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ABSTRACLCT

Inner product spaces are special normed linear spaces. An inner product space
is avector space X with an inner product defined on X, Here, an inner product on X'is

a mapping of XxX into the real field R” of X: that is, with every pair of vectors x and

y there is associated a real number which is written <I Yy > and is called the
inner product of x and y, such that for all vectors x, y, z and scalars r we have

ary - (xy) = ()

P)  (x+xz)={xz)+(z)
Py () = rx)

(P4 (xx)20,(xx)=0e>x=0

An inner product on X defines a norm on X given by

I = G =y

But normed linear spaces need not be inner product spaces. As an example the space
of continuous functions C[a,b] with norm defined by

Il = maxlr@) 7 = (a61 and 1 e Cla,b).

. ﬂ) ,or simply X, is called an inner product space

A normed linear space (X )
if there is an inner product {*, ¥) defined in it such that H x“ = /<x, >

Since inner product spaces have been, up to now, the most useful spaces in
practical applications of functional analysis, a problem of characterizing these spaces
is of most importance. Different concepts were used for an effective unifying
approach toward this problem. One of these concepts is using parameters. For
example defining a formula, then verifying that if this formula satisfies certain
conditions, the space is an inner product space. Indeed there are several known
characterizations of inner product spaces which can be stated in terms of parameters.
Geometry is another approach to characterize inner product spaces, which is related
to most other concepts. However, throughout our research we are dealing with the
concept of orthogonality, which is of basic importance of such studying.

* All our normed spaces will be over reals. The real case sufficient for most purposes, since if X

is a normed space over the complex field which, as a space over the reals, has the inner product

product <x,y> , then <x,y> = <x,y> + i<x,iy> .
R R R
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The most natural notion of orthogonality arises in the case where there is an
ihner product compatible with the norm on a S{alce X is L, defined by

x 1Ly if and only if x,y> = 0.

Some of the major properties of this relation are listed as follows:

) Nondegeneracy : If xlx, then x =0,

) Symmetry : If xly, then ylx;

3) Homogeneity : If xly, then axlby (a,b € R);

(4)  (Right-) Additivity : If xly and xlz then xl(y + z)

(5 Resolvability : If x,y € X then there exists @ € R such that

xL(ax + y).

For general normed linear spaces, there are different known definitions of
orthogonality which do not require the existence of an inner product. But, apparently
there is no general study of this family of definitions. Therefore we will study some of
them, and assuming that they adequate to the aim of this research. These
orthogonalities will be covered in chapter I, and defined as follows:

ISOSCELES - ORTHOGONALITY [18]:

x1'y ifandonlyif ”x—y”: |L+;ﬂ

PYTHAGOREAN - ORTHOGONALITY [18] :

P . _ 2 2 2
x |~y 1f andonlyif “x-—)” =’H’ +“y“ .

BIRKHOFF - ORTHOGONALITY [19] :

x 12y ifandonlyif ’Hl < Hx+ky“ forall k e R.
a—~ ORTHOGONALITY [2] :

If o« #1 (xLyXo) if andonlyif
2 2 2
a+ ) feof = o] oo
(a,p) - ORTHOGONALITY (1] :
If o #1, (xLyXa,p) if and onlyif

ol + e = fr-goff oo

It should be noted that pythagorean and isosceles orthogonalities are special
cases of o-orthogonality, which is in turn a special case of (o,B)-orthogonality. The
usual approach in studying these concepts consists of verifying which of the
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properties (1)-(5) are satisfied and then proving that some of the remaining properties
are sufficient to force X to be an inner product space.

In chapter II, we are listing different characterizations of inner product spaces
by proving that mostly equivalence between any two orthogonality relations, defined
in chapter [, is a characteristic property of inner product spaces.

Finally, in chapter III, we define a new orthogonality relation based on two
real numbers o and B, where a and B are not both zero and satisfying the condition
a . B > 0, and denoted by [a,B]-orthogonality. This new definition is different from
the definition of (o,B)-orthogonality, in using multiplication sign instead of addition.
That is for xand y € X, we have

(e 9t it andontyit = e ] = e+ ][ ]

You may see that this definition is a generalization of the isosceles orthogonality, e.g.
if a = p =1, then i
(x Ly, Bl < x L y.

But of course they are not equivalent, (§1). However, Same procedure used in
studying the previous orthogonalities, in chapter I, will be applied for [o,B]-
orthogonality. At the end of chapter III, we obtain some characterizations of inner
product spaces using this new orthogonality relation.

iv
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NORM POSTULATES

There is along list of conditions on the norm, called norm postulates, strong
enough to characterize inner product spaces amongst normed linear spaces. The best
known postulate is by Jordan and von Neumann

JUN) x, y e X, ”t+y”2 + ”x—y”z = 2(”;(”2 + ”y”z). This conditionis called the
parallelogram law. [16]

The other norm postulates are here :

M IfxyelX, M = M =1, then Hx-l—y”z +Hx-;ﬂ2 = 4. [12]

(D,~) If ”x“ = “y” =1, then there exists a and b with 0 <a <1,0<5b <1,

such that

1 e+ - P+ - afps— - pf -

[a + b - 2ab]lab + (1 - a)(1 - b)] where ~ means = or > or <. [14]

(L' 1) If there is a fixed real a # 0£1 such thatx, y € X and ”x - y” = ”X + J'“

imply “x - ocy” = ”x + ozy“. That is, if x_[_ly = xJ_l ay for fixed a. [4]

(L2) If x, y € X such that IH' = “y“ and o is a real number such that o # 0,

ten s+ o] [ o] 1

(F) If o is a real number and x and y are vectors in X such that “x“ = ‘M

TR I

b
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CHAPTER |

MAIN PROPERTIES OF
ORTHOGONALITY RELATIONS

INTRODUCTION
In this chapter we study five types of orthogonality relations including
Isosceles orthogonality (§1), Pythagorean orthogonality (§2), Birkhoff orthogonality
(§3), a-orthogonality (§4), and (a,B)- orthogonality (§5), which have been studied
extensively by James [17], [18], [19], and the present authors [1], [2], among others.
Here, we are going to summarize their results to use them as a background for our
new orthogonality relation defined in chapter III. At the end of this chapter we show
that the five relations are different concepts of orthogonality unless the space is an

inner product space. Considering some simple examples will show that.




Chapter |

Isosceles orthogonality

§1. JAMES ISOSCELES ORTHOGONALITY

James had introduced the following orthogonality relation:
Y

Clearly by definition isosceles- orthogonality is symmetric. Further properties are

discussed as follows:
THEOREM 1.1
If x and y are elements of a normed linear space X, then there exists a

number a such that

“x+(a.x+yﬂ = “x—(ax+yi', or x_]_iax+y.
For the proof we need
LEMMAI.2

If x and y are elements of a normed linear space, then

T [ ) BT

n —»

n a
Proof. Since + = 1 identically,

(n+a) (n+a)
lkn+a)x+y“ kn+a)x+y”

+
n+a) (@(@+a)

"+ ape o ¢ ==+ ape o]

n+a n+a

s Yersal e+ Yool

that is if » is large enough so that (n + a) > 0. Thus

v =| o2 b o]
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Isosceles orthogonality

}mﬁ_uﬂm“ HM

which approaches zero as » becomes infinite. Also,

lim ax+i—, = afH, Hence
n+a
n —»

(s eof o f]- 4
E

°  but , (using the triangle inequality)

4.

One can show that  |im [

n— —o

im [+ e of <[] -

h - —

Let h = —n. Then

Simplify,

im  [Jo - 0 of e of ] - 4

h — —©

im Lo+ of - e of 1 - A4

h —> -

Now putting b = —a,

But replacing y by — y does not affect the limit, hence we get

[l .
P I W I

lim [
We are ready now to prove Theorem I.1. Define the real function of a real

n— —o

warible, /() = i+ ox + 9~ + )

(4 0+ of = Jom = e+,




Chapter 1

Isosceles orthogonality
. Then n]_,‘_,),]oo f(n) = n]g;,w [‘k(n -1+ 2+ y” - lkn - x + y”]
= 2”,x” by the previous Lemma.
Likewise, Lemma 1.2 gives " 1_i)n_1°o f(n) = —2|H'. It now follows from continuity

of the norm and the Intermediate Value Theorem that there exists a number

a such that
f@ =0, or ”x+(ax + yﬂ = “x— (ax +y)“.
THEOREM 1.3

If x( 0) and y are two elements of a normed linear space and “y” < ”xH,

ven W< it x ey

Proof. Define f(n) = “x + (nx + y)” - ”X - (nx + y)”

= Jor+ pe e of = for = e+

Now, x_J_lax+ Yy = f(a) = 0. Therefore Hs “y‘V“x“ if and only if

iy 0 ousite e imersal [ /M bW v s o W ]

From the triangle inequality of the norm,

oo o (- .
o <h- )« B

Thus

fin) 2 U‘*“MH"(MI]-[WJM“fM]
[k b= TH - 2Bl

Now, for n > IMMH’, we consider two cases :

W << o ns




Chapter |

Isosceles orthogonality

(1) If ”y”/’lx” < n £1, then

jor2 oo o2 - - - oL Bl o
AN i Y [T | Ry VT
Thus from (1) and (2), we have f(n) > 0 for n > ’HMH’

Now consier i) = - o .- |

e e e
v -

Lo f]

Thus f(-n) = ~f(n) with y replaced by — 3. Since the above argument is

valid if y replaced by — y, it follows that f(-n) > 0 if —n > tHMH‘ That

is f(n) <0 if n< - 'HVHXH . Hence f(n) cannot be zero if H > ’HMH’

Now, f(a) = 0 implies that la' < ’HMH’

DEFINITION 1.4

A normed linear space X is called strictly convex if

0<k<l, x#ye X imply “kx+(1—k)y” < k“x”+(1 —kiHl.DO],Def.S.l.l.
THEOREM 1.5

Isosceles orthogonality in X is unique if and only if X is strictly convex .
Proof.  (i)- Suppose that X is strictly convex and isosceles orthogonality is not

unique. Then 3x,z € X and @ < b real numbers such that

i i
x| ax+z and x | bx+ z.




Chapter 1

Isosceles orthogonality
‘Let —y = (bx+2z) and a = b~ a Then o > 0, xJ_i—y and xli—(a.x+y).

Thus x _|_’ y and x _]_l ax+ y for some positive real o and element y € X.

Now, define a function g() = “y + tx“ -0 <t <o

‘y+[k-t1+(1—k)-t2]x“

= y+k~t1x+(1—k)-12x“

Then q(% & +(1—/c)'t2)

= [k+(1—k)1y+k~t1x+(1—k)-12x

= |y + 46 + (- Bl + 154

oot ocrc

(since the space is strictly convex)

A

= kq(tl) + (- k)q(t2).
Thus g(7) is a strictly convex function. Furthermore,
q@) = “y + x” = “y - x” = g(-1) since x li ¥, and

q(oc+l)=“y+(oc+l)w”=“y+(oc—1}\“:q(a—l) since x | ax + y.

In the case 0 < a < 2 we see that

2 - o a o
g -1 = 9{}—'(—1“_'(1):, <gqQ) = q[—'(a—1)+(1——)-(a+l)]
2 2 2 2

[0 (04
<= ga-D+(1-2) g+
2 2

a o
= (—+(l—-—))g(a+1) = g(o +1).
2 2

Thus g(o — 1) < g(o + 1) which is a contradiction.




Chapter 1

Isosceles orthogonality

In the case a = 2, then we have g(-1) = ¢(1) = ¢(3). But for t € (-1,3),
t=(C-)-k+3-(0—-k =3-4k where 0 < k <1 (indeed £ = (3—1‘)/4).

Therefore q(t) < kg(=1) + (1 — k)q(3) = ¢(~1), a contradiction.

In the case a > 2, then o ~1> 1, s0 [-1,1]Nn[o -1, a+1] = ¢ (disjoint).
Thus g(f) will have two distinct local minima - one each in the intervals
[-1,1] and [a—1,a+1]. But g() is strictly convex and thus have only

one point of minimum - a global minimum. Again a contradiction is seen.

(i) - To prove the other way, we start with the assumption that X is

xX+y
2

ten e <o s = s of =2 o

W=l e A= -4

where X' = x+y and ) = x~ y # 0. Then we have

o= =l esfrs == ufd

Thus X +(y'/ 2) _Li (//2) and X - (y’/ 2) _[_i (y’/ 2).

not strictly convex, so let x # y € X such that IH, = “y” = =1,

(see [20], proposition 5.1.2).

i
1e. X + a(y’/Z)J_ (y’/2) where g = 1.
Therefore isosceles orthogonality is not unique. This completes the proof,

Example : If X is not strictly convex, isosceles orthogonality need not be

unique. i.e. there exists a(# 0) € R such that x _Ll y and x _Ll ax+ y.

It is known that the space X is not strictly convex if there exist x # y € X

swentrat ] = ] -

X+Yy
2




Chapter 1

Isosceles orthogonality

. Therefore Cla, b], the space of all continuous functions defined on J = [a, b],

with “_/ﬂ = majc [f(t* where f e C[a, b] is not strictly convex.
te

In particular, the space C(/) where I = [0,1] is not strictly convex, and we

[Deﬁne J@ =1, g0 = ;_a, then M=}L€“=

—-da

show that isosceles orthogonality in the space C(J) is not unique.
2 2 2
Define f() =t-t,g() =t+1t ,then f-g=-2%,and f+g =2,

”f-g“=“f+g”= 2. Thus f_i_ig.Fmthermore
f—(f+g)=t—t2—-21=—(t+t2):>Hf——(f+g)“=2, and

2 2
f+(f+g=t-t +A=3%-t = ”f+(f+g)“=(3—l)= 2.
i
Thus /1 (f+g8) (@=1),
The effect of assuming homogeneity and additivity of such orthogonality
will now be investigated, it being shown that isosceles orthogonality is hom-

ogeneous or additive only for inner product spaces.

THEOREM 1.6

If isosceles orthogonality is homogeneous in a normed linear space X,
then X is an inner product space.
Proof. It has been proved by Ficken [6] that a normed linear space is an

inner product space if and only if “a.x + y” = “.x + a)* for all real numbers a

and x and y for which ”x” = 'MI Let x and y be any two elements of X,
such that ”x” = 'Ml then lkx + V) +(x - yJ’ = “x + ) —(x - yﬂ; that is

(X+y)J_l(x-y)~




Chapter 1

Isosceles orthogonality

If isosceles orthogonality is homogeneous in X, then

@+ b6+ 9+ @ - o = la+ D + ) - @ - )
or “ar + )“ = “x + ay”. Thus X is an inner product space.

COROLLARY 1.7

If for every element x of a normed linear space X there can be found a
nonzero element orthogonal to x by Roberts’ definltion " in each two-dimensi-
onal linear subspace containing x, then X is an inner product space. ([18], p.298
Corollary 4 .7).
THEOREM 1.8

If isosceles orthogonality is additive in a normed linear space X, then X

is an inner product space.

i i i
Proof If x| y, then x| —y and y | x because of the nature of the

condition for isosceles orthogonality. Hence if isosceles orthogonality is additive,

then nx _]_l my for all integers n and m.
s el < ] ana [l < -]
or “,t + qy” = ”x - qy” where ¢ is a rational number.

Using density of rationals in R and continuity of the norm it follows that

ool -

Thus we have proved that isosceles orthogonality is homogeneous if it is

!x - ry” for all real numbers r.

additive, and TheoremI.6 gives that the space is an inner product space.

(1) Roberts —orthogonality:
R

X1 ye forevery r € R,

X +ry

o] -

10




Chapter |
Pythagorean orthogonality

§2. PYTHAGOREAN ORTHOGONALITY

An element x ina normed linear space is said to be orthogonal to an element

y in the pythagorean sense if '

L\: - )”2 = Mz + lM[2 [18] and written x ;¥ y

This type of orthogonality is obviously symmetric, and it can be shown that for any

elements x and y, x _l_p ax + y for some number a

el < W e off

As for isosceles orthogonality, the assumption of homogeneity or additivity of

That is

pythagorean orthogonality in a normed linear space implies that the space is an inner
product space. Thus homogeneity and additivity are equivalent.
THEOREM 1.9

If x and y are elements of a normed linear space X, then there exists a number

a such that

‘HF*“"'”)“Z =“X—(ax+y)“2, or x 1 Pax+y.

Proof. Define the real - valued function of a real variable, f(), as

el o - - off o
o < fo P o
P e off < - v o

Qn-1) (n-1)>
+

n2 nz

f#)

Using the identity =1, we get

11
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Pythagorean orthogonality

oK %2 S e e f
SURS 0 B LMY
B [ e f
=|H]2+9’n_;2|pwf+(n_nwﬂ;—wr_];m_mﬂf

2 r n
=,H’2+(2”‘1’{#+i){ +_ ;(n—l)x+(—niiy—‘kn—1)x+yJ
-1

nee ncqutit, |- [ < - . <o

Using triangle i
-1 -
'Fn—l)x%—(i_zy{— kn—l)x+y{ < #n—l)x+'uy—(n—l)x—y“
n n

LA W

ORI R e

HP—DH(—”;—D-,HJ,}‘(n—l)xH{‘:,

12




Chapter 1
Pythagorean orthogonality

n 2 1, it follows by using the triangle ine

1 1
X+ — )Y 2 ,Hl - *-“)“ . Squaring,

n n

2 2

1 1
R N[V

n n

——4{ e

[t

B

o]+ ]

ol . snee n

e

R,

f<n>zlewzﬂ—{l%l—iluﬂz—i4!‘[2<n—dHr+2—”-;—*!M!]
W - er-ofl 2B b}

o Jf {20 0 >}MM

oA - W a3
| (-2

13
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Chapter 1

Pythagorean orthogonality

_:which can be made greater than zero by taking » sufficiently large.

Now consider

s = W[ ol < on - f

e of -

Using the identity

2
(n+1)

o+ e

@2n+1)

2

2 —1, we

R ‘2"“’}% -

_ IHIZ (2n ;— 1))
n

4 - n s

T

get

kn + Dx -

I

oo
oo
oo |

2 1) 2 2
e+ e of -
2 2
l (n+1)v{
x—— ) +{(n+Dx -
n n
7’ ~
1 n+1
x——y +| 7+ Dx- By
n i n
i (n+1
x| [(n+1x - By
i n

Let n > 0 and using triangle inequality, we have

2
1
y — —
n

(n + 1)x —

n+1

n

n+1

(n + Dx -

Y

b

-2

- kn+1)x—

B

B

+n+ 0= o] < 2004 g} +

14

@n + 1)

T
=3




Chapter |
Pythagorean orthogonality

Thus

o s W - W2 2 e 22

n

W el W2 [ (22248

n

T B RN

n

7))
(342 W]

Thus f(-n) is negative if » is sufficiently large. Therefore f(#) is negative for »n be

sufficiently small, and it follows by continuity of f(n) that f(a) = 0 for some number

a Thatis

W o] - o

Now let us prove that such number is unique.
THEOREM 1.10
Pythagorean orthogonality is unique.
Proof. Let us assume that pythagorean orthogonality is not unique. Then we must
have elements x # 0 and y € X, and a number a > 0 such that
x_|_p—y and x_Lp—(oc.x+y).

Thus

TS T g e TN Y

15
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Pythagorean orthogonality

2
®  s0= +z0

@) gl+o)= 'le + g(@)
2

Now g(kt1 +(1-—k)t2) = ”y+[/ct1 +(1- k)tz]x
2

- ”[k+(1—k)]y+[kt1 + (- R)ty)x

= ”k[y+tlx]+(l - k)[}"”zx]”z

2
} (using triangle inequality)

< {“k[y+t1x] +”(1—k)[y+t2x]

_ {k“y+t1x“+(l —k)”y+t2xﬂ}2 O<k<1)
el ra-spond oseohrad bood
<t + @ o -

- k)“,v - r2»“2 fa-H - - k)luv * ’2’“2

#2408 [y + o -+ 1

= kglt) + 1 - B glty) + @ - k)“y + ’1*“2 6 - k)”y * tz‘”z

S S b+ o

= kgt + (- k) gty +

@ -nl ol ool eodeboof]

= kgt) + (L~ k) gty) + (k2 - k)l HV + ’1"“ - ”y * ’2*“ '2

ety + - ka-b [y o[

16
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Pythagorean orthogonality

"(4)  Thus gkt +(-Rty) < kglt) + (- K gl,), -~ <t<m

On the other hand, for 0 < k < 1, the triangle inequality in (4) will be strict
if g@)# g(,). ie.

) gtky +(A-kty)) < kgl)+ (1 ~hel) . g # gb,).

Now suppose 0 < a <1, we get

6 gl =g0a-1+(1-0)-0) < ag)+ (- agO)

(since from (2), g(l) # g(0) and x # 0).

M g =gl -a+l-0)- 1+a) < agl)+1-agl+ o)

(since from (3), g(o) # g(l + &) and x # 0).

Also by using (2) and (3) we get,

o < oz + 0~ I + gt)
= ag(o) + (1 - ) g0) - g0) + £(@)]
= &) - () - 1 - EO) + g
o 0<-ag)-(- w0+ ga)
or  og(@)+( - ®)g) < gla), contradicts (6).
In the case @ > 1, we use convexity of g, and (2) and (3) to obtain

g0) # g) and g(l) # g1 + @), and then by (5) we get

¢)] (1)-g(— O+— a)<

o-1 1 -1
® glo= g(-— 1+ -+ 0‘)) < -8+
) a a o

1 a-1
=—-g()+
a

1
- 8(0) + — - g@)

[g(l) - 80 + g(a)]

a
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o -1 1

g(a) < g) - - 8(0) + g(a) — — - g(a)
o o
a-1 1
or 0< gl- -8(0) — —- g(o)
o o
a-1 1
or - g(0) + —- g(a) < g(1), contradicts (8).
o o

In the case a = 1, we have

From (2),
&) = 20 +

oo g0 =0 - [

From (3),

¢® = ¢ + |}

Therefore
2@ + 20) = [g(l) + IHzJ + [ga) - Mz]
- 250)
or 2 =~ + s0]

On the other hand, convexity of g, with g(2) # g(0), give
1 1 1 1 1

g) =g —-2+—--0 <“-g(2)+—-g(0)=“[g(2)+g(0)],
2 2 2 2 2

which is false. Hence pythagorean orthogonality is unique in any normed linear

space.
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Note that x _|_p y does not imply x _L‘D -y, and if such happened for every
x,y € X, then X must be an inner product space.

THEOREM 1.11

If X is a normed linear space, and for every x,y € X, we have x _]_p y

p

implies x |© — y, then X is an inner product space.

Proof. Given x _]_p y, then by assumption x _Lp - ¥

martore oo = 4] + |
oo - <
s e of = oo Jo=of = o]

I i
ie., x | y. We have proved that x _]_p y = x| y, which is sufficient

, and

condition to make X an inner product space, as we will see in chapter II.
However, we have the following corollary.
COROLLARY 1.12

For x and y be elements of a normed linear space X, 34 € R such

that “v“z + “b X + y“z = “x + (bx + y)”2 and that number is unique.

Now as in the previous section for isosceles orthogonality, we will prove
that homogeneity or additivity of pythagorean orthogonality implies that X

is an inner product space.

THEOREM 1.13
If pythagorean orthogonality is homogeneous in a normed linear space

X, then X is an inner product space.
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‘Proof. It will be shown that the condition given by Jordan and Neumann for the

existence of an inner product space in a normed linear space is satisfied, namely :

oo el <41 b | et .

It is known that for any elements x and y a number a exists such that x _|_p ax + y.

Assuming homogeneity of the orthogonality gives that k.x _Lp ax + y for all real £,

o R slpor oo <[ x-ans oo

If £k =(azx1), then

(airl)2x2+ a~x+y{2 = '(ail)x—(a»x+y)”2, or

2/ 112 2 2
(azx)) | +a-x+)4 =‘i1~x—y“,0r

(ai1)2x2+ a-x+y{2 = lxi;“z.

Hence

ool - of

{(a P s )ﬂ : [w K e )ﬂ

2 + I)M2 +2“G'x+’“2
ol oo of]

If ¥k = a, then

aleI2+ a'x+y{|2= a~x—(a-x+y*'2, or

W elpan = b
a +la-x+ =

2 2 o2
“a-x+y =“y” -a x”,and hence

, or
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=

ool e ]

47|

Thus X is an inner product space.

THEOREM 1.14

The properties of homogeneity and additivity of pythagorean orthogonality
are equivalent for normed linear space.
Proof. If pythagorean orthogonality is homogeneous then X is an inner product
space by Theoream 1.13. The orthogonality is then additive because such pro -
perty valid in inner product spaces. Conversely, suppose that pythagorean
orthogonality is additive and x lp y. Also there exists a number @ such that
X _Lp a-x—y, and additivity of the orthogonality implies that x lp a-x and
hence a =0 if x # 0; thatis x J_p —y. Now using symmetry of pytha -
gorean orthogonality with additivity, it follows that nx J_p my for all integers »
and m. Thus

off o - of o

2 2

VIR I
n

From continuity of the norm it follows that

[ N N,

and so pythagorean orthogonality is homogeneous.
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§3. BIRKHOFF ORTHOGONALITY

Birkhoff orthogonality is defined in a different manner. We say that x is
B
orthogonal to y in the sense of Birkhoff orthogonality, and written x |y if

”"*"J“Z‘H‘ VkeR. [19]

Geometrically, this means that the line through x in the y — direction supports the

st § ] < [} ac »

Simple facts about Birkhoff orthogonality are :

B B
M x1 y=>ox] Py Vo,B e R (homogeneity).
That is UoqukBy“ > ”ou” Vk. If a =0, then it is trivial, thus let o # 0.
Then Hax + kBy“ 2 lM‘ if and only if Hx +k B/a )“ > ”x“, which is true
) B
since x | Y.

B i . .
(D) x 1 y <& there exists a nonzero bounded linear functional f such that
fx) = “/”“x“ and f(y) = 0. (x # 0)
Proof. Say that there is such functional /. Then linearity of f implies that

fx+ k) = f(x) + Q) = f(x) = Ml ”"“

, and so we have

But f is bounded, therefore f(x + k) < H/“ Hx + k)J

< A ol or e sl e A = 0

Conversely, if x| y, let Z =span(x,y), that means every element z € Z

can be written z = oux + By for some real numbers o and B. Now define f

on Z by f(ox+By) = on“x”
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" Clearly £ is a linear functional. Further f flox + ByJ = H ”r” < ’a‘ “x + k)“ for

B
all numbers £ (- x} y). Or lf(oz.x + Byi s“or.x + aky“. Then with o # 0

and £ = B/a, we get Lf(zi < “z“ If a =0, then f(z)‘ =0< “z”, and so f
is bounded. Indeed “/“ =1. Thus f(x) = 'H’ = H/“ “x“ and f(y) = 0. Now

Hahn — Banach Theorem [5], p.213, implies that there exists a linear extension

functional 7 defined on the space X with 712 = f and “7” = “/“ Other

properties are discussed in the following.

EXISTENCE OF ORTHOGONAL ELEMENTS
DEFINITION 1.15

A hyperplane of a normed linear space X is any closed maximal linear
subset H of X, or any translation x + H of H. [17]
THEOREM 1.16

If f be a nonzero bounded linear functional on a normed linear space
X, then lf(xﬂ = ”f“ “x” if and only if x_LB H, where H is the hyperplane
of all A for which f(h) = 0. (In Algebra, H is called the kernel of 1)
If x is orthogonal to a linear subset L < X, then there exists a linear

functional f* for which f(x) = “/“ ,Hl and f(y) =0if ye L, and there

B
is a hyperplane H through the origin with x| H and L c H.
Proof. For x = 0 theorem is trivial, so let x # 0. Now let H be the

hyperplane cosisting of all elements /4 for which f(h) = 0. Suppose that

‘f(xi = “/” “x” Then f(#) = 0 and linearity of f imply that If(x + h*
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p@{WMBmﬂmmmwmﬂqnwwﬂmmme

”x” “x h“ for all elements # € H. f is linear, thus k4 € H, and x _]_ H.

B
Conversely, suppose x | H and ’ f(x)! = p”x” for p € R. Then homoge -

neity of Birkhoff orthogonality and linearity of £ give :
B

*For any a € R, ox | H; that is ’M(S”}u+h“ifhef[,

} =l

Hence If(ocx + hi = lf(ocx* = p”lx” < p“onx + h”, or If(or.x + h* < p“lx + h”

for all 2 e H. Since H is a hyperplane through the origin, it follows that

'f(y)l < le[ for all y of X. Thus M' - p and !f(x)l _ M.’H}‘(Deﬁniﬁon
of [ = ]| < pana [rof = i = # <[)

Now if L is a linear subset of X. Then Z = <x> @ L is a subspace of X.

Define f:Z - R by fox + y) = cx“x“ Then f is a linear functional with
”/“ =1 f(x) = “x” and f(y) =0 for y € L. But Hahn — Banch Theorem

gives that 3 7 : X — R, a linear extension functional of f with same norm.

Therefore first part of the theorem implies that for H = {h : F(h) = 0} then

X _LB H, and clearly L ¢ H.

The following theorem is a direct consequence of Theorem 1.16 and the fact

that for any element x of a normed linear space, there is a linear functional

£ st a0 = 4
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"THEOREM 1.17
Any element of a normed linear space is orthogonal to some hyperplane

through the origin. This hyperplane being unique for a given element if and only if

for any x (# 0) and y € X there is a unique number a with x J_Bax + .

However, for a given hyperplane A through the origin there does not necessarily

exist an element x with x _j__B H. This problem is equivalent to finding an element
x with f(x) = ”f” . Hx” for a given linear functional f. (See [19], Theorem7.1.)

COROLLARY 1.18

(1) If x0) and y be two elements of a normed linear space, then there
. B
exists a number a such that x| ax + y.

@ If x_|_Bax + y, then ’a! < IHV“,\‘” (x = 0)

B
3 x1 ax+y if and only if there is a linear functional f with f(x) =

W e o=~ oo
Proof.

(1) It is well known that for x € X there exists a linear functional f such
that f(x) = “f” : ]Hl Then Theorem 1.16 gives that x | © H, where H is the
hyperplane of all 4 for which f(#) = 0. Thus ax+ y € H if and only if
flax + y) = 0; that is af(x)+ fO) =0 or a-= —f(y)/f(x). Thus there
exists a number a for which x _]_B ax +y.

(2) Let x _|_Bax + y. Then using definition of Birkhoff orthogonality, we

have ”x + k(ax + y#’ > ”x” for all real %, and letting £ = ——l/a gives
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Foas] = Wellol = ] or o | < /.

B
() x1 a+y< 3f(=0) abounded linear functional defined on X, such

that f(x) = “/“ . “x” and f(ax + y) = 0; thatis a = —f(y)/f(x).

B
Note that in inner product spaces, x| ax+y & <x,ax + y> = 0; that is

2
a=- <x, y>/”x“ (x # 0). Thus the linear functional is f(z) = <x, z> for z € X.
Y : B .
Unlike isosceles and pythagorean orthogonality, x | y does not imply
B
y 1 x. Thus Corollary I.18 does not give the existence of a number » such

B
that bx + y | x.
THEOREM I .19

For any elements x and y of a normed linear space X, there exists a
B
number b such that bx + y | x. This number b is the value of % for
B
which Hla + y” takes on its absolute minimum. If Ax+ y | x and
B B :
Bx+yl x then mx+y] x if n is a number between A and B.
Proof.
» B . .
By definition, bx+ y | x if and only if ‘kbx + )+ b‘” > “bx + )“ for
all & That is, if and only if 'kb + k) + )” = Ib_x + y” > “bx + )/H for all
real A, or that ”bx+ y“ is the smallest value of “?\x y“ Since “ﬁ‘ y” is
continuous in A, it must take on its minimum. Suppose Ax + y _|_ x and

B
Bx+y1 x. If A=B then the proof is trivial.
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:’Therefore let A <B. Now using the triangle inequality we can show that
B
f(n) = l}u+ )“, neR is a convex function. Also, Ax+y | x and
B . -
Bx+ y 1 x imply that f(A) = f(B); that is “Ax + )“ = HBx + y”, being
the minimum. Hence f(n) = f(B) for every n. Furthermore, for every n,

with A <n<Bthereis k, 0 <k <1 such that n = kA + (I - k)B, indeed

k= B - n)) . Then using this fact and convexity of f we get f(n) < f(B)
B-A
for ,, A<n<B. Thus f(n) = f(A) = f(B) or that “”-" + )“ = “AX + )4{

B
=”Bx+y” if A <n < B. That is, “er+)/“ is the minimum or nx + y | «x.

This completes the proof.
GATFEAUX DIFFERENTIABILITY OF THE NORM
DEFINITION 1.20

We say that the norm is Gateaux — differentiable at a point x if and only

me -

if G(x;y) = lim ————— exists for all elements y of X.

im
h—0
The norm is said to be Gateaux — differentiable if and only if, it is Gateaux

— differentiable at all points of the space.

sl

Let Ny (x3)) = lim —,
h—+0 h

e .
- a)’)“hln_l-o P . Clearly N-(x;y) = = N+ (x5-).

N+(x3y) 1s called the right —Gateaux differential, and p_(x;y) is the

left — Gateaux differential.
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* Then the norm is Gateaux - differentiable if Ny (x;3)) = N.(x;y). However,
in general normed linear spaces Ny (x;3)) and N_(x;)) always exist, even -
though G(x; y) does not exist. This is because from [20], Lemma 5.4.14,

p.483, we have for x , y € X and % > 0 the real - valued function R(k; y)

el - o

where R(h;y) = ——— then
h

(1) R(h;y) is nondecreasing in A, and
@ < s <}

e ] -l

It follows that N+(x;y) = hlim Rhs;y) = jof ———— — exists.
—>+0 hs 0 h
Also N-(x3Y) = sup MH exists.
h <0 é
" _
Now nl_i)@;w“'“* I | +V;j! i
n—+0
R A T e
Similarly,
i o =l = = e o - ]
= = N+ (x5-))
= N-(x;)).

Therefore  |im “n.x+y“—“nx” and lim ”nx“—ww—y” exist, and their
n—w n—0

values are determined from the following theorem.
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Y SO T R VW TR

where A and B are the smallest and largest numbers a for which x | ax + y.

i

limit point. Thus |im ”m+ y”—“m” = —r“x” It is known that for every
n—>00

real number a, |im kn + a)x + y“ - ‘th + y“ = a’Hl (Lemmal.2). Add

n—>o0

Proof. Since |im ”nx+ y“—“nx” exists then let — riixj| for » € R be the

n—0

and subtract “nx“ to get

i [l e ] bl ][] - d ] -
or A, T‘knw)xw —'L“”M:“i"“
or Jim :lknw)”yf‘“’“: = @-rfi

If x _|_Bax +y, then homogeneity of Birkhoff orthogonality gives

nx _LB ax + y. Therefore

kn + a)x + y” 2 “m“ or that

o o] - ol 5

Thus

1) (a - r#l,x“ > 0; that is » < @ and so r < A.

Now using defintion of limit Jim “nx+ y”—“m” = —r“x” and let € be
n—0

any positive number, then IN such that H% + )4’ - ’M‘ + r”x”' < EHJC“ if

n > N. Simplify, l“nx + )4! - (n - riHH < e“x“ if n> N We may choose

N, such that N > H, so that n >lr| and (n-r)>0 for all n > N.
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< ¢ for which

Then there is a number Ao Ay,

bl - -, W
. - a0
s [ R N |

But this can be written

-1 -1 -1 -1, -1 -1
(n—2 "r+2 "p)x+2 y|+(2 r=2 "y )x+2 y'

— - —

-1, -1 -1 -1 -1
=l|(n=2 "r+2 A )x+2 Ty|-|Q r-2 R )x+2 yJ

That is

-1 -1 i -1 -1 -1
(n~2 r+2 A)x+2 yji [(2 r=2 A )x+2 y].

Then it follows that for lk‘ > 1, ([18], Theorem4.1),

-1 -1 -1 -1 -1 -1
[(n—z rt2 p,)xt2 y}”{(z r-2 )X T2 y}

-1 -1
Z[(n—z r+2 A )x+2 y].

If k is replaced by 2m and this inequality divided by ‘ml, it

(2n—r+xn)x+y l(2n-r+kn)x+yl
becomes +(r-3 )x+y|= .
" I

2m
Let p be any number, but with m = n/p, then we have

r 7\.n Yy r A’n y
pl(l—=—+—")x+—|+(r-p2 )x+y|| 2 |lpl(l-—+—)x+—
2n n 2n 2n 2n

Since

Ayl < s it follows that |im Ay = 0. Hence as n becomes infinite it

n — o
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: gives that
Jocs o o] 2 o
Since — r“r“ is the limit point of “er + y“ - ”nx“ as n becomes infinite, then
we have

B
) x] rm+y, andso r > A.

By (1) and (2), r = A and n"_‘ﬁloo,% + y“ - “nx” = —AM‘

B
If B is the largest number a for which x| ax+ y, then — B is the

B B B
smallest for which x| -Bx-y (v x| Bx+y=>x] - Bx+)).

Jim o] - <o - B,
O N T e

SOME PROPERTIES OF THE FUNCTIONALS N+ (x3y) AND N_(x;)
The norm of a general normed linear space is not differentiable at
all nonzero points, although the differentials N+ (x;y) exist. Let x # 0,

then we have :

W Mo = -AH and vo(sy) = B,

where A and B are the smallest and largest of the numbers a for
. B

which x | ax + y (TheoremI.21).

(2)  N+Gsy+2) < Np(x5)) + N+ (x5 2),

N-(x3;y+2)2 No(x;5y) + N-(x;2).
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Proof. For 2 > 0 we have

bl -l | f e -

=i
d

|
A

Then taking limit as A — +0 we get (2) — partl.

v

lpx + 1y + 2)

) “x+h/2(y+z#

For h < 0 we have

besl-W).[keod-W), bossord- W

Then taking limit as 2 — -0 we get (2) — part 2.

3) N+ (x38) = t. N+ (x;3y) for £ 2 0.
Proof.

For r =0, (3) is clearly true from definition of ANy, so let ¢+ > 0. Then

by (1) Ny(x3)) = —AM and N4 (x58y) = —A“,x”, where A and A’

are the smallest of the numbers a and b respectively, for which
B B '

x| ax+y and x | bx+1ty. We have to show that A' = tA. Now

homogeneity of Birkhoff orthogonality gives x _|_B {Ax+y) or
B / . B '

x ] tAx+1ty. Thus A’ <¢A Similarly, we have x | ]/t (A'x + 1)

or x _LB A'/t x+y Thus A < A’/t or tA < A’ Therefore A’ = tA.
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In a similar manner one can show that
N-(x;ty) =t. N~ (x;y) fort =2 0.
Note that for < 0,
N+@x350) =N+ (x5(-). - ¥) = . N+ (x5) (by (3))
==L -NFx;))= 1 NF(x;)).
Thus, if the Gateaux differential of the norm exists at x, then
N+(x;0) =t N+(x;5y) forteR.

Hence N+ (x;2y) are linear functionals in y.

“) N+t (x;x) = ”r“, INi (x;y)‘ < M

Proof.

-

N+(x30) = Jim MM= i

h— 0 h—> 10

Since 4 is very small we may assume that 1+ 4 > 0, then

4y

h

N+((x5x) = |im
h - 0

Now, since Ny (x3)) = —A”x“ and N_(x;)) = —B”x” , where A
and B are the smallest and largest of the numbers a for which
B
x| ax+ y. Thus we have
B
X1 [— Nt (x;y)/w]x ty. (x#0)

Therefore the inequality (4) follows from this result and Corollary 1.18;

s Y < B
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ZS) Ni(x;rx+sy)=%Hl%»s.]vi(x;y),fors =0 and all
Proof.
. : B

If A is the smallest of the numbers a for which x ) ax + sy and B

is the largest, then A -7 and B - r are the smallest and largest of the
. B :

numbers b for which x | bx + (rx + sy), since
(A-rx+(rx+sy) = Ax + sy and B - rix + (rx + sy) = Bx + sy.

Thus from (1)

1
~
=

- A

= m{ + N4 (x5 59)

Ne @i+ 5) = <A -

=r"+ + s N+ (x5 ) (using (3))
and

4

il - Bl

AW+ v s )

vt o0 = - ]

I

Ao (using 3))
B : :
(6) x| ax+y if and only if N—(x;y)S—O‘H'SN+(X;y)-
Proof.
By (1) —N+(x3p) = A”x” and —N_(x;)) = B‘Hl where A and B are
. B
the smallest and largest of the numbers @ for which x | ar + y. Thus

N-(x5) < ~0M S N+ (x5)

if and only if ~ B{H‘ S ‘”M = ‘AJH’

or A<a<B (x=0)
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. B . .
Now Theorem 1.19 gives that x | ax + y if and only if A < a < B. Hence
it follows from (6) that
B :

x 1 y if and only if N_(x;3) <0< Ny (x5)),

and

B
if Ny(x3) =0 or N_(x5») =0, then x|

If the normed linear space X is Gateaux differentiable, then

B
X1 ax+ Yy if and only if N+(x;y)=N_(x;y):Aa{Hl_

TYPES OF UNIQUENESS OF ORTHOGONAL]TY
For any elements x and y of a normed linear space, there is a number

a for which x _LBax+ y (Corollary1.18), and a number b for which
bx+ y J_B x (Theorem1.19). These numbers are not unique in general, their
uniqueness being related to the concepts of differentiability of the norm and
strict convexity. Since Birkhoff orthogonality is not symmetric, this unique -
ness can take the following form :
DEFINITION 1.22

Birkhoff orthogonality is right — unique if and only if for no elements
x(# 0) and y there is more that one number a for which x | ax+ y.
DEFINITION 1.23

Birkhoff orthogonality is left — unique if and only if for no elements

B
x(# 0) and y there is more that one number & for which bx+ y | «x
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If orthogonality is symmetric, then it is right — unique if and only if
it is left — unique. This was the case for isosceles and pythagoearn
orthogonality, but not for Birkhoff orthogonality.

DEFINITION 1.24
A functional f defined on a normed linear space X is Gateaux different -

iable at a point x if and only if for all elements y of X, then

lim [f(x + hy) - f(x)yh exists. [19], Def. 4.3.
h—0
In this case the limit denoted by f(x; y).

LEMMA 1.25
The norm in a normed linear space X possesses a Gateaux differential at
each nonzero point if and only if it is right — additive.

Proof. Assume that the norm is Gateaux differentiable at each nonzero point

and x_LBy and x_LB z. Then from (6), N(x;y) = N(x;z) = 0. But it
is known that N(x;y) is a linear functional of y if it exists, thus

N@x;y+2) = Nx;y) + N(x;z2) = 0.

This implies that x _LB y + z. Conversely, say the norm is right — additive.

Then assume that N(x; y) does not exist at some nonzero point x_ in the

direction y_. That is N, (x,5¥,) #N_(x 3 ) But it is known from

B
(6) that x| axo+y°c:>]\/_(xo;yo)sﬁ{xo SN, 5y,) or

-4 - B
—n < a < 7T

<

’

X
o

X
o
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where A = N, (x,5y) and B = pn_ (x, 5y, ). Thus

x, _LB (— A/’ on +y, and x_ _LB (— BA on + ..

Then by homogeneity of Birkhoff orthogonality and right — additivity of the

X
o

X
°

A-B

norm we have x | ,» Which means that

X
o

x + k(A - B)x0 > for all real number k. This is true only if

A = B; that is N, (x,59,) = N_(x; Y, ), a contradiction.
LEMMA 1.26
Birkhoff orthogonality in a normed linear space X is right — additive

if and only if it is right — unique .

Proof. Suppose orhtogonality is right — additive and x J_B ax + y and
B B . e

x| bx+y for x# 0. Then x~ —(bx+y) and right — additivity

gives that x _LB (a — b)x. But this means that ”x + k(a - b)x“ > IH( for

all ¥ € R, which is true only if a = b Therefore orthogonality is right
— unique. Conversely, if orthogonality is right — unique and x _]_B y and
X _|_B z, then y and z both belong to the hyperplane H through the
origin for which x LBH (TheoremI.17), H being unique if for all y
there is a unique number a for which x _]_B ax+y Then y+ze H and

SO xJ_By+z.
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Then Lemma 1.25 and Lemma I.26 give the following theorem
THEOREM 1.27
Birkhoff orthogonality in a normed linear space X is right —
unique if and only if it is Gateaux differentiable.
THEOREM 1.28
A necessary and sufficient condition that a normed linear space X
be strictly convex is that orhtogonality be left — unique.
Proof. If X is not strictly convex then there are elements x and y
(y # 0) such that ’L\‘” + “y“ = ”x + y“ and x # ¢y for any ¢
([20], Proposition5.1.11 ).

From x+ y = [(1 - kx + ky] + kx + (1 - k)y, it follows that

o of < o= e il o 4l | i 0 < k<
since. [{ ] = = o] hr
Wbl < Jo - o o ]+ 0 -

-+ < -n- o],
-+t -6}
Thus (l—kAH,+k“y“= !kl—k)x+k)“ for 0 <k <.
R TTERT) e

R
febl W HM

or
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PR [T TR
g = e+ w5~ b~
I

Then )’ # 0, since otherwise we have x = . a contradiction.
Yy l)’” Yy

Similarly x’ # 0. Then it follows

e = b [ = o] = o o
oA = [ [ = 2 - =
Thus “x+ Y| = ”,x— y'“= M (% 'y Therefore

of =M i Heo

and “r’ + ay1 > ”x“ for la‘ >1([18] , Theorem4.1).

Thus f(a) = ”x' + ay’“, a € R takes its minimum at every a for which

'al < 1. By Theorem 1.19 we have x' + @ _LB y' for Ial <L which
contradicts the left — uniqueness of orthogonality. Thus the space must
be strictly convex if orthogonality is left — unique. Conversely, suppose
that the space is strictly convex and show that Birkhoff orthogonality
in this space is left — unique. Define a function

f(n):“nx+y”, —©0<n<o
Then f is a convex function (by the triangle inequality), and by
strict convexity of the space f will be strictly convex. Thus f(n) has
only one point of minimum —a global minimum. Suppose that

B B
ax+yl x and bx+ y | x with a < b Then Theorem 1.19 gives

39




Chapter 1
Birkhoff orthogonality

that ”ax + y“ and be + y“ are the minimum values of f(n). Hence f(a)
= f(b) and f(n) is constant for a < n < b. But f is strictly convex,
thus for n = ]/2 (a + b), we get f(n) < f(a), a contradiction. Therefore

orthogonality is left — unique.

CHARACTERIZATIONS OF INNER PRODUCT SPACES

Various necessary and sufficient conditions for the existence of an inner
product in normed linear spaces of two or more dimensions are known.
Some of them were studied in the previous sections.

A famous characterization of inner product spaces of three or more
dimensions is the one given by Kakutani ([21], Theorem3) is that for
every two — dimensional subspace E of X there is a norm— 1 linear
projection P of X onto E. Other characterizations valid for three or
more dimensions will be given here, expressed by means of orthogonality
and hyperplanes.

THEOREM 1.29

If the real-normed linear space has at least three dimensions and
Birkhoff orthogonality is symmetric, then X is an inner product space.
Proof. Let xl and Xy be any two linearly independent elements of a
three — dimensional subspace X of X, and H = span(xl, x2). Then

there is an element ye X_ orthogonal to //, and the space X, can be
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written as a direct sum, X =H® <y> That is each x e X_ has a unique

representation x = s + ay for some h € H and a € R. Define the projection

P of X onto H by P: X —> H; P(x) =h. Since orthogonality is

symmetric, we have H _LBy. Then “P(xﬂ < 'H, for all x in X, and ”P“ =1
Thus it follows from Kakutani's characterization that inner product can be
defined in X , and hence in X itself [16].

However, symmetry of Birkhoff orthogonality is not a sufficient condition
for the existence of an inner product in a two — dimensioal normed linear
spaces. Consider the following example :

Let B, (r > 2) be the normed linear space of pairs (x,xz) = x of real

numbers,

r 3
r r r

H = L]J + x2] if X1 and X, are of the same sign

where < r

= f <

Now for x = (1,0) and y = (0,1) we have ’Hl = lM’ =1 and

S

s
XZ' otherwise, where s = r/(r - 1).

\

N
= 2.

x+y=(0,1),x=y=(,-1). Then “x.;.y”r =IL‘_’{

s o off o ff 4 1 | o s,

product space. It can easily be verified that Birkhoff orthogonality in this

“) IS not an inner

space is symmetric.
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THEOREM 1I.30
An inner product can be defined in a normed linear space of three or more
dimensions if orthogonality (Birkhoff s) is additive on the left.

Proof. We may assume dim X = 3. Let X, Xy € X and H = span(x, xz).
) B B
Then there exist hyperplanes Hl and H2 such that x 1L H1 and Xy L H2.

B B
N H,, then x L x and X5 L x . But homogeneity and

Let 0% x e H NH,,

B
left - additivity of Birkhoff orthogonality give that ax, + bx2 L x, for all
B .
real numbers a and b or that H | x_. Thus the space X can be written

as X =H ® M where M = <x >, and hence every element x € X has

(o]

a unique representaion x = h + ax with ~2e H and a € R. Define the

projection P of X onto H by

P:X>H  Px-=h

Then “P(xﬂ < IH' for all x (- H_LB x_), and “P” = 1. Since there is a
projection of norm one on any given two — dimensional linear subspace of
X, it follows that an inner product can be defined in the space X.

The conclusion of the above theorem is not valid without the assumption
that the space of more than two dimensions, since it is clear that for a two -
dimensional normed linear space orthogonality is additive on the left if and
only if for any x(# 0) there is a unique nonzero element orthogonal to x,
It therefore follows that orthogonality is additive on the left in a two -
dimensional normed linear space if and only if the space is strictly convex

(Theorem 1.28).
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§4. a-ORTHOGONALITY

Let X denote a normed linear space over the reals with ““ and let o0 # 1
be a fixed real number. We define the concept of o — orthogonality as
follows :
For x, y € X, we say x is o - orthogonal to y, denoted (xL yXo), if
and only if
) 2 2 2

arafeof =l <f-ef. 2

It is clear that o — orthogonality is symmetric, i.e., if x,y e X, then

(x LyXo) & (v .Lxxa).

It is also easy to see that if (x_L xXa), that is

0=2ff—ad =20 - . ten +-0.

Furthermore, pythagorean orthogonality and isosceles orthogonality are

special cases of o — orthogonality for a = 0 and a = -1, respectively.

. . : 2 .
However, a simple example, the two — dimensional vector R space with

100

distinct from pythagorean orthogonality and isosceles orthogonality.

= max{ L l! } shows that for o # 0-1, o — orthogonality is

Let x=(1,1) , y=(,0) and consider the case when 1/2< a < 1.

thon [« bl = e of = 1. an o] - 2. s ey 555

and x _r_p y. Furthermore,
x—ay=(1—oc,1):>“x—- )“=l,

y—oax=(1—a,—a):>“y—ou”=a.
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LCRRTE W N VR

(1)

Ifon¢0,1,then(x.l.y)(l/a)<:> 1+ — “x_),sz x—l + __1_
o)

(a2+1\ 2 cxx~y2 ocy-x2
ko

@\‘ az) e T .
& @ - 4’2 - +““y‘*“2

Therefore, there is no loss of generality if we assume that o e [-1,1). Also

recall that for any real k£, Lemma 1.2 implies that

i el f]- .
o of |-

lim [“(t + k)x + )“ -
Now we are ready to prove the following theorem :

t = —o

THEOREM 1.31 (Resolvability)
If o # 1, then for any x and y there is a real number a such that
(xLax + yXa).
Proof. Since the statement clearly is true if x =0, we will assume that

x # 0. Define

Ix+y-— m“z -1+ az)”x —(x + yﬁlz.

We will show that lim g() = +o and lim £(¢) = —©, so that
[—>+0 [—>—0

g = “t - oftx + yﬂlz +

continuity of the norm will imply the existence of a real number a for which

g(@) =0 and hence (xLlax + yXo).
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Since
2 2 2
g) = x—a{tx+y)“ -a Hx—(tx+y)” ]+

wy-af <fr-tonf]

2 2 2
= (at—l)x+ayH -a ”’x“f()’“x)“ ]+

|

S -

(=050 -

e

:az—u[H(l_l/a)]my_x)uz_u,x+(y_x)2}

=

p—

eea-also-nf-|uso-nf

Using Lemma 1.2, with £ = (1 - ]/a) » (I— ) respectively, we get

i, [ [+ 0ol o] 0= 9] ] - ol

{—>+o0

lim [ ” [t +(1- a)]x + (- x)“ - ”tx + (- x)” ] =(- on)”x”.
{—>+00
It follows that there are functions £ &y which approach 0 as ¢t — +o.

Thus

g0 = o [81 + (- 1/a>’H‘][”(f +(a- 1/00)x *0- x)“ * “fx 0= JOH]

el +a- o lCs a-w)er oo efx - 0]
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50 = [y + o - ol ]
[+ a-y)s 6 - 0]~ |s+ 6~ 9]+ Fr s - )]
+ [82 + (1 - OL)“;(,HX
[(+a-@)s+ 0 n]-fus - 9]+ s - 0]

Then again, there are functions €3, €y such that €3, 84 0 as ¢+ = +oo, and

R ) Y e P |
by + - o]« [y + @l + o+ - 9]

- 2ltx+(y—x)l[sl+a(a—1)lH’+sz +(1—a)“x“]+

fy + o - o ks + 0 - Y ]

;2 Q- 0‘)”“'][84 - O‘)M]

= Py 9| :sl R O a)}”x“]+
G 1”*“][83 w0 ’/O‘)”‘”]*

1l + a- o]

jr——

€y +(1——oc)’

]

: ;txw_x)];_glmz+(a_1)2;H|}

[81 oo - 1)”‘“][83 + (- ]/O‘)ML
by + - oIl + o - ]

Now since o # 1, then g(f) = +0 as ¢ — +o.

Similarly, we can use Lemma 1.2 to rewrite g(f) as

¢0 = [, - st -0 <[5 - 0 - Yol + x4 - 0]
o, - - o] ][5, - -l + A+ 6= 0]
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where 8,,8,,8,,8, = 0 as ¢ - —e0.

Simplify,

0 =+ -] [o, 45, - @ -7 |+
(51 - et o ][, - a- e ]+
[5, - -l ]ls, - a -]

With o # 1, g(f) approaches — o as 1 - .

This completes the proof of the theorem.

We make additional assumptions about our o — orthogonality relation
and derive characterizations of inner product spaces. We say that a —
orthogonality is homogeneous if for all x, y € X, A, pu real numbers,
(x L yXo) implies (Ax.Lp yXo), and that o — orthogonality is additive
(to the right) if for all x,y,ze X, if (xLyXo) and (xLz)o),
then (x L(y + 2) o).

Now, we will show that if & — orthogonality is homogeneous
or additive, then the space (X, ““) is a real inner — product space.
Since the result is known if o = -1 (isosceles orthogonality), we
assume that 'a’ <1
THEOREM 1.32 (The Characterization Theorem)

If a - orthogonality is homogeneous, then (x.L yXo) if and only

2 2 2
if “"_”” =”"H +”y“ , e, o — orthogonality is equivalent to

pythagoean orthogonality.
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Proof. Since the statement is obvious if x = 0 or y = 0, we will assume
in the following that x and y are nonzero. Also, as noted previously, it
suffices to consider H <1

1) Let (xLyXo). We begin by establishing the following statement :

-

P@1) 1s equivalent to (xLyXa). If P(m) is true and (xL yXo), then

on
P : l+a ) +

e -

on—1
letting B = o , we get

s O of =fe-nf + o

Using homogeneity, we may replace x by fBx in P(n) and then y

by By in P(n) to obtain :
o s - -
@ a+p)x- Mlz - Bzﬁ|2 + 8- >H2

Now add (1) and (2) to obtain

o+ oo oo |-

e of + - -
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Then use P(n) to get

(1+132)[(1+B2)“x~4]} @+ - of -
e off -2 |-

Simplify,

woa” e gk of =T of -

ar ol =y e

,y 2><2n_1+
-

tea T f -
aea® Doy - L_a .

Thus P(n) is true for n > 1. Since al <1,

2

+

taking the limit as » — o in P(n)

—

on

an—1 2nl

H-e2" || <
-

thus - IH‘ Similarly

Since ’al<l,thenasn—>oo, o , o

LV_

Putting again B = «

}‘ 2x2n*14
-

which is P(n + 1).

2

+ , or

2

we get the desired result by

on-1
— 0. Futhermore

-
azn_er . y{

+(X
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: 2)  Conversely, assume that x and y satisfy the condition
2 2 2
® oA =<
By Theorem 1.31, there is a real number @ such that (xLax + yXo).

By homogeneity of o - orthogonality, we also have (Bx Lax + y)Xa) for any

real 3, and hence by part— 1 of this proof,

@ o < =4 ¢ of

Applying (4) for B=a and B =a+1 we get

= o of o

k_4f=w+fwf+p+q?Tm1wmm%ﬂmemwsmmex
[RGBt e
e ol <

2
Thus 2a”x“ = 0, and hence a = 0. This completes the proof of the theorem.

Now, since a - orthogonality and pythagorean orthogonality are
equivalent if o — orthogonality is homogeneous, then homogeneity of «
— orthogonality gives homogeneity of pythagorean orthogonality, which in
turn implies that the space is an inner product space. And, by using a proof
similar to that used in Theorem I.14, the main result now follows easily.
THEOREM 1.33

If o - orthogonality is homogeneous or additive, then the space X is

a real — inner product space.
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§5. (a,)-ORTHOGONALITY

Here we study a relation of orthogonality in a normed linear space which
generalizes isosceles and pythagorean orthogonality, as well as o —
orthogonality. Also, we will show that the space is a real inner product space
if and only if this relation of orthogonality is homogeneous or additive.
DEFINITION 1.34

Let X denote a normed linear space over reals, and o ,p be fixed real
numbers, o,B#1. If x, ye X we say x is (o, B)— orthogonal to y,

denote (xL yXo, ) provided

2 2 2 2
ol ol - <= of ol off 10
It is noted that (0,0) — orthogonality is pythagorean orthogonality, while
©0,-1, (-1,0), and (-1,- 1) - orthogonality are isosceles orthogonality. If

o = 3, then (o, P) — orthogonality is just o — orthogonality.

PROPERTIES OF (o, ) — ORTHOGONALITY

We derive some consequences of (a, ) — orthogonality which will be useful
in the sequel. The following lemma follows immediately from the definition
of (o, B) — orthogonality.

LEMMA 1.35 Let x, ye X.

1) If a,B# 0, (xLyXo,P) if andonlyif (axJ_By)(l/oc ,I/B).

i) If p#0, (xLyXa,PB) if andonlyif (xJ.By)(a,]/B).

i) If a# 0, (xLyXa, B) if andonlyif (or.xLy)(]/a » B).

S1
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The following corollary is an immediate consequence of the above lemma
and the assumption  (AxlyyXo,P) for any A, € R.
COROLLARY I.36 Suppose that
(AxLpyXo, P) for any A,pn e R.
i) If a,p#0, (xLyXa,P) if andonlyif (xL y)(l/a ’ ]/B).
i) If B0, (xLyXo,P) ifandonlyif (xL y)(oc,l/B).
i) If a# 0, (xLyXo,P) if andonlyif (xL y)(l/a »B).
Hence, this corollary holds if (a,B)- orthogonality is homogeneous. The

following lemma and corollary are also immediate from definition.

LEMMA 1.37
For all x, ye X, (xLyXo,P) if and only if (yLx)B, o).

COROLLARY 1.38
(0,P) — orthogonality is homogeneous if and only if (B, o) — orthogonality

is homogeneous .

Also, the following lemmas are needed .

LEMMA 1.39 If xe X, x#0,

lim “x+hy”2—”xz =2‘H‘-Ni(x;y)‘

h —> 10 h

Where N+ (x5) are the left and right Gateaux differentials. Since the
proof easily follows from definition of the Gateaux differentials and elem-

entary facts, it will not be mentioned here .
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. LEMMA 1.40

If x>0 and xe X, x#0,
- -

(1) lim “(t + k)x + y”z - “lx + )/”2 =t
t = +oo b= -
-~ -
(i)  lim ”(t + k)x + y“z - H(x + )/”2 = Foo.
t > -0l ~
Proof.
o n |fesneef-fof
t - +oo_— -
= i (e e sf e e of oo
t —> +©
= _k“x“ lim [”(tik)x+;”+”rx+y”]. (using Lemmal.2)

! = +

e oo » - W+ -
T

which tends to + o as ¢+ = +o. Hence

n [l peof]- €4 ¢) - =

(i lim [”(z + k)x + )4]2 ) ”x + )“2]

- 1in [H(t Y ;ﬂz]= Fo.  (by part(i)

{—>+00

Now we can prove the following theorem..
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_ THEOREM 1.41
For any x, y € X, there exists a real number a such that

(xLax + yXo, B). That is

= ol e o ff = = s ff s s

Proof. Set B # 0 and

S Y B VY W

where - <t < . Then

N T R Y Y R

fe-
t ot )

X+~

2
(- )
x+-\y—-x
4

s - [ -

e
B wf}

2P 2
Add and subtruct ¢ “x“ , t HBx‘ . Therefore

o et

21 \

| Bx+f(sy - orx)”2 | ﬁx{z} —{

54
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“Then for t # 0,

i 1 2 2_ | 1 2 2
o |[erto-of -4 | |+ to-eof -k
14 ) Ml - Mt
i JL ]
1 2 2 1 ° 2
e+~ By - )| - By B+~ @y -9 - By

a 4L _

Then in limit as ¢ — *ew0  (I/t —» £0), we get by Lemmal.39,

tli)l:]l__loog_ft)' = 2|H‘-Ni(x;y—x)—2‘H‘~Ni(xw—ax)

+ 2B - vt Brs By - ) = 2 |- wvx Bs By -
Here N4 (x;y) and N_(x;y) are respectively the right and left - Gateaux
derivatives of the norm at x in the direction of y. Thus using the following
property

N+(xsrx+sy) =rp|+s - N+(x3y) Vr,s 20,

i

we have

Nt x5y -x) = Ni(x;y)—lHl;

Nt (x5 y — o) = Ni(x;y)-aM;

N B3 By - ax) = N (e By - ofB- B) = v (3 By) - ofB ]
N BrsBy - 0) = N Grs By - B B = e @i ) - Y8 B

Thus
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- N N P N IS |

t—to0 ¢

v 28] [ @es B2 - of o ] - e @x3 802 + 8 | ]

2= DA+ ofb - oo

@ 28 -wlif

=2(1- a)(B-l)lle # 0.

140,
O If (1-a)(B-1)>0,thatis Jim — >0, then
t—>t0 ¢

g() > +o as t > +0 and g(f) > - as [ - —©

g)
I If (1-a)(B-1)<0, thatis Jjm — <0, then
t—Fo ¢

g#) > - as t > +o and g(f) > + 0 as { — —o
Hence in both cases g(f) changes sign (- < ¢ < +o0) and thus continuity
of the norm gives that there is a number a € R such that g(a) = 0,
which was to be proved.

Now if B = 0, then consider the following cases :
Casel. o = —-1. Then TheoremI.1 proves the existence of a.

Case?2. H < 1. Then the result is immediate from Lemmal.40.

Since g(f) = lkt - x + )“2 - lkt —o)x + )'“2 + (oc2 - IAH

g = ”(t -x +y“2 —“((t -H+(01- a))x + y“z + (a2 —I)HRHZ

2

2

=- N(«-n+a— a))xw“z *““ -DXWHQ s “DM
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Then from Lemmal.40 |jm g(®) = Fo, and hence a exists.
t — Foo

Case3. 'oJ > 1. Then 1]/04 <1, and the argument of case2 produces a real

number a such that (o L a(ox) + y)(]/a,B). By Lemmal.35, this implies

that (x Laax + yXa, B). This completes the proof.

COROLLARY 1.42

For any x, y € X there exists a real number a such that

(ax + y L xXa, B).

CONSEQUENCES OF HOMOGENEITY
If we assume that (a, 8) — orthogonality is homogeneous, then we obtain the
result that (o, B) — orthogonality implies the isosceles orthogonality and (for o,
B # —1) pythagorean orthogonality.
LEMMAI.43
If a# -1 and (AxLlpyXa,P) for any A,u € R, then
2 211 1R 2

foof = @b o
Hence, in particular, if (o, B) — orthogonality is homogeneous, then the above
statement holds.
Proof.
By corollary to Lemma 1.35 (x.L yXo,B) if and only if (x1 y)(l/a »B).

Thus it sufficies to assume H < 1. Suppose (x.L yXo,B). Then

ool - = -+ peof
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» Since the result is immediate for o = 0, we may suppose o = 0. Denote
by P(n) the statement

o e o] < boff )

n
Clearly P(l) is true. By hypothesis , (a0 x.L yXa,B), thus
2

o] el ff

Now if P(n) is true for n > 0, then adding this to P(n) we obtain

I

which is P(n +1). Thus P(n) is true for all positive integers n, but

2

+ +

2

n
lim @ =0, so in the limit, by continuity of the norm, we have

n —> +0

2 2 2 2
b= T = -l o
and the conclusion of the Lemma follows.

THEOREM 1. 44

If o, #-1 and (AxLluyXo,B) for any A,pe R, then xJ_py.

Hence, in particular, if (o,B) - orthogonality is homogeneous, then

(xLyXa, B) implies x _]_p V.

Proof. As before, by the corollary to Lemmal.35 we may suppose ,Bl <L

Assume (x L yXo, B) and let P(n) denote the statement

s eoff =0 <ol
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The statement P(I) is Lemmal.43. Since (x_LBn yXo, B) by hypothesis, we

have by Lemmal .43

le—g™f = a- B%”B"»r e - Bn+1y”2,
T

Now if we assume P(n), (n > 0) is true, then substituting this in F(r)

]

gives

Jeoff = - | a-eehf

- E)2(;1 + 1))”Vl2 . ”‘ ) Bn+1“'“2

or P(n+1). Hence P(n) holds for all positive integers n, and since

n
B — 0 as n — +w, taking limits in P(n) implies that

o - b e 27

THEOREM 1I.45

If (AxlpyXo,P) for any A,p € R, then x _Li .

Hence, in particular, if (o, ) — orthogonality is homogeneous, then

(xLyXo, B) implies x _|_I .
Proof, If o = 8 = -1 the result is immediate. Otherwise,
*If o # —1 consider two cases :

Casel. If B = -1, the result is immediate from Lemmal.43.
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2 2 2
Case2. If B # —1, by TheoremI .44 we have ”x-y” = ’H! +Hy“ . But

by hypothesis, (xL — yXa, ) holds, so ”x + )“2 = ”x“z + ”)“2 Hence

-

*If o

”x + )“ and the result again follows.

-1, then (xL yX-1,B) implies by Lemmal.37 that (y L x)(B-1),

with B # -1, and applying the above result we get _Li x. But symmetry

of isosceles orthogonality gives that (x.Ll yX-1,B) implies x _]_i y. This
completes the proof .
THEOREM 1.46

If (o, B) - orthogonality is homogeneous then the space X is strictly

convex. (Refere to [1], Theorem 2.3 for the proof.)

THE CHARACTERIZATION THEOREM
We now ready obtain the main characterization theorem.
THEOREM 1.47

If (o, P) - orthogonality is homogeneous in a normed linear space X
then X is an inner product space.
Proof. If (o,P) = (-L-1), (00), (0~1), or (-10) the result is known
from Theorem 1.6 and Theorem I.13. Otherwise, it suffices by Lorch

(L1), pagel, to show that for some fixed constant a # +1,0,

ool = mptes fr-af < e af
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Assume x, y € X satisfy Hr - y” = Hx + )“ and fix a # +1,0. Then there
exists b € R such that (by + x1yXa, ). It follows by homogeneity that
(by + xLhkyXo, B) for all k € R and by Theorem I .45 we have

by x-of = by 5+ ]

Letting £ =b+1 , b-1 respectively we obtain

N R I N )

Thus ’L‘ + b+ 1);“ - “x + (2 - 1))“ or (x+2by) 'y
But by Theorem I .46 X is strictly convex and hence & = 0. Thus
(x L yXo, B) from which it follows that (xLayXo, B), and by TheoremI.45
X _Li ay, and X is an inner product space.
In a manner exactly analogous to that in Theorem1.8 or TheoremI.14 we
may show that if (a, B) — orthogonality is both left and right additive on
space X, then it is homogeneous and hence X is an inner product space.
Since the proof is almost identical, the details will be omitted. The result
may be summarized as follows.
THEOREM 1.48

Let X be a normed linear space. The following are equivalent :
1) (o, B) - orthogonality is symmetric and left — additive,
i) (o P) - orthogonality is symmetric and right — additive,
i) (o, B) — orthogonality is left and right — additive,
iv) (a, B) - orthogonality is homogeneous,

v) X s an inner product space.
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§6. EQUIVALENCE OF
ORTHOGONALITY RELATIONS

We left with important property for each of the following orthogonalities in

2
inner productspaces. Let X be an inner product space. Using that “x“ = <x, x>,

we have the following results:
W 1"y e (sy)=0.
Consider [+ ] = (x+ by x-+ )
= (w ) + K{x y) + Ky, x) + £ (o )
W21« £
then [ 2[4 < 28 0) + 43 2 0 for at &, wich is e oty
£ os) -0
@ LX) = (vy) = 0.
os®) & e off o -of” = e ff o s
o [ J o) MZ] NET A Bzﬂ :

4 opln )+ BZMZ— + {“2’%2 - 2n3)+ yﬂ

- -

= -—2<x, y>[1 + aB] = —2<x, y>[oc + B]

c><x,y>[l+ocl3—oc—[3]=0

= (o-pras-n]=a-ma-py) o

But o« #1, and B # 1. Thus <x,y>=0.
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But isosceles, pythagorean and o — orthogonality are just special cases of
(c, P) — orthogonality. Thus
X _1_i y © <x, > =0
x _|_p y & <x, > =0
LX) & (%) = 0
THEOREM 1. 49
All orthogonalities are equivalent in inner product spaces.
However, in general normed linear spaces, this is not true.
Example 1. Isosceles and pythagorean orthogonality are not equivalent.

1
(i) Let f()=¢ , (t)=—21+'; 651 < Clo, 1.

Then l/“ =1,

”g” 4 4 1 \/v 16 ’-8 4 ’ 4
=g =F2xT—+—V65x—| = + = ,
Ves Vos 4 65| Nes o3| es
4
(Note that —= is the critical point where g’ = 0)
JZs
,Lf 6 6 1 36
g” 65t = f—g)(——=3>< -~ V65 x —
Js| | Ves 4 65

9
“les  Ves| Vs

(9]

6
(AgainT' is the critical point where (f - g) =0)
65

ﬂf+g“= ’+ Kf+g)(l)’ 1+Z 65 .
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e - o
Ir-d o oo '

2 2
(ii) Conversely, let f(¢) =¢t+¢t , gt)=t-t € C[0,1].

< -2+ - o -2
s - o+ 2] - 2. ] - -2 -

ths [+ |« -

Example 2. Isosceles and Birkhoff orthogonality are not equivalent

1 2
(i) Again choose f() =¢, g(©) = -2t +— /6'5t . Then
4

Ves

Lf(1)+kg(l)|= 1-2k)+k >kl—2k)+2k‘=l.

That is If(l) + kg(l* > “f‘ , and hence ”f + kg” > “/” Vk.

i
But as it proved in Examplel - (1), f 1 &

(ii) Let X be the normed linear space consisting of all pairs (a, b)

of real numbers, with ka, b)“ as the larger of H and H

Let x =(1,0) and y = (n—-1,n), where n is a positive integer.

Then “x“zl, x-y»y=Q-n,—n and (x+y) = (n,n).

If n>1, then ”x—y”=“x+y”=n, and so xi_iy.

Furthermore,
1 n-1 -n n+l -1 1 n+l
x-—y=(-——,) =, ) > |p-— ) =—.
2n 2n 2n 2n 2 2n 2n
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n+1

Now <1 & n+l1<2n < 1< n, which is true.

2n

Thus

1 B
-— i < IH', or that x f .
2n

That is given the element x = (1,0) and n > I, there can be found an

element y orthogonal to x (x _|_l y) and Hx+/cy“ < ”r“

Example 3. Pythagorean orthogonality and Birkhoff orthogonality are not
equivalent.

2 2
(i) Let f() =t+¢t and gt) =t -t e C[0,1].

Then f _]_p g as in examplel — (it).

B
22:”]”. Thus /1 g.

= ,’Vl‘ +L(2l and let
Ml =6 and

x-y=(05,5=> ”x - y“ = 10. Thus clearly ”x - )“2 = !H}z + “y“z

That is x _]_p y. On the other hand,

x_LBy<:>”x+ky”='k7+2k,l—4k)“=~7+2ki+‘1—4k‘ >8 for all k.

1
But at k=1/4 we have ”x+ky“=}7+]/2l=7—<8. Thus xLBy.
2

2 2
Furthermore, ”f + kg” = ll(t +t )+ k(t -1t A

2
(i) Consider the space X = R with lk‘l ) x2i

x=0,), y=@2,-4). Then Hx“:S ,
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:Example 4. Isosceles and (o, B) — orthogonality are not equivalent

2
() Let f() =¢, g(t) =t e C[-1,1], and A,pe R such that M < H then

p
M) + p.(l)zl = ‘7» + ul if A, p have same sign
= 3

YOI -

t A-1) + u(—-l)zl = ‘, A+ u' otherwise

-l wo - -

Now with a and B be real numbers such that M <1, H > 1, then

Therefore in general fo + ug

Y

(fL gXa, B) if and only if

That is

b el o7 = (el (1), s

ool = ol o 1+ -[o]- I - .

[1—‘0([[1—'[3”: 0 which yields loc’ =1 or ’Bl =1
Thus fLg(o, B) if la];tl and ‘B';ﬁ 1.
(i) Let f(r) =1, g@) =t e C[0,1]. Then

’lf—g”:“l—t“:l : Hf+g”=“1+t“=2; that is fLig-

But with a,f e R such that a« >1, 0 < B <1, we have
ocf—Bg“=”oc—Bt”=oc {—Bs—ﬁtso, SO (oa—B)Sa—BtSoc],
f—ﬁg”=“1—ﬁt”=l i(l—B)Sl—Btsl],

af—g“=l|oc—t“=a :oc—1Soc—tSoc].

s - <l sl =~ <l - ofs v
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Example 5. Pythagorean and (a, f) — orthogonality are not equivalent.

+

2
(i) Consider the space X = R with the norm lk‘l , xz* x|t *

Let x = (7,1), y = (2+4), as in example3 — (ii). Then ”x“ =8, ly“ =6, and

“x— y“ = lkS,SA‘ = 10. Thus pry.

Now (xL yXa, ) if and only if

2 2 2
100+[‘7a—2f>\+‘a+4[3” =[‘7—2B\+|1+4Bl] +H7a-2l+\a+4‘]
Choose o and P such that @ > 1 and 1 < f < 7/ 2, so that

(xL yXo, B) if and only if

100+[(7a —20) + (@ + 413)]2 = [(7 )+ (1+ 4;3)]2 + [(7a )+ (o + 4)]2.
© 100+ (7o - B) +(a+ 1) + 270 - W)(cx + 4) =
7= 28+ + 48" + 21 - 281 + 4B) +
(Tot - 2 + (o + 8 + 2o - 2)(cx + 4)
= 100+ (49a2 — 280 + 4[32)+ (a2 + 8o + 16ﬁ2)+ (14a2 + 5208 — 16[52) =
(49 ~ 283 + 4;32)+ (1 + 8B+ 16ﬁ2)+ (14 +528 - 16{32)+
(49(12 ~ 28 + 4)+ (a2 + 8ot + l6)+ (14a2 + 520 - 16)
& 32+ 320B = 320 + 328
o l+ap=a+p
& (-o)l-P) =0< a=1orp =1, which is impossible. Thus (xLyXa, B).
(i) Easily we can show the converse, that (xlyXo, ) but x 1Py, as the

one discussed in Example4 — (ii).
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CHAPTER 11

RELATIONS BETWEEN ORTHOGONALITIES

AND CHARACTERIZATIONS OF INNER

PRODUCT SPACES

INTRODUCTION L
[ i p o
x]l y=>@x1 yle X is an ips. =3
Y B o
x| y=>E)x1 yle X is an ips. 75
[ B ) ) 79
x|l y=>(@x)1 y|le X is an ips.
B
If 'O.'H # 1 then [x_l_ y = x1(a, [3)] < X is an iLps. 81
B 90
If H,lﬁ‘ # 1 then |xLAo,P)= x 1L y|& X is an ip.s.
Ifa=8 and,a!<l, then
; 93
[x 1y = (&) xlfa, a)] & X is an ip.s.
SUMMARY 97




CHAPTER 1I

RELATIONS BETWEEN ORTHOGONALITIES
AND CHARACTERIZATIONS OF INNER
PRODUCT SPACLCES

INTRODUCTION

As we have pointed in the previous chapter (§6) all the orthogonality relations
(Isosceles, Pythagorean, Birkhoff, and (o,f)- orthogonality) mean same when X is an
inner product space, but, in general, they do not mean same in normed linear spaces.
Moreover, equivalence between almost any two of them is a characteristic property
of inner product spaces. Throughout this chapter we provide some of these character-

izations of inner product spaces.
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There are new characterizations of inner product spaces discussed in this chapter.
Let us start with the following Lemma, which will be needed in the proof of

many theorems .

LEMMA II.1

X+ y
(1) If x# y e X suchthat “x” = “y” = = 1, then
2

“M’ru)“ = H+H for 4, p € R, such that A.pn > 0.

o werme o] Bl W+ H- W B

( by the triangle inequality)

Now “)\x+uy”='b.x+ly—ly—ux+ux+uy“
= o+ e+ 3) - @y + w9
2o - o +
2o foeof - [l

o[ W] [ ] nzom e < o
=+ M

Therefore [pue + o = i + |

(i) If ,x - )“ = “x + y” = 2, for some x,y € SX (the unit sphere of X),

then l).x+uy“=|kl+H for any A,u € R.

Proof.
Casel. A.u> 0. The result follows from (i).

Case2. A.u<0.
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Again by the triangle inequality “Ax + w“ < H + H

Now e+ if] = oo = dy+ Ay + px = x4

= - w6 - 3+ o + o

i o] o o

2po-of - [+ W]

o[l fl- [ ] en<osh-if <Pl
= b+

Thus “M + uy” = '?\J +l . This completes the proof.

v

v

Indeed the following results in this chapter are modification of results of
O.P.Kapoor and Jagadish Prasad. That is some of them are reformulated, as
we assumed they will be more clear to the reader. However, others are corrected.

Therefore we prefer to mention the reference beside the main theorems discussed

throughout this chapter.

LEMMA 11.2
Let X be a normed linear space.
p i .
If for xand ye X, x| y = x] y, then X is strictly convex.
Proof. On contrary, say that X is not strictly convex. Then there

X+ y

. x+y
exist x # y € X such that IHI = ”)“ = = 1. Then
' 2

_Lp - y. Since,
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e

'x+3y’
2 |

2 |

otherwise, we have

x + 3y
2
p

X+ y x
a# 0 such that — | - (@
2

2
+ “y“ = 2. But Lemma II.1 gives that

2
= 4, a contradiction. Hence, by Theorem 1.9 there exists a number

+
y + ). Then by assumption we have

X+ i X +
yJ_ - (@ y+y);that is
X+ y X+ y
@O jd+oa) + =’(1—0t) -y
1+ a 3+a l1-a 1+ a
or X+ vl = X - Y-
2 2 2 2

But H <1, by Theorem 1.3, and so by Lemma II.1 ’kl + a)x + )/” =2+ ).

1-a 1+a l-a 1+«

Thus Q2+ a) = x - yii £ + = 1. That means o < -1,
2 2 2 2
. . . . Xty px-)y
combining this inequality with H <1, we get a = —-1. Then 1 :
2 2
That is
) 2 ! |2
xX+y x -y
o | =)= -
2 | 2 |
2
x =y
or 1=1+ or ”x - y” = 0, which implies that x = y.
2

Contradicting the assumption that x # y. Thus X is strictly convex.
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THEOREM I1.3 ([15], Theorem 4)
For a normed linear space X the following are equivalent :

(i) X is an inner product space;

P

() xyeX x,Py=>x"y;

(i) x,ye X x_]_ly:>x_]_py.

Proof. (i) = (ii) is obvious.
(ii) = (iii) Let (ii) holds, then by Lemma IL.2 X is strictly convex.

Now suppose that (ii) does not imply (iii). There exist points x and y
such that x _Li y but x ip y. Choose o # 0 such that x _]_pwc + y.
But then, by (i), x_]_iowc+y. Thus x_Liy and x_Lia.x+y,
contradicting the uniqueness of isosceles orthogonality instrictly convex

spaces (Theorem I1.5).

(iii) = (i) We employ the reasoning of Mahlon M. Day, (D1), see

pagel. Let IHI = “y” =1. Then (x+y) _1_1 (x — y), since

0+ - = oo = o] -

x + _1_p (x —y) and so

oo e of = e - off = oo -4

Then by (D1) it follows that X is an inner product space.

kx + ) - (x - yﬂ Therefore, by (iii)

LEMMA 1I.4

Let X be a normed linear space.

If for x,ye X and x _Lp y=>x _LB y. Then X is strictly convex.
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Proof. Let «x _Lp y = x _LB y in the space X, and X is not

X+ y
strictly convex. Thus 3 x # y € X such that “x“ = M = = 1.
2
Then
2
X+y p X+ Yy 2
1l =y, since + =(2) =4, (using Lemma II.1)
2 2
2
X+ y 2
while + “y” = 2. Therefore there exists o # 0 such that
2
X+ X+ Yy
2 P _( +y); that is
2
2 2 2 2
xX+y X + y xX+y xX+y
G 1+w + = + + =1+ +
2 2 2
: : x+y B rry ,
But the assumption gives 1 - (x + y); that is
2 2
X+ y X+ y X+ y
(2) + K o +y |z =1 for all real £
2 2 2
. 1 : :
With k& = ——, equation (2) will be
o
|x+y x+y 1 1
~H -y = |- =}4'M=}/}21’
' 2 2 a a o o4
1
yields 'a’ < 1. Again putting k = - , we have
o+ 2
‘x+y O X+y y l a X+y y l
-—— - =1 1- -
' 2 a+2 2 a+2. a+ 2 2 a+2‘
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o }x+y y l 2 x+y y l
1- ) = ( ) —

w+2) 2 a+2!_ a+2l

a+2 2
1 1
- W
o+ 2 o+ 2

yields ‘oc + ZI < 1. Then combining these two inequalities we get o = —1.

x+y y - x
)+ =1+

2
Substituting for a in (1) gives Hy” =1+ (

y-Xx
Therefore 1 =1+ or Hy - x” =0, thatis x =y which is
a contradiction. X must therefore strictly convex.
THEOREM II.5 ([15], Theorem5)

For a normed linear space X the following are equivalent :

(1) X is an inner product space;

(i) x,ye X x_pr:> x_LBy;

Gi) x,yeX x 2y= x,Py.

Proof.

(i) = (i) Say X is an inner product space. Then pythagorean and
Birkhoff orthogonality are equivalent

(i) = (iii) Suppose that (i1) does not imply (ii1). Let x and y

B p
be elements of X such that x] y and x ]  y. But then there
: p . B

exists a number o # 0 such that oy + x |~ y. By (il)), ay+x 1 »,
which contradicts the left uniqueness of Birkhoff orthogonality in

strictly convex spaces.
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i -

B
* If x| 1y, then homogeneity of Birkhoff orthogonality gives

(i) = () Let IH =

B
x| -y and by assumption we have
2 2 2
1Py <l <l -2
» 2 2 2
1l y= o] =l -2
2 2
Thus ”x+y“ +“x—y' =4.

B B
* If xJ 1y, then choose z € X such that ”z“:l and x| z.

This choice is possible from homogeneity of Birkhoff orthogonality

and Theorem 1.18. Now let o and ( be numbers, such that

y = ox + Bz. Then using (iii) and the fact that Ax _|_B pz for all A, p

we have

A = e+ e

Similarly,

H‘“L)ﬂz =Ik1+a)x+ﬁz“2 =(1+a)2 +[52,
”r—)“z N R

Thus

ool o] = 0w ra- o o

—2+2a +2[3

2 2 2
=a +f.

N

g

2 2
=2[a +B]+2=2+2=4.

Then Day's criterion (D1) gives the result.
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COROLLARY II.6
A normed linear space X is an inner product space if and only if
(L) for some a # 0,-1,

I R T

Proof. The case a =1 has been proved. That is when x _]_p y implies

p 2 2 2
x1 —y. Suppose x and y € X are such that ”r— y“ = “x” + Hy” .

2 2 2
Then by (L) “x + oc)” = ”,r” + Ilay“ . Repeated application of (L)

we have
2 2
I T e e T
again
2 5 2 2 ) 2
}m@q I },‘24 . Fj 1l H |
and for » > 1 we have
2 2

oo =W =

Rewrite this
o N
+ o - =q )

Now if ‘04 <1, putting ¢ = ocn in (*) yields

2
)

2

oo I - A o ol
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If !onl > 1, then using symmetry of pythagorean orthogonality, we may

i

n | 2 2n
interchange x and y in (*) to get “y+oc x“ —“y“ =

. 2n
Dividing by o , we get

2 2 2 2
| M L]l
ny* ‘W=’H’ or i ‘M = 2n >
0 o x a
it may written
2

TN

n -
a

]

T

SO R Y T

o

In the limit (as ¢ —» +0, that is » — +0) we obtain

1m

peof W) LIZE.]

t - +0 t > +0
= N+(x;y)[2lH|]= 0.
. B P
Thus N, (x3y) =0 for x # 0. This shows that x |~ y. Thus x|y

= X _|_B Y. Therefore X is an inner product space.

2
The necessity of (L') can be proved easily, using that H“ = < , >

in inner product spaces.
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* THEOREM II1.7 ([15], Theorem7)
For a normed linear space X the following are equivalent :

(1) X is an inner product space ;

B i
(i) x,yelX, x| y=>x1 y;
i B
(i) x,ye X, x] y=>x1 y.
Proof. (i) = (ii) and (iii) is straight.
(i) = (i) Suppose that (ii) holds. Let x € X and M denote any two -
dimensional subspace containig x. Then M contains an element y which is
B
linearly independent with x. Choose a such that x| (ox + y), and so

5 |
x| kax+y) for all ke R. Then by (i), x| Ko +y) for all k:

that is

“x_k(aﬁy)“ - Hx+k(ax+y)H o xl(x+y).

Thus we have proved that every two — dimensional subspace containing

a point x, contains a point y = (ax + y) # 0, orthogonal to x in the
o]

Roberts sense. Then Corollary 1.7 shows that X is an inner product

space.
(iii) = (i) Let x, y € X such that “x” = “y” Then (x + y) _Li x-1y),

and therefore (x + ) _LB (x — y). Thus we have
Ux + ¥+ k(x - yi’ > ”x + )“ for all real numbers &.

In particular for all o # 0 we have

2

oa -1
+y+3 x-y 2”x+y”
o +1
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Simplify, we get

s orffo

‘Laz + Dx + y) + (a2 - D(x - y4

or

’ka2+1+a2—l)x+(a2+1—a2+1))“=“2a2x+2y”

N N |

Dividing by 2‘04 yields

“mm—l,{z“z“thlMl (ita > 0),

20
and
-1 (12+1 .
+ o > ”x+;”2”x+y“ (if « <0)
- 2a
a? +1 2 2 2
( Note that 2le @ + )220 a —20+1=(@-1) =20,
20
2
a” +1 2 2 2
similarly, 2leo@ + )220 a +20+1=(@+1) 20))
- 2a

Thus (iii) implies the following criterion of inner product spaces by

Lorch (L2)

= bl = e+ a7

This completes the proof.

2“x+y” for all o # 0.
LEMMA 11.8

Let X be a normed linear space, and for x,ye X, x| y <&

(x L yXo, B).
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: B
(1) If a#0, then x] y & (x_Ly)(]/oc,B).
.. B
() If p#0, then x| y <& (x.l_y)(a,]/B).
B
() If o,Bp=#0, then x| y < (xJ_y)(l/a, ]/ﬁ).
Proof. Easily follows from homogeneity of Birkhoff orthogonality and
CorollaryI.36.
Now you may compare the following results TheoremIl.9, Lemmall.ll,
and TheoremII.12 with Theorem9,[15].
THEOREM 11.9
Let X be a normed linear space, and H , ’B{ # 1.
Then the following are equivalent :
(1) X is an inner product space;
. B
(i) x,ye X, x1 y= (xLyXop).
Proof. (i) = (ii) is straight.
. . B ) B
(i) = (i) Let x ]~ y. By (ii) and the fact that Ax |~ py for all

A,uneR we get:

S S O _
bl ool -]

- f el |-he-f

[ O T

]

"o
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2
+

x—Bzyl

- s

2
+

e

o ool

| .

-5

o]
e -

N

oof
nf

oo

Now suppose for n < k, where k is a fixed positive integer with £ > 2, that

)

Py -f-sf b of -

Homogeneity of Birkhoff orthogonality implies that :

B & @ k k+1 |2
xI Byo |k-By =|k-B + oo —
2 2
¢ B lﬂk k ){ ‘O‘k+1
ax] Vo =M =l x- +

s - f -

-+
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*Applying (*) for n = k — 1 and n = k repectively, give

w12y = -y - o - Bk)r o s - M!Q b -85

!ak+1x g )“2 . “ak+1x gk 4 |

2

2

OUCJ_B By = “w - B)”z = “w - Bk+1
ol - o e

Thus by induction we have proved that

ST Y O Y

Since by Lemma I1.8 it suffices to assume that lauﬂ‘ < 1, then this in the

+

Hence,

B 2 2 2
limit yields x |~ y :>”x - y“ = 'Hl + ‘H‘ , which is sufficient for X

to be an inner product space (Theorem II.5).

The following lemma is needed and will be stated without proof. (Refer
to [11], page42, Lemma 2.5))
LEMMA I1.10

Define a real valued function f : R x R — R, by

fla, b) =4+ + =+ - =+ + - +—+ s
2

for a,b € R. Then f(a,6) =0 if and only if a=1 or b =1
LEMMA 1I.11

Let X be a normed linear space and H , 'B‘ #1. If forx,ye X

B
and (x LyXo,B) = x| y, then X is strictly convex.
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Proof.  Assume on the contrary that X is not strictly convex. Choose

x # y as extreme points of the unit ball of X such that

TR <

xX+y

We claim that ( 4 — yXo, B). For, otherwise, this implies that

X+ Yy B
1 -y, thatis

X+ y xX+y
-k 2 =1 for any k € R,
2 2
or
1 1
€)) "x+(~—k)\421for any £k € R.
2 2

Putting £ =1 in (1) yields “x - y” > 2. But ”x - )/“ <2 by

the triangle inequality, thus Hx - y” = 2. Hence, Lemma II.1 gives

) “)"‘”F“)“:N*'H for any A,u € R.

x+y
Since ( 1 - yXo, B), we have
2 2 2 2
X +y X+ Yy X+ Yy xX+Yy
+ + + B = + Byl + + M,
2 2 2 2
or
2 2 2 2
1 3 o} o 1 1 o o]
X+ = +x+C+PY =lFx+C+PY +|Ix+(+]))
2 2 2
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Use (2) to get

o [ = [T <[l olefo AT

which implies by Lemma I1.10 that o =1 or B =1, a contradiction.

X+ Yy

Hence ( L — yXo, B). Then there exists a real number a # 0 such

X+ y X+y
that ( 1l -(a + V)Xo, B); that is
2 2
X+ y xX+y x+y B[x+y ]
3) + o ) + + )+ B a +y
2 2 2 2

2
X+ y X+ y x+y xX+y
= +Ba +y + )+ a + M .
2 2 2 2

xX+y B xX+y

Then by assumption 1 —(a + y); that is
X+ y X+ y X+ y
4) — ka - > =1, for all real %.
' 2 2 2
1 1
Putting & = — then £ = in (4) yields l]/ ocl 21, or H <1, and
a a+?2

‘I/(a + 2* =1, or ‘a + 2' <1, respectively. These two together give a = -1.

Then (3) gives

2
2 xX+y xX+y
b W) (2] ] -
2 2
2 2
X+ y xX+y X+ y xX+y
+B - +y |l + - +
2 2 2 2
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or

2 2
la—B o+ P ‘1—[3 1+P loc—l a+1
(5) 1+ x + = x + + x +
| 2 2 ‘2 2 |

Now by Lemma II.8 it suffices to assume that ‘al , ‘Bl < 1. Therefore we

are going to consider the following cases.
Casel. o .B = 0. There are two possibilities :

(i) If o =0, then from (5) we have

2
O s R

2

or by Lemma II.1 (since IB' <D,

el <[22 Jﬂ sl <o o

1+(132—1)/4“—x+y{2 =1 or (52—1)/4“»“)/“2 -

Since B # 1, then H— X+ y” =0 or x = y, a contradiction.

(i) If B=0, and o = 0, then from (5) we have

2

lx+yl l I 0L+1
1+a .

2] l | l
Thus

2
l(x—l o+1 2 la—l o+ 1
X + =qQ or X + =1
.2 2 ‘2(1 20

Since Ial < 1, therefore there are two possibilities :

OD<axl or -l<ax<O.
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_In the case 0 < o < 1, writting

l-a 1-a a-1 a + 1
y = +[1- . x + yi,
1+a 1+ a 20 20

contradicts the fact that y is an extreme point.

In the case -1 < a < 0, writting

l1+a 1+ a a -1 a+1
X = +11- . X+ v,
1-o 1-a 20 20

contradicts the fact that x is an extreme point.

Case2. a.fB # 0. Then with ’aHB, < 1, we have two possibilities :

o] o [ o]

i If ‘AZIB‘.Then o=2F or a<FP,thus axtpf=>0 or axf <0

Therefore by Lemma II.1, equation(5) becomes

A 2 2 2
a-B o+pP 1-B 1+PB loc—-l o+1
(6) 1+ + = —+ + X + i
2 2 2 2 I 2 2
{a—l a+1
or X+ =1
’Za 20

The rest of the argument is the same as above.
(ii) la‘ < 'B' Then ll/onl > ‘1/[3{ and b/al , ll/ﬁl > 1.
. x+y .
As before, we claim that (—— L - y)(]/a , 1/(3). For, otherwise,
2

X+ Yy

by Lemma II.8 we have _j_B - y. Hence again we have

2
”7\; + p.)“ = |?\J + |u| for all A,u e R. (Equation(2).)
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Now, (’x-;;—}i L- y)(]/on , I/B) gives

2 2 2 2
x+y 1 x+y 1 x+y 1 1 x+y
+ + + - = +— + + ),
2 o 2 B 2 B a 2
or
2 2 2 2
1 3 1 1 1 1 1 1
X+ + X+ +)Y =x+C+) + X+ +1)
2 2 20 200 2 o 20
and (2) gives

2 2 2
1 1 1 1 1 1 1 1
4+H—,+}—‘+BJ:I =l:—+l~+‘u +[H+"‘+Ll:l,whichimplies
20f 2o 2 2 B 200 |2«

by Lemma II1.10, that ]/oc=1 or ]/B:l; that is a=1 or B =1,

X+ y
a contradiction. Thus ( L - yX ]/oz , ]/B).
2

x+y X +
L-p—=2
2 2

+ XU, 1/p).

There is a real number 4 # 0 such that (

That is

(7) ‘x+y+(bx+y+y4

2 2
x+y 1 x+y 1 x+y X +y
= +—-( + ¥+ + + V)
2 B 2 o 2 2
x+y p X+
Then using Lemma I1.8 we have T + ).

That is
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: x + x + x +
®) ” Y o —2 +y>l > Hy
2 2

5 >
As before putting £ = l/b then % = I/(b + 2) in (8) respectively give

=1

lbI <1 and lb + 2‘ < 1. Thus b = —1. Substituting this into (7) we get

2
1 1 X 1 1 y
9) 1+l —=— |- —+| —+~—
a B/ 2 a B/ 2
2 2
1] x 1) y 1 X 1 y
= l-——]-—+|1+— 1 +i{lf —=1|-—+| —+1]{:
B/ 2 B 2 a 2 a 2

since. o [/l ana Yol > 1. threor

N2
1(1 1] (1 1J 1] x 1
(10) 1+— =+ ]|+ = 1——1 - —+|1+—-
4\ B) \a B B) 2 B

N |

u 12
1{f1 1
+ == =-1|+|—+1]],
1 X 1 y
or I-—-—+1+—|-7=1
p) 2 B) 2

There are two possibilities :

1/B>1 or 1/[3<~1.

In the case ]/B > 1, writting

AT

contradicts the fact that y is an extreme point.
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" In the case 1/[3 < —1, writting

x = ]/B+1 +|1- %B+1 : [—'1']‘£+[1+1J~
/B -1 B -1 B) 2 B

contradicts the fact that x is an extreme point.

2

Y
2

Hence X is strictly convex, and the proof is completed.

THEOREM II.12
Let X be a normed linear space, and ’aHﬁ’ # 1.
Then the following are equivalent :

(1) X is an inner product space;

a) x,ye X, (xLyo,B) = x_LBy.

Proof. (i) = (ii) is straight.

(ii) = (i) We show that (ii) of this theorem implies the statement (ii)
of Theorem II.9, and hence X is an inner product space. Suppose not
then there are points x and y € X such that x iB y and (xL yXa,B).
Choose a # 0 suchthat (ay + xL yXo, B). But then ay + x lB y, which
violates the left uniqueness of Birkhoff orthogonality in strictly convex

spaces.
LEMMA 1I.13

Let X be a nomed linear space and H , IB! <1 or >1.

If for x,ye X and (xLyXo,B) = x _Li vy, then X is strictly convex.
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“Proof. Assume on contrary that X is not strictly convex. Choose

x # y as extreme points of the unit ball of X such that

X +y

We claim that ( I - yXa,P). For, otherwise, we have

X+y
1 — y by hypothesis.

That is

+ ) = - or

y
Thus (by Lemma II.1) 2 = <1 (by the triangle inequality),
2

which is impossible. Hence there exists a real number a # 0 such that

X+ y x+y
1 -(@

( + Y)Xo, B). This, in turn, implies that

2

x+y i x+y
1l —(a

+ ).

That is

xX+y xX+y
+ Yl =1 -a) -

1D |[1+a

1+a 3+a l1-a 1+a
>+ ( M| = > -
2 2 2

( )

(
2

But |[@ < 1. Hence equation (1) becomes
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This implies that

l-a l+a ll—al ‘1+a]

@+a)= - (—) +
2" 27 22

IA

X+y x-y
Hence a = —1 and ( L X, P).
2 2

That is

2 2

ioc—l o+1
x + .
l2 2

2) 1+ +

II—B l+[3){2
X+

] 2 2

S

2

Consider the following cases :

Casel. ‘al > 'B'

There are two possibilities : loc , B]<1 or Ia , B|>1.

In the case !a, , B’ < 1, then the proof is similar to that in Lemma IL.11.

BI > 1, then equation (2) becomes

2 2
ll—ﬁ 1+ a—-1 a+1
x + +|— + .
2 2

‘ 2 2

In the case lal ,

B 2
a-B a+f
1+ + =
2 2

Thus ll—Bx+l+B>“=1.
2 2
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> Then with B > 1, writting

y = x+|1- . X+ yi,
B+1 B+1 2 2

contradicts the fact that y is an extreme point.

With B < -1, writting

[ﬁ+lJy [ B+1:| [I—B 1+B]
x=|"""ly+|1l- . X+ yi,
B-1 B-1 2 2

contradicts the fact that x is an extreme point. Thus X is strictly convex.

Case 2. ‘a’ < IBI
Then we have x _Li yeoy _]_ix by symmetry of isosceles orthogonality
< (yLxXao, B) by hypothesis

< (x Lyxp o).

Hence X is strictly convex by the previous case, since 'B‘ > 'al.

THEOREM 1I1.14 ([15], Theorem11)

Let X be a normed linear space and la( , IBJ <1l or >1
Consider the following statements :
() %yeX and (clyXouP) = x 1 .

(i) xyeX and x 'y = (xL)XouP).
Then (i) implies (ii).
Proof. Suppose (i) does not imply (ii).

Then there exist points x and y such that “x - )ﬂ = ”x + )” but

ool e ol e« e
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Thus there exists a number a # 0 such that

e I SLCar e

By (i) we have

- o pf e @)

Thus x _j_l y and x _]_l ax + y, which contradicts the uniqueness of isosceles

orthogonality in strictly convex spaces.
THEOREM I1.15
Let X be a normed linear space and o,  be any real numbers such
that
(1) o # B with o = =1 or p = -1, and a.p#0.
Or
(i) o =B with la‘ <L
If x J_i y implies (x LyXo, B) for x, y € X, then X is an inner product
space.
Proof.

() o #p witha=-lorf=-1, and a.p # 0.

Ifa=-1, p=0 let x y Thatis

ol <ol

Hence by hypothesis we have (x LyX-1,P). That is

o o ool - fe-nf < of:
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» From (1) and (2) we get

b -

Thus by Lorch (L1), (see page 1) X is an inner product space.

I;c - B)“ or simply x li By.

If B=-1 and a # 0, then one can show, in a similar manner to the

above proof, that x _Li y implies x _]_i ay. Hence X is an inner product
space by (L1).

(i) a=ﬁandlocl<1.

Let ’H' = “y“ = 1. Then

lkx+y)-—(x—yil=“x+y+x—-y“; that is (x+y)_j_i(x—y).

Therefore by hypothesis  ((x + y)L(x — y) Xa, &0). That is

tr s - o = s -at— ] + e -y

or
ey = - aper s o] +fo—trs @y
Simplify,

@+ a2) _ Ikl —o)x + (1 + oc)y”2 + lkl —ox -1+ Ot))“z,

or

ll—oc 1+« ‘l—a 1+a ’
X+ X — .
|2 2 ’2 2
1-a

The result follows from Day's characterization (D, ~) with a = b = ——,
2

2

2
l+a =

+

and ~ replaced by = . The details are as follows :
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15+ o0 bfc + - |+ et~ afpe - 1~ ey

1—a(1+aj ll—oz 1+a42 '1-(1 1+a\{
X + X —

2 2 l 2 2 ,2 2

9 2 2
ll—a 1+ o }1—01 1+a
x + X -
IZ 2 ‘2 2

l-a
RHS : :a+b—2ab][ab+(1—a)(l—b)]

B 27 2 2
- 1-a 1+a
=l (l-a)-2 — — | +
2 2 2

2

]

+

+

4
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CHAPTER 111

[0.f] - ORTHOGONALITY

INTRODUCTION
Orthogonality in inner product spaces is a binary relation that can be expressed
in many ways without explicit mention to inner product of the space.
According to this observation we are going to define a new orthogonality
relation denoted by [0,B]-orthogonality, where a and f are fixed real numbers, not
both zero and o . f>0. Throughout this chapter we study the properties of this relation,
as we did for orthogonality relations in chapter I, and ending with characterizations

of inner product spaces.
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§1. DEFINITION OF
[a,B]-ORTHOGONALITY

Let X be a real inner product space, and o , B be fixed real numbers,

not both zero, with a.p > 0.

ey e such trat oo ol o] = o oo+ . en
f-of -b-f -
o) | 1) |

NIRRT
e o) -2 Pl
s R < e
B PR
Y Y e

R PRI
Y Y e
xae )| o]

o, o o5 -
s U e
R (TR,
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oo benff e fef -
sl W o= 0 tamtonyir (5} -0

On the other hand, xly if and only if <x, y> =0 forx, ye X

This means the definition of orthogonality in an inner product space may

be reformulated in the following way:

w1y it - wf - pf = oo i o]
DEFINITION IIT . 1
Let X be a normed linear space over R and o, 3 be fixed numbers, not both
zero, and satisfying the condition oe.f3 > 0. An element x of X is said to be
orthogonal to an element y of X, denoted by (xLy)o, f], if
- ol - o < e of i+ o
Without loss of generality we may assume that o, 3 > 0 (nonnegative). Then
it is noted that [1,1],[1,0] and [0,1] are isosceles orthogonality. However, in
general normed linear spaces and if [o, 8] # [1,1],[1,0] and [0,1] then [o, B] —
orthogonality is distinct from isosceles orthogonality as shown in the following

example.
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e L}

Example 1. Consider the space R2 with ‘#"1 , xzi
Casel. f 0<B<ac<l.

Let x = (1,1+ o), ¥ = (1,0). Then
x—y=(0,1+oc):>”x—y“=l+a,
x+y=(2,1+oc):>“x+y”=2.Thus xj_iy.
x—oy =(1-a,l+a), x=-pfy=0-8,1+a),
x+ay=(1+a,l+a), x+By=0+pB,1+a).

Where the norm of each equals 1+ a. Thus clearly (xL1y)a, f].

Case2 If a2 B> 1 (=0 < a,l/p <1

Note that B < o implies that 1/cc < 1/p.

Let x = (1,1+1/p), y = (1,0). Then
x—y=(0,1+l/B):>”x—y”=1+]/B,
x+y=@,1+1/p) = ILH)J“ =2 Thusxly (or y1 9.

Now, we will show that (yLlx)a, ], and here are the steps :

x—fay=a-Yo,1+1p, x-1py=a-1p,1+1p),
x+y/ocy=(1+y/oc,l+l/B), x+]/[3y=(l+1/[3,1+1/[3),

where the norm of each is 1+ ]/B.
Thus (xJ_y)[l/oc,l/B]. But one of the important properties of [o, B]

— orthogonality is discussed in Lemma III .4, next section, is that :

(x_Ly)[]/oc R 1/[3] < (ylxo)o, B]. Therefore (yLx)a, B].
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Geometrically, [o, ] — orthogonality can be discussed as follows :

(xLy)[o, B] if and only if area A=areaB.

Where area A is the area of the rectangle of length ”x + By” and width ”x + ayl

Y T |

Consider the following figures where we assumed that B > o > 0.

>

and areaB is the area of the rectangle of length

-y
Y
fea B
—oy Y x-xd
- By \4 X3y
Fig. 1
(Ly) o, B

Fig. 2
(xLy) [0, B

Illustration of [a,B]-orthogonality in Euclidean plane R?
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§2. PROPERTIES OF
[a,8]-ORTHOGONALITY

Here are some important properties of the new definition: -
@ (xL Yoy Bl & (L = pfo, Bl & (=xL yow B

(D) (xL Yo, Bl & (AxLry)o, p] for all real A # 0.

(1) AxLyo, Bl < (xLy) a/l%.l R B/N] for all real A # 0.

(V) (L))o, B] & (xJ.y){Ma,HB] for all real p # 0.

(V)  [a,B] - orthogonality, in general , is neither additive nor homogeneous.

Example 2. Let x and y same as those in examplel - casel, and choose

o= 1/2, B = 1/4. Then (x_l.y)[]/2,]/4].

For z = 2y = (2,0), we have

3
--pd - 2,

X+ oz =(1+20_t,1+oc)=(2,3/2):3 ”x+az“=2,

x—az=(1-2a,1+a)=(0,3/2):>Hx—az

x-Pz = (1—2[3,1+a)=(1/2,3/2):

x+Bz=(0+2B,14+40) = (3/2,3/2) = HHBZH = 3/2.
Clearly (xl_z)[l/Z , ]/4]; that is (xj_2y)[1/2 , ]/4].
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(VD)  [a,B]- orthogonality is not symmetric

Example 3. Let o = 1/2 , B = ]/4, x = (1,3/2), and y = (1,0).

Then (xLly)o, B] by examplel. But

y-ox = (1—a,—3/2xa)=(1/2,—3/4):> “y—ax”=3/4,
y—PBr=(-B,-32xp) = (3/4,-3/8)2“,/—3{‘:3/4,
y+ax=(1+a,3/2xa)=(3/2,3/4):> ”y+m“= 32,
y+Br=(+p,32xp) = /4,38 = Hy+Bx”= 5/a.

Clearly, 3/ 4 x 3/ 4 # 3/ 2 X 5/ 4 ; that is (yLx)a, B].

(VII) PROPOSITION III.2

For any nonzero real numbers A, 1 we have

(AxLpfo, Bl < x = 0.

Proof. (bt = fox =]~ ] = o+ e ¢ i

or

o b-onb b W - b cuthe - s
a (K OL»)(7L ﬁu)] M [(“au)(ﬂﬁu)]z-lHr

- f_w)xmw} 1 [“(MWW} 1

2 2|, 4
PN {[}? — (@ + PAp+ a252u2:| - {7? + (0 + By + a2B2u2} })H =0
o ( 2((1-*-[3)7\.}1)(27\. + 20 B n ) ‘H' =0
< 4o + B)M(X + a2B2u2) “x”4 =0 & “x“ =0 or x=0.
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COROLLARY III. 3
For x, y € X, and x, y # 0, then

(xL yfo,B] impliesthat x and y are linearly independent.

(VIID LEMMA III.4

(xL Yo ,B] (yJ_x)[]/oc ,]/B] for ¢ and B # 0.

proof. 1 (L a3 then [ oo 6] = [+ o - s+ .

Divide by aff (sincea,f # 0) we get

ko] [ mﬂ IM»U le+ﬁ4l

lll/ax—yll Hl/ﬁx—yl\ Hx/awll B+
or |y = focx | [y = Vo sl = [+ oo |+ o],

Thus (yLl x)[l/a R I/B].

COROLLARY IHI.5
For o, # 0, [o, B] — orthogonality is symmetric, right — additive, left -
additive, homogeneous if and only if []/oc s ]/[3] — orthogonality is symmetric,

left — additive, right — additive, homogeneous respectively.
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‘(IX) THEOREM II1.6 (RESOLVABILITY)
For x,y € X Ja e R such that (ax + ylx)a,p].
Proof. Since the result is trivial when x = 0, we assume that x # 0.

Define a real valued function f(¢) by

70 = e+ o Je e+ of = oo of o e
RO
ertrcarsf om0
= s e s |t o fe@r o)
~e s fecax s of ey cpes o
e+ 1/t (a]-;: -} X ,’Hﬂ . _“‘*V’ @f/: - \ MJ

+;/t(—ax+y - | +1/t(—{3x+y -
b M,y [boviesk

= [ + 4 ]- [+ 4 |- [+ 4 |- [y + 4 ]
l%l/f(vf/r -l

where M(y) =

Simplify, we get
710 = wen + ey + s« A

Mo - [vicey + Mo - A
— [Meom) - Meomep)] + M@y + M) - Mo - MW)HH!

=A+ B”x”t, with

A= [M(OL)M(B) - M(—Ot)M(-B)] , B = [M(Ot) + M@) - M(-o) - M(—B)]-
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, Now,  Jim M) = Ny (510 + ) = Ni(x§}’)+YL<-
t — too

Thus lim A= [Ni(x;y)MlH‘]' [Ni(x;”*q"{ﬂ
t — *o© )
392 - v 0 - ]

- Ne @)+ (ot ﬁ’“"“ N (55) + O‘B'H‘z

- Nt2 (x3 ) + (o + BM N+ (x3)) - “B’H’z
= 2a + BﬁHlNi(X;y)-

Also lim B=N¢(x;y)+0JH‘+Ni(x;Y)+dH’

t — too
-Ni(X;y)"'U-“"’”" Ni(x;y)”’{H'

=200+ B}

Therefore

lim f(t)=2(oc+B)’H]° Ni(x;y)+]‘x“- lim ¢|=32w0.  (x#0)

{ = +oo t — too

Then continuity of the norm implies that f(a) = 0 for some number a, or that
(ax + yLlx)a, B].
COROLLARY 1.7
For x, y € X, 3a € R such that (xLlax + y)fa,f].
Proof. Again we assume that x # 0.
Casel. o,p # 0.
Theorem II1.6 shows that there is a real number a such that (ax + y_l_x)[]/oc , ]/B],

then using Lemmalll.4 we have (xlax + y)o, f].
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Case2. a = 0, thus B = 0.
Then (xLlax + ylo, ] & l’x” . “x - Blax + yil = !Hl . “x + Blax + yﬂ
= ”x—ﬁ(ax+y*| = Hx-i—ﬁ(ax+yi| (x #0)
& ox _Li Bax + y)
< xLi(aB) x+ @),
and Theorem 1.1 assures the existence of such number a
Case3. 3 = 0, thus a # 0.
Then (xLlax + y)[o, B] & x _Li o (ax + y), and again the number a exists by
Theorem I.1.
THEOREM II1.8
If o =B then [, o] — orthogonality is right — unique if and only if X
is strictly convex.
Proof. Let X be a strictly convex space. Suppose that o, o] — orthogonality
is not right — unique. Then there exist x(# 0) and y € X and a nonzero
real number a (> 0), such that (xL y)[a, o] and (xLax + y)[o, a]. Thus we

have respectively,

o oAb+
& |+ o]~ by 0as i

Now define a real - valued function:

q(t) = llozy+tx” for —w <t < .

Then q(k-t1+(1-—k)-t2)=“ay+[k~tl+(l—k)'t2]-x
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[k+(1-—k)]-cxy+[k~t1+(1—k)-t2]-x

= ”k[ozy+t1 -x]+ (1 - k)[ocy+t2 - X]

(Since X is strictly convex.)

<k”ay+t1-x +(1—k*lay+t2-x

Thus g(¢) is a strictly convex function. Furthermore, from (1) and (2) we have
&) a1 = q(1)

4) glaa - 1) = g(aa + ).

Now cosider the following cases :

Casel. If 0 < aa < 2, then

2-o0a aa
-(—1)+“2‘"(1)

g@a-1) =g

2-o0a oa
gD+ — 190 (Since g(¥) is a strictly convex.)
2

= q(D) (From (3).)

aa aa
=g[—~-(aa-1)+(1——)-(aa+1)
2 2

oa oa
<|— |'qoaa-Y+|1-—|-glaa+1)
2 2

(Since g() is a strictly convex.)
=g(aa +1) (From (4).)
Thus g(oa - 1) < g(oa + 1) which contradicts (4).

Case2. If oa = 2, then from (3) and (4), we have ¢(-1) = ¢(1) = ¢(3). But

1
for t =1=—-(-1)+—-(3), and by strict convexity of the function g() we
2 2
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1 1
have g(1) < —¢(-1) + —g(3) = ¢(3), a contradiction.
2 2

Case3. If aa>2,thenoa-1>1,s0 [-1,]]naa-1,aa +1 = ®. Thus
q(®) will have two distinct local minima - one each in the intervals [-1,1] and
[aa —1,aa +1]. But g() is strictly convex and thus have only one point of
minmum - a global minimum. Again a contradiction is seen. Therefore [o, af —
orthogonality is right — unique in strictly convex spaces.

Conversely, assume that [a, o] — orthogonality is right — unique. Show that X
is strictly convex. We will prove that right — uniqueness of [o, o — orthogo -
nality implies uniqueness of isosceles orthogonality, which in turn implies the

strict convexity of the space X. On contrary, assume that iscosceles is not
unique, and so there exist x(# 0) and y € X such that x _j__’ y and for

i .
some nonzero real number a, then x | ax + y. That is

@ fesf =
@ Jr-@rof =

Let z = y/ o and w = (ax + y)/ o (o #0). Then (1) and (2) become

ol = ans - < v ]

But w = (a/a) x+yla=+z (A= a/a;t 0). Therefore we get

oo =fred ana fr-aors

This contradicts right — uniqueness of [a, o] — orthogonality. Thus isosceles

o]

orthogonality is unique and so the space X is strictly convex.
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COROLLARY II1.9

Right and left unigeness of [o, o — orthogonality are equivalent.
Proof From Lemmalll.4, we have
@ [0, o] — orthogonality is left — unique if and only if ﬂ/a , l/oc] -
orthogonality is right — unique.
Furthermore, from TheoremIII. 8,
) []/oc,]/a] — orthogonality is right — unique if and only if X is
strictly convex.
Thus from (1) and (2) we get [o, o] — orthogonality is left — unique if and
only if X is strictly convex, and so right and left uniqueness of [o, o —
orthogonality are equivalent. This completes the proof .

Note that when either a = 0 or § = 0, then TheoremIII.8 and its co -

rollary are obviously true.
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§3. CONSEQUENCES OF HOMOGENEITY
OF
[a,8]-ORTHOGONALITY

(xL y)o, B] does not imply that x and y are orthogonal in the isosceles sense
in general, but if [o, B] — orthogonality is homogeneous it does.That will be
a corollary of the following theorem.
THEOREM III.10

Let x,ye X. If AxLuyfo,B] V A,u € R, then x_]_iy.
Proof. Let x and y € X suchthat (x L y)a, B]. We may assume that B < o,
and o # 0. Show that x _Li y. We have to consider two cases :

Casel. B = a. Then by assumption we have (ax.L y)o, o; that is

s ol = e+ off
o o= ] = s+ ]
o S T R Y [,
hus e = o or et 17

Case2. B < a. We use induction over integers in the proof of this case.

Define the statement

P : [l - |- }-+(—B/a)q‘=l%%l-“-—(-ﬁ/a”

O ool fepf < e of o]

By assumption, we have (x_l_]/a Vlo, B], which implies that

P ool -] = feof e ]

, neZl.
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:' Suppose that P(k) is true; that is

bl e € <o - C )

But by assumption (A xLp y)o, ] for every real numbers A and p, then

P(k) still true if y replaced by B/ oy, and hence

@ el - Cofe) ) - el o)™

Now, divide P(1) by (*) we get

o o] -+

5 - o™ e cr]
““J“ ,"+(—B/a)k+14 - HH)H.”V_(_B O"kﬂ’{

which is P(k +1). Thus P(n) is true for all integers n. Let r = — B/ o,

Simplify,

then H <1, and P(n) will be

e F% =1L<+)“,'F_rn+

Taking limit as n — oo, and noting that the triangle inequality gives
n n "
-l .MSP% LW e
n
< lim lxi‘r\*S”x, or lim

n
n — co n — o

e 0 o W o

n — o

|

= “x+y“, Le. xJ_iy. (x = 0)
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: COROLLARY III.11

If [oy, B] — orthogonality is homogeneous and (xL y)[a, B] then x _]_i V.
REMARK III .12

We feel that if [a, B] — orthogonality is homogeneous and (xL y)[a, B]
then x _[_p .

Using these results we can prove the following.
CONJECTURE III .13

If [o, B] - orthogonality is homogeneous then the space X is strictly
convex.

Proof. Assume that X is not strictly convex. Then there exist x # y € X
X+y
such that ”x” = Hy” = = 1.

X+ Yy . x+y i
( L y)[a, B]. For, otherwise, we have

We claim that 1y
lx—y |x+3y| x + 3y
or that = . But Lemma II.1 implies that =2,
EIRER :
xX-=y xX—y X
and so = 2 which is impossible, since < + =1
2 2 2

Hence there exists a nonzero real number a such that

Xty xX+y .. .
( La( )+ ¥)[o, B]. This, in turn, implies that
2

2
y 4
+

X+ X+
y_[_la( y)+y. That is
2

(1—a)x+y—y“=
2

X+
§9) (1+a)
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1-a 1+a l+a 3+a
or X - = X+
2 2 2 2

But H < 1. Hence equation (1) becomes

l-a 1+a l+a 3+a
x - = + =2+a. (By Lemma II.1.)
2 2 2 2
l-a l1+a l-a 1+a
But X - Y| < + =1. Thus 2+a <1, and
2 2 2 2
X+y x-y _
hence @ = —1. Then we have L and RemarkIII.12 gives
2 2
x + x -
A y‘ That is
2 2
2 ‘x+y2 lx—-y‘2
2) Y| = +
ENE
2
x_.
or =1+ 4
2

or Hx —-)JH =0, ie, x=y.

Contradicting the assumption that x % y. Thus X is strictly convex.
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§4. THE CHARACTERIZATION THEOREM

Throughout this section we try to get new characterizations of inner product
spaces. First characterization obtained as a direct consequence of TheoremIII.10.
THEOREM I1I..14

Let X be a normed linearspace, and for x , y € X, if x _LB y implies that
(xLy)fo, B], then X is an inner product space.

Proof. Let x J_B y. Then by assumption and the fact that A x J_B py for all
L,ueR, we see that (Axlpy)fo,p] for all A, ue R, and hence by
Theorem III.10, x _]_i y. Thus x _LB y implies x _Li y, which is sufficient for X
to be an inner product space.

THEOREM III .15

Let X be a normed linearspace, and o, be any nonnegative real numbers
(not both zero) such that either
i) a=0and B =1
or
(i) B=0and o =1
or
(1) a =P and o # 1. Then the following statement is valid.

If x _|_i y = (xLyfo, B] for x,y € X, then Xis an inner product space.
Proof.

(i) If o=0 and B # 1, then for x, y € X we have
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0,81 > [ f = ]+ 1]
ch-sdobonl oo

< x _Li By.

Thus by hypothesis we have x _Li y implies x _Li By, and by Lorch L1 (see
pagel), X is an inner product space.
(ii) Similarly, if B = 0 and o # 1, we have (x1y)o,0] < x _]_i oy, so X
is an inner product space.
(iii) If o =P and o #1, then for x, y € X, (xy)o, o] & x_{_iay,
and again X is an inner produc space.
THEOREM 1III.16

If [, B] — orthogonality is homogeneous, then for every element x of the
space X there can be found a nonzero element orthogonal to x by Roberts'
definition in each two - dimensional subspace containing x. Hence X is an
inner product space by Corollary I.1.
Proof. Let x € X and M be any two - dimensional subspace of the space
X containing x. Easily we can prove existence of a nonzero element z of
M, which is linearly independent of x. Now using Theorem III.6 we get
(xLax + z)[o, B] for some real number a. Let y = ax+z, then y # 0,
since otherwise we get z = —ax which means that x and z are linearly
dependent, a contradiction. Furthermore, since y is a linear combination of
two elements of M, then y € M. Therefore, y(# 0)e M and (xLy)[o, B].

But homogeneity of [o, ] — orthogonality implies that (xLry)[o, B], 7 € R,
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‘then Theorem 1I1.10 gives that x _Li ry for every r € R or that x _LR y. This
completes the proof.
We need the following lemmas for the next theorem.
LEMMA II1.17

If [ox, B] — orthogonality is additive, then it is homogeneous.
Proof. Say [a, ] — orthogonality is additive (left and right), and (xLy)a, f.
Then using property (I); that is (xL — y)a, B] and follow same procedure used
in the proof of TheoremI.8 to get that (A xLu y)o, B] for all A and p e R.
LEMMA II1.18

If [o, B] — orthogonality is symmetric and left or right — additive, then it is
homogeneous.
Proof. If [a, B] — orthogonality is symmetric and left or right — additive, then
it is additive, and hence by Lemma III.17 [a, ] — orthogonality is homogen -
eous.

Now we summarize the main results in the following theorem :
THEOREM II1.19

If X is a real normed linear space, then the following are equivalent :
()  [o, B] — orthogonality is symmetric and left- additive;
(ii) [a, B] — orthogonality is symmetric and right- additive;
(iii) [o, B] — orthogonality is additive;
(iv) [o, B] — orthogonality is homogeneous;

(v) X is an inner product space.
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§5 SET OF OPEN PROBLEMS
RELATED TO
[0,B]-ORTHOGONALITY

Since we define a new orthogonality relation, [o, f] — orthogonality, obviously
we left with some open problems.

Among of them some of the most interesting are the following ones :
Problem 1. It is known that if [o, B] — orthogonality is homogeneous, then it
implies isosceles orthogonality (Theorem III.10). However we can not prove a
similar result with pythagorean orthogonality (Remark III.12).

Problem 2.  Since Remark III.12 is just a conjecture, the next result is an
open problem. That is proving the space X is strictly convex if [o, ] — orthog -
onality is homogeneous, without refering to Remark III.12.

Problem 3.  Discussing uniqueness of [o, B] — orthogonality when o # B.

Beside these open problems, still we got good results expressed in relation
with  [a, B] — orthogonality, and I hope that I succeed in presenting these

results.
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