f(xn+hc2,yn+ha21kl)
k. = f(xn+h03,yn+ha3lkl+ha32k2)
k4 = f(xn+hc4,yn+ha4lkl+ha42k2+ha43k3)
and

y

Apply the above formulae to the test problem

o+l = yn + h(aSIkI + aszkz + as3k3 + a54k4).
y’ =iy, A<0

then we have,
kl = lyn

k = /1(1+21”H)yn

;= 2
L3 = A(1+(a3l+a32)H + a_a H)yn
k

4

32 21
2 3
= : H + a H
/l(l+(a4l+a42+a43)H + (a42a21+a43(asl+332)) a43332 21 )yn’
where Ah=H.
= = = ] v =1
Let v, 1, V., 1, A\ , al
= = + v
vzz a21v11 ? v32 a31Vu a32 21
V. = a.yv
33 32 22
= vV o+ V. + av
V42 a41 i1 a42 21 43 31
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Vs T Vo T 43V,
v = .
44 A5V

ow let =

Now le kl }Lv“yll

= j-1
kj A(vjl + vsz +...+ vjo )y[l R

We derive the

=1
A
=av + .ot
Vi STMT AV Tt ajj-lvj-l,l
= + +...+ \'%
Vj3 AV n 43V5 i1 1,2
Generally,
i-1
v = 2 a vy
ji Kk j-
Mok=ig BRI
=234 | =23
Then

Your = HH)Y
where
y =y, +a bk + a52hk2 + aﬁhk3 + a54hk4.

n+1

=y + aSIHyn + aSZH(1+a21H)yn + aSBH(1+(a3l+a32)H + a

+ aS4H(1+(a4l+a4z+a43)H + (a42 »

+a_a

52 53+aS4)Hyn + (a

= yn+1 =yn + (aSI 52 21

2
+ a54(a41+a42+a43))H yn + (a53 32 21

4
a54a43a32a21H yn'
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following recurrence relation for v ,
ji

a +a

j=2,3.4.

43 (a3 1

a_a +a_ a

54 41

32 21

2
+a32))H + a 43a32a2

a + a53(a31 + a32)

3
+a§4(a3l + 332))H yn

2
a H)yn

1H3) yn



=
yn+l n 5,k k,1 a5,k k,2
1 =2 k=3
3 . 4 ;3 ¢ 4
JuH) =1 + H X
u(H) as’kvk’l + H X as’kvk’2 + H X as’kvk,3 + H av,,
k=1 k=2 k=3
2 3 4
=1+ Hv + H' v + H v + H' v
5.1 5,2 5,3 5,4
where
4
Vo, T kz_‘?l ag, Voo o 1=1,2,3,4,

The idea is to evaluate all k simultaneously,

kl = ilvllyn
= il =
kj /l(vjl + vj2 H+ ... + vjj H )yrl , J=2,3,....m
Then
Yoo =HMHy .

Again, a considerable amount of work seems to be dome before it is clear

whether such methods are better than or less good than block methods via

parallel environment.
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APPENDIX A

This is to show that the Choleski’s method applied to the augmented
matrix
b ]

requires

3 2
o+ 2:1 + 2n multiplications/divisions,

>+ 6n° - 7
n 6n ~ /o additions/subtractions

and n square roots.
Proot:

Considering the case in which the matrix A is symmetric and positive
definite, we can solve the linear system (2.1.1) using Choleski method, which
states that we can find a lower triangular matrix L such that A — LL".

We have

Let LT x = Z , so we have to solve

(i) L Z = b by forward substitution and

(i) LT x = Z by backward substitution.

The major part of Choleski method is as follows:
i-1
o=@ - X B ) i=12,.n
k=1

i-1
) - kfl ljklik ), j=i+1,..,n.

-~
i
N]P—l
—_
0

The total number of multiplications and divisions is
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> [u-t_)+ z

1=1 J=1+1

] = él[(i-l) +ai - {2 J

n(n+1) n’(n+1) n(n+1)2n+1)
B ) 6

30° + 3n - 6n + 3n° + 3n%-2n%- 30 -n
6

n’ + 3n® - 4n

6

The total number of additions is

> [(1-1) vz G ] - {: [(1-1) + (a-i)G-1) ]

i=1 =i+l i=1

= X (ni +2i - i - n-l)

i=1

n’(n+1) +20(n+D)  n@+1)Q2a+1) 2
2 2 6

- n

3n3+3n2+6n2+6n-2n3-3n2-n-6n2-6n

6
3
_ 0 -n
e
Also there is n square roots.
Hence, to solve the system of equations
L Z = b and LT X = b , we can write the forward

substitutions algorithm as
Z(1) = b(H)/I(1,1);
For i in 2..n loop

b()/I(i,i) ;

i

sum:
For j in 1..i-1 loop

sum:= sum-Il(i,j) * Z() ;
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End loop;
Z(1) = sum ;
End loop;

Then the total number of multiplications and divisions is

1+ 2 A +i-l) =1+ X i

i=2 i=2

— 1_+_r1(n-+-1)_1 - 2+n +n-2_ nn+l)
2 2

The total number of additions

n 2

P (1_1) = n(n+1) -1 - (ﬂ'l) — 1 + n i 2 -2n + 2
i=2

n(n-1)

——

The same amount of operations is required for backward substitution. Thus the
total number of arithmetic operations required to solve A x = b, using
Choleski's method, is

3

3 2 2

n__+ 32 - 4n +n(+1) = 27 92 + 2n multiplication,

Tn3 - n +n(n-1) = n’ + 6n’ - 7n additions and n square roots
= 6 q .

This is about half the number of arithmetic operations that are required

using Gauss elimination method.
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APPENDIX B

Ths is to show that the matrix J (refer to section 2.10 in Chapter 2)
has the same structure as AR.
If the tridiagonal matrix A, where the diagonal elements are all unity,

is considered, then A can be written as

R
where
0o 0 0. 0
a, 0 0
4 = 0 a, 0
0 0 a,
0
0 0 0 a 0
L n-{,n
0 " 0 0 ....... 0
0 0 a, 0
AR = 0 34
0
n-i,n
0O 0 0 O.... 0

andL=AL+D,R=I+J.

Now suppose that
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=]
il
O ................................. aﬂ y—
a
d
>~
o Lol
(o] A4
< - 8 OO
o™ N
— lig)
— -1 [aw) [en}
&
@’ O © (o)

and that

—
o
© o ©
g
a
<
- ¥
© o W oml o
o &
O T & O . o
- &
T ® O o
S —_—
If
@)
+
-
<
]
-

I+
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21 1 23 0
0 a, 1 a,
2 0 =
0 0 1
43
0 n-l,n
0 0 0 a 1
n,n-1 _J

4, de, 0 0 o, 0

a, a, e -+-d2 de 0 ... 0

0 " a, e +d3 de .. 0

dn-l n-1
LO 0 0 ...... a a e +du ]
Therefore,
a a_a
_ _ _ _ %23 _ _ "23%3
d =L €,=ay dz—l_analz’ ez-TTlan » d,= [ 1 W

e, =a_/ 1 - JEERES
3 34 l-a a

etc., where €,€,5... are the elements of the matrix J.

Now, we give numerical example to show the above theory:

1 2 o0 o |

Consider A =
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then from the above, we have

d 0 0 o 1 e

2 d 0 0 0 1
L = - and R =

0 -2 d 0 0 0

0 0 2 g4 0 o
Hence,

e, =2, e =—2__ -3 and
1-(-2)(-2)

e, =(-2)/[ 1- (2)% ] =-2/[ 1+4/3] =-6/7

This gives

Therefore J has the same structure as AR.
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APPENDIX C

This appendix is intended to show the reason why we do not use lower
order multistep methods as starting procedures.

The starting values Yo ¥p Yy are usually found by one-step
methods. These methods are used to compute the starting values because they
require no other values than the initial value Y, [24].

It is mentioned in [33], if the order of predictor formula is m + 1, a
one-step method of order m + 1 to evaluate the starting values should be
chosen.

If the initial value problem is

y' =1fxy) , y@ =y, , xe&lab] (1)
then we use the following formula as predictor
Y, =y +h [bofn + b1 v fn+ v + memfn] (2)
for n = m,m+1,..., where fr = f(xr,yr).
In practice (2) can be written in form
Yo =yn+h[/90fn-+-ﬁlfu_l + ... + ﬂmfn_m] = yn+h i%oﬁ’ifn_i (3)
From (2), we have
yn+l— yn m .
=h y b V¥ 4
h j=o0 3 1

and consider this as an approximation to (1).

Now,

[ty =[ y® ax
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=h

™ B

b ij’(xz +h ***p .

0

+ly (m+2(5 2
J

where x < ¢ < x
n-m n n+i

In the same time,

Y(X ) = Y(X) Xn+1

n+1 o =J‘ f(X,y) dx

h X

y(x ) - y(x) m . m

~ el “ = Tb Vixyx) +b™ b YUH) 6
h =g o m+1
J
where

Vj f(Xn,Y(Xn)) =V - f{Xn,y(Xn)) -V j-lf(xn-n’y(xn—)l)’

The truncation error is hm“bmy(m”’(fn) which is of order m+1.

From (2), we have

y(x ) = y&x) + hiBf(x yx)) + Bf(x .y&x ) + .

+ ﬂmf(xn-m’y(xn—m)] + hm+2bm+ly(m+2)(én)‘ (6)
Assume that y'"™"?(x) is bounded for xe[x ,b], so there exists M:l1+2 such that
Max (m+2)
X & [xo,b] y x) = Mm+2
Lete = {y(xn)-ynl, and by Lipschitz condition on f (where e is global
error)
| f(xn,y(xn)) - f(xn,yu) | =< L | y(xn) A | =L e

Subtracting (2) from (6), we obtain

Voer = YOy, b BER YO)E) et BBy, ]

y(xn-f-l n+l
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+ hm+2bm+ly(m +2)(5n) )

o+l

= e Sen + h L [’ﬁo[en + l '31 ! en+1 +o.t l ﬂm’ en‘m]

+hm+2 IM

b .

m+1 m+2

Suppose that the starting values Ypo-eer ¥ are such that
m

e = 0 forn = 0,1,.., m.

Lemma: If the sequence {un}‘:=0 of positive needs satisfies the recurrent
inequality
u =u +au +au +...+au +Db
n+l n 0 n 1 n-I m n-m
for n=m, m+1,..., where o = 0O, r =0,1,....,m and b = 0, then
b nA b
u =< 9 + A e - A
for n = 0,1,2,..., where J is any real number satisfying
d=zu , r=201,..., m

r

and A =a +a +a + ... +a =* 0.
0 i 2 m

Applying the above lemma with

a« =hL|p | and b=0""]b M,

so that A=a0+a1+""’ +am=hLBm,
where Bm=[ﬁot+lﬁl|+’~--,+]ﬁm{
Then
m+1 m+1
e {5 + h | m+l‘ mm+2 ] e(xn_xo)LBn _ h Ibm+l|lnm+2 (7)
" L Bm L Bm

where nh = x - x .
n 0

280



The above inequality (7) provides a global error for Adams-Bashforth
method, it tells us the behaviour of the error as h is decreased.

From the first term on right hand-side, it can be seen if the method is
to be of order m+1, then we require J, a bound for the error in the starting
values to decrease like h™*' as h tends to zero.

Thus we should choose a one-step method of order m+1 to determine

starting values.

The best known one step methods are Runge-Kutta methods, and they are
usual means for calculating the initial values. They are fairly simple to

program and self-starting.
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APPENDIX D

Timing Arithmetic Operations

We present here a selection of the results of a series of tests that
have been run on Sequent Balance. The set of programs that were used can be
divided into three parts:

1)  program with scalar operations,
2)  program with linear algebra code as follows:

vector add, vector subtract, vector multiply and vector divide,
3) a program to copy each component of the vector into scalar.
All the computations are done on floating points numbers, using one processor.
Each vector contains an order set of n clements, where n is called length of
the vector.

The scalar operation program is written to do fifty-one operations and
they construct like

For i in 1..n rept loop

X.= xl+x2+x3+x4+x5+x6+x7+x8+x9+xw+xu,
x:=xl+x2+x3+x4+x5+x6+x7+x8+x9+xm+x ;
x:=xl+x2+x3+x4+x5+x6+x7+x8+x9+xm+x ;
x:=xl+x2+x3+x4+x5+x6+x7+x8+xg+xm+x ;
x:=x1+x2+x3+x4+xs+x6+x7+x8+x9+xlo+x ;
XX= X + X ;

End loop;
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where n rept is the outer loop.
We give the timing results which are obtained by reading the clock just

before and after the calculation of the numbers.

1)  Time to do fifty-one additions

N rept Total time (seconds) Time to do one operation(microsec)
1st Run 2nd Run 1st Run 2nd Run

100 0.0299 0.0199 5.86 3.90

1000 0.1500 0.1400 2.94 2.75

10000 1.3699 1.3609 2.68 2.67

100000 13.640 12.910 2.67 2.53

2) Time to do fifty-one subtractions

100 0.01996 0.0300 3.91 5.88
1000 0.14996 0.1399 2.94 2.74
10000 1.29998 1.2899 2.55 2.53
100000 12.7899 12.789 2.51 2.51

3) Time to do fifty-one multiplications

100 0.03292 0.0299 6.45 5.86
1000 0.14001 0.1400 2.75 2.75
10000 1.32000 1.2990 2.59 2.55
100000 12.9000 13.120 2.53 2.57

4) Time to do fifty-one divisions

100 0.03003 0.03003 5.89 5.89
1000 0.1699 0.1699 3.33 3.33
10000 1.5599 1.5800 3.06 3.10
100000 15.559 15.5100 3.05 3.04
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Addition and subtraction are slightly ~cheaper than multiplication, and
multiplication in turn is cheaper than division.

The second program is a linear algebra code to time vector add, vector
subtract, vector multiply and vector division.

Where the procedures vary only in the line of code specifying, the
operation timed as follows:

c(i);=a(l) + b ; i=1,.., n.

There are two variables:

n the vector length, n rept the number or repetition of the outer loop.

The programs run four times to ensure that the timings are consistent.

The results are given as follows:

1) Timing Vector Add
Vector Number Total Time Millisec per
Length of rept (seconds) Operation
200 100 5.109 0.255
5.099 0.254
5.101 0.255
5.109 0.254
300 100 7.550 0.251
7.590 0.253
7.579 0.252
7.590 0.253
400 100 10.199 0.254
10.210 0.255
10.210 0.255
10.199 0.254
500 100 12.699 0.253
12.659 0.253
12.699 0.253
12.699 0.253
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Timing Vector Subtract

Vector Number Total Time Millisec per
Length of Rept (Seconds) Operation
200 100 5.119 0.255
5.099 0.254
5.101 0.255
5.099 0.254
300 100 7.579 0.253
7.600 0.253
7.599 0.253
7.620 0.254
400 100 10.210 0.255
10.212 0.255
10.199 0.254
10.290 0.254
500 100 12.690 0.254
12.789 0.255
12.699 0.254
12.681 0.254
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Timing Vector Multiply

rVector Number Total Time Millisec per
Length of rept (seconds) Operation
200 100 5.119 0.255
5.119 0.255

5.101 0.255

5.099 0.254

300 100 7.679 0.255
7.686 0.255

7.610 0.254

7.679 0.255

400 100 10.210 0.255
10.220 0.255

10.229 0.255

10.229 0.255

500 100 12.690 0.254
12.710 0.254

12.699 0.254

12.700 0.254
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4)  Timing Vector Division

r Vector Number Total Time Millisec per |
Length of Rept (Seconds) Operation
200 100 5.120 0.256
5.130 0.257
5.129 0.256
5.129 0.256
300 100 7.689 0.256
7.690 0.256
7.699 0.257
7.689 0.256
400 100 10.240 0.256
10.310 0.257
10.242 0.256
10.300 0.257
500 100 12.850 0.257
12.832 0.257
12.820 0.257
12.841 0.257

The third program is to copy each component of the vector into variable x
The procedure is as follows:
For i in 1..n loop
x:= a(i);

End loop;

The timings results are given in the following table:
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Vector Number Total Time Millisec to Copy

Length of Rept (Seconds) One Component

200 100 1.659 0.083
1.669 0.083
1.670 0.083
1.670 0.083

300 100 2.489 0.083
2.489 0.083
2.489 0.083
2.489 0.083

400 100 3.309 0.083
3.299 0.083
3.320 0.083
3.320 0.083

500 100 4.119 0.083
4.139 0.083
4.130 0.083
4.130 0.083

The number of arithmetic operations in the second program is n, so the
average time to do ome opeation is approximately 0.25 millisec. The time to
copy one component is 0.083 millisec. So, we have three components which
need to copy each time and one operation which gives 0.083 * 3 + 0.003 = 0.25

millisec.
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--Timing Arithmetic (Scalar) Oper ations
with text_io,float_io, integer _io, math;
use text_io,float_io,integer_io,math;
with calendar;use calendar;

procedure test_arith is

subtype real is float;

nrept:integer;

next_time:calendar.time;

time_interval:duration: =0.0;

begin

get(nrept);

declare

x:float;

x1:constant float:=1.

-

x2:constant float:=2 .

-

x3:constant float:=3 .

-

x4:constant float:=4 .

-

x5:constant float:= 5.
x6:constant float:=6 .

- e

x7:constant float:= 7.

..

00 < QN L b W N =

x8:constant float:= 8.

-

x9:constant float:=9.9;
x10:constant float : =10.1;
x11:constant float : =11.11;
begin

new_line;

put(“ready to start.”);new_line;
next_time: =calendar.clock;

for k in 1..nrept loop
--Fifty_one additions

x:=x1+x2+x34+x4+x5+%x6+x7+x8+x9+x10+x11;
x:=x1+x24+x3+x4+x5+%x6+x7+x8+x9+x10+x;
X:=x1+x2+x3+x4+x5+x6+x7+x8+x9+x10+x;
X:=x1+%x2+x3+x4+x5+x6+x7+x8+x9+x10+x;
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x:=x1+x2+x3+x4+x5+x6+x7+x8+x9+x10+x;
X:=X+X;

--Fifty_one divisions

--X: =x1/x2/x3/x4/x5/x6/x7/x8/x9/x10/x11;
--X: =x1/x2/x3/x4/x5/x6/x7/x8/x9/x10/x;

--X: =x1/x2/x3/x4/x5/x6/x7/x8/x9/x10/x;

--X: =x1/x2/x3/x4/x5/x6/x7/x8/x9/x10/x;
--x:=Xx1/x2/x3/x4/x5/x6/x7/x8/x9/x10/x;

--X: =X/X;

--Fifty_one multiplications

~-X: =X1*¥x2*¥x3*x4*x5*x6*x7*x8*x9*x10*x11;
--X: =X1*X2*¥x3*x4*x5*%x6*x7*x8*x9*x 10*x;
--X: =XI1*X2*x3*x4*x5*x6*x7*x8*x9*x 10*x
--X: =X1*x2*x3*x4*x5*x6*x7*x8*x9*x 10*x;
--X: =X1*X2*¥x3*x4*x5*x6*xT*x8*x9*x10*x;
--X: =X*¥x;

--Fifty_one subtractions

--X: =x1-x2-x3-x4-x5-x6-x7-x8-x9-x10-x11;
--X: =Xx1-x2-x3-x4-x5-x6-x7-X8-x9-x10-x;

--X: =X1-x2-x3-x4-x5-x6-x7-x8-x9-x10-x;

--X: =x1-x2-x3-x4-x5-x6-x7-x8-x9-x10-x;

--X: =Xx1-x2-x3-x4-x5-x6-x7-x8-x9-x10-x;

--X: =X-X;

end loop;

time_interval: =(calendar.clock-next_time) +time_interval;
put(”“time_interval”);
put(real(time_interval));new_line;

end;

end test_arith;
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--Program With Linear Algebra Code

with text_io,float_io,integer_io;
use text_io, float_io,integer_io;
with calendar;use calendar;
procedure test_mat is

subtype real is float;
n,nrept,i:integer;
next_time:calendar.time;
time_interval:duration: =0.0;

begin
get(n); --size of the vector
get(nrept); --number of repetition;
declare

x:float;

type vector is array(l..n) of float;
a,b,c:vector;

procedure compute (a,b:in vector;c:out vector) is
begin

for i in 1..n loop

c(i):=a(i)+b();

--c(i): =a(i)-b();

--c(1): =a(i)*b();

--c(i): =a(i)/b(@);

end loop;

end compute;

--The following procedure is to copy each element of the vector
--into variable x

--procedure check_vec(a:in vector;x:in out float) is
--begin

--for 1 in 1l..n loop

--x: =a(i);

--end loop;

--end check_vec;
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begin

for i in 1..n loop

a(i): =float(i);

b(i): =float(i*2);

end loop;

new_line;

put("ready to start”);new_line;

next_time: =calendar.clock;

for k in 1l..nrept loop

compute(a,b,c); --this is for add two vectors;
--check_vec(a,x); --this is to copy the vector components in the var Xx;
end loop;

time_interval: = (calendar.clock-next_time) +time_interval;
put(”time_interval”);new_line;
put(real(time_interval));new_line;

end;

end test_mat;
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APPENDIX E

Timings for Rendezvous

This appendix investigates the rendezvous timings, where a parallel
program was written which contains m identical tasks, each has an accept
statement which is in a loop.

The main procedure is given by

For i m 1...n loop
For j in 1...m loop
E V (j), send;
End loop;
End loop;
where n is the number of rendezvous.

In the Sequent Balance it is easy to specify the number of processors to
be used to run a parallel program containing tasks. In our experiment the
number of rendezvous and the number of repetitions are fixed and equal to
100, whereas the number of tasks varys from 1 to 8 and the corresponding
number of processors is 2 to 9; this is to allow each task and main procedure

work in separate processor.
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The results are displayed in the following table:

Timing the Rendezvous
Number Number of | Number of | Number of | Total Time | Time to
of Tasks | Processors Rendezvous | Repetition (Seconds) Set One
Rendezvous
(Millisec)
1 2 100 100 20.709 2.07
2 3 100 100 42.959 2.14
3 4 100 100 67.229 2.24
4 5 100 100 95.300 2.38
5 6 100 100 127.880 2.56
6 7 100 100 164.790 2.75
7 8 100 100 209.909 2.99
8 9 100 100 265.399 3.32
Therefore, the average time to set one rendezvous is approximately 2

millisec. This is the same result which was obtained by [19].
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--Timings For Rendezvous

with text_io,float_io,integer_io, math;
use text_io,float_io,integer_io,math;

with calendar;use calendar;
procedure test_rend is
subtype real is float;
n,m,nrept:integer;
begin
get(n); --number of rendezvous
get(m); --number of tasks
get(nrept); --number of repetition;
declare
next_time:calendar.time;
time_interval:duration: =0.0;
procedure  evaluate(n,m:integer) is
task type evaluation is
entry send,
end;
EV:array(l..m) of evaluation;
task body evaluation is
count:integer: =0;
begin
loop

select

accept send;
count: =count+1;

or

terminate;

end select;
end loopf
end evaluation;
begin
for i in 1..n loop
for j in 1..m loop
EV(j).send;
end loop;
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end loop;

end evaluate;

begin

put(“ready to start”);new_line;
next_time: =calendar.clock;

for s in 1..nrept loop
evaluate(n,m);

end loop;

time_interval: = (calendar.clock-next_time) +time_interval;
put(”time_interval”);new_line;
put(real(time_interval));new_line;
end;

end test_rend;
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APPENDIX F

Timing Function Evaluations

This appendix is to investigate the time of functions which are used in
chapters 5 and 6. The sequential programs which were written to time these
functions vary only in the line of code, specifying the function timed, as an
example test problem (iv):

function dy(x,y:vector) return vector is

b:vector (1..k);

For i in 1..k loop
bi):= y(i) * cos(x(i));
End loop;

Return b;

End dy;
where k is the block length.

Calling the above function which is given by

For m in 1..n rept loop

For 1 in 1..n loop
Z:= dy(x,y)
End loop;

End loop;

where n rept is the number of repetitions and n is the number of calling the

function.
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As we know, test problem (i) contains no arithmetic operations, so to
keep the cost of this function consistent we need to make the number of call
n = 10. Moreover, a test for y’ = cos x is carried out. The timing results
are given as follows:

Test Problem (i)

k(block length) n rept n Total Time Microsec
(Seconds) per function
evaluation
200 1 10 0.0500 25.0
200 2 10 0.0999 25.0
200 3 10 0.14001 23.3
200 10 10 0.4299 21.5
200 1 100 0.4299 21.5
200 2 100 0.8400 21.0
200 3 100 1.26001 21.0
200 10 100 4.1700 20.9
400 1 10 - 0.0999 25.0
400 2 10 0.1799 22.5
400 3 10 0.2599 21.7
400 10 10 0.84003 21.0
400 1 100 0.84003 21.0
400 2 100 1.64996 20.6
400 3 100 2.48999 20.7
400 4 100 8.20012 20.5
500 1 10 0.1199 24.0
500 2 10 0.20996 21.0
500 3 10 0.330017 22.0
500 10 10 1.03997 20.8
500 1 100 1.0400 20.8
500 2 100 2.0599 20.6
500 3 100 3.0999 20.7
500 10 100 10.2600 20.5
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Test Problem (ii)

k(block length) n rept n Total Time Millisec
(Seconds) Per Function

200 1 10 0.79004 0.395
200 2 10 1.55999 0.390
200 3 10 2.33002 0.388
200 10 10 7.73999 0.387
400 1 10 1.599976 0.399
400 2 10 3.1099853 0.389
400 3 10 4.6699829 0.389
400 10 10 1.555999 0.389
500 1 10 1.94000 0.388
500 2 10 3.88000 0.388
500 3 10 5.829956 0.388
500 10 10 19.320007 0.386

Test Problem (iii)

k(block length) n rept n Total Time Millisec
(Seconds) Per Function
200 1 10 0.81994 0.409
200 2 10 1.620056 0.405
200 3 10 2.429993 0.405
200 10 10 8.049987 0.403
400 1 10 1.630004 0.408
400 2 10 3.2200317 0.403
400 3 10 4.829956 0.403
400 10 10 16.090026 0.402
500 1 10 2.019958 0.404
500 2 10 4.029968 0.403
500 3 10 6.049987 0.403
500 10 10 2.0049987 0.401
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Timing the Function y’ = cos x

k(block length) n rept n Total Time Millisec ]
(Seconds) per Function
Evaluation
200 1 1 0.1500 0.750
200 2 1 0.2899 0.725
200 3 1 0.41998 0.700
200 10 1 1.39000 0.695
200 1 10 1.3700 0.685
200 2 10 2.7300 0.683
200 3 10 4.0900 0.681
200 10 10 13.5700 0.679
400 1 1 0.290039 0.725
400 2 1 0.570007 0.713
400 3 1 0.840027 0.700
400 10 1 2.729980 0.683
400 1 10 2.7300 0.683
400 2 10 5.46999 0.684
400 3 10 8.15002 0.679
400 10 10 27.14002 0.679
500 1 1 0.35998 0.720
500 2 1 0.70001 0.700
500 3 1 1.03997 0.693
500 10 1 3.41998 0.684
500 1 10 3.440002 0.688
500 2 10 6.80999 0.681
500 3 10 10.19000 0.679
500 10 10 33.92999 0.679
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Test Problem (iv)

( k (block length) n rept n Total Time Multisec
(seconds) Per Function
200 1 10 1.6029 0.801
200 2 10 3.2049 0.801
200 3 10 4.8061 0.801
200 10 10 16.040 0.802
400 1 10 3.2083 0.802
400 2 10 6.4249 0.803
400 3 10 9.6002 0.800
400 10 10 32.000 0.800
500 1 10 4.000 0.800
500 2 10 8.010 0.801
500 3 10 12.000 0.800
500 10 10 40.000 0.800
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--Timing Function Evalutions

with text_ijo,float_io, integer_io, math;
use text_io,float_io,integer_io,math;

with calendar;use calendar;
procedure test_function is
subtype real is float;
k,nrept,n:integer;

begin

get(k); --block length
get(nrept);

- get(n);

declare
next_time:calendar.time;
time_interval:duration: =0.0;

type vector is array(integer range< >) of float;

X,y,z:vector(1..k);
--Problem (1)
function dy(y:vector) return vector
begin
return vy,
end dy;
--problem (4)
--function dy(x,y:vector)return vector is
--b:vector(1..k);
--begin
--for i in 1..k loop
--b(i): =y(i)*cos(x(i));
--end loop;
--return b;
--end dy;
begin
for i in 1..k loop
x(i): =float(i/2);
y(i): =float(i);
end loop;
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put(“ready to start.”);new_line;
next_time: =calendar.clock;

for m in 1..nrept loop

for 1 in 1..n loop

z:=dy(y);

--2:=dy(x,y);

end loop;

end loop;

time_interval: =(calendar.clock-next_time) +time_interval;
put(”time_interval”);new_line;
put(real(time_interval));new_line;
end;

end test_function;

303 page 2



APPENDIX G

Timing Data Sending

In this appendix we present two programs as follows:

1) A program to give a total time of the rendezvous and data sending.

i) A program to give a total time of the rendezvous, data sending and
function evaluations.

Both of them are written in parallel code.

Timing the first program, so the total time is the summation of total
number of rendezvous plus the data sending, where the time to set one
rendezvous is already known. Therefore the value of s can be estimated as

number of rendezvous * r + number of data sending * s = total time

total time - time of rendezvous

= § =
number of data sending

Second program is tested when test problem IV was used. Here we calculate
the predicted time which consists of the time of rendezvous, time of function
cvaluation and time of data sending. By substituting the quantities

r,f,s (s=0.02 millisec) in the predicted time and comparing the predicted
time with the actual time of program 2, we find them similar.

The timings results are given as follows:
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Total time of programs (i) and (ii)

Number of Number Sub block Number Total time Total time
Processors of Tasks q of rept of (rend.+ of (rend. +
data sending) data sending
+ functioneval)
3 2 200 100 2.669 20.07
2.690 20.01
2.659 20.04
4 3 200 100 4.320 22.21
4.330 21.98
4.309 22.08
5 4 200 100 6.309 24.13
6.280 24.13
6.309 24.20

The predicted time of (i) is
2 * pumber of tasks * r + 3q * number of tasks * s
We know that r = 2 millisec, so the value of s can be estimated as follows:
1) 8 + 1200 s = 26.69 = s = 0.02 millisec
2) 12 + 1800 s = 43.20 = s = 0.02 millisec
3) 16 + 2400 s = 63.09 = s = 0.02 millisec
Now, the predicted time of (ii) is
2 * number of tasks * r + 3q * number of tasks * s + q * f

where r = 2 millisec. f = 0.800 millisec and s = 0.02 (from above)

Predicted Actual

(seconds) (seconds)
1) 8 + 24 + 160= 0.192 0.201
2) 12 + 36 + 160= 0.208 0.221
3) 16 + 48 + 160= 0.224 0.241
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--This Program Gives a Total Time of Rendezvous and Data Sending

with text_io, float_io,integer_io ,math;

use text_io,float_io,integer_io,math;

with calendar ;use calendar;

procedure data_send is

subtype real is float;

i,k,q,nrept,m:integer;

begin

get(k); --the blocklength

get(q); --the sub block;

get(nrept); --the number of reptition;

declare

next_time:calendar.time;

time_interval:duration: =0.0;
type vector is array(integer range< >) of float;
x,y:vector(1..k);
type integer_vector 1is array(l..k/q) of integer;
min,max:integer_vector,

--procedure put (x:in vector) is

--begin

--for i in 1..q loop

--put(x(i));new_line;

--new_line;
--end loop;
--end put;

procedure  check(i,k,q:integer) is
task type check_send is
entry send_initial(itemp,qtemp:integer);
entry send_vec(xtempi,ytempi:in  vector);
entry  collect(ytempi:out  vector);
end;
T:array(l..k/q) of check_send;
task body check_send is
i,q:integer;
begin
accept  send_initial(itemp,qtemp:integer)  do

306 page 1



1: =itemp;q: =qtemp;

end;

loop

select

accept send_vec(xtempi,ytempi:in vector) do
Xnew: =Xtempi;ynew: =ytempi;
end;

accept collect(ytempi:out vector) do
ytempi: =ynew;

end;

or

terminate;

end select;

end loop;

end check_send,

begin

for i in 1..k/q loop
min(i): =(-1)*q+1;

max(i): =i*q;

end loop;

for i in 1..k/q loop
T(i).send_initial(i,q);

end loop;

for i in 1..k/q loop
T(i).send_vec(x(min(i)..max(i)),y(min(i). . max(i)));
end loop;

for i in 1..k/q loop
T(i).collect(y(min(i)..max(i)));
end loop;

end check;

begin

for i in 1..k loop

x(i): =float(i);

y(i): =float(i*2);
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end loop;

put(“ready to start”);new_line;

next_time: =calendar.clock;

for s in 1..nrept loop

check(i,k,q);

end loop;

time_interval: =(calendar.clock-next_time) +time_interval,
put(“time_interval”);new_line;
put(real(time_interval));new_line;

end;

end data_send;
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--This Program Gives a Total Time of The Rendezvous,Data Sending
--and Function Evaluation for Problem (4)
with text_io, float_io,integer_io ,math;
use text_io,float_io,integer_io,math;
with calendar;use calendar;
procedure rend_func is
subtype real is float;
i,k,q,nrept:integer;
begin
get(k); --block length
get(q); --sub block length
get(nrept); --number of repetition
declare
next_time:calendar.time;
time_interval:duration: =0.0;
type vector is array(integer range< >) of float;
X,y,z:vector(1..k);
function dy(x,y:vector) return vector is
b:vector(1..q);
begin
for 1 in 1..q loop
b(i): =y(i)*cos(x(1));
end loop;
return b;
end dy;
--procedure put(x:in vector) is
--begin
--for i in 1..q loop
--put(x(i));new_line;

--new_line;
--end loop;
--end put;

procedure  evaluate(k,q,i:integer) is
task type function_evaluation is
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entry send_initial(itemp,qtemp:integer);
entry send{Xtempi,ytempi:in  vector);
entry  collect(ztempi:out  vector);
end;

Fv:array(l..k/q) of function_evaluation;
task body function_evaluation is
i,q:integer,

begin

accept  send_initial(itemp,qtemp:integer) do
i:=itemp;q: =qtemp;

end;

declare

xnew,ynew,znew:vector(1..q);

begin

accept send(xtempi,ytempi:in vector) do
Xnew: =Xxtempi;ynew: =ytempi;

end;

znew: =dy(Xnew,ynew);

accept collect(ztempi:out vector) do
ztempi: =znew;

end;

end;

end function_evaluation;

begin

for i in 1..k/q loop
FV(i).send_initial(i,q);

end loop;

for i in 1..k/q loop
FV().send(x((i-1)*q+1..i*q),y((i-1)*q+1..i*q));
end loop;

for i in 1..k/q loop
FV(i).collect(z((i-1)*q + 1..i*q));

end loop;

end evaluate;
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begin
for i in 1..k loop
x(i): =float(i);

y(i): =float(i*2);

end loop;

put(“ready to start”);new_line;
next_time: =calendar.clock;

for s in 1..nrept loop
evaluate(k,q,i);

end loop;

time_interval: =(calendar.clock-next_time) +time_interval;
put("time_interval”);new_line;
put(real(time_interval));new_line;
end;

end rend_func;
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APPENDIX H

This appendix describes the load balancing in the algorithms mentioned
in Chapters 5 and 6 in detail.
First, we start with algorithm (1) which was mentioned in Chapter 5.

The predictor and corrector formulae are given by:

p : yn +r = yl] + hy ' n
c: yn+r,s+1 = yn + h (ar,r-l y n+r-1,s + ar,r y n+r,s); S=O’1'
Therefore, there are three task types : predictor_formula, function_

evaluations and corrector_formula.

Each task type consists of k/q tasks working in parallel and no data are
passed from one task to another. The partition for the data allows each
processor to perform calculartion' for q points, where q is the grain size
(make q as large as possible). Each task does not depend on the results of a
previous task. In this case all the predictor, function_evaluationd tasks
and corrector tasks have the same amount of work.

We can say now, algorithm (1) is an example of fully independent tasks,
no data is passed from one task to another. Data partitioning, which is very
important to keep all the processors busy and tend to lead to load balancing
[2]. |

Thus, algorithm (3) and algorithm of the 4th order method, mentioned in
Chapters 5 and 6 respectively, have the same properties, even if there is

only one task type and less amount of work to do.
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We turn now to algorithm (4), which was mentioned in Chapter 5. This
algorithm has three tasks, the first two, predictor_formula and function
evaluation, have the same properties as in algorithm 1. The  third,
corrector_formula, which includes task 1, requires little effort, whereas
task  k/q requires the largest  effort of all. Unfortunately, the
corrector_formula task type of algorithm (4) contains k/q nonhomogenous
tasks. This does not allow these tasks to perform simultaneously. This
means that task 1, which has little effort finishes first and task k/q, which
has the largest effort of all, finishes last.

As results, although all these tasks work at the same time, every one of

them finishes before the next, but the last one remains busy.
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APPENDIX I

Parallel Programming for the Solution
of Initial Value Problems
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--This program solves Initial Value problems Using Method (1)

with text_io, float_io,integer_io, math;
use text_io,float_io,integer_io,math;
procedure method_1 is
k,q,nsteps: integer;
begin
get(k);
get(q);
get(nsteps);
declare
n:integer,
type vector is array(integer range< >) of float;
X,y,Z,true_solution,error:vector(1..k);
type col is array(integer range< >) of float;
a,b:col(1..k);
type integer_vector is array(l..k/q) of integer;
min,max:integer_vector;
xstart,xend,initial_value,zz,h,max_error:float;
function dy(y:float) return float is

begin

--return Yy,

return  -0.5*(y**3);
end dy;

procedure mult(zz:in float;z:in  vector;col_0,col_r:in
1,q:integer;ynew:out  vector) is

begin

ynew(1): =initial_value +h*(col_0(1)*zz+col_r(1)*z(1));

for r in 2..q loop

ynew(r): =initial_value +h*(col_O(r)*z(r-1) +col_r(r) *z(r));

end loop;

end mult;

--the following task evaluates the predicted_y

task type predicted_value is

entry send_initial(itemp,qtemp:integer;step_size:in

entry send_data(initial,value:in float);

entry  collect(ytempi:out  vector);
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end;
task body predicted_value is
initial_value,h,zz:float;
i,q:integer;
begin
accept  send_initial(itemp,qtemp:integer;step_size:in
i:=itemp;q: =qtemp;h: =step_size;
end;
declare
ynew,w:vector(1..q);
begin
loop
select
accept  send_data(initial,value:in  float) do
initial_value: =initial;zz: =value;
end;
zz: =h*zz;
w(1): =initial_value +float(1 + (i-1)*q)*zz;
for r in 2..q loop
w(r):=w(r-1)+zz;
end loop;
for r in 1..q loop
ynew(r): =w(r);
end loop;
accept collect(ytempi:out vector) do
ytempi: =ynew;
end;
or
terminate;
end select;
end loop;
end;
end predicted_value;
--the following task computes the y’(n+j)
task type function_evaluation is

316

float)

do

page 2



entry send_initial(itemp,qtemp:integer);
entry send_data(ytempi:in vector);
entry collect(ztempi:out vector);
end;
task body function_evaluation is
1,q:integer;
begin
accept  send_initial(itemp,qtemp:integer) do
i: =itemp;q: =qtemp;
end;
declare
ynew,znew:vector(1..q);
begin
loop
select
accept send_data(ytempi:in vector) do
ynew: =ytempi,
end;
for r in 1..q loop
znew(r): =dy(ynew(r));
end loop;
accept collect(ztempi:out vector) do
Ztempi: =znew;
end;
or
terminate;
end select;
end loop;
end;
end function_evaluation;
task type corrected_value is
entry send_initial(itemp,qtemp:integer);
entry send_data(atempi,btempi:in  col;value:in  float;ztempi:in  vector);
entry receive(ytempi:out vector);
end;
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task body corrected_value is
zz:float;
1,q:integer;
begin
accept  send_initial(itemp,qtemp:integer) do
i: =itemp;q: =qtemp;
end;
declare
anew,bnew:col(1..q);
znew,ynew:vector(1..q);
begin
loop
select
accept send_data(atempi,btempi:in col;value:in float;ztempi:in vector)
do
anew: =atempi;bnew: =btempi;zz: =value;znew: =ztempi,
end;
mult(zz,znew,anew,bnew,i,q,ynew);
accept receive(ytempi:out vector) do
ytempi: =ynew;
end;
or
terminate;
end select;
end loop;
end;
end corrected_value;
begin
declare
pv:array(l..k/q) of predicted_value;
fv:array(l..k/q) of function_evaluation;
cv:array(l..k/q) of corrected_value;
begin
for r in 1..k loop
a(r): =float(r**2)/2.0;
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b(r): =float(r)-(float(r**2)/2.0);

end loop;
xstart: =0.0;
xend: =20.0;
-- xend:=1.0;

h: =(xend-xstart)/float(nsteps);
-- put("the step_size is”);new_line;
-- put(h);new_line;
initial_value:=1.0;

for i in 1..k/q loop
pv(i).send_initial(i,q,h);
fv(i).send_initial(i,q);
cv(i).send_initial(i,q);
end loop;
for i in 1..k/q loop
min(i): =(i-1)*q+1;
max(i): =i*q;
end loop;
n:=0;

loop --serial loop

exit when nSnsteps;

for r in 1..k loop

x(r): =xstart +float(r)*h;

end loop;

zz: =dy(initial_value);
--call predicted_value task

for i in 1..k/q loop
pv(i).send_data(initial_value,zz);
end loop;

for i in 1..k/q loop
pv(i).collect(y(min(i)..max(i)));

end loop;

for s in 0..1 loop --serial loop for iteration
--call  function_evaluation task
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for i in 1..k/q loop
fv(i).send_data(y(min(i)..max(i)));
end loop;
for i in 1..k/q loop
fv(i).collect(z(min(i)..max(i)));
end loop;
--call  corrected_value task
for i in 1..k/q loop
cv(i).send_data(a(min(i)..max(i)),b(min(i)..max(i)),zz,
z(min(i)..max(i)));
end loop;
for i in 1..k/q loop
cv(i).receive(y(min(i)..max(i)));
end loop;
end loop;  --serial itreation end loop
for r in 1..k loop
- true_solution(r): =exp(x(r));
true_solution(r): =1.0/sqrt(x(r) + 1.0);
error(r): =abs(true_solution(r)-y(r));
end loop;
max_error: =0.0;
for r in 1..k loop
if max_error <error(r) then
max_error: =error(r);
end if;
end loop;
xstart: =x(k);
initial_value: =y(k);
n:=n+k;
-- put(”"the number n is ”);new_line;
--  put(n);new_line;
exit when n=nsteps;
end loop; --end serial loop
put("the true solution is”);new_line;
put(true_solution(k));new_line;
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put(y(k));new_line;
put(max_error);new_line;
end;
end;
end method_1;
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--This Program solves Initial Val ue Problems Using Method_3

with text_io, float_io,integer_io, math;

use text_io,float_io,integer_io,math;

procedure method_3 is

k,q,nsteps: integer;

begin

get(k);

get(q);

get(nsteps);

declare
iv,h,xx,z1,22,23,xnsteps,max_error:float;
n:integer;
type vector is array(integer range< >) of float;
X,y,error,true_solution:vector(1..k);
type col is array(integer range< >) of float;
a,b,c:col(1..k);

--define the function

function dy(x,y:float) return float is

begin

--return y;

return  (-y**3)/2.0;

--return (20.0*y-y*#*2)/80.0;

--return  y*cos(x);

end dy;

procedure mult(al,bl,cl:in col;z1,z2,z3:float;

i,q:integer;ynew:out  vector) is

begin

for r in 1..q loop

ynew(r): =iv+h*(al(r)*z1+bl(r)*z2 +cl(r)*z3);

end loop;

end mult;

task type corrected is

entry send_initial(itemp,qtemp:integer);
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entry send(atempi,btempi,ctempi:in  col;

value_1,value_2,value_3:in float);
entry  collect(ytempi:out  vector);
end;
task body corrected is
i,q:integer;
z1,22,z3:float;
begin

accept  send_initial(itemp,qtemp:integer) do

i:=itemp;q: =qtemp;,

end,

declare

anew,bnew,cnew:col(1..q);

ynew:vector(1..q);

begin

loop

select

accept  send(atempi,btempi,ctempi:in  col;
value_1,value_2,value_3:in float) do

anew: =atempi;bnew: =btempi;cnew: =ctempi;

zl:=value_1;z2:=value_2;z3: =value_3;

end;

mult(anew,bnew,cnew,z1,22,23,i,q,ynew);

accept collect(ytempi:out vector) do

ytempi: =ynew;

end;

or
terminate;
end select;
end loop;
end;

end corrected;

begin

declare

cr:array(l..k/q) of corrected;
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begin
for r in 1..k loop
--put("here is the coffec”);new_line;
a(r): = (float(r)/3.0)*(2.0 + float(k))-float (r**2)/2.0;
b(r): =float(r**2)/2.0-float(r*k)/3.0;
¢(r): =float(r)/3.0;
end loop;
iv:=1.0;
xx:=0.0;
--xnsteps: =1.0;
xnsteps: =20.0;
h: =(xnsteps-xx)/float(nsteps);
--put("The step size is”);new_line;
--put(h);new_line;
for i in 1..k/q loop
cr(i).send_initial(i,q);
end loop;
n:=0;
loop
exit when n > nsteps;
z1l: =dy(xx,iv);
--put("the predictor y is”);new_line;
y(1):=iv+h*z1;
--put(y(1));new_line;
y(k): =iv+float(k)*h*z1;
--put(y(k));new_line;
for r in 1..k loop
x(r): =xx+float(r) *h;
end loop;
for s in 0..1 loop
--put("here the function evalution”);new_line;
z2:=dy(x(1),y(1));
z3: =dy(x(k),y(k));
--call corrected task
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for i in 1..k/q loop

cr(i).send(a((i-1)*q +1..i*q),b((-1)*q +1..i*q),c((i-1)*q + 1..i*q),

z1,22,23),
end loop;
for i in 1..k/q loop
cr(i).collect(y((i-1)*q +1..i*q));
end loop;
end loop;
for r in 1..k loop
--true_solution(r): =exp(x(r));
true_solution(r): =1.0/sqrt(x(r) +1.0);
--true_solution(r): =20.0/(1.0+ 19.0*exp(-x(r)/4.0));
--true_solution(r): =exp(sin(x(r)));
error(r): =abs(true_solution(r)-y(r));
end loop;
max_error: =0.0;
for r in 1..k loop
if max_error<error(r) then
max_error: =error(r);
end if;
end loop;
xx: =x(k);
ivi=y(k);
n:=n+k;
exit when n=nsteps;
end loop;
put("the true solution is”);new_line;
put(true_solution(k));new_line;
put(y(k));new_line;
put(max_error);new_line;
end;
end;
end method_3;
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--This Program solves Initial Value Problem Using Method (4)
with text_io, float_io,integer_io, math;
use text_io,float_io,integer_io,math;
procedure method_4 is
k,q,nsteps:integer;
begin
get(k);
get(q);
get(nsteps);
declare
n:integer;
type vector is array(integer range< >) of float;
X,y,z,true_solution,error:vector(1..k);
type integer_vector is array(l..k/q) of integer;
min,max:integer_vector;
xstart,xend,initial_value,zz,h,max_error:float;
function dy(y:float) return float is
begin
--return vy,
--return  -y**3/2.0;
return  (20.0*y-y**2)/80.0;
--return  y*cos(x);
end dy;
procedure mult(zz:in float;z:in vector;
i,q:integer;ynew:out  vector) is
sum:float;
w:vector(l..q);
begin
sum:=0.0;
for r in 1..(i-1)*q loop
sum: =sum+ z(r);
end loop;
w(1): =initial_value +h*(zz/2.0+sum +z((i-1)*q + 1)/2.0);
for r in 2..q loop
w(r):=w(r-1) + h*z(r+(i-1)*q-1)/2.0+2z(r +(i-1)*q)/2.0);
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end loop;
for r in 1..q loop
ynew(r): =w(r);
end loop;
end mult;
--the following task evaluates the predicted_y
task type predicted_value is
entry send_initial(itemp,qtemp:integer;step_size:in
entry send_data(initial,value:in float);
entry  collect(ytempi:out  vector);
end;
task body predicted_value is
initial_value,h,zz:float;
i,q:integer;
begin
accept  send_initial(itemp,qtemp:integer;step_size:in
i:=itemp;q: =qtemp;h: =step_size;
end;
declare
ynew,w:vector(1l..q);
begin
loop
select
accept  send_data(initial,value:in  float) do
initial_value: =initial;zz: =value;
end;
zz:=h*zz;
w(1): =initial_value +float(1 + (i-1)*q)*zz;
for r in 2..q loop
w(r):=w(r-1)+zz,
end loop;
for r in 1..q loop
ynew(r): =w(r);
end loop;
accept collect(ytempi:out vector) do
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ytempi: =ynew;
end;
or
terminate;
end select;
end loop;
end;
end predicted_value;
--the following task computes the y’(n+j)
task type function_evaluation is
entry send_initial(itemp,qtemp:integer);
entry send_data(ytempi:in vector);
entry  collect(ztempi:out  vector);
end;
task body function_evaluation is
i,q:integer;
begin
accept  send_initial(itemp,qtemp:integer)  do
i: =itemp;q: =qtemp;
end;
declare
xnew,ynew,znew:vector(1l..q);
begin
loop
select
accept send_data(ytempi:in vector) do
ynew: =ytempi,
end;
for r in 1..q loop
znew(r): =dy(ynew(r));
end loop;
accept collect(ztempi:out vector) do
Ztempi: =znew;
end;
or
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terminate;

end select;
end loop;
end;

end function_evaluation;
task type corrected_value is
entry send_initial(itemp,qtemp:integer);
entry send_data(value:in float;ztemp:in  vector);
entry receive(ytempi:out  vector);
end;
task body corrected_value is
zz:float;
i,q:integer;
z:vector(1..k);
begin
accept  send_initial(itemp,qtemp:integer)  do
i:=itemp;q: =qtemp;
end;
declare
ynew:vector(1..q);
begin
loop
select
accept send_data(value:in float;ztemp:in vector)
zz: =value;z: =ztemp;
end;
mult(zz,z,i,q,ynew);
accept receive(ytempi:out vector) do
ytempi: =ynew;
end;
or
terminate;
end select;
end loop;
end;
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end corrected_value;

begin

declare

pv:array(l..k/q) of predicted_value;
fv:array(1..k/q) of function_evaluation;
cv:array(l..k/q) of corrected_value;

begin
xstart: =0.0;
--xend: =1.0;
xend: =20.0;

h: =(xend-xstart)/float(nsteps);
--put("the  step_size is”);new_line;
-- put(h);new_line;
initial_value:=1.0;
for i in 1..k/q loop
pv(i).send_initial(i,q,h);
fv(i).send_initial(i,q);
cv(i).send_initial(i,q);
end loop;
for i in 1..k/q loop
min(i): =(i-1)*q+1;
max(i): =i*q;
end loop;
n:=0;
loop --serial loop
exit when n > nsteps;
for r in 1..k loop
x(r): =xstart +float(r)*h;
end loop;
zz; =dy(initial_value);
--call predicted_value task
for i in 1..k/q loop
pv(i).send_data(initial _value,zz);
end loop;
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for i in 1..k/q loop

pv(i).collect(y(min(i)..max(i)));

end loop;

for s in 0..1 loop --serial loop for iteration

--call  function_evaluation task

for i in 1..k/q loop
fv(i).send_data(x(min(i)..max(i)),y(min(i)..max(i)));

fv(i).send_data(y(min(i)..max(i)));

end loop;

for i in 1..k/q loop

fv(i).collect(z(min(i)..max(i)));

end loop;

--call corrected_value task

for i in 1..k/q loop

cv(i).send_data(zz,z);

end loop;

for i in 1..k/q loop

cv(i).receive(y(min(i)..max(i)));

end loop;

end loop; --serial itreation end loop

for r in 1.k loop

-- true_solution(r): =exp(x(r));
true_solution(r): =1.0/sqrt(x(r) +1.0);

true_solution(r): =20.0/(1.0+ 19.0*exp(-x(r)/4.0));

true_solution(r): =exp(sin(x(r)));

error(r): =abs(true_solution(r)-y(r));
end loop;

max_error: =0.0;

for r in 1..k loop

if max_error <error(r) then

max_error: =error(r);

end if;

end loop;

xstart: =x(k);
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initial_value: =y(k);

n:=n+k;

-- put("the number n is ”);new_line;
--  put(n);new_line;

exit when n=nsteps;

end loop; --end serial loop
put("the true solution is”);new_line;
put(true_solution(k));new_line;
put(y(k));new_line;
put(max_error);new_line;
end;
end;
end method_4;
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--This Program solves Initial Val ue Problems Using Fourth_Order
--Method

with text_io, float_io,integer_io, math;

use text_io,float_io,integer_io,math;

procedure fourth_order_block is

k,q ,nsteps:integer;

begin

get(k);

get(q);

get(nsteps);

declare
iv,h,xx,z1,22,23,24,xnsteps, max_error:float;
n:integer;
type vector is array(integer range< >) of float;
X,y,error,true_solution:vector(1..k);
type col is array(integer range< >) of float;
a,b,c,d:col(1..k);

--define the function

function dy(x,y:float) return float is

begin

--return y;

return  (-y**3)/2.0;

--return (20.0*y-y*#*2)/80.0;

--return  y*cos(x);

end dy;

procedure mult(al,bl,c1,d1:in col;z1,22,z3,2z4:float;

i,q:integer;ynew:out vector) is

begin

for r in 1..q loop

ynew(r): =iv+h*(al(r)*z1+bl(r)*z2 +cl(r)*z3+d1(r)*z4);

end loop;

end mult;
task type corrected is
entry send_initial(itemp,qtemp:integer);
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entry  send(atempi,btempi,ctempi,dtempi:in  col;
value_1,value_2,value_3,value_4:in

entry collect(ytempi:out  vector);

end;

task body corrected is
i,q:integer;
21,22,23,z4:float;

begin
accept  send_initial(itemp,qtemp:integer)  do
i: =itemp;q: =qtemp;
end;
declare

anew,bnew,cnew,dnew:col(1..q);
ynew:vector(1..q);

begin
loop
select
accept  send(atempi,btempi,ctempi,dtempi:in  col;

value_1,value_2,value_3,value_4:in

float);

float) do

anew: =atempi;bnew: =btempi;cnew: =ctempi;dnew: =dtempi;

z1:=value_1;z2: =value_2;z3: =value_3;z4: =value_4;
end;
mult(anew,bnew,cnew,dnew,z1,22,23,24,i,q,ynew);
accept collect(ytempi:out vector) do
ytempi: =ynew;

end;

or

terminate;

end select;
end loop;
end;

end corrected;
begin

declare

cr:array(l..k/q) of corrected;
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begin
for r in 1.k loop
--put("here is the coffec”);new_line;
d(r): =3.0*float(r**2)-4.0*float(k*r) + 6.0*float(k-1);
d(r): =d(r)*float(r**2)/float(12*k*(k-1));
--put(d(r));new_line;
c(r): =float(r**3)/3.0-float(r**2)/2.0-float(k) *(float(k)-1.0)*d(r);
c(r): =c(r)/(float(k**2)-3.0*float(k) +2.0);
--put(c(r));new_line;
b(r): =float(r**2)/2.0-(float(k)-1.0)*c(r)-float(k)*d(r);
--put(b(r));new_line;
a(r): =float(r)-b(r)-c(r)-d(r);
--put(a(r));new_line;
end !loop;

iv:=1.0;
xx:=0.0;
--xnsteps: =1.0;
xnsteps: =20.0;
h: =(xnsteps-xx)/float(nsteps);
--put("The step size is”);new_line;
--put(h);new_line;
for i in 1..k/q loop
cr(i).send_initial(i,q);
end loop;
n:=0;
loop
exit when n > nsteps;
z1: =dy(xx,iv);
--put("the predictor y is”);new_line;
y(1):=iv+h*z1;
--put(y(1));new_line;
y(k-1): =iv+float(k-1)*h*z1;
--put(y(k-1));new_line;
y(k): =iv+float(k)*h*zl;
--put(y(k));new_line;
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n:=n+k;

exit when n=nsteps;

end loop;

put(“the true solution is”);new_line;
put(true_solution(k));new_line;
put(y(k));new_line;
put(max_error);new_line;

end;

end;

end fourth_order_block;
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