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Introduction

Multiple linear regression is one of the most widely used statistical
methods. It is used by data analyst in nearly every field of science and
technology as well as the social sciences, economics, finance, and many
of the physical and chemical sciences. In vast majority of regression
analyses the least squares approach is used to fit a linear model to the
data. The coefficients of regression play an important role in fitting a
linear model to the data. The accuracy of the model depends on the
accuracy of the estimation of the parameters .The accuracy of an
estimator can be affected by several factors, such as influential
observation and errors of measurements. In this thesis an atteinpt 1s made
to reduce the bias of the least squares estimator of the vector of unknown
regression coefficients, when a subset of the observations is subject to
measurement errors. The thesis consists of four chapters. Below a brief

description of the contents of the thesis is given.

In chapter one, we discuss the estimation of unknown regression
coefficients. Also we study the distribution and the properties of the

estimators.

Chapter two, is devoted to the biased estimation in regression. Here we
discuss the multicollinearity and four methods of estimation: James —

Stein, shrinkage , ridge regression, and principal component regression.




In chapter three, we discuss the estimation of parameters of a simple
linear regression model when some values of the independent variables
are subject of rounding errors . We obtain bounds for the relative squared
bias and mean square error of the estimator of linear combination of the
regression coefficients. Impacts of errors of measurement on the
simultaneous estimation of linear functions of the unknown regression

coefficients are also considered.

Chapter four deals with a class of Jackknife estimators for the vector of
unknown regression coefficients. Some principal properties of this class

of estimators are observed.




Chapter 1

REGRESSION

1.1 Introduction:

One of the aims of science is to find, to describe, and to predict
relationships among events in the- world in which we live. One way
that this is accomplished is by finding a formula or an equation that
relates quantities in the real world .We may be interested, for example,
in the relationship between temperature and pressure in a chemical
process; or in the relationship between the number of apples on trees of
an orchard and the amount of fertilizer the trees receive; or we may be
interested in the relationship of supply, demand, and price of certain
commodities; or in how a certain vaccine affects a disease; or in the
relationship of rainfall, temperature, and humidity; or in the yields of

various varieties of wheat.




Regression analysis enables us to ascertain and utilize a relation
between a variable of interest, called the dependent or response variable,
and one or more variables called independent, explanatory, or predictor
variables.

Regression analysis is often used to predict the response variable
from knowledge of the independent variables. At other times, regression
analysis is utilized primarily for examining the nature of a relationship
between the independent variables and the response variable.

In most empirical studies Whére interest centers on a dependent
variable y, the value of y is not uniquely determined when the level
of the independent variable x is specified. Relations where y is not
uniquely determined from knowledge of x are called statistical relations.
A statistical relation between two variables x and y is not exact; the
value of y is not uniquely determined when the value of x is specified.

Regression models containing two or more independent variables

are called multiple regression models. The model , for example,
Yy = Bo+B121+B2z2+ -+ + Byzpte,

is a multiple regression model containing p independent variables , x; x,
o sand X, . By, g,..B8, are the regression coefficients. These coefficients
are unknown . y is the dependent variable and ¢ is called the random

error . By, g, .8, are referred to as the parameters of the model.




For statistical analysis, we take n independent random obser-

’

vations on y corresponding to n selected levels of x;,X,,.....xp. The ith

observation of y can be expressed as
yi= B+ 53171+ 89T 2+ - + Bpxps+si, wherei=1.2,...,n.
The above model can be rewritten as:
Y =X3+c¢, (1.1)

where,

—_ 7
Y—<y1 yz--.-yn>7

an nx1column vector of observations,

1 Zu Ti2 . . . . Zip
1 T21 Z22 . . . . I

X = ,
1 Thr Zna o 0 . . Ty

1s an nx(p + 1) matrix consisting of a column of ones, and p columns of ob-

servations on the p independent variables, x; X,, .....and x,.

J=<5031..... @>,

1s a (p+1) x 1 vector of regression coefficients , and




/
5=(61 52.....5n)7

is an n x 1 unobservable vector of random errors .It is assumed E (¢) = 0,

where O is a null vector, and cov(c) = 02 V, where V is a positive definite

matrix, o2 is a positive scalar constant.

The nature of the model v = X8+ ¢ usually depends on,

* the distribution of e.

* the structure of the covariance matrix +2v, and

* the rank and structure of x .

Let us consider two cases for the distribution of ¢ .

Case (1): ¢ is distributed normally with mean vector zero and
covariance matrix o271, that is, e - ¥ (0,021

Case (2) :  has an unknown distribution with & () = 0,and
cov (€) = a2V,

For case (1), we sometimes generalize slightly and consider the
situation when ¢ is distributed N (0,0?V), where ¢2 >0 and Vv is a
known positive definite matrix. Case (1) is equivalent to saying that
each component of ¢ is normally distributed with mean 0 and unknown
variance o and that the components of ¢ are mutually independent.
Once the distribution of v or « is specified, the investigator may consider

the problem of estimation of parameters of the model.
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In the following section we shall address the problem of estima-

tion of the parameters g,,3,, .... ,8, and ¢2.

1.2 Point Estimation

Let us obtain the maximum likelihood estimators (MLE) of g

and o%, and then we shall study some of their properties .

1.2.1 Maximum Likelihood Estimators ( MLE ) Of 8 And o?

Since Y is distributed « N (x8,02v). The likelihood function is:

1

2 4
g) IO'2V| 2 Xexp [Eﬁ (Y— X,B),V—l (Y—Xﬁ)

L(B,0% Y, X) = (

Using logarithms we get

-n 1 1
logL(8,0° : Y,X) = log 27— log |02V ~53 (Y = XB) V-1 (Y - XB)]

- 1
= —2’3 log 27r-—-2— log |o2V/| —-2—(17—2(Y'V‘1Y - 20 X'VY + 8 X'VIXp)

. -n n 9 1 1 -1 -1 -1
= 710g27r—§10ga —§log|V]—ﬁ[(Y'V Y -260XVY + X'V Xﬁ)]

To find the values of g and +? that maximize the likelihood function,
we find partial derivatives of logL(8,0? : v, X) with respect to g and o2
and set these derivatives equal to zero. We denote the solution of the
equations for g and o2 when the derivatives are set equal to zero, by g
and 2. This gives

XV IXxg=Xv"1ly.
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Since X is a matrix of full rank, and v is a positive definite matrix,

therefore
B=(XV-1x)'x'Vv-1y = Hy,where H = X'VIxX)T'x'v-l (1.2)

and,

§2=

(v- Xﬁ)' vt (v - XB). (1.3)

S

1.2.2 The Properties Of 3 and 52

Here we examine some properties of the estimators 4 and 42 and
determine their distributions.
Distribution of 3

It follows from (1.2) that 3 has (p+1) - variate normal distribution.

To specify the distribution completely, we must find the mean vector

and covariance matrix of 3. We have,
8=X'v-1x)y'x'v-ly = HY,

where H is defined in (1.2)

E [ﬁ] =E[HY]|=H[E(Y)|=HXf = (X'VIX)'X'V-1X3 = 4.

The covariance of 3 is given by




o) = 2{[p-23)] [p- 53]
= E{[HY - E(HY)|[HY - E(HY)]'}
= E{[HY - HE(Y)][HY - HEY)|'}
= E{[H(XB+¢)~ HXP}[H(XB +¢) - HXP)
= E{[HXP+He- HXP|[HXp+ He — HXp|')
= E{[He][He]')
= E[HedH']
= H[E(e)] H
= H[*V]H
= AX'VIX)TIX'Vlyylx (x'v-ix)l

= o? [(X'V‘IX)"I] .
Thus,
BN (ﬁ, 02(X’v-1X)"1) . (1.4)

We now show that the p +1 estimators Bo,B1,...,B,, and &2 are sufficient
statistics for g,,4,,... 8, and o? respectively. The probability density

function (p.d.f) of Y is given by
fY:X;8,06%) = (%) : ]a%fﬁ X exp [% Y -XB)' V(Y -XB)|- (1.5)

Now, we consider the exponent,




(Y — X8 V-1(Y — X8)

= [(v-x8)-x(s- [-3)}' v (v - x3) -x(3 - )
- (y - X,B)' e (Y — w) _2(8-3) x"1! (Y - ><3) HE- B X'VIX(8 - D)

= (y - Xf)’)f V-1 (Y - X‘B) —2(8-3) (X'VY - X'VIIX(X'VTIX)TIX'V Y]

+HB-B)X'VIX(8- B)
- (y - XB), v-l (Y _ XB) —2(6-83) [X'V7Y = X'V-IY] +(8-8) X'VIX(3 - B)
= (v- Xﬁ)/ V= (Y - XB) +(8- B/ X'VIX(8- )

= ne®+(B8-B)X'V1X(3-B) (1.6)
If we substitute equation (1.6) into (1.5), we get
v oo 6,00 = (L) 102 xexp =k [ns? 4 (5 BYxvIX(3 -
S( : i 8,0°) = o Ia ] X exp 53 {na +(8-03) ( -‘6)}
= g (B, 628, 0'2) -h(Y),
where |
P 1 % ‘,7—1 -1 o N vy ~1y 7
g(‘3,02:6,o-2) = {(57;> IUZL l 2 X exXp 53 {rw2+(,3——,3) X'V 1)&(,3—,5)}} ;and
hY) = 1

Hence 3 and ¢ are jointly sufficient for 8 and o2 respectively.
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Distribution of s

From (1.3) we have,

P AN/ -
5 = % (Y —Xﬂ) V-l (Y - Xﬁ)
ng? = (Y- XHY)V~'(Y - XHY), where His given in (1.2)
= Y(I-XH)V ' (I-XHY)Y,let K = (I- XH)
= Y'K'V7'KY
= (XB+¢)K'VIK (X8 +¢)

= (FX'K'+'K')V™1 (KXB +Ke), since KX = 0.

Therefore,

ni’=e'K'V-1Ke,

where

K=I-X(X'vIxX)y'x'v-1 ' (1.7)

The following theorem leads to the distribution of &2.

Theorem 1 Let the nx1 unobservable vector of random errors ¢ = (e162...65)

have a multivariate normal distribution with mean zero and dispersion

-1 ~2
matrixz o*V, then the quadratic form & (K V2 K) € = T;iz has a chi -
g

square distribution with (n —p—1) degrees of freedom.

ryy—1 ~2
Proof. Let w=¢ <K V2 K) £ = %—
o o
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The moment - generating function (m.g.f) of W is given by

My (t )

where Q

[N

, [ eWt]

FE
[ o] oo
we [ 1
[~
—co

~00
(o]
1 2r:2l -1 ryr—1 9,211 -
. o V| xexp F(sv e—20°Wt)|dey... dey
-

o ~1
|02V] 2 X exp [3——25'L"_15J dey...dsp
20

o

328

|02V|;21_ X exp [% (E'V_le - '25'K'V_1K5t)J deq...dzp

Sy
N
S
N’
ol

R n
- / (i) 1027 xexp [5“&12.5' (V-1 —2K'V-1K) s] dey...den
—00

_1 ! -_—1- ‘ 7l Ay r—1 - i ‘:‘l'
o e |5tV (1= 2VAKVTIKVE) VT e| dey s

(e} co

1 % 27-71 -1 ! :-1- ,:..1..
2_71' Ia \/‘ exp 20251/2 QX/ Te|dey...den,
—00 —0o

(1 - 2V%K’V-11<V%t> ,

oo (e @)

1)# =3 -1 ~1
(;;) LAZE / /exp [*3-5’ (V%Q_IV%UQ) 5} s1...dey,
oo e




’UQL/%Q—IV'%{%

1
(2m)% o2V]2 o2V i1 K

o e] [ o]

- -1
/.../exp [?ls’ (V%Q“IV%UQJ &‘J dsy .. .ds,.

-0 -0

Clearly,

1 x (o 0]
-1 -1
T /.../exp [TE, (V%Q*IV%cr?) SJ dsy...dsp =1
(2m)% UQV%Q—IV%[2 Yoo Yoo -

Thus, we have

1
112

]c;?V%Q—leI
lo2v|3

M (t) =

_ v o
o2V

1

= QT

= “1 - 2V%K’v-1KV%t” T

Since K = I - X(X'V-1x)~1xy-1- | _ XH, H=(X'V-l1x)-1x/y-1

Therefore,

-1 -1

-1
VTK = VT -VZX(X'Vv-ix)-lxy-!

-1 -1 ~1
= [1 - VTX(_X’/V‘IX)"IX’VTJ VT,
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and
-1 -1
VTKVE [1 VT X’(X”L Ix)ixtve
Next,
-1 -1
KVT = [I-VI'X(X'VIx)x|ve
I V_IX(X’V‘IX)‘1X’V—Tl
and
-1 -1 -1
VIK'VT = [I — VTX(X’V‘IX)‘IX’VT} .
Thus,
-1 -1 -1 -1 -1
VIK'VTVTKVI = [I—VTX(X’V‘lX)‘lX’VTJ [1— VT X(X’ X)-IX’VTJ

-1 -1 -1 -1
= I-VZXXVIX)'X'VT - vTXXVIX)IXvT

~1 -1 -1 -1
+VTX(XVIX)TIXVT VT XX VOIX)TIX VT

-1
= [-VTXX'VIX) XV,

Now we consider,
1 -t -t 1 1 -1 -1 1
(ViK’VTVTKVE> (VEK’VTVTKVE)
-1 -1
= [V% (- X(XVIX)IXVv Y vEvT (1-x(X'VX)“IX'y :}
1
2

.[v%(1_X(X'v-IX)"l_x'v-l)’v%lv"l( - X(X'VX)TIX'V - )v}
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= [V% (I -VvIX(X'V X)X VLI - X(X'VTIX) IV V%]

VA=V XV VL (- XXXV vi]

V3 (V“l _ V_I‘X’(.X"V‘I.Y)_IJYIV_I) (I _ ‘X'()('V_I‘Y)’I_Y'V_l)

v (V—l _ "’7_1_5('()(""_1){)_1)('1”"1) (I _ X(X'V"l4¥)_l.¥'V_1) V%

(
V"l . V_IAX’(‘Y'V"IAX’)_IX'V_l _ V—I‘X'(X'V_lxv)_lX'V"l-{—
1 »L
= V2 { L’_I.X’(AX'/V_IX)—I‘X’[V—IX(X’V—l,)()—.l}(lv_l r V2
(I -X(X'VIX)IX'V-1) (1T - X(X'V-IX)“1x'v1)] J
\
r 3

V-1 - v-lx(X'V-1X)-1x'v-1].

1 AL
= V29 | I-X(X'VX)"IX'V-1 - X(X'V-IX)TIX VL r Ve

X(X'vixX)ylx'v-lx(X'v-ix)-lx'v-l

r
—

= Vi[[-VIX(XVIX)TX] V- X(X'VTIX)Tix v v
= VIK'V-lK

= VIK'VIVIKV},

showing that Vik'v3Vv3KV3 is an idempotent matrix.




Hence,

=1

Rank(VIK'VI VT KVI) = Tr(VIK'VIVTKVE)

= Tr [I - V'TlX(X’V“lX)-lx'v‘-Tl}
= Tr [I - X’V'_z_lvalx(XlV—lX)—l]
= Tr [l — Ipsn)]

= n-(p+1)

= n—p-—1.
Thus,

— (1 — 9\ F(n-p-1)
Mn&2(t)—(1 2t)32 ,

o2

1y ~1 g =2
and therefore ¢ (K—%—é) €= %— has a chi - square distribution with

(n—p-1) degrees of freedom. =

It follows from Theorem 1 that

-1
N — _ 945 (n—p-1)
M P (t) (1 -t) 2

o2

Hence,
-1 -
M 2(f) = S(n-p-1)(1-2)7 P (-2)

= (n—p—1)(1-2) 7@+,




and

E ["7‘7;} =M L,(0)=(-p-1).

9
Showing that (-n%—f)" 1s an unbiased estimator of o2.

Next,
-1 o .
M,.;L&Q (8 = "2—(n—p+ 1)(n-—p—1)(1 —2t)7 (n p+1)(_2)
2
\ g7 _ _ o
Mn6'2(0) = (n-p+1)(n—p-1)
o2
" — 2 5 2
Mn&z(o) n® —2np +p* — 1.
o2
Hence,
ng? 9 9 R
= (0" =2np+p*—1) — (n® —2np -2+ 2p +p* + 1)
= 2n-2p-2
= 2(n—-p-1),
Var(n&2) = 204(n-p—1)

16
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Y (K'V-IK)Y
n

Now we show that the random variables 3= Hy and 4% =

are independent.

(v - xp) v (v - x3)

Theorem 2 Let 3=HY and = |

where H = (X'V-1X)-! x'v-1 . Then 3 and 5? are independent.
Proof. We observe that § is linear in v and,

52 _ Y(U-XH)V'(I-XH)Y

n

oty —1
= w, where K=1- XH

is quadratic in Y. It follows from Rawlings, Patula and Dickey (1998, p -

116) that  and 62 are independent if HV(k'V-1K) = 0. To show that here
HV(K'VTK) =0,
we consider,

HV(K'VT'K) = HVK'(VTK)

(X'V-ix)-lx'v-ly {(I - X(X'V-IX)—IX'V—l)’] (V1K)

= (XVIX)TX'[(I-vIX(X'VIX)"IX')] (VTIK)

= [(XVIX) X' - (X'VI X)X VX (X'VIX) T X)) (VUIK)
= [(X'VX)"'X' - (X'V71X)"'X")] (VK)

= {

Hence p and 42 are independent . m
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Theorem 3 Let H = (X'V-1X)"1x'V-1 and 3= HY . Further, let 3= AY be
any other linear estimator of 3 ,where A is a (p+1) x n matriz of known

constants .If AX =1, then

E M = 3. and cov [ (3 - J) 3} =0

Proof. Clearly E M = AE[Y]=AX3=3, provided AX=L
Thus, if AX=I ,then 3 is unbiased estimator of g.

Next,
3 = (A-H)Y+HY =(A-H)Y+3
-8 = (A-H)Y.
Now, by definition,
w[(5-9).3] = 5[{(5-5)-=(5-8)} ()]
- E [{(A—H)Y—E-(A -mv1{5- E(B)}I]

Since, E (6) =g and E(Y) = E(X8+¢) = X8, we have
cov [(3 - B) ,B] = E [{(A ~H)Y ~(A- H) X3} {B’ _ ﬁ’H

= E[{(AY —HY) - (AXB8-HX3)}{Y'H - 73'}]

= E[{A(X8+2) —H(X8+<)-AXB+8}{(BX' +)H - 3}]

= E[{AX8+ A:—HXB-H:-AX3+8}{8X H +H - 3}]

— E[{As—HX3-H=+8}{FX'H +H - 3}].
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Since, HX = I, the identity matrix , we have

cov[(3-8).8] = E[{As-B-He+B8}{0 +<H -]
= E[{As-H:}{{H'}]
= E[AsdH ~ HedH]
= E[AsdH'| - E [Hed'H'
= Ac’VH — Ho*VH'
= 2(A-H)VH
= F2(A-HVVixX(xXv-ix-?
= o’ (A-H)X(X'Vv7Xx)™!

= o?(AX - HX)(X'V71Xx)™.

Note that AX = HX,

hence,

cou [(6 - /3) ,‘B} = o (AX — HX)(X'V71X)"1 =0

This is the complete proof of the theorem. =
Now, we show that 3= (x’v-1X)~! X’'V-1Y = HY is the best linear
unbiased estimator ( BLUE ) of 5.

Let 3= AY,be a linear estimator of g, where 4 is a (p+1) x n arbitrary ma-

trix satisfying the condition AX =1I.




Let
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3 = AY=(A-H)Y + HY

= (A-H)Y +5,

where 3 =Y, is the ( MLE ) of 8 and # is given in (1.2)

Note that

and

Therefore,

oo (3)

since

E(é) - (A—H)E(Y)+E('B)

= (A-H)X8+8=5,

(A-H)X=AX —HX =0

E r{5’*12 ; }{E—E(/?)},J
ffu-mv+ (5-5)} {a-mr+ (3-9))
(1= o9+ (3-0)} - mexso+ (3-5))]

[{(A =+ (3-6)}{a-me+ (3-9)}]

E[(A—H)ed (A - H)J+EKB-,@)&’(A—H)’J

#8|-me(3-0)] +8[(3-5) (3-5)],

E

E ] = oV,




and
E [ (3- 3)} = E[:(HY - 8)]
= E[:{H(X8+¢) - BY]
= E[{HX3+ He - 8)]
= E[:{8+H:~3Y]
= E[¢{He}]

= E[<|H

hence we have

cov(B) = o*(A-H)V(A~HY +*HV (A~ H) +

o2(A-H)VH +cov (f}) .

Now,

VH = v[(xVvix)-ixvY
= VvVTix(x'v-1lx)-!
= X(X'V7ix)"Y

and,
HV = (VH) = (X'V71X)~'X,
Therefore,

HV(A-H) = (X'V'X)"'X'(A- HY




= (X'Vv1x)Y(AX - HX)

= 0.

Similarly,

(A= H)VH =0.

This gives,
cov (B) = o? (A-H)V (A —H)' + cov (B) .

Since, (A~ H)V (A- H) is positive semi - definite matrix, thus

cou (B) = e (5).
Hence § is the ( BLUE) of 8, in the sense that
B(8) =5,
and
cou (B) < eow (5).

1.3 Estimation of E (Y )

An estimator of the mean vector of Y is
Y = XB=XX'V1X)lx'v-ly
= XHY,

where,

H=XVv1x)ylx'v-1.
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Note that , ¥ is a linear function of v , with

E (Y) = XHE(Y)

XX'vix)y-ix'v-lxg

Il

= XB.
Hence v is an unbiased estimator of the mean of Y.
Var(Y) = Var(Xp)
= X Var(3)X'
= Xo? [(X'V7IX)"Y X’

= X X'V-iX)~lx'

1.4 Analysis of Residuals

The residuals are defined by e, = v; - ¥; , t=1,2,...,n, Where v; is
an observation and ¥; is the corresponding fitted value obtained by use

of the fitted regression equation,

Y = X8, with 3= (x'v-1x)-tx'v-ly.
We can see from this definition that the residuals e, are the differences
between what is actually observed, and what is predicted by the regres-
sion equation; that is the amount which the regression equation has not

been able to explain. Thus we can think of the e, as the observed er-

rors if the model is correct.The e;s are also called observed residuals.
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residuals.The observed residuals, however, are not independent and do

not have common variance.

Let,

e = Y—-X34

l

Y - X(X'vix)Ix'v-ly
= (I-X(XVIX)"'Xv )y
= KY
where K is defined in (1.7). The residuals vector e reflects the lack of

agreement between the observed v and estimated v .

1.4.1 Properties of the Residuals

Now we study some properties of the residuals. Obviously,

El] = E[KY]
— KE[Y]

= KX§,

where K is given in (1.7).

Since

KX =0,
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hence

where O is an nx1 vector of zeros.
Var(e) = Var(KY)
= K'Var(Y)K
= K'¢*VK
= o’K'VK,

if Y «~ N (X8,0%V), then e=KyY is distributed « N (0,02K'VK).

We have
e = KY
= K(XB+e),

where

Y=XB+e and K=1- XH.
So,

e=KXB+Ke, but KX =0.

Hence,

e_:Ke.

That is, the elements of e are linear functions of elements of «.
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Next, we show that if the assumption of normality holds, then e and 3
are independent.We have e = Ke N (O, o?K'VK) and B = HY « N (8,0 (X'V-1x)-1).

Thus,

cov(e,B) = E :{e—E(e)} {B—E(B)}'J
= Ei(e—o)(ﬁ—ﬂ)']
- 20l

= E[(Ke)Y'H - )]

= E[(KeY'H' - Kep')]

= E[(Ke(XB+¢) H' - Kef')]

= E[(KefX'H' +Ked'H ~ Keff')]

= E[(Kef' +Kee'H' — Kef')] ,since X’H' =1 and E(e) =0
= E|[(KeH')]

= KE|[|H'

= Ko*VH'

= Ko*VvixX(X'v-1x)!

= FPKX(X'V7lx)!

= 0,since KX =0.

Therefore, the normal vectors ¢ and 8 are independent.
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1.5 Testing a Statistical Hypothesis

The testing of a statistical hypothesis is the application of an
explicit set of rules for deciding whether to accept the null hypothesis or
to reject it in favor of the alternative hypothesis. Suppose, for example,
that a statistician wants to test the null hypothesis ¢ = 6, against the
alternative hypothesis ¢ = ¢,. In order to make a choice, he will generate
a sample data by conducting an experiment and then compute the
value of a test statistic, which will tell him for each possible outcome
of the sample space what action to take. The test procedure, therefore,
partitions the possible-values of the test statistic imto two subsets: an
acceptance region for H, and a rejection region for H,.

The procedure just described can lead to two kinds of error. For
instance, if the true value of the parameter ¢ is 6, and the statistician
incorrectly concludes that ¢ = ¢;, he is committing an error referred to as
a type I error. On the other hand, if the true value of the parameter 4 is
6, and the statistician incorrectly concludes that 6 = 6, he is committing

a second kind of error referred to as a type II error.

Definition 1.1

1- Rejection of the null hypothesis when it is true is called a
type I error; the probability of committing a type I error is denoted by
.

2- Acceptance of the null hypothesis when it is false is called a
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type II error; the probability of committing a type II error is denoted
by 8.

It is customary to refer to the rejection region for H, as the
critical region of the test, and to the probability of obtaining a value of
the statistic inside the critical region when #, is true as the size of the
critical region. Thus, the size of a critical region is just the probability
o« of committing a type I error. This probability is also called the level

of significance of the test.

1.5.1 The General Linear Hypothesis

We consider the model
Y=X3+e,

where ¢ - (0,0%V), v,X and g are defined in (1.1).

A general linear hypothesis for g can be stated as,
H,:C3—y=0,

where C is an m x (p+1) matrix of known values with Rank(C) = m < (p+1),
8 is a (p+1) dimensional vector of regression cofficients, ~ is a m x1
vector of known constants and O denotes a null vector of appropriate

dimension.
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Let 5= (X'V-1X)~1X'V-1Y be the least square estimator for 8. It is known
from (1.4) that

BN (B,0*(X'V1X)™).

Let D= % [c(x'v-1x)-1¢" 7 .

Then, under H,
[D(C,B - 7)} “ N (0,02DC(X'V-1X)"1C'D") .
Next,

1 -1 -1, =L n7—1 —1,v
o’ DC(X'V7IX)~l¢'D’ = o2 ;[C(XV X)"1c® [Cc(X'VIX) ¢’
l [C(le—lX)—lol]%l
g

Thus, under H,
[D(CB _ 7)} ~N(0,1).
Therefore,
W* = (OB~ ) D'D(CB ~) iy

Further, from Theorem 1 ( page - 10 ) we have

K'V-lK ng?
! _ 2
W =c¢ ( o2 ) £ = _0'? “ X(n—p—l).

Now, we show that the random variables w and w* are independently

distributed.
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‘We replace v in Ww* by ¢3. This gives

. 1, s 1 yy=11=1 (3 _ o
W = S(Ch-cpy [exvTix)TIe] T eB - ¢9)

— %(/3 . ,B)IC, [C(X—IV— 1}()-—10/] -1 C(B _ ,3)
| (Vi) TtxvEi(x g+ e) - 8] ¢ [e(xvTix)Tie T e
= 3
7 [(X'V-1X) X'V (X8 + <) - 6]
L | (Vi) VELX B+ (XY X)XV e — g ¢ [c(x'v-1x)~1C] e
]

[(X'V-1X)~1X'V-IX G+ (X'V-1X)"LX'V e — ]

L B+ VX)XVl — g) ¢ [o(xvix) e T e

B+ (X'VIX)TIX'Vle - ]

— L{ieevrxvad o foaevixTie) o (oo x|

= % {[HS]' c [C(X'1/'_1){)”10]_1 C [Hs]}, where H = (X'V71x)~1x'v!

Thus.

W = % ¢ {H’C’ [C(X’V*X)—lc']‘lcff} €.
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Since W and w* are quadratic forms , in ¢ , it is well - known that w
and w* will be independently distributed if
[K'VK] V] [H'C [o(x'vix) e CH| =0,

where K =7- XHand H = (X'v-1X)-1x'v-1.

Now we consider the matrix

[K'VTIK][V] = [K'VIKV].
Note that VH' = X(X'V-1Xx)"! , HX = and

KVH = (I-XH)X(X'V-Xx)!
= (X-XHX)(X'Vix)!
= X-X)(X'v1ix)~!

= 0.
Hence K'V-1KVH' =0, and therefore
[K'v='K] V] [H'C [C(X'V-1x)0] T cH] = 0.

. . , * 2
Thus, w and w+ are independent, W Xinp-1) A0 W=yl .




Therefore the statistic,

W=
- m
F o= 5%
(n—p-1)
_ n—-p—-1 W~
- m 152

n—p=1 (OB [CLCV-x) 0] (CB )

= — (1.8)

has the F— distribution with v; = m and v, =n—p—1 degrees of freedom.

The statistic F can be used to test the hypothesis :

Hy:C3—-—~=0.
We reject H,:C3—~=0 if F > Fy(v1,va),Where Fu(v1,v2) is such that
PF > Fy(v1,v9)] = .

Otherwise , we accept H,.
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1.5.2 Confidence Region for Regression Coeflicients

If we replace ~ in (1.8) by €3, we get

n—p—1 (CB-C8)[C(X'V-IX)~i| 7 (CB-CB)

m né>

F=

This statistic has the F— distribution with v, = m and v, = n—p—1 degrees

of freedom.

Therefore,

P[F < Fo(v1,v2)] =1—q,

Hence, the region

n-p-1 (C8-CBY [C’(X’V‘lX)—IC’]‘1 (CB - CB)

m né?

< Fa(l/l, I/Q),

constitutes a (1 — ) 100% confidence regin for Cg.

Example 1
The following are the data on the years of experience (x;) , in-

comes (y) of five engineers working for a company and the number of

years (Xp) they studied at the university,

Xo: 4 2 35 2 4 .
v: 6 58 5 4

Suppose that the data satisfy the model,

Y = X8 +ewhere e -~ N (0,0%1),




where ,
l— 1 2 4 — [ 6
1 3 2 5
X=11 5 5]|.Y=]38
1 10 2 5
i 1 2 4 | | 4
Now,
I 1 2 4 -
1 3 2
XX = |15 5
1 10 2
| 1 2 4 |
I 5 22 17
= 22 142 67
17 67
Thus, )
4741
(X'X)™ = 13123 —291
—940

,and 8 =

34




Next,

X'y

It follows from (1.2) that,

o

[w—
—
[es}
|3V

3= (X'X)"'X'Y.

4741 -291 -940




Further,

o

1.7937

0.1905

0.8730

— 0'2(X,X)_1

4741

1323 | —291

—940

36

-291 -940

36 39

39 226

1.7937

0.1905

0.8730




5.6667

4.1112

= T.1112 |»

5.4447

and

6 5.6667
5 4.1112
= 8 | — | 7.1112

5 5.4447

4 5.6667

0.8888
= | 0.8888
—0.4447

—1.6667

Now, from (1.3) we have

&=

(Y _ XB)/ p-1 (Y - XB) here v =rand n =5.

S|




Thus,

# = Hr-x) (v

! -

A )
0.3333 0.3333
0.8888 0.8888
1
= 5 0.8888 0.8888
—0.4447 —0.4447
—1.6667 —1.6667
1
= - (4.6668)
5
= 0.9334
Let Hy : 08 =+, where
10 0 0 . .
C= , and v = , be the hypothesis of our intrest .
01 -1 0
Then we have
1.7937
R 1 0 0
g = 0.1905
01 -1
0.8730




1.7937

—0.6825

—291

-3

649

184

and
10
Aty —1 ! ]'
CX)TC = 55
0 1
1 | 4T
T 1323
649
;| ara
- 1323
649
3.5835 0.4906
0.4906 0.13908
Hence,

[c(ex)™ ] - _

Therefore, from (1.8) we have

0.2577

| 1 0

—-940
0 1

—187
0 -1

4741 =291 —940

—-291 36 39

0.13908 —0.4906

—0.4906 3.5833

n-p—1 (CB—~) [C(X'V1X)TIC] T (CB-7)

F =
m

Setting v = I and ~ = O in the above expression we get,

na.?

39
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1.7937 0.13908 —0.4906 1.7937

—0.6825 —0.4906 3.5835 —0.6825
(0.2577) (4.66683)

3.3179
11.2026

= 2.759.

Note that here vi=m=Rank(C)=2and vo=n-p-1=5-2-1=2,

If we consider the level of significance a = 0.05, then we have from the
table

Fa(lll, 1/2) = F0_05(2, 2) =19.0

Since the observed value of F is less than F,(vy,v,), the null hypothesis

Ho cannot be rejected.

Finally, to find the (1 - «)100% confidence region for ¢g we note that
P [F < Fa(Vl,I/g)] =1-q.

Considering o = 0.05, we get

n-p-1 (CB-CB) [C(X'V-1X)"1c'] (CB~Ch)

m né?

P < 19.0| = 0.95.
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Now,
-
. 1.7937 By
c3d-c8 = -
—0.6825 8, — 8,
-
1.7937 - 3,
—0.6825 — (8, — 33
Thus,
(C3-Ccgy [C(x'v-1x)1c') " (CB - CB)
n6'2
I
1.7937 — B, 0.13908 —0.4906 1.7937 — 8,
—0.6825 — (8, — B,) —0.4906 3.5835 ~0.6825 — (8, — 5,)
- (0.2577) (4.6668)
Hence,

0.13908 (1.7937 — 8y)? — 0.9812 {—0.6825 — (8; — B,)} (1.7937 — 3,)

P

= 0.95.

+3.5835 {~0.6825 — (8, — 85)}2 < 22.85

The values of 3,,6,and 3, satisfying ,

0.13908 (1.7937 — 85)” ~ 0.9812 {—0.6825 — (3, — B,)} (1.7937 — 3,)

+3.5835 {—0.6825 — (8, — 8,)}% < 22.85

constitute a 95% confidence region for ¢3.




Chapter 2

BIASED ESTIMATORS

2.1 Introduction

It is well know that the least squares estimators of the regression
cofficients are the best linear unbiased estimators. That is, of all possi-
ble estimators that are both linear functions of the data and unbiased
for the parameters being estimated, the least squares estimators have
the smallest variance. In the presence of collinearity, however, this min-
imum variance may be unacceptably large. Relaxing the least squares
condition that estimators be unbiased opens for consideration a much
larger set of possible estimators from which one with better properties
in the presence of collinearity might be found. Biased regression refers
to this class of regression methods in which unbiasedness is no longer
required. Several biased regression methods have been proposed as so-

lution to the collinearity problem; for example Stein’s (1960) shrinkage,
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Hoerl and Kennard’s ( 1970a, 1970b ), ridge regression and principal
component regression see ( Lott, 1973; Hawkins, 1973; Hocking, Speed,
and Lynn, 1976; Marquardt, 1970; Webster, Gunst, and Mason, 1974).
Although ridge regression has received the greatest acceptance, all have
been used with apparent success in various problems. Nevertheless, bi-
ased regression methods have not been universally accepted and should
be used with caution. The mean squared error ( MSE ) justification for
biased regression methods makes it clear that such methods can pro-
vide better estimates of the parameters in the sense of mean squared.
It does not necessarily follow that a biased regression solution is ac-
ceptable or even “better” than the least squares solution for purposes
other than estimation of parameters.

The biased regression methods do not seem to have much to offer
when the objective is to assign some measure of “relative importance”
to the independent variables involved in collinearity. In essence, the bi-
ased estimators of the regression coefficients for the variables involved
in the collinearity are weighted averages of the least squares regression
coeflicients for those variables. The best recourse to the collinearity
problem when the objective is to assign relative importance is to rec-
ognize that the data are inadequate for the purpose .

Ridge regression and principal component regression are two

commonly used biased regression methods. The biased regression meth-
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ods attack the collinearity problem by computationally suppressing the
effects of the collinéarity. Ridge regression does this by reducing the ap-
parent magnitude of the correlations. Principal component regression
attacks the problem by regressing Y on the imporant principal com-
ponents and then parceling out the effect of the principal component

variables to the original variables.

2.2 Multicollinearity

The collinearity problem in regression arises when at least one
linear function of the independent variables is nearly equal to zero.
Technically, a set of vectors is collinear when a linear function is exactly
equal to zero. In general discussions of the collinearity problem, the

»

term “collinear ” is often used to apply to linear functions that are
only approximately zero. This near - singularity may arise in several

ways.

1- A mathematical constraint on variables that forces them to add to a
constant will generate a collinearity. For example, frequencies of alleles
at a locus will add to one if the frequencies of all alleles are recorded,
or nearly to one if a rare allele is not scored. Generating new variables
as transformations of other variables can produce a collinearity among

the set of variables involved. Ratios of variables or powers of variables




frequently will be nearly collinear with the original variables.

2- Component variables of a system may show near - linear dependen-
cles because of the biological, physical, or chemical constraints of the
system. Various measures of size of an organism will show dependen-
cies as will amounts of chemicals in the same biological pathway, or
measures of rainfall, temperature, and elevation in an environmental
system. Such correlational structures are properties of the system and

can be expected to be present in all observational data obtained from

the system.

3- Inadequate sampling may generate data in which the near - linear
dependencies are an artifact of the data collection process. Unusual
circumstances also can cause unlikely correlations to exist in the data,
correlations that may not be present in later samplings or samplings

from other similar population.

4- A bad experimental design may cause some model effects to be nearly
completely confounded with others. This is the resﬁlt of choosing levels
of the experimental factors in such a way that there are near linear
dependencies among the columns of X representing the different factors.

Usually, experimental designs are constructed so as to ensure that the
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different treatment factors are othogonal, or very nearly orthogonal, to

each other.

One may not always be able to clearly identify the origin of the collinear-
ity probem but it is important to understand its nature as much as pos-
sible. Knowing the nature of the collinearity problem will often suggest
to the astute researcher its origin and, in turn, appropriate ways of

handling the problem and of interpreting the regression results.

Consider the standard model for multiple linear regression,
Y =XB+e, WhereemN(O,UQI), (2.1)

v and e are n x 1 vectors of observations and random errors respectively,
X is an n x p matrix of input values, g is a p x 1 vector of unknown
regression coefficients, o is an unknown scalar constant , I denotes
the identity matrix of dimension » and O stands for the null vector of

appropriate dimension. Further , let
B.=(X'X)7XY, (2:2)

be the least squares estimator of 3, where 3, is the best linear unbiased

estimator ( BLUE) of 3.




Note that,

Thus,

Now,

Hence,

.B* — [(.X,.X)—I.XIY'JI [(}(,.X)_I)CIY,-J
= YX(X'X)"{(X' X)Xy
= Y'X(X'X)2Xy.

.| = E[yX(x'x)x'y]

= E [Tr {Y’X(X’X)“ZX’YH
= E [Tr {X(X’X)‘2X’YY’H

= Tr {X(X’X)‘QX’E (YY’)} .

E(YY') = E[(XG+¢)(XB+¢)]

= E[XB8'X'+XB+c8 X' +e']

X368 X' +0*I,where E ()= O.

= Tr[X(X'X)"2x’ {XB9X'+o°1}]

= FX'X(X'X)2X'X3+0>Tr { X(X’X)‘QX’}

= B8+02Tr { (X'X)"2X’X}

= B8+oTr(X'X)™" .
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Let,
AL > Ay >--- > A, be the eigenvalues of (X'X).
Therefore,
1 1 1 . o
— < — <..-< — are the eigenvalues of (X'x)~1.
And,
’1
TrX'X) =) —.
r(X'X) ; )y
Moreover,

p
Aal __ 2 _l_
E|B.B.|=pp+0 e
where \;’s are the eigenvalues of (x’X). When near multicollinearity ex-

ists |X'X|~0 and i /\i will be very large.

i=1 7

Therefore if multicollinearity exists then the expected length of 3.3, is

much larger than the length of g3 . But we want E {B;B*} to be closed

to 56 .

Hoerl and Kennard (1970) suggested 3,such that 3,3,has length smaller
than 3.3,.




Next,

cov(3.) = (XX

wse() = 2[(5.-9) (5.-9)]

= Tr cov (B*)

¢

= o2 Tr (X’X)—1
T

If some of the Xs are very small Tr cov (B*) will be very large.

Suppose we have

100.00 9.99
XX =
9.99 1.00
1 1.00 —9.99
XX)" = o5 ,where |X'X| 0.2
1 —=9.99 100.00
5  —49.95
—19.95 500
Hence |,
. 5  —4995 | B.o
Var(3,) = o? , B.=

—49.95 300 8.1




51

2.2.1 Exact - Multicollinearity

Now suppose that Rank(X) =r < p+1 ( exact collinearity ). Then

we can partition X as follows

Xf=[X15 ng

such that Rank(X;) =r, where X; is n x r matrix and X; iSnx (p+1—-7r)

matrix. So that

Xo= X w, Where wis an arbitrary positive constant
Next,

Y = Xf+e
= X181+ X2+ ¢
= X108+ (Xiw)By +¢
= X1 (B1twhy) +e

= X16+¢, where 6§ =(8,+ w 8,).

The new model is called the reduced model. The least squares estimate
of éis

= (XX X}y,
and

Var (5) =o? (X} X;)7".
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If Rank(X) = r < p+ 1, then all the regression coefficients can not be
estimated individually but some linear combinations of the parameter

can be estimated. The predicted value of Y is given by

Y = X,0.

2.2.2 Near - Multicollinearity

Consider a model of the form
Y = [oJ +X.B.te, (23)

Bo
= [,] X*] +e
B

Y = XB+e,

where

Y1 1

Y2 1

Un 1
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B, is the unknown intercept, and

B1
Bo
ﬂ** =
Bp
And,
.’L'{l 212 cee .’):Ip
T3 Ty .- Ty
X, =
i Tpi Tpo m:.p |

where X, is an n x p matrix of known values , Rank (X.)=p, X, is2a

(zji — %)

matrix of full rank. The (j,i)th element of X, is z}; = S

— =1 .
where z; ’n , 2= i=12...,p

So our model ,

‘(1'11—3—31)

y=PFo + 5 S + ﬂz(mm_@) +--

Sa
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For example ,

y1= Bot+ Brzt + Bozl, + -+ BTy, F €1

The Properties Of 3, and 3,
Now to find the least squares estimates of g, and B.. multiply

(2.3) by J,
JY = BoJ T+ (J Xi)But'e
n n n d “
S50 = ot (S 3o 3o B 3
=1 =1 j=1 j=1 =
where
. (z11—%1)
T -/ a
11 S,
) (z21—Z1)
T -/ a
21 S,
. (1171;,1"11—71)
Ty = —a
1 S,
. (E :cjl—n:h)
j
i=1 St
_ (n&;—nZy)
S1
0,

similarly for other.

Therefore,

n n
Z Yi=nBo+ Z €;-
i=1

=1




Thus,

Next,

JI
X'X = [J X*}

JJ JX.

X\J X X.

Hence,

xx)” =

Further,

(2.5)

55




Since ,

Note that,

Hence,

Now, we have

v

-

B, = (X'X)"'X'v, as defined in (2.2)

-1

n 0 JY

0 XX, Xy

1 0 JY
= n

0 (xix)7M || Xy

Y

(X.X) XY

B=7,and 3,,= (X.X.) ' X.Y

B.= (X'X)"'X'yY, where B,is given in (2.2),

56




So,

And,

Thus,

And,

~ \=
B(3.)=s
2(x'x)™
E
2| n , where (X'X)~'is given in (2.5)
0 (Xix)™
<
n (2.6)
0 o2(X.X,)!

= E(By+£),where Y is defined in (2.4)

= Po.

5(B.) = E((xix)7'XY)
= (X!X)'XIE(Y)
= (X!x)'XIE(Y)

(X.Xx.) 7 X.X ,B..

= B
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Next from (2.6) we note that,

And,
Var (3..) = (X1x.) 7.
Finally,

ol BuBe) = E[{ Bo=F (B0)}{B = F (3..)]]

= B[{ Y-8} {(xiX.) Xy - 8.}

= B [{o+2 — 60} { (X1X.) T XL(80d + XoBurte) = B}

where Y and Y are given in (2.3) and (2.4) respectively. Thus,

- (XLX2) ™M X0 B+ (XLX) ™! XLX, B,
CO'U( ;60718**) = E { g}
+(XLX) 7 Xle — B,

= E {-‘%1} {0+ﬁ**+(XLX*)‘IXis-ﬁ**}J

= E I:_l. (XLX*)_1 Xissl.]]

n

1 _
_ [; (X' X,) 1Xi.]} E [e€]
= 0.

Hence 3,and 3,, are independent.
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2.3 James - Stein Estimation

Consider the standard model for multiple linear regression,
Y = X8+ ¢,wheree » N (0,0'2[) .

The Gauss - Markov Theorem assures us that we cannot find linear
unbiased estimators of regression cofficients 8 which have smaller vari-
ances than the least squares estimators 8,.Thus it is natural to look at
biased estimators for an improvement over least squares estimators . If
we shrink the least squares estimators toward 0 (by looking at estima-
tors k B,, k =diag (ku,Kes,. .. .Kp) and ki € [0, 1]), the resulting estimators
will be biased, but have smaller variances than 3,. Hoerl and Kennard
(1970) have shown that such a k always exists (see Section 5).

Unfortunately, except for the James - Stein estimator, the opti-
mum k depends on the unknown parameters, which must be estimated
from the data. The distribution of any estimator k that depends on the
data (including the James - Stein) has apparently not been successfully
approached from a classical point of view.

Stein (1956) showed that, given Y a p - dimensional ~N(8,s%I),
with p > 3, y: the usual unbiased estmiator for 6; is inadmissible given
a squared loss function. Also James and Stein (1961) have shown that

an estimator of 8 the form (1 - %)Y has a lower loss for all values
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of 6, if b* € (0,2(p-2)), and is minimized for b* = p - 2. An interest-
ing point they make is that the James - Stein estimator is not itself
admissible. Although the notation conceals this, we can pick any ori-
gin we want by a translation. Thus the James - Stein estimator is
not location invariant. Lindley (1962) suggested letting the data pick

the origin, so that the mean Y is the new origin. His estimator is Y+

1- (b - ) (v - ), where Y is a vector of Y’s and the estima-
(Y - Y) (Y - Y)

tor is written in terms of the original co- ordinate system. Notice the

change in the coefficient of the fraction due to the loss of one degree of

freedom in estimating Y. Lindley’s estimator shrinks toward the group

mean, which seems more intuitively satisfying than shrinking towards

what may be an arbitrary origin.

An easy extension of the James Stein estimator occures when Y

N (6,62 1), o? known; this is

Yo (10522

If o2 is unknown, we could substitute our usual estimate of the variance,

62 , to obtain

L= (p —2)vi;
YJS_ (1—(u+2)Y’Y) Y,

where &2 has v degrees of freedom and is independent of Y. Finally,

James and Stein ( 1961 ) treat the case where an estimate S of the

variance - covariance matrix, where S being distributed as a Wishart
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distribution with v degrees of freedom . Then we use

(1_(1/ —p(f ;)?’S‘IY) v

2.4 Shrinkage Estimator

Another class of biased estimators introduced by Stein (1960),
Hoerl (1962) and others, in their papers, they introduced a new class of
estimators to reduce the length of 3,, this class is known as shrinkage
estimators.While the original thrust of ridge regression was to alleviate
effects of multicollinearity that of the shrinkage estimator was aimed
only at reducing the mean square error. Consider the linear regress on
model,

Y = X8 +e¢, where e v N (0,0%I).

It is well known that 3, is the least squares estimator of g with variance
Var (ﬂ) = o} (X'X)7Y,
and the expected squared length of 3,is
B (B.B.) =86+ Tr[(X'X)7].

The Stein - rule estimator can be written (see, e.g. Judge et al.1980,

p.67 - 68) as

/39: CB:« ’ (27)




" where ¢ = 1-
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kS?
B.X'XB,

, k is an arbitrary positive constant ,
2= (Y - XB)(Y - XB).

The estimator 3, is biased. Thus, in order to compare it with the
least squares estimator 3,, we need to consider the mean squared error

matrix,

MSE (Bs) =E {(Bs ‘ﬁ) (Bs—ﬁ)l} ’

and compare it with E [(B, — ﬁ) (B* - ﬁ)’] , the covariance matrix of 3, .
It is well known that

E [(B* —5) (.- ﬁ)'] = (X'X).
However, it is more convenient to compare the scalar quantities
Tr [(X’X)MSE (Bs)] and Tr [(X'X)MSE (B,‘)] :
Note that
e (e x 058 (B,)] = B | (B, -6) (%) (B~ ).
and
rrxmse (3.)] = v |(X0E [(.-9) (2. -8)]

= lre{em (5. -6) (5. 5)'}|
- 5[(p.-5) @x) (5. - 5)
= Tr [(X'X) 7 (X'X)]

= o?p.
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It has been shown by Stein (1961) that 0 <k <2 (p-2)(n+P +2)~'and p
> 3, the former quantity -i.e E [(ﬁs - ﬁ)' (X'X) (Bs - ,8)] is always less than
po? and attains its minimum value at & = (n—(?_f—}_—fi—_)—ﬁ. It may be worth
to mention that this value of k does not depend on any parameter.

It is well known that if the regression data is multicollinear, then
the expected squared length of 3, can be much greater than the squared
length of the true parameter g ( see, e.g., Judge et al. 1980, p.472 ), we

note that

BB, = c*B.B., where B, is given in (2.7)

~!

< B.B..

Although, the Stein’s estimator has been generalized before ( see, e.g.,
Judge et al0, 1980, p.67 - 68 ), the extension here is obtained by mini-

mizing the MSE of a linear estimator

B *8 C.Y,
where C, is the arbitrary (p x n) matrix . The matrix C, is defined by
C.= 88X (XBB X +o°I)7L.

This estimator was derived by Thiel (1971, p.125). Hence the non -

operational minimum MSE estimator of g is

3. = BB'X'Y
*8 T 0'2+ﬂlX’Xﬂ




and its MSE is

B[(3-0) (P -8) | = e
The properties of 3, were studided by Swamy and Mehta (1976 and
1977).

Hosmane (1988) suggested a class of generalized Stein estimators
of regression coefficients. Ali (1989) proposed another class of estima-
tors. This class is better than the estimators developed by Hosmane
(1988).

Ali (1989) defined a linear estimator

b= LY,
where I’ is an arbitary (p x n) matrix, of 8. The squared bias and the
trace of the dispersion matrix of b are given by
Bias(b) = [{E(b) - B} {E(b) - B}]
= FUUX-D(I'X-1B,
and
Var(h) = E[{b—-E®)} {b-E®)}]
= o*Tr(L'L),
respectively . He obtained a generalized Stein estimator of g3 by mini-
mizing

F=8(L'X -IY(I'X = 1)8+mo*Tr(L'L) (2.8)
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where m is an arbitary non- negative scalar constant. We observe that
(2.8) consists of two parts, one representing the bias and the other
variance. Here the choice of m in F, represents the weight we attach to
the variance. m may be suitably chosen depending on the importance
of variance in the estimator. Note that if m =0, then F, = Bias (b) and
if m =1, then F, = Bias (b) + Var(b). The case m =1 was considered
by Hosmane (1988) . Ali (1989) showed that m = 1 is not the best
choice of m .

The matrix L that minimizes F, is given by
7 3! 2\ 7172 /
L= [Xﬁﬁ X'+ (mo )I] Xg8.

If m >0, then we can rewrite L, as

_ xspX
mo? +B' X' X[

Lx = (mo?)™! [1 } xp8. (2.9

See, Rao (1973, p.33). Substituting L, given by (2.9) for Linb = L/ Y

we obtailn
b= [mo® + B X'XB) " (BX'XB,)B, (2.10)

where 3, is the least square estimator of @ . The estimator b, is not
operational. To make it operational Ali (1989) replaced g and o® in

(2.10) by their unbiased estimators g, and
6.3 = (n - p)—l(y - XIB*)I(Y - Xﬁ*):
respectively. This gives

by= I - ma3mo? + B,/ X' XB.) | B
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He also examined the properties of b,. He found that b,, in the sense
of mean squared error, dominates the least square estimator as well as

the generalized Stein estimator developed by Hosmane (1988).

2.5 Ridge Regression

This approch was proposed by Hoerl and Kennard (1970). It is
used to stabilize the least squares estimator of the regression coefficients
when near multicollinearity exists. Hoerl and Kennard( 197 0) suggested
to estimate 8 of the model (2.1),

Y = X8 +¢, where e » N (0,0%1).
One such set of estimators is given by
B.= (X'X + k)XY,
where k>0 and I is the identity matrix. Let,
B.=(X'X)'XY,

be the least squares estimator of 8.

If,
k =0, then 3,= B..
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Suppose that & is another arbitrary estimator of 3 .Then the residual
sum of squares is given by
de = (Y -Xa&) (Y -Xa)
- (-0 (e (- 0) 5 52
= (v- XB*), (v -xB.)+ (v- XB,)I X (B.-a)
+ (B*-—&), x' (v - XB.)+ (B*—a)' XX (B.-a).

Consider,
X' (Y - XE*) - X'Y - X'B.
= XY -XXX'X)'X'Y
= XY -XY
= 0.
Thus,

de = (Y- XB,,)' (v -xB.)+ (Zs,—a)' x'x (B.-a)
= Fi+ (B,—a)'X'X (B‘—a) .
But (3. - a)’XfX (B.-4) > 0 because XX is a positive definite matrix.
Hence.
ge > &
Now let #a = ®,where @ is given fixed number. Our problem is to

minimize (ﬁ, - d)'X’X (B* - a) subject to the condition #a=® . Let

v = (B*—&)/X’X (B*—a) +k(@a-9),
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where k is the lagrange multiplier .

Differentiate ¥ with respect to a we get,

2% - _ox'X (E* - a) + 24,

setting the derivative equal to zero and solving for & we get
—_X'X (B, - &) +k& = 0
(X'X +kI)& = X'X8,.
B, = a=(X'X+kI)" X'XB,
— (X'X +kI)" X'X( X'X )XY, where §.is given in (2.1)

B, = (XX+kI)'XY.

This class of estimators is called ridge regression estimators proposed

by Hoerl and Kennard (1970) .

2.5.1 Properties of Ridge Estimator 3,

Consider the model
Y = XB8+¢, where e » N (0,0°I).
We have,

B, = (X'X+k)TXY
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= (X'X +KI)7 X' (XB+e)
= (X'X+kI)7 (X'XB+X'e)
= (XX +RD) T XXB+ (XX +EI) T X'e
= (XX +RI)7 (XX + kI —RI) B+ (XX + D)7 Xe
= B—k(X'X + k) B+ (XX + kD) X'e
B.—B = (X'X+kI)" (-kB+X'e).
Now,
E (ﬂ) —B—k(X'X+KI) 8.
And,

The bias for B,is
Bias (B) =—k(X'X+ kI)~' 8, where B,is a biased estimator for 8.
The squared of the bias of 3, is given by
(Bias (3.)}" = [2(2.)-4] [£(2.) 7]
= K (X'X +KI) 8.

Next,
B.-E(B) = A+ (X'X+ KD) ™ (~kB+ X'e) = [B—k (X'X + kD)™ 8|

_ Bk (XX +ED) TS+ (XX + kD) Xl [B—k (XX kD) 8,

= Bk (X'X+KI) B+ (XX +KI) T X'e =B+ k(XX + k)78

= (X'X+k])7 X




Thus,

vals] = #[(-5 () (.-5(2))

= E —((X’X + k1) X)) (XX + k1) X’s)}

= BX (XX +k) 7 (XX + kD)7 X
= Tr|X(X'X +kI) " X'E (<¢)]
= oTr [(X'X + k)2 X'X].
The mean squared error (MSE) for 3,is
MSE (B,) = Var(B,)+ Bias*( B,)
= o°Tr [(X’X +kI)72 X’X] K (X'X +kI)72 8,
setting k = 0 we get,
MSE (B) = o*Tr [(X'X) " X'X]
= o™ [(x'X)7]
= MSE ( 3,),because when k = 0= 3, =3..

Now we define a function of k by

Vi(k) = Bias’(3))
= B (X'X+kD)728, (2.11)
and let,
Va(k) = Var(3)

= T [(X'X + k1) X'X] (2.12)

70
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In the following theorem, the behavior of V; (k) is examined.

Theorem 4 The total variance Vs (k) is a continuous monotonically de-

creasing function of k.
Proof. Let Z = ( X' X+kI)™. Therefore,
22X'X = (X'X+kI)72(X'X +kI k)
= Z-—kZ%.

A1 >\ >--- > A, be the eigenvalues of (X'X). Thus,

( 1 < 1 <...< 1 ,
Mtk T\ etk T “ \ ptk

are the eigenvalues of Z,

1 2 1 2 1 2
< <. < —1,
(o) <o) = <(5)

are the eigenvalues of z2. Hence,

Tr(Z2X'X) = Tr(Z)-kIr(Z%)
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Therefore,

Further V,(k) define on (0,c0) and Lim V. (k) exists at any a € (0,00).

Hence V,(k) is continuous, and it is clear that each term in V,(k) de-

creases when k increases. This completes the proof. =

Next,
O(Voyk) ) _ o N
ok ; (Nt+k)®
Note that 2(2®)) —o00,as k — 0t and A, — 0.

Ok

Theorem 5 The squared bias Vi(k) is a continuous monotonically in-

creasing function of k.
Proof. Since X'X is a positive definite matrix, there exists an
orthogonal matrix T such that
T' (X'X)T = A= digonal elements (A1, As,...,Ap).

Hence,

T (X'X+kI)T=A+kL
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Therefore,
Vi(k) = KBTT(X'X +k)72T T8
= KATT(X'X +k)™'TT'(X'X +kI)"'T T8
= KOTA+k)™A +kDITB

= K (A+kD) 7%

2 £
e g (21
where ¢ = T = (§,&,---¢,) an (1x p) vector . Since ; > 0, there is no

singularity in (2.14). Note, also that vi(0) = 0 . Therefore, Vi(k) is a

continuous function for k > 0, hence (2.14) can be weitten as

p 52
ACIED p

The function (1 + %), i=1,2,....,p, are monotone decreasing for increas-
ing k. Each term of vi(k) is monotone increasing . This completes the

proof. m

Differentiating (2.14) with respect to k, we obtain

avl P
E; Z(A-x—k
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p 62 k
= 2 ; g {I— /\i+k}

v N
B Z(/\Hc)3

8Vl(k)

Clearly, —0ask—0.

Theorem 6 There always exists a k > 0 such that

OMSE ( B,)

% <0. (2.15)

Proof. From (2.11), (2.12), (2.13) and (2.14) we have

MSE (B,) = Vi(k) +Vy(k)

MSE(B.) = 2Z(A+k)2 Z(,\+zc)2
Thus,
OMSE (B,) _ SN
Ok - ; (M +lc)3 Z (N +k)3

D .
_ Al 2. 2
= 2; g (§,k o?).

So, if k < g—g—Q— , then (2.15) is hold. This completes the proof. m

max




75

One particular choice for k is
N b L
- e pTT S
which is not operational. To make it operational Hoerl and Kennard

(1970) suggested to use

where B, is given in (2 .2). This k also is not good because we are not

~2 2
sure whether - is close to [;L’B or not . In other words we are not sure
L Tt

~9 2
thatif0<k<~f'—:isapartof0<k<[%ornot.

L Tt

2.5.2 Remarks

If ridge regression is used as a general mechanical technique, is
it any good? That is, is it worthwhile in the sense of reducing mean
squared error enough to compensate for the extra trouble involved.
Casella (1977) showed that, if the estimator produced by using the
matrix ( X'X + &I) in place of X'X in the normal equation is made to
satisfy minimax (MSE) conditions, the number of conditions (that is,
the ratio of the largest eigenvalue of ( X' X + &I) to the smallest) will
tend to be larger, that is, worse, than that of X'X. Thus the “stability”

in the sense of Hoerl and Kennard (1970) is reduced. This contradicts
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the intuitive justification of ridge regression which supposedly improves
“stability” by adding to the diagonal of X'X. Similarly, Thisted (1978)
shows that, if minimaxity of (MSE) is required, one will tend not to get
large (MSE) improvements for X'X with large condition numbers. This
is discouraging for ridge regression because highly multicoilinea:r data
for which ridge regressionis supposed to be effective have high condition
numbers.

A number of papers containing simulations of regression situa-
tions claim to show that ridge regression estimates are better then least
squares estimates when judged via mean square error. Such claims must
be viewed with caution. Careful study typically reveals that the simu-
lation has been done with effective restrictions on the parameter values
- precisely the situations where ridge regression is the appropriate tech-
nique theoretically. Futhermore, simulations often use at least some
small values of %%, ;that is, impose some very severe constraints, which
increases the bias of the simulations in favor of the ridge technique.
Also, these small %ﬁ; values typically lead to nonsignificant regression
which have no practical interpretive value, whether estimated by least
squares or ridge regression methods. The extended inference that ridge

regression is “always” better then least squares is, typically, completely

unjustified.
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2.6 Principal Component Regression

Principal component regression approaches the collinearity prob-
lem from the point of eliminating from consideration those dimensions
of the X - space that are causing the collinearity problem. This is sim-
ilar, in concept, to dropping an independent variable from the model
when there is insufficient dispersion in that variable to contribute mean-
ingful information on Y. However, in principal component regression
the dimension dropped from consideration is defined by a linear com-

bination of the variables rather than by a single independent variable.

The idea behind principal component regression, however, is to elimi-

nate those dimensions that are causing the collinearity problem.

We reconsider the model (2.1). Let T be a (px p) orthogonal matrix

with the property
T'(X'X)T = A= diag (A, Ae,.-05Np),

where Xi , i=1,2,...,p, are the characteristic roots of (X X) arranged so

that A; > X >--- > ), . Then we reparameterize the model (2.1),

Y = XTT'B+e¢

= Z.£ +e¢,




-3
0]

where z, = XT and ¢ = 7'3.The least square estimator of ¢ | £ is given

by

o

E=(Z.2)'Zy
and

Cov(§) = A(§)
= ATIZIA®Y)Z.A™!
= ATz Z, A7

= A7 L
Erom the estimate & , we can return to 8. by the relationship
B, =TE.

Let 7= [ T T - T, } and Z;, = XT,, where T,T3,...,T, are the columns
of 7. The z, are called the principal components of the matrix x X,
and the

E= (7.

are the principal component regression coefficients. From

B8, =T¢,

I




we have
r R T
&1
- S2
8. = | Ty Ty T,
.

&

p
=1

k3

where ¢, is the ith component of ¢ . Clearly, 3, may be regarded as a

weighted average of the T; with the &’s serving as weights.

To determine the effect of small characteristis root on the variance of

8., we recall

Cov(B,) = ATA™IT

In this form, it may be seen that a small value of »;, which leads to a
large value of (%) , results in large value of the digonal elements of Cov

(3,); these, of curse, are the Var (3,), the variance of the ith component

of (3,) . To avoid such large variance, it has been prposed to estimate
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3 from the first r < p components - those associated with the r largest

eigenvalue of X X. Specifically,

let
Ty = [Tl Ty Tr}
T(r)"‘ [Tl T Tp:,,
and
¢,
. &y
§r =
&

The estimate of 3 based on the first r principal components, 3 L is

By = Tinép

= T, ( X'X )7'X'X3,

= TnA T, X'X3,
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The bias and the variance of 3, are given by

Bias(3,) = E(3,)-8

and
Var(f3+) = TrCov(,@,)
1
= Sl
=1
respectively.

It is clear that

Var(8,) < Var(3,)
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Chapter 3

ERRORS OF MEASUREMENT IN THE INDEPENDENT

VARIABLES

3.1 Introduction

Bias in estimation of regression coefficients may associate with

I- Measurement errors in independent variables.

II- Missing observations.

Sometimes measurement errors in independent variables are rounded
up. These rounding errors also cause bias in estimation.

In the following sections we shall study the impacts of measure-
ment errors and missing values.

Measurement Errors

In the standard regression set up, it is usually assumed that the
errors of measurement occur only in the response variable, while the

independent variables are measured without error. This assumption is
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almost never likely to be satisfied. Therefore, it is important to examine
the impacts of these errors on the regression coefficients.

The effects of measurement errors on the regression coefficients
have many important practical implications. For example, in many eco-
nomic policy analyses the regression coefficients are the starting point
of an analysis. The regression coefficient are regarded as elasticities(or
functions of elasticities) and indicate how much a change in one variable
will effect the target variable. It is important in these cases to know
the numerical precision of the regression coefficients.

These problems also arise in epidemiological studies in which
multiple regression analysis is used. For example, in a study entitled
“Does Air Pollution Shorten Lives?” Lave and Seskin (1977) estimated
the mortality that may be attributed to the various pollution variables
by fitting a multiple regression equation. In their study they regress
the mortality rate against socioeconomic and pollution variables. These

variables are usually subject to measurement errors.

Missing Values

Even in a well planned experiment sometimes it so happens that
the yields on some plots are not available. They may be missing due
to various reasons such as

* natural causes like pests, flood, fire, etc.

* man - made causes such as investigators failure to note the




yield or theft, etc.

In an industrial experiment some results can be missing because
of mechanical break downs unrelated to the experimental process. In an
opinion survey some individuals may be unable to express a preference
for one candidate over another. Further, respondents in a household
survey may refuse to report income. It is natural to treat the values
that are not observed as missing, in the sense that there are true under-
lying values that would have been observed if technique involved had
been better or equipment had been better maintained. The lack of a
response is essentially an additional point in the sample space of the
variable being measured, which identifies a “do not know” stratum of
the population.

In this chapter we consider linear regressions in which the in-
dependent variables are fixed constants subject to rounding errors.We
show that these errors will typically cause the least - squares estimators
of the regression coefficients to be biased. Further we study the effects
of errors of measurement on the estimates of the unknown parameters of
a general linear model. It is well known that the usual least squares es-
timates no longer enjoy the property of unbiasedness when independent
variables are subject to measurement errors. Moreover, we estimate the
parameters of a simple linear regression model when some values of the

independent variables are missing.
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In most regression applications at least some of observations
contian rounding errors. If these errors are confined to the independent
variables and if the independent variables are fixed constants, then some
useful results can be readily obtained. We consider the general linear
regression model

Y = XB+¢, where e v N (0,071),

Y(nx1) be vectors of observations, « () represents random errors, Xnxp)
is a matrix fixed constants with rank p < n, and Bpx1y are fixed, un-
known regression coefficients, O denotes the null vector of appropriate
dimension and I, stands for the nxn identity matrix. Suppose that in
the recording of the jth value of the ith ihdependent variable the actual
value, x;; , is rounded off according to some consistent rule and recorded
as
Tuij = Ty + eij.

This rounding of the independent variables can be denoted in an obvi-

ous way by
X=X +e,, (3.1)

where X, , X and e, are fixed matrices. We assume that the rounding
errors, e, are such that X, (like X) has rank p.

Surely, the usual method of procedure in the face of specification
errors like (3.1) is to ignore them and proceed to use the least - squares

formula which defined in (2.1) on the recorded observations. Thus,
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an arbitrary linear combination of the regression coefficients, say L'3,

where L is a given px1 vector, is estimated by
L'B.,=L(X.X.) XY (3.2)

So, an obvious measure of the consequences in point estimation of
rounding errors in fixed independent variables is given by a compar-
ison of the properties of L'3,, and the best linear unbiased estimator of
L'g,

L'3=L(XX)'X'Y,

where 3, is given in (2.2).

3.2 Errors in the Independent Variables of a General Linear
Model

In most applications of regression at least some of the observa-
tions are subject to measurement errors. If these errors are confined
to the independent variables and if the independent variables are fixed
constants, then some useful results can easily be obtained. Suppose
that instead of observing X in the general regression model we observe

X, which is defined in (3.1).
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Clearly, by definition the bias of L'3,,is

B(LIB**) E (L':B**) - L,ﬂ
= L'(X, X)X XB-L8,
where L'B,, is defined in (3.2).
B(L'B.) =L'(X. X)X, ( X. —€) B~ L',

where X, is given in (3.1).

B(L'B,) = L'(X,X)'X.X.8 -L'(X.X,)"'X.e6-L'8
= '8 -L'(X.X,) 'X.e8-L'B

= —I'(X.X)1XeB. (33)

Partition ¢ and g in (3.3) and it is apparent that in case the ith col-
umn of ¢ is a null vector ,i.e., in case the ith independent variable is
recorded without rounding error, B(L'3,,) does not depend on the ith
element of 3. Thus, the least - squares estimator, L'3,,,0f an arbitrary
linear combination of regression coefficients is, in general, biased by an
amount that depends on the size of the regression cofficients associated

with just those independent variables containing rounding errors.
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It is also apparent from (3.3) that a necessary and sufficient condition
for the least - squares estimator, L'3,,,to be unbiased is that rounding
errors,e,satisfy

X,;e =O,

where O is a null matrix.

This condition typically will not be satisfied when rounding errors are

present (i.e., when ¢ #0).

Now the variance of L'3,, is given by
Var(L'B,.) = o?L' (X, X,) L.
The mean square error ( MSE ) of L'3,,is

MSE(L'3,,)

Var(L'3,,)+ [B(L'B..)|
= L'(X. X)L+ L'(X.X,) ' X.e88¢ X, (X, X,) 'L

We define relative squared bias of L'3,, by
[swn]
~ Var(L'B,.)’

Therefore,

L'(X.X,) " X.eB0e X, (X. X)L

RB = s
o2 (X. X)L

_ L(X.X) X80 Xu(X, X)L (3.4)
2L (X, X)) XX (X, X)L '
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Rao (1973, p - 62) showed that for any arbitrary vector L and a non -

negative definite matrix I,

Sup [L—,I:[“-} = Largest eigenvalue of T,
L L'L
and
Inf [L—,FL-] = Smallest eigenvalue of T.
L L'L
Therefore,
’ L(X.X) " X B8 ¢ Xo(X. X)L
L (XX XXX X)L
= Largest eigenvalue of (sﬁﬁ's’), (3.5)
and
! ! -1 ! U ' -1
Ing L'(X. X)) 'X.eBB e X(X, X)L

L L(X,X) ' X.X.(X.X.)"'L

= Smallest eigenvalue of (sﬂﬁ’e’). (3.6)

We note that (¢85'¢’) is symmetric positive semi - definite matrix of rank
1, therefore, it has exactly one non - zero eigenvalue. The remaining

eigenvalues of (¢36'¢') are equal to zero. Further, since
Tr(cB8'¢) =Y of the eigenvalues of (¢85'¢),

and

Tr(eBBe) =Tr(8'c eB) = (B ¢P),
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where Tr (T) denotes the trace of a square matrix IHence,

Largest eigenvalue of (85'¢’) = f'¢ eB, (3.7)
and
Smallest eigenvalue of (¢48'c’) = 0. (3.8)

Relations (3.4), (3.5), (3.6), (3.7), and (3.8) produce the following re-

sult:

)~ 2
Var(L B..) o

Clearly, the relative bias in piont estimation of caused by errors, in the
Be'ep

o2

independent variables will be negligible when ( ) is very small.

We now consider the mean square error of L'3,,. It follows from (3.9)

that,

’~ 2
1~ ' ] B(L IB**)]
MSE(L'3,,)=¢*L' (X X,)™! —[———— i 3.10
(L'B..) (X, X)L [1+ Var(L ﬁ“)} (3.10)

Using (3.9) in (3.10) we get

o2 (X' X,)'L <MSE(L'B,,) <o’L'(X,X.)"'L

1+-ﬂ-5—fé} :
o2
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3.3 Simultaneous Estimation of Linear Functions of Param-
eters When Independent Variables are Subject to Mea-

surement Errors

At times, interest is centered on certain specified linear functions

of B, say the vector
o= Mp,

where M is a given rxp matrix of rank r < p.

The least squares estimator of ¢ is
»=MX,X.)XY.
Clearly,

E@-¢) = MX, X)X, X8~ MB

= M(X,X)'X.(X,—¢)8— M5,
where X, is given in ( 3.1).

E@-¢) = MX,X)'X.X. 8- M(X,X.)"'X.e8 - MB

= MB-MX.X,) " X,e8-MB




= —M(X,X.)"'X,eB,

and

[E@ - [E(@ - o) = M(X,X.) " X.ef¢ X (X, X.) M .

The dispersion matrix of the least squares estimator, ¢, of ¢ is

D@ = E[(¢—-E@)(@-E®)]

= ZM(X.X.)"'M'.
Next, the mean squared error matrix of ¢ is given by

MSE@) = D(@)+[E @) —l[E(®) ¢

= PM(X,X.) M +M(X, X)X ep0'E X (X Xe) M .

Theorem 7 For any full rank matrices X. and M,

ﬁ's’Eﬂ) ’

o2

MSE(®)
0-2

l < 'M(X;X*)‘lM'l (1+
where | E| denotes the determinant of a square matrix E.
Proof. We rewrite (3.11) as

MSE(®) = 2Q.Q.+Q.e88'¢ Q.

where

Q.= M(X_X,)"'X..

(3.11)
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Hence,
MSE(§ | QueBBEQ,
az(p)l = |QQ.+ Q - o2 %
NN A CRA N
= Q* * 1+ 0_2 ]
see, Rao ( 1973, p. 32).
Therefore,
lMSE(<P) <lo.o. [1 + (ﬁ'z’:ﬁ) Ch max ( G*)] ’
where

Go=Q, (@Q.)7 Q.
and Ch max( G.) stands for the largest eigenvalue of G.. Since G.is an

idempotent matrix, therefore,
Ch maz ( G) < 1.

Hence,

Q:Q,

|MSE(<P) [Hﬁ’j:B]

= |Mxix) | [1+ﬁ’5'5ﬂ]

This completes the proof. =
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3.4 Estimation of Parameters in a General Linear Model

When Some of the Independent Variables are Missing

A problem that is frequently occurring in statistical practices is
that of dealing with regression when some of the values on the inde-
pendent variables are missing. We discuss in this section the special
case of regression, a dependent variable y regresses on two independent
variables x; and x,, where there are missing values on x, only. Such
a situation may arise in chemical experiments, for example, where de-
struction or removal of part of an experimental units prevents the in-
vestigator from making complete measurements on x,. The question
then is how to deal properly with the incomplete sample.

We consider the linear model
¥i= Bot+br1z1itBezaite;, i=1,2,...,n (3.12)

where the ¢; are identical independent distributed random variables with
mean zero and variance o2, and (n - m) values on x, are unobserved.
The simplest approach is to apply the usual least squares anal-
ysis to the subset of complete case, one an approach equivalent to ap-
plying the method of least squares to all available observations while
regarding the missing values as additional parameters to be estimated.
However, many alternatives to the complete case method have been

proposed.
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Dear (1959) studied the substitution of the sample means for
missing observations, followed by the usual application of least squares.
Walsh (1959) and Buck (1960) investigated the substitution of predicted
values from simple linear regression among the observed values. Beal
and little (1975) applied the method of maximum likelihood to deal
with the problem arising from missing data.

Properties of these procedures have been compared extensively,
mainly through simulation studies by Beale and Little (1975), Don-
ner and Rosner (1982), Haitovsky (1968), Heiberger (1977) and Timm
(1970). Beal and little (1975) have found that for multinormal distribu-
tions the method of maximum likelihood is preferable to the complete
case method. Donner and Rosner (1982) showed that the method of
maximum likelihood is superior to other methods in estimating g, and
B, of the model (3.12)

Analytic comparisons have generally not been performed, largely
because of the complexity of the problem that arises when missing val-
ues are scattered over several explanatory variables. However, Donner
(1982) has derived the expressions for the bias and variance associ-
ated with procedures frequently used to deal with the problem. He
has found that in terms of mean squared error (MSE), the mean sub-
stitution method is more effective for estimating 8,, the coefficient of

incompletely observed variable when the correlations involving these
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variables are small and the proportion of missing cases is fairly high.

In estimating g;,the coefficient of completely observed variable, this |
method provides estimates which may have substantial bias unless the
correlations involving these variables are small. Further, he showed
that the method of linear prediction is advantageous over the complete
case method for estimating g, while the two methods are equivalent for

estimating g,.

3.4.1 Methods of Estimation

We are primarily concerned with estimating 3, and 3, under the
assumptions that the (n - m) values of x, are missing . We assume that
the values (x;, Xy) are fixed with zero means and unit variances over
all n cases, and over the m complete case from the incomplete case in

the linear model

Y =X 8+ ¢

where Y is an (nx1) vector of observations, X is an (n x2) input matrix,
B =(8;,8,) is a 2 - dimensional vector of parameters, and ¢ is an (nx1)

vector of random errors.




97

We partition Y as follows :

where Y, is the vector of observations on m complete cases, Y, is the
vector of observations for the incomplete cases.
The input matrix X and the vector of random errors , ¢ , are

partitioned accordingly i.e.,

X,
X =

Xll X21 ]

with XC = (X]c ch) 3 X1= (X]l Xgl) y and

Ec

€1

Our assumptions can be summarized as follows:

JY=JY=JY =0
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Mean of Y - values is zero.

JX1. = JXoe=J'X11=JX21=0

m = X Xi= X5Xo,

n-m = XjXu= XyXo,
rm = Xj.Xo

r*n =  Xi. X1+ X131 Xoa,

where J is a column vector of ones.

Complete Case Method :
In the complete case method the usual least squares analysis is

applied to the model

Yo = Xc¢ B8+ e, wheree « N( 0,021,

and X, = (Xy Xs.) and I is the identity matrix. For the complete

case, the estimator of g is given by

Bo= (XX )XY,
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where
m rm
(XéXC) =
rm m
/X 1 1 1 -Tr
X T = —
(XeXe) m(l—-rz)

The estimator 3,, is unbiased for g and its dispersion matrix is given

by

D(B*c) = 02( XéXC)—l'
The mean squared error (MSE) of 3,.is given by
MSE(Q,) = o*Tr(X.Xe)™

202

{m(l - r2)} .
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Chapter 4

REDUCTION OF BIAS BY JACKKNIFING

4,1 Introduction

The Jackknife is a general method for reducing the bias in an
estimator. Quenouille(1956) and Tukey (1958) introduced the jackknife
~ technique for reducing bias in estimation. Extensive literature dealing
with this technique has been developed since then. An excellent review
of the literature was presented by Miller (1974 a). In a separate article
Miller (1974 b) gave detailed account of jackknifing linear model estima-
tors. He showed that the jackknife procedures yield consistent results
in large samples. Hinkley (1977) investigated the standard jackknife
and a weighted jackknife in the general linear model. He found that
for unbalanced data the weighted jackknife is superior to the standard
jackknife.
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4.2 Jackknifing

Consider the model
}/1= XLB+61, (41)

with E ( &) =0, E ( & &) = o2I,,where v;and ¢, are n x 1 vectors
of observations and random errors respectively, X;is an n x p matrix of
known values, g is a px1 vector of unknown parameters. We also assume

that
Rank (X;) =p<n.

Further, suppose that m additional observations on the response vari-

able are available. The additional observations are of the form
Y=28+p+e, (4.2)

with E () =0, E ( ¢ ¢) = o2L,, where u denotes a shift in mean of
Y, Z is a m x p matrix of input values.Y, u ,e are all m x1 vectors of
observations, unknown constants and random errors respectively. The

least squares estimator that combines (4.1) and (4.2) is given by
f=G"YX' ¥i+2'Y) (4.3)

where G = X;Xl +7Z7. Let Y_, and Z', denote respectively the vector

Y with its ith coordinate deleted and the matrix Z with its ith column
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deleted and let

Boi = (X1 Xi+ZL,2-) 7 (X N+ZLY2)

= (G -z2) (X N+Z'Y — zys),

where z; is the ith column of Z' and y; is the ith coordinate of Y. We

can rewrite g_; as follows:

~ x Gly(y—7 B)

Boi=ph- (1- z;G‘lz,-) )
We define pseudo values as
wi=m :Z "'(m - 1) IBiz ’ 1= 172 yererl

Now, we may define a Jackknife estimator of g as

&

I

3
R
]

&

where

v = yi—z B

=101 1= 12..m.
1 i

This is in line with the Jackknife method originally developed by

Quenouille (1956).
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Note that,
[ Var (y:) +Var ( z E) —2Cov ( Yiy 20 E)]
Var(u;) = 1= 2G-1 2 ")
Var (y;) =0,
and

E (E) = B[eHXYi+2'Y)]
- G'E [X’l (X\B+e)+Z ( ZB+p+ a)}
= G”{X}&ﬂ+Z%ﬁ+Z@
= g1 [(X’1X1+Z'Z) B+ Z’,u]
= G [GB+ 7'y

= B+G1Zp.
Moreover,

[Bz‘as (fnr - [ E(B) - ﬁ] [ B(5) - ﬂ]'
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= [B+G7'Zp-p)[B+G'Zn-5]

= [G'IZ';J,] [,u'ZG'l]. (4.4)

Further,
Var (E) = Var [G—I(XiY1+Z'Y)]
= G X02X1G + G717 022G7!
= G X X1+ 2'2)

= o?G7L. (4.5)
Hence,

MSE (z) = Var (;)4— [Bias(z)}
= G+ (G712 [ 2G7Y

= Gl o?+Z'u'Z2G™Y] . (4.6)
Next,

Var ( 2 E) = 2 Var (z) z;
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Now,

o (w4B) = £ Gup {43-5(43)

= F [{ Zé B+ i+ ei—-zg ﬂ-—u,;} {zgz—zg (IB"‘G_IZ',LL)}]

= Ele {z; GUX' Vi+Z'Y) -2 (B+G12'y) }]

4G X1 (X1B+e)+2 (Z B+p+e)]

— 2 (B+G7Z'n)

e [X'leﬂ + X1+ 7 ZB+ 7'+ z'e]

T

2 (B+G71Z'p)
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e (X'1X1+Z’ Z) B+ 2G X e

+2, GTIZ'p+ AG1 Z'e — 2, (B+ G Z'p)

4B+ ZAG 1 X161 + 2G1Z'u + 2G1 7'

A ey AN

= E [ & { [zéG’“lXisl + zﬁG_lZ'e] }]

= E [ ei2lG1 (X{el + Z's)] :

Recalling that y; is the ith coordinate of Y, hence

Cov ( Yi, 2k E) = E| eizéG"IZ'e]
= E[zGZ' (c&)].
Next

€1

€2

! —
Z'e = 2] R2 .. 2§ ... %]
&

Em
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= z1e1+29+ -+ 2i&+ -+ ZmEm

(Z'e)ei = zne1gitzgersit+ -+ 224 -+ ZmEmei.
Therefore,
E [(Z) &)= o’z
Further,
Cov ( Yiy 2 Z) = Z;G—l (02z,~)
= %G1z,
Hence,

Var(uw) = o? + 024G‘1zi—202220"1zi
[I - ng—lzi]z

= [02 - UQzQG'lzi] [7- ziG_lzi]_2

= o2 [I - ng"lzi] [I - z;G_lzi] -2
= o?[I- ng_lzi]_l, i=12,..m.
Finally, we define pseudo values as
v; = ,Z —sG7 1z [ I- ng_lzi] U;
Yi—2; 3

-1 -1
—-sG Z3 [ I—- Z:G Zi] ETZ:?::I_Z:

I
=

= Z —-sG71z; [%—4 EJ ,

where s is an arbitrary non - negative scalar constant .
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We define a class of jackknife estimators as

In the following sections we shall study some principal properties of 3, .

4.3 Bias and Mean Square Error (MSE) of B*

Let

For simplicity we shall compare thé bias of X, g,with the bias of X, 3 .
Now,

E [E] ~E [E] - 267 [ Y —273] ,
where

E [EJ =,3+G"1Z',u.




Next,

Finally,

o5

E[Y—Z?&J = Zﬁ+u—Z(ﬁ+G_lZ'u)
= ZB+u—-2ZB8-2G 17 p
= ,u-—ZG“lZ'u

- [I - Zc—lz’] u

B+G 17— a7 [I - ZG—IZ'] u
m
B+ 2y - 2 Zut 2atz 2672
m m
B+G 17— %G*Z' 1+ %G“l (G- X'1X1) G Z'p
/
B+0Zu -2 Zut L7 - L X X6 2
m m m
B+G 17 —%G-lxgxla-lz'u

B+ [1 —%G‘lXin] a7y

B+ RGZ'y

109
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= B+ RGZQ,
where,
R= (I —%G“lXin)
and
0=G727Zy
Hence,
E [X,.. 3, —X*ﬁ] = E [X* 73*] —X.5
= X.0+X.RG7TQ-X.0
= X.,RGTQ,
and
{E [X,. (E* —,8)} } {E [X,. (fa,, —ﬁ)J } = X.RGTOUGTRX..  (47)
Next,
E [X* (Z —ﬁ)] = X.E [fi] - X.8
= XB+XCZu-X.B
= X.GZp
= X.G7Q
Thus,

{E [X* (73 —5)] } {E [X* <73 —ﬁ)] } -x.cTe X, (48)
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= (r+ ~G717'Z) G (X{Yi+2'Y) - igrigy
- (1+305) e xine (s deez)ez- foz) v

= (I+ %G‘IZ'Z) G XY+ (( I+ %G‘lZ’Z - %) G‘IZ’) Y.

Now,

~

[Bz'as (E.)r = [ B(,) - ﬁ} [ B(5.) —5}'

- [5+RG’T’Q—/3H[3+RG‘T]Q—ﬂ}'

where

s -1/
R = (I -2¢ 1X{X1),andQ=G2Zp
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Further,
Var (B,) = Var (1+ e Z2) i+ ((1+ 26772 - 2) ¢z v]
= (I+ 2672) 67 x10° %671 ( 1+ 27267)
+(1+ 26777~ 1) 677 2267 (14 27z - 2
B B P I e R
+(1+ 26122 2) 7267 (1+ 26777 - i)'
v m m m m
Next,

=~ = = 2
MSE (8,) = Var (B,)+ [Bias (ﬁ*)]

2q-1 (I+ %G“Z'Z) ( I+ %Z’ZG‘l) X1 X,G1+
= o
S

( I+ 2g17z7 - —) Z2'2G-1 ( I+ 2g17z7 - i)'
m m m m
+RGTOOGTR. (4.11)

Further, the bias, the variance - covariance matrix and the MSE of 3

can be obtained by setting s =0 in (4.9) , (4.10) and (4.11) respectively.
~ 72 ~ 12
[Bias (,B)} = [Bias (,3*)} ,
Var (E) = Var (z,),

MSE (B) = MSE (3,).
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4.4 Comparison of Bias

The following lemmas are needed to compare the biases of

X, g.and X, 3.

Lemma 1: The matrices 7 R X.X.RG7Tand R'R have the same eigenval-

ues.

Proof. We observe that the eigenvalues of ¢3* R X! X.RG7 are the

same as the eigenvalues of X\ x.RG-!. Next, we have

R= [1— %G"IX{XI] .

Hence,
RG™! = [G-l— iG-1X1X1G—1]
m
— -1]7_ S -1
= G [I Z XX G ]
= G7'R.
Therefore,
RX.X.RG' = RXX.G™R
= RFR.
Since,
X' X,=G.

Thus,the matrices ¢ RX,X,RG7 and R'R have the same eigenvalues.
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: : 2, :
Lemma 2: If X is an eigenvalue of X} Xx,G-! then [I - (%) )\] 1s an eigen-
value of GF R X' X,RGZ.

Proof. We have,
R=|I- = X1%,671|.
m

If A is an eigenvalue of X X,G-1, then [I - (%) /\] is an eigenvalue of
R'and [I - (—T‘%) )\r is an eigenvaslue of RR’ = (R’)z, (see Searle (1982),
p-277).

Further, since RR'and G? R'X.X,RG™ have the same eigen-
value, hence [ - (%) A]z is an eigenvalue of G? R'X.X.RG™.

This completes the proof. =

Lemma 3: Let )\ be the largest eigenvalue of X,X;G™ and

2m
Then all eigenvalues of G7 R X! X,RG7 lie in [ 0,1].
Proof. Let A be an eigenvalue of X,X;G™. Then it follows from

lemma 2, that [I - (%) A]zis an eigenvalue of GTRX.X.RG™.
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Therefore, the eigenvalues of G;‘AR'X’kX*R'G:21 are non - negative. Now,

- (
implies

S
m

A sufficient condition for

is
Equivalently,

This completes the proof. =

=) *]ZSL

A [i,\—z] <0
m

Lemma 4: Let rank (X,) = p. Then all eigenvalues of (X;X;)G "'lie in

0,1].

Proof. Lemma 4 follows from the fact that G?X'lleilis a

positive definite matrix and

-1 -1
GTX1X,67 =

~1

G* [G-Z'z]G™

—~1 -1
I-GT77aG7*.
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. _l = . . . . . . .
Since ¢T 7z a7 is a positive semi - definite matrix, all eigenvalues of

this matrix are non - negative. From the relation
— -1 =1 =1
G_TLX{XIGT =1-G72'ZG7,

it follows that all eigenvalues of G:TIXQXIG:ﬁl]ie in (0,1]. =

Theorem 8 Suppose that ), is the largest eigenvalue of (X, X;)G-! and

Then

-1
where Q@ = Q7 Z'y and

I 6.l =1/ 0.6,=TT 6,6.,

for any vector o,.

Proof. From (4.7) and (4.8) we have

2 -1 -1
= Tr X,RG*QY G R X!

X. B (E* —ﬂ)

=1 -1
= Tr G’ RX.X,RGTQ

~1 ~1
= G R X' X,RGZ Q.




and
~ 2 1 -?2-1-
! X, E(,B —,3) = TrX.G'QGc? X!
- oa? X! X*G:’lQ
-1 -1
= GGG Q
= Q.
Therefore,

2

| x5 (5. -»)
“ x. 5 (5-p)

-1 -1
_ 9GTRX.X,RGTQ
2 79) ‘

—1 =1
< ch max {GTR' X;X*RGT},

where ch max ( Q ) denotes the largest eigenvalue of Q.

The rest follows from lemma 3. =
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Conclusions

There are situations where some or all independent variables of a
regression model cannot be measured without error. When measurements
are made with errors necessary steps should be taken to improve the
precision of the estimates. Unfortunately, the bias in estimation,
associates with measurement errors depends on unknown parameters.
Therefore, the magnitude of bias will remain unknown. This makes the
estimation imprecise. The approach we propose in chapter 3, can be used

to minimize the effects of measurement errors. Note from page 92 that

M(X’*X*)'IM’| E & B'S':B :'

9

‘ MSE (%) |<

2
9

+
02

Although the expression [1 i ] 1s unknown, but one can

M ( X'*X*)'IM’I through the choice of the design matrix

easily minimize

X«. Such a design will minimize the upper bound

MSE (¢ )

2
9

of'

Therefore, our approach will provide protection against errors in

observations.
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Further, in chapter 4 we introduce the Jackknife approach. This approach
1s helpful in reducing the bias in estimation.

However, minimization of bias always associates with an increase in
variance. In estimation minimization of bias is more important than
minimization of variance. When minimization of bias is paramount
important, the experimenter can employ the Jackknife Technique to
address the problem.
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