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INTRODUCTION

Operator theory has become a sufficiently large area of functional
analysis of mathematics. One of the most interested and well-known part
of this area is the so-called the theory of operator ideals on Banach spaces.
It emerged as a by-product of the theory of tensor products that was
produced in the period 1950-1956 by Schatten, Ruston, and Grothendieck.
However certain ideals like finite , approximable , and compact operators
had been investigated and studied much earlier .

In the period from 1965 to 1978 , the theory of operator ideals has
grown rapidly and it was modified by many mathematicians . An extensive

treatment was given by A. Pietsch in his monograph [27] .

The thesis has two major objectives . The first is to cover the basic
theory of tensor products and to study some advanced level material of
some operator ideals. The main operator ideals that we discussed in details

are those of absolutely p-summing operators with 1<p <o . Of course ,

the selection of these ideals reflects our interests and illustrates the
direction of the thesis . At the same time , we attempted to give a
sufficient] number of examples to give the reader a feel for the subject .
The second objective is to give a further study , which is an original
work , in the absolutely p-summing operators . We study what is called

uniformly dominated sets of p-summing operators.



The thesis consists of three Chapters .

Chapter one discusses the theory of tensor products and studies some
sequence and function spaces that we need in the subsequent chapters .
The distinction between the injective and projective tensor products is

carefully expressed and some basic properties of them are also treated .

Chapter two introduces special operator ideals. Namely those operators
that are compact, weakly compact , p-nuclear , completely continuous ,
and absolutely p-summing operators . The chapter mainly studies the
absolutely p-summing operators and treats their algebraic properties and
introduces some useful characterizations . It presents some basic examples
and discusses the duality of these operators in the finite dimensional case .
At the end of this chapter , there is an application of the p-summing

operators to the theory of Hilbert spaces .

Chapter three creates a further study on certain types of subsets of the
absolutely p-summing operators . These subsets are called , in our study ,
the uniformly , summability , sequentially , totally sequentially , finitely ,
and finitely pointwise dominated subsets . We have tried to include many
examples . Further properties and some implications of these concepts are

discussed also .

Abu Zahraa,

Mohammed Ali Habib
22.3.1996
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The norm of p-Bochner’s integrable functions .
Almost everywhere .
The closed unit ball of a Banach space X .

The field of complex numbers .

The cardinal number of a set M .

Space of continuous functions on K .

Space of continuous vector valued functions .

Space of Hilbert-Schmidt operators from X into Y .
Space of completely continuous operators

from X into Y.
Space of sequences converging to zero .

Dimension of a space X.
The point mass measure at X .

The cross product of E and K.
The standard basis of ¢?2.

The largest A -uniformly dominated subset determined
by p which contains E .

The largest A -summability dominated subset

determined by (x;) which contains E .

The algebraic sum of two subspaces E and Z .
The norm of p-Pettis integrable functions .
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CHAPTER ONE
TENSOR PRODUCTS OF BANACH SPACES

Introduction: In this chapter we introduce the basic material that
we will use in our work . The chapter is divided into four sections .
Section 1 deals with the basic properties of the tensor product of Banach
spaces . In section 2 we give the definition of the injective tensor product,
basic results , and a basic example . In section 3 we present some function
and sequence spaces . Some basic properties and relationships of such
spaces are discussed . In section 4 we state the definition of the projective

tensor product and some well-known facts .

1.1. Tensor Products :
Throughout this section , let X and Y be Banach spaces and let X
and Y~ denote their respective duals .

For xeX and yeY define
X® y:X* ->Y,
(xoy)(x"):= (xx")y .
Clearly x®y is a bounded linear operator from X~ into Y . Let
K:={x®y :xeX and yeY } c L(XY).

The span of K in L(X",Y) is a subspace of L(X,Y). We shall write
X®Y for the span of K .X®Y is called the fensor product of X and Y.



Thus X®Y is just a linear subspace of L(X',Y) which contains finite
rank operators . We shall call x®y anatomin XoY .
Now we list some elementary properties of X® Y :
(T)  A(xey)=(Ax)ey=x® (Ay) for all scalars A .
(T (x+x;)0y=x,0y+X,0Y .
(T3) x®0=0®y=0, the zero operator .

(Ty) Each z in X®Y can be written in the form

=

z=3 hiaob; with [a;]=]b;]=1

n
Indeed: If z=> x@®y; then
1=1

2= Z“X “(“x ||) oy, ”(”yla Zka@b

i=1

= i ,and b; =—

S Py nyl u

where A; = “Xi ”” Yi

Theorem 1.1.1: I(X,Y)=X oY .

Proof: Let Ae3(X,Y) andlet {b,,--,b,} be abasis of the range -
of A Foreach i=1---,n define y; e(A(X))* by
yi(b):=1 and yj(b;)=0 if i=j .

Set  x;=y;oA for i=1--n



n
We claim that A = Z x; ®b; . Todo this, let x € X . Then we have
i=1

n
AX=Z ajb; with oy, -0, are scalars .
=1

Now

This concludes the claim .

The converse is obviously true . (|

The following consequence is immediate and the proof is omitted.

Corollary 1.1.2 : If X is reflexive , then XY = S(X*,Y) .



n
Theorem 1.1.3 : Every Z’=Z x;9y;in X®Y is equivalent to

i=1

n
either 0®0 or has a representation 7= Z a; ® b; where {al,---,an}
i=1

and {bl,'--,bn} are linearly independent sets .

Proof : Assume that xi,....X, are dependent . With no loss of

n-1
generality , we may assume X =Z o; X; . Then
i=1

n-1 n-1
Z=in®yi+(2aixi]®yn .

i=1

1=

Applying (T,) then (T;) we obtain

n—-1
Hence it follows from (T;) that z= Z X; ® (yi +0;y,) - Consequently,

i=1
n-1
Z=Zai®yi Wlth ai=Xi and b1=y1+alyn .
i=1
We may repeat this process until we arrive at either a representation in
which f{a;,---,a,} and {b,,--,b,} are linearly independent or a

representation of the form x®0 or 0oy .In either case it is equivalent

to 0®0 . This ends the proof . O



Theorem 1.1.4: Let {y.,...ym } be a linearly independent set in

Y. If {X1,...Xa } is any set of elements in X such that

m
z=z x;0y; =0 in XoY, then x;=0 for i=1,--,m.
i=1

Proof : Since for any x €X

[gxmyi}(x*):i@i,x% -

i=1

and since yi,...,yn are linearly independent , we have
<xi,x*>=0 for all xeX andi=1l---,m .

Hence by the Hahn Banach Theorem x; =0 for i=1---,m . O

Definition 1.1.5: Anorm || | on XeY iscalleda cross norm if

Hx®y“=]|x“lly“ for all xeX and yeY .

Consider the tensor product X" ® Y*.We may regard each z e X' oY
as a linear form on X®Y in the following sinse :

For X e X and y'eY ,

10



(x'®y ) x®Yy) = <(x ® y)(x*),y*> = <X,X'><y,y*> :
Clearly x'®y" is linear . Furthermore if | |, is a cross norm on XeY

with X and Y are finite dimensional , then for any xeX and yeY,

G ) )| =[x W)
s [l fii1y]

<|x[lyfixevi,

Thus x" ey’ e(Xe Y, [,)"
n

For z:= Y xjey; in X @Y we define

i=1

=Ssup {
oud

This proves :

*
Z

@; X ©y, J(Z)

: Ilz”a =1 and zeX@Y} )

Proposition 1.1.6 : Let | ”a be a cross norm on XeY. If X

and Y are finite dimensional spaces , then X ®Y is a linear subspace
*
o)

From now on ,

of (X® Y,

is the norm of X'®Y as a subspace of

g
(X®Y’” ”(x) )
Definition 1.1.7: Anorm | | on XeY issaidtobe a reasonable

cross norm if

11



Ry Hx®y”:”X“”y” for all xeX,yeY ,and
(Ry) “ X'y “d =Hx””y*]l forall x'eX™ and yeY .

Condition (R,;) means that X ®y is a bounded linear functional on

(X ®Y, ) and has norm equal to “ x” Hy“ .
Theorem 1.1.8 : Anorm | | on XeY is a reasonable cross norm
if and only if

(1) “X@y“SHXIIHyH forall xeX,yeY ,and

X’ “" y' “ forall x'eX’ and yeY' .

@) |x ey, <

Proof : If || | is a reasonable cross norm , then (i) and (ii) are
satisfied trivially.
Conversely , let (i) and (ii) be satisfied . For xeX ,yeY, x eX and

y €Y one has

o))

<

(x* ®y*j (x@ y)’

xoy| [xoyl S

It follows from condition (i) that

oY)

Taking supremum over |x|=|y|=1 we obtain

[ lly =l o],

<

xoy| Ixlly] -

12



Similarly by using condition (ii) in (s) , then taking supremum over

<=y l=1 weget [x]lyls|xey]
Hence | | is a reasonable cross norm . O
Theorem 1.1.9 : If ” ” is a reasonable cross norm on XY, then

” H d is a reasonable cross normon X oY .

1S a cross norm

Proof : Since | | is a reasonable cross norm, | | ;

* *
on X ®Y .Hence

x““y” forall x'eX and yeY" .

X'ey “d <
In order to show that || |, is a reasonable cross norm , take x""e€X’" and
y €Y . By Theorem 1.1.8 we need only to show that

|

By Goldstine Theorem [36,p 31] there exist nets (xg) and (y,)in X and

* % * ok

y

<X

X** ® y** dd <

Y respectively such that x™ and y~ are the weak™ limits of (xg) and

~ (yy) respectively . Further

and ”yy Hs”yH forall B and y . (%

*%K
X

Ixs <
Let f :=Zn: x; ®y; in X ®Y  be arbitrary . Since f is a continuous
i=1

linear functional on X®Y , using (s we get :

13



| £(xp eyy)|<If][xp o vy
=16l xp ||y | fora B,y

sl e[l

Thus

n

2 sp.xi) (o<1l [

By taking the limit over B and y we obtain

sl <[

n

Z<x",xf><y“,y;>

i=1
This means that
(< es o<l et
Hence “x ey “_“x ” ”y “ . This completes the proof . O

Theorem 1.1.10 : Suppose that H Ha and | ”B are two nOFmS on

XeY with | “a > | “B . Then | “ocd <| ”Bd on X oY .

Proof: Letf eX ®Y . Since I Ha 2| ”B on X®Y , it follows that

{f(z):zeX@Y,”z”a sl} g{f(z):zeX(z«)Y,”z“!3 Sl}.

Consequently, | f Ha 4 <If “B 4 Which concluds the result. O

14



1.2. The Injective Tensor Product :

There are many cross norms that one can put on X®Y . One of the

most important of these norms , is the so-called , the injective norm
which is defined as follwos :

For z:=) x;8y; in Xe®Y:
i=1

2], :=sup{ %' €B,(X’) and y" €B,(Y') }

So ” HV is just the operator norm on LXY).

> f vy

i=1

Theorem 1.2.1 :

The norm ” HV is a reasonable cross norm on
XY .

Proof : let xeX and yeY . Then

o))

Ixoyl,=sup|

X eBl(X*) and y’ eB }

=sup{ <x,x*> X eBl(X*)} sup{l <y,y >l y €B (Y )}
=[xllxl-
Hence
Ixey|,= [x||y| for al xeX and yeY Now let

x ey eX'®Y and z —Z x;®y; beanelementin X®Y .
i=1

15



Then it follows from

(X* ® y*)(Z) = i<xi,xt><}’i>y*>
i-1

S (o)

Iz,

that

(v ox )]l

*

y

<lx H

Therefore by Theorem 1.1.8 , [l ||v is a reasonable cross norm . [

Theorem 1.2.2 :  The norm | “v is the smallest reasonable cross
normon X®Y . More precisely , if H Ha is any reasonable cross norm

on XY ,then
<l z|, forall zeXeoY.

|2

Proof : Let H ”a be any reasonable cross nomon X® Y and let
1 * * * *
z :=Z X;®y; beanyelementin X®Y .Thenfor x ¢y eX oY
i=1
we have

s” X oy Haduz“a

(x* ® y*)(Z)

=1Ll et

Thus it follows from

16



3 o))

i=1

RS

Ths |zf,<]z], O

< fly [

that

<|z|, forall xeX and yeY .

Theorem 1.2.3 : A cross norm | |, on X®Y is reasonable if

andonty it |21,

Proof : Suppose that | | > | ], - Then by Theorem 1.1.10 we

have | Jyq<llg - S0
oyl <lxevl,

[l

for all x'eX” and y'eY . Since ||, is a reasonable cross norm on

XeoY, X' ®Y*g(X®Y,“ “a) So for X' ®y’ €X ®Y we have

(1 Yo =| 07 )x9)

Jx ey “ad Ixey],

x ey ] Ixlivl -

17



Taking the supremum on both sides over |[x|=]y|=1 we obtain
* * < * * )
[y <fx el
Combining the above results we see || |, is a cross norm on X'oY .

Conversely , if | | ,is a cross norm on X ®Y , then ||, isa

reasonable cross norm on X ® Y . Thus by Theorem 1.2.2 we have

ezl - B8

The space XY with the injective norm need not be complete . We

let X®Y denote the completion of X®Y . In fact , X®Y 1is the

closure of XY in L(X',Y).So ( XoY,

IV) is a closed subspace of

L(XY).

Definition 1.2.4 : The Banach space ( XeY,

iv) is called the

completed injective tensor product of X with Y .

One can easily prove the following

Proposition 1.2.4 : The Banach space ( X®Y, iv) is isometrically

isomorphic to ( Yo X, lv) :

18



Example 1.2.5: C(K,Y):
Let K be a compact Hausdorff space and let Y be a Banach space .
Let C(K,Y) denote the Banach space of all continuous functions f from

K mto Y equipped with the norm

| £l =sup [ o] .

To simplify the notation , we write C(K) for C(K,K) .We refer to [13]
for more details on C(K,Y) .

Theorem 1.2.6 : For any compact Hausdorff space K and any

A\
Banach space Y , C(K,Y) is isometrically isomorphic to C(K)®Y .

Proof : See [20,p. 9]

Corollary 1.2.7 : Let E and K be compact Hausdorff spaces .

A\
Then C(ExK) is isometrically isomorphic to C(E)eC(K) .

Proof: See [20,p.10] .

1.3. Some Function and Sequence Spaces :

Throughout this section let X be a Banach space and let p denote

the Lebesgue measure on the unit interval I

19



(i) The Space LF(I,X):

Definition 1.3.1 : Let L°(IX) be the space (of equivalence classes)
of p-Bochner integrable functions from (I, u) into X with 1<p<o .

To simplify the notation we write L) for LP(LK).

For fel? (LX) we define

1

Ifl,., {j It npdmo}p

Theorem 1.3.2 : (LP(LX),

“a 0) ) is a Banach space .

Proof : See [9]

We refer to [9] for the basic properties of vector valued p-integrable
functions .

(i) The space L" (LX) :

Definition 1.3.3 : A strongly measurable function f:I— X is called

p-Pettis integrable ,1<p<w ,if

f |<f(t),x*>[pdu(t)<oo forall x'eX .
I

20



We let £P(I,X) denote the space (of equivalence classes) of all p-Pettis

integrable functions . It is well-known [14] that £P(I,X) is a normed

space when equipped with

p Jv : :
du(t)| :x €By(X)

[£l5p =s0p [I {t0x)

It is also known , [9] , that £P(,X) is not complete . So let LP(I,X)
denote its completion .

For a compact Hausdorff space K, we shall remark that if (K,p) is a
finite measure space, then one can define LP(K,X) in a similar way .

We refer to [9] for the basic properties of the p-Pettis integrable

functions.
Let S(I,X) denote the space of all simple functions from I into X .

Lemma 1.3.4: S(LX) is a dense subspace of LP(L,X) .

Proof : Let f e £P(I,X) . Since f is strongly measurable , choose a

simple function SeS(I,X) such that
[f®)-S)||<e for p-ae tel .

Hence |f -S|, (py <€ - Indeed : For x eBy(X), we have

I I<f(t)~5(t),x*> pdu(t)s j 1£(t) - S(t) ”pdu(t)gsp 0
I I

21



For p=1, it was proved [9, p. 223] that L! (LX) is isometrically

1somorphic to L! (DeX . For 1<p <o we have :

Theorem 1.3.5 : LP(I,X) is isometrically isomorphic to 1P(I)eX.

Proof : Consider the map

0P LX) > FD)oX ,

d)(i lEiXJ :=Zn: IE, ®X;
i=1 i=1

for every simple function S:=>"1; x, where each 1y , with i=1,..n is

i=1

n
the characterestic function of E; such that UEi =1 .Then it follows from

i=1

[10, p. 286] and the Hahn-Banach Theorem that

[Sle s, = sup [ | l(sm,x*)lpdu(t)j "X eB,(X)

= sup{ j e(t)<5(t),x*)du(t) :x eB/(X')and0 e BI(LP* )}

1=1

- sup{ | e(t)zn: <xi,x*>1Ei ()du(t) :x" €B,(X") and © ¢ BI(LP*)}

22



_ sup{i <xi,x*>j (1)1, (H)du(t): x* €B,(X") and 6 € BI(LP‘ )}

i=1

- sup{i <xi,x*><1Ei ) : x" eB,(X') and 8 eBl(Lp*)}

i=1

=[os), -
Now it follows from Lemma 1.3.4 that the simple functions are dense
in LP(I,X) . Moreover , the space S(I) X is dense in L°(I)® X , where

S(I) is the space of simple functions on I. Indeed :

n
Let f:=) fiex; bein LP(I)@X . Since S(I) is dense in L(D),
i=1

there is a sequence (sy,;) in LP(I) such that lim ||f; — sy Hp =0 .
m-—>oo

Now set

n
§m:=z Sim ® X -
i=1
Clearly, (§,,) is a sequence of simple functions in S(I) ® X . Moreover

n
lim |f-38,], = lim | Y (fi —sim)®x;
=1

m-—»o0 m—»oo i=

\Y%

n
Slignw; £ = sim [, [ xi =0 -

\Y4
Further , one can easily show that finite rank elements in LP(I)e X are

contained in the range of ¢ . Therefore ¢ is an isometry between a

23



Vv
dense subspace of LP(I,X) onto a dense subspace of LP(MeX. Thus

PMeX = ¢(LPLX)). O

(iii) The Space /P(X) :

Definition 1.3.6 : An X-valued sequence (x,) 1is said to be
absolutely p-summable , with 1<p < ,if (|x,[)e?®.

The space of all such sequences is denoted by ¢P(X).Clearly /P(X)

is a linear space with the pointwise linear operations .

For (x,)e fP(X) we define

o -

()= )

The proof of the following theorem consists of routine verification of

steps and will be omitted .

Theorem 1.3.7 : (/°(X), ) is a Banach space .

|oc(p)

(iv) The Space /°(X):

Definition 1.3.8 : An X-valued sequence (x,) is said to be weakly

p-summable with 1<p <o ,if (<xn,x*>) e Fforall xeX .
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The space of all such sequences is denoted by ¢P(X). Obviously
¢P(X) is a linear space with the pointwise linear operations.

For (xn)e ¢P(X) we define

1

<xn,x*>|p]p X" eB(X)}.

e o}

)l 5

n=1

We have to mention that EP(X> have been studied by Cohen, [5] and

Apiola, [2] .

Theorem 1.3.9 : is a norm on (P(X) .

[ e

Proof :We need only to show that the || He(p) is finite . Indeed : Let

(xn)€ ¢P(X) be fixed . For each k N define

T, :? -X,
k
T (op) == Zanxn
n=1
Clearly that Ty is a bounded linear operator for all k. Let x'eX’ . Then

]<Tk<an>,x*>;s§ ot (5"}

su<an>|la(p*)(§k<xmx‘>

| =
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for all k . Hence for all (o) efP and x’ eX’ we have
5111(p |<Tk(ocn),x*>l <o

It follows from the Uniform Boundedness Principle [33, p. 190] that
sup | T [<M<wo .
k

Now let x eBy(X") . Since (<xn,x*>)e£’p , there is (B,) eP with

| -

=i Bn<xn,x*> . Thus

n=1

” (ﬁn)”a(P*) =1 such that (i ‘<X“’X*>~P]
n=1

(TeBn)x)|= gﬂn<xn,x*>

1

()

<|T|<M forallk

1
o P\p
Hence [Z '<Xn’x*>i J <M for all x eB(X’) which shows that

|(xp) “a(P) is finite . This ends the proof . O

Theorem 1.3.10 : (¢P(X)

N Hg(p)) is a Banach space .

Proof : Let (xy) be a Cauchy sequence in £P(X) , where
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Xm =X X)) .
Then for every &>0, thereisan N suchthat |x, - x, “s(P) <g for

all m,n>N_ . Hence it follows from

1

P
sup [Zl -x7,x’ ’ J x eBy(X')}<g forallm,n>N,

that for every jeN
'<x§“ —~ xj‘x>! <g forallx'eBy(X’) and for m,n>N,
By the Hahn-Banach Theorem , we obtain

x"-x"|<ge for all m,n>N,.
J J

Thus for each jeN, (x;"‘)ln is a Cauchy sequence in X . Since X is

complete , z; =lim x;" e X exists for all jeN .
m

On the other hand , for x €X', ((<x:“x>) ) is a Cauchy sequence

j=1
in ¢P which must converge to some (B j)€£P . Since , for each jeN ,
XTL)ZJ. , we have <x3“x> SELIN <zj,x'>
Hence for all jeN, B;= <zj,x*> which implies that (z;) e /P (X)

It follows from |xp - x, Hg(p) <g for all m,n>N, that for all
X eBI(X*) we have
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O -

[g](x?ﬂ?’x*ﬂp] <t .

Letting n — o we obtain

(xr - zj,x*>[P] <e .

Thus ](x}“)—(zj)“g(p)g for all m>N, . O

"o | -

>

\j=1

Proposition 1.3.11: /*(X)c(*(X) and || <], -

Proof : Let (x,) €¢P(X) andlet x" €X' . Then

5 sa ) =1 5 (v
<[x “pi sup {| ()" 2 8,00}
[ P 2l

Hence (x,)e(P(X) . Moreover,if x eBl(X*), then

p

[(xq )”g(p) <[(xn )“oc(p) ' -
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Theorem 1.3.12: Let Tel(X,Y) .Then
ALP(X)—> £P(Y),
A(xi) :=(T Xi)
is a bounded linear operator . Moreover

[AG)], ) SITH Dy Sor (x0) €£7(X).

Proof:

” A(Xi)“s(p) = sup((i ‘<Txi>y*> PJB 'y eBl(Y*)}

This shows that H A(x;)| ITH D). - O

e(p) e(p)
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Example 1.3.13 : Every orthonormal sequence (x,) in a Hilbert

space H is weakly 2-summable and |(x =1. Indeed :

ﬂ) “8(2)

From Bessel’s inequality we have

o¢]

Z|<Xn’y>l2 SHYHZ for all yeH.

n=1

This shows that

” (x4) “3(2) <1.

Since for fixed m, |[x | =1, it follows from

oo}

Z‘<Xn’xm>|2=1 that I|(Xn)”g(2)=l' O

n=1

Proposition 1.3.14 : Ler (e,) be the standard basis of ¢*and let

Ly L =1 with 1<p<o . Then

P p

(en) egp<gp*> and |(ep)],(py =1 -

Proof : We will prove the statement for p=1 only , because for

1<p <o , the proof is elementary . So let x" eBl((ﬁw) ) and let Xi}o
k

denote the restriction of x  on /y . Then
k

‘2 [CESIEDY <en”‘2f>

n=1 n=1
30

< <1 for all k

a(l)

*
X
e




because £f=span{e1,---,ek} in £ and xi;w el . This shows
k
“(en)“8 W <1 .The equality holds by choosing x*:=(en) in Bl((é’w)*) .

This completes the proof . O

Theorem 1.3.15 :

(@) If 1<p<w , then (P(X) is isometrically isomorphic to

L(#* X).

(b) ¢NX) is isometrically isomorphic to L(c, X).

Proof : (a) Let (x,)e?¢P(X).For (a,) /P we have

3sup{n:ik)an1- <xn,x*>| x" eBI(X*)} 1)

S(Z'“nf ]p " (X“)”s(p)
n=k

Q0
for all k,m eN . Hence Z a,X, existsin X because its partial sum is
n=1

m
2 %nXn
n=k

a Cauchy sequence in a Banach space . Thus by putting
T(a,):= Z ApXp >
n=1

we obtain a continuous linear operator from ¢P into X . Clearly that
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[T sy

Conversely , we show that every operator T in L( d X) can be

obtained in this way . By Proposition 1.3.14 (e;), the natural basis of 02,

is weakly p-summable sequence in ¢P" and I(e;) ”g(p) =1. Set

(Xi) :=(Tei) .
Now it follows from Theorem 1.3.12 that
<[t -

(x;) €¢P(X) with ”(Xi)”s(p)

Soif (o) e P then ()= Y age, and consequently
n=1

T(a,)= Zochen = Zanxn
n=1 n=1

Moreover |T|=|(x,) “s(p) :

(b) The proof is the same . O

As a consequence of the Hahn-Banach Theorem , we have

||xn=sup{{<x,x*>|;x*eBl(x*)} forall x eX .

In some cases , x“ can be obtained by taking the right hand supremum
only over a certain subset E of BI(X*) . This observation leads to the

following [28, p. 39]
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Definition 1.3.16 : A subset E of X is said to be norming for
X if
‘lx“:sup{l<x,x*>‘:x* eE} forall xeX .

It follows immediately that E < BI(X*) :

Example 1.3.17 : Let E be the set of extreme points in BI(X*).

Then it is well-known [33, p. 184] that

|!x|)=sup{‘<x,x*>‘:x* eE} forall xeX .
Hence E is a norming subset of X"

Example 1.3.18 : Let K be a compact Hausdorff space . It follows

from the above example that
|£]=sup{|{f.u)|:n €E} forall feCK),
where E is the set of extreme points of B;(M(K)). It was proved
[6, p. 147] that
E={ad;|a|=1andteK},
where §, denotes the Dirac evaluation measure . Thus
|£]=sup{|(f.a8,)||o|=1and t K }
= sup{|f(t)|: t eK }.

This shows that D:={F>t 't eK} is a norming subset in M(K) for C(K).
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Theorem 1.3.19 : Let E be any norming subset of X" and let
1
p}v

Proof : Let (x,)<c¢?(X) . Following the same lines of the proof of

(x,) €£P(X) . Then H(xn)ﬂg(p)— sup [z‘ xn,x

XE

Theorem 1.3.15 by putting

T(o,): Zan -

we obtain a continuous linear operator from ¢P (or c,)into X . Since
E is a norming subset for X , we can replace BI(X*) by E in (1) in the

proof of Theorem 1.3.15 to get
1

rls s (3 ) J <l

x"eE \n=1

By Proposition 1.3.14 (e;) , the natural basis of 0%, is weakly

p-summabl in ¢° with | (e;) |, =1

Now by Theorem 1.3.12 we have
(x;)=(Te;) e P(X) with (%), <[ T] -

~——
o]

N~———
o |-
O

This proves that ll(xn)“g(p) = sup (z |<xn X
* €E\n=1

X €

An immediate result from the above theorem is the following :
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Corollary 1.3.20 : Let x,...x, €X. Then

|8(p) - sup{

@ &k, = sup{

(D H(Xi)in=l i :il“ilp* Sl} for I<p<o .

i=1

~ :|0Li|s1andi=1,---,n}

Proposition 1.3.21 : Let K be any compact Hausdorff space and

o |-

let £,,....f, €C(K). Then | (E)%i | =sup (Zl ]

teK

Proof : Let D be the set of all Dirac evaluation measures on C(K) .
By Example 1.3.18 , D is a norming subset of M(K) for C(K) . Hence by

Theorem 1.3.19 we have

3|

(2], ) = sup @Kfiml"] = sup (glfi(t)lpjé. o

&P  5,eD teK

Theorem 1.3.22 : Let (I,n) be the unit interval with the Lebesgue

measure . Let f,,--,f, eL*°(I,n). Then

3=

tel

[, zess- Sup(Zlf !] -
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3| -

Proof : Let A :=.

n
()], ,, - Then Az(z;(fi,vﬂp] for all
i=1

functionals v eBl((L‘”(I)) ) .1t follows from [9, p. 49] that

o

Now , for each jeN , define

v {jdu(t) on [to,to +ﬂ

0 elsewhere .
1 to 5
Now |(f.v)|<[[fi(0]dvi< [ jlfi()]du(t) <[], implies that
0 t,

“vj Hsl for all j . Thus

1
p
forall j .

b <fi,vj>|*’]‘l’=[

By letting j—> o, we conclude

1
Az[i ‘fi(to)lpJp for ae t, el .
i=1

This shows that 1

(f)ix

> ess - sup (i £,

e(p) tel i=
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1.4. The Projective Tensor Product :

Let X and Y be Banach spaces . In this section we discuss the
second norm on X®Y that we are interested in .

For zeX®Y we define

ol om el X3, € and 2= 3o o3, |

i=1 i=1
Theorem 1.4.1: || | . is anorm on XeY .

Proof : We will only prove that if z#0 , then ” z ”A #0 . So let

n
z:=) x;0y; #0 in XoY .
i=1

As an element of L(X")Y), |z|#0 . Thus there exists x,eX such

that =1 and ”z(xo) >0 .
Hence
n n * n
KR PACEEIMICENIFAE WA
i=1 i=1 i=1
Since this holds for all representation of z, wehave |z| >0 . O

Theorem 1.4.2 : The projective norm ,

> I8 a reasonable cross

norm on XoY .
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Proof : Let xeX and yeY . It follows from the definition of |||

that
Ixey], <|x[]yl] -

Now for x" X" and y" €Y" we have

(x*®y*)(z)=i<xi,x*><yi,y*> for any z:=zn:xi®yi in the
i=1

i=1

space X® Y. Further

(ool ) 15 T Sl
Since this holds for all representation of z, we obtain
(oYl 1l

Ths  [x"oy'], <[x"{ ||

By Theorem 1.1.8 the result follows . O

Theorem 1.4.3 :The projective norm H “/\ is the largest reasonable

crossnormon XY .

Proof : Let ||, be any reasonable cross norm on X® Y and let

n
z:=) x®y; n XeY .Then

i=1

I2[, =

zy sg“lumyina=§inuuyin-
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Since this holds for all representations of z, we have H z “a < H zZ n/\ O

The space XeY with the projective norm need not be complete . We

l/\)‘

A
let X®Y denote the completion of ( X®Y,

Definition 1.4.4 : The Banach space ( Xé\@Y, ) is called the

completed projective tensor product of X and Y.

N
Theorem 1.4.5: If z in X®Y and €>0, then there exist x; € X

and y; €Y such that

D) z=) %0y ;
i=1

@ [xi]=lyi[->0;and

G) uznAsgjuxiuuyiNsuznA+a-

AN
Proof: Since X® Yisdensein X®Y,choose (z,) in X®Y such

that |z-z,| < for n=1,2,...

2I1+2

From the definition of | ||, we can write

k(1) k(1) €
z=Y xoy whee 3 |x|lvl<|a] +
i=1 =1

Since
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“ZI_ZH,\<—Z' and [“21“/\ -z|, <= ,

we have |z, | <“z“/\+§—  Hence

k(1) k(1)

@=2 %oy wit 2 [xillvil<|=l, +s

Clearly we can assume “ X; “ = ” Yi “ for all i. Now foreach neN ,

€ € €

“ Zn1 T Zp ”/\ S EAE ZH/\ +z-z, “/\ < S1+3 + yn+2 < i+l

Thus we can represent z,.; — z, as follows :

k(n+1) k(n+1)
Zpyl —Zy = Z x; ®y; with Z H Xi “ ” Yi “ 2n+l
i=k(n)+1 i=k(n)+1

We claim that Z X; ®y; 1s absolutely convergentin X®Y . Indeed :
i=1

guwitu=inxinuyiu
=Sl 3 3 sl

n=1 i=k(n)+1

x©

€ €
<“Z“/\ +5+Z 2n+1

n=1

=)z, +e
Moreover , it follows from

k(n)
[Z X; ® yl] —Z
i=1

=|z, +(zy = 2+ Hz, - 2, ) - z|,

AN

=“Zn"Z“/\
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AN
that the series converges to zin X®Y . Hence we have

nzuAsgnxminf :iluxinnyi [<)2l, +e -

Since [, |-y: [0 and [ =] y; | we must have | [=]y; |0 O

Theorem 1.4.6 : Let (E,n) be any measure space . Then L(E,X)

A
is isometrically isomorphic to LNE)eX .

Proof: See[20,p.11].

*

Theorem 1.4.7 : (X@Y) is isometrically isomorphic to L(X,Y").

*

Proof: Forany A e(XgY) , define

Fy: XY,
(Fox,y)i=A(xey) for xeX and yeY .
Clearly F, is alinear map . Since

(Fax.y)|=|A(xey)|<[A][xey], =[A][x]]y]
is true for all x eB;(X) and y €B;(Y) , it follows that

| Fa n=sup{l<FAx,y>[:xeB1(X) and yeBl(Y)}SHA” (™
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Let Z—ZX ®y; iIn XeY . Since
i=1

<[Fy | zn Iy

is true for all representations of z , it follows that ]A(z)lﬁ“FA I Hz”/\
which implies |A|<|F, | - (**)
It follows from (*) and (*) that |F, |=|A]|

In order to see that the mappingisonto, let FeL(X,Y") . Define

A: XeY—->K,

n
(Zx ®YJ =Z Fx y
Then we claim that A is a well-defined linear functional . Indeed :

n m A
Let z:=z Xi®Yi=Z X;®y;, in XoY .
i=1 i=1

We need to show that

or equivalently whenever
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n n
zi=) x;0y; =000 then Y (Fx;y;)=0 .
i=1 i=1
If y;,---,y, are linearly independent , by definition we have
* 1 * * *
z(x )=Z<xi,x >yi for all x eX
i=1

Hence <xi,x*>=0 for all x” €X™ implies that X; =0for all 1 .

n

Thus Z (Fxi,y;)=0 .
i=1

Now if y,,---,y, are linearly dependent , then without loss of generality ,

n-1
= Z AiYi -
i=1
As in the proof of Theorem 1.1.3 we obtain

X; ®y; = Z(x +1iXy)®y;=000

T M.’:

Moreover

._.

n-—

(FX1>YI =Z Fx,,y1> (Fxn,yn>

[M]=

...
I
ot

n—-1

<in>Yi> + Z <Fxn:7"i Yi>

i=1

2 <F(x +AiXn),¥i)

b.—-
;._.o--

,':3 -
it
»—- —

-

If y;,---,y, are linearly independent , then as above we conclude that

X;+A;x,=0 fori=L--n .
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n
Hence Z (Fx;,y;)=

n
By continuing the above argument , we either establish Z Fx y

orget z=x®y=0&0 . If the second case occurs then

n

Z <in=yi>= <Fx,y>= 0

i=1

because either x=0 or y=0 . This concludes the claim .

Since for any

<[F] éuxiuuyin

is true for all representations of z , we have

*

Ae(xéyj and [A|<|F] .

Finally

This completes the proof . O
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A nice consequence of Theorem 1.4.7 is :

N
Proposition 1.4.8: Forany ze XoY,

E2R =sup{}<z,u)|:ueL(X,Y*) and ﬂu”ﬁl} .

Proof : The proof follows from the Hahn-Banach Theorem and
Theorem 1.4.7 . O
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CHAPTER TWO
OPERATOR IDEALS

Introduction : In this chapter we will introduce several important
classes of operator ideals , namely the ideals of , compact , weakly
compact , p-nuclear , completely continuous , and absolutely p-summing
operators . We discuss in details absolutely p-summing operators . Several
important characterizations , which are basic to this theory , are proved .

We present the basic properties and some examples . Later we introduce

the £ i -spaces and show that the p-summing operator ideal is not small .

We show the connection between p-summing operators and various
classes of linear operators . We discuss the duality of the p-summing
operators in the finite dimensional case . We also present an application to

the theory of Hilbert spaces .

2.1. Basic Concepts and Definitions :

Definition 2.1.1 : Suppose that , for every pair of Banach spaces X
and Y , we are given a subset ER(X,Y) of L(X,Y) . The class

R:=J R(X.Y)
XY

is said to be an operator ideal if the following are satisfied :

46



O)) x*®ye‘8%(X,Y) forallx' €X and yeY.

(0,) S+TeR(XY) for S,TeR(X,Y) .

(O;) BTAeR(ZW) forall TeR(X,Y), Aecl(ZX),
B e L(Y,W), and for all Banach spaces X,Y,Z,W .

R(X,Y) is called a component of the operator ideal R .
Two operator ideals R, and R, are said to be equal , if they

coincide componentwise .

Also we shall write R, c R, to mean that R;(X,Y) < R,(X,Y) holds

for every pair X,Y of Banach spaces . The adjectives “largest “ and
“smallest “ used below in connection with ideals always refer to this order

relation .

Proposition 2.1.2 : Let R be an operator ideal . Then all
components R(X,Y) are linear subspaces of L(X,Y) .

Proof :By (O,) it remains to show that T eSR(X,Y) and A €K
imply AT eR(X,Y) . So let Iy and Iy be the identity operators of X

and Y respectively . By(O,)it follows XT=(MY)TIX e‘.R(X,Y) =

Definition 2.1.3 : A function | | which assigns to every operator
TeR a non-negative number || T| is called an ideal-norm on the

operator ideal R if , for arbitrary Banach spaces X,Y,Z,W , it has the
following properties :
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(N “x*®y”a=”x*“[|yﬂ forall x €X and yeY .

(N,) [s+T]| <|s|, +|T]|, forall S,T eR(X,Y) .
(N;)  [BTA, <|B||T], [A] forall TeR(X.Y).
A el(Z,X) , and BeL(Y,W).

Correspondingly , the couple (‘.R, a) is called a normed operator ideal ,

or breifly a normed ideal .
Definition 2.1.4 : A normed operator ideal (ERH ']a) is a Banach

operator ideal if , for every pair X , Y of Banach spaces ,

(SR(X,Y), a) is a Banach space .

Proposition 2.1.5: Let (9{, a) be a normed operator ideal . For

every component ER(X, Y), we have

|T|<|T|, for all TeR(X,Y).

Proof : See[13, p. 423].

Proposition 2.1.6 : Let (ER, a) be a normed operator ideal . Then

(ER(X,Y),

OL) is a normed space for all Banach spaces X and Y .

Proof : If |T| =0, then it follows from Proposition 2.1.5 that

T=0 . Furthermore , if T:=0, then by (1.1-T;) and (N,) we have
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ITl, =los0], =[of-[o]=0 .
Now let A be any scalar and let T e R(X,Y) . Moreover let Iy and Iy

be the identity operators of X and Y respectively . Hence by (N3) we

have

1], =) (1v)Tic ], | R)IIT], M =[]0,
Similarly we have

], =|3(T)], <712 Tl -
Thus [AT], =[|]T], -
Finally , by (N,) , the triangular inequality of | |, is satisfied and

therefore the function | | indeedisanormon ®(X,Y). O

Definition 2.1.7 : An operator ideal R is said to be small if ,
whenever L(X,Y) = R(X,Y) then either X or Y is finite dimensional .
R is said to be closed , if all components R(X,Y) are closed linear

subspaces of L(X,Y) .

That is, R is a Banach operator ideal with the ordinary operator norm .

Definition 2.1.8 : An operator J eL(X,Y) is said to be a metric

injection if it is an isometric into map .

Definition 2.1.9 : A Banach operator ideal (ER,

a) is said to be

injective if | for arbitrary Banach spaces X,Y,Z , given any metric
injectioin J eL(Y,Z) ,
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TeL(X,Y) and JT eR(X,Z) imply T eR(X,Y) .
This means that the answer to the question of whether or not an operator

TeL(X,Y) belongsto R is independent on the particular choice of the

range space for T .

2.2. Examples of Operator Ideals :

Throughout this section , let X and Y be arbitrary Banach spaces
unless the contrary is explicitely stated .
() Bounded Linear Operators :

Let L:= U L(X,Y) . One can easily prove the :
XY

Proposition 2.2.1 : L is the largest operator ideal . Moreover L

is a Banach operator ideal when equipped with the operator norm .

(an Finite Rank Operators :

Let 3:={J IXY).
X,Y
Propeosition 2.2.2 : 3 is the smallest operator ideal .

Proof : One can easily verify that I satisfies the ideal axioms . We
need only to show that 3 is the smallest operator ideal . To do this let R
be arbitrary operator ideal .It follows from (O;) and Proposition 2.1.2 that
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I(X,Y)=X 8 YcR(X,Y) which shows that IR . O

ax Compact Operators :

Definition 2.2.3 : An operator T eL(X,Y) is said to be compact

if it maps the closed unit ball of X into a relatively compact subset of Y .

The set of compact operators is denoted by K(X,Y) . Further let

K:={]J K(XY).

Theorem 2.2.4 : K(X,Y) is a closed linear subspace of L(X,Y) in

the operator norm .

Proof : See [32, p. 388].

Theorem 2.2.5 : K is a closed operator ideal .

Proof : See[10, p. 486] and [13, p. 368] .
We refer to [15] and [32] for more on K(X,Y).

(Iv) Weakly Compact Operators :

Definition 2.2.6 : An operator T eL(X,Y) is said to be weakly
compact if T maps the closed unit ball of X into a relatively weakly

compact subset of Y .

51



We denote the set of all weakly compact operators from X into Y by

W(X.Y) . Further set W :=| ] W(X,Y) .
XY

Theorem 2.2.7 : W is a closed operator ideal .
Proof: See[32]and [10].

Theorem 2.2.8 : Ifeither X or Y is reflexive, then
WX, Y)=L(X,Y) .
Proof : See [10, p. 483] .

We refer to [32] and [10] for the basic properties of W(X,Y) .

(V) p-Nuclear Operators :

Definition 2.2.9 : Let 1<p<o . An operator TeL(X,Y) is

called p-nuclear if T can be written in the form
T= Z x; @Y, »
n=1

where (x})efP(X") and (y,) e P (Y) .
Each such representation of T is called p-nuclear representation .

The set of all p-nuclear operators from X into Y 1is denoted by

N,(X,Y) andwelet N :=|J N (X,Y) .
XY
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For TeN,(X,Y) we define

o 1L |

where the infimum is taken over all p-nuclear representations of T .

[T}y =inf {53

Theorem 2.2.10 : (Np J N (p)) is a Banach operator ideal .

Proof : See [13, p. 435] and [35, p. 40] .

Proposition 2.2.11: Let 1<p<q<w . Then N, =N, and

| gy <l gy on Ny -

Proof : See [35, p. 41].

Theorem 2.2.12 : et 1<p<w andlet T eL(X,Y). Then the

Jollowing are equivalent :

(1) TeN,(X,Y) .

(2)  There exists a commutative diagram

Xx—T

T
JA S ) 4
D
such that D eL(¢*,£P) is an operator of the form D(a;)= (oi0;) with

(6;) P, 1<p<o,BeL(f?,Y)and A eL(X,£%). In this case
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1T, =inf {lA ]l 0 IBI.

where the infimum is taken over all possible factorizations .

Proof : See[13, p. 437] .

(v) p-Integral Operators :

Definition 2.2.13 : Let 1<p <. An operator T e L(X,Y) is called
p-integral . if there exists a compact Hausdorff space K and a probability
measure | on K and operators A e L(X,C(K)) and B eL(Lp(K, 1, Y**)
such that

JyT=BI,A ,
Where J, eL(C(K), LP(K, u)) is the natural inclusion map and

Iy eL(Y,Y**) is the natural embedding .

. *ok
X T,y v .Yy

Al {B )

C(X) »LP (K, p)

Tp

The set of all p-integral operators from X into Y is denoted by
Ip(X,Y) .For T eIp(X,Y) , we define

;s

where the infimum is taken over all factorizations () .

I Tl =inf {IBI-[ A

i(p)
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Theorem 2.2.14 : Let 1<p<o andlet 1:=|JI,(X,Y) . Then
XY
(s

Proof : See [35,p.42] .

]i (p)) is a normed operator ideal .

(vii) Completely Continuous Operators :

Definition 2.2.15 : An operator T eL(X,Y) is called completely
continuous , if every weakly convergence sequence (x,) in X is

mapped into a norm convergent sequence (Tx,) in Y .
The set of all completely continuous operators from X into Y is

denoted by €(X,Y) . Further we let
¢=Jeéxy).
XY

Proposition 2.2.16 : @ is an operator ideal .

Proof : See [27,p. 47].
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(IX) Absolutely p-Summing Operators :

Definition 2.2.17 : Let 1<p<w . Anoperator TeL(X,Y) is said

to be absolutely p-summing , or briefly p-summing , if there exists a

constant A >0 such that

1

[z ITx, ||P]5 <A sup{(ll (") j

for every finite family {xl,- - -,xn} cX.

=]
Q|-

X" eBI(X*)} (++)

The set of all absolutely p-summing operators from X into Y is denoted

by HP(X,Y) . In the special case p=1 we simply say absolutely

summing operators . Further let

= J Im,(X,Y) .
XY

For T ell,(X,Y) , we define

[T],py = 02}

I
the infimum being taken over all A >0 for which (««) holds .
Thusif T er(X,Y) , from (++) we have :

1

(Brrar) <t sl (Sl

=1

o |

X eBl(X*)

We will study IT,(X,Y) in some details .
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2.3. Algebraic Properties of p-Summing Operators :

Throughout this section let X and Y be arbitrary Banach spaces and

let 1<p<oo .

Lemma 2.3.1: Forevery T er(X,Y), we have HTH S“T“n(p) :

Proof : Let T Il (X,Y). By definition we have

()

L=

n

<[] i 3

1=

D | -

X eBl(X*)

n
(Srer]

i=1
for x,,..,x, in X.Taking n=1, we get

ITx|<[ T, sup{]<x,x*>|:x* eBl(X*)}

={]T[‘ﬂ(p) Hx” forallxeX .

This proves that HT”S”T“n(p) . m|

Lemma 2.3.2 : (HP(X,Y), . (p)) is a normed linear space .

Proof : Let S,T eIl (X,Y). By Minkowski’s inequality we have

(S 1sener) <(Eiss ) o(Ems )

n

< [ll S|, +IT ”m)] g Es:: &){(Z

i=1

) |

for x;,-,x,€X .
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Hence

S+T EHp(X,Y) and ”S + T“ﬁ(p) -<‘“ S “Tc(p) + HT“n(p)

Further let o €K and T eIl (X,Y) . Then for x,, --,x, € X we have

S lam ||*’]‘1’=1a1(§1 )

o |-

(o)

p]‘

Thus TT,(X,Y) is a linear subspace of L(X,Y) . To complete the proof

Slal”THn(p) o (é

X eBl(X*) i
This shows ”ocTHn(p) s[a[HT“n(p) :

we may assume that o # 0 . Then by the same argument above we obtain
”T”'n(p) < }o(%l“a’run(p) )

Consequently

loT] g =lel [ 7]

n(p) n(p)

Clearly , if T=0 then |T|_ o =0 - Moreover , whenever “THn(p) =0 it
follows from Lemma 2.3.1 that T=0 and hence | Hn ® is indeed a norm

on Hp(X,Y) . O

Theorem 2.3.3 : (Hp(X,Y),H I (p)) is a Banach space .

Proof : Let (T,) bea Cauchy sequence in IT (X,Y) . By Lemma
2.3.1, (T,) is also a Cauchy sequence in L(X,Y) . Since L(X,Y) is
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complete , (T,) has a limit T eL(X,Y) with respect to the operator
norm . Given € >0 we choose N so that

1T — Ty “n(p) <g for all m,n>N, .

This means that

o
3| =

@“(Tm_g)(xi)upj <e  sup [g'<xi,x*>

*

x" B, (X")

p]
for x;,---,x, €X. Letting m—>o , wegetforall n>N,
pJ

T-T, ell,(X,Y) and |[T-T,|, , <e for all n>N, .

1

(Sie-rep) <o s (3[nx)

X eBl(X*)

|

Thus

Since IT,(X,Y) is a linear space,
T=(T-T,)+T, ell(X,Y) for all n2N, .
Thus T is also the limit of (T,) with respect to the norm of IL,(X,Y) .

This ends the proof . O

Theorem 2.3.4 : (Hp,

i (p)) is an injective Banach operator

ideal .

Proof : Since , by Theorem 2.3.3 , all components of Il are

Banach spaces with | |, it remains to show that IT, is an injective

1§
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normed operator ideal .

So let X' €X' and y €Y be arbitrary and let x,,---,x, €X . Then

1 1

pJS =(§ <xi,x*>y“p]p

Xiw_‘i(:—
< |x f>

[g ” (X* ® Y)(xi)

1

:

n

=ux*uuyu[z

i=1

Wl zm (Sl
Hence
X ® y er(X,Y) with “x* ®y o) S”x* “ “y“ :

On the other hand , by Lemma 2.3.1 and Theorem 1.2.1 , it follows that

[ iyl=lx ov|<[x" o], -

Consequently ”x"= ®Y| o =“x* “ ly| -

Nowlet X,Y , W, and Z be arbitrary Banach spaces . Further , let
Tell(X,Y), Ael(W,X), and BeL(Y,Z). Then

1

(Zear) (3 nmwan"]i

o |~

<[B1I Tl es};ixzx*)(g;l<Awiax*>l |
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(-

"]

A’ x'
Wi > A*

o))

X eBl(X*) i

<|BJ|T] A"

i=1

k-

<|BI] ] Al e ;ull()w*) (i=l

for wy,---w_, €W . Thus

BTA ell,(W,Z) and |BTA[_ <|B||T| . [A] -

) is a normed operator ideal .

Hence (Hp, ()

For injectivity , let T el(X,Y) andlet J €L(Y,Z) be any metric
injection such that JT eII,(X,Z) where Z is arbitrary Banach space .

Then for x,,---,x, €X we have

-l
o |-

(S ims ) =Sl
(x0") } |

This proves that Ter(X,Y) which means that (Hp,

n
DT e (21
)\

)isanl

n(p)

injective Banach operator ideal . O

Theorem 2.3.5: Let 1<p<q<o . Then I1, cll, and

1T <1 Tl Jfor all Tel, .
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Proof : Choose r>0 sothat l+l=l , Le, q=p+ﬂ
r q p
T ell,(X,Y) andlet x,,---,x, €X . Set

q
o= Tx; |

, for i=1--n .

Since T er(X,Y) , we have

(Zl IT= ”qj i l (le IT(es xi)“pJ;

|-

< T . Sup [Zn: <aixi’x*> pJ

x" By (X") \i=1

Now using the generalized Holder’s inequality we obtain

1

Sim u‘*fsnﬂvn(m(gtai i oo (B
Thus
Sim ||)(>: 1)
<IThe 22 (le () q)%
This proves that

Telly(X,Y) and |T|, . <|T|,, for Tell(X,y). O
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2.4. Characterizations of p-Summing Operators :

Throughout this section , let X and Y be arbitrary Banach spaces
and let 1<p<oo .

The term “ absolutely p-summing “ is derived from the fact that such
operators take weakly p-summable sequences into absolutely p-summable

ones . More precisely we have the following criterion :

Theorem 2.4.1 : An operator T e L(X,Y) is absolutely p-summing

if and only if it maps weakly p-summable sequences in X into absolutely

p-summable sequencesin Y .

Proof : Let T ell,(X,Y) and let (x,) €¢P(X) . Then

1

(gum npf <| T s (21<>;j forall k N

x eBl(X*) i=
Passing to the limit as k — oo yields

[(T%) gy <N T Ly 1), )

Conversely , Suppose T maps weakly p-summable sequences in X

into absolutely p-summable sequences in Y . Define

T:P(X) - £P(Y) ,

T(xn) :=(Txn) :
Clearly T is linear . We claim that T is continuous . To do this let (xk)
be a sequence in /P(X) , where
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[k K k
Xy .=(x1,x2,~-,xn,-~) forall neN .

Further , assume that (x, ) converges to a limit x:=(&,%p, Rg, ) 0
¢P(X) and T(x) converges to a limit (va) in £P(Y) . We need to

show that Tx=y .
By proposition 1.3.11 we have for all k eN
~-Tx

< \y—Txk

H y- T e(p) e(p)

<ly-Tx, a(p)+1|(TX§)_(Tin)

X
e(p)

&(p)

IA
«
I
—>
"
P
+
72}
ot
o
TN
[
T
—
—
>
=
I
>
=
N —
<
*
~—

L b

eB,(Y") \n=1
SHY— Txy “a(p) +| T xi - Xl1s(p) '

Letting k — o , we have

“y - Txllg(p) <0 implies y=Tx

Thus by the Closed Graph Theorem [15, p. 292] T must be continuous .

Hence
1

Sim up) il v (it S

i=1

forall (x;) €¢P(X) . Therefore T is absolutely p-summing . O
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We can reformulate Theorem 2.4.1 in the following strong way:

Theorem 2.4.2 An operator T eL(X,Y) is absolutely p-summing
if and only if
T(xa)=(Txx)
defines a continuous linear operator from £P(X) into £P(Y) .
In this case, |T||

(p) = “T“ )

Theorem 2.4.3 : An operator T e L(X,Y) is absolutely p-summing
if and only if
T(6)(0)=T(6(0)
defines a continuous linear operator from 1P(1X) into LP(LY) .

In this case ,

[Tl =171 -

Proof : Let T er(X,Y). Then obviously T is a well-defined

linear operator on the subspace S(LX) . So for every simple function

n
s:=z lg, x; where 1g 's are the characterestic functions of the

i=1

n
measurable subsets E;'s and UE; =1 we have
i=1
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[T, =] [T du

- ! T(Z 1g. (1) xi)
|

By disjointeness of E,’s and linearity of the integral we have

[TOP, =3 [17x [ due

11E

=3I Pu(E)
=S r{luep )|

Since T ell,(X,Y) we have

1 L\P
“ ”a(p) ”T”n(p) - eSBul}()X )1 1 <xi [U(Ei)]p>x >
. x\ [P
“[1E 3 S0 )

1=1

It follows from

p
du(t)

[l

_ leE (0) (x;.x")
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that

IT6), ) <1 Theco) . :BUIIZX,) ( ! (0" du(t)J |

=Ty I8k )

Thus T is a continuous linear operator from the simple functions S(I,X)

in LP(,X) into the simple functions S(LY) in LP(LY). By Lemma

1.3.4 and by [15, p. 100] , T has a continuous extension
T,:IP{1,X) > LP(LY) .

Now let f eIP(I,X) . By Lemma 1.34 , there is a sequence (s,) of

simple functions such that
lim Isn =l =0 and f(t) = lim sp(t) n-ae .

Therefore we have

T, (£)(0) = (1im T, (50)) (8) = B Ts0)(1) =l T{sa 1)

and for p-ae tel ,
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T(£)(1) = T(£(1) = Tlim s,(0)) =tim T(s, (1) -
n n
Hence as a member of LP(L,Y) , it follows
T(f) = To (f)
and consequently T is well-defined on LP(I,X).

Moreover , by continuity of T , we have from (+)

[T, ) <ITlpy 1, for £eLP{LX)

and therefore ” T ” <||T “n(p)

Conversely , let x;,---,x, € X . Consider

f1-X,

n
f :22 lEi Xi .
i=1

with E;NEj= for i=jand w(E;)=p(E;)=p forij=1:n . Then

by the assumption we have

1

10 ={[ 1700 P a0

1

(o ao)

1

pdu(t)Jp

<[] sup [!1<f(t),x*>

X" ey (X’)
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] om |5 flos >¢"du<t>J‘l’-

But f(t)=x; onE; and B= u(E)=u( J) for i,j=1,---,n. Hence

1
P
du(t)J

P
dp(t)

&M=

i1Ej(t)ij

Similarly we have

1
n

u () du(t)] =pr (Z

=1

—_

><

L

*

\/

o]
N———
3| -

Consequently we obtain
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(:x

\__/
3 | -

(Ekafﬂrnsw 3

xeB( i=1

This proves that

Tem,(x.Y) ad [T),, =|T| . O

n(p)

Now we follow a common habit and call probability measure on a

compact Hausdorff space K every p eM(K) such that p is positive
and ] = u(K)=1.

A fundamental result linking measure theory to the theory of

absolutely p-summing operators is the following :

Theorem 2.4.4 ( Pietsch Domination Theorem ) :

An operator T e L(X,Y) is absolutely p-summing if and only if there

are a regular Borel probability measure | on BI(X*) and a constant

A >0 such that

1
P
(x ) forall xeX . ()

ITx] <2 H< ) d

B,(x’)

In this case ,

[T[p = inf {20 satisfies () -
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Proof : Let TeL(X,Y) for which (i) is satisfied . Then for

X1, X, € X we have

Z [ Tx; [P <@ "au(x)

f{se)

1
T a)

This proves
Tell,(X,Y) and “Tﬂn(p) <A for all A satisfying (+) .

Thus
T []n(p) <inf {1:) satisfies (+) }. (s+)

Conversely , Let T €I1,(X,Y) . Then for x;,--,x, € X we define

Xl 5"

£ () =TI, Zl (xx) -2; ITx,

Now each f, .., is continuous with respect to the weak -toplogy of

frp e BiXT) R

BI(X*). Moreover ,
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Tell,(X,Y) implies sup  fy .« (x*) >0
x' B (X')

From this and from compactness of BI(X*), [6, p. 130] , one can deduce

that f, ... is somewhere nonnegative .Let

P:={f :xl,---,xneX} :

Xl,"‘,xn
It can be shown easily that P 1s a convex subset of C(Bl(X*)).

Furthermore P is disjoint from the convex subset

A:={f eC(B,(X"))£(x") <0 for cach x’ eBl(X*)},

Now A is clearly open in C(BI(X*)).
By the Seperation Theorem [23, p. 65] , there are o eR and

ne M(BI(X*)) such that

(g,u)<as<fx1’,,,’xn,u> forallgeA and x,--,x, €X .

By Riesz Representation Theorem [6, p. 75] we have

J ef)au)as | () o)

By(x') By(X
forallgeA and x;,--,x, €X .

Because 0eP, wehave o <0 . Since A contains the constant function

given by the negative numbers we get a =0 and u(Bl(X*)) >0 . Further
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we may assume that |u||=1 . From the above right hand inequality we

obtain

I fx(x*) du(x*)ZO for all xeX.
B(x")

But this just says that

1
P
’ du(x*) forall xeX .

ITx[<al [ |{xx")

Bi(x)
Finally combining this result with (s+) we have
| T], o) = inf{A:2 satisfies (+) } . O

Suppose K, is a compact subset of BI(X*) in the weak -topology such

that

n

(o) = s 3

x' eBl(X*) i=1

(***)

o)

n
sup Z

x eK, i=1

for every finite family {xl,---,xn} cX.
Then we can replace Bl(X*) by K, in the preceding theorem . For -

example , let K, be any norming subset of X" which is compact in the

weak -topology . By Theorem 1.3.19 , (+x«) is satisfied and thus we
may restate the Pietsch Domination Theorem in the following more

general way :
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Theorem 2.4.5 ( Pietsch Domination Theorem ) :

Let K, be any norming subset of X" which is compact in the weak -
topology . An operator T e (X,Y) is absolutely p-summing if and only
if there are a regular Borel probability measure y on K, and a constant
A 20 such that

1
P

”Tx“SX{f ‘<x,x*>‘p du(x*)) forall xeX . ()

(s
In this case

| Tl =i {A:A sarisfies () } .

Now we state the Pietsch Domination Theorem in a special but rather

illustrative situation .

Proposition 2.4.6 : Let K be any compact Hausdorff space . An
operator T e L(C(K),Y) is absolutely p-summing if and only if there are
a regular Borel probability measure p on K and a constant L >0 such

that
1

];Tf“sx[j | £(x)|° du(x)jp for all f eC(K) .

K

Proof : Using Proposition 1.3.21 , we see that an operator

T eL(C(K),Y) is absolutely p-summing if and only if there is a constant
A 20 such that
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D e
S e )7 <asm| Sl600)
i=1 teK \j=1
Now the proof is completely along the lines of the proof of the Pietsch

Domination Theorem . O

We shall remark that one can use the Pietsch Domination Theorem to

prove Theorem 2.3.5 directly as in the following :

Corollary 2.4.7 : Let 1<sp<q<w . Then 11, C 1, and

for all Tell, .

[Tl <17

n(q) (P

Proof: Let T er(X,Y) . Then there is a regular Borel probability

measure u defined on BI(X*) for which

1

P
P du(x*) for all xeX.

ITx|<] ] H)<x,x*>

B, (X‘

1

Choose r so that 5=é+% . By using the generalized Holder’s

inequality we have
1
r

Tx| <]l (5 3; du(x’)

| -
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1

q
! du(x*) for all xeX .

=Tl | [ ](xx7)
Bl(X*)

Hence by the Pietsch Domination Theorem we see that

Te Hq and ” T ”n(q) < “ T “n(p) n

Lemma 2.4.8 : Let K be any compact Hausdorff space and let

u e M(K) be positive . Then the cannonical map
J,:C(K)—> LP(K,u)

is absolutely p-summing .

In this case ,

700, = e =101

Proof : Let &, be the point measure associated with x e X . Since

18, |=1, we have for f,,---.f, eC(K) ,
n
Z ”pri Z “ f; llﬁ
i=1 i
> |
K

|y
p

f;(x) lp du(x)

n
=]
n

=1

—

I<fi’SX>1p dp(x)

g

n
<u(K) sp Y[
veB;(M(K)) i=1

n
i=1
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Thus
J, €T, (C(K),LP (K,p)) and [Jp] <u®r=[uf . ©

Furthermore ,

1 1

HuH%:[IJ;ldu(x))ps up [ﬂf(x).uu(x)]":;pp“.

feB, (C(K)) \k

SINEM O

By Lemma 2.3.1 and (+) we obtain “Jp D)

From now on, J,, denotes the cannonical map from C(K) into LP(K,p).

Theorem 2.4.9 ( Factorization Theorem ) :
An operator T eL(X,Y) is absolutely p-summing if and only if there

exists a commutative diagram

C(K) J L IP(K )

P

for some compact Hausdorff space K, a probability measure p € M(K),
A eL(X,C(K)), and B eL(Lp(K, u),é‘”(Bl(Y*))) |

In this case ,

A can be chosen to be isometric and B to satisfy |T|_ ®) =|B| .
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Proof : Let T be represented as described . That is
JyT=BJ, A
It follows from Lemma 2.4.8 and the ideal properties that JyT 1is

absolutely p-summing . Since II, is injective and Jy is a metric

injection , T must be absolutely p-summing .

Conversely , let T eIl (X,Y) . By the Pietsch Domination Theorem ,

there is a probability measure p EBI(X*) such that

1

p
dau(x")|  forall xeX .

ITx[ <[ Tl | [ ](ox)
By(X")

By setting Ax:=f, where fx(x*):=<x,x*> , We obtain an operator
A eL(X,C(Bl(X*)) with |A|=1.Indeed: Let x €X . Then

X' eBl(X*)}zan .

|ax],, =] L, = sup{|{x.x")
Clearly
JA er(X,Lp(K,p.)) , where K::BI(X*) .

Set XP:=J A(X)={f, :x X} equipped with the L°(K,p)- topology .

Then
B, (J,AX):=Tx

defines a continuous linear operator from XP into Y . Indeed :
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|

Bo(JpAX)“=“TX“S”T”1:(p) {*)<X°X*>

=Tl | TpAX]
Thus

B, eL{X?,Y) and |B, I<ITl,p, -

and it follows that JyB, eL(Xp,K‘”(Bl(X*))) :

On the other hand , since |A |= “ T,

=1, we have
n(p)

[Tl <IB 1135 |, 1A 1=1B0 ]

By [13,p. 132], JyB, has a continuous extension

Be L(Lp (X, u),f“’(Bl(X*)))
such that

JyT=BJ,A and |JyB,|=|B|.
But Jy is an isometry , hence  |JyB, |=|B, |
Combining the above results we obtain

I T=BI,A ad |T| =|B|

(=)

(*t*)

Theorem 2.4.10 : Let K be any compact Hausdorff space . An

operator T e L(C(K),Y) is absolutely p-summing if and only if there is a

commutative diagram
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L°(K,p)
for some probability measure p e M(K) and B e L(Lp (K, u),Y).

In this case

I Tl =inf {1BI}

where the infimum is taken over all possible factorizations .

Proof : If T=BJ, , then it follows from Lemma 2.4.8 that

Jper(C(K),Lp(K,u)) and |7, 1

n(p) -
Hence by the ideal properties we obtain

T=BJ, el1(C(K),Y) and |T| <|B|

n(p)

This proves the sufficiency of the above condition .

Conversely , let T eIT,(C(K),Y) . Then by Theorem 2.4.6 there is a

regular Borel probability measure p on K such that

1

I Tf”sllT”R(p)[ j |£(t) [P du(t)]p for all f eC(K) .

Let XP:=J (C(K)) equipped with the LP(K,u)-topology . Hence

T eL(XP,Y) . Since the space of continuous functions on K is dense in
LP(K,p) [1, p. 209] , it follows from [15] that T extends to an operator

B eL(LP(K,n),Y) with | T |=|B| . Hence we obtain
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BJ,=T and “B“S“T”n(p)'

This ends the proof . O

If p=2, then the criterion given by the Factorization Theorem 2.4.9

can be improved . We see this in the following :

Theorem 2.4.11 : An operator T e L(X,Y) is absolutely 2-summing
if and only if there is a commutative diagram
X T Y

I

C(K) L* (K, )

ip)

Jor some compact Hausorff space K, a probability measure n eM(K) ,
A eL(X,C(K)) , BEL(L*(K,1),Y) .
In this case

Tl = inf {IBLIA[}

where the infimum is taken over all possible factorizations .

Proof : Let T IT,(X,Y). In view of of the proof of Theorem 2.4.9
with the same notations , there is a continuous linear operator B, from

X* into Y . Obviously B, has a continuous extension from X into Y,

say , B, , with “B1“=”T“n(2) and T=B,J,A .
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Since L? (K,u) is a Hilbert space , it follows from [13, p. 244] that there

—

is an orthogonal projection P from L*(K,u) onto X>. Now define

B:L*(K,u)—> Y,

B(e) =By P(2)
Clearly B is linear and since |P|=1,wehave |B|=|B,P|<|B,].

On the other hand , let z be any element in X° . Then
|Biz|=|Bz|<|B|z| impties |B,|<|B| .
Hence we have

|B|=|T|,, and T=BI,A . ()

n(2)
Conversely , if T can be represented as described . Then by Lemma

2.4.8 and by the ideal properties , T II,(X,Y) . Moreover ,

I Ty =IBI2 AL, <IBI]A]

for all possible factorizations of this form . Hence
I Tl <inf{[BIIAT} -

The equality holds by using (+) . O

Theorem 2.4.12 : For T eL(X,Y) the following are equivalent :
1 Te HI(X, Y)
(i) TS ellj(c,,Y) forevery SeL(c,,X) .
In this case,

“T”ﬂ(l) = sup{“TS“n(I): S eL(c,,X),

SHsl}.
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Proof : (i)=(1) Suppoée that the condition (ii) is satisfied . Let
(x,) €£(X) . Define

Sic, > X,

S(an):=z a,X,
n=1

Then S(a,) convergesin X . Indeed : Forall k,m eN we have

k+m .
3 apx,.x
n=m
k+m
*
(%)

< sup Zian{
by, 8 Joul -

k+m
2. 2n%n
n=m

= sup
X eBl(X*)

* *
x €By(X Jn=m
+m

Since (ocn) is a null sequence,the partial sum of S(an) is a Cauchy

sequence in the Banach space X . Hence S(a,)eX .

Furthermore , S is clearly linear and it follows from above that
s <l [@nl, forall @) eco -
This proves that S eL(c,,X) and IS| < 1(xq) !L(l) .
Let (e,) be the natural basis of ¢> . Then , by Proposition 1.3.14 ,

(eq) €£'(c,) with [ (e,) |, =1 - Also Se, =x, for each neN .
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Since TS €Il;(c,,Y) , it follows from Theorem 2.4.2 that

8
H

16, = z Tx, = z 7S¢, ] <l 050)]

Hence by Theorem 2.4.2 also , T is absolutely summing with

)

IT ]y <5up{| TS ]y S €L(e0, 0, S 51}

(i)=>(ii) This follows directly from the ideal properties of 1T, .

Theorem 2.4.13 : Let 1<p<w. For Tel(X,Y) , the following are

equivalent :

@ Tel,(XY).

() TReIL(¢.Y) forall R el(e? X with L+d=1 .
p p

In this case

i), = sup{||TR|| R eL(¢* X)|R|< 1} .

n(p) n(p)

Proof : (ii)= (i) : It follows from Theorem 1.3.15 that given (x;) in
¢P(X) then
R:P > X defined by R(o)=), a;x;
i-1

is a continuous linear operator with || R =|(x;)], ® -

If (e;) denotes the natural basis of ¢*, then |(e;) ) = 1 by Proposition

1.3.14 . Moreover , we have Re; =x; for all ieN . Set
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7], :=sup{“TR”n(p) ‘ReL(

<},

Since TR eIl (ZP* ,Y) , it follows from Theorem 2.4.2 that

Ty ={ 517 o -(Slee o

<|TR ”n(p) e ”z—:(p)
TR
IR

<[ Tl 1)y

By Theorem 2.4.2 again we have
Telly(X.Y) and [T],, <|T],

()= (i) : Let T ell,(X,Y) . It follows from the ideal properties that

TRel,(#,Y) and [TR|,, <[T],., IR]

forall R eL(¢ P ,X) . Consequently ,

n(p) -

This completes the proof . O

Theorem 2.4.14 : Let H and K be Hilbert spaces . For T e L(H,K)

the following are equivalent :

() Tell,(HK).
@) [T],=sup {[ST],):S €3(K) and [S]<1}<e
In this case , ||TH7t I~ ”T”O )
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Proof : ()= (ii) : Let T eII,(H,K) . By the ideal properties we have

IST],, <ISIIT] for all Se3(K) with ||S|<1.

n(p) = “ T Hﬂ(lo)

Hence ”TNOS”T”n(p) :

(i)=>(@) : Let x,,--,x, €H andlet P be the orthogonal projection
of K onto the closure of the span of Tx,,---,Tx, . Since P is a finite

rank operator , P €Il,(H,K) and hence , by the ideal properties ,

PT ell,(H,K) . Now

(Zim ”pJ; -(Z1em ||Pj;

<[P, o [21

XEI

Since |P|=1, it follows from

(%

[gumup)‘l’su"rt| w (3

X EBl

that

Tell,(H,K) and |T|_ <|T],

n(p)
combining the above results we obtain

[Tl =171,

This ends the proof . O
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2.5. Examples of p-Summing Operators :

Throughout this section , let X and Y be arbitrary Banach spaces

andlet 1<p<w .

(1) p-Integral Operators :

Theorem 2.5.1: [,(X,Y)cII,(X)Y) .

Proof : Let Tel,(X,Y). By Definition 2.2.13 , there exists a
compact Hausdorff space K and a probability measure p on K and
operators A eL(X,C(K)) and B eL(L°(K,p),Y"™") such that

JyT=BJ A,
where  J, e L(C(K),LP(K,p)) is the natural inclusion map and

Jy eL(Y,Y**) denotes the natural embedding . It follows from Lemma

24.8 that J p Is absolutely p-summing . By the ideal properties |,
Jy T er(X,Y**) . Since Jy is a metric injection and since , by
Theorem 2.34 | IT, is injective , T must be absolutely p-summing .

Hence
(X, Y)cI(X,Y) .

This completes the proof . O
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(2) Multiplicative and Diagonal Operators :

Definition 2.5.2 : Let (1) be the unit interval with the Lebesgue
measure. An operator T € L(L*(I,u),LP(Ln))is said to be muitiplicative,
if there exists a function g eIP(I,pt) such that

T(f)=f-g for all f elL”(Lp) .

Theorem 2.5.3 : Ler TeL(L™(Lu),LP(I,n)) be a multiplicative

operator . Then T is absolutely p-summing .

Proof : Since T is a multiplicative operator , there is a function

gel’(Lp) such that T(f)=f-g for all f eL°(Iy) . Further , for

fi,---.f, eL°(I, ) , we have

1

(é | Tf; llﬁ]p =(Zn: Z‘)l. 8(t) £i(1)° d”(t)]p

=1

T |-

<Isl, es-m) [ 3|0 e

It follows from Theorem 1.3.22 that
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| -

@IITfiHﬁj;SHng- sup (;Kfi,vﬂp)

yeB, (L°° (I,u))*)

Thus Tell,(X,Y) and |T|  <[g] - O

Corollary 2.5.4 : The embedding operator J:L”(I,u)— LP(Ln) is

absolutely p-summing .

Proof : Since J(f)=f for all f eL*(L,p) , J is a multiplicative
operator with g(t)=1foralltel . Applying the above theorem , the

result follows . O

Definition 2.5.5 : An operator D eL(£*,¢P) is called a diagonal

operator if , there is a sequence (a,) €¢P such that

D(B,)=(a,B,) forall (B,)el™.

To prove the theorem for diagonal operators we need the following :

Proposition 2.5.6 : Let T eL(X,Y). If there exists a sequence (x;)

in EP(X*) such that

o -

p] for all xeX,

][Tx}]s(g (x.x2)
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then

Tell,(X,Y) and HTNn(p)S”(X;)

a(p)

Proof : For x,,---,x,, € X we have

(é | Tx; HPJ; s[i ngi,x;) p)i

(x3)

This proves T eIl (X,Y) and ”T“n(p)s)

Theorem 2.5.7 : Let D eL(¢*,¢P) be a diagonal operator . Then

D is absolutely p-summing .

Proof : Since D is a diagonal operator , there exists a sequence
(a,) €fP such that D(B,)=(a,B,) forall (B,) €£” . Now if (e,)

denotes the natural basis of ¢P, we have
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[o¢]

IDBW ]y = [Zl [ \"f = (Z 1<<Bk),anen>l"]

n=1

| -

Since (a,e,) € EP((E“’) ) , it follows from Proposition 2.5.6 that

Dell,(¢°,¢*) and |D[ , <[@n)]y, - O

(3) p-Nuclear Operator :

Theorem 2.5.8 : Np(X,Y) c HP(X,Y) .

Proof : Let TeN,(X,Y) . By Theorem 22.12 , there is a

commutative diagram

X—7I—y

Al IB
(AN 4

D

where D is a diagonal operator . Since , by Theorem 2.5.7 , D is
absolutely p-summing , it follows from the ideal properties that T is also

absolutely p-summing . O

(4) p-Decomposable Operators :

Definition 2.5.9 : Let (I,n) be the unit interval with the Lebesgue

measure . An operator A eL(X,LP(L,n)) is called p-decomposable , if
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there exists a map f:1— X', such that the following conditions are

satisfied :
(i) The function (x,f(t)) is p-measurable and

(Ax)(t)=(x,f(t)) p-a.e forall xeX .

(ii) There exists g €LP(I,n) suchthat |f(t)|<g(t) n-ae .

Theorem 2.5.10 : Let A eL(X,LP(L,u)) be p-decomposable . Then

A is absolutely p-summing .

Proof : Let x,,---,x, € X . Then, by Definition 2.5.9 , we have

n
D |Ax; Hp
i=1

n

' Xl,f 'p du
[(xi-£(0)) ] du(t)

i
-(1[ < 1’”“)”>
<(§; |g(t)[” dn(t) J sup zn: <xi,x*>p :

x" eBy(X") i=1

M: O Ty

Il
o

i

n

HOIDY

i=1

" du(t)

Hence
A EHP(X,LP(LP-)) and HA”n(p) S“g“p

This completes the proof. O
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(5) Hilbert-Schmidt Operators :

Lemma 2.5.11 : Let H and K be Hilbert spaces with orthonormal
bases (e;) and (b,) respectively . Then Jor every operator T eL(H,K)

and every orthonormal basis (f;) of H we have

ZHTf ! —ZHT =

where the sums may or may not be finite .

Proof : Using Parseval’s equation , we obtain
S iTeP =3 3 [(re,b)f
i=1 i

<ei,T*bj>

M8
[Ms

-
I
—
e
L
—

.
M8

—
I
()
—.
Ui

o

<ei,T*bJ->

.5'48
o

s
1l

—
—
it

Jusy

I
[M]s

1

—.
]

Similarly , for any orthonormal basis (f;) of H, we get

Z T, | =

This proves

Z“Tf I —ZNT =
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Definition 2.5.12 : Let H and K be Hilbert spaces . An operator

T <L(H.K) is said to be Hilbert-Schmidt if (|Te, ) is summable for

some orthonormal basis (e;) of H.

The set of Hilbert-Schmidt operators is denoted by C,(H,K) . Further let

C2 = U Cz(H,K) .
H,K

The preceding lemma implies that , for T €C,(H,K), the expression

They={ 5174 i)

does not depend on the special choice of (e;) .

Theorem 2.5.13 : C, is a Banach operator ideal on the class of

Hilbert spaces . Furthermore , can be generated by the inner

[
product

):=> (Se;,Te;) for S,TeC,y(H,K) .
i=1

Proof : See [27, p. 214]

We refer to [30] and [27] for more properties on Hilbert-Schmidt

operators .
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Theorem 2.5.14 : Letr H and K be Hilbert spaces . An operator
T e L(H,K) is absolutely 2-summing if and only if it is Hilbert-Schmidt .
In this case ,

“T“n(szTHG(z) Jor TeC,(H,K).

Proof : Let T eIl,(H,K) and let (e;) be any orthonormal basis of H.
Then for each n eN, we have

(gul-eitf]%stunm) s (3 [

e1)11

It follows from Parseval’s equation that

DN | —

N | o

(guTeinz] <|T|,,, forall neN .

Therefore T eC,(H,K) and |T|_,, <|T|,q, -

Conversely , let T €C,(H,K) and let x,,---,x, €H . Moreover , let

(b;) be any othonormal basis of K . Using Parseval’s equation , we now

obtain :

S i) 33 l<Txi,bj>r2];

i=1 j=1

1
2

{i > <Xi’T*bi>]2]

=1 i=l
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I

Consequently ,

TeM,(HK) and |T],, < (i

It follows from Lemma?2.5.11 that IT| <|T| . O

n(2) a(2)

Corollary 2.5.15: Let H be a Hilbert space of dimension n and

let 1y denote the identity operator . Then ||Iy I o= Vo .

Proof : Let e,,---,e, be an orthonormal basis of H . By Theorem

2.5.14 we have
1

by =(SweP -5 B

(6) An operator Which is not 1-Summing :

Proposition 2.5.16 : The injection J:¢* —c. is not absolutel
p 0 34

summing .
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Proof : Let (e;) denote the standard basis of ¢2. Then the sequence

(i) is weakly summable . Indeed : For x:=(x,) €2, it follows from
i

that
1 1
S5 B (B <=
i=1 i=1 i=1
Now
IHCIES NS R
i=1 © =] © =1
Consequently , by Theorem 2.4.1 ,J is not absolutely summing . O

We shall remark that the above proposition is also true if ¢, is

replaced by ¢~

2.6. Smallness of p-Summing Operators :
Throughout this section ,let 1<p<o and 1<A<w .

Definition 2.6.1 : A Banach space X is said to be an £ -space if

for every finite dimensional subspace B of X there exists a finite
dimensional subspace E of X containing B such that

d(E,£) =inf{| T| [T |: T cL(E.¢8) is invertible } <
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where n:=dimE . The space X is called an £ P-space ifitisan £ P-

space for some A >1 .

Thus we are considering a class of Banach spaces whose finite

dimensional structure is the same as the structure of spaces /P .

Propesition 2.6.2 :For a Banach space X , the following are

eqivalent :
(1) X isan £?-space.
(2) There is a net (E,),cp Of finite dimensional subspaces of X,

directed by the inclusion , such that U E, isdensein X, and for all o

o

d(E,,f2)<A where n:i=dimE, .

Proof : See[19,p.168] .

Example 2.6.3 : Let (Q,u) be a measure space . The space
LP(Q,p) is an £ P-space . Indeed : Let A be the set formed by all the

finite sets o := {Al,---,An} , with any n eN, of disjoint measurable

n
subsets of Q of finite measures such that U Ai =Q.

i=1
Moreover , for any a €A, let E :=span{1Al,-~,ll,xn } in LP(Q,un),

where 1, is the characterestic function of A; .
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Now let o €A andlet n:=dimE_ . With no loss of generality, we
may assume that p(A;)#=0 fori=1--,n . Define

JE, >,
2 1 1
I 2 Bila, |=Bru(Ar)r, - Ban(An)?)
i=1
Clearly J is a well-defined linear operator which is onto . Further , let

n
Z:=(Z Bi 1AiJ €E,
i=1

Then

pdu )]p

( o .
= ZBJA t)]

\J=1 A;

Iz, J

Q

ZBI]'A

i=1

=

o |-

(S0Pl 1y

Thus E, is isometrically isomorphic to ¢P and therefore d(E,,¢0)<1. ‘

Since the simple functions are dense in LP(Q,u) , we have

Lp(Q,u)=UEa . Now in view of Proposition 2.6.2 , the result is
[0

concluded .
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Now we state the following fact which is known as the Grothendieck’s

mequality .

Proposition 2.6.4 : Let (ay){ ;- be a real-valued matrix and let M

be a positive number such that

a;gt;s;|<M

yriT]

n n
i=1 j=1
Jor every real (t;)i_, and (s;)i., satisfying t;|<1 and lsjlsl . Then
Jor arbitrary vectors (X;)i-, in an inner product space H ,

>

=1

n

2. 2%

<K' M- max x|
i=1 '

where K is the Grothendieck universal constant .

Proof : See[22,p.280] .

Theorem 2.6.5: Let X bean £ '-space and let H be a Hilbert
space . Then HI(X,H)z L(X,H) .

Proof : Let A be such that X is an £} -space and let (x;) € ¢'(X)

with | (xi)ﬂg(l) <1 .Then, for each n eN , we have

o)

<[x"| for all x" X" . (1)

n
i=1
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By definition 2.6.1 , there are a finite dimensional subspace E of X

containing {xl . ~,xn} and an invertible operator

S:/ >E  with m=dimE, tlen

Suppose ¥, -, ¥q e!éln are chosen so that yi=S"1xi for i=1,---,n .

If (e;) denotes the standard basis of / L, then
m
Z 2 € for i=1,---,n .

Let y*:=(sl,-~-,sm)eE:=(€1n)* with Hy* “31 and take any real

such that |t;|<1fori=1,---,n . Then

n m
<> 611D ays;

i=1 j=1

m
Z Ay S;

=1

numbers t,---,t,

n m
D2 a5 tis;

i=1 j=1

e

i
ot

1

> vy’
> (57 xy")
[l

Since (S_l) 142 - E" , by the Hahn-Banach Theorem (S_l) y" can be

M=

._.
It
—

I
M=

-
1
—

)

M-

..._a

i=

extended continuously to a linear functional X, eX" such that
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s

Thus from (2) and (1) respectively we have :

(soms)] | (87) ¥

Now let TeL(X,H) ,set u;:=Tx; for i=1,---,n . Then

*
XO

n

m
2.2 2itis;

i=1 j=1

< < <A .

n
i=1

m
u;=TSy; =) a;TSe; fori=1,--n
j=1

and

3 Jus|=

n
i=1 i=1

m
Z a; TSe;
j=1
Applying Proposition 2.6.4 we obtain :
n

> | Tx;|<KgA max |TSe;|<KgA|T|

i=1
Since the above inequality holds for all n, we get

iuTxi“sKGann for all (x;)€B,(£(X)) .

i=1

Now let (x;) €¢'(X) . By the above argument we obtain

S 1T <Ko M T )

i=1
Hence by Theorem 2.4.2 we obtain

Tell(X,H) and |T| , <Kgi|T| . O

(1)
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Proposition 2.6.6 : Let X bean £ '-space andlet H be a Hilbert

space . Then

I, (X,H) =1, (X,H) = L(X,H) for all 1<p,q<w .

Proof : Without loss of generality , we may assume 1<p<q<oo .

Combining Theorem 2.3.5 and Theorem 2.6.5 we obtain

L(X,H) = I1;(X,H) c IT,(X,H) c I, (X,H) c L(X,H)

and the result is concluded . O

Theorem 2.6.7 : Let X be an L'-space and let Y be any

Banach space . Then

(X,Y)=I1,(X,Y) for all 1<s1<2 .

Proof : Let T eI1,(X,Y) . By Theorem 2.4.11 ,
T=BJ,A where BeL(L*(K,u),Y) and A eL(X,C(K))
for some compact Hausdorff space K. Since J, A eL(X,12 (K,n)) , by
Proposition 2.6.6 J, A eHl(X,Lz(K, u)) Therefore T eIT,(X,Y) .

Now for 1<r<2 ,
I,(X,Y) eI (X,Y) c I, (X, Y) = [T, (X, Y)
implies that IT;(X,Y)=I1,(X,Y) for all 1<r<2 . O

Now we are in a position to state the main theorem of this section :
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Theorem 2.6.8 : I1, is not a small operator ideal .

Proof : Let (Q,u) be a measure space . Then in vew of Proposition
2.6.6 we have
T, (L' Q). Q) = LL (@), L Q)
Since both L(Q, w) and L?(Q,u) are not finite dimensional spaces , it

follows that I1,, is not small . O

With the aid of the theory of tensor products , the above theorem can

be proved in a simpler way .That is , it is enough to show that

Hl(é’ 122 ) =L(#',¢%) . So for completeness , we include the proof here .
Theorem 2.6.9 : nl(zl,ez) =L(0,0%) .

Proof : By Theorem 1.4.7 and Theorem 1.4.6 respectively , we have

e (s3] <o) - (o).

where the equalities here mean isometrically isomorphic . So if

TeL(¢',¢?) , there is an fel™(¢?) suchthat T=T, . Now let

ap, +,a, e¢!  Then
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2. aijf;

j=1

Z ITai],0 = >

i=1 o(2)

Note that the matrix a:=(a;;) is a bounded linear operator from

n

¢% into ¢} . Hence for (t; )eBl( ) by the Hahn-Banach Theorem , it

follows from

n o]
ZZ A tISj

i=1 j=1

la(t;) “or,(l)

(S )‘GBI (
that

[e0]
Zaj

1 j=1

M:

S“a(ti)“au) <|a|=M

i

So by the Grothendieck’s inequality , the result follows .

2.7. Further Properties :

Throughout this section , let X and Y be arbitrary Banach spaces
unless explicitly stated and let 1<p<o .

Theorem 2.7.1: TI,(X,Y)c W(X,Y) .

Proof : Let T eIl (X,Y) . By Theorem 2.3.5 , we may assume that
p>1 . From the Pietsch Domination Theorem , one can easily show that

the following diagram commutes :
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AlJ(Bl(X*)) J . lB

P

where A is the cannonical isometry from X into C(BI(X*)) and
Z=T,A(X) in LP(C(By(X"))n)
for some probability measure p . Since Z is reflexive , it follows from

Theorem 2.2.8 that J, € W(C(BI(X* ))Z) . By the ideal properties of W,

T must be weakly compact . O
Theorem 2.7.2 : I1,(X,Y)cé(X,Y) .

Proof : Let x, —» x weakly in X . The sequence (xn —x) 1S norm

bounded . It follows from

<xn - x,x*>—->() in K forall x" eX’
that (X, — X) converges pointwise on BI(X*) . Moreover , by the Pietsch

Domination Theorem , there is a probability measure |t on BI(X*) such
that

’ du(x*) for all n .

“T(Xn ~X) “p S”THZ(p) j <Xn - X>X*>
B,(X")
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Thus by the Dominated Convergence Theorem , the right hand side of the
above inequality tends to 0 as n—> oo . This shows that

Tx, = Tx in Y which implies that Te@(X,Y) . O

Theorem 2.7.3 : Let Tell(X,Y). Then T transforms weakly

compact sets into norm compact sets .

Proof : Let M be a weakly compact setin X and let (Tx,) be a

sequence in T(M) . Since (x,) 1s a sequence in the weakly compact set
M, it has a subsequence (xnk) such that x, —>x weakly in McX .
By Theorem 2.7.2 , Tx, —Tx inTM)cY . Hence T(M) is a norm

(sequentially) compact setin Y . O

Theorem 2.7.4 : If X is reflexive, then Hp(X,Y) c K(X,Y) .

Proof : Since X is reflexive , by [6, p. 132] , B,(X) is weakly

compact . Therefore , by Theorem 2.7.3 , T(By(X)) in Y is compact

which shows that T itself is compact . O

Proposition 2.7.5 : The identity operator on a Banach space X is

absolutely p-summing if and only if X is finite dimensional .
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Proof : Let Iy be the identity operator on X . If Iy is absolutely p-
summing , then by Theorem 2.7.1 B(X) must be weakly compact .

Hence , by [6,p 132] , X must be reflexive . Applying Proposition 2.7.4

we see that Iy, must be compact and hence X must be finite dimensional.

The converse is obviously true . O

Theorem 2.7.6 : Let Z be a Banach space and let 1<p,q,r <o be

such that l=l+ 1 I T er(X,Y) and S €Il (Y,Z) , then
r p q
ST EI_Ir(X’Z) and “ST“n(r) S“SH‘n(q) HT“ﬂ(p)

Proof :1t follows from the Pietsch Domination Theorem that there is a

regular Borel probability measure [ on BI(X*) such that

P
P du(x*) forall xeX

ITxl <] Tl | [ ]0ex")

B (X')
For each x € X, one has the evaluation map

fx:Bl(X*)—>K ,

fX(X*):=<x,X*> .
Now let XP :={fx: X eX} . One can easily check that XP is a subspace

of 1P (BI(X*), u) .
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Further , let y* eY". Define :

¢y* XP 5K,

<fx,<l>y* > =(Tx,y") .

Obviously ¢y* 1s linear . Moreover , d)y* 1s continuous also . Indeed :

<fx’¢y*>

<[] ]y’]

<I 7], [ [ 1) du(x*)Jp v’

()

< Tl Il ]y"|  for all xex .

By the Hahn-Banach Theorem , ¢y* extends to a linear functional d;y* on
Lp(Bl(X*),u) . Morcover , by [10, p. 286] , there is . in the space

P (BI(X*), u) , where 1 + -1*~ =1, such that
P p

vl =loy Jsiml ||

and

(155 [l ) o).

By (X

Now from —1—+l=— we have B—+E,,‘—=1.So
P q r qQ r
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ot [ Kol
I, [l <x,x*>;;J [; (1) oo )] ij,(x*);r*J aufx).
Applying Holder’s inequality we obtain
l(Tx,y*Hﬂ{ J(ex)f du(x‘)Jp
By (X
where

A=

AR “u<x*>];*

P

Again by Holder’s inequality , with P .2 _1 wehave
r

q

e ] [l o) Lﬂ{ﬂ]w(x*n d»<x*>J -

Hence

f<m*>|s[ ﬂ<m'>rdu<x*>} j {|<x,x*>ﬂwy*<x*>t"'d~<x*>]5{ f iwy«x*)l"'du(x*)]-
5i(x") (") n(x')

Now let x;,---,x, € X . Set

1

f(izz( H<xi,x*>ir du(x*)] -x; for i=1.--n .
Bl(X*)
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Thus

o< [ [l

nix ()
Therefore
Sy {21 et w(f)}qllw i
oo (S0 o
(& e

s (5100 1 ]

Bl(x i=1

Since S is absolutely g-summing , we have

1

(Z} | S(chi)l{‘*)é SN - (Z (T2, qj;

<Isk 1T 20, (Sl ]

D)

Now it follows from
1

gusmi I LL) (x| du(x*)} }

and from Holder’s inequality that

1

(Zistar) -
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1 1 P

V(Slsmar) |2

i=1

[z |STx,

I8k 1Ty s (3 [0

X eBl(X*) =1

This proves

We pass now to a duality problem for absolutely p-summing operators.
We shall discuss this problem only in the finite dimensional setting . To do
this we need the following motivation :

Let X be a finite dimensional space . If T eLL(X), then
I * * *
T=Z x; ®x; where x; €X and x; €X .
i=1
n

The trace of T is defined as tr(T) :=Z <xi,x:> .
i=1

It is elementary and well-known that this definition does not depend on

any representation of T .

Theorem 2.7.8 : Let X and Y be finite dimensional Banach

spaces and let l+51*—=1 . Then (HP(X,Y), |n(p)) is isometrically

Y
In(p*)) '

isomorphic to (Np* (Y,X),
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Proof : Let T eIl,(X,Y) . Define
Jp N (Y. X)>K,
J1(S):=tr (TS) .
1 *
Clearly Jp is well-defined . Further , let S=_ y; ®x; in N .(Y.X) .
i=1
Since the estimate

|tr(TS)|< Zn: (Txi.y7)

i=1

)

] . (Z!

X eBl

IA

$rmsr) (B

]%

holds for every representation of S we get |J1(S ‘_HTHR( 0 HSHn(p ,

v;

<7l [

i=1

which implies that |J | <[T],, -

On the other hand let £€>0 . Let x;,---,Xx, € X be such that

1
n

= )le< ) <1 and (;NTXJI‘”] >(1-8) | Tl

Pick y; €Y with =1 and <Txi,yr>=HTxi | . Let us also fix

yi

numbers o, --,0, such that
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1

Slal ) = ma Saims (3 rsr)

o |-

n
Define SeL(Y,X) by S:=), o;y; ®x; . ltfollows from

1=1

1], g[ﬁ o v; )* . ?)(z (o) ] o

i=1

and from

|t (TS)|=

(Zim u*’]é

1

i 0‘1<TX17Y’;>

i=1

L P
vt (1-0)| Tl <( 5 ) 21l
i=1
Since € > 0 is arbitrary , we have |T|_ o S ”J T H . Thus the mapping
I,(X,Y) > (N (¥.X)) :T—>Jr
is an isometry between finite dimensional Banach spaces and hence it 1s

onto as well . This shows that (Np* (Y,X),| Hn(p*)) is isometrically

isomorphic to (HP(X,Y),‘

|n(p)) . Since N . (Y,X) is a finite

dimensional Banach space which must be reflexive , the result follows.

This ends the proof . O
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2.8. An Application of p-Summing Operators :

Theorem 2.8.1 : 4 Banach space X is a Hilbert space if and only if

Jor all Banach spaces Y and for all absolutely 2-summing operators T
mapping X into Y , the adjoint operator T" is absolutely 2-summing

and |T"

n(2) s ” T |l1r(2)

Proof : Let X be a Hilbert space and let Y be any Banach space .
Further , let T eIl,(X,Y) . By Theorem 2.4.11 we have the following

It

CK) — L*(K,p)

Iz

commutative diagram :

with [|[A|=1 and |B|=|T|_,, . Now the operator J, A:X —>L*(K,p)

w(2)

1s an absolutely 2-summing operator between the Hilbert spaces X and

I2(K,p) . Hence by Theorem 2.5.14 we have J, A eCz(X,Lz (K, u)) |

Furthermore , since the Hilbert-Schmidt operators are closed under the

adjointness , it follows that
(7,A)" e(c;,_(L2 (K, u),x)) - Hz((L2 (K, u),X))
with

=124l =1924]

(2) n(2) -’

o471,

(2) N ” (Jz A)* o(2)
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It follows from T" =(J, A)'B’ and from the ideal properties of I, that

T" is absolutely 2-summing and

1], <l@ AT (87|19 Ly [BI<I9: L A lIBI
But ”Jzun(z)=l , and |A|=1, and ”B”=”T|In(2) . This shows that
T <ITlg,

To prove the converse , we shall show that X" is a Hilbert space by
showing the norm of X" satisfies the parallelogram law . Let , as usual ,
¢% be the two dimensional Hilbert space and let {el,ez} be the natural

basis of #3 . Further let X1,X, eX" . Consider the linear operator

T:X— 05,

Tx:=zz: <x,x:> e; .
i=1

Since T is finite rank operator , it is absolutely 2-summing . Also since

1

2
) forall xeX,

2 N
“TX”a(z) = [Z; l <X>Xi >
i=
it follws from Theorem 2.5.6 that
1
Il <( [T +

*
X7

2)5. )

Since , by the assumption , T" is absolutely 2-summing such that

*

T

n(2) < “ T ”1{(2)
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we must have

(vef ey <rl, = [

e]al(z2 i=1

< “ T “7t(2) )

But T*e~=x’-'= for 1=1,2 . Hence

(i o) =i,

Combining the two results (1) and (2) we obtain

1

[Ty =( [ 15"

Now let
*
* X1+X2 *_XI_XZ
TR TR
e, +¢e, e —©,
= and f,:=
2 22

DN |

ol

2)

3)

Clearly that {f;,f,} is also a basis for ¢; . Therefore by the same

argument above we get

B | e

”T“n(z) = (”W;‘ “2 + ” wh HZ)E _ [X1 +2X2 H + “X1 —2X2 “ ] |
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Combining (3) and (4) we obtain
e i - f =2+ [sf)

This proves X is a Hilbert space . It follows immediately [6, p. 132]

that X is a Hilbert space . This completes the proof . O
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CHAPTER THREE
UNIFORMLY DOMINATED SETS

Introduction : In this chapter, we create a further study, which is an
original work, on certain types of subsets of absolutely p-summing
operators. The chapter is divided into three sections. Section 1 presents
the definition of uniformly dominated sets and discusses some basic facts.
In section 2, we study what is called summability, sequentially, totally
sequentially, finitely, and finitely pointwise dominated sets of absolutely
p-summing operators. Some basic properties and relationships of such sets
are also discussed. In section 3, we present our fundamental theorems and

some basic results.

3.1. Basic Concepts and Definitions :

Througout this section , let X and Y be arbitrary Banach spaces and let

I<p<oo.
Definition 3.1.2 : A subset E of I1,(X,Y) is called A-uniformly
dominated if there are a constant A >0 and a regular probability Borel

measure | on BI(X*) such that

1

P
P du(x*) forall xeX and T€E .

HTXHS A I *<x,x*>

B,(X")
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We shall write E(p,A,u) to denote the largest A -uniformly dominated

subset determined by p which contains E .

Theorem 3.1.2 : E(p,A,p) is a closed convex subset of Hp(X, Y) .

Proof : One can prove easily that E(p,A,u) is a convex subset of
I,(X.Y) .

Now to show that E(p,A,u) is a closed subset of IT,(X,Y) , let
(T,) be a sequence in E(p,A,p) such that T, —T in II,(X,Y) . It
follows from Lemma 2.3.1 that T, — T in L(X,Y) which implies that

|ITx||—>|Tx| forallxeX .

Since (T,) is a sequence in E(p,A,u), we have , forall n eN,

P
P du(x*) forall xeX .

ITax<a [ |(xx7)

B(X’)
Letting n — o, we obtain

1
P
P du(x*) forall x eX.

“Tx“ <A J. <x,x*>

BI(X*)

Hence T € E(p,A,u) . This ends the proof . [
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Example 3.1.3 : Let (x:) eEP(X*) and let A >0 . Further let

1

M{T cLx vl 3 () )

n=1

forallxeX} )

Then M isa B -uniformly dominated subset of IT,(X,Y) for some B.

Indeed : Let T e M. Then

w3 | -
| -

J forallxeX .

<x(21xx

Hence , by Proposition 2.5.6 , EcIT1,(X,Y).

||ij|sk(i;1n—l<x < ["]

<1 .

*
ZIl

——2 Then

*
Now for each neN, set z,:=

Moreover , let & . be the point mass measure at z; . Define
© 3 .
S o
Clearly p is a regular probability measure on BI(X*) . For each neN,

set Enzz{z;} and let Eo:=Bl(X*)\{z;:neN} . Since the E’s are

pairwise disjoint subsets , we have

[0 )= 5 116 k)

B,(x')

-3 L |(xz)

n=1
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This shows that

" du(x")

ITx <]

I iy
ni{

, we see that M is
a(p)

forall x eX and T €E . By setting B:=K”(x:)

a B -uniformly dominated subset of TT,(X.Y) .

Theorem 3.1.4 : Let E be a A-uniformly dominated subset of
Hp(X,Y) _If xeX, thenthere isa Q €E(p,A,n) such that

”TXHS“QXH forall TeE.

Proof : Let x € X be fixed . Then for all T€E , we have
1

p

ITx]sa] [|Gex")] du(x”)

B,(X')
Tt follows from the Hahn-Banach Theorem and Theorem 1 in [10, p. 286]
that there isa g elP (Bl(X*),u) with | g”p* =1 such that
ITx| <2 j <x,x*> g(x*) du(x*) forall TeE .
Bl(X*)

Now let eeY with |e|=1 be fixed . Define a bounded linear operator
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Hence
“QX“=7\. j <x,x*> g(x*) du(x*) .
B,(x*)
Thus
|Tx|<|Qx| forall TeE.

Now since | g ”p* =1 then using Holder’s inequality we obtain
1
P
P *
du(x )

|Qz]=2 (j *<)Z,X*>g(x*)du(x*)gx (j *|)<z,x*>

for all zeX . By the Pietsch Domination Theorem 2.4.4 , Q ell,(X,Y)

and consequently Q €E(p,\,u) . This ends the proof . O

3.2. Further Types of Dominated Sets :

Definition 3.2.1 : A subset E of IT,(X,Y)is called A -summability

dominated , if there are a constant A >0 and a sequence (x;) € €p(X*)

such that
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= |-

p] forall xeX and all T €E .

nTxusx(i (x.x2)

n=1

We shall write E{p,k,(xﬁ)} to denote the largest A -summability

dominated subset of IT,(X,Y) determined by (x,) which contains E .

Theorem 3.2.2: E{p,k,(x; )} is a closed convex subset of TI,(X,Y).

Proof : We shall prove that E{p,k,(x;)} is closed in TT,(X,Y)only .

So let (T,) be a sequence in E{p,k,(x;)} such that T, —>T in
I1,(X,Y) . It follows from Lemma 2.3.1 that
| Tux|— [ Tx| forallxeX .

Since (T,,) is a sequence in E{p,k,(xz)}, we have for all m eN,

1

pjp forall xeX .

T, “sx(é [(x.x3)

Letting m — oo, we obtain

1
p)p forall xeX.

“Tx“ﬁk(é l<x,x;>

By Proposition 2.5.6 , TeIl(X,Y) and hence TeE{p,k,(x;)} .This

proves that E{p,)\,,(x;)} is closed in Hp(X,Y) . O
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Example 3.2.3 : Let (x:;,) eﬁp(X*> . Then one can easily verify that

M= {10 S w0y () B (V) §

m=1

is A -summability dominated subset of HP(X,Y) .

Theorem 3.2.4: Let E be a A-summabilty dominated subset of
M,(X,Y).If xeX, thenthereisa Q eE{p,k,(x:)} such that

HTX”SHQXH forall TeE .

Proof : Let x eX be fixed and TeE. From the Hahn-Banach

Theorem there exists a (t,) € Bl(f p*] such that

“TXHS}L(EI (xx0) p]; = xg (xx0) ta -

Now define
QX-Y,

Qz:=x(i <z,x’;> tn)-e -

n=1
where eeY is fixed with ”e‘lzl . Clearly Q is a continuous linear

operator with

”TX”SHQXH forall TeE .

Moreover Q eE{p,k,(x;)} . Indeed :
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|-

1Qz|=2 i <z,x;>t sk[i ’<zx;> p] forall zeX .
n=1 n=1
By Proposition 2.5.6 , Q eE{p,k,(x;)} _ O

To introduce another type of dominated sets we need the following

Definition 3.2.5 : Let E be a subset of II,(X,Y). A sequence

(Q,) in E is said to be a strong sequence for E ,if thereisa Q €E
such that Q, — Q strongly . (Q,) 1s called a partial strong sequence

SJor E , if there are a Q€E and a subsequence (Q, ) such that

an — Q strongly .

Clearly every strong sequence for E is a partial strong sequence for E

but the converse is not generally true .

Definition 3.2.6 : A subset E of II,(X,Y) is called A-sequentially

dominated , (with A >0), if for each sequence (x,) in X , there is a

partial strong sequence (Q,) for E such that
| Txn | <] Qux, | and | Q| y <A ()

forall TeE andallneN .

n(p

E is said to be A -fotally sequentially dominated , with A >0, if for each

sequence (x,) in X, there is a strong sequence (Q,) for E such that

(+) holds .

126



Example 3.2.7 : Let K be a compact Hausdorff space . It is known
[10, p. 163] that (M(K),<) with its usual order relation is a complete

lattice . So let Z be a subset of positive measures in B;(M(K)) which is

bounded above with respect to the ordered relation . Since M(K) is a

complete lattice , Z has a least upper bound , say p, .Then the set
E:={Xu®y ‘U eZU{po } and y EBI(Y)}

is a A -totally sequentially dominated subset of Hp(C(K), Y) . Indeed :

Let (f,) be a sequence in C(K) and let eeY with I]e“zl be fixed . Set

Qu:=Ap,®e foralneN .
Now let T:=Apey forsome peZ and y €By(Y). Then forall n €N,

“Tfn”Sfom“MS;‘“'(fnaHoﬂ=“ann“ and “QH“n(p)SX'

Moreover , (Q,) is a strong sequence for E . This shows that E is

A -totally sequentially dominated .

We shall remark that the set E in the above example is a A -uniformly

as well as a A -summability dominated set .

Theorem 3.2.8 : Ler 1<p <o andlet E be a subset of T1,(X,Y).

=1, then E is
a(p)

If E=E(p,A,n) or Ez{p,k,(X;)} with ”(x;)

A -sequentially dominated.
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Proof : Let (x,) be any sequence in X and E=E(p,A,n). By
Theorem 3.1.4 , for each n €N, there exists a Q, € E(p,A,n) such that

| Tx, [ <|Qux,| for all T€E and all neN .

Further , Q, can be choosen as

Qx:=A I <x,x*> gn(x*) du(x*) ‘€ ()

BI(X*)
where
g eBl(LP* (Bl(X*),p)) and e Y is fixed with [le|=1.

It remains to show that (Q,) is a partial strong sequence for E.

Now (=) can be written as
Q,x=A{f,,g,)-e where f, (x") :=<x,x*>.
Since the closed unit ball of Lp* (BI(X*), u) is weakly compact and since

(g,) is a sequence in that unit ball there is a subsequence (gy, ) which

converges weakly to a limit g with Hg“p* <1 . That s

<gnk ,f>-—><g,f> for all f eLp(Bl(X*),u) _ (s+)
Thus from () , we get that for any x e X the following holds :

lim j*<x,x*> n, (x*)du(x)= _[ <x,x*> g(x*)du(x) .

ke By(X ) B,(x")

Set
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Qx:=A ([ *<)x,x*> g(x*) du(x*) e

Obviously Q defines a continuous linear operator from X into Y with

Q €E . Moreover , for fixed x € X, we have

Hence (an ) converges strongly to Q . This concludes the first case .

Now we consider the case when E = {p,k,(x;)} . By Theorem 3.2.4 ,

for each n e N, there exists a Q, eE{p,A,(x;)} such that

ITx, | < Qux,| forall T<E andall neN .

Further Q, can be chosen as

an:=k(§: <x,x:n> fn(m)j ‘e .

m=1

with e €Y is fixed with |[e|=1, and 1.l =1. One easily note that

Q.x= x<(<x,x;>),fn> e .

Again since | f, “a(p*) =1 and BI(EP*) is weakly compact , (f,) has a

a(p’)

subsequence (f, ) which converges weakly to some f eBl(fp*) . Set
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Qx:=7\,(i <xx:n> f(m)} e .

m=1

Now similar arguments to the first part of the proof ends the proof . O

Definition 3.2.9 : A subset E of I (X,Y) is called A-finitely
pointwise dominated at {x,,+ Xy X , if thereisa Q €E such that
|Ql,, < and |Tx; |<]Qx;| forall TeE and i=1,--n.

We say E is A-finitely pointwise dominated if it is A -finitely pointwise

dominated at every finite family {xl,- . -,xn} cX.

Definition 3.2.10 : A subset Ai={x,: ® €Q}cX is called kernel

independent , if

X*=[x;]@ker(xm) forall ® Q) and <xm,xg>=0 for ®#p.

Proposition 3.2.11 : In a Hilbert space H, {x,y} is kernel

independent if and only if (x,y)=0.

Proof : Suppose that {x,y} is kernel independent . We may assume .

that both x and y are non zero elements of H.

Now both of these elements can be thought of as linear functionals on H:
x(z):=(z,x) and v(z):=(zy) - (+)
Since x and y are different from zero , we have x ¢ker(x) and

y ¢ker(y) . Moreover , since {x,y } is kernel independent, we can write
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H® = H =[x] ® ker(x)
=[y]® ker(y) .

Hence , in particular , (x,y)=0.
Conversely , let (x,y)=0 . Again we may assume that both of x and

y are non zero elements. It follows from () and Proposition I n

[24, p. 57] that
H =[x]® ker(x)
=[y]®ker(y) .

But H =H .Consequently {x,y} is kernel independent . O

Theorem 3.2.12 : Let M :={X1,~--,xn }g X be kernel independent.

If, foreach i=1,--n, x; #0 , then M is linearly independent .

Proof : Since M is kernel independent , we have
X =[x:]® ker(x;) for i=1,--,n.
We may choose x; so that <Xf ,xi> >0 . Now let

n
> a;x; =0 where a0, are scalars .

i=1

Since , for any j , xj eker(x;) with i# ] , we deduce from

2 * *
Zaixi,xj =ocj<xj,xj>=0
i=1

that o ;=0 . This proves that M isa linearly independent set . O

131



Definition 3.2.13 : A subset E of II,(X,Y) is called (A,p)-finitely

dominated at {x,--,x, yc X, if there isa Qell,(X,Y) such that

n n
_lelTxiupsZ‘;UQxi]lp forall TeE and [Q[ . <A .
1= 1=

We say E is (A,p)-finitely dominated , if it is (A,p) -finitely dominated
at every finite subset {xl,---,xIl }c_: X .

The following result is immediate and the proof is omitted .

Proposition 3.2.14 : If E is A-finitely pointwise dominated at

L= {Xl,- s -,Xn} c X , then E is (\,p) -finitely dominated at Z as well .

Theorem 3.2.15 : If E is A -summability dominated, then E is 3-

uniformly dominated for some 3.

Proof : Since E is A-summability dominated, we have

1

pjp forallx X andall T <E

ITx| < x(fl (xxh)

for some (x,) EEP(X*).

*
* X
Now for each n eN, set z,:==——— . Then

BES

*
ZIl

<1 . Moreover ,

let & . be the point mass measure at z: :

n
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Define

W IZX

ST [

x ||P
n

O s

Zn

Clearly p is a regular probability measure on BI(X*) . For each neN,
set En:={z;} and let Eo:=B1(X*)\{z;:n eN} . Since the E’s are

pairwise disjoint subsets , we have

[l 86)- 5, 10 )

BI(X*)
_ 1 = * ||P *\|P
T, 2
1 - *\ |P
o, o
This shows that
1
P
”TXHS?\, (x;) a(p)[ J. |<x,x*>\p du(x*)}
B‘(x*)

forall xeX and T €E .
(Xn)

AL see that Eisa B -uniformly dominated
a(p

By setting P:=A

subset of I1,(X,Y) . This complets the proof. O
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3.3. Fundamental Theorems and Main Results :
Throughout this section , let X and Y be arbitrary Banach spaces
and let 1<p<oo unless explicitly stated .

Proposition 3.3.1 : Let X be a seperable Banach space and let E

be a subset of Hp(X,Y) If E is A-totally sequentially dominated, then

E is B-uniformly dominated for some 3 .

Proof : Let {x,:neN} bea countable dense subset of X . Since E

is A-totally sequentially dominated , there is a strong sequence (Q,) for

E such that
| Tx, |<||Qux, | forall TEE andall neN

Furthermore , let Q €E be the strong limit of (Q,) and let x € X be
fixed . There is a subsequence (x, ) of (x,) such that x,, X sxinX.

Hence it follows immediately that

|7 %0,

‘forall TeE andall keN .

<|| Qu Xn,

Letting k — o we obtain
|Tx| <|Qx| forall T€E and all xeX .

By the Pietsch Domination Theorem , there is a probability regular Borel

measure [ on BI(X*) such that

1

p
P du(x*) for all TeE and all xeX

|Tx|<B j <x,x*>

B (')
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where B:=|Q|_ (py 2nd hence the result . O

Theorem 3.3.2 : Let E be a h-uniformly dominated subset of
I,(X,Y). Then , for every neN , E is A-n-finitely pointwise

dominated at every kernel independent set M in X with card(M)<n .

Proof : Let {xl,m,xm } c X be any kernel independent set with

m<n . Then

I Tx; ]lsx[ | |*§Xi,x*>

forall T €E , where f; elP (Bl(X*),p) with | f; ”p* =1for i=1,---,m.

Since {xl,- X } is kernel independent set , for each i, we have

I<xi,x*>fi(x*)du(x*)= Bj (x,.x") f(x") dua(x") where

BI(X*)
Bi:={(xxi* :lalsl} and X' :[x:]ler(xi) .

Moreover , by setting

szzx[i [ (o) o))<

i=1
1

135



where e €Y is fixed with |e|=1, we obtain a continuous linear operator

from X into Y . Further , for fixed j , we get

() afs) )

1

f (x3ox") £5(x") du(x")

B

|Qx;|=2

=X

J

1

P
’ du(x*) ,

=2 [ ](xix")
B,(x")

because X eker(xj) for i# j . This proves that
| Tx;|<|Qx;| forall T€E and i=L1---,n .

It is elementary to verify that ” Q ”n(p) <n-A . This ends the proof. O

Theorem 3.3.3 : Let E be a A-uniformly dominated subset of
I1,(X,Y). Then E is \-finitely pointwise dominated at every finite

kernel independent set .

Proof : Let {xl,- X }g X be any kernel independent set . With

no loss of generality , we may assume that x;#0 for i=L---,m .
Following the same lines as well as the same notations of Theorem 3.3.2

we obtain

|Tx;|<|Qx;| forall T€E and i=1,--,m with
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Qz:x[i [ (i) aufs) o

i=1
i

Furthermore “Q”n(l) <A . Indeed :

J{=x)

B,

[ |(zx") du(x*) .

B

1

M=

oz <2

1

]
—

IA
>
.ME

-
I
—

Since {xl,---,xm } is a kernel independent set of non zero elements , it

follows from Theorem 3.2.12 that B,,---,B, are pairwise disjoint subsets

of BI(X*) . Therefore

|Qz|<a H(z,x*>|du(x*) for all zeX .
BI(X*)

This shows , by the Pietsch Domination Theorem , that ” Q “m) <x. 0O

We shall mention that similar statements to Theorem 3.3.2 and

Theorem 3.3.3 also valid when E is (A,p)-finitely dominated and the

proofs exactly the same .

Theorem 3.3.4 : If E is A-finitely pointwise dominated , then E is

A -uniformly dominated .
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Proof : Let Z:=B1(M(B1(X*))) . For every K:={x1’...,xn}gX ,

let Q¢ be the associated dominating operator for E .

Define
ox:Z—>R,

(<’

. . . ® . .
Then it is easy to see that @ is a convex weak -continuous function on

W= s P -2 [ |(eux)f

a(x)

Z.
Let F be the set of all ¢y defined as above . Since , for every finite

subset K of X, Qg €E , there exists , for every {(pl,---,(pm}gF and

m
0y, 0, €[0,0) with Z a; =1, @ €F such that
i=1

Zoupl o(n) foral peZ.

This means that F is concave .

P . : .
Further , <xi,x*>’ 1s a continuous function on BI(X*)

which is compact in the weak -topology . Consequentely there exists an

P

X, eBl(X ) such that || f]_ Z ‘ X;,X o
i=1
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Then for each finite family K:={x,,---,x, } = X we have (PK(SX* )-<- 0.

Thus F satisfies the conditions of Ky Fan’s Lemma [27, p. 40] . So there
isa p €Z such that

o(u)<0 for all ¢ €F .

Now consider K:= { X } where x € X. Then for T € E we have

“Tx”p -AP I <x,x*> pdu(x*)sn Qgx Hp — AP _[ l<x,x*> pdu(x*)
B,(X") BI(X*)
=g (n)<0.
Therefore
ITx|P <aP j <x,x*> pdp(x*) forall T €E .

B,(X')

This shows that E is A -uniformly . O

Theorem 3.3.5 : Let E be a closed convex subset of Hp(co,co) .

Then the following are equivalent :

(i) E=E(p,A,n) for some A and u.

(i) E is A-finitely pointwise dominated .

Proof : (il)= (i) : This follows from Theorem 3.3.4 .
()= (ii) : Let E be A-uniformly dominated . Then there is a regular

Borel probability measure p on B1(€ 1) such that
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[{Tx[sx[ [ |<x,x*>}p du(x*)]p forall xeX and all T€E .
By(¢!)

Now let Z:={x),-,X,}cc, . Fori=1,--,n, we can choose

g <B,(1%" (By(¢').n)) such that

o) < stk

B,(¢")
Let (e;) be the natural basis for ¢, . Define

g:BI(EI) —><C,,
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It follows from

(o) <lv'l

“ a)
that
lelopry <1 max [ei, <
Now define
Q:ic, =c,,

Qx:= KB {l<)x,x*> g(x*) du(x*) .

Then

HQXHSK[ | ](x,x*>.*’ du(x*)Jp lelr)

By(¢")

{ e
()

Hence Q €E(p,A,n) .
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Further , for any T e E(p,A,t) we have

| Tx; Hw < X[ { )<xi,x*>|p du(x*)]

)] o)) )

<A sup < i
v eBy(¢) B,(¢!)
=[Qx],, -
This ends the proof . O
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